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Abstract
The ﬁ eld of quantum computation and simulation has its origins in the early 1980s, when the
limitations of the existing paradigm of classical computing machines became apparent. The
continuous miniaturization of circuit e lements and the increase in their number per unit area will
ultimately lead to practical difﬁ culties and to the manifestation of quantum phenomena. This
foresight triggered the research work for the invention of new principles of computation. The
physical laws of our world are fundamentally quantum mechanical; that is why quantum systems
have started to be considered as platforms for possible more powerful computing systems and
simulators. Superconducting quantum circuits offer one of the most convenient and promising
architectures in this ﬁ eld of research. They are macroscopic and, as a result, provide a better
controllability. At the same time they can be produced with customary electronics fabrication
methods and they are easily integrable with nowadays electronics.
This dissertation contains experimental studies of fully coplanar superconducting quantum circuits
c o mp ri s i ng a t rans m o n t y p e a rt i ﬁ c i a l a t o m c o u p l e d t o a qu a rt e r- w a ve l e ng t h w ave g u i d e re s o na t o r.
This circuit represents the simplest simulator of light-matter interaction and acts as a testbed for
t h e g a t e o p e ra t i o n s n e e d e d t o c o n t ro l t h e qu a n t u m s t a t e i n t h e ﬁ e l d o f qu a n t u m c o m p u t a t i o n. Th e
stimulated Raman adiabatic passage and the shortcut to its adiabaticity were experimentally
studied as methods for the efﬁcient population transfer between the ground and the second excited
state of the transmon. The possibility of using a hybrid adiabatic-nonadiabatic pulse sequences for
preparing an arbitrary quantum three-level state was shown theoretically. The operation of gates
based on geometric phases was implemented on the same type of superconducting structure.
Finally, the structure was used as a magnetic ﬂ ux sensor. The magnetic ﬂ ux resolution of this
sensor is enhanced by the use of two properly modiﬁ ed phase estimation algorithms and it is
potentially limited only by the Heisenberg uncertainty principle. The superiority of the realized
sensor over the standard classical measurement done on the same sample is clearly demonstrated.
This experiment indicates the utility of superconducting quantum circuits for the tasks of quantum
metrology.

K e y w o r d s Superconducting quantum circuits, qubits, adiabatic / non-adiabatic quantum state
manipulation, magnetic ﬁ eld detection.
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Preface

I came to the Low Temperature Laboratory of Aalto University in the summer
of 2013 to start my doctoral studies. Almost ﬁve years have passed since then,
time ﬂies. With my background in low temperature physics and techniques, I
did not have a clear view of how to fabricate superconducting nano-/micro-meter
scale circuits and conduct experiments with them. My knowledge of quantum
mechanics acquired at institute lectures in Russia was completely theoretical, so
experimenting with superconducting quantum systems seemed to be something
very challenging but at the same time beckoning and attractive. I was and I am
still intrigued by the possibility to design and fabricate a quantum system and
then operate it in a controllable way. I am happy that I have received practical
experience in this ﬁeld, and at the end of my doctoral studies, I understand
much more in this area of physical research, or at least, I begin to understand.
After all, everyone who tries to professionally approach physics and takes it
seriously learns and broadens the knowledge their entire life.
During these years of work in the Low Temperature Laboratory, it deﬁnitely
became for me a place that I will always remember. I have to leave the laboratory,
but some part of me will be left in these walls, I do not know if someone will
notice it or not. I understand now looking back that I was very lucky when a
position for a doctoral student appeared in the Kvantti group ﬁve years ago and
I was chosen to take the position by my scientiﬁc advisor, Doc. Sorin Paraoanu.
I am very grateful to him for that and for his trust in me back then. His choice
gave me a chance to enter the charming and exciting world of experimental
quantum physics.
Real experimental physics earlier started for me at the P.L. Kapitza Institute
for Physical Problems in Moscow, and now I recall an experienced cryo-engineer,
Sergey Boldarev, who was my mentor at the Kapitza Institute. After a few
years of work with him, I realised what a meticulous and picky person he was,
criticizing my work and pointing out its drawbacks. But he always explained to
me in detail the ways to improve the result and demonstrated to me many times
how to do it better. He was standing behind my shoulder, prompting and guiding
me during the process while I was soldering, making an indium vacuum sealing,
machining a brass detail or leak testing a cryogenic setup. I want to express
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my sincere gratitude to him for that! I am thankful for all the engineering
knowledge he gave me and the practical tricks, subtleties and nuances he taught
me. Only now I can understand the value of it in experimental research.
It was a big change for me when I moved to Finland to study. Big change in
many aspects: new country and culture, new ﬁeld of research with new methods.
Undoubtedly, the collective that I came into played an important role in my
adaptation to this new place. For that, I would like to thank many members of
the Low Temperature Laboratory. My peers – Antti Laitinen, Teemu Elo, Pasi
Lähteenmäki, Jayanta Sarkar, Ville Kauppila, Xuefeng Song, Jhenbing Tan,
Raphaël Khan, Karthikeyan S.K., Vladislav Zavyalov, Abilash T.S., Dong Lan,
Daniel Cox, Jukka-Pekka Kaikkonen, Jere Mäkinen, Timo Kamppinen, Samuli
Autti, Juho Rysti, Antti Vepsäläinen, Jaakko Nissinen, Tapio Riekki, Jorden
Senior, Jorge Tiago Santos, Erno Damskägg, Matti Tomi, and Joel Salminen –
you are the people who have made a perfect environment for research, studies
and entertaining activities as well. You will be remembered for many years for
either passing me a needed hex-wrench, making such a witty joke that I could
not ﬁnd an answer for, giving me a dewar for liquid nitrogen or making a fruitful
discussion on the experiment. It was always easy to ﬁnd someone around who
can openly share experience or suggest a new practical idea; this has been very
helpful and has made the work more productive.
I have inherited the duty of our cleanroom e-beam evaporator maintenance
from Daniel Cox, who was very instructive and conveyed the knowledge of the
tool operation to me quite efﬁciently. Jorge Tiago Santos has been helping me
with the maintenance afterwards, and I value his help very much. I hope that
this old tool has decently served the needs of the laboratory’s researchers.
I am thankful to Iivari Pietikäinen and Dr. Jani Tuorila from Oulu University,
whose theoretical analysis and numerical simulations formed the basis for one
of the publications I have been involved in.
It is hard to overestimate the support of senior members of the collective.
Laboratory technician and staff scientist Alexander Savin was always ready to
help with all the issues related to the dilution refrigerator, which was important
at the beginning of my work here. I have also frankly discussed many practical
questions of everyday life with him. Theoretician Dr. Dmitry Golubev suggested
and developed a model describing one of the experiments done in the group,
which improved the quality of the results and helped to publish them. I am
not familiar at all with the difﬁculties of management and organization work,
but I think that, partly by the efforts of such people as the laboratory director
Prof. Pertti Hakonen and my supervisor Prof. Jukka Pekola, the laboratory
exists and develops. I very much appreciate their concern about the work of
their students, and I am grateful to them for their involvement and availability.
It helps indeed when they solve your problem and free your mind by sending
one e-mail or saying one phrase to you. Also I thank Prof. Mika Sillanpää, who
kindly allowed us to use his very advanced generator, which played a major role
in our experiments.
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I want to specially mention my colleague and friend Antti Vepsäläinen. I
am very happy that I happened to work with him in same group at the same
time. He was one of few people with whom I could discuss closely and in detail
the experiments we were carrying out. Even though we were both doctoral
students, these discussions were very valuable to me and gave me quite a better
understanding of the experiment. I also have learned a lot from Antti about
experiment automation and device programming. We have spent many hours
together writing codes for our measurements and optimizing them.
I am very grateful to Dr. Andrey Lebedev for shaping a new metrological
task for the group into something implementable in our experimental setup,
for his readiness to collaborate remotely and his enormous contribution in the
work that led to one of the publications. Despite his previous deep theoretical
specialization, he was very interested in all experimental aspects and was ready
to dig into the details and difﬁculties of the measurement process, which made
the work with him very productive. It is extremely valuable to have such an
elder and more experienced colleague who is easy to communicate with, whom
you can ask any question and get a concrete answer.
Quite soon after the beginning of my work in the laboratory, I found common
interests in entertainment with some of my colleagues. It was a pleasure to
practice different sport activities with them. Antti Laitinen was my constant
frisbee golf competitor, whom it was difﬁcult to beat. I introduced him to a
Russian billiards game, and he has nicely been keeping me company in playing
the billiards and snooker. This allowed me to return to an old hobby. Here
in Finland, I have tried for the ﬁrst time to play ice hockey, liked it a lot and
would be happy to continue to play further. Antti Vepsäläinen, Jere Mäkinen,
Samuli Autti, and Jaakko Nissinen are those colleagues without whom this
would have never happen. Vladislav Zavyalov was always ready to make a
twelve kilometer run around Laajalahti (Wide bay) and it was usually very
replenishing, refreshing and pleasantly distracting.
Finally, I want to mention my family members. It brings me great happiness
to have such a family as I do: my mother Elena, stepfather Vladimir, sister Julia,
and my beloved girlfriend Kseniya – without your endless help and support,
I deﬁnitely would not be where I am now. You are the people with whom I
can share all my worries and anxieties openly. Your love, attention, care and
deep understanding is impossible to overstate. I am so much obliged to you,
my parents, for what I have now. And I want you to know, wherever I am with
Kseniya, no matter how far it is, you are always in my heart.

Espoo, April 12, 2018,

Sergey Danilin
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1. Introduction

Over the last few decades the ﬁeld of superconducting quantum circuits has
developed into a separate area of physical research and has attracted a lot of
attention. The reason for this is that these circuits happen to be one of the most
promissing experimental platforms for the realization of quantum simulators
and quantum computers [1, 2, 3, 4]. The idea of "quantum computers" - "universal quantum simulators" was proposed for the ﬁrst time by Feynman [5] and
later formulated more strictly in mathematical sense by Deutsch [6]. In his
work Feynman pointed out that a large quantum many-body system cannot be
simulated efﬁciently with the use of a classical computer. The problem is that
the amout of memory needed for storing the information about the quantum
state of a system grows exponentially with the size of the Hilbert space and
very soon exceeds the amount of memory accessible for the entire humankind
at the moment [7]. This foreseen limitation of classical computing machines
provides a strong motivation for experimental and theoretical work on quantum
computation and simulation. Since then, powerful theoretical results such as
error-correcting codes [8, 9, 10] and the threshold theorem have appeared. The
threshold theorem states that, provided the noise in individual quantum gates
is below a certain constant level, it is possible to efﬁciently perform an arbitrarily large quantum computation [11]. This theorem is a remarkable result
indicating that noise likely possesses no fundamental barrier to the performance
of large-scale quantum computations. Motivated by these theoretical results
suggesting that it is possible to realize a fault-tolerant quantum computer which
is robust against noise and imperfections, giant technological companies such as
Google and IBM have taken the leading positions in the quantum information
processing and quantum computation research. The number of qubits composing
the quantum processor is growing constantly [12] and predictions of quantum
supremacy demonstartion in a short time have been made [13, 14]. Nevertheless,
the number of ancillary qubits needed for the implementation of error-correcting
codes is so high that creating of a universal gate-based quantum computer still
remains a long-term problem [1, 15].
Alongside with universal gate-based quantum computing, there has been also
an effort in realizing quantum simulators [16, 17]. This ﬁeld can offer a new
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tool for the investigation of quantum systems and is less demanding on the
experimental side. Quantum simulation was considered from the very beginning
as the primary task for a quantum computer [18]. It could be realized using
quantum computers, but also with much simpler analog devices that would
require less control, and therefore, would be easier to construct. This makes
the ﬁeld of quantum simulators extremely attractive. The principle of quantum
simulation lies on mathematical mapping of one quantum system (which is not
possible to model with a classical computer or difﬁcult to investigate experimentaly in a laboratory) onto another quantum system which is experimentally
easier to control and study. One can make such a mapping if the theoretical
descriptions of both systems are equivalent to each other. In this case, the effects
which would be observed in a real quantum system, if the observation itself was
possible, can be emulated in a simulator system. In other words a quantum
simulator represents a "toy model" of a real system. With the use of quantum
simulators it would be possible to study problems in a variaty of ﬁelds [7, 19]
including condensed-matter physics, high energy physics, cosmology, atomic
physics and quantum chemistry. They would not only provide new results which
are not possible to get otherwise or simulate classically, but they would also give
a way to check new models.
There are many physical systems being considered as possible platforms
for quantum computation and simulation: atoms in optical lattices, arrays of
trapped ions, quantum dots, electrons trapped on the surface of liquid helium,
nuclear spins [7, 19]. In comparison with all of them superconducting quantum
circuits have an advantage. The basic elements of superconducting quantum
circuits have relatively large electromagnetic cross-sections, therefore it is possible to achieve much stronger couplings in a big integrated circuit and perform
straightforwardly the state preparation, manipulation, and readout. Moreover,
superconducting quantum circuits are relatively easy to fabricate with nowadays
means, because many fabrication methods come from the production of standard
electronic devices. They are scalable and easy to integrate with conventional
electrical circuits. The enhanced coupling between the elements of the circuit
comes at the cost of higher coupling to ambient parasitic noise and as a result
coherence times are reduced. However, during the last few decades quite remarkable technical improvements have been achieved in the design and fabrication
of quantum systems based on superconducting circuits, leading to increased
coherence times and gate ﬁdelities [2, 3, 4]. These achievements increase the
number of experiments available to perform on these systems and move forward
their capabilities for difﬁcult tasks of computation and simulation.
This thesis is based on experiments done during my Ph.D. studies, exploring
the physics of a system consisting of a coplanar superconducting circuit: a transmon artiﬁcial atom coupled to a quarter wave-length resonator. This circuit
is an element or a building block of much more elaborate processor/simulator
architectures and can be used as a testbed for basic quantum computation
operations. The works of Publication I, Publication II, Publication IV, and
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Publication VI study the quantum state manipulation and population transfer
in the qutrit system formed from the three lowest energy levels of a transmon.
These methods can be used to initialize a quantum register and manipulate
the state doing a quantum computation. Stimulated Raman adiabatic passage
(STIRAP) is realized experimentally in Publication I. Publication II considers
theoretically the possibility to prepare an arbitrary qutrit quantum state including the populations and phases with the use of hybrid Rabi-STIRAP pulses. In
the experimental work of Publication IV a shortcut to the STIRAP adiabaticity
is demonstrated and studied. The work of Publication III explores the effects
of Bloch-Siegert resonator frequency shifts as the system is driven through
a quantum-to-classical transition by increasing the resonator average photon
number. In the work of Publication V the practical use of a transmon qubit as a
fast magnetic ﬂux sensor is demonstrated. The superiority in the ﬂux detection
speed over a standard classical measurement is achieved by employing the
principles of phase estimation algorithms. Finally, in Publication VI geometric
gates are implemented in the system.
The thesis is structured as follows. The next chapter provides the theoretical basis needed in the analysis and characterization of a two level quantum
system. Chapter 3 describes in detail the used cryogenic experimental setup,
considerations taken into account in the building of the setup, nanofabrication
methods allowing to produce the superconducting nanostructures studied in
the thesis, as well as room temperature electronics needed for the experiments.
Chapter 4 contains description of sample characterization measurements with
the examples of experimentally obtained results. Chapter 5 concentrates on the
STIRAP and the shortcut to adiabaticity. The principles of quantum enhanced
magnetic ﬂux detection realized in this work are given in Chapter 6, while
Chapter 7 provides a short theoretical explanation of geometric gates.
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2. Theoretical aspects of operation with
a quantum two-level system

2.1

Qubit state representation on the Bloch sphere

A quantum two-level system, which has two distinct energy levels, is called a
qubit (quantum bit). The Hamiltonian of a qubit in a laboratory reference frame
can be written as


ω01
0
− ω201
Ĥ0 = 
σ̂ z ,
(2.1)
ω01 = −
2
0
2
where ω01 is the qubit transition frequency, and σ̂ z is the Pauli matrix. The
eigenstates of the qubit Hamiltonian, corresponding to the two energy levels,
form a natural basis (|0〉, |1〉) in the 2D Hilbert space, and we have Ĥ0 |0〉 =
− ω201 |0〉 and Ĥ0 |1〉 = ω201 |1〉.
A qubit can be in a superposition state |ψ〉 = α|0〉 + β|1〉 with α and β being
complex probability amplitudes. When a measurement is done on the qubit, the
qubit state collapses to one of the eigenstates of the measurement operator. It is
quite often the case, including the works discussed here, that the measurement
operator is proportional to σ̂ z , and the eigenstates of the measurement operator
coincide with the Hamiltonian eigenstates. The qubit state collapses then to
either |0〉 or |1〉 after the measurement. The probabilities to measure the state
|0〉 or |1〉 are p 0 = |α|2 and p 1 = |β|2 correspondingly.
The states which can be expressed as superpositions are called pure states.
They do not cover the entire set of all possible states of a qubit – a qubit can also
be in a mixed state. To describe all possible states of a qubit the density matrix
or statistical operator ρ̂ [20, 21] should be used. For a pure state |ψ〉 = α|0〉+ β|1〉
the density matrix is


|α|2 αβ∗
ρ̂ = |ψ〉〈ψ| = ∗
.
(2.2)
α β |β|2
The diagonal elements of the density matrix give the probabilities to ﬁnd the
qubit after the measurement in the state |0〉 or |1〉 correspondingly. The offdiagonal elements, which are called coherences, tell about how coherent the
qubit state is. The density matrix is a Hermitian operator and has the following
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properties:
1. tr(ρ̂ ) = 1. The diagonal elements of the density matrix sum up to unity.
This follows from their meaning as probabilities of being in either one of the
eigenstates.
2. tr(ρ̂ 2 ) ≤ 1. The equality holds only if the state is pure; for the mixed states
tr(ρ̂ 2 ) is less than unity.
3. ρ̂ 2 = ρ̂ , if and only if the state is pure.
The density matrix of a pure qubit state Eq. (2.2) fulﬁlls all these three conditions. In the Hilbert space of Hermitian 2 × 2 matrices the Pauli matrices
(σ̂ x , σ̂ y , σ̂ z ) form a basis, and the qubit density matrix Eq. (2.2) can be decomposed in this basis as


 1 1+ Z
1
X − iY
ρ̂ =
,
(2.3)
Î + X σ̂ x + Y σ̂ y + Z σ̂ z =
2
2 X + iY
1− Z
where X , Y and Z are real numbers, and Î is the identity operator added to
fulﬁll the ﬁrst condition tr(ρ̂ ) = 1.
We have a life-long experience in dealing with, observing and imagining
classical objects in 3D space, and it is easier and more intuitive to handle such
classical objects. That is why it is very convenient and helpful to encode the
qubit state in a 3D vector, the coordinates of which will carry the information
about the qubit state. The form of the density matrix Eq. (2.3) suggests how to
do this encoding and to tie in a unique way the density matrix of some qubit
state with a 3D vector. If the real numbers X , Y and Z were the coordinates of
 = (X , Y , Z), then this correspondence or mapping could be done.
the 3D vector V
 coordinates we can get
Let us now see, what information about the vector V
from the conditions 2 and 3, the ﬁrst one is already fulﬁlled.
Condition 2 gives


1
(1 + Z)2 + X 2 + Y 2
2(X − iY )
2
tr(ρ̂ ) = tr
=
4
2(X + iY )
X 2 + Y 2 + (1 − Z)2
=


 1
1
 |2 ≤ 1.
1 + X 2 + Y 2 + Z 2 = 1 + |V
2
2

(2.4)

 correFrom here one concludes that for all possible qubit states the vector V
sponding to the state ends up in a point inside the sphere with the unit radius
 | ≤ 1). One can also see that if X 2 + Y 2 + Z 2 = 1 or |V
 | = 1,
or on its surface (|V
then ρ̂ 2 = ρ̂ , and according to the condition 3 the state is pure. This means
that the pure states correspond to the vectors ending up in points at the surface of the unit sphere in this representation. It is convenient to introduce a
parameterization with the polar and azimuthal angles θ and φ:
X = sin θ cos φ,
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Y = sin θ sin φ,

Z = cos θ ,

(2.5)
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then the density matrix of Eq. (2.3) will take the ﬁnal form

 

1 1 + cos θ sin θ e− iφ
cos2 θ2
cos θ2 sin θ2 e− iφ
ρ̂ =
.
=
2 sin θ e iφ 1 − cos θ
cos θ2 sin θ2 e iφ
sin2 θ2

(2.6)

Comparing Eq. (2.2) and Eq. (2.6) it is easy to see that probability amplitudes
can be written as α = cos θ2 and β = e iφ sin θ2 . This ﬁnishes the mapping of the
arbitrary qubit state to a 3D vector.
To map a qubit state onto a vector lying inside the unit radius sphere including
its surface was suggested for the ﬁrst time by F. Bloch in 1946 [22].

Figure 2.1. Representation of a qubit state as a 3D vector on the Bloch sphere. A pure state with
the probability amplitudes α = cos θ2 and β = e iφ sin θ2 corresponds to a unit vector
with the polar angle θ and azimuthal angle φ shown in blue color. The qubit state
vectors shown in red demonstrate the unitary evolution of the qubit during the Rabi
oscillations when the state vector rotates around the unit vector 
n = (sin θ g , 0, cos θ g )
given by the Rabi amplitude Ω and detuning Δ (see section 2.3).

Fig. 2.1 presents the Bloch sphere with the pure qubit state
θ
θ
|ψ〉 = α|0〉 + β|1〉 = cos |0〉 + e iφ sin |1〉
2
2

(2.7)

shown as the blue vector. The qubit Hamiltonian eigenstates |0〉 and |1〉 are at the


poles of the sphere. Four superposition states (|0〉 + |1〉)/ 2, (|0〉 − |1〉)/ 2, (|0〉 +


i |1〉)/ 2, and (|0〉 − i |1〉)/ 2 are highlighted on the equator of the sphere. For
each one of them the probabilities to measure the qubit in the state |0〉 or |1〉 are
the same and equal to 12 .
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The evolution of the qubit state can be thought as the motion of the state
vector on the Bloch sphere. The unitary evolution in this case corresponds to
rotations of the state vector, when its end always lays on the sphere surface.
Nonunitary evolution including decoherence processes corresponds to the motion
of the state vector accompanied by changes in its length, so that its end goes
inside the sphere during the evolution.

2.2

Interaction of a qubit with an external ﬁeld

The Hamiltonian Eq. (2.1) describes an isolated qubit in an empty space. One
of the requirements [23] needed to make use of a qubit and move towards the
physical implementation of quantum computation is to be able to change the
quantum state of a qubit. To achieve this the dipole interaction between the
qubit and an external microwave drive ﬁeld can be used. In the semiclassical
 results in the appearance of an
approach, the presence of the drive ﬁeld E
additional contribution to the energy given by
ˆ
d E,
Ĥ d = −

(2.8)

ˆ
where 
d is the dipole moment operator of the qubit. Let us consider that the
=E
 0 (t) cos(ωd t + φ) = E
 0 (t)(e iωd t+ iφ +
applied electrical ﬁeld has the form E
ˆ
− i ω d t− i φ
ˆ
e
)/2 and the dipole moment operator is 
d = er. To ﬁnd the matrix elements of the Hamiltonian Eq. (2.8) we have to compute
 
 0 (t) cos(ωd t + φ), { i, j } = {0, 1}.
Ĥ d i j = − e〈 i |rˆ | j 〉E

(2.9)



Here the matrix element 〈 i |rˆ | j 〉 = ψ i (r)∗r ψ j (r)d 3r is the integral over 3D
space, and ψ i (r) is the spatial part of the wave function | i 〉. The spatial parts
ψ i (
r) of the wave functions are either odd or even functions, and they have
different parity for states |0〉 and |1〉. As a result, the diagonal elements vanish

〈 i |rˆ | i 〉 = ψ i (r)∗r ψ i (r)d 3r = 0, as the function under this integral is odd for any
i. Let us denote the off-diagonal dipole matrix elements as


di j = e

ψ i (
r)∗r ψ j (r)d 3r = 0,

i = j.

(2.10)

The dipole matrix elements are measurable quantities and have to be real, so
∗

d 10 = 
d 10
=
d 01 . As a result the drive ﬁeld Hamiltonian of Eq. (2.8) takes the
form


 0 (t) cos(ωd t + φ)
0
−
d 01 E
.
(2.11)
Ĥ d = 
 0 (t) cos(ωd t + φ)
− d 01 E
0




Now we introduce the angular Rabi frequency Ω(t) = − d01 E 0 (t) and get the ﬁnal
form of the drive ﬁeld Hamiltonian


Ω(t)  i(ωd t+φ) − i(ωd t+φ) 
0
Ω(t) cos(ωd t + φ)
Ĥ d = 
e
+e
σ̂ x .
=
2
Ω(t) cos(ωd t + φ)
0
(2.12)
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2.3

Rabi oscillations

 0 and frequency
When a continuous external microwave ﬁeld with an amplitude E
ωd , which can be slightly detuned from the qubit transition frequency ω01 , is
applied to a qubit, the qubit starts to change its quantum state periodically.
The probabilities to ﬁnd the qubit in one of the eigenstates of the Hamiltonian
Eq. (2.1) oscillate in time. This phenomenon is known as Rabi oscillations. The
theoretical ideas and foundations of this phenomenon were worked out for atomic
and molecular systems by I.I. Rabi [24, 25] in 1936 – 1937. The ﬁrst indirect
experimental evidence of Rabi oscillations came from the observation of selfinduced transparency of a ruby crystal [26] by McCall and Hahn in 1969. Rabi
oscillations were directly demonstrated for the ﬁrst time in 1972-1973 by Gibbs.
In his experiments [27, 28] rubidium atoms were placed in a magnetic ﬁeld and
excited resonantly by short mercury laser pulses. The oscillatory behaviour of
the ﬂuorescence signal emitted by the atoms as a function of the pulses area
was detected. For a single artiﬁcial two-level system in a solid state device Rabi
oscillations were demostrated for the ﬁrst time in the experiments with a charge
qubit based on a Cooper-pair box [29, 30]. Then they were observed in quantum
dots [31], in a "quantronium" circuit [32], in a current biased single Josephson
junction [33, 34], in a ﬂux qubit [35], and in a phase qubit [36]. Rabi oscillations
have no classical analog and hence represent a signature of quantumness. Rabi
control of quantum states is a standard qubit operation method, which is very
popular in microscopic systems such as atoms [37] and spins [38].
 0 cos(ωd t + φ) with a
Let us consider the case when an external drive ﬁeld E

constant amplitude E 0 is applied to the qubit. In this case the angular Rabi




frequency is time independent Ω = − d01E 0 . The Hamiltonian of the system is the
sum of the qubit Hamiltonian Eq. (2.1) and the drive ﬁeld Eq. (2.12) Hamiltonian




Ω e i(ωd t+φ) + e− i(ωd t+φ)
−ω01


Ĥ1 = Ĥ0 + Ĥ d =
. (2.13)
2 Ω e i(ωd t+φ) + e− i(ωd t+φ)
ω01
It is convenient now to bring the system into a rotating with ωd angular frequency frame [39, 40]. This can be done with the unitary operator
 ωd

ei 2 t
0
ωd
.
(2.14)
F̂ =
0
e− i 2 t
The Hamiltonian of the driven qubit Ĥ1 = Ĥ0 + Ĥ d transforms to the rotating
frame as H̃ˆ 1 = F̂ † Ĥ1 F̂ + i (∂F̂ † /∂ t)F̂ and reads





 −Δ
Ω(e iφ + e− i(2ωd t+φ )
Ω e iφ
−Δ
ˆ
, (2.15)
H̃1 =

2 Ω(e i(2ωd t+φ) + e− iφ )
2 Ω e− iφ
Δ
Δ
where Δ = ω01 − ωd is the frequency detuning of the drive ﬁeld from the qubit
transition frequency. The rotating wave approximation (RWA) [41] (neglection
of the fast oscillating terms in the Hamiltonian) is used to get the ﬁnal form of
Eq. (2.15).
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The transformation to the rotating frame Eq. (2.14) followed by the RWA
approximation allows to simplify the Hamiltonian to the form of Eq. (2.15),
which can be represented as

Ω
Δ
H̃ˆ 1 =
(cos φσ̂ x − sin φσ̂ y ) −
σ̂ z ,
2
2

(2.16)

where σ̂ x , σ̂ y and σ̂ z are the Pauli operators. With the time independent Hamiltonian of Eq. (2.16) it is easy to calculate the unitary system evolution operator
ÛH̃ˆ (0, t)
1



ÛH̃ˆ (0, t) = exp −
1

i H̃ˆ 1 t




= exp −

it
(Ω cos φσ̂ x − Ω sin φσ̂ y − Δσ̂ z ) .
2

(2.17)

Let us now introduce the frequency Ω0 and the angle θ g , such that

Ω0 =

Ω2 + Δ2 ,

sin θ g = Ω/Ω0 ,

cos θ g = −Δ/Ω0 .

(2.18)

With this parameterization the unitary evolution operator in Eq. (2.17) can be
written as
ÛH̃ˆ (0, t) = exp − i
1

Ω0 t ˆ
Ω0 t
Ω0 t
(
n
σ) = cos
,
n
σˆ ) sin
Î − i(
2
2
2

(2.19)

where 
n = (sin θ g cos φ, − sin θ g sin φ, cos θ g ) is the unit vector, 
σˆ = (σ̂ x , σ̂ y , σ̂ z ) is a
vector of Pauli matrices, and Î is the identity operator. It is worth noting that in
the Bloch sphere representation (Fig. 2.1) the unitary transformation Eq. (2.19)
can be seen as the rotation of the qubit state vector around the axis set by the
unit vector 
n by an angle Ω0 t. The vector 
n and the qubit state vector rotating
around it are shown in Fig. 2.1 for the case when φ = 0.
Writing the unitary evolution Eq. (2.19) in the ﬁnal matrix form we get
⎛
⎞






cos Ω20 t + i ΩΔ0 sin Ω20 t
− i ΩΩ0 sin Ω20 t e iφ
⎝






⎠.
(2.20)
ÛH̃ˆ (0, t) =
1
− i ΩΩ0 sin Ω20 t e− iφ
cos Ω20 t − i ΩΔ0 sin Ω20 t
Let us consider the qubit evolution when initially the qubit was in the ground
state |0〉, which is the same in the rotating reference frame, |0˜ 〉 = |0〉. To ﬁnd
the qubit state at some time t we act onto the initial state |0̃〉 with the unitary
evolution operator Eq. (2.20) and get
⎛



⎞
cos Ω20 t + i ΩΔ0 sin Ω20 t
⎠.


|ψ̃(t)〉 = ⎝
(2.21)
− i ΩΩ0 sin Ω20 t e− iφ
Turning back from the rotating reference frame to the laboratory reference
ωd
frame ( |ψ(t)〉 = F̂ |ψ̃(t)〉 ) will cause the appearance of the phase factor e− i 2 t
in the probability amplitude of state |1〉, but will not change the probabilities
themselves. Then the probability to ﬁnd the qubit in the excited state |1〉 is


Ω2
Ω2 + Δ2 t
2
2
sin
.
(2.22)
p 1 (Ω, Δ, t) = |〈1|ψ(t)〉| = 2
2
Ω + Δ2
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Figure 2.2. (a) Rabi oscillations as a function of the excitation ﬁeld detuning Δ from the qubit
transition frequency and duration of the applied ﬁeld action. (b) Temporal Rabi oscillations for ﬁve values of detuning Δ, demonstrating the reduction in the amplitude
and increase in the frequency with the increase in the detuning.

One can see from Eq. (2.22) that the excited state probability oscillates in
time. When the applied drive ﬁeld is not detuned from the qubit transition
frequency, so that Δ = 0, the amplitude of oscillations has its maximal unity
value, whereas the frequency of the oscillations has its minimal value equal
to the Rabi frequency Ω. With the increase of the detuning Δ the amplitude

of the oscillations drops down and their frequency increases as Ω2 + Δ2 . The
excited state probability p 1 of Eq. (2.22) is shown in Fig. 2.2(a) as a function of
normalized detuning Δ/Ω and variable Ω t, the Rabi frequency Ω is ﬁxed here.
Fig. 2.2(b) shows the Rabi oscillations for ﬁve different values of detuning Δ.
Neither relaxation nor pure dephasing (see the next section and Chapter 4) are
taken into account in the previous derivation.
In practice an external qubit drive ﬁeld
has to be turned on and after some time
of action on a qubit turned off, allowing
for the qubit state measurement and relaxation of the qubit to the ground state
after the measurement. This implies that
the external ﬁeld is applied in a pulsed
way. The amplitude of the electrical ﬁeld
can not be constant in this case but de
Figure 2.3. Schematic diagram of Rabi os- pends on time E 0 (t), and so does the ancillations measurement.
gular Rabi frequency Ω(t). To simplify the
derivations we consider the case when the external drive ﬁeld is turned on and
after some time δ t turned off instantly, so that the qubit drive pulses have a rectangular shape with the duration δ t and some constant amplitude corresponding
to the angular Rabi frequency Ω (Fig. 2.3).
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There are two ways to drive Rabi oscillations on a two-level system. In both
of them the state of the qubit is measured after the qubit drive pulse (Fig. 2.3).
The difference between them is in the parameter of the drive pulse which is
being gradually changed. One way is to keep the amplitude of the applied drive
ﬁeld and the angular Rabi frequency Ω ﬁxed and increase gradually the time
duration of the drive pulse δ t. The other way is to do the opposite: ﬁx the time
duration δ t of the drive pulse and gradually increase the amplitude of the pulse
and the corresponding angular Rabi frequency Ω.
Now consider two speciﬁc and important qubit drive pulses for the resonant
case when the detuning Δ = 0. In this case the probability to ﬁnd the qubit in
 the
ﬁrst excited state after the pulse is given by the Eq. (2.22) p 1 (Ω, 0, δ t) = sin2 Ω2δ t .
From here one can see that
if

Ωδ t =

π

2

,

then

1
p1 = .
2

(2.23)

The microwave drive pulse with the amplitude and duration satisfying the
above condition is called a π/2-pulse. This pulse acting on the ground state of
the qubit brings it to the equal superposition state, which in the Bloch sphere
representation corresponds to the rotation of the state vector to the equator of
the Bloch sphere. To which particular point on the equator it will point, depends
 0 cos(ω01 t + φ).
on the phase φ of the applied microwave drive ﬁeld E
In the case when
Ωδ t = π, then p 1 = 1.
(2.24)
The microwave drive pulse with the amplitude and duration satisfying this
condition is called a π-pulse. Acting on the qubit in the ground state, this pulse
ﬂips it to the excited state. In the works described here the π-pulses are used in
the calibration procedure to prepare the qubit in the ﬁrst excited state and record
the resonator responce signal corresponding to this state (see section 3.3.1).

2.4

Ramsey fringes

A qubit is characterized in time domain by two time scales, called T1 and T2
[3, 42]. The ﬁrst one of them is the relaxation time originating from the energy
loss of a qubit. It represents the characteristic time interval required for the
qubit to relax from the ﬁrst excited state to the ground state. A method to
measure T1 time will be described later in the section 4.3. The second time
scale T2 is the dephasing time over which the uncontrollable interactions with
the noisy environment randomize the phase difference between the basis qubit
states. A commonly used method to determine dephasing time T2 is the Ramsey
fringes measurement [43]. This section provides an analytical derivation of the
Ramsey fringes pattern. Even though the relaxation and dephasing processes
are not taken into account here it is important to know the main features
of this pattern. Time decay of the Ramsey pattern in practice will give the
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dephasing rate Γ2 = 1/T2 . Experimentally measured Ramsey fringes pattern
will be demonstrated later in the section 4.5.
The schematic diagram of the Ramsey fringes measurement is shown in
 0 cos(ωd t + φ) is applied to the qubit only
Fig. 2.4. The external drive ﬁeld E
during the two pulses each one with the duration δ t. For simplicity the pulses
have a rectangular shape, and their Rabi frequency Ωπ/2 is chosen such that
at resonance (when Δ = ω01 − ωd = 0) each one of the pulses is a π/2-pulse,
satisfying Ωπ/2 δ t = π2 . The pulses are separated by a time delay τ from each
other, and the state of the qubit is measured right after the end of the second
pulse. On the duration of the pulses the system Hamiltonian is Ĥ1 given by the
Eq. (2.13), during the time delay τ between the pulses the drive ﬁeld is off, and
the Hamiltonian of the system is Ĥ0 Eq. (2.1). Let us compute the ﬁrst excited
state probability after this sequence of pulses, when initially the qubit is in the
ground state.

Figure 2.4. Schematic diagram of the Ramsey fringes measurement. Two consecutive drive
pulses are applied to the qubit. They have the angular Rabi frequency Ωπ/2 and
duration δ t such that Ωπ/2 δ t = π
2 . These pulses turn on the external qubit drive ﬁeld,
and the system Hamiltonian during their action is H̃ˆ 1 . The pulses are separated
by a time delay τ during which the system freely evolves with the Hamiltonian H̃ˆ .
0

After the sequence of the two drive pulses the qubit state is measured.

It is again very convenient to bring the system into a rotating with the angular drive frequency ωd reference frame using the unitary transformation
of Eq. (2.14) and make the RWA approximation. Then the system Hamiltonian is H̃ˆ 1 Eq. (2.15) during the pulses and H̃ˆ 0 = − 2Δ σ̂ z between the pulses.
Because these Hamiltonians are time-independent, it is easy to compute the
corresponding time evolution unitary operators. The time evolution operators
for the intervals (0, δ t) and (δ t + τ, 2δ t + τ), when the drive pulses are applied,
coincide with each other ÛH̃ˆ (0, δ t) = ÛH̃ˆ (δ t + τ, 2δ t + τ) and with the operator
1
1
given in the Eq. (2.20) with Ω = Ωπ/2 and t = δ t. For the free evolution of the
qubit during the time delay τ between the pulses the evolution operator reads
i
Δτ
ÛH̃ˆ (δ t, δ t + τ) = exp − H̃ˆ 0 τ = exp i
σ̂ z =
0

2

 Δτ
Δτ
Δτ
ei 2
0
Î + i σ̂ z sin
= cos
=
Δτ .
2
2
0
e− i 2

(2.25)
(2.26)

23

Theoretical aspects of operation with a quantum two-level system

To get the qubit state after the Ramsey sequence of pulses we compute
|ψ̃(2δ t + τ)〉 = ÛH̃ˆ (δ t + τ, 2δ t + τ) · ÛH̃ˆ (δ t, δ t + τ) · ÛH̃ˆ (0, δ t) · |0〉.
1

0

(2.27)

1

After a little bit tedious calculations we ﬁnd the result for Eq. (2.27) in the form
⎛ 
⎞
2 Δτ Ω2
Δτ
cos θ0 + i ΩΔ0 sin θ0 e i 2 − Ωπ2/2 e− i 2 sin2 θ0
0

⎠ ,
|ψ̃(2δ t + τ)〉 = ⎝
(2.28)
−2ie− iφ ΩΩπ0/2 sin θ0 cos θ0 cos Δ2τ − ΩΔ0 sin θ0 sin Δ2τ
where Ω0 =


Ω2π/2 + Δ2 , and θ0 =

Ω0 δ t
2 .

The probability to ﬁnd the qubit in the

ﬁrst excited state is p 1 (2δ t + τ) = |〈1|ψ(2δ t + τ)〉|2 = |〈1|F̂ |ψ̃(2δ t + τ)〉|2 and reads
⎛
⎞
2 + Δ2 δ t
Ω
4Ω2π/2
π/2
⎜
⎟
p 1 (2δ t + τ) = 2
sin2 ⎝
⎠×
2
Ωπ/2 + Δ2
⎡

⎛

⎢
⎜
× ⎣cos ⎝

⎞
⎛
⎞
⎤2
2 + Δ2 δ t
Ω2π/2 + Δ2 δ t ⎟
Ω
Δτ
Δ
Δτ ⎥
π/2
⎜
⎟
−
sin ⎝
⎠ cos
⎠ sin
⎦ .
2
2
2
2
2
2
Ω +Δ
π/2

(2.29)
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Figure 2.5. Ramsy fringes. (a) The ﬁrst excited state probability after the sequence of two
pulses shown in Fig. 2.4 as a function of the normalized detuning and the time delay
between the drive pulses. It is known as Ramsey fringes pattern. (b) Dependence
of the p 1 probability on time delay between the drive pulses at ﬁve different values
of the detuning Δ. (c) The probability p 1 of the Ramsey fringes pattern at τ = 0 as
a function of the detuning Δ. The value of the detuning where p 1 reaches zero is
shown.

This probability Eq. (2.29) is plotted in Fig. 2.5(a) as a function of the normalized detuning Δ/Ωπ/2 and time delay τ between the pulses. The Rabi frequency
Ωπ/2 = 2π · 5 MHz is chosen so that the duration of each drive pulse has a realistic value δ t = 2Ωππ/2 = 50 ns. Fig. 2.5(b) shows the probability p 1 in the Ramsey
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pattern for ﬁve different values of the frequency detuning Δ. At zero detuning
Δ = 0 the probability p 1 is always 1 for any time delay between the pulses. At
nonzero detunings the probability oscillates as a function of τ with an angular
frequency equal to detuning Δ, see Eq. (2.29), and the amplitude of oscillations
reduces with the increase in the detuning.
Fig. 2.5(c) demonstrates the Ramsey fringes pattern proﬁle at τ = 0 when there
is no delay between the pulses. From the Eq. (2.29) it can be seen that it has the
form


Ω2
2 + Δ2 δ t ,
Ω
(2.30)
p 1 (2δ t) = 2 π/2 sin2
π/2
Ωπ/2 + Δ2


and reaches zero for the ﬁrst non-zero detuning Δ1 = 3Ωπ/2 = 2δ3πt . This value
of frequency detuning was used in the Publication V to determine the range
where the Ramsey fringes pattern is a single-valued function of Δ.
In the Bloch sphere representation
each of the qubit drive pulses rotate the


qubit state vector by the angle Ω2π/2 + Δ2 δ t ≥ π/2 around an axis. The direction
of the axis depends on the frequency detuning value Δ = ω01 − ωd , see Eq. (2.19).
Exactly at resonance (Δ = 0) the rotation axis lays in the xO y plane of the Bloch
sphere and the rotation angle is Ωπ/2 δ t = π/2, hence the ﬁrst pulse brings the
state vector starting from the ground state |0〉 to the equator, where p 0 = p 1 = 1/2.
At some ﬁnite detuning Δ = 0 the axis of rotation is tilted from the xO y plane,
as a result the state vector does not reach the Bloch sphere equator after the
ﬁrst pulse. With the increase of the detuning the deviation of the state vector
after the ﬁrst pulse from the Bloch sphere equator becomes bigger. This gives
another view on the origin of the Ramsey fringes pattern proﬁle at τ = 0 given
in Eq. (2.30).

2.5

Quantum state control with the phase of the drive pulses

Let us consider now the Ramsey fringes experiment scheme (Fig. 2.4) when two
qubit drive pulses go one after another without any time delay (τ = 0). They
have the same drive frequency resonant with the transition ωd = ω01 , so that
the detuning Δ = 0. The pulses have a relative phase difference φ, duration δ t,
and a rectangular shape. Without loss of generality we can put the phase of the
ﬁrst drive pulse to zero: then the Hamiltonians of the drive pulses (the ﬁrst is
labeled with a, and the second - with b) in the rotating refernce frame after the
RWA approximation will be




 0

Ωπ/2
0
Ωπ/2 e iφ
ˆ
ˆ
H̃ a =
, and H̃ b =
.
(2.31)
2 Ωπ/2
2 Ωπ/2 e− iφ
0
0
These Hamiltonians are time independent and it is easy to calculate the time
evolution unitary operators corresponding to them
⎛



⎞
cos Ωπ2/2 δ t
− i sin Ωπ2/2 δ t



 ⎠ , and
ÛH̃ˆ (0, δ t) = ⎝
(2.32)
a
cos Ωπ2/2 δ t
− i sin Ωπ2/2 δ t
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⎛



cos Ωπ2/2 δ t


ÛH̃ˆ (δ t, 2δ t) = ⎝
b
− i sin Ωπ2/2 δ t e− iφ





⎞

Ωπ/2 δ t
e iφ
 2  ⎠.
cos Ωπ2/2 δ t

− i sin

(2.33)

Taking into account that Ωπ/2 δ t = π/2 we ﬁnd the state of the qubit after the
second drive pulse


1 1 − e iφ
|ψ̃(2δ t)〉 = ÛH̃ˆ (δ t, 2δ t) · ÛH̃ˆ (0, δ t)|0̃〉 =
.
(2.34)
b
a
2 − ie− iφ − i
Then we turn back to the laboratory reference frame and calculate the probability
to ﬁnd the qubit in the ﬁrst excited state
1
p 1 (2δ t) = |〈1|F̂ |ψ̃(2δ t)〉|2 = (1 + cos φ).
2

(2.35)

One can see that the ﬁnal probability oscillates with the phase and has a 2π
periodicity. In the Bloch sphere representation the drive pulses considered here
perform a unitary rotation of the state vector. For the case when there is no
detuning Δ = 0 and the pulse amplitudes are Ωπ/2 , the axes of these rotations
lay in the xO y equatorial plane of the Bloch sphere and the rotation angles are
π/2. The relative phase between the drive pulses can be thought as the angle
between the axes of these unitary rotations. This kind of state manipulation
was used in the work of Publication VI.

2.6

Transmon spectrum

Among a few existing types of superconducting qubits, transmon qubits are
perhaps one of the best candidates for a building block of future superconducting
quantum processors. The transmon type qubits were used in the works discussed
here. A transmon qubit is derived from the Cooper pair box (CPB) in [44] and
it consists of a SQUID loop or a single junction shunted with a capacitor. The
Hamiltonian of such a circuit has the charging energy E C and the Josephson
energy E J . If these energies are designed so that E J /E C
1 the circuit will
operate in the transmon regime where its spectrum sensitivity to charge ﬂuctuations is exponentially suppressed and the spectrum becomes practically charge
insensitive in contrast to the CPB. The considerations regarding the charging
energy engineering will be given in subsection 3.1.1. The SQUID loop being
a part of a transmon allows to change the transmon transition frequencies by
changing the ﬂux Φ threading the loop. The ﬂux modiﬁes the Josephson energy
E J of the transmon as

Φ
Φ
E J (Φ) = E J Σ cos2 π
,
(2.36)
+ d 2 sin2 π
Φ0
Φ0
where Φ0 = 2.07 · 10−15 V · s is the magnetic ﬂux quantum, E J Σ = E J1 + E J2 is the
sum of the Josephson energies of the two SQUID loop junctions, and d = |E J1 −
E J2 |/(E J1 + E J2 ) is the asymmetry of the Josephson junctions. This asymmetry
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can either be intentionally introduced by a quantum engineer designing the
transmon [45, 46] or comes from the fabrication process inaccuracies. The
Josephson energies of the junctions depend on their normal state resistance R n
through the critical current, which is given by the Ambegaokar-Baratoff relation
[47]
πΔ(T)
Δ(T)
πΔ(0)
tanh
.
(2.37)
Ic =

2eζR n
2k B T
2eζR n
Here the Δ(T) is the superconducting energy gap, ζ  1.15 is a correction factor
for R n , and the last step is valid when T
T c . The correction factor ζ arises
from the distortion of tunnel barrier potential in real junctions [48, 49]. With
this the Josephson energy of the junction is
EJ =

I c
2e

=

hΔ(0)
.
8e2 ζR n

(2.38)

The 0 − 1 transition frequency of a transmon f 01 depends on the magnetic ﬂux
Φ [44] as
8E C E J (Φ) − E C
,
(2.39)
f 01 (Φ) =
h
which allows to tune it in a wide frequency range.
max
The f 01 (Φ) dependence has the maxima f 01
= ( 8E C E J Σ − E C )/h at Φ =
min
Φ0 n, n ∈ Z called the "sweet spots" and minima f 01
= ( 8E C E J Σ d − E C )/h at
1
Φ = Φ0 (n + 2 ), n ∈ Z. At the "sweet spots" the transmon transition frequencies
becomes ﬂux insensitive due to the vanishing ﬁrst derivative d f 01 /d Φ = 0. As
a result the dephasing of the transmon state is maximally suppressed and the
transmon state coherence is maximally protected from the ﬂux noise sources at
these points. The same applies to the minima of the spectrum which depend
on the junctions asymmetry d. Note that at the minimum value of f 01 we have
the ratio E J /E C = d · E J Σ /E C (see Eq.(2.36)); therefore E J /E C is not necessarily
large and the qubit may no longer be in the transmon regime.
The charging energy E C is determined fully by the geometry of the transmon
circuit, and with nowadays lithography techniques can be fabricated very accurately. A much bigger difﬁculty is in the fabrication of the transmon Josephson
junctions, the critical current of which inﬂuences the Josephson energy and
ultimately the spectrum (see the subsection 3.1.3).
The transmon spectrum is anharmonic, meaning that the transition frequency
between level n and level n + 1 becomes smaller the bigger the n = 0, 1, 2, ....
This fact allowes to use the two lowest transmon energy levels as a qubit and
address the 0 − 1 transition separately from the others. The anharmonicity of
the transmon spectrum , which is the difference f 01 − f 12 , is equal to E C /h [44],
the knowledge of which helps to ﬁnd the higher levels transition frequencies for
the experiments where the higher levels are involved. For example, the second
excited state |2〉 was used in almost all works discussed here. In this sense the
transmon was used as a qutrit, a quantum system with three different energy
states. The dipole moment related to the transition 0 − 2 is very small, hence
it couples very weakly to the external drive ﬁeld, and this transition can be
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seen only through the two photon process with the frequency f 02 = ( f 01 + f 12 )/2 =
f 01 − E C /2h. The observation of the two photon 0 − 2 transition is a method to
ﬁnd the anharmonicity E C and it will be demonstrated in the subsection 4.2.

2.7

Transmon read out in the dispersive regime

To read out the state of a transmon we use a resonator to which the transmon is
capacitively coupled. In this case the Hamiltonian of the system in the basis of
uncoupled transmon states | i 〉 is the generalized Jaynes-Cummings Hamiltonian
which reads [44]
Ĥ = 



ω j | j 〉〈 j | + ωr â† â + 

j



g i, j | i 〉〈 j |(â + â† ),

(2.40)

i, j

where ω j are the transmon energy levels, ωr is the resonator frequency, â and
â† are the resonator photon annihilation and creation operators, and  g i, j are
the coupling energies. For | k| > 1 the couplings g i+k,i → 0 when E J /E C → ∞,
and in the case of a transmon they can be neglected.
The circuit is in the dispersive limit when the transmon-resonator detunings Δ i = ω i,i+1 − ωr are large in comparison with the couplings g i,i+1 , so that
g i,i+1 /Δ i
1. It was shown [44] that in the dispersive limit the resonatortransmon interaction term in Eq. (2.40) can be eliminated to the lowest order.
In the transmon Hilbert space reduced to the ground and the ﬁrst excited state
the Hamiltonian takes the form
Ĥeff =

ω01
2

σ̂ z + (ωr + χσ̂ z )â† â,

(2.41)

where the frequencies of the transmon and bare resonator are renormalized
(ω01 = ω01 + χ01 and ωr = ωr − χ12 /2), and χ is called the dispersive shift. From
here it is obvious that the resonator frequency becomes transmon state dependent. The shift in the resonator frequency when the transmon is in the ground
state and in the ﬁrst excited state is

g2i,i+1
χ12 
−2χ = −2 χ01 −
, where χ i,i+1 =
.
(2.42)
2
Δi

Taking into account that g 12 = 2g 01 and Δ1 = Δ0 − E C /2, one ﬁnds the dispersive shift
g201 E2C

χ=− 
(2.43)
Δ0 Δ0 − E2C .

Experimentally the change of the resonator frequency depending on the transmon state provides a way to deduce the later (see the subsection 3.3.1). Due to
the interaction between the transmon and resonator, the resonator can be used
as a readout element through which we can learn about the transmon state.
This can be done by sending a probe signal into the resonator at some frequency
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close to the resonance and measuring the amplitude and phase of the signal
reﬂected back from the resonator or transmitted through it. The amplitude and
phase of the received signal should vary with the resonance frequency variations
caused by the changes of the transmon state.
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3. Experimental methods

It is worth to describe the main basic features inherent to all quantum circuits.
Firstly, to operate a circuit in a quantum mechanical way the quantum coherence
between the different parts of the circuit should be preserved. A necessary (but
not sufﬁcient) condition for this is that the electrical signals have to propagate
through the circuit without any energy loss. This implies that all parts of the
circuit have to be made of non-dissipative materials. Therefore low temperature superconductors such as aluminum and niobium [50] are widely used as
component materials in the fabrication of quantum circuits.
Secondly, ultra-low energy dissipation is not the only requirement for realizing
useful superconducting quantum circuits. Quantum circuits should contain
nonlinear elements [23], the quantum states of which need to be controlled. The
only non-dissipative nonlinear electronic element is the superconducting tunnel
junction (Josephson junction [51, 52]). Superconducting quantum circuits are
always based on Josephson junctions. The energy spectra of nonlinear elements
are anharmonic, hence it is possible to choose a subsystem of only two energy
states and use it as a qubit. If the thermal ﬂuctuations energy kT is higher or
even comparable to the energy differences between the states used as a qubit,
the system will not be in a pure state, and a superposition will quickly evolve
into a mixed state. Because of this the second main basic feature typical for all
quantum circuits is the low temperatures at which the circuits are operated.
The transition frequencies of the superconducting qubits are limited from the
top by the superconducting energy gap and usually lie in the range from 4 to 10
GHz. This means that superconducting quantum circuits should be operated at
temperatures of few tens of mK accessible with dilution refrigerators. The range
of the qubit transition frequencies also sets the requirements on the spatial
dimensions of the circuit elements and leads to the use of micro/nano fabrication
techniques.
My work was concentrated on samples consisting of a transmon capacitively
coupled to a quarter wavelength λ/4 coplanar waveguide (CPW) resonator. This
chapter describes the methods of the samples design and fabrication as well as
the setup and electronics used in the experiments of this work.
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3.1

3.1.1

Design and fabrication of the samples

Design considerations

The standard coplanar waveguide (CPW) resonators and microwave transmission lines with a central line width of 10 μm and a gap to the ground plane of
5 μm were used in the works described here. The thickness of the aluminum
ﬁlm for the resonators, ground planes, contact pads and the control lines is
chosen to be 100 nm, which is thick enough for convenient wire bonding of the
fabricated structures and leads to a small kinetic inductance contribution to the
total inductance of the resonator.
I will describe more in detail the factors that need to be taken into account in
the design of a transmon. A few design features appear to be on the one hand
very crucial for the increase of the relaxation time T1 , and on the other hand they
do not lead to any noticeable loss in the transmon controllability. Let us start
e2
with the transmon charging energy E C = 2C
(Eq. (2.39)) and its anharmonicity,
Σ
determined by the capacitance C Σ . The capacitance C Σ includes not only the
mutual capacitance between the transmon islands Fig. 3.1(a), but also the
ground plane surrounding the transmon. The concept of capacitance matrix C i j
is very convenient here. It sets a linear relation q i = C i j v j between the voltages
of the electrodes v j and the charges of the electrodes q i . The dimensionality
N × N of the matrix depends on the number of considered electrodes N. For the
case of a transmon we have two capacitor islands and only 2 × 2 dimensional
submatrix is of the interest for us. It is possible to simulate the electrical
ﬁeld and potential distribution for a 3D model of the real design in COMSOL
Multiphysics software packet and calculate the elements of the capacitance
matrix with it. The result of the potential distribution for the real design of
the transmon is shown in the Fig. 3.1(a), where the ground plane electrodes (4),

Figure 3.1. (a) COMSOL simulation of the capacitance matrix elements. Red transmon capacitor
island (1) is at 1 V potential, dark blue electrodes (2,3,4) are at 0 V potential. (b)
Simpliﬁed circuit wich describes the transmon relaxation.
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microwave gate line electrode (3) and one of the transmon capacitor islands (2)
are at 0 V potential, and another transmon capacitor island is at 1 V potential.
The program evaluates the charges of the islands 1 and 2 required for the
1V potential difference between the islands for two opposite polarities of the
applied voltage. These charges are numerically equal to four needed elements
of the capacitance matrix. Without the ground plane these elements give the
transmon capacitance C alone = C 11 = C 22 = −C 12 = −C 21 . When the ground plane
is included in the model the absolute values of the matrix elements start to differ
from each other, but the matrix still remains symmetric. Once all four elements
are known the capacitance C Σ can be calculated in the following way. Imagine
that the island 1 has a charge q 1 = q and the island 2 has a charge q 2 = − q;
we calculate what are the required islands voltages from the system of linear
equations
⎧
⎧
⎨q = C v + C v ,
⎨v = − q C12 +C22 ,
11 1
12 2
1
C 12 C 21 −C 11 C 22
and get
(3.1)
⎩− q = C v + C v
⎩v = q C21 +C11 .
21 1

22 2

2

C 12 C 21 −C 11 C 22

The charging energy reads
1
q2 (C 11 + C 22 + C 12 + C 21 )
q2
=
.
E C = (qv1 − qv2 ) =
2
2 (C 11 C 22 − C 12 C 21 )
2C Σ

(3.2)

From here we get the capacitance C Σ as
CΣ =

(C 11 C 22 − C 12 C 21 )
.
(C 11 + C 22 + C 12 + C 21 )

(3.3)

It is important to note that the size of the gap between the ground and the
transmon islands (shown in the Fig. 3.1(a)) inﬂuence C Σ . The addition of the
ground increases the C Σ value from the C alone value, and the bigger the gap size
is, the smaller the deviation of C Σ from C alone = 47.25 fF for the transmon shape
shown in the Fig. 3.1(a). Four designs with different gap sizes were simulated in
COMSOL, the results of these simulations are listed in the table below.
C Σ −C alone
C alone

gap (μm)

C Σ (fF)

5

51.99

10.0

10

50.82

7.6

15

50.09

6.0

20

49.64

5.1

(%)

The increase of the gap to the ground makes the charging energy closer to the
value given by the transmon shape alone. For the gap of 20 μm in the design
shown in the Fig. 3.1(a) the charging energy is E C = h · 389 MHz.
The increased gap to the ground plane is one of the very crucial design features
for the relaxation time T1 improvement. Fig. 3.1(b) demonstrates a simpliﬁed
circuit wich describes the relaxation of the transmon [53]. The transmon is
coupled capacitively to the external circuitry via a C ext capacitor followed by a
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resistor R, wich is a dissipative element. The relaxation time can be estimated
as
CΣ
T1 =
,
(3.4)
R e [Y (ω)]
where C Σ is the transmon capacitance discussed above and R e [Y (ω)] is the real
part of the admittance of the circuit seen by the transmon [53, 54]. For the
2
2
/(1 + (ωRC ext )2 )  ω2 RC ext
,
circuit shown in the Fig. 3.1(b) R e [Y (ω)] = ω2 RC ext
because for the practical values of ω = 2π(5 ÷ 7) GHz, R < 50 Ω and C ext < 1 fF,
ωRC ext 1. With this we get for the relaxation time an expression
T1 =

CΣ
2
ω2 RC ext

,

(3.5)

wich shows that with the reduction of the capacitive coupling C ext of the trans2
mon to the external circuitry the relaxation time grows as ∼ 1/C ext
. Conﬁrming
this simple analysis, a quite noticable improvement in the relaxation time was
observed experimentally when the gap between the transmon and the ground
plane was increased from 5 to 20 μm (Fig. 4.5(c) sample 6).
The transmon can also relax into the microwave gate line (as well as any other
transmon control line), the time constant of this process can be also expressed in
the form of Eq. (3.5), where this time R = 50 Ω is the characteristic impedance
of the microwave transmission line, and C ext is the effective capacitiance from
the transmon to the gate line. It was demonstrated experimentally that without
any loss in the controlability it is possible to increase the distance from the gate
line to the closest transmon capacitor island at least to 50 μm, as it is done in
the sample shown in the Fig. 3.2. This is the second design feature valuable
for engineering the circuits with transmon type qubits. The estimation of the
capacitive couplings between the transmon islands and the gate line can also
be done in COMSOL. Appliying 1 V potential to the gate line electrode (3 in
the Fig. 3.1(a)) and keeping the potentials of all other electrodes equal to zero
it is possible to get from COMSOL simulation the charges on the transmon
islands required to fulﬁll the conditions on the potentials. These charges give
the capacitance matrix elements C 13 = 218 aF and C 23 = 99 aF for the design
shown in Fig. 3.1(a) and Fig. 3.2. The difference between the above capacitances
is relevant for the transmon excitation purpose. Exactly this difference C ext =
C 13 − C 23 = 119 aF should enter Eq. (3.5) when evaluating the decay due to the
microwave gate line.

3.1.2

Sample fabrication

High resistivity (ρ > 104 Ω · cm) undoped silicon wafers from MTI Corporation are
used in this work as a substrate material. The thickness of the wafers is 0.5 mm,
they are polished on one side and have the surface orientation (100). The silicon
wafer is diced into 5mm × 5mm square chips before any further processing with
a dicing tool. The desired structures are fabricated on the polished side of the
chips in two stages.
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In the ﬁrst stage the substrate chips are thoroughly cleaned chemically (see
Appendix A.1). Usually not more than four chips are taken for the processing
at a time. Two layers of e-beam sensitive, positive resists (MMA(8.5)/MAA
EL10 the ﬁrst and 950k PMMA A3 the second) are applied to each one of the
chips using a resist spinner (see Appendix A.1 for the details). Then e-beam
lithography is done on each chip using the JSM-7100F ﬁeld emission SEM
equipped with the additional software allowing to control the e-beam and draw
a pattern in the resist layers. In this lithography process almost entire structure
is patterned, including the CPW resonator, the control transmition lines with
their contact pads, the transmon alignment markers, and the ground plane (see
Appendix A.2). The e-beam exposes those areas of the substrate surface which
need to be covered with the metal later. The transmon is not patterned in this
lithography process, and the alignment markers are placed nearby the empty
space left for it. After the lithography the chips are developed in MIBK/IPA 1:3
solution, and the resist mask is formed. The bottom resist layer is more sensitive
to the e-beam and more soluble in the developer solution after exposure. As a
result the structure with the undercut is produced in the development process,
so that the top resist edges freely overhang. The pattern geometry is set only by
the top resist layer, and the undercut structure improves the following lift-off
process by eliminating the connections between the metal ﬁlms formed on the
substrate and on top of the resist mask. The oxygen plasma ashing in the
Solarus advanced plasma cleaning system is used to remove the residues of
the resist from the opened areas. Then the chips are placed inside the main
chamber of an e-beam evaporator and a 100 nm thick aluminum ﬁlm is deposited
perpendicularly to the surface of the chips (see Appendix A.3). Finally, the lift
off process is done in the acetone heated up to 50◦ C. After this the structures
can be stored in a vacuum box until the continuation of the fabrication.
In the second stage of the fabrication the pre made structures are chemically
cleaned again. Exactly as in the ﬁrst stage of the fabrication the same two
layers of resists are applied on the structures. This time the e-beam lithography patterns the transmon capacitor islands and Josephson junctions (see
Appendix A.2). The transmon alignment markers are used now to align the position of the transmon with respect to the other elements of the structure before
the patterning so that it ﬁts nicely into the opening left for it. The development
and plasma ashing/cleaning follow the lithography: they are done in the same
way as it was in the ﬁrst stage of the fabrication. Then the structures are placed
inside the e-beam evaporator where the transmon with its Josephson junctions
are produced using the shadow evaporation technique [55, 56] and oxidation
(see subsection 3.1.3). Finally, the lift off is done on the structures, they are
cleaned, inspected under the optical microscope and left in the vacuum box until
the mounting in the sample holders and wire bonding.
Different designs in terms of their geometry were produced and tested. For one
of the designs the ﬁnal structure obtained in the fabrication process described
above is shown in the Fig. (3.2).

35

Experimental methods

Figure 3.2. The sample structure of aluminum thin ﬁlm deposited on top of a pure silicon
substrate. The structure consists of a transmon coupled capacitively to a quarter
wavelength λ/4- coplanar waveguide (CPW) resonator. It has three lines connected
to the external circuitry allowing to control the transmon and send signals to the
resonator.

The sample structure has three signal transmission lines through which it
can be controlled and probed. These transmission lines all end with contact
pads (not shown in the Fig. 3.2) which are wire bonded to the printed circuit
board (PCB) of the sample holder. Two of the signal lines (see the Fig. 3.2)
are used to control the transmon. The ﬂux bias line passes near the transmon
SQUID loop. By feeding a current into the ﬂux bias line it is possible to vary the
magnetic ﬂux threading the SQUID loop and change the transmon transition
frequency (Eq. (2.39)). The microwave gate line is used for the manipulation of
the transmon quantum state by carrying the microwave pulses to the transmon.
The third signal transmission line is capacitively coupled to the resonator via an
input/output capacitor and is used to probe the resonator by sending microwave
pulses or continuous signals into it.

3.1.3

Fabrication of Josephson junctions

Josephson junctions are the smallest elements of the structures used in the
experiments described here. They are fabricated in the e-beam evaporator with
the commonly used shadow oblique evaporation method. The idea of the method
was reported for the ﬁrst time in the work of Niemeyer [55], who used a thin ﬁber
laid across a substrate groove as a shadow mask for the fabrication of isolated
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devices. Not long after the method was adopted and tried for the fabrication of
submicron-scale thin-ﬁlm and simple multilevel structures with the use of photoand e-beam lithography [56]. The method can be understood form Fig. 3.3. It
employs a resist mask (reddish plane in the Fig. 3.3) offset from the substrate.
A narrow space between the mask openings forms a resist bar supported from
its ends, the so-called "resist bridge". Due to this bridge, projections of the mask
openings on the substrate surface produced in one metal deposition process are
separated from each other, which is important for the junction not to be shorted.
Depositing the metal from two oblique angles ±α (Fig. (3.3)) it is possible to
make a relative shift between the two projections of the mask openings on the
substrate surface and create an overlap structure (Fig. 3.3(b)). The overlap area
can be controlled by the resist mask geometry and the deposition angle.

Figure 3.3. Description of the shadow evaporation method. The resist mask of the top resist
layer is supported by the bottom resist layer and offset from the substrate surface.
(a) The ﬁrst deposition of the metal from the angle −α. The oxidation follows the ﬁrst
deposition. (b) The second deposition of the metal from the angle +α and formation
of the Josephson junction at the overlap of the two metal layers.

The supporting resist layer has a thickness of ∼ 370 nm, and the thickness
of the resist mask top layer is ∼ 130 nm. These values were obtained from the
inspection of the resist stack with the proﬁlometer. Due to the higher solubility
of the bottom resist layer in the developer solution the top resist layer indeed
forms a freely hanging resist mask above the substrate as shown in Fig. 3.3.
It is also important to note that the oxygen plasma ashing process mentioned
above and in the Appendix A.3 widens the resist mask openings, such that the
ﬁnal dimentions of the produced junctions are bigger than the ones given by the
lithography design. The rate of the resist mask features widening is estimated
as ∼ 1 nm/s from the consecutive iterations of the resist ﬁlm plasma ashing
during a given time and measuring the reduction of the ﬁlm thickness with
the proﬁlometer. Fig. 3.4(a) demonstrates geometry of the used lithography
pattern. This structure, patterned with the 20 keV e-beam, produces junctions
of submicrometer size. Designs of two Josephson junctions in the transmon
SQUID loop are shown in red and blue color. Fig. 3.4(b) shows an example of a
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Figure 3.4. (a) Design of the lithography pattern used in the fabrication of the Josephson
junctions. The areas exposed by the e-beam are colored. (b) The SEM image of one of
the actual Josephson junctions produced in the work (false colors). Blue area shows
the visible parts of the ﬁrst aluminum layer with a thickness of 30 nm deposited
from a −30◦ angle. After the ﬁrst layer is oxidized, the second layer of aluminum
with 60 nm thickness is deposited from a +30◦ angle, shown in red color. The white
scale bar is 1 μm.

Josephson junction produced with the lithography pattern described above. The
ﬁrst aluminum layer of 30 nm is deposited from a −30◦ angle (shown in blue in
the Fig. 3.4(b)). Then the sample holder with the mounted samples is transferred
into the separate e-beam evaporator chamber and the ﬁrst aluminum layer is
oxidized. After this the holder is returned back to the main chamber where the
second aluminum layer of 60 nm is deposited from a +30◦ angle (shown in red
in the Fig. 3.4(b)). Then the lift off process is done on the structures in acetone
heated up to 50◦ C (see Appendix A.3 for the details).
The fabrication process described above was mastered to a degree that it never
gives open circuit or shorted junctions. Nevertheless, to obtain a transmon with
a desired transition frequency spectrum, the junctions of the transmon SQUID
loop should not only work but also have required parameters such as the normal
state resistance R n (see Eq. (2.37) and the discussion around it). This resistance
depends on the fabrication process quite strongly and it is a quite hard task
to make the junctions parameters reproducible from one fabrication process to
the other one, which requires to keep all the process steps exactly the same. I
also would like to stress that it appeares to be utmost important to ﬂush the
oxidation chamber with the oxygen and pump it down for at least 1 hour before
the start of the oxidation (see Appendix A.3).
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3.2

3.2.1

Experimental setup

Sample holder

The samples chosen for the testing are installed in the sample holders. A
sample holder implements the conversion from the convenient in handling
SMA connector size to the smaller sizes of a microstructure. For example the
contact pads of the fabricated on chip structures have the size of hundreds of
micrometers. The sample holder also serves as a cold base to which the sample
is attached and protects the sample during the mounting to the desired place in
the refrigerator.
Fig. 3.5 shows the disassembled sample holder designed by the author. It
consists of two copper parts: the main part and the lid (see Fig. 3.5). The printed
circuit board (PCB) shown in the ﬁgure is placed inside the main part and it is
attached to it with the screws. Then the SMA connectors are mounted to the
main part and their central pins are soldered to the signal lines of the PCB. The
lid has specially milled grooves following the shape of the PCB signal lines and
a cutout at the place where the sample will sit. This allows to leave as small
as possible volume around the sample when the sample holder is closed, and
therefore increases the fundamental frequencies of all possible parasitic modes.

Figure 3.5. The copper sample holder used in this work. The main part takes the PCB inside,
and a 5 × 5 mm2 chip can be glued to the surface of the main part through the cutout
in the PCB. The lid closes the sample holder and leaves only a small volume around
the sample. This version of the sample holder has 6 ports and signal lines reaching
the sample.

The PCBs are made of Rogers 3003 dielectric material with 0.13 mm thickness
covered with 35 μm copper layers from both sides. Via holes of 250 μm diameter
connect the ground planes on the both sides of the PCBs. The signal lines have
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a width of 500 μm and gaps to the ground of 200 μm. The grooves in the lid
are 1.5 mm wide and 0.6 mm deep. The characteristic impedance of the sample
holder transmission lines was analyzed following ref. [57]. With the geometric
dimensions and dielectric constant of the chosen material, the impedance of the
transmission lines should be close to 50 Ω when the lid of the holder is installed.
The sample holder shown in Fig. 3.5 can hold a sample of 5 × 5 mm2 size and
has 6 signal lines reaching the sample. A sample is glued with Varnish glue to
the copper surface of the main part through the cutout in the PCB. It is dried for
15 minutes on a hot plate at 50◦ C after gluing and is left for more than 3 hours
until the sample becomes completely immobile.
After this the sample is wire bonded on the F&S Bondtec 5330 wire bonder
with 25 μm diameter aluminum wires.

3.2.2

Dilution refrigerator wiring

The signals needed to manipulate a qubit state and probe the state are extremely
small signals. The voltage Vrms of the microwave pulse with the duration τ
needed to excite a qubit with the transition frequency ω01 can be estimated from
the expression
V2
ω01
(3.6)
= P = rms ,
τ
R
where P is the power, and R is the characteristic imedance of the transmission
line through which the pulse reaches the qubit, which is usually close to 50 Ω.
We can take the realistic values of ω01  2π · 5 GHz and pulse duration τ  20 ns
for the estimate. Then we ﬁnd that the power is P  2 · 10−16 W  −127 dBm
corresponding to Vrms  100 nV.
This faint signal cannot be generated directly at room temperature, as it is
below the thermal noise power of the electronics used for signal generation.
Thermal noise (Johnson-Nyquist noise) power drops down linear with the temperature as
Pnoise = 4κB T Δ f ,
(3.7)
where k B is the Boltzmann constant, T is the temperature, and Δ f is the
frequency bandwidth. To generate a 20 ns long pulse the bandwidth of the
pulse generating device should be at least Δ f min = 1/τ = 50 MHz. Then the
thermal noise power at room temperature is at least Pnoise (290K) = 4κB T Δ f min 
noise
8·10−13 W  −91 dBm with the corresponding Vrms
 6 μV which is much higher
than the pulse values. The lower the temperature, the lower the thermal noise
power (Eq. (3.7)). So the way to go around the problem is to generate signals
with much higher amplitudes at room temperature keeping the signal to noise
ration high and then attenuate the signals inside the refrigerator so that they
reach the sample with the desired power.
The reasonable attenuation of the microwave signal is given by the temperature reduction along the signal transmission line. The signal is attenuated as
much as the thermal noise power drops due to the temperature which is illus-
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trated in Fig. 3.6. If we have a piece of transmission line with the temperatures
T H and TC at the ends, the reduction of the thermal noise power expressed in
dB is given by the formula (3.8). The attenuator with this attenuation A[dB]
should be placed at the cold end of the transmission line.

Figure 3.6. A piece of the transmission line with the temperatures T H and T C at the ends. The
attenuator of A[dB] given in the formula (3.8) is placed at the cold end of the piece.

A[dB] = 10 · log10

Pnoise (T H )
TH
.
= 10 · log10
Pnoise (T C )
TC

(3.8)

If the value of the attenuator is lower, we do not attenuate the signal as much
as we could. But if the value of the attenuator is higher, we start to lose in the
signal to noise ration, as the signal is attenuated and the noise corresponding to
the temperature T C is generated again and added to the signal.
This consideration is used in the wiring of the dry BF-LD250 BlueFors dilution refrigerator used for cooling down the samples. The dilution refrigerator
has ﬁve temperature plates attached to different units of the refrigerator (see
Fig. 3.7(a),(b)). They are 50K-, 4K-plate, still chamber plate, the cold plate, and
mixing chamber plate. Each one of these plates has its cooling power – the
capability to absorb the heat. The lower the temperature, the smaller the cooling
power. If the heat load from the external heat sources to a particular temperature plate exceeds some acceptable value, the dilution refrigerator operation
regime will not be normal. Even for a bare refrigerator without wiring there
are some nominal heat load values for every temperature plate. Any additional
loads to the temperature plates cause the increase in the base temperature of
refrigeratore. If the excess of the heat load is huge, the refrigerator will start
to warm up. Cables and wires of the wiring should be properly thermalized at
each temperature plate of the dilution refrigerator to ensure efﬁcient noise reduction. Every new cable or wire in the wiring connecting a hotter temperature
plate with the neighbouring colder one adds some additional heat load to the
colder temperature plate. It is important to make the wiring not to exceed the
acceptable heat load value. The heat ﬂux along the cable (wire) connecting the
plates at temperatures T H and TC can be found as


q˙
= −κ(T)∇T,
S

and after the integration

q̇ =

S
l

TH
TC

κ(T)dT,

(3.9)

where q̇[W] is the heat ﬂux, S[m2 ] is the cross sectional area of the cable,
κ(T)[Wm−1 K−1 ] is the thermal conductivity of the cable material, l[m] is the
cable length, and ∇T[Km−1 ] is the temperature gradient. On the one hand,
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Eq. (3.9) suggests to chose cables and wires made of materials with lower
thermal conductivity and having a bigger length and smaller cross sectional
area to reduce the heat ﬂow along them. On the other hand, increase of the
length and reduction of the cross sectional area would result in an increase of the
wires’ resistance or attenuation of the coaxial cables. Moreover, the resistivity of
a material usually rises with the reduction of thermal conductivity, which again
makes the losses and signal dissipation higher. For DC wires, for example, the
Joule heating might start to play a role especially for the lowest temperatures.
In practice, we need to ﬁnd a compromise. Fig. 3.7 shows the wiring made
for the experiments described in this dissertation. Each microwave transmission line is assembled from semi rigid coaxial cables with 50 Ω characteristic
impedance and operation frequencies from DC to 18 GHz. Copper-nickel cables
of 2.19 mm diameter are used for the transmission lines between the room
temperature and the 4K-plate (Fig. 3.7(a)). They have a relatively high thermal
conductivity, but cooling powers of 50K- (36 W) and 4K- (1 W) plates allow this.
The input microwave transmission lines going from 4K-plate down to the mixing
chamber plate are made of stainless steel cables of 1.19 mm diameter. These
cables have reduced cross sectional area and lower thermal conductivity, so
that the much lower cooling power of the mixing chamber can handle it. Superconducting niobium-titanium cables with a 2.19 mm diameter are used for the
output microwave lines, because they have to have as low as possible losses.
The attenuators placed at the microwave input lines are 5 dB at 50K-plate
(∼ 10 · log10 (290/50)  8 dB), 11 dB at 4K-plate (∼ 10 · log10 (50/4)  11 dB), and 25
dB at the mixing chamber plate (∼ 10 · log10 (4/0.02)  23 dB), see the Fig. 3.7(a).
There is a LNF-LNC4-8A low noise ampliﬁer installed into the output microwave line and attached to the 4K-plate (Fig. 3.7(a) and (d)). It provides a gain
of about +40 dB in the frequency range from 4 GHz to 8 GHz and has a noise
temperature of 3 K.
All semi rigid coaxial cables are thoroughly thermalized with the use of gold
plated copper anchoring clamps (Fig. 3.7(e)) to the cold plate and the still chamber plate. At the other temperature levels the thermalization is done via connection of the cables ends to the attenuator or the SMA connector sitting at the
corresponding refrigerator plate.
For the DC lines from the room temperature down to the 4K-plate, 12 twisted
pairs of constantan 110 μm diameter wires combined in a ribbon cable (cryogenic
woven loom: CMR–Direct) are used. 5 of them are low-pass ﬁltered with a passive
RC ﬁlter with the cutoff frequency around 500 Hz (Fig. 3.7(c)). Further down
from the 4K-plate to the mixing chamber plate the DC lines are made of twisted
pairs of superconducting niobium-titanium wires in a copper-nickel clad with
a 100μm diameter combined in a ribbon cable. The DC lines are thermalized
at each temperature level with copper thermalization spools around which the
ribbon cables are wound and glued to the spools with a Varnish glue (Fig. 3.7(f)).
Fig. 3.7(a) shows the set of cables and wires with two input and one output
microwave coaxial lines. It can be used to experiment with a sample containing
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Figure 3.7. The refrigerator wiring. (a) Schematics of the wiring. Two input and one output
microwave lines together with the DC lines are shown. (b) Real view of the wired
dilution refrigerator. Five refrigerator plates can be seen. (c) RC low-pass ﬁlter
placed at the 4K-plate of the refrigerator ﬁlters ﬁve DC lines. (d) Low noise ampliﬁer
installed in the microwave output line and attached to the 4K-plate of the refrigerator.
(e) Gold plated copper anchoring cable clamp used for cable thermalization. (f)
Copper spool used for the thermalization of the DC line wires.

a transmon coupled to a resonator. Through one of the input lines the signals
are sent to the resonator, the transmon excitation signals go through another
input line, and the output line is used to measure the signals coming from the
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resonator. Following the same ideas and considerations more cables and wires
can be added to the cryogenic setup serving the increased requirements of more
complex experiments.
Depending on the experiment the cryogenic wiring at the mixing chamber plate
can vary. Fig. 3.8 shows the mixing chamber wiring used in the experiments.
The setup is assembled on the gold plated copper holder attached directly to the
mixing chamber plate. There are no large temperature gradients across this
setup, so the copper coaxial cables with the 2.19 mm diameter are used. The
cables are thermalized with the anchoring clamps. To implement the reﬂection
resonator measurement the input and output signals are separated using two
RADC-4-8-CRYO-0.02-4K-S23-MR-b circulators (Fig. 3.8(b)). The second from
the sample holder circulator has a 50 Ω shunt to dissipate any signals reﬂected
back towards the sample in the output line. One of the DC lines wired down to
the mixing chamber level is directed to the sample and serves for carrying the
DC current for the transmon ﬂux biasing. This line is additionally ﬁltered with
the DC − 80 MHz Mini-Circuits VLFX-80 low-pass ﬁler (Fig. 3.8(b)).

Figure 3.8. Mixing chamber wiring. (a) Real view of the cryogenic setup at the mixing chamber
plate. (b) Schematics of the used wiring. A pair of cryogenic circulators working
in the frequency range from 4 to 8 GHz is used to separate the input and output
resonator signals in the reﬂection measurement. The second from the sample holder
circulator has a 50 Ω shunt to disipate any signals reﬂected back towards the sample
in the output line. The DC line used for the transmon ﬂux biasing is additionally
ﬁltered with the low-pass DC − 80 MHz ﬁlter.

The sample has to be thoroughly shielded from any possible external magnetic
ﬁelds to keep the transmon transition frequencies constant in time and avoid
dephasing related to frequency ﬂuctuations. To do so the magnetic shield is
made of a 1 mm thick copper sheet. The shield has a cylinder shape and is closed
from the bottom side. It is covered with a Tin/Lead (60/40) solder alloy, which
is superconducting at a temperature of 20 mK. This shield is attached to the
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holder with the magnetic shield mount (Fig. 3.8(a)) so that the sample sits inside
it close to the bottom side.

3.3

3.3.1

Room temperature electronics

Qubit state detection

The homodyne scheme was used to determine the state of the qubit (Fig. 3.9). A
continuous signal generated from the Agilent N5230C PNA-L Network Analyzer
at the probe frequency f p close to the resonator resonance frequency is divided
in two with the use of a ZFSC-2-10G+ Mini-Circuits power splitter. Each one of
these two signals is applied to the LO port of an IQ0307LXP Marki microwave
mixer. A microwave signal generator can be used for LO signal generation
instead of the Network Analyzer, and the use of Network Analyzer was a matter
of convenience in this work. Two mixers are used in the homodyne scheme,
one of them for the probe signal creation, the other one for the demodulation
of the signal reﬂected back from the resonator. To create a probe signal two
rectangular pulses are generated from a Tektronix AWG 5014B and applied to I
and Q ports of the mixer. These two rectangular pulses have DC offsets ensuring
the absence of the LO frequency leakage to the resonator when the mixer is
supposed to be closed. As a result, at the output RF port of the mixer we have a
rectangular packet of sinusoidal wave ("probe pulse") at the frequency f p and
duration of ∼ 2 μs. This signal is sent to the resonator.

Figure 3.9. Homodyne detection scheme used to deduce the state of the transmon. An Agilent
N5230C PNA-L Network Analyzer is used as the LO frequency source. To prepare the
probe signal and downconvert to the slowly varying quadratures the signal reﬂected
back from the resonator, two Marki microwave IQ0307LXP frequency mixers are
used. The downconverted quadratures are ampliﬁed with the preampliﬁer and
digitized and recorded with the Agilent U1082A data acquisition card.

The signal reﬂected back from the resonator (Fig. 3.9) arrives at the RF port of
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the demodulation mixer of the homodyne scheme. The carrier frequency of this
signal f p is the same as the LO frequency of this mixer. As a result two slowly
varying signals appear at the ports I and Q. These two signals are ampliﬁed
with a SR445A DC-350 MHz ampliﬁer and recorded with the Agilent U1082A
data acquisition card (DAC). The card records the signals in some time interval
after getting the trigger pulse sent from the channel marker of the AWG.
If the frequency of the probe signal f p is ﬁxed, the shape of the signal reﬂected
back from the resonator depends on the resonator resonance frequency f r , and
the later one in turn depends on the quantum state of the qubit. As a result
the shapes of the I and Q quadratures of the reﬂected back signal contain
information about the qubit state.
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Figure 3.10. Qubit state detection. (a) Rabi oscillations. The amplitude of the qubit excitation
pulse with the ﬁxed duration is gradually increased (horizontal axis). For the
demonstration ﬁve points are highlighted, two of them (blue and red) correspond
to the pulse amplitudes used for the calibration. (b) I quadratures as a function
of time recorded by the DAC during the qubit state readout procedure for the ﬁve
points highlighted in (a). The I quadratures here averaged over 20000 repetitions
for the intermediate points and over 20 × 20000 repetitions for the calibration.
The interval [τmin ; τmax ] is the integration interval. Area between the ground
state trajectory and the trajectory corresponding to the outcome h = 0.4674 in the
integration interval is shaded in the light blue color.

Fig. 3.10 shows the demodulated I quadrature when the qubit state is being
changed during the Rabi oscillations experiment. Here the amplitude of the qubit
drive pulse is gradually increased (Fig. 3.10(a)) and its duration is ﬁxed at 56 ns.
Five points corresponding to different amplitude values are highlighted with
different colors, and the I quadratures corresponding to these points averaged
over 20000 repetitions are shown in the Fig. 3.10(b). It can be clearly seen
that the different qubit states result in different shapes of the I quadrature (we
usually call them trajectories). The blue and red points on the Rabi curve and
the blue and red I trajectories correspond to the ground and excited state of
the qubit. These two I trajectories are used for the calibration and represent
the trajectories which are most different from each other in the subspace of the
qubit states spanned over the (|0〉, |1〉) basis. All other qubit states from this
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subspace result in a trajectory laying between the two calibration trajectories
(see Fig. 3.10(b)).
The method used to deduce the qubit state is very similar to the one demonstrated earlier in the work [58]. The measurement which is done by sending the
probe pulse to the resonator is a strong projective measurement. And in every
single iteration of the qubit state preparation and measurement the qubit state
collapses to either |0〉 or |1〉 with the trajectories I 0 (τ) and I 1 (τ). Due to the noise
level these trajectories obtained in a single iteration are not distinguishable from
each other. To ﬁght against noise we have to average the measurement results
of every single iteration over N repetitions. Imagine that we have prepared a
qubit in the state |ψ〉 with the probability to measure it in the ground state p 0
and in the excited state p 1 (p 0 + p 1 = 1). Then after N measurements of the
qubit in state |ψ〉 the obtained trajectory will be
I ψ (τ) = p 0 I 0 (τ) + p 1 I 1 (τ) = (1 − p 1 )I 0 (τ) + p 1 I 1 (τ).

(3.10)

Then the area S ψ0 conﬁned by the trajectory I ψ and the ground state trajectory
I 0 in the interval [τmin ; τmax ] is
S ψ0 =

| I ψ (τ ) − I 0 (τ )| d τ =
=

|(1 − p 1 )I 0 (τ) + p 1 I 1 (τ) − I 0 (τ)| d τ

p 1 | I 1 (τ) − I 0 (τ)| d τ = p 1 S 10 ,

(3.11)
(3.12)

where S 10 stands for the area conﬁned between the ﬁrst excited state trajectory
I 1 (τ) and the ground state trajectory I 0 (τ) in the integration interval. Then
the ﬁrst excited state probability can be found as the ratio S ψ0 /S 10 and for the
example given in Fig. 3.10 it reads
τmax
| I ψ (τ) − I 0 (τ)| d τ
S ψ0
τ
p 1 ( | ψ〉 ) =
= τmin
.
(3.13)
max
S 10
τmin | I 1 (τ) − I 0 (τ)| d τ
In the example shown in the Fig. 3.10(b) the integration window is limited by
τmin = 100 ns and τmax = 1000 ns, and the area S ψ0 is highlighted with light

blue shade. It is worth noting that the same consideration applies to the Q
quadrature, and one has to either suppress one of the components by tuning the
phase of the probe signal or take into account the information obtained from the
both quadratures.

3.3.2

Pulses for qubit state manipulation

First of all I would like to address the question why do we need to use pulses
with short time durations. Why not to use continuous microwave signals? To
see the reason it is enough to consider a classical model for a two level system
driven by an external continuous ﬁeld with the driving rate of Γd [Hz]. Let us
also include the relaxation rate of the system Γ1 [Hz], to obtain a more realistic
model. If we denote the populations of the levels as p 0 and p 1 , which obey the
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condition p 0 + p 1 = 1, the dynamics of the populations can be described with the
equations
ṗ 0 = −Γd p 0 + (Γd + Γ1 )p 1 ,

(3.14)

ṗ 1 = − ṗ 0 .

(3.15)

Solving this pair of equations with the initial condition p 1 (0) = 0 we get the
solutions


Γd
p 0 (t) = 1 − p 1 (t),
p 1 (t) =
1 − e−(2Γd +Γ1 )t .
(3.16)
2Γd + Γ1
From here we can see that under a continuous drive the two level system will
reach some equilibrium state with the populations p 0 (∞) = (Γd + Γ1 )/(2Γd + Γ1 )
and p 1 (∞) = Γd /(2Γd + Γ1 ) which is smaller than 1/2 at any nonzero relaxation
rate Γ1 . If the relaxation rate Γ1 is small in comparison with the driving rate Γd
the populations will tend to 1/2 value at times much longer than (2Γd + Γ1 )−1 .
A quantum mechanical analysis of this problem would lead to the oscillatory
behaviour of the populations p 0 (t) and p 1 (t) in the form of Rabi oscillations, but
even in the quantum case the asymptotical values p 0 (∞) and p 1 (∞) obtained
from the solution (3.16) of the classical model remain valid when relaxation is
included. From here it is clear that the use of continuous drive signals sets quite
strong limitations on the accessible ﬁnal qubit states.
Another more practical reason is that we want to use the qubits to solve some
computational problems. This problem-solving process requires many iterations
of qubit state preparation, evolution and measurement. The faster it is possible
to prepare the qubits in the desired states the shorter time it will take to compute
the same task. That is why we want to prepare the qubit as fast as possible,
meaning with as short as possible pulses.
To prepare microwave pulses with desired durations, frequencies and amplitudes IQ frequency mixers are used. The mixer underlying circuitry is schematically shown in the Fig. 3.11(a). The cos(LOt) signal is applied to the LO port of
the mixer, it has some power level (typically 10 to 16 dBm) required by the mixer
to operate normally. This signal is split into two branches and a phase shift of
π/2 is added in one of the branches. After the splitting considering a simpliﬁed
scheme each of the two signals is multiplied by the signals applied to the I and
Q ports correspondingly. The I and Q signals have the same IF frequencies but
can have different phases φ I and φQ and different envelopes a(t) and b(t). There
are low pass ﬁlters at the I and Q ports of the mixer so that the IF frequency
can lay only in some bandwidth (for example, DC to 500 MHz). Finally, after the
multiplication the two resulting signals are added up and output from the RF
port of the mixer.
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Figure 3.11. Generation of the qubit state manipulation pulses with the use of an IQ mixer. (a)
Schematic diagram of the IQ mixer. LO, I and Q input signals together with the
elementary components of the mixer are shown. (b) An example of the waveform
sent to either I or Q port of the mixer generated by the AWG 5014B. The amplitude
A, duration T and the DC offset are shown. (c) Frequency spectrum of the signal
at the output RF port of the mixer. Without the SSB mixing corrections up- and
downconverted frequency harmonics are present in the spectrum.

For the input signals provided in Fig. 3.11(a) the output signal is
a(t) cos(LOt) cos(IF t + φ I ) + b(t) cos(LOt + π/2) cos(IF t + φQ ) =




a(t) 
=
cos (LO − IF)t − φ I + cos (LO + IF)t + φ I −
2



b(t)  
−
sin (LO − IF)t − φQ + sin (LO + IF)t + φQ .
2

(3.17)
(3.18)
(3.19)

From here it is seen that the output signal contains the upconverted and the
downconverted harmonics at the frequencies LO + IF and LO − IF correspondingly (see the Fig. 3.11(c)). Adjusting the envelopes a(t), b(t) and the phases φ I ,
φQ it is possible to completely eliminate either downconverted or upconverted
harmonics and create a single sideband (SSB) frequency mixing. It simpliﬁes the
spectrum of the produced signal and allows to avoid unwanted qubit excitation.
For example, to eliminate the LO + IF harmonics in the output signal given in
the Eq. (3.19) we require b(t) = a(t) and φQ = φ I + π/2. Then


b(t)
a(t)
sin (LO + IF)t + φQ =
cos (LO + IF)t + φ I ,
2
2

(3.20)

the LO + IF frequency harmonics disappear, and the output signal takes the
form

a(t) cos (LO − IF)t − φ I .
(3.21)
Pulses of this kind are sent to the microvave gate line of the qubit in the time
domain experiments. As it is clear from Eq. (3.21) the envelope shape, the carrier
frequency and the phase of the qubit state manipulation pulses are controlled
by the parameters of the I-Q signals and the LO frequency.
In practice the required phase shift between φQ and φ I to get a SSB mixing
might not be exactly π/2. This phase shift can be found experimentally by
directing the output signal from the mixer to a spectrum analyzer and tuning
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one of the phases while keeping the second one ﬁxed. Also some difference in
the actual applied envelope amplitudes between the I and Q signals might be
present due to the small practical differences between the ports. In addition to
the tuning regarding the SSB mixing, DC offsets should be added to the I and Q
signals to suppress the LO frequency leakage from the LO input port to the RF
output port of the mixer. This can be done simultaneously with the SSB tuning
using a spectrum analyzer.
The local oscillator LO frequencies usually lay in the range from 3 to 9 GHz
depending on the qubit transition frequency. The intermediate frequencies IF
have values of few hundreds of MHz. The I and Q signals can be generated by
the arbitrary waveform generator (Tektronix AWG 5014B); an example of such a
waveform is shown in the Fig. 3.11(b). Figure 3.11(c) demonstrates the frequency
spectrum of the mixer output signal with the applied LO leakage compensation
but without a SSB mixing corrections. As a result up- and downconverted
frequency harmonics are present in the spectrum.

3.3.3

Spectroscopy electronics

After new samples are cooled down they are characterised ﬁrst in the frequency
domain. Namely, the spectra of the resonators and the transition frequencies
of the transmons are measured. Three devices are used for this kind of measurements: Keysight 33500B waveform generator for the magnetic ﬂux biasing
of the transmons, Anritsu MG3692C RF/Microwave signal generator for the
transmons excitation, and PNA-L N5230C Microwave Network Analyzer for
probing the resonators in a signal reﬂection measurements. These devices are
shown in Fig. 3.12 together with the equivalent simpliﬁed circuit of the samples
used in this work.

Figure 3.12. Room temperature electronic devices used in the spectroscopy measurements and
simliﬁed circuitry of the sample. A DC source is used to ﬂux bias the transmon,
the RF/Microwave generator to excite the transmon, and the Network Analyzer to
make the reﬂection measurement of the resonator.
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In addition to the low temperature ampliﬁer mounted at the 4K ﬂange inside
the refrigerator there are two room temperature ampliﬁers on the resonator
output coaxial line providing altogether +61 dB of the gain. The Network
Analyzer is set to measure the S 21 scattering coefﬁcient, so that the dip in the
amplitude of the signal reﬂected back from the resonator is observed when the
frequency of the probe signal ω p is on-resonance with the resonator frequency
(see the subsection 4.1). In the spectroscopy measurements only continuous
signals are used for the resonator probing as well as for the transmon excitation.
The powers and the frequencies of these microwave signals are swept in the
measurements.

3.3.4

Time domain measurements electronics

Figure 3.13. Room temperature electronic devices used in the time domain measurements and
the simpliﬁed circuitry of the sample. In the time domain measurements microwave
pulses are used to manipulate the state of the transmon and read out the state.
All pulses are generated using IQ mixers and a AWG 5014B and hence they are
synchronized with each other. The AWG also provides the triggers for the DAC
prepared to measure a speciﬁc number of waveforms.

Once the spectroscopy data is obtained the measurements in time domain
can be run. The room temperature electronics set up used for the time domain
measurements is more complex (Fig. 3.13). To prepare the transmon state
manipulation pulses an IQ mixer is used (described in subsection 3.3.2). The
Anritsu MG3692C RF/Microwave signal generator serves as the LO source for
the IQ mixer, the Tektronics AWG 5014B outputs from the channels 1 and 2 the
voltage waveforms for the I and Q ports of the mixer. It is possible to drive all
desired transitions of one transmon with the use of only one IQ mixer adding up
the I and Q components intended for the driving of the different transitions. For
the detection of the transmon state the homodyne scheme is employed (described
in subsection 3.3.1). The Network analyzer provides a common LO frequency
signal for the modulation and demodulation parts of the detection scheme. From
the AWG channels 3 and 4 the waveforms forming the probe pulses are output,

51

Experimental methods

and the signal from the AWG channel 4 marker triggers the Data Acquisition
Card (DAC) installed in the computer controlling the experiment. This card
records the downconverted waves obtained from the signals reﬂected back from
the resonator. The magnetic ﬂux biasing of the transmons is done exactly the
same as in the spectroscopy measurements.
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4. Sample characterization

4.1

Resonator spectrum measurement

The transmon 0 − 1 transition frequency f 01 depends on the value of the magnetic
ﬂux Φ threading the SQUID loop of the transmon (Eq. (2.39)). As a result,
depending on the ﬂux value, the transition frequency f 01 can be tuned closer or
further from the bare resonator frequency f r . Due to the transmon-resonator
interaction the resonator frequency will shift from its bare value f r when the
transmon transition frequency approaches the resonator frequency. The smaller
the detuning between the transmon and the resonator frequencies, the bigger
the shift. The dependence of the resonator rsonance frequency on the bias
voltage can be obtained from the resonator spectrum measurement (Fig. 4.1).
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Figure 4.1. Resonator spectroscopy. (a) Magnitude of the S 11 scattering parameter in dB demonstrating the changes of the resonator resonance frequency with the bias voltage. The
probe signal power sent to the resonator input line is P p = −35 dBm. The region
where the transmon-resonator frequency detuning is getting smaller is surrounded
by a dashed line. Here the two branches of the resonator spectrum form an avoided
crossing. Dependences of the S 11 magnitude (b) and phase (c) on the probe signal
frequency f p for ﬁve bias voltage values marked with the vertical lines in (a).
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In this measurement the transmon is left unexcited, and the bias voltage is
swept changing the magnetic ﬂux threading the transmon SQUID loop and
its transition frequency f 01 (Φ). At each value of the bias voltage a continuous
microwave signal is sent to the resonator at some ﬁxed power, the frequency of
this probe signal f p is swept in some range around the bare resonator frequency.
The magnitude and phase of the S 11 scattering parameter are determined
from the signal reﬂected back from the resonator by the Network Analyzer (see
subsection 3.3.3) at each probe frequency value f p .
The frequency at which the minimum of the S 11 magnitude is reached is
sensitive to the state of the transmon; therefore it is a proper probe signal
frequency for the transmon spectrum measurement (see next subsection) and
for the time domain measurements.
The measurement of the S 11 magnitude at voltage bias where the transmon
and resonator are far detuned (for example, voltage bias −1 V in Fig. 4.1)
also gives information about the resonator loaded quality factor Q L . For the
example given in the Fig. 4.1(b) the full width at the half minimum (−3dB)
is Δ f  0.54 MHz, which gives at the resonant frequency f r  5.127 GHz the
f
loaded quality factor of Q L = Δrf  9490.
Finally, the minimal separation in frequency between the two branches of the
spectrum in the avoided crossing region provides an estimate of the coupling
strength g between the transmon and the resonator. For the given example is
g/2π  100 MHz.

4.2

Transmon spectrum measurement

Once the resonator spectrum is obtained, it is possible to measure the transmon
spectrum, which is the dependence of the transmon transition frequency f 01
on the bias voltage. Fig. 4.2(a) demonstrates the result of this measurement
for the bias voltages where the transmon transition frequency f 01 is above the
resonator frequency f r and the detuning between them is larger than 1 GHz.
In the dispersive regime the resonance frequency of the resonator shifts when
the transmon is excited from the gound state. This fact is used in the transmon
spectrum measurement. For each chosen bias voltage value we ﬁrst choose a
probe signal frequency f p based on the resonator spectroscopy data and send
a continuous probe signal in the resonator with some ﬁxed power P p . For the
data presented in Fig. 4.2 the probe signal frequency at each bias voltage was
chosen by 0.7 MHz lower than the frequency of the S 11 magnitude minimum
found at the same bias voltage in the resonator spectroscopy measurement.
Then a continuous transmon drive signal with some ﬁxed power P d is sent to
the microwave gate line and the frequency f d of this signal is swept. At each
drive frequency value the S 11 magnitude is measured by the Network Analyzer
(see subsection 3.3.3). When the drive frequency f d is not in resonance with
the transmon transition frequency f 01 the probe signal frequency falls at the
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side of the S 11 magnitude dip of the resonator spectrum and a high value of
the S 11 magnitude is detected (Fig. 4.3). When the drive frequency f d becomes
resonant with the transmon transition f 01 the transmon gets excited and the
dip in the S 11 magnitude shifts by a value close to the chosen 0.7 MHz. The
35
30

7.5

30
25
20
15

7

20

6.5
10

6

-7

-6

-5

-4

-3

-2

-1

7

7.05

7.1

7.15

7.2

7.25

7.3

Figure 4.2. Transmon spectroscopy. (a) Dependence of the transmon transition frequency f 01
on the bias voltage. The probe signal power sent to the resonator input line is
P p = −45 dBm and the transmon drive signal power sent to the microwave gate
line is P d = −35 dBm. (b) Determination of the transmon charging energy E C by
sweeping the transmon drive frequency at a ﬁxed bias voltage (−2.32 V) with the
drive signal power gradually increased from sweep to sweep. At higher drive powers
the two-photon 0 − 2 transition starts to be seen; it is lower by E c /2h in frequency
than the main f 01 transition.

probe signal frequency now is at resonance with the resonator and a lower value
of S 11 magnitude is detected (Fig. 4.3). This is seen as the dark line of the lower
|S 11 | values on the light background of the high |S 11 | values in the Fig. 4.2(a).
The transmon excitations can be seen
only through the changes of the scattering
parameter at the probe frequency S 11 ( f p ),
hence it is very important to choose a
probe frequency f p at which there is a
sensitivity to these changes (Fig. 4.3). For
a continuous drive signal the excited state
will not be the state |1〉 even if the drive is
exactly at resonance with the transition
(see the beginning of the subsection 3.3.2),
the reached state depends on the power of
Figure 4.3. Reduction of the S 11 magnitude measured at the fre- the drive signal. The higher the power, the
quency f p when the transbigger will be the deviation of the reached
mon is excited from the ground
state from the ground state and the bigger
state.
will be the shift of the resonator resonance
frequency. The measurements at a ﬁxed probe signal frequency f p done with
different drive powers P d result in different shapes of the |S 11 |( f d ). For example,
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if the drive signal power is high enough the shift of the resonator resonance
frequency can become bigger than the chosen 0.7 MHz, and a splitting in the
|S 11 |( f d ) will appear (Fig. 4.2(b)).
By increasing the drive signal power P d it is possible to observe higher transmon transitions. The ﬁrst one which becomes visible is the two-photon 0 − 2
transition with the frequency lower by E2hC than the f 01 of the 0 − 1 transition.
The appearance of the smaller dip in the transmon spectroscopy measurement
at higher transmon drive powers is shown in the Fig. 4.2(b). This is a way of
determining the transmon charging energy E C and the anharmonicity of the
transmon spectrum. For the example given in Fig. 4.2 the anharmonicity is
E C /h  298 MHz.
The experimentally measured transmon spectrum can be ﬁtted with Eq. (2.39).
Once the charging energy E C is known the ﬁtting provides the sum of the
junctions Josephson energies E J Σ .

4.3 π-pulse determination and the relaxation time measurement
Once the resonator and the transmon spectroscopy are done, the time domain
measurements can be started. In this type of measurements microwave pulses
are used instead of continuous waves. The methods to detect the transmon state
and to prepare the pulses were described in the above subsections 3.3.1 and 3.3.2
correspondingly. The desired ﬂux bias point should be chosen ﬁrst, the resonator
resonance frequency and the transmon 0 − 1 transition frequency for the chosen
ﬂux bias point can be found from the spectroscopy data. The frequency of the
|S 11 | minimum at the chosen ﬂux bias point is a proper probe pulse frequency
for the transmon state detection, but can be further optimized if needed.
The purpose of the ﬁrst time-domain experiment is to determine the π-pulse
parameters, namely its amplitude and frequency. This pulse excites the transmon from the ground state |0〉 to the ﬁrst excited state |1〉. This is used for the
calibration of the state detection and in the relaxation time measurement. The
shape of this pulse and its time duration are chosen in advance and affect the
π-pulse amplitude. In our experiments the π-pulse has the form
!
"
1 t − t0 4
Vπ (t) = A π exp −
cos (ωπ t) ,
(4.1)
2 td
where A π is the amplitude of the π-pulse, t 0 is the time of the pulse center, t d is
the constant determining the time duration of the pulse, and ωπ is the angular
frequency of the pulse drive ﬁeld. These pulses are truncated at ±2t d from the
center point of the pulse t 0 .
To determine amplitude A π and frequency ωπ required to produce a π-pulse,
we perform the Rabi oscillations measurement changing the amplitude of the
transmon drive pulse and its frequency while keeping the pulse duration ﬁxed.
The schematic diagram of this experiment is shown in the Fig. 4.4(a). After
the end of the probe pulse there is time left for the transmon to decay back
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Figure 4.4. Rabi oscillations in the amplitude-frequency parameter space. (a) Schematic diagram
of the timing of microwave pulses used in the measurement. At every drive frequency
f d from the chosen range the amplitude A of the transmon drive pulse is increased
by increasing the amplitudes of the I and Q waveforms at the channel outputs of the
AWG generator. (b) Measured probability to ﬁnd the transmon in the ﬁrst excited
state p 1 as a function of the drive ﬁeld frequency f d and the amplitude of the I
waveform forming the drive pulse. The values of amplitude I π and frequency f π
corresponding to the π-pulse are indicated in the ﬁgure.

to the ground state which is not shown in the ﬁgure. The change of the drive
pulse amplitude is done by the amplitudes of the I and Q waveforms output
from the channels of the AWG generator. To have a SSB mixing condition,
the amplitude ratio Q/I should be ﬁxed, and it is possible to specify only the I
waveform amplitude. The frequency of the drive pulse is controlled by the IF
frequencies of the I and Q waveforms as it was described in subsection 3.3.2.
Fig. 4.4(b) demonstrates the experimental result of this measurement. The
values of the I waveform amplitude I π and the frequency f π corresponding to
the π-pulse (the coordinates of the ﬁrst maximum of the p 1 probability) are
indicated in the ﬁgure.
Once the π-pulse parameters are determined it is possible to measure the
relaxation time of the decay from the ﬁrst excited state to the ground state. In
this measurement the transmon is prepared in the ﬁrst excited state |1〉 with a
π-pulse, then the probability p 1 to ﬁnd the transmon in the state |1〉 is measured
after some time delay τ (see Fig. 4.5(a)). This probability decays exponentially
p 1 (τ) = exp(−τ/T1 ), and the time constant T1 gives the relaxation time.
An example of a relaxation time measurement is shown in Fig. 4.5(b). It
can be ﬁtted nicely with an exponential decay, which gives T1  3.2 μs. It is
important to note here that the measurement of the relaxation time provides
information about the time interval which should be left after the determination
of the transmon state by the probe pulse so that the transmon has enough time
to relax to the ground state. In our experiments we usually wait for a 5T1 time
interval, then the excited state probability is p 1 < 0.7%.
Fig. 4.5(c) demonstrates the relaxation time results measured on three sam-
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Figure 4.5. Relaxation time measurement. (a) Schematic diagram of pulse timing. After the end
of the probe pulse there is a delay time left for the transmon to decay to the ground
state. (b) Result of the relaxation time measurement for sample 6 at the transmon
transition frequency 4.19 GHz. (c) Dependence of the relaxation time T1 on the
transmon transition frequency f 01 for the three samples with different designs.

ples with different designs. An obvious improvement in the relaxation time is
observed for sample 6, the design of which can be seen in the Fig. 3.2. This sample has an increased gap between the transmon capacitor islands and the ground
plane. As a result the coupling to the ground plane is smaller and parasitic lossy
modes of oscillations in the ground plane are excited much weaker. For sample
6 the resonance frequency of the resonator is 5.410 GHz, and reduction of the
transmon relaxation time for this sample with the increase of the transmon
transition frequency is consistent with the Purcell effect [53].

4.4

Rabi oscillations measurement

The next time domain experiment is the Rabi oscillations measured when the
duration of the drive pulse is gradually increased and its amplitude stays
constant. The timing of the pulses is schematically shown in the Fig. 4.6(a).
The transmon is excited by a drive pulse with a varying duration. After the
excitation the probability of beeing in the excited state p 1 is measured with a
probe pulse. Again some time is left for the transmon to decay to the ground
state after the end of the probe pulse. By changing also the frequency f d of the
drive pulse it is possible to measure the ﬁrst excited state probability p 1 as a
function of two variables and get a pattern as shown in Fig. 4.6(b). The pattern
resembles very closely the treoreticaly derived one in Fig. 2.2(a).
Fig. 4.6(c) demonstrates the temporal Rabi oscillations at three different drive
frequency values f d , where the value f d = 4.812 GHz = f π coincides with the
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π-pulse frequency so that there is no detuning between the drive frequency and

the transmon transition frequency. Two other frequency values are detuned from
the 0 − 1 transition. It can be clearly seen that the frequency of the oscillations
increases and their amplitude drops with the increase in the detuning, as it is
expected (see Eq. (2.22)).
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Figure 4.6. Rabi oscillations. (a) Schematic diagram of the pulses used in the measurement.
The duration of the transmon drive pulse is gradually increased at each value of the
drive frequency, while the amplitude of the pulse is ﬁxed. The state of the transmon
is detected by the probe pulse after the end of the drive pulse. (b) Experimentally
measured pattern of Rabi oscillations. (c) Rabi oscillations in time for three drive
frequency values f d from (b).

The oscillations are damped due to the relaxation and dephasing processes
which always takes place in the reality but were not included in the theoretical
analysis given in the section 2.3.

4.5

Ramsey fringes or free induction decay measurement

One of the methods to get information about the pure depahasing time of the two
level system is to measure the free induction decay or Ramsey fringes. Neither
relaxation nor pure dephasing was taken into account in the theoretical analysis
of the simpliﬁed model considered in the section 2.4. Nevertheless, the crucial
features of the ﬁrst excited state probability dependence on the time delay
between the drive pulses and the frequency detuning from the f 01 transition
frequency were captured in the pattern shown in the Fig. 2.5.
Experimentally the measurement is the same as the Rabi oscillations measurement, the only difference is that instead of a single transmon drive pulse, a sequence of two microwave drive pulses separated by some delay τ (see Fig. 4.7(a))
is used. The amplitude of each pulse is twice lower than the π-pulse amplitude,
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and the duration of the pulses Δ t is the same as the π-pulse duration. After the
second π/2-pulse the population p 1 is determined by sending the probe pulse to
the resonator. Again some time is left for the transmon to decay to the ground
state.
Fig. 4.7(b) shows an experimentally measured Ramsey fringes pattern, which
coincides with the theoretically derived one (Fig. 2.5(a)) except for the decoherence effects not included in the analysis. At the frequency f d = 4.812 GHz = f 01 ,
exactly at resonance with the 0 − 1 transition, p 1 only decays without any oscillations. When the drive frequency is detuned from the transition by Δ the p 1
starts to oscillate with the angular frequency equal to the detuning Δ.
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Figure 4.7. Ramsey fringes. (a) Schematic diagram of the pulses timing. (b) Experimentally
measured Ramsey fringes pattern of the ﬁrst excited state probability p 1 as a
function of the drive frequency f d and the time delay τ between the drive pulses. (c)
Population p 1 as a function of time delay τ in the Ramsey fringes measurement for
three different drive frequency values.

The Ramsey fringes oscillations Fig. 4.7(c) can be ﬁtted with the equation


p 1 (Δ, τ) = a + be−Γ2 τ cos Δτ + φ(Δ) ,

(4.2)

where the parameters a and b are close to 1/2, the phase φ depends on the
detuning and φ(0) = 0. The decay constant Γ2 is the dephasing rate, which is
related to the relaxation rate Γ1 = 1/T1 as [3]

Γ2 =

Γ1
+ Γφ ,
2

(4.3)

where the rate Γφ stands for the pure dephasing rate. For the example given in
Fig. 4.7(c), where Γ1  0.62 MHz, one gets from the ﬁt Γφ  2.29 MHz and as a
result the dephasing rate is Γ2  2.6 MHz. It is important to note that the shape
of the Ramsey fringes decay provides information about the spectral density
of the noise which causes the dephasing. The fact that the exponential ﬁtting
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∼ exp −Γφ τ of the decay can be used tells that the dephasing is caused by the
"white" noise, with the constant noise spectral density function. Only in this
situation the Eq. (4.3) is valid. For 1/ f -noise the decay function would have a

Gaussian shape ∼ exp −(Γ1/ f τ)2 [59]. For example, it is known that for ﬂux
qubits 1/ f -noise is the major source of dephasing [60]. A general framework for
the analysis of decoherence based on the spectral densities of the noise sources
coupled to the qubit can be found in [61].

4.6

Measurement of the transmon state evolution and state control
by the phases of the drive pulses

The measurement of the transmon state evolution under the action of a drive
ﬁeld Ω01 addressing only one transmon transition 0 − 1 was already described
in subsection 4.4. It is possible to follow the same strategy and measure the
evolution of the transmon state in the situation where a few drive ﬁelds (e.g.
Ω01 , Ω12 , and Ω02 ) addressing the different transmon transitions are simultaneously applied to the transmon to change its state. The shape of the drive pulse
envelopes Ω01 (t), Ω12 (t), Ω02 (t) and their timing can be arbitrary. The state of
the transmon changing in the course of the drive pulses action can be measured
at any time point by interrupting the drive pulses at that time point and sending
the probe pulse to the resonator (Fig. 4.8). After the end of the probe pulse

Figure 4.8. Schematic diagram of the transmon state evolution measurement. Three drives Ω01 ,
Ω12 , and Ω02 with different envelope shapes act simultaneously on the transmon.
The group of drive pulses is interrupted at some time point and the probe pulse is
sent to the resonator.

the transmon relaxes to its ground state, and a single iteration of transmon
state preparation-measurement completes. By interrupting the drive pulses at
consecutive time points from one iteration to the next one it is possible to scan
the entire group of the drive pulses and record the transmon state evolution.
This method was used in the experiments of Publication I, Publication IV, and
Publication VI. In the case when higher transmon energy levels are involved
in the experiment and the detected transmon state lays outside of the space
spanned by the (|0〉, |1〉) basis the processing of the recorded signal reﬂected

61

Sample characterization

back from the resonator can not be done by the method described above in
subsection 3.3.1 and will be given later in Chapter 5.
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Figure 4.9. (a) Schematic diagram of the state evolution measurement. The sequence of drive
pulses is interrupted at consecutive time points and the transmon state is measured
by the probe pulse. (b) Experimentally measured dependence of the ﬁrst excited
state population p 1 as a function of time during the pulse sequence and phase of the
second pulse. (c) Evolution of the p 1 population during the pulse sequence for ﬁve
different values of the second pulse phase. (d) Dependence of the p 1 population on
the phase of the second pulse at the end of the second pulse. The black dashed line is
the result of the theoretical model of Eq. (2.35).

Fig. 4.9 presents an experiment where the measurement of the transmon
state evolution is realized. In the experiment the pulse sequence considered
theoretically in section 2.5 is used. Two π/2-pulses applied consecutively without
any delay (Fig. (4.9)(a)), the phase of the second pulse is swept with respect to the
ﬁrst pulse phase in the range φ ∈ [0, 4π]. Fig. (4.9)(b) shows the measured ﬁrst
excited state population p 1 as a function of time during the pulse sequence and
phase of the second pulse φ. At the time point 61 ns where the ﬁrst drive pulse
ends the state |1〉 population is very close to 1/2 (Fig. (4.9)(b) and Fig. (4.9)(c)).
When the second drive pulse starts the population p 1 becomes dependent on the
phase of this pulse, and this dependence is 2π periodic. The p 1 evolution for ﬁve
different values of the phase φ is shown in the Fig. (4.9)(c). At the end of the
sequence the p 1 population oscillates with the maximal amplitude and coincides
very well with the expected behaviour from Eq. (2.35) (Fig. (4.9)(d)).
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5. Stimulated Raman adiabatic passage
and the shortcut to adiabaticity

The use of three-level quantum systems as the elementary components of a
quantum processor instead of two-level systems (qubits) would expand the
computational Hilbert space, and therefore a computational task of the same
complexity would require a smaller number of circuit elements [62, 63]. The
works of Publication I, Publication II, and Publication IV are devoted to the quantum state manipulation of a three-level system (qutrit). Methods of quantum
state control are essential for the problems of quantum information processing
and computation.
Rabi control of quantum states is not in general a very robust method. It
is sensitive to errors in the areas of the control pulses and their frequencies.
The ﬁnal state population can deviate from the desired one due to variations
in the amplitudes, shapes and timing of the pulses as well as due to unwanted
frequency detunings, especially when quantum systems with many levels are
employed. Another approach to control the quantum state is to use adiabatic
methods. These methods are not so error prone but relatively slow.
In Publication I one of the adiabatic population transfer methods - stimulated
Raman adiabatic passage (STIRAP) [64, 65] - was implemented in a superconducting quantum circuit by employing the ﬁrst three levels of a transmon. This
technique was experimentally demonstrated for the ﬁrst time with sodium dimer
molecular beams [66], and was used in the atomic and molecular physics for the
ﬁrst decade after its discovery. Later it has found applications in solid-state systems such as doped crystals, color centers in diamond, superconducting circuits,
semiconductor quantum dots and wells [65].

5.1

Population transfer in STIRAP

The Hamiltonian of a qutrit comprising the three lowest energy levels of a
transmon can be written in the laboratory reference frame as
⎛
⎞
0
0
0
⎜
⎟
(5.1)
Ĥqutrit =  ⎝0 ω01
0
⎠,
0
0
(ω01 + ω12 )
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where ω01 and ω12 are the transition frequencies of the 0 − 1 and 1 − 2 transitions
correspondingly, and the energy is counted from the ground state.
 01 (t) cos(ωd t + φ01 ) and
The STIRAP protocol employs two drive ﬁelds E
01
d
 12 (t) cos(ω t + φ12 ) applied to the qutrit through the microwave gate line.
E
12
d
d
The drive frequencies ω01
and ω12
are close to the corresponding transition
frequencies. The qutrit drive Hamiltonian then reads
⎛
⎞
d
0
Ω01 (t) cos(ω01
t + φ01 )
0
⎜
⎟
d
d
Ĥdrive =  ⎝Ω01 (t) cos(ω01
t + φ01 )
0
Ω12 (t) cos(ω12
t + φ12 )⎠ ,
d
0
Ω12 (t) cos(ω12
t + φ12 )
0
(5.2)
 
 
where Ω01 (t) = − d01 E01 (t) and Ω12 (t) = − d12 E12 (t) are the time dependent angular
Rabi frequencies, and 
d 01 , 
d 12 are the dipole moments corresponding to the
transitions 0 − 1 and 1 − 2.
The Hamiltonian of the qutrit and the drive ﬁelds Ĥsys = Ĥqutrit + Ĥdrive can
be transformed in the doubly rotating reference frame deﬁned by the unitary
operator [40]
⎛
⎞
1
0
0
d
⎜
⎟
Û = ⎝0 e− iω01 t
(5.3)
0
⎠.
0

0

e− i(ω01 +ω12 )t
d

d

†
The Hamiltonian transforms as H̃ˆ sys = Û † ĤsysÛ + i  ∂∂Ût Û and its elements
read

〈0| H̃ˆ sys |0〉 = 〈0| H̃ˆ sys |2〉 = 0,
Ω01 (t) # iφ01 − i(2ωd t+φ01 ) $
01
〈0| H̃ˆ sys |1〉 =
e
+e
,
2
〈1| H̃ˆ |1〉 = (ω − ωd ),

(5.6)

〈1| H̃ˆ sys |2〉 =

(5.7)

sys

Ω12 (t) #
2

01

e iφ12 + e

01

d
− i(2ω12
t+φ12 )

d
d
〈2| H̃ˆ sys |2〉 = (ω01 − ω01
+ ω12 − ω12
).

(5.4)
(5.5)

$

,

(5.8)

d
d
Introducing the frequency detunings δ01 = ω01 − ω01
and δ12 = ω12 − ω12
and
applying the rotating wave approximation (RWA) we ﬁnally get
⎛
⎞
0
Ω01 (t)e iφ01
0

⎜
⎟
H̃ˆ sys = ⎝Ω01 (t)e− iφ01
(5.9)
2δ01
Ω12 (t)e iφ12 ⎠ .
2
− i φ12
0
Ω12 (t)e
2(δ01 + δ12 )

It is worth noting that the cross coupling terms arising from the products

 12 (t) and 
 01 (t) were not included into the drive Hamiltonian Eq.(5.2),
d 01 E
d 12 E
since after the rotating wave approximation they disappear anyway because
d
d
their minimal oscillations frequency is |ω01
− ω12
| ∼ E C /h  300 MHz.
In the ladder conﬁguration of the transmon energy levels Fig.5.1(a) the STIRAP protocol allows to implement the population transfer from the ground state
|0〉 to the second excited state |2〉 leaving the intermediate state |1〉 unpopulated
during the passage. It requires the so-called two-photon detuning to be zero
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δ01 + δ12 = 0. With this
condition
the eigenvalues
of the Hamiltonian Eq.(5.9) are



E 0 = 0 and E ± = 2 δ01 ± δ201 + Ω201 + Ω212 , and the corresponding eigenstates

are
|D 〉 = cos Θ e iφ01 |0〉 − sin Θ e− iφ12 |2〉,


|+〉 = sin Θ e iφ01 |0〉 + cos Θ e− iφ12 |2〉 sin Φ + cos Φ|1〉,


|−〉 = sin Θ e iφ01 |0〉 + cos Θ e− iφ12 |2〉 cos Φ − sin Φ|1〉,

(5.10)
(5.11)
(5.12)

where the ﬁrst eigenstate |D 〉 is the so-called "dark state", and the mixing angle
Θ and the parameter Φ are determined as

Ω201 (t) + Ω212 (t)
Ω01 (t)
, tan Φ =
.
(5.13)
tan Θ(t) =

Ω12 (t)
δ + δ2 + Ω2 (t) + Ω2 (t)
01

01

01

12

In the STIRAP protocol the drive ﬁeld Ω12 (t) is turned on before the drive ﬁeld
Ω01 (t) so that the mixing angle Θ(−∞) = 0 and Θ(+∞) = π/2. There is also a time
interval when both ﬁelds are acting on the qutrit simultaneously, see Fig.5.1(b).
In this case only the "dark state" is initially proportional to the ground state
|D 〉(−∞) = e iφ01 |0〉, and the other eigenstates |+〉, |−〉 have components of the |1〉
and |2〉 basis states.

0
/2

/4

0

Figure 5.1. Stimulated Raman adiabatic passage. (a) Diagram of the three lowest transmon
energy levels. Two external drive ﬁelds are indicated. (b) The timing of the applied
external drive ﬁelds Ω01 (t) and Ω12 (t) (top). The change of the mixing angle Θ(t)
during the action of the drive ﬁelds (bottom). (c) Rotation of the "dark state" with
which the system state coincides in the {|0〉, |2〉} subspace from the initial ground
state proportional to the state |0〉 to the ﬁnal state proportional to the second excited
state |2〉.

If the temporal change of the system Hamiltonian Eq.(5.9) is slow enough and
satisﬁes the adiabatic theorem [67, 68], the quantum state of the system will
coincide with the "dark state" and will follow its evolution during the process
without nonadiabatic excitations and transitions to the other eigenstates |+〉, |−〉
Fig.5.1(c). Then at the end of the process when the mixing angle Θ(+∞) = π/2
the ﬁnal state of the system will be proportional to the second excited state
|D 〉(+∞) = − e− iφ12 |2〉. As a result, efﬁcient population transfer from the ground
state |0〉 to the second excited state |2〉 is realized.
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In the work done in Publication I, the drive ﬁelds have the Gaussian shapes

Ω01 (t) = Ω01 exp −

t2
(t − t s )2
,
and
Ω
(t)
=
Ω
exp
,
−
12
12
2σ 2
2σ2

(5.14)

where the drive amplitudes are roughly the same Ω01  Ω12  Ω  2π · 40 MHz,
the standard deviation σ = 43 ns, and the parameter t s denote the time delay
between the maxima of the pulses.
The deﬁning feature of the STIRAP process is the qutrit state following the
"dark state" |D 〉 during the passage. This requires slow enough (adiabatic)
changes of the external drive ﬁelds and the resulting mixing angle. The conditions for the adiabatic evolution were formulated and described in [69, 70, 71].
The Hamiltonian matrix elements for nonadiabatic couplings between the "dark
state" and the other two eigenstates |±〉 should be much smaller than the energy
eigenvalues difference |〈±|(d/dt)|D 〉| |(E ± − E 0 )/| which leads to
1 2
|Ω̇01 (t)Ω12 (t) − Ω01 (t)Ω̇12 (t)|
1
. (5.15)
|Θ̇(t)|
Ω01 (t) + Ω212 (t), or
 2
3
2
2
2
2
Ω01 (t) + Ω12 (t)
The last expression was obtained with the use of the mixing angle deﬁnition
Eq.(5.13). This condition is called the local adiabaticity condition since it must
hold at any time during the population transfer process. Integrating the ﬁrst
inequality of Eq.(5.15) over the duration of the STIRAP process it is possible

to get the global adiabaticity condition in the form σΩ
π/2. The local
adiabaticity condition of Eq.(5.15) implies the use of slowly varying drive pulses
of the big areas.
The advantage of the STIRAP protocol is that it is resilient to errors in the
drive pulses amplitudes, widths and frequencies as long as the adiabatic and the
two-photon resonance conditions are fulﬁlled. The population transfer efﬁciency
is determined by the degree of the process adiabaticity. Also the exact timing
of the pulses with respect to each other does not cause any reduction of the
population transfer, hence the accurate optimization of the pulses overlap is
not needed. These features were demonstrated in Publication I. Firstly, we
measure the population transfer during the state evolution under the action of
the drive pulses sequence with the method described in section 4.6, see Fig.1
of Publication I. A population transfer efﬁciency > 80% between the ground
state and the second excited state was demonstrated. Secondly, we show in
Fig.2 that the transfer efﬁciency remains high for some range of the time delay
t s , see Eq.(5.14), between the maxima of the pulses. The experiment coincides
very well with the results of numerical simulations. Then by varying the drive
d
d
frequencies ω01
and ω12
of the pulses we demonstrate in Fig.3 the robustness of
the passage against errors in the pulses frequencies. Finally, we show the reverse
of STIRAP by applying one additional Gaussian pulse at the 1 − 2 transition.
This experimental result demonstrates that the STIRAP can be used to transfer
population from state |2〉 back to the ground state.
To prepare arbitrary initial d-level quantum states or realize gates in a quantum processor based on qudits, combined sequences of nonadiabatic-adiabatic
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pulses can be used. With superconducting phase qudits state manipulation
was already demonstarted experimentally with fast nonadiabatic pulses [72]
and also with a single three-tone excitation pulse [73]. In the section "Hybrid
nonadiabatic-adiabatic sequence" of Publication I preparation of the transmon
qutrit state with arbitrary populations was demonstarted. The work of Publication II shows the utility of the Rabi-STIRAP pulse sequences in the preparation
of the qutrit states with arbitrary complex probability amplitudes including
their phases.

5.2

Qutrit quantum state detection

The method of state detection described above in the subsection 3.3.1 is not
applicable in the case of the extended Hilbert space {|0〉, |1〉, |2〉}. In Publication
I, Publication IV, and Publication VI another way of data processing that allows
the extraction of the qutrit state was employed. The setup, electronics and the
recording of the back reﬂection from the resonator of the probe signal in the
homodyne scheme remain the same.
First, the transmon is prepared in the states |0〉, |1〉 and |2〉 and for each one of
these states the signal reﬂected back from the resonator is downconverted to the
I and Q quadratures in the homodyne detection scheme. These quadratures are
recorded and give a set of calibration responses r i (τ) = { I i (τ),Q i (τ)}, i = 0, 1, 2.
For any arbitrary time t the I and Q quadratures corresponding to the transmon quantum state ψ(t) from the Hilbert space {|0〉, |1〉, |2〉} can also be measured
in the same way and give the result r ψ (t, τ) = { I(t, τ),Q(t, τ)}. This resonator response can be expressed as a linear combination of the calibration responses
as

r ψ (t, τ) =
p i (t)r i (τ),
(5.16)
i =0,1,2

where the time dependent coefﬁcients p i (t) are the populations of the states | i 〉
%
satisfying the conditions
p i (t) = 1 and 0 ≤ p i (t) ≤ 1, ∀ i ∈ {0, 1, 2}. Once the
i =0,1,2

calibration and actual measurement responses are recorded, Eq.(5.16) can be
solved by the least square method and the state populations p i (t) can be found
by using the Levenberg-Marquardt algorithm [74, 75] for solving non-linear
least squares problems.

5.3

Speed-up of the STIRAP

The main disadvantage of adiabatic quantum state control is in the duration of
the control pulses. To satisfy the adiabaticity condition the control pulses need to
be relatively long, which imposes stronger requirements on the coherence of the
quantum system, extends the system exposure time to the noisy environment,
and reduces the computational speed.
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Superadiabatic [76, 77] or transitionless [78, 79, 80] methods were developed
to shortcut the inherently slow adiabatic state control protocols and, at the same
time, to preserve their robustness against errors in the control pulse parameters.
In the work presented in Publication IV the shortcut of the stimulated Raman
adiabatic passage (saSTIRAP) was implemented on a qutrit comprising the three
lowest energy levels of a transmon. This superadiabatic quantum driving was
studied theoretically in [81] and considers the situation when the STIRAP drive
duration is reduced so that the adiabaticity condition is violated. As a result, the
nonadiabatic system excitations and transitions from the initial eigenstate |D 〉 to
the other instantaneous eigenstates |±〉 occur during the passage. The idea of the
transitionless quantum driving [77] is to introduce an additional counterdiabatic
Hamiltonian Ĥ cd which will compensate the nonadiabatic transitions so that
the quantum state of the system will follow exactly one of the eigenstates
| n(t)〉 ∈ {|D 〉, |+〉, |−〉} of the system Hamiltonian H̃ˆ sys Eq.(5.9) up to a phase
factor e iφn (t) . The quantum state of the system then can be expressed as

|ψ(t)〉 = e iφn (t) | n(t)〉 = Û | n(0)〉, where Û(t) = e iφn (t) | n(t)〉〈 n(0)|
(5.17)
n

is the unitary state evolution operator. The state |ψ(t)〉 satisﬁes the timedependent Schrödinger equation i ∂|ψ(t)〉/∂ t = H̃ˆ |ψ(t)〉 with the Hamiltonian
H̃ˆ = H̃ˆ sys + Ĥ cd . The counter-diabatic drive Hamiltonian Ĥ cd can be found by
reverse-engineering [77, 78] in the following way.
Substituting the state |ψ(t)〉 Eq.(5.17) into the time-dependent Schrödinger
equation we get
i

∂Û(t)
∂t

= H̃ˆ Û(t),

and

∂Û(t) †
H̃ˆ = i 
Û .
∂t

(5.18)

The phase φn (t) comprises two parts
φn (t) − φn (0) = −

t

1



0

E n (τ)d τ + i

t
0

〈 n(τ)|

∂| n(τ)〉
∂τ

d τ,

(5.19)

the ﬁrst part is the dynamical phase and the second part is the geometric (Berry)
phase [82] (see the derivation in Chapter 7). The E n (t) are the instantaneous
eigenvalues of the Hamiltonian H̃ˆ sys . Using the deﬁnition of the unitary Û(t)
Eq.(5.17) and the phase φn (t) Eq.(5.19) we ﬁnd
"
!
 ∂| n(t)〉
∂| n(t)〉
H̃ˆ = H̃ˆ sys + Ĥ cd , Ĥ cd = i 
〈 n(t)| − 〈 n(t)|
| n(t)〉〈 n(t)| . (5.20)
∂t
∂t
n
For the eigenstates {|D 〉, |+〉, |−〉} Eq.(5.12) of the system Hamiltonian H̃ˆ sys the
second term of Eq.(5.20) is zero for each one of the states 〈D | ∂∂t |D 〉 = 〈±| ∂∂t |±〉 = 0.
For the fully resonant case (δ01 = δ12 = 0) the parameter Φ is such that sin Φ =

cos Φ = 1/ 2 and the counterdiabatic Hamiltonian Ĥ cd in the basis {|0〉, |1〉, |2〉}
reads
⎛
⎞
π
0
0 2Θ̇ e i( 2 +φ01 +φ12 )
⎜
⎟
(5.21)
Ĥ cd = ⎝
0
0
0
⎠.
2
π
2Θ̇ e− i( 2 +φ01 +φ12 ) 0
0
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The additional drive Ω02 (t)e iφ02 coupling the states |0〉 and |2〉 should be
introduced for the system state to follow the adiabatic path during the passage.
The phase of this drive φ02 should satisfy the condition φ02 = φ01 + φ12 + π/2.
Integrating the Rabi frequency of this drive over the entire process duration we
obtain
+∞

−∞

Ω02 (t)dt = 2

+∞

−∞

Θ̇(t)dt = 2Θ(+∞) − 2Θ(−∞) = π,

(5.22)

which implies that the area of the additional counterdiabatic drive pulse should
be π. For the Gaussian STIRAP drive ﬁelds Eq.(5.14) with the same amlitudes
Ω01 = Ω12 = Ω the shape of the required counterdiabatic drive is

Ω02 (t) = 2Θ̇(t) = −

1
ts

.
2
t
2σ cosh s (2t− t s )

(5.23)

2σ2

In the ladder energy level conﬁguration of a transmon the coupling between
the states |0〉 and |2〉 can be realized via a two-photon transition driven by a
single microwave pulse at the frequency ω2ph = (ω01 + ω12 )/2 and phase φ2ph .
The direct transition 0 − 2 is suppressed due to the vanishingly small coupling
of this transition to the external ﬁelds [44]. The frequency ω2ph is detuned
from the transitions 0 − 1 and 1 − 2 by half of the transmon anharmonicity
Δ = E C /2 = (ω01 − ω12 )/2. The microwave ﬁeld of this pulse couples to the
transitions 0 − 1 and 1 − 2 with the Rabi frequencies Ω̃01 and Ω̃12 correspondingly
and produces an effective 0−2 coupling with the Rabi frequency Ω02 = Ω̃01 Ω̃12 /2Δ
and phase φ02 = 2φ2ph + π [83, 84]. With this the relation of the drive ﬁelds
phases can now be rewritten as 2φ2ph − φ01 − φ12 = −π/2.
Experimentally, the frequency ω2ph of the two-photon drive can be found from
high drive power spectroscopy measurements shown in Fig. 4.2(b) of subsection
4.2. The shapes of the envelopes for all three drive pulses and their phases can
be controlled by the waveforms generated by the arbitrary waveform generator
(Tektronix AWG 5014B) and applied to the corresponding I and Q ports of the
mixer as it was explained in subsection 3.3.2.
In Publication IV a driving scheme where all three possible pairs of states are
coupled by pulsed microwave tones was realized. The widths σ of the Gaussian
drives Eq. (5.14) applied to the 0 − 1 and 1 − 2 transitions and the normalized
time delay k = | t s |/σ between their maxima were varied allowing to explore the
(k, σ) parameter space. The amplitude of the counterdiabatic pulse driving the
two-photon transition 0 − 2 was calibrated so that for any (k, σ) point from the
explored range the area of the counterdiabatic pulse is equal to π. The shape
of this pulse is also changed according to Eq. (5.23). With these settings the
efﬁciencies of STIRAP and saSTIRAP processes were compared in Publication
IV. It was demonstrated that even for those values of parameters (k, σ) where
STIRAP process starts to lack in the population transfer efﬁciency the efﬁciency
of saSTIRAP population transfer still remains high and typically reaches values
over 0.9, see Fig.3 of Publication IV. It is important that the phases of all
three pulsed microwave tones used in the drive scheme satisfy the condition
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2φ2ph − φ01 − φ12 = −π/2. This phase relation was tested experimentally by
measuring the second excited state population p 2 at a time t = 20 ns after the
maximum of the 0 − 1 drive pulse and varying the phases of two drives while
keeping the third one ﬁxed. The result of this experiment is shown in Fig. 2 of
Publication IV. The robustness of saSTIRAP process against variations of the
counterdiabatic pulse area and phase φ2ph was tested experimentally, see Fig.
4 of Publication IV. The explicit comparison between the direct nonadiabatic
process and saSTIRAP is given in the experiment shown in Fig. 5 of the paper,
where population transferred to the second excited state is plotted as a function
of the areas of the STIRAP pulses and counterdiabatic pulse area. It is clear that
when the counterdiabatic pulse is assisted by the STIRAP part of the process
the range of counterdiabatic pulse area where the population transfer efﬁciency
is high is increased. At the same time if the STIRAP part of the process with
these values of pulse areas is left uncorrected by the two-photon counterdiabatic
pulse, the population transfer efﬁciency will not be as high due to the violation
of the adiabatic condition.
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6. The transmon as a magnetic ﬂux
sensor

In Publication V the use of a transmon qubit as a quantum enhanced magnetic ﬂux (ﬁeld) sensor was demonstrated experimentally. The improvement
of the magnetic ﬂux sensitivity comes from the utilization of properly modiﬁed
quantum phase estimation algorithms – the Kitaev algorithm and the Fourier
transform algorithm. The transmon device has already a high magnetic ﬂux
sensitivity to start with, due to the fact that it contains a SQUID loop as a part
of the design.
The phase estimation algorithms are used in many quantum protocols [85],
such as Shor’s factorization algorithm [86, 87] and Lloyd’s algorithm for solving
systems of linear equations [88]. Apart from their applications in quantum
computation, the phase estimation algorithms can be employed for the tasks of
quantum metrology [89, 90] where one usually tries to estimate an unknown
parameter λ determining the probe system energy spectrum E n (λ).
The qubit transition frequency ω01 depends on the magnetic ﬂux Φ threading
the transmon SQUID loop. This dependence allows to introduce an effectvive
transmon magnetic moment μ as

Φ
ω01 (Φ) = μBeff = μ ,
S

μ = S

d ω01 (Φ)
,
dΦ

(6.1)

where S is the area of the transmon SQUID loop. By choosing the ﬂux working
point Φ0 = B0 S away from the "sweet spot" of the spectrum it is possible to
increase the transmon magnetic moment μ so that even small changes in the
magnetic ﬁeld ΔB will cause a noticeable change in the transition frequency

Δω01 (ΔB) = ω01 (B) − ω01 (B0 ) =

μ (Φ 0 )



ΔB.

(6.2)

It is also possible to make the sensor more sensitive to magnetic ﬁelds by
increasing the SQUID loop area S up to an optimal value at which the magnetic
ﬁeld sensitivity is the highest. After this optimal value external magnetic ﬁeld
noise starts to dominate, and the sensitivity starts to reduce.
As it was shown earlier in section 2.4 in the Ramsey fringes experiment,
the probability to ﬁnd the qubit in the ﬁrst excited state depends on the time
delay τ between the microwave control pulses and on the detuning Δ between
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Figure 6.1. (a) Ramsey fringes pattern used in the Publication V as a "passport" function P p (τ, Φ)
measured in advance. The solid black line denotes some unknown magnetic ﬂux
value Φ which is being determined. (b) Model Ramsey fringes as a function of ﬂux
at zero delay τ = 0 between the drive pulses (black line) and at some non-zero delay
τ > 0 (blue line). At zero delay the Ramsey fringes function is monotonous, as a
result measuring the outcome h∗ it is possible to deduce the unknown ﬂux value
Φ. At non-zero delays the Ramsey fringes function becomes non-monotonous, and
measuring the outcome h∗∗ leads to a set of possible ﬂux values {Φ1 , Φ, Φ2 } only one
of which is the correct value.

the drive pulses frequency and the qubit transition frequency. This detuning
Δ(Φ) = ω01 (Φ) − ωd depends on the magnetic ﬂux. Working around some chosen
ﬂux point Φ0 and keeping the drive pulses frequency ωd ﬁxed the Ramsey fringes
pattern can be measured as a function of variables (τ, Φ). The result of this
measurement which was used in Publication V is shown in Fig. 6.1(a). The
magnetic ﬂux range here is chosen so that at zero delay time τ = 0 between the
microwave drive pulses the Ramsey pattern is a single valued function. The
corresponding frequency detuning was already considered in section 2.4 after
Eq. (2.30) and is proportional to the inverse of the pulse duration δ t. This pattern
measured in advance is used as a sample-speciﬁc reference measurement to
which we will refer as the "passport" function in the following. It is worth noting
that the actual value of the outcome h cannot be treated as a probability to ﬁnd
the qubit in the ﬁrst excited state. The ﬂux changes vary not only the qubit
transition frequency but also the frequency of the resonator which is used as a
probe tool of the qubit state. The calibration of the read out is done only at some
ﬁxed ﬂux value and for the other unknown ﬂuxes will not produce the properly
normalized result. This leads to the values of outcome h being greater than 1 at
some points of the "passport" function, but does not prevent it to be used.
In Publication V the following metrological ﬂux determination problem was
addressed: given the "passport" function P p (τ, Φ) (Fig. 6.1(a)) how to determine
the unknown magnetic ﬂux value Φ laying in the range [Φmin , Φmax ] in as
short as possible time (or in other words doing as small as possible number of
measurements). It is allowed to perform the measurements at different delay
times τ between the drive pulses.
At non-zero delays between the drive pulses the "passport" function is a non-
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monotonous function of the ﬂux (Fig. 6.1(b) blue line) and measuring the outcome
h∗∗ will not identify the ﬂux value uniquely; instead, one will get a set of possible
values. The only way to determine unambiguously the ﬂux value by measuring
at a constant delay time is to do it at the minimal delay time τ = 0, where the
"passport" function is single valued (Fig. 6.1(b) black line). This measurement
will be referred in the following as a standard classical measurement.
The presence of noise requires averaging to get an outcome h allowing to
deduce the unknown ﬂux value Φ more precisely (see Appendix B for more
details about the readout scheme). The "passport" function measurement was
done on an equidistant discrete grid (τ j , Φ i ) where the maximal number of
averaging N = 65000 was used for every point (τ j , Φ i ) of the pattern. The more
averaging we make the smaller is the error in the outcome h of the system.
Fig. 6.2(a) shows the outcome h distributions for the ground qubit state (blue)
and the ﬁrst excited state (red) where each outcome was obtained after N = 128
averages. These distributions are close to gaussians. It is important to know
how does the width of the distribution of measurement outcomes scale with

the number of averages N. Fig. 6.2(b) demostrates ∼ 1/ N dependence of the
standard deviation σ1 of the distribution of measurement outcomes on the
number of averages for the case when the qubit is prepared in the ﬁrst excited
state.
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Figure 6.2. (a) Measured probability density functions to get an outcome h from the read out
system when the transmon is prepared in the state |0〉 or |1〉 correspondingly. Each
outcome value h is averaged over N = 128 measurements. The probability distributions are close to Gaussians with the standard deviations σ0 = 0.1798 and
σ1 = 0.1553. (b) The scaling of the ﬁrst excited state standard deviation σ1 with the
number of averages N of the readout system.

Every elementary measurement iteration takes Trep time interval consisting of
the durations of the Ramsey fringes control pulses sequence, probe pulse and the
time left for the qubit to relax back to the ground state. The N measurements
will take the time t = NTrep , and the precision of the outcome will scale as

δ h = h 0 / N = h 0 / t/Trep limited by the shot-noise, where h 0 is a constant
given by the measurement system. The precision of the magnetic ﬂux being
determined will have the same time scaling law. To make it clear let us model
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the "passport" function as
1 1 −Γ2 τ
+ e
cos (Δ(Φ)(τ + τ0 )) ,
2 2
μ (Φ 0 )
with Δ(Φ) = ω01 (Φ0 ) − ωd +
(Φ − Φ0 ),
S
P p (τ , Φ ) =

(6.3)
(6.4)

where Γ2 is the decoherence rate and τ0 ∼ δ t is the effective duration of two
control pulses. For the standard classical measurement τ = 0 and the precision
δ h reads
&
&
& ∂P p (0, Φ) &
h0
& δΦ = τ0 sin (Δ(Φ)τ0 ) μ(Φ0 ) δΦ =
δ h = &&
.
(6.5)
&
∂Φ
2
S
t/Trep
From here we get the scaling of the magnetic ﬂux resolution
δΦst =

2

S

h0

τ0 sin (Δ(Φ)τ0 ) μ(Φ0 )

t/Trep

.

(6.6)

It is obvious that for such ﬂux values that Δ(Φ)τ0 = 0 or π at the borders of the
ﬂux interval [Φmin , Φmax ] the ﬂux resolution is very bad due to the vanishing
ﬂux derivative of the "passport" function. This means that with the standard
classical procedure it is practically impossible to precisely measure these ﬂuxes.
The maximal possible sensitivity of this procedure is
δΦst =

2

S

τ 0 μ (Φ 0 )

h0
t/Trep

A st
=  .
t

(6.7)

The Ramsey fringes pattern originates from the phase accumulated by the
qubit state during the time delay between the control pulses, the speed of this
phase accumulation is the frequency detuning Δ(Φ) which is ﬂux dependent.
By determining the phase accumulated during a known delay τ we can determine the ﬂux, that is why the phase estimation algorithms are relevant and
very powerful tools in this situation. Two properly modiﬁed phase estimation
algorithms will be described here: the ﬁrst one suggested by Kitaev [91] and the
second one originating from the quantum Fourier transform [11, 92]. Besides
their applications in quantum computing, the Kitaev algorithm was run as a
part of Shor’s factorization algorithm [93] and the Fourier transform algorithm
was used to measure frequencies in optics [94], these algorithms can also be
used in quantum metrology.
To understand the procedure of these algorithms let us ﬁrst of all ﬁnd the
delay τ∗ at which the "passport" function (Eq. 6.4) is the most sensitive to the
changes in ﬂux. To do this we ﬁnd
!
"
! −Γ2 τ
"
∂ P p (τ , Φ )
e
sin [Δ(Φ)(τ + τ0 )] (τ + τ0 ) μ(Φ0 )
(6.8)
maxΦ
= maxΦ
∂Φ
2
S
e−Γ2 τ (τ + τ0 ) μ(Φ0 )
=
.
(6.9)
2
S
Now we ﬁnd that time delay τ∗ which maximizes the last expression and get
τ∗ + τ0 = Γ2−1 = T2 . This means that the "passport" function is most sensitive to
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magnetic ﬂux changes when the total length of the Ramsey sequance is equal to
the coherence time T2 . At this optimal delay the time scaling of the magnetic
ﬂux resolution δΦopt is
2e
S
δΦopt = Γ τ
e 2 0 T 2 μ (Φ 0 )

h0
t/Trep



2e S 
T 2 μ (Φ 0 )

h0
t/Trep

A opt
=  .
t

(6.10)

The sensitivity improvement is equal to the ratio of the prefactors A st /A opt =
T2 /τ0 e, which means that measurement during the same time at the optimal
delay will result in a better precision of the ﬂux by the factor A st /A opt . It also
can be understood as the increase in the "passport" function pattern contrast
at the optimal delay τ∗ . The longer the qubit coherence time the larger is
the improvement. The problem here is that at non-zero delay times τ > 0 the
"passport" function is a non-monotonous function of ﬂux Φ (Fig. 6.1(b) blue line),
and the improvement in the time scaling of the ﬂux resolution comes at a price
of a ﬂux dynamical range reduction. At zero delay time τ = 0 the ﬂux dynamical
range is the entire interval [Φmin , Φmax ], and at the delay τ ∼ T2 the dynamical
range will be smaller by a factor of T2 /τ0 .
The modiﬁed phase estimation algorithms allow to improve the time scaling of
the magnetic ﬂux resolution δΦ without reduction in the dynamical range of the
sensor. They work on a discrete grid of ﬂuxes Φ i , i ∈ I and prescribe different
probabilities to the ﬂux values from the interval [Φmin , Φmax ], generating the
probability distribution function P (Φ i ). The set I here is a set of ﬂux indexes,
and N (I) will denote the size of the set I. The algorithms require a feedback
loop, they obtain the outcome h from a single measurement at a ﬁxed delay τ and
update the probabilities of the ﬂux values based on the outcome, making some
of them less probable than others. After some number of single measurements
the values of ﬂux which are very unlikely to be measured are discarded and
the algorithms search for a new optimum delay τ. The delay τ serves as an
optimization parameter and allows to reduce the measurement time spent at a
single delay. After acquiring some knowledge about the range where the ﬂux to
be measured lays, the delay is changed to a value at which more information
about the ﬂux can be obtained with the same number of single measurements.
Let us ﬁrst consider how the probabilities of different ﬂuxes are updated.

6.1

Bayesian learning procedure

The "passport" function P p (τ j , Φ i ) gives the mean value of the outcome h at a
given ﬂux value Φ i and delay τ j and the variation of the outcome h is very small
when the number of averages N is huge. Running the metrological algorithms
we intentionally reduce the number of averages for time saving reasons, and
this leads to an increase in the variations of the obtained outcomes h for a given
point (τ j , Φ i ). It can be shown (see Appendix B) that for a reduced number
of averages N the outcome result h for a single measurement is a normally
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distributed variable
' 
2 (
h − P p (τ j , Φ i )
1
exp −
,
p(h|τ j , Φ i ) = 
2σ2N
2πσ N

(6.11)

where the mean value is given by the "passport" function P p (τ j , Φ i ), and the
standard deviation σ N can be measured as it was shown in the Fig. 6.2(a).
Each one of the two metrological algorithms considered here use as an elementary module the Bayesian learning procedure. This procedure takes as an
input the delay τ j , the set of the ﬂux indexes I left for consideration, and the
outcome h of a single measurement after the N averages. It calculates based on
Eq. (6.11) the conditional probabilities to get the obtained outcome h at a given
delay τ j for every ﬂux value Φ i , i ∈ I and updates the probability distribution
function P (Φ i ) according to Bayes’ rule
P old (Φ i )

→

p(h|τ j , Φ i )P old (Φ i )
.
P new (Φ i ) = %
p(h|τ j , Φn )P old (Φn )

(6.12)

n∈ I

The metrological algorithms are run by the steps. During the operation of a
particular algorithm step the Bayesian learning procedure is called many times,
and due to the updates of the probability distribution function some values of
ﬂux become much more probable than others. Finally, when a condition on
the required tolerance is fulﬁlled, the less probable ﬂux values are discarded
reducing the size of the ﬂux indexes set N (I). This "evolution" of probability
distribution function reﬂects the increase of our knowledge about the magnetic
ﬂux to be measured. The ways how the probability distribution function "evolve"
differ for the two metrological algorithms implemented in Publication V. Next
we consider each one of them more in detail.

6.2

Kitaev algorithm modiﬁed for magnetic ﬂux sensing

The ﬁrst step of the Kitaev metrological algorithm is done at zero delay time
τ1 = 0. The probability distribution function initially is uniform so that all ﬂux
values are equiprobable, reﬂecting that we do not know which one of them is
being determined. The initial set of magnetic ﬂux indexes I = I 0 with the size
N (I 0 ) coincides with the set of ﬂux indexes used for the "passport" function
measurement. The tolerance  is also provided, determining the desired error
probability. Every single measurement is averaged over N elementary iterations
of qubit preparation and measurement where the paramenter N is much smaller
then that one which was used in the "passport" function measurement.
After obtaining the outcome h from the readout system the algorithm calls
the Bayesian learning procedure which updates the probability distribution
function as it is discussed in the previous section 6.1 and ﬁnds the twice smaller
subset of ﬂux indexes I 1 ∈ I 0 , N (I 1 ) = N (I 0 )/2 with the highest probabilities.
Then it calculates the sum of the probabilities for the ﬂux values from the set I 1
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Figure 6.3. Flux sensing with the Kitaev algorithm. (a), (b), (c), and (d) shows the ﬁrst 4
consecutive steps of the algorithm. In the left panel of each step the "passport"
Ramsey fringes pattern for the ﬂux range corresponding to the beginning of the
step is shown. Solid red lines mark the time delays τ at which the measurements
are done at each step. The right panels demonstrate the "passport" functions at
the corresponding delay times τ and the ﬂux probability distribution functions
obtained by the end of the steps. Solid black lines mark the ﬂux value which is
being determined, and the dashed red lines denote the range of ﬂuxes left for the
consideration at the end of the corresponding step.
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and compares it with 1 − . The measuring of the outcomes at the delay τ1 = 0
continues until the sum of the probabilities from the set I 1 becomes greater than
%
1 − , i∈ I 1 P (Φ i ) ≥ (1 − ). When this condition is fulﬁlled the ﬂux values outside
the set I 1 are discarded, and the ﬁrst step of the algorithm is ﬁnished. The left
panel in Fig. 6.3(a) shows the entire Ramsey fringes pattern function on which
the ﬁrst step of the Kitaev algorithm is run, the red dashed lines limit the ﬂux
interval corresponding to the subset I 1 of the ﬂux indexes. The solid black line
shows the actual ﬂux value to be measured. The solid blue line in Fig. 6.3(a)
right panel shows the single-valued "passport" function at zero delay τ1 = 0, and
the magenta solid line demonstrates the ﬂux probability distribution function
for the entire set I 0 at the end of the ﬁrst step of the algorithm.
In contrast to the standard classical measurement, after reducing by a factor
of two the size of the probable ﬂux values interval, the Kitaev algorithm stops
to measure at the initial delay τ1 = 0 and starts to search for a bigger delay
τ2 > 0 where the remaining ﬂux values Φ i , i ∈ I 1 will be easier to distinguish. In
other words it searches for the delay τ2 at which the contrast of the "passport"
function pattern is the highest for the ﬂuxes Φ i , i ∈ I 1 and at the same time the
"passport" function is still single valued for these ﬂux values. Mathematically
this can be formulated as the search for such a delay τ2 at which the difference

ΔP p (τ2 ) = max i∈ I 1 P p (τ2 , Φ i ) − min i∈ I 1 P p (τ2 , Φ i )

(6.13)

is maximal, and the function P p (τ2 , Φ i ) is single valued for all Φ i , i ∈ I 1 . In the
example given in Fig. 6.3 this optimal delay τ2 = 6 ns is shown as the solid red
line (Fig. 6.3(b) left panel) and the corresponding "passport" function for the
reduced ﬂux range Φ i , i ∈ I 1 is presented in Fig. 6.3(b) right panel.
The second step of the algorithm starts with the uniform ﬂux probability
distribution P (Φ i ) = 1/N (I 1 ), i ∈ I 1 determined on the indexes set I 1 , and performs the measurements at the optimal delay time τ2 > 0. The simulation of
the following second, third and fourth steps of the Kitaev algorithm is given
in Fig. 6.3(b,c,d), where the solid black lines denote the unknown ﬂux to be
measured, the colored patterns in the left panels demonstrate the "passport"
function in the ﬂux interval being considered at the beginning of the corresponding step, the optimal delays are marked with solid red lines in the left panels,
and the solid blue lines in the right panels show the "passport" functions at the
optimal delays. The red dashed lines limit the intervals of ﬂuxes left at the end
of the corresponding step, and the ﬂux probability distribution function for the
initial ﬂux indexes set I 0 are represented with the solid magenta lines.
It is clear form Fig. 6.3 that the ﬂux probability distribution function P (Φ i ), i ∈
I 0 shrinks around the unknown ﬂux value to be measured and the ﬂux interval
reduces by 2k after k steps of the algorithm so that N (I k ) = N (I 0 )/2k . If the
same tolerance  is used at every step of the algorithm, then after k steps the
probability of an error is 1 − (1 − )k . This is the probability that the left ﬂux
index set I k does not contain the actual ﬂux index.
It is worth noting that Fig. 6.3 provides only a single example of the Kitaev
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algorithm run. The particular ﬂux probability distribution functions and the ﬂux
intervals will differ from one run of the algorithm to another one. The optimal
delays are gradually increased for the consecutive algorithm steps (roughly
doubled as it is for the original Kitaev algorithm) and at some number of steps
they become close to the decoherence time of the qubit τ ∼ T2 . A further increase
in the delay τ will not take place because as it was shown the "passport" function
pattern has its highest contrast at delays τ ∼ T2 where the highest magnetic

ﬂux resolution δΦopt = A opt / t is attained.

6.3

Quantum Fourier algorithm for magnetic ﬂux sensing

The algorithm starts at an initial delay τ1 ∼ T2 , which is one of the input
parameters of the algorithm together with the tolerance . The ﬂux probability
distribution function is initialized to be uniform P (Φ i ) = 1/N (I 0 ), i ∈ I 0 . In the
ﬁrst step of the algorithm the measurements at a delay τ1 are performed and the
Bayesian learning procedure is called as many times as needed until the stopping
condition is fulﬁlled. Namely, after every update of the function P (Φ i ), i ∈ I 0
the initial ﬂux index set I 0 is divided into two subsets S 1 and S 2 equal in size
N (S 1 ) = N (S 2 ) such that P (Φ i ) ≥ P (Φ j ) for any i ∈ S 1 and any j ∈ S 2 , and
%
the sum i∈S1 P (Φ i ) of the probabilities for the ﬂuxes from the subset S 1 is
%
calculated. Once the above sum fulﬁlls the condition i∈S1 P (Φ i ) ≥ (1 − ), the
ﬂux values from the subset S 2 are discarded and the ﬁrst step of the algorithm
ﬁnishes. Measuring at the non-zero delay leads to the appearance of a few
intervals where the ﬂux values become more probable so that the subset S 1 is
not a single interval but rather a set of ∼ T2 /τ0 disjoint intervals. Fig. 6.4(a)
demonstrates the simulation of the ﬁrst step of the algorithm done on a model
"passport" function Eq. (6.4), here the solid black line denotes the ﬂux value to
be measured and the delay τ1 = 270 ns is marked with the solid red line. The
blue points in the right panel show the "passport" function at the chosen delay
τ1 , and the ﬂux distribution function at the end of the ﬁrst step is shown as
a solid magenta line. It has a few local maxima around which the intervals
of more probable ﬂux values left at the end of the ﬁrst step are limited by the
dashed red lines.
As a result of the ﬁrst step a few equiprobable ﬂux intervals are left, and the
algorithm discriminates the alternatives in the following steps. To do it more
efﬁciently the algorithm searches for an optimal delay time to be used. It is done
by analyzing the "passport" function at the delays 0 ≤ τ j ≤ τ1 and ﬂux values
from the left subset S 1 . At each τ j value the subset S 1 is divided into two equal
in size parts A and B such that
S 1 = A ∪ B,

N (A) = N (B),

P p (τ j , Φn ) ≥ P p (τ j , Φm ),

n ∈ A, m ∈ B.

(6.14)

Then the minimal difference in the "passport" function values between the

79

The transmon as a magnetic ﬂux sensor

max

min

0

100

200

300

400

500

0

100

200

300

400

500

0

100

200

300

400

500

0

100

200

300

400

500

min

max

min

max

min

max

min

max

max

min

max

min

max

min

Figure 6.4. Flux sensing with the Fourier algorithm. (a), (b), (c), and (d) show the ﬁrst 4
consecutive steps of the algorithm. The left panels represent the "passport" Ramsey
fringes pattern for the ﬂux ranges corresponding to the beginning of each step. Solid
red lines denote the delays τ at which the measurements are taken for each step.
The right panels demonstrate the "passport" functions at the corresponding delays τ
and for the ﬂux ranges to consider at the beginning of each step. The ﬂux probability
distribution functions obtained by the end of the steps are shown with solid magenta
lines. Solid black lines mark the ﬂux value being determined, and the dashed red
lines limit the ﬂux intervals left for the consideration at the end of the corresponding
step.
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subsets A and B is found as

ΔP p (τ j ) = min n∈ A P p (τ j , Φn ) − maxm∈B P p (τ j , Φm ) > 0.

(6.15)

The optimal delay τ2 is the one which maximizes this difference. In other
words, it is such a delay where "passport" function values for the ﬂuxes from the
subsets A and B are maximally separated from each other. By measuring at this
delay τ2 it is easy to deduce to which subset A or B the ﬂux value to be measured
belongs and most efﬁciently reduce the size of the ﬂux index subset S 1 . For the
example given in the Fig. 6.4(b) the optimal delay for the second algorithm step
τ2 = 160 ns is marked with the solid red line. The simulations of the second,
third and fourth steps of the algorithm are shown in the Fig. 6.4(b,c,d). One can
see that the number of ﬂux intervals to consider is gradually reduced from one
step of the algorithm to the next one and at the end of the step number four only
one interval containing the actual ﬂux value to be measured is left.

6.4

Time scaling of the magnetic ﬂux resolution

In a metrological problem of a magnetic ﬂux Φ measurement the shot-noise

limited standard classical procedure leads to the scaling Eq. (6.6) δΦ ∼ 1/ t sen .
However, the fastest and ultimately limited scaling law arises from the Heisenberg relation
2π 
δ(ΔE(Φ)) ≥
.
(6.16)
t sen
Taking into account Eq. (6.1) we immediately get from here
δΦ ≥

2πS
1
∼
.
μ t sen
t sen

(6.17)

The phase estimation algorithms potentially allow to reach this scaling as long
as the used phase accumulation times τφ are smaller than the dephasing time
τφ < T2 . Once the phase accumulation times τφ  T2 are reached the magnetic

ﬂux resolution scaling starts to follow the ∼ A/ t sen law but with the improved
prefactor A. How close the experimentally observed algorithm scaling is to the
Heisenberg limited law of Eq. (6.17) depends on the experimental parameters of
a particular sensor device.
To demonstrate the superiority of the quantum metrological algorithms against
the standard classical procedure all these methods were experimntally tested on
one and the same sample in the work of Publication V.
For the Kitaev metrological algorithm at the end of each step the most probable
ﬂux value Φ̂ i from the entire ﬂux index set I 0 is used as the result of the
algorithm run and represents the determined magnetic ﬂux value. The algorithm
is run n times for every ﬂux value Φ i , i ∈ I 0 from the entire range where the
"passport" function is measured and the aggregated magnetic ﬂux resolution δΦ
determined as
n 
 1 
1
2
δΦ 2 =
Φ̂ i − Φ i
(6.18)
N (I 0 ) i∈ I 0 n − 1 k=1
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is calculated for every step of the algorithm. For the Fourier algorithm this
quantity is meaningful only at the later steps of the algorithm where only the
one ﬂux interval is left. Every single measurement is composed of N elementary
qubit preparation-measurement iterations of Trep duration and takes NTrep
time as a result. The total sensing time t sen by the end of the algorithm step
then can be found as t sen = mNTrep . Here m is the total number of single
measurements and calls for the Bayesian learning procedure done by the end of
the algorithm step. With this the dependence δΦ(t sen ) can be obtained for the
algorithms and for the standard classical procedure as well. In the later case
however the procedure does not involve any steps, and the calculation of δΦ and
t sen can be done after some preset number of single measurements.
The experimentally obtained behaviour of
the magnetic ﬂux resolution scaling with
the total sensing time δΦ(t sen ) is shown in
Fig. 3 of Publication V and the idealized
insight on this scaling is demonstrated in
Fig. 6.5. The idealization here concerns two
aspects. The ﬁrst aspect is the assumption
that the state preparation pulses, the measurement of the transmon state, and the reset of the transmon to the ground state happen instantly. This implies that the time of
the one elementary transmon preparationFigure 6.5. The idealized time scaling measurement iteration is reduced to the
behaviour of the magnetic transmon state phase accumulation time
ﬂux resolution showing the
usual standard classical pro- τφ , so that Trep = τφ . The later one is equal
cedure (red line) and the Ki- in practice to the time delay τ between the
taev metrological algorithm
drive pulses. The second aspect is the avail(blue lines).
ability of a truly "single-shot" measurement, so that the number of elementary
preparation-measurement iterations in one single measurement N = 1. In this
case the total sensing time t sen = mτφ .
If the criteria mentioned above were valid, the magnetic ﬂux resolution scaling with the total sensing time δΦ(t sen ) for the Kitaev quantum metrological
algorithm would be Heisenberg limited (see Fig. 6.5 blue lines) δΦ(t sen ) ∼ 1/t sen .
This scaling law would take place for the Kitaev algorithm steps with the delay
times τ = τφ < T2 , which explicitly shows that the dephasing time T2 acts as a
quantum resource for the algorithm. After reaching the dephasing time T2 the

scaling law experiences the crossover to the ∼ A/ t sen scaling, which is shown
in Fig 6.5 for two different values of the dephasing time T2 . The prefactor A
here is nonetheless higher than the optimal prefactor A opt (green dashed lines
in the Fig. 6.5) from the Eq. (6.10) due to the fact that at the intermediate steps
of the algorithm the measurements were done at a smaller non-optimal delay
times τ, and this lag can not be regained later. In the limit of large number of

algorithm steps the difference is A = 2A opt .
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7. Quantum state control with
geometric gates

7.1

Geometric phases and gates

Geometric gates have developed from the concept of geometric phase introduced
for the ﬁrst time by M.V. Berry [82]. It originates from the problem of adiabatic time evolution of a quantum system with a slowly changing Hamiltonian

 is the vector of Hamiltonian parameters. During the syswhere R(t)
Ĥ(R(t)),
tem evolution this vector moves along a path C in the Hamiltonian parameter
space. The Hamiltonian has a set of instantaneous eigenstates | n(t)〉 with their
eigenenergies E n (t) so that

 | n(t)〉 = E n (t)| n(t)〉.
Ĥ(R(t))

(7.1)

Since the evolution is adiabatic the system follows the instantaneous eigenstate
of the Hamiltonian during the evolution, up to a phase factor. Due to the
time dependence of the Hamiltonian its instantaneous eigenstates | n(t)〉 also
change in time. The additional phase factor e iφn (t) apart from the dynamical
τ
one e− i/ 0 E n (t)dt is needed for the state |ψ(t)〉 to satisfy the time-dependent
Schrödinger equation to compensate for the | n(t)〉 change. To see this we write
the system state as
|ψ(τ)〉 = e

− i

τ

E n (t)dt

0

e iφn (τ) | n(τ)〉,

(7.2)

 τ))|ψ(τ)〉 to get
and insert it into the Schrödinger equation i ∂|ψ(τ)〉/∂τ = Ĥ(R(
E n (τ)| n(τ)〉 − φ̇n (τ)| n(τ)〉 + i 

∂| n(τ)〉
∂τ

 τ))| n(τ)〉.
= Ĥ(R(

(7.3)

The ﬁrst term of the left hand side cancels out with the right hand side according
to the Eq.(7.1) and after the multiplication on the 〈 n(τ)| from the left we ﬁnally
get
∂| n(τ)〉
 τ))|∇  | n(R(
 τ))〉R(
˙ τ).
φ̇n (τ) = i 〈 n(τ)|
= i 〈 n(R(
(7.4)
R
∂τ
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The geometric phase accumulated during the evolution time τ is then given as
an integral of Eq.(7.4)
 τ)
R(

τ

φn (τ) − φn (0) =

φ̇n (t)dt =
0


R(0)

 τ)
R(

 |∇  | n(R)
 〉d R
=
i 〈 n(R)
R

 R,

An (R)d

(7.5)


R(0)

 = i 〈 n(R)
 |∇  | n(R)
 〉 is the Berry potential. It is important
where the vector An (R)
R
that the last integral in Eq.(7.5) does not have explicit time dependence. This
implies that the acquired geometric phase depends on the path C the system
undergoes in the parameter space but not on the dynamical parameters such as
the time τ it takes to move along the path and the energies of the system.
The dependence of the geometric phase only on the global features of the
path the system undergoes in the parameter space makes it resilient to any
local ﬂuctuations of system parameters, and as a result very attractive for the
purpose of quantum state control. The gates based on the geometric phases
are called holonomic gates, and there have been proposals [95] to use these
gates for holonomic quantum computation in the adiabatic regime. Afterwards
the proposals were made for many quantum physical systems: trapped ions
[96], Josephson junction devices [97, 98], semiconductor quantum dots [99],
and superconducting qubits [100]. Experimentally, the adiabatic schemes of
computation based on geometric gates were realized using nuclear magnetic
resonance [101] and electron spin resonance [102].
The generalization for the cases which are not necessarily adiabatic was considered in 1986 [103]; later, nonadiabatic geometric phases were studied in [104],
and experimentally feasible schemes for the non-adiabatic holonomic quantum
computation were suggested [105]. It was implemented experimentally with
the three lowest energy levels of a transmon coupled with a three-dimensional
cavity [106].

7.2

Implementation in a superconducting transmon

In the superconducting quantum circuit architecture a geometric gate can be
realized in the {|0〉, |2〉} subspace of the three lowest energy states of a transmon
 01 (t) cos(ωd t − φ) and
by appliying two simultaneous microwave drive pulses E
01
 12 (t) cos(ωd t) which couple to the transitions 0 − 1 and 1 − 2 correspondingly.
E
12
The angular Rabi frequencies produced by these drives should satisfy the conditions Ω01 (t) = aΩ(t) and Ω12 (t) = bΩ(t) where Ω(t) is one and the same function
for both drives making them simultaneous and coefﬁcients a and b are real and
such that a2 + b2 = 1. Moreover, the function Ω(t) integrated over the entire
τ
duration τ of the gate should give 0 Ω(t)dt = 2π. Due to the different couplings
of the transitions 0 − 1 and 1 − 2 to the external ﬁelds the last requirement
 01 (t) and E
 12 (t) are different and have
implies that the actual ﬁeld amplitudes E
to be calibrated properly. The frequencies of the drives are exactly at resonance
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d
d
with the corresponding transitions ω01
= ω01 and ω12
= ω12 .
Taking all this into account the Hamiltonian of the qutrit and the drive in the
doubly rotating reference frame given by the unitary Eq.(5.3) and under the
rotating wave approximation can be written as
⎞
⎛
0
ae− iφ 0
Ω(t) ⎜ iφ
⎟
Ĥ(t) =
(7.6)
0
b⎠ .
⎝ae
2
0
b
0

The eigenenergies of this Hamiltonian are E 0 (t) = 0 and E ± (t) = ± Ω2(t) a2 + b2 =
± Ω2(t) . Now it becomes obvious that the requirement on the drive ﬁelds menτ
tioned above, namely 0 Ω(t)dt = 2π, leads to the trivial dynamical phase factors
for all eigenstates of the system since
i

e− 

τ
0

E 0 (t)dt

= 1,

and

i

e− 

τ
0

E ± (t)dt

= e∓ iπ = −1

(7.7)

and makes the gate fully geometric.
If the coefﬁcients a and b do not change with time during the gate operation
of Eq.(7.6) commutes with itself at different time moments
#the Hamiltonian
$
H̃ˆ (t 1 ), H̃ˆ (t 2 ) = 0, ∀(t 1 , t 2 ) ∈ [0, τ]. As a consequence, the time evolution unitary
operator of the geometric gate reads
Û(t) = e

− i

t

Ĥ(τ)d τ

0

(7.8)

without the time ordering operator, and the basis states evolve in time as
|ψ i (t)〉 = Û(t)| i 〉.
It is easier to compute the unitary evolution operator Eq.(7.8) after the basis
change from {|0〉, |1〉, |2〉} to {|D 〉, |1〉, |B〉}, where the "dark" |D 〉 and the "bright"
|B〉 states are determined as
|D 〉 = − b|0〉 + a|2〉, |B〉 = a∗ |0〉 + b∗ |2〉.

(7.9)

In the new basis the "dark" state is completely decoupled as it does not enter
(1,B)
(1,B)
the transformed Hamiltonian Ω2(t) σ̂ x
with σ̂ x
being the x-Pauli matrix in
the {|1〉, |B〉} subspace. This simpliﬁes the calculation of the unitary evolution
operator as the relation exp(− i ασ̂ x ) = Î cos α − i σ̂ x sin α can be employed. Using
τ
the condition 0 Ω(t)dt = 2π we ﬁnally get
⎛
⎛ ∗
⎞
⎞
−b
1 0
0
0 a∗
⎜
⎜
⎟
⎟
(7.10)
Ũˆ = ⎝0 −1 0 ⎠ . The operator T̂ = ⎝ 0
1 0⎠
0 0 −1
a
0 b
performs the transformation from basis {|0〉, |1〉, |2〉} to the basis {|D 〉, |1〉, |B〉} and
allows to get the desired ﬁnal form of the geometric gate operator in the initial
{|0〉, |1〉, |2〉} basis
⎛ 2
⎞
| b | − | a |2 0
−2ba∗
⎜
⎟
(7.11)
Û = T̂ −1Ũˆ T̂ = ⎝
0
−1
0
⎠.
−2ab∗
0 −(| b|2 − |a|2 )
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Introducing the parameterization a = sin (θ /2) e iφ , b = − cos (θ /2) and reducing
the gate operator only to the computational subspace {|0〉, |2〉} we obtain


cos θ
e− iφ sin θ
Û = iφ
n
σˆ .
(7.12)
=
e sin θ
− cos θ
Here 
n = (sin θ cos φ, sin θ sin φ, cos θ ) is a unit vector and 
σˆ = (σ̂ x , σ̂ y , σ̂ z ) is the
vector of Pauli matrices. The parameter θ can be changed experimentally by
varying the real coefﬁcients a and b which are controlled by the amplitudes of
the applied microwave pulses. The phase factor φ is also controlable with the
relative phase of the microwave pulses addressing the transitions 0 − 1 and 1 − 2.
The result of two consecutive geometric gates determined by two different
 rotated by an angle Θ with respect to each other can be
unit vectors 
n and m
expressed as
ˆ


 Î + i(
 )
n
σˆ · m
σˆ = 
nm
n×m
σˆ = cos Θ Î + i sin Θ
p
σˆ = e iΘpσ ,

(7.13)

 ) is the vector product and unit vector 
where Î is the identity operator, (
n×m
p is
 . This transformation
perpendicular to the plane spanned by the vectors 
n and m
is the rotation of the qubit state in the {|0〉, |2〉} subspace around the vector

 given by the
p by the angle 2Θ. By a proper choice of the vectors 
n and m
corresponding geometric gates it is possible to create any desired rotation of the
qubit state vector. This demonstrates the universality of the constructed in such
a way geometric gates.
In Publication VI the geometric gates described above were realized experimentally on a fully coplanar superconducting structure comprisig a transmon
coupled to a quarter wavelength resonator. It was demonstrated that it is possible to control with these gates the populations of the state in the subspace
{|0〉, |2〉} as well as the phase of the state. The additional drive pulses coupling
the 0 − 2 transition via a two-photon process were used as a tool. Fig. 3 of
Publication VI demonstrates Rabi oscillations in the (|0〉, |2〉) subspace caused
by the increase of the two-photon drive amplitude, and populations of the states
(|0〉, |1〉, |2〉) in the Ramsey fringes experiment as a function of the drive pulses
frequency and the delay time between them. The populations were determined
in the way described in subsection 5.2. State |1〉 population remains close to zero
during the Ramsey experiment. This demonstrates the capability to manipulate the qutrit state in the (|0〉, |2〉) subspace with the use of two-photon drive
pulses. The experimentally measured evolution of state populations during the
geometric gate action is represented in Fig. 4 of the paper, where two speciﬁc
cases realizing a Hadamard gate and a NOT gate are shown. In the case when
the scaling parameters are a = sin(π/8), and b = cos(π/8), the produced gate

applied to the ground state results in an equal superposition (|0〉 + e iφ |2〉)/ 2.
The phase φ of this state can be detected by a two-photon π/2-pulse following
the geometric gate pulses. The result of this experiment is shown in Fig. 5 of the
paper. Finally, we test the action of geometric Hadamard and NOT gates on the
initial state α|0〉 + e iφ β|2〉 with different amplitudes α, β and phase φ created by
a two-photon drive pulse, see Fig. 6 and Fig. 7.
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8. Conclusions

This dissertation contains the result of experimental works in the ﬁeld of superconducting quantum circuits as well as theoretical analysis motivated and
inspired by the performed experiments. The main systems studied were fully
coplanar nanofabricated aluminum structures comprising a transmon type
artiﬁcial atom coupled to a quarter-wavelength waveguide resonator. These
structures, which are at the ﬁrst glance not so complex from the design point of
view, nevertheless allow to experimentally observe the effects considered initially
in the ﬁeld of quantum optics. This fact demonstrates that such structures can
be thought of quantum simulators of light-matter interaction. The transmons
- the central elements of these structures - are macroscopic objects where superconductivity combined with the nonlinearity created by the Josephson effect
endow them with atom-like features and make it possible to call them artiﬁcial
atoms.
In most of the works presented in the dissertation the transmons were used
not only as two-level systems (qubits) but the higher energy levels of these
quantum elements were also involved. For example, in the work of Publication
III the higher transmon energy levels needed to be included in order to capture
the experimentally measured shifts of the resonator resonance frequency when
the system exits the dispersive regime of operation.
For the ﬁeld of quantum computation the studied structures are the elementary building blocks of much more complex quantum prosessor architectures.
The use of higher energy levels extends the computational Hilbert space and
allows to reduce the number of circuit elements without the losses in the computational power. The Publication I, Publication II, and Publication IV address
the problems of accurate and robust population transfer and quantum state
preparation which can be used at the initialization of a quantum prosessor. The
work done in Publication I demonstrates experimentally efﬁcient population
transfer between the ground and the second excited state of the transmon with
the use of the stimulated Raman adiabatic passage (STIRAP). The robustness
of the method to the imperfections in the timing of the sequence of the drive
pulses and their frequencies is studied. In Publication II the possibility to use
the hybrid Rabi-STIRAP pulse sequences to prepare an arbitrary qutrit state
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including the populations and phases is theoretically shown. The shortcut to
the STIRAP adiabaticity with the use of an additional control pulse driving
the two-photon transition is realized experimentally in the work of Publication
IV. This additional counterdiabatic drive pulse eliminates the nonadiabatic
excitations caused by the shortening of the STIRAP part of the passage. The
insensitivity of the resulting passage to the counterdiabatic pulse amplitude and
phase is also demonstrated in this work.
New types of gates for quantum state control can also be tested on the fully
coplanar structures studied in the dissertation. In the work of Publication VI
state control using gates based on geometric phases was realized. The pulses
driving the two-photon transition between the two states from the computational
basis were used as a tool to prepare the initial state for the gate action and to
reveal the phase of the state created by the gate.
The studied transmon based superconducting quantum circuit also has a utility in the ﬁeld of quantum metrology, where one aims to estimate in the most
efﬁcient way the unknown parameter determining the probe system energy spectrum. In the work presented in Publication V the magnetic ﬂux sensor enhanced
by the use of the modiﬁed phase estimation algorithms was implemented experimentally. The demonstrated time scaling of the magnetic ﬂux resolution for the
suggested metrological procedures clearly outperforms the standard classical
measurement implemented on the same sample. This experiment paves the way
for further studies of superconducting quantum circuits as tools in quantum
metrology.
Apart from the chapters explaining the results of some of the publications the
dissertation contains the analytical derivation of the results of the basic sample
characterization experiments as well as the detailed description of the methods
used to fabricate the studied superconducting quantum circuits and to conduct
quite demanding experiments with them. A special emphasis has been on the
sample design features which led to the improvement of the transmon relaxation
time. The details important for more reproducible fabrication of Josephson
junctions are also described. The dissertation provides also a useful guidance
for the wiring and preparation of the setup to the experiments, describing the
sample characterization measurements, the generation of the control pulses,
and the techniques for the detection of the transmon state.
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A. Sample fabrication recipes

A.1

Resist layers deposition

• Put the chips into a beaker with acetone. If the chips do not have a metalized
structure from the previous fabrication steps, sonicate the chips in the beaker
with acetone for 5 min and wipe their top polished surfaces with a cotton swab.
• Inspect the chips under an optical microscope, if needed repeat the previous
step again.
• Put the chips into another beaker with acetone, rinse them, take out from the
acetone and blow dry with nitrogen.
• Put the chips into a beaker with IPA, rinse them, take out from the IPA, and
blow dry with nitrogen.
• Put the chips onto a hot plate with 150◦ C temperature for 3 min to dehydrate.
• Put a droplet of MMA(8.5)/MAA EL10 resist from a pipet onto the chip surface.
Spin the ﬁrst resist layer on a resist spinner at 4000 rpm during 60 s. Do this
with each one of the chips.
• Bake the ﬁrst resist layer on a hot plate at 150◦ C for 1.5 min.
• Put a droplet of 950k PMMA A3 resist from a pipet onto the chip surface. Spin
the second resist layer on a resist spinner at 4000 rpm during 60 s. Do this
with each one of the chips.
• Bake the second resist layer on a hot plate at 180◦ C for 1.5 min. Chips are
ready for the lithography.

95

Sample fabrication recipes

A.2

Electron beam lithography (EBL)

• Attach the samples to the top of the sample holder with a carbon tape. Insert
the sample holder inside the SEM.
• Use the working distance of 40 mm for the patterning in the ﬁrst fabrication
stage and the working distance of 10 mm for the patterning in the second
fabrication stage.
• Measure the e-beam currents, set them into the patterning ﬁle.
• Burn a spot in the resist with the e-beam at the edge of the sample and make
a rough focusing on that spot.
• Move the e-beam to the point where the (0, 0) coordinates reference point of
the desired pattern should be. Burn the second spot in the resist and make a
ﬁne focusing on it.
• Four pattern layers are used in the lithography, they have the following names
and contents: "Ground" - the major parts of the ground plane and contact pads,
"Resonator" - the resonator, the control transmission lines, and the markers,
"Transmon" - the transmon capacitor islands, and "Junctions" - the Josephson
junctions. Pattern the structure with the following parameters:
layer

Magniﬁcation

Current

Step size (nm)

Dose (μC/cm2 )

"Ground"

25

18

255

280

"Resonator"

50

13

43

300

"Transmon"

100

5

21

270

"Junctions"

550

1

4

1200

• The currents of the SEM e-beam can vary with time. To provide the desired
dose to the resist their actual values have to be measured and substituted into
the patterning ﬁle. In the table above only current indices are given, and the
typical values of currents corresponding to the indices are: 18 ∼ 100 nA, 13 ∼
5.5 nA, 5 ∼ 80 pA, 1 ∼ 30 pA.
• In the ﬁrst fabrication stage only the "Resonator" and "Ground" layers are
patterned. In the second fabrication stage the alignment with the use of the
markers is done ﬁrst, and then the "Transmon" and "Junctions" layers are
patterned.
• When the patterning is done, develop the patterned resist structures one by
one in the MIBK : IPA (1:3 by volume) solution during 12 s. At the end of
the development time put the sample immediately in the beaker with IPA, it
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stops the development process. Rinse the samples in IPA, and blow dry with
nitrogen.

A.3

Metal ﬁlm deposition at the stage of the transmon fabrication

• Clean the samples with the developed resist structures in the oxygen plasma
ashing process at the oxygen pressure of 250 mTorr, 10 sccm gas ﬂow, 50 W rf
power for 15 s.
• Attach the samples in a properly oriented way to the e-beam evaporator
sample holder with the carbon tape. Insert the sample holder into the load
lock chamber.
• Pump down the load lock chamber to 5 · 10−6 mbar pressure. Transfer the
samples into the evaporator main chamber. Tilt the sample holder to −30◦
from the horizontal position.
• The oxidation of the Josephson junctions is done inside the load lock chamber.
Flush it with oxygen by ﬁlling the chamber to the same pressure level as will
be used in the actual oxidation process and pumping the oxygen out from the
chamber. This ﬂushing can be used to practice how to get the desired oxidation
pressure in the load lock. Do this 3 times.
• Leave the load lock chamber and all the tubes connecting it to the oxygen
tank pumped down by the turbo molecular pump for at least 1 hour. It is
recommended to keep the pumping time the same from one oxidation process
to the other one to increase the reproducibility of the Josephson junction
parameters. The pressure inside the load lock should drop to 1 − 3 · 10−7 mbar.
• Deposit 30 nm of aluminum ﬁlm at the deposition rate of 2 − 3 Å/s. The
pressure inside the evaporator main chamber is 2 − 4 · 10−8 mbar during the
ﬁlm deposition process.
• Transfer the samples into the load lock chamber for the oxidation. Oxidize
the samples at the oxygen pressure of 0.5 − 3 mbar during 8 min. Pump the
oxygen out from the load lock using the turbo molecular pump.
• When the pressure inside the load lock is smaller than 5 · 10−6 mbar, transfer
the samples into the evaporator main chamber. Tilt the sample holder to +30◦
from the horizontal position.
• Deposit 60 nm of aluminum ﬁlm at the deposition rate of 2 − 3 Å/s.
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• Extract the samples from the evaporator. Put them in the beaker with acetone
and keep it at 50◦ C on a hot plate during 15 min.
• Lift off the sample structures by squirting acetone from a syringe on the
metalized surface of the chips. Doing this keep the samples always below the
surface of the liquid in the beaker with the acetone.
• Rinse the samples in IPA. Put them in the vacuum box until the next stage of
the fabrication or until the wire bonding to the measurement sample holder.
The same procedure works also in the ﬁrst stage of the fabrication, where
the resonator, control transmission lines, contact pads, markers and the ground
plane are fabricated. In this stage of the fabrication there is no need to ﬂush and
pump down the load lock chamber for 1 hour after the transfer of the samples
inside the evaporator main chamber. Level the sample holder horizontally
inside the evaporator main chamber and deposit 100 nm of aluminum ﬁlm
perpendicularly to the samples surface with the same deposition rate 2 − 3 Å/s.
The steps regarding the lift off process remain the same.
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B. Outcome of the readout scheme

The readout scheme noise level does not allow to distinguish between the qubit
basis states |0〉 and |1〉 after a single iteration of qubit state preparation and
measurement. For the qubit prepared in either one of the basis states the readout
scheme returns a random outcome value h(i) which is normally distributed with
the mean value μ i and the standard deviation σ i , i = 0, 1
1
(h(i) − μ i )2
exp −
,
p(h(i) ) = 
2σ i
2πσ i

μ0 = 0 and μ1 = 1.

(2.1)

Mathematically the indistinguishability of the states |0〉 and |1〉 means that the
standard deviations σ0 and σ1 are so big that the two above distributions have a
very big overlap and measuring a single outcome h does not allow to determine
to which state the qubit collapsed as a result of the measurement.
To ﬁght against noise averaging over N measurements needs to be done.
(ψ)
Let us consider what can we conclude about the measurement outcome h N
obtained after N elementary iterations of qubit preparation in the state |ψ〉 and
measurement. Let us consider the state |ψ〉 = α|0〉 + β|1〉. It is important that as
a result of the measurement with N averages we get an incoherent probabilistic
mixture, so that the density matrix loses its off-diagonal elements




0
|α|2 αβ∗
|α|2
(2.2)
→
0
α∗ β |β|2
|β|2
and the corresponding measurement outcome h(ψ) becomes a random classical
variable which can be expressed as
h(ψ) = (1 − r)h(0) + rh(1) .

(2.3)

Here r ∈ {0, 1} is a random discrete variable which takes the values 0 or 1 with
the probabilities |α|2 and |β|2 and h(0) , h(1) are distributed according to Eq. (2.1).
(ψ)
The value of the averaged outcome h N consisting of N independent outcomes
(ψ)
h is

N
N 
1 
1 
(ψ)
(ψ)
hN =
hk =
(1 − r k )h(0)
+ r k h(1)
.
(2.4)
k
k
N k=1
N k=1
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(ψ)

We ﬁrst ﬁnd the mean value of h N taking into account that the random
variables r and h are independent and h(0) = 0, h(1) = 1, r = |β|2
(ψ)

hN =


N
N 
1 
1 
h(ψ) =
(1 − r)h(0) + rh(1) = |β|2 .
N k=1
N k=1

(2.5)

(ψ)

Then we ﬁnd the variance value of h N . It is helpful here to use the following
relations
r 2 = r,

 
var r 2 = var(r) = r 2 − r 2 = r − |β|4 = |β|2 (1 − |β|2 ) = |α|2 |β|2 ,




var h(0) = σ20 , var h(1) = σ21 ,






2
var rh(0) = r 2 var h(0) + var(r)h(0) + var(r)var h(0) =


var rh

(1)



= |β|4 σ20 + |α|2 |β|2 σ20 = |β|2 σ20 ,




2
= r 2 var h(1) + var(r)h(1) + var(r)var h(1) =

= |β|4 σ21 + |α|2 |β|2 + |α|2 |β|2 σ21 = |β|2 σ21 + |α|2 |β|2 .

(2.6)
(2.7)
(2.8)
(2.9)
(2.10)
(2.11)

With this we can easily get the variance







$
N #
1 
(ψ)
var h(0) − var rh(0) + var rh(1) =
var h N = 2
N k=1


1
= 2 N σ20 − |β|2 σ20 + |β|2 σ21 + |α|2 |β|2 =
N
 2 2

|α| σ0 + |β|2 σ21 + |α|2 |β|2
.
=
N

(2.12)
(2.13)
(2.14)

In practice the noise level of the measurements for the states |0〉 and |1〉 is
usually the same and σ20 = σ21 so that |α|2 σ20 + |β|2 σ21 = σ21 . Taking also into
account that |α|2 |β|2 ≤ 1/4 σ21 we can simplify the above expression to the form

 σ2
(ψ)
var h N  1 ,
N

σ1
and σ N   .
N

(2.15)

According to the central limit theorem the distribution of the random variable
(ψ)
hN

(ψ)

for N
1 will be the normal one with the mean value h N = |β|2 and

standard deviation σ N = σ1 / N
(ψ)

hN

∼

σ1
N |β|2 , 
.
N

(2.16)

This means that for a large number of averages N the outcome result of the
qubit readout scheme will give the values distributed in a very narrow interval
centered around the probability to ﬁnd the qubit in the ﬁrst excited state.
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