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Chapter 1

Introduction

Due to Heisenberg uncertainty principle, quantum systems are never completely
at rest. They fluctuate around their lowest energy state, the quantum ground
state. In mechanical system systems the zero-point fluctuations cause a random
motion, called the zero-point motion whose amplitude is given as

xzp =
√

�

2meffω
, (1.0.1)

where ω/2π is the oscillation frequency of the motion with mass meff, and
� is the Planck’s constant. Cooling the vibrational motion of a macroscopic
object to its quantum ground state is an enormous challenge as it requires a
temperature, T � �ω

kB
, where kB is the Boltzmann constant. For example for

resonant frequency of 10 MHz, tempererature required is T = 0.5 mK. However,
the possibility to study center-of-mass motion of massive mechanical object
offers an interesting approach to fundamental tests of quantum mechanics
in completely new regimes. Possible applications could include even tests of
foundations of quantum physics such as quantum measurement problem of why
quantum superpositions do not seem to occur at the level of macroscopic objects
[1], and low-energy experiments of quantum gravity [2, 3].

Cavity optomechanics studies the interaction between electromagnetic cavi-
ties (photons) and mechanical resonators (phonons). Standard system can be
modeled as a Fabry-Perot cavity in which one of the mirrors can move. Photons
bouncing inside the cavity exert radiation pressure force on the moving mirror,
which changes the mirrors position. At the same time the radiation pressure
force depends on the moving mirrors position, which allows very precise mea-
surement of the mirror position. The possibility for very precise measurement of
mechanical systems makes optomechanics ideal for studying quantum effects in
larger and new types of objects.

Optomechanical interaction has been studied in a number of different types of
systems, for example with suspended micromirrors [4] or mechanical mode of mi-
crotoroids [5] coupled to optical cavities, and mechanical excitations of cold atom
clouds [6]. Optomechanical coupling can also be achieved between microwave
and mechanical systems, for example by capacitive coupling in superconductor
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Introduction

resonators, such as nanomechanical beam inside a superconducting transmis-
sion line microwave cavity [7], or a flexible aluminum membrane coupled into a
lumped element superconducting resonator [8]. These microwave systems can be
modeled as LC-circuits in which the mechanical motion changes the capacitance
of the system and therefore the LC resonance frequency, leading to an interac-
tion similar to radiation pressure force. A 3D microwave cavity has been coupled
to a silicon nitride membrane [9, 10], and to an acoustic motion of superfluid 4

[11]. Mechanical systems have also been coupled to a superconducting qubits
[12, 13, 14, 15, 16]. Recent development in the field has been quantum acoustics
in which high-frequency bulk acoustic wave resonators [17] or surface acoustics
waves [18, 19] have been coupled to superconducting qubits.

In recent years, the field of optomechanics has advanced rapidly so that
quantum effects are now routinely seen in mechanical resonators. In both
microwave and optical systems, freezing of the mechanical Brownian motion
down to below one quantum of energy was observed in early 2010’s [8, 20, 21, 22].
Optomechanical system has been used to create an entanglement between cavity
and mechanical resonator [23]. Besides fundamental interest, optomechanical
devices also have technological applications. They have been used to realise a
microwave amplifier [24, 25] already before the current work, a possible memory
element for quantum computing [26], and a mechanical microwave circulator
[27, 28, 29]. As mechanical oscillators can easily couple to both optical and
microwave frequencies of light, optomechanical transducers between the optical
and the microwave domain have been created [30, 31]. Additionally, the system
used in the LIGO experiment for detection of gravitational waves [32] can be
interpreted as an optomechanical system.

In this thesis, we investigate aluminium membrane resonators that are ap-
proximately 10 μm to 15 μm in diameter, and vibrate at frequencies around
10 MHz to 15 MHz. The 15 μm resonators with around 10 MHz resonance
frequency, and have mass m = 57 pg implying zero point-motion (Eq. (1.0.1))
xzp ∼ 3.8 fm. We couple the resonators to a microwave cavity that is fabricated
on the same chip to experimentally study multimode and quantum phenomena
in micromechanical resonators.

We study both single mode optomechanics consisting of one mechanical res-
onator (publications I and V), and multimode optomechanics with two mechani-
cal resonators coupled to a microwave cavity (publications II, III, and VI), or
two cavities coupled to one mechanical resonator (publication IV).

We concentrate on the phenomena directly linked to the Heisenberg’s uncer-
tainty principle which sets a fundamental limit to the precision which certain
properties of system can be measured. The zero-point motion Eq.(1.0.1) is a
fundamental limit on how accurately one can measure the motion of a resonator.
However, one can go past this limit by preparing the system in squeezed state
the motion, when fluctuations in quadrature of the motion are diminished at
the expense of increased fluctuations in the other quadrature. In publication I,
we prepare a nearly macroscopic moving body, realized as the micromechanical
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aluminium membrane resonator, in a squeezed quantum state. We achieve the
reduction of the quantum fluctuations below the “sound of silence” level by 1.1
dB in one quadrature. Similar results were achieved almost simultaneously
by two other research groups [33, 34]. In publication II, we study creation of
dark mode, which decouples from the cavity. In the dark mode, the energy is in
the long-lived mechanical oscillators, it has much smaller linewidth and larger
lifetime as compared to the electromagnetic mode. These properties are suitable
for creating narrowband filters for signal processing, or possibly for transferring
quantum information to the dark mode. When monitoring continuously, the
uncertainty principle causes a quantum limit on the measurement accuracy
called the standard quantum limit (SQL). Continuosly measuring an object
necessarily perturbes it. This quantum back-action on the measurement can
however be avoided by weak quantum back-action evading or non-demolition
measurement. In publication III, we make a quantum back-action evading
measurement of a collective quadrature of two mechanical oscillators. The work
allows for quantum state tomography of two mechanical oscillators, and provides
a foundation for macroscopic mechanical entanglement and force sensing beyond
conventional quantum limits. In publication IV, we demonstrate a two-port
optomechanical scheme for amplification and routing of microwave signals, a sys-
tem that simultaneously performs high-gain amplification as well as frequency
conversion in the quantum regime. The amplifier has a gain of 41 dB with a
gain-bandwidth product of 137 kHz, while adding only 4 quanta of noise above
the SQL. In publication V, we demonstrate a nearly perfect phase-sensitive
measurement of microwave light, characterized by a small noise less than 0.2
quanta. The device also strongly squeezes microwave radiation by 8 dB below
vacuum. In publication VI, we combine the techniques used in publications I
and III to create and stabilise an entangled state of the centre-of-mass motion of
two mechanical resonators. We infer the existence of entanglement in the steady
state by combining measurement of correlated mechanical fluctuations with an
analysis of the microwaves emitted from the cavity. This is the first reported
experiment of entanglement of the center-of-mass motion of macroscopic objects.
To the author’s knowledge, it is the first realization of the scheme in the EPR
thought experiment from 1935 [35] where Einstein strongly criticized quantum
mechanics as allowing "spooky action at distance".
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Chapter 2

Basics of Cavity
Optomechanics

The basic cavity optomechanical system as shown in Fig. 2.1 consists of a mode
of a harmonic resonator, either optical or microwave, coupled to a mechanical
oscillator. In this thesis, the cavity resonator is a superconducting microwave
resonator consisting of a parallel plate vacuum gap capacitor formed by the
mechanical element in parallel with a meandering inductor. The mechanical
oscillator is a vibrating aluminium membrane which acts as a top plate of
the capacitor. The microwave cavity is capacitively coupled to transmission
line cables to exite and measure the system. This chapter describes the basic
properties, and theoretical foundations of cavity optomechanical system.

2.1 Microwave Cavity Resonator

In the experiments, we use a single microwave mode, whose frequency is denoted
as ωc. The cavity has a decay rate κ due to a losses associated with input and
output couplings and internal losses. Thus the cavity loss rate can be written as

Figure 2.1. Optomechanical Fabry–Perot cavity with one movable mirror. The system has
two degrees of freedom: the optical field inside the Fabry–Perot cavity and the
displacement x of the mirror.
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Basics of Cavity Optomechanics

a sum of individual contributions

κ= κE +κI . (2.1.1)

Here κE and κI refer to the external and internal dissipation, respectively. Using
these parameters, a quality factor of the cavity can be defined as

Q = ωc

κ
. (2.1.2)

The quality factor describes the number of oscillations within the cavity decay
time τ= 1/κ.

Classical circuit description

The microwave cavity can be described as a parallel RLC-circuit, as shown in Fig.
2.2. It is coupled to the measurement cables, through a coupling capacitance Cex.
In order to study RLC-circuit, it can be transformed into a Norton equivalent
circuit in which the voltage source is replaced with an equivalent current source.
Using the equivalent circuit in Fig. 2.2(b), the Norton-Thevenin equivalent
values are

Cex,eq = Cex

ω2C2
exZ2

0 +1
� Cex (2.1.3)

RE = Z0

(
1+ 1

ω2C2
exZ2

0

)
� 1

ω2C2
exZ0

(2.1.4)

IB = VB

Z0 + 1
iωCex

=VB
ωCex√
ω2C2

exZ2
0

�VBωCex. (2.1.5)

Here the fact that Z0 = 50 Ω, Cex ∝ fF, and ω/2π≈ 5Ghz indicates that ωCexZ0 �
1, thus allowing to simplify the expressions. The equivalent circuit is now a
parallel RLC-resonator with total capacitance Ctot = C+Cex, total inductance
Ltot = L, and total resistance 1/Rtot = 1/RI +1/RE. The circuit has a resonance
frequency ωc = 1/

√
CtotL. The quality factor of the parallel resonator becomes

Q = Rtot
√

CtotL = Rtot

ωcL
= RtotωcCtot = 1

1/RI +1/RE
ωcCtot. (2.1.6)

C
L R

I

C
ex

Z
0

V
B

V
R

Z
R

V
in

V
out
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C
L R

I
I
B

V
R

b

R
E

C
ex,eq

Figure 2.2. (a) Microwave cavity shown as a parallel RLC-circuit. (b) The Norton equivalent
circuit of the cavity.
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Impedance of the circuit, and its absolute value are is

ZR = 1

iωCtot − i
ωL + 1

Rtot

(2.1.7)

|ZR |2 =
ω2

C2
tot

(Δ2 −2Δωc)2 +ω2κ2 . (2.1.8)

We study here frequencies close to resonance, thus powers of Δ=ωc −ω bigger
than 2 are neglected. Also, due to high Q, in numerator and detominator we
assume that ωc �ω. Thus, the impedance is simplified to

|ZR |2 � 1
4C2

tot

1
Δ2 + (κ/2)2 , (2.1.9)

which has the shape of Lorentzian function. The voltage in the circuit is given
by

|VR | = |ZR ||IB| = VB

2

√
κE

Z0Ctot

1√
Δ2 + (κ/2)2

. (2.1.10)

The energy stored inside the cavity is

E = 1
2

Ctot|VR(t)|2 + 1
2

L|IL(t)|2 (2.1.11)

= 1
2

Ctot|VR,rms|2 + 1
2

L|IL,rms|2 = Ctot|VR,rms|2 = 1
2

V 2
R . (2.1.12)

Here IL is the current in the inductor. Kinetic and potential energy averages
are equal. Combining this with Eq. (2.1.10) gives

E = V 2
B

8
κE

Z0C
1

Δ2 + (κ/2)2 . (2.1.13)

In a matched circuit, total power delivered by generator is P =V 2
B,rms/2Z0. Half

of this is the available power:

Pin =
V 2

B,rms

4Z0
= V 2

B
8Z0

. (2.1.14)

Then
E = PinκE

Δ2 + (κ/2)2 . (2.1.15)

On the other hand, the energy of photons in the cavity due to the pump is

E = n̄c�ωc. (2.1.16)

Combining these two equations gives the average number of photons, due to the
pump in the microwave cavity

n̄c = PinκE

�ωc

1
Δ2 + (κ/2)2 . (2.1.17)
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Quantum Mechanical description

The microwave cavity resonator that is coupled to an outside electromagnetic
environment (a bosonic bath) can be described quantum mechanically using
an input-output formalism [36]. Input-output theory is formulated on the level
of Heisenberg equations of motion, describing the time-evolution of the field
amplitude â inside the cavity. When the cavity is pumped with detuning Δ=
ωP −ωc, and transformed to a rotating frame with respect to the pump frequency
ωP , e.q. âorig. = e−iωP tâ, an equation of motion for the amplitude is given by:

˙̂a =−κ

2
â+ iΔâ+�

κEαin +�
κEâin +�

κI f̂ in, (2.1.18)

Where the input field, ain is divided to average pump amplitude, αin and fluc-
tuations, âin, ain =αin + âin. We have also divided the total cavity decay rate
into external κE and internal κI dissipation (2.1.1), and added the internal
fluctuations f̂ in. In the following calculation, the noises, âin = 0 and f̂ in = 0
are neglected. We can solve the equation to get the average number of photons
inside the cavity as we got from the classical circuit description (2.1.17). The
field is normalized in a way that input power to the cavity is defined as

P = �ωc〈α†
inαin〉, (2.1.19)

i.e. 〈α†
inαin〉 is the rate of photons arriving at the cavity.

The equation (2.1.18) can be solved for the steady-state amplitude in the
presence of constant pump drive

〈â〉 =
�
κE〈αin〉
κ
2 − iΔ

. (2.1.20)

Thus, the steady-state cavity population n̄c = 〈â†â〉, i.e the average number of
photons inside the cavity, is given by:

n̄c = |〈â〉|2 = PκE

�ωc

1
Δ2 + (κ2 )2 . (2.1.21)

In order to get information out from the cavity, we need to measure the field
radiating out from the cavity. According to the input-output theory, the field
that is reflected from the cavity is given by

âout =αin −�
κEâ, (2.1.22)

and the field that is transmitted from the cavity is given by

âout =�
κEâ. (2.1.23)

2.2 Mechanical resonator

In this thesis, we will concentrate on a single normal mode of vibration of the
mechanical resonator with frequency ωm. The loss of mechanical energy in
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the resonator is described by the mechanical damping rate γm. From these
parameters we can define a mechanical quality factor Qm = ωm

γm
.

The amplitude of the motion, x(t), can be solved from the equation of motion
for harmonic oscillator of effective mass, meff: [37]

meff
dx2(t)

dt2 +meffγm
dx(t)

dt
+meffω

2
mx(t)= Fext(t), (2.2.1)

where Fext(t) denotes the sum of all the forces that are acting on the mechanical
resonator. Eq. (2.2.1) can be solved for example in frequency space with a
Fourier transform x(ω) = ∫∞

−∞ eiωtx(t)dt. Then x(ω) = χxx(ω)Fext(ω) defines the
susceptibility χxx(ω), connecting the force acting on the resonator to the response,
δx of the motion:

χxx(ω)= 1
meff(ω2

m −ω2)− imeffγmω
. (2.2.2)

The quantum mechanical description of the harmonic oscillator gives a Hamil-
tonian

Ĥ = �ωm

(
b̂†b̂+ 1

2

)
. (2.2.3)

Here b̂† and b̂ are the phonon creation and annihilation operators, respectively.
The position and momentum operators are defined as

x̂ = xzp(b̂+ b̂†) (2.2.4)

p̂ =−imeffωmxzp(b̂− b̂†) (2.2.5)

The quantity b̂†b̂ is the phonon number operator, whose average is denoted as
n̄ = 〈b̂†b̂〉.

The loss of mechanical energy can be due to various reasons [38, 39], for
example clamping losses which are due to the radiation of elastic waves into the
substrate through the supports of the oscillator, viscous damping, and phonon-
phonon interactions. These effects influence the overall mechanical damping
independently. When the mechanical resonator is coupled to a high temperature
bath, dissipation causes the average phonon number to evolve according to the
expression [37]

d
dt

〈n̄〉 =−γm(〈n〉− n̄th). (2.2.6)

If the oscillator is initially in ground state, the occupation has simple time
dependance 〈n〉(t) = n̄th(1− e−t/γm ), where n̄th is the average phonon number
of the environment. The thermal decoherence rate, i.e. the rate at which the
mechanical oscillator heats out of the ground state, is given by:

d
dt

〈n(t = 0)〉 = n̄thγm ≈ kBTbath

�Qm
. (2.2.7)

Thus, in order to achieve a low decoherence, a high mechanical Q factor and
a low temperature bath are important. For samples used in this thesis, the
thermal decoherence rate is around ∼ 15kHz.

15



Basics of Cavity Optomechanics

2.3 Optomechanical coupling

Next, we study the optomechanical coupling between the mechanical resonator
and the cavity following [37]. In the microwave-regime realization of cavity
optomechanics, the mechanical resonator is capacitively coupled to a microwave
cavity. The motion of the mechanical resonator by the amount x̂ causes a change
in the capacitance of the LC-circuit, and thus change the resonant frequency.
The radiation pressure coupling is defined by

g0 = ∂ωc

∂x
= ∂ωc

∂C
∂C
∂x

(x). (2.3.1)

The change in the cavity frequency by a small motion x̂ is

ωc ⇒ωc − ∂ωc

∂x
x̂− 1

2
∂2ωc

∂x2 x̂2 =ωc − g0 x̂− 1
2

g02 x̂2, (2.3.2)

here x̂ = xzp(b̂+ b̂†) as before. The second-order coupling is defined as g02 = ∂2ωc
∂x2 .

Typically, we can safely neglect the second-order coupling.
Thus, the interaction Hamiltonian can be written

Ĥint =−�gâ†â(b̂+ b̂†), (2.3.3)

where
g = xzp g0, (2.3.4)

is the vacuum optomechanical coupling strength, expressed in frequency units.
It quantifies the interaction between a single phonon and a single photon. We
can then combine the bare Hamiltonians of cavity and mechanical oscillators,
and the interaction to write the standard optomechanical Hamiltonian

Ĥ = �ωcâ†â+�ωmb̂†b̂−�gâ†â(b̂+ b̂†). (2.3.5)

Let us excite the cavity mode with a strong drive at frequency ωP , modeled by
a pump driving term d cosωP t(â† + â). We can now switch to a frame rotating at
the pump frequency ωP . Applying unitary transformation Û = eiωP â†ât we get
Hamiltonian of the form

Ĥ = ÛĤÛ† + i�
∂Û
∂t

Û†. (2.3.6)

The transformation makes the driving term time-independent:

Ûd cosωP t(â† + â)Û† = d
2

(â† + â). (2.3.7)

Here we have used the Hadamard lemma and neglected the high oscillating
terms.

The derivative part of the Hamiltonian is

i ˙̂UÛ† = i · iωP â†âeiωP te−iωP t =−ωP N. (2.3.8)
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We can then write the standard optomechanical Hamiltonian in the form

Ĥ =−�Δâ†â+�ωmb̂†b̂−�gâ†â(b̂+ b̂†)+ d
2

(â† + â), (2.3.9)

where Δ=ωP −ωc.
The Hamiltonian can now be "linearised" by splitting the cavity field into an

average coherent amplitude 〈â〉 = ᾱ written in Eq. (2.1.20) and a fluctuating
term:

â = ᾱ+a. (2.3.10)

The term resulting from the linearisation�g |ᾱ|2 (b̂+ b̂†) describes an average
radiation pressure force which affects the equilibrium position of the mechanical
resonator. We omit the term by shifting the displacements origin by δx̄ =
�g |ᾱ|2 /meffωm. The term �ga†a is neglected as we assume |ᾱ|� 1. Finally, we
are left with term

�g(ᾱ∗a+ ᾱa†)(b̂+ b̂†). (2.3.11)

We write ᾱ=�
n̄c, giving the linearised Hamiltonian as

Ĥ ≈−�Δa†a+�ωmb̂†b̂−�g
√

n̄c(a† +a)(b̂+ b̂†). (2.3.12)

We can define a new quantity, pumping-enhanced optomechanical coupling
strength as

G = g
√

n̄c. (2.3.13)

In order to study the external dynamics of optomechanical systems, we can
apply the input-output theory to Heisenberg equations of motion. We get Quan-
tum Langevin equations for the cavity field amplitude a and for the mechanical
amplitude b̂. The equations can be written from the linearised Hamiltonian of
Eq. (2.3.12) as

ȧ = iΔa+G(b̂† + b̂)− κc

2
a+�

κEain(t)+�
κI f̂ in(t).

˙̂b =−iωmb̂+ iG(a† +a)− γm

2
b̂+�

γmb̂in(t). (2.3.14)

These linearised equations can describe a number of phenomena, such as
optomechanical cooling, amplification and normal mode splitting.

2.4 Red-detuned driving: optomechanical cooling

Optomechanical cooling, also called sideband cooling, is best described as a
Raman-scattering [40]. Photons entering the cavity are scattered by the cou-
pling between cavity and mechanical oscillator both up and down in frequency.
Photons that are pumped to the cavity at red-sideband frequency (a frequency
lower than the cavity resonance) will, via the optomechanical interaction, pref-
erentially absorb a phonon from the mechanical oscillator in order to scatter
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upwards in energy to enter the cavity resonance, thus cooling the mechanical
oscillator. These "Anti-Stokes" processes happen at rate A−, and the transition
rate from phonon state n to n−1 is

γn→n−1 = nA−. (2.4.1)

Due to the finite cavity linewidth, phonons can also heat the mechanical oscil-
lator by down-converting in frequency to release a phonon to the mechanical
oscillator. This "Stokes" process happens at smaller rate A+. Given these rates,
the optomechanical damping rate is a combination of emission and absorption of
phonons [41]

γopt = A−− A+. (2.4.2)

Mechanical oscillator has a thermal bath with a mean phonon number n̄th

which can also interact with an oscillator with transition rates A+
th = n̄thγm and

A−
th = (n̄th +1)γm, where γm is the intrinsic damping rate. The average phonon

number n̄ changes according to equation

˙̄n = (n̄+1)(A++ A+
th)− n̄(A−+ A−

th), (2.4.3)

The steady-state final phonon number (i.e. ˙̄n = 0) in Eq. (2.4.3) is

n̄ f =
A++ n̄thγm

γopt +γm
. (2.4.4)

If the coupling to the thermal bath is very small (γm ≈ 0) the final phonon
number has minimum value

n̄min = A+

γopt
= A+

A++ A− . (2.4.5)

The rates A± were calculated in [40] to be

A± =
x2

zp

�2 SFF (ω=∓ωm)= g2SNN (ω=∓ωm), (2.4.6)

where SNN (ω) = ∫∞
−∞ dteiωt〈â†â)(t)(â†â)(0)〉 is the photon number noise spec-

trum, which is for driven cavity

SNN (ω)= n̄c
κ

κ2/4+ (Δ+ω)2
. (2.4.7)

Inserting this into Eq. (2.4.6), we get the final minimum phonon number Eq.
(2.4.5)

n̄min =
(

A−

A+ −1
)−1

=
(
κ2/4+ (Δ−ωm)2)2

κ2/4+ (Δ+ωm)2)2 −1
)−1

. (2.4.8)

Experimentally, this relation can be minimized by the pump detuning Δ. In the
resolved sideband limit κ�ωm this leads to

n̄min =
(

κ

4ωm

)−1

< 1, (2.4.9)
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for Δ = −ωm. This enables quantum ground state cooling in the resolved-
sideband limit.

In experiments, sideband cooling is measured from the output spectrum SV (ω),
when pump is applied at the red-sideband. The output spectrum can be cal-
culated from the equations of motion for cavity and mechanical operators Eq.
(2.3.14). The output spectrum divided by system gain G is given as [42]

SV (ω)
G

= 4κEκI

κ2 nI +
κEi

κ

γoptγeff

(ω−ωm)2 +γ2
eff/4

(nT
m −2

kI

κ
nI ), (2.4.10)

which is a Lorentzian function centered at cavity frequency. Here nT
m and nI are

the equilibrium phonon and photon numbers for the mechanical mode bath and
cavity internal bath, respectively. The optomechanical damping rate is given as

γopt =
4G2−
κ

, (2.4.11)

where G− is the effective optomechanical coupling due to the red-detuned pump.
The sideband cooling increases the total damping of the mechanical resonator
by γopt, giving the total effective damping rate as

γeff = γopt +γm. (2.4.12)

Fig. 2.3 shows an example of sideband cooling of one drum resonator. In Fig.
2.3(c), the spectra shows a double peak indicating normal-mode splitting in the
strong coupling-regime G− ∼ κ. Theory curves (red) in (a, b) are calculated using
Eq. (2.4.10). In Fig. 2.3(c), theory curve is calculated using more general version
of Eq. (2.4.10) which allows for strong-coupling regime [8]. Fig. 2.3(d) shows
the total effective damping rate as a function of pump power P−. This allows to
calibrate the G− for given pump power as according to Eq. (2.3.13), Eq. (2.4.11)
and Eq. (2.4.12), the total effective damping rate is proportional to the cavity
photon number nc which depends linearly on P− (Eq. (2.1.21)). As shown in
Fig. 2.3(e), at the highest powers the sample cools down to a thermal occupation
nm � 0.34.

2.5 Blue-detuned driving: optomechanical amplifica-
tion

In opposite case of blue-sideband driving where Δ = ωm, the optomechanical
coupling G+ decreases the total effective damping rate of the mechanical res-
onator γeff = γm − 4G2

+
κ

, and heats the mechanical resonator. This can lead to a
negative total damping, which may trigger a dynamical instability that leads
to self-induced mechanical oscillations. In case of multimode optomechanics,
the collective amplification of mechanical resonators can display synchroniza-
tion [43, 44, 45], in which the resonators form a single mechanical mode which
couples to the cavity with a strength dependent on the squared sum of the
individual mechanical-microwave couplings.
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Figure 2.3. (a)-(c) Sideband cooling spectra of one drum resonator with different pump powers.
Red curves in (a) and (b) are theory fits given by (2.4.10), and in (c) the theory fit is
calculated with more general equation that applies to situation when G− ∼ κ. (d) The
total effective damping rate of the mechanical resonator as a function of generator
power. The data shows the linear increased damping when pump power is increased.
The data is used to calibrate the effective coupling G− for given pump using Eq.
(2.3.13), Eq. (2.4.11) and Eq. (2.4.12). (e) Mechanical occupancy nm as the calibrated
effective coupling G−. At the highest coupling strengths the drum is cooled close to
the quantum ground state, nm � 0.34.

The blue-detuned driving also creates an optomechanically induced amplifica-
tion of input signal into cavity [24, 46, 47, 48]. A phase-insensitive linear ampli-
fier, which amplifies both quadratures of the input by same gain, is constrained
by the standard quantum limit, and always adds at least half a quantum of
noise to the input signal [49, 36]. In publication IV, we demonstrate this kind of
amplifier with high gain of 41 dB using a two-cavity optomechanical device. The
device is discussed in more detail in chapter 5. In a phase-sensitive amplifier,
the two quadratures are amplified by different gains. If one of the gains is very
small and thus the information on that quadrature is not not measured, the
other quadrature can be perfectly measured without added noise. This kind of
phase-sensitive amplifier was recently proposed in [50], and then realised in
publication V. Our realisation is discussed in more detail in chapter 4.
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Chapter 3

Experimental Methods

3.1 Sample fabrication

This chapter describes the final sample fabrication process for fabricating the
samples used in the thesis work. Ready-made sample is shown in Fig. 3.1.
Sample fabrication as shown in Fig. 3.2 consists of three layers of electron-beam
lithography on a quartz substrate.

A. Marker chip

First, a gold markers are patterned and deposited on the quarz substrate.
The markers are used in the e-beam lithography to align different steps of
lithography. The chip has a big marker in three corners of the chip, and two
sets of small markers close to the center, near areas where drums are fabricated.
First, the chip is roughly aligned with the big markers, and then the small
markers are used for accurate alignment.

(a) (b)

Figure 3.1. (a) Microwave resonator with two capacitively coupled mechanical resonators. (b)
SEM picture of the basic type of micromechanical resonator used in this work.
Diameter of the drum membrane is 15 μm and thickness 120 nm. The bottom gate is
colored dark yellow, and the quartz substrate is blue.
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B. Bottom layer

The substrates are spin coated with double-layer resist, using copolymer and
PMMA (Fig. 3.2(a)). The underlying copolymer develops more than the PMMA,
creating an undercut which helps the lift-off of evaporated metal. On top of the
resists a layer of Espacer 300z is patterned. Espacer 300z is a charge dissipation
polymer which prevents negative charge buildup on insulating quartz substrate
during e-beam lithography. The recipe used for resist spinning is

B.1. Copolymer EL10, spinned 60 sec at 4000 rpm, and then baked at 90 sec at
150 °C.

B.2. PMMA A3, spinned 60 sec at 4000 rpm, and then baked at 90 sec at 180
°C.

B.3. Espacer 300z, spinned 60 sec at 3000 rpm, and then baked at 60 sec at
100 °C

E-beam lithography on scanning electron microscopy is then used to pattern a
bottom electrode (Fig. 3.2(b)). After the lithography, the Espacer layer is removed
by rinsing the substrate in deionized water. Resists are then developed 30 sec
at 1:3 MIBK:IPA solution, and then rinsed with IPA to stop the development.
Before evaporation of aluminium, the substrate surface is cleaned in plasma
cleaner 15 sec with O2 plasma. This helps to remove resist remains thus making
the adhesion of metal better and removing two-level systems at substrate-metal
interface. E-beam evaporation is then used to deposite 20 nm aluminium (Fig.
3.2(c)). After evaporation, lift-off is done in 80 °C acetone. If needed, ultrasound
can be used to help the lift-off process.

C. Sacrificial layer

Amorphous silicon (a-Si) sacrificial layer is deposited on top of the substate using
PECVD (Fig. 3.2(d)). The gases used are SiH4 for 14 sccm and He for 266 sccm.
Pressure in the PECVD chamber is 2000 mTorr, and forward power of 10 W is

Quartz wafer
Copolymer
PMMA

Quartz
Copolymer
PMMA

Electron beam

(a) Copolymer and PMMA resists are

spin-coated on top of the quartz chip.

(b) EBL is used to pattern the bottom electrode.

Aluminium

Quartz 
Copolymer
PMMA

(c) Bottom electrode is evaporated using

electron-beam evaporator. Thickness of

the bottom electrode is 20 nm.

Quartz

a-Si

(d) a-Si sacrificial layer is deposited on top

of the chip using PECVD.

Quartz
a-Si

Electron beam

PMMA

Quartz

PMMA

RIE

(e) a PMMA layer is deposited on top of the chip

and EBL is used to pattern a etch mask.

(f ) RIE is used to etch the a-Si layer from other

other areas beside on top of the bottom electrode.

Electron beam

PMMA
Copolymer

Quartz

PMMA
Copolymer

Aluminium

(g) Copolymer and PMMA are spin-coated on 

top of the chip. EBL is then used to pattern the

top layer.

(h) Top layer is evaporated using electron-beam

evaporator. Thickness of the top layer is 120 nm.

Quartz

RIE

(i) Sacrificial layer is removed in RIE with

anisotropic SF6 etch.

Quartz

Figure 3.2. Schematics of the fabrication process.
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used for the plasma. Deposition time is 2 min 30 sec, creating a a-Si thickness
of 60 nm. Temperature in the chamber is 200 °C. Lithography patterning is
used to make a PMMA etch mask for the a-Si on top of the bottom electrode (Fig.
3.2(e)). First, a thick PMMA resist layer is spin-coated using recipe

C.1. PMMA A9, spinned 60 sec at 3000 rpm, and then baked at 90 sec at 180
°C.

C.2. Espacer 300z, spinned 60 sec at 3000 rpm, and then baked at 60 sec at
100 °C.

Etch mask is then patterned using e-beam lithography, and the Espacer layer is
removed by rinsing the substrate in deionized water. Resist is developed 30 s at
1:3 MIBK:IPA solution, and then rinsed with IPA to stop the development.

The a-Si layer is removed from all areas except for the etching mask with
reactive ion etching (RIE) (Fig. 3.2(f)). a-Si is removed using a SF6 gas 100
sccm at 30 mTorr pressure and forward power of 100 W for 1 min 20 sec. After
etching, the etch mask is removed in RIE using 45 sccm of O2 and 5 sccm of Ar
at 250 mTorr pressure and forward power of 50 W for 5 min.

D. Top layer

The top layer containing the cavity and the drum is patterned by lithography
(Fig. 3.2(g)) using the same recipe as for the first layer, and a 120 nm thickness
of aluminium is evaporated on top of the substrate (Fig. 3.2(h)). Evaporation is
very directional which could be problematic with almost 90° sidewall profile of
the a-Si layer. However, as the aluminium layer is over two times as thick as
the a-Si layer, the drums have a clean step at the sidewall.

After lift-off in acetone, the mechanical resonator is released by etching off the
sacrificial layer (Fig. 3.2(i)). Before the etching, the sample is put on a hot plate
for 20 min at a temperature depending on the chosen quartz substrate, in order
to release the tension from the drums. If sample is not heated before etching,
the drums buckle up too much to create a sufficient coupling strength, even
though the buckling relaxes somewhat when cooled inside the fridge. Downside
of the heating is a lower quality factor of the mechanical mode. AFM is used
to measure the amount of buckling after the release in order to obtain optimal
heating temperature. Fig. 3.3(a-b) shows an example of AFM measurement,
and Fig. 3.3(c) shows data from the AFM measurement at different annealing
temperatures. There is a clear trend showing decreasing buckling when the
annealing temperature is increased. For z-cut quartz substrate, the optimal
heating temperature is observed to be around 200–250 °C, in which case the
drum resonator buckles up around 200–300 nm at room temperature, which
then relaxes down when cooled in the cryostat. If the annealing temperature
is lower, the buckling does not relax completely inside the cryostat, and with
higher temperatures the drum membrane usually collapses.
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Amorphous silicon layer is etched using RIE with anisotropic SF6 etch. The
etching recipe consists of 30 sccm SF6 gas, and 5 sccm O2 at 100 mTorr pressure
and forward power of 80 W. In order to prevent the chip from heating during
the etching, etching is done in periods of 1 min, with 2 min breaks in between.
In total, the a-Si layer is etched for 30 min, which removes completely the a-Si
layer under the resonator.
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Figure 3.3. (a) AFM image of a drum resonator. (b) AFM measurement data from the line cut
(black line in (a)). Drum is buckling up around ∼ 190nm. Drum was annealed at
265 °C for 20 min before the release etch. (c)AFM measurement data of buckling of
the drum resonators annealed at different temperatures. Data shows clear trend of
buckling decreasing when the sample is annealed at higher temperature.
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Figure 3.4. SEM picture of a bridge resonator.

Earlier versions of the fabrication process

Before the final fabrication process was developed, I tested several different
methods. At first the mechanical resonator was a bridge resonator as shown
in Fig. 3.4. The bridge resonators and later drum resonators were tested
with 300 nm thick aluminium cavities, which could be measured at 4K. The
bridge resonators were found to have quality factors around ∼ 5000, one order
of magnitude lower than drums, and they could not be cooled to the quantum
ground state. Thus, bridge resonators were abandoned in favour of drums.

For the sacrificial layer, silicon nitride (SiN) and teflon were also tested. SiN
was processed the same way as the a-Si sacrificial layer. SiN turned out to be
very stiff and isotropic material to etch, and etching the whole SiN layer turned
out to be impossible, or it would have needed very long etching times. After that,
the teflon layer was tested. Teflon layer with 50 nm thickness was deposited
in RIE using polymer growth recipe (CHF3 for 100 sccm). Then teflon layer
was patterned the same way as the a-Si with EBL, and then removed using
Solarus plasma etcher with O2 flash etch for 10 min. Final etching of the teflon
sacrificial layer under the drum resonator was done in plasma etcher at about
500-2000 mTorr pressure for four 15 min periods, keeping a 15 min break in
between the etches by putting the plasma source off in order to cool down the
sample. Teflon process results were inconsistent and sometimes the teflon layer
rolled up creating huge sidewalls.

3.2 Measurement setup

Samples are measured in a pulse-tube powered Bluefors dry dilution refrigerator
at a base temperature of 7 mK. Samples are mounted to sample holder which
slots for SMA connectors. A wire bonder is used to bond 2 to 3 wires from the
input and output bonding pads of the sample to the input and output lines of the
holder. The ground plane of the sample is connected with wires to the ground
plane of the sample holder. Sample holder is then attached to the cryostat.
Inside the cryostat, the incoming pump signal is attenuated by an amount of
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about 40 dB. at the output side, the outcoming signal is amplified with a low
temperature amplifier at the 3K stage of the cryostat, and then measured in the
room temperature. In Fig. 3.5, we show a typical microwave cabling used in the
experiments.

In the room-temperature measurement setup, we use signal generators to
create the pump-tones. In the experiments, we usually use two pump tones,
so we use two signal generators and combine signals with power splitter. In
order to clean phase noise, the input signals go through a tunable notch filter to
provide a rejection ratio of the pump frequencies that is big compared to that
of the cavity frequency, around which the output is measured. The cleaning
of phase noise limits the thermal noise of the cavity. Signal is then fed to the
input line inside the cryostat. at the output side, the signal goes through a room
temperature amplifier which amplifies the signal about 30 dB. Signal is then
measured with spectrum analyser. We also use vector network analyser (VNA)
to measure the cavity response. A typical room temperature measurement setup
is shown in Fig. 3.6.

The pulse-tube in the cryostat has a lot of inherent vibrations, which can
make our sample vibrate. Fig. 3.7(a) shows measurement of one our samples
attached straight to the cryostat with pulse-tube on and off. We can clearly see
the effect of the pulse tube vibrations in the measured motion. In order to isolate
our samples from these vibrations, we suspended our sample plate with copper
braids, and added second suspended plate that attached to the first sample plate
with copper braids. Image of the double suspension system is shown in Fig. 3.8.
We tested the suspension system by measuring again the mechanical motion
of one of our samples which was attached to the second suspended plate with
pulse-tube on and off. From Fig. 3.7(b) we can see that the vibrations coming
from the pulse-tube to the sample are damped almost completely.

Signal in

15 dB

10 dB

6 dB

6 dB

4 - 8 GHz isolators

BPF
4 - 8 GHz

LNF
4-8 GHz

Signal out

2.8 K

0.7 K

70 mK

7 mK

Figure 3.5. Microwave cabling inside the cryostat used in the experiments.
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Figure 3.6. Example measurement setup with two pump tones.

Figure 3.7. Measurement of mechanical motion of our sample with pulse-tube on and pulse-tube
off. (a) Sample attached straight to the cryostat. (b) Sample attached to the double
suspension plate. The data in panel (b) is averaged longer than data in panel (a)
resulting in much better signal-to-noise ratio.

Figure 3.8. Double suspension system for sample plates in Bluefors cryostat. Samples are
attached to plates that are suspended with copper braids.
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Chapter 4

Single Mode Optomechanics

This chapter contains the overview of publications I and V in which we study
a single mode optomechanical system consisting of one microwave cavity res-
onator and one mechanical resonator under two-tone pumping at red and blue
sidebands. Based on the pumping conditions, we can either squeeze the motion
of the mechanical resonator (publication I) or squeeze the microwave radiation
emitting from the cavity, and create a phase-sensitive amplifier which adds very
little noise to the measured quadrature (publication V).

4.1 Quantum measurement in single mode optome-
chanics

The motion x̂(t) = X̂1 cos(ωmt)+ X̂2 sin(ωmt) of a harmonic oscillator with the
resonating frequency ωm can be described by the quadrature amplitudes X̂1,
X̂2. Quantum back-action together with measurement imprecision limits the
sensitivity with which one can measure position of mechanical resonator with
continuous monitoring. The limit equals to the mechanical resonators zero-point
motion, also known as the standard quantum limit [36]. However, in principle
one can measure a single quadrature of the motion without limit as long as all
the back-action contributes only to the orthogonal quadrature. Such back-action
evading (BAE) measurements have been performed in cavity optomechanical
systems for one mechanical resonator [51]. In squeezed state, fluctuations of
one of the quadratures can be prepared below the standard quantum limit, at
the cost of increased fluctuations in the other quadrature. Similarly, in a phase-
sensitive measurement one can measure one of the quadratures of microwave
field perfectly if the information from the other quadrature is discarded.

Our single-mode optomechanical systems consists of one microwave cavity res-
onator and one mechanical resonator, so we start with the basic optomechanical
Hamiltonian (2.3.5).

Ĥ = �ωcâ†â+�ωc b̂†b̂+−�gâ†â(b̂+ b̂†)+HP . (4.1.1)

In the experiments the system is driven with two pumps, at frequencies,
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ω+ =ωc +ωm +δ, and ω− =ωc −ωm −δ,

HP = (E ∗
− expiω− t+E ∗

+ expiω+ t)a+H.c. (4.1.2)

The pumping creates cavity fields with amplitudes α+ and α−, and enhanced
linear coupling with strength G± = g0α±.

By making a rotating-wave approximation and moving to a frame rotating at
ωc and ωm −δ, we can then write the Hamiltonian describing the system as

H = δb†b+G+a†b† +G−a†b+H.c., (4.1.3)

which can then be written in terms of Bogoliugov modes for the mechanics
β= cosh rb+sinh rb† as

H = δ(cosh2 r+sinh2 r)β†β+δcosh rsinh r(β†2 +β2)+GBG(a†β+aβ†), (4.1.4)

or in terms of Bogoliugov modes for the cavity α= cosh ra+sinh ra† as

H = δb†b+GBG(α†b+αb†), (4.1.5)

where, GBG =
√

G2−−G2+ is the coupling term, and r is squeezing parameter

defined as tanh r =G+/G−, or cosh r = G−
GBG

, and sinh r = G+
GBG

.
If the pumps are kept at the sideband resonance, δ= 0, the Hamiltonian (4.1.4)

has an interaction similar to the cooling of mechanical resonator, indicating
that the one can cool down the Bogoliugov mode, whose ground state is a
squeezed vacuum state. Thus, by cooling down the Bogoliugov mode, one can
achieve squeezing of quantum noise of motion. This technique is called reservoir-
engineering [52] in which we drive the cavity so that it acts effectively as a bath
whose force noise is squeezed, and dissipative dynamics relaxes the mechanical
resonator to mechanical squeezed state [53].

On the other hand, if the pumps are detuned from the sideband resonance,
the Hamiltonian (4.1.4) has squeezing terms β2 +H.c. which indicate that the
mechanical Bogoliugov mode β becomes squeezed. Then the equation (4.1.5)
indicates that the mechanical mode b provides a bath for the cavity Bogoliugov
mode α to thermalize which indicates squeezing of the cavity mode a similar
to the squeezing of the mechanical mode when δ = 0, allowing the system to
squeeze the output microwave fields.

4.2 Squeezing of quantum noise of motion

First, let’s discuss the situation δ= 0, in which the goal is to prepare the motion
of a mechanical resonator in a squeezed quantum state. We define mechanical
quadratures

X1 = b† +b (4.2.1)

X2 = i(b† −b), (4.2.2)

30



Single Mode Optomechanics

Adding a arbitrary quadrature angle Θ, we can write quadrature as

XΘ = b†eiΘ+be−iΘ. (4.2.3)

The quadrature variance can be measured from the spectra of the mechanics
Sx,Θ(ω) as

ΔX2
Θ = 1

2π

∫+∞

−∞
2Sx,Θ(ω)dω. (4.2.4)

The expression for the spectra is calculated from the equations of motion for
cavity and mechanical operators in the supplementary of publication I, and is
given as

Sx,Θ(ω)= 〈b†(ω)b†(−ω)〉exp(2iΘ)+〈b†(ω)b(−ω)〉+

+〈b(ω)b†(−ω)〉+〈b(ω)b(−ω)〉exp(2iΘ). (4.2.5)

We can also measure the temperature of the Bogoliugov mode which is given as

nBG = 2b†bcosh2 r−b†b+cosh rsinh r((b†)2 +b2)+sinh2 r. (4.2.6)

In the experiment we measure a phase-sensitive quadrature output spectrum
SV ,Θ(ω) which can be calculated same way as in Eq. (4.2.5) by changing the
mechanical operators to the output field operators aout,o =�

κEo a−ain,o. The
amount of squeezing in the mechanical resonator is calculated by comparing
the measured output spectrum to the the predictions from the input-output
formalism.

We get the quadrature output spectrum from a measured IQ data which is
converted into real-valued time-domain data as

I(t)= |Q(t)|cos(arg(IQ(t))), (4.2.7)

Q(t)= |Q(t)|sin(arg(IQ(t))), (4.2.8)

and then these quadratures are Fourier-transformed. Then a set of phase-rotated
frequency-domain datasets is constructed as

SV ,Θ(ω)= IΘ(ω)= cos(Θ)I(ω)−sin(Θ)Q(ω). (4.2.9)

The final result of the processing is the quadrature spectrum |SV ,Θ(ω)|2.
When measuring the total BG spectra or sideband cooling data, we get the

spectrum directly as
SV (ω)= |fft[IQ(t)]|2. (4.2.10)

The microwave cavity used in the experiment has a resonance frequency of
ωc/2π= 6.9004 GHz and the total cavity damping rate is κ= 2π ·650 kHz, which
indicates that we work in the good cavity limit ωm/κ≈ 20� 1, a prerequisite for
efficient sideband cooling and squeezing generation.

The mechanical resonator is characterised with a weak red-sideband tone so
that the measurement back-action damping rate γopt = 4G2/κ is much smaller

31



Single Mode Optomechanics

than the intrinsic mechanical linewidth γm. The mechanical linewidth is
γm/2π = 330 Hz, corresponding to a quality factor of Q = 3.9 · 104. We cali-
brate the system by measuring the sideband cooling spectrum of the mechanical
resonator by pumping the system with just red-sideband tone. The output spec-
trum given in (2.4.10) is fitted to the data. The mechanical mode cools down to
nm � 0.38. Then, in order to squeeze the mechanical mode, the blue-sideband
pump (G+) is switched on, while keeping the red pump on, obeying G− >G+, in
order to keep the system from going instable.

We then measure the Bogoliugov mode corrensponding to ratio G+/G− = 0.70,
which is expected to be close to the optimum value. In Fig. 4.1 we show both the
sideband cooling and BG data at certain pump powers. The theoretical plots
show a good agreement to the data. In Fig. 4.1 we label the fitted values of
the BG mode occupation nBG , in which values of nBG < 1 as obtained in Fig.
4.1b indicate squeezing. The amount of squeezing is also inferred from the
quadrature spectra which is shown in Fig. 4.2. This way, we obtain that the
mechanical mode is squeezed below the vacuum level, in Fig. 4.2d by 1.1 dB.
Similar result was achieved almost simultaneously by two other research groups
[33, 34].

4.3 Noiseless quantum measurement and squeezing
of microwave fields

Next, we describe the situation where the pump tones are detuned from the red-
and blue-sidebands of the mechanical mode, by δ≥ (G2−−G2+) resulting in com-
pletely different phenomena. Optomechanical systems can be used to amplify an
oscillatory signal described by the quadrature amplitudes. A phase-insensitive
process which amplifies strongly both quadratures of the a sinusoidally oscil-
lating signal always adds noise [55, 36]. In a phase-sensitive measurement
the two quadratures are amplified by different gain factors G1, G2 such that

Figure 4.1. Squeezing measurement: Output spectrum for sideband cooling (black), and for
squeezing (green) for weak and strong pump powers. The solid lines are theoretical
curves. nm indicates the thermal occupation during sideband cooling, and nBG the
BG mode occupation, in which values of nBG < 1 indicate squeezing. Reprinted with
permission from [54].
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Figure 4.2. Squeezing measurement: Squeezing inferred from the quadrature spectra: In all
panels blue and red refer to the cold and hot quadratures X1 and X2, respectively.
Black and green refer to the regular sideband cooling and the BG mode, respectively.
The solid lines are theory curves. The pump powers are increased from (a) to (d) as
marked in the panels, while the G−/G+ = 0.70 ratio is kept constant. The variances
ΔX2

1 are marked, and a value less than 1 implies squeezing below vacuum. Reprinted
with permission from [54].

the output quadratures are Yi = Gi Xi. If one of the gains is very small thus
discarding the information in one of the quadratures, the other quadrature can
be measured perfectly. This type of phase-mixing amplifier setup was proposed
[50], and realised in publication V. Here we quickly describe the basic principle
of the setup. More detailed describtion can be found in the [50], and in the
supplementary information of publication V.

We can write the equations of motion for the Hamiltonian (4.1.5) in frequency
domain as

−iωα[ω]=−iGBGb[ω]− κ

2
α[ω]+�

καin[ω]

−iωb[ω]=−iδb[ω]− iGBGα[ω]− γ

2
b[ω]+�

γbin[ω]. (4.3.1)

Eliminiting the mechanical mode b leads to the following equation for Bogoliugov
mode α[ω]

−iωα[ω]=−G2
BGχmα[ω]− κ

2
α[ω]+�

καin[ω]− iGBGχm
�
γbin[ω], (4.3.2)

where χ= 1
γ/2−i(ω−δ) . The equation (4.3.2) can be solved to give

α[ω]= χeff
c
�
κ̃α̃in[ω], (4.3.3)

where

χeff
c = 1

κ/2− iω+G2
BGχm

�
κ̃α̃in[ω]=�

καin[ω]− iGBGχm
�
γbin[ω]. (4.3.4)
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From the input-output relation we get that the output field αout[ω] is

αout[ω]=�
κα[ω]−αin[ω]. (4.3.5)

In [50] this relation is then used to solve input-output equation for the original

output cavity mode aout[ω] at gain peak frequencies ωmax =±δ[1+ G2
BG

δ+κ/4 ]�±δ,

with peak linewidths γeff = G2
BGκ

δ+κ/4 . The output cavity mode is written as

aout[ω]= (cosh2 r+sinh2 r)ain[ω]−2cosh rsinh ra†
in[−ω], (4.3.6)

which can be interpreted as a phase-sensitive amplifier, which has gains

G1 = (cosh r+sinh r)2 = G−+G+
G−−G+

= exp(2r)

G2 = (cosh r−sinh r)2 = G−−G+
G−+G+

= exp(−2r). (4.3.7)

We get |G1G2| = 1. In the phase-sensitive amplifier we can then measure the
output quadratures which are given as Yi =Gi Xi with the unequal gains for the
input quadratures Xi with i = 1,2. We can also see that the gain-bandwidth
product is

G1γeff =
16G+G−

κ
, (4.3.8)

which indicates that the gain-bandwidth product can be increased without limit
increasing the effective couplings.

Our carrier frequency around which the quadrature operators are defined [55]
is the center frequency of the pumps ω0 = (ω−+ω+)/2�ωc. As our input signal
is slightly detuned from the center frequency, we get two peaks symmetrically
centered around the center frequency. When ωin �=ω0, the amplifier can become
phase-mixing amplifier [50] where each output quadrature depends on gains
Gi j on both input quadratures: Y1 = G11X1 +G12X2 and Y2 = G22X2 +G21X1.
Using a local oscillator (LO) phase θ we can define a detection frame for output
quadratures. In Fig. 4.3(a) we first show an example of phase-insensitive
amplification which can achieve high amplification up to 60 dB, or alternatively
a broad 3 dB bandwidth of ∼ 430kHz. The double-peaks correspond to the
positions of the signal and idler. In Fig. 4.3(b) we show results of the phase-
sensitive amplification where we observe added noise Nadd � 0.2 well below
quantum limit in one quadrature. Finally in Fig.4.3(c) we show the possibility to
generate squeezed propagating states as previously demonstrated in Josephson-
parametric amplifiers [56, 57] and in optical cavities [58, 59]. We infer that the
amount of squeezing achieved is up to 8 dB.
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Figure 4.3. Noiseless quantum measurement and amplification using mechanical vibrations:
(a) Example of phase-insensitive amplification with either high gain (red) or large
bandwidth (blue). Inset shows the improvement of signal to noise ratio from original
(black) noise floor to improved (green) noise floor when pumps are turned on. (b)
Input noise (left scale) and gain (right scale) as a function of quadrature angle
θ. (c) Mechanical squeezing of microwave light. Curves with θ � 2.93 (blue) and
θ = 1.38 (red) (d) Squeezing at ω/2π = -0.369 MHz as a function of θ. Reprinted with
permission from [60].
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Chapter 5

Multimode Optomechanics

This chapters gives an overview of publications II, III, and VI in which we study
a multimode optomechanical system consisting of two mechnical resonators
coupled to a common cavity resonator, and publication IV in which two cavities
are coupled to a mechanical resonator. Depending on driving conditions, we can
study number of different phenomena with these systems. In publication II, we
investigate the possibility to create dark modes dynamically using two pump
tones. In publication III, we carry out a quantum non-demolition measurement
of the collective quadratures of the mechanical resonators. In publication IV,
we demonstrate a two-port optomechanical amplifier that simultaneously per-
forms high-gain amplification and frequency conversion. In publication VI, we
create a stabilised entanglement of centre-of-mass motion of the two mechanical
resonators.

5.1 Two mechanical oscillators coupled to a cavity

We study a system which consists of two mechanical oscillators j = 1,2 that have
no direct coupling. They are both coupled to a microwave cavity via the standard
radiation-pressure interaction (2.3.1). The system is described using the cavity
optomechanical Hamiltonian (2.3.5)

H =ωca†a+ ∑
j=1,2

ω jb
†
jb j −a†a

∑
j=1,2

g0 j x0 j(b
†
j +b j)

+Hp .

(5.1.1)

Here, ωc is the frequency of the cavity, ω j are the frequencies of the mechanical
oscillators, a†,a are the cavity operators, and b†

j,b j are the operators for the two
mechanical oscillators. Hp is the pump Hamiltonian which in the experiments
consists of two different tones:

HP = d1(a† +a)cosωp,1t+d2(a† +a)cosωp,2t (5.1.2)

where d j relate to the power, and ωp, j to the frequencies of each tone. The pump
tones induce a field amplitudes α j.
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5.2 Red-sideband driving: Dark Mode

We first study a case in which the pump tones are injected at the red-sideband of
the cavity, i.e. ωp, j =ωc −ω j ±δ j. We start by reviewing a case in which only one
pump tone is applied at the red-sideband of the cavity. This scheme has been
discussed several times in the literature [61, 62]. We can linearise Eq. (5.1.1) in
a frame rotating with the pump to get the Hamiltonian

H =−Δa†a+
∑

j=1,2
ω jb

†
jb j − (a† +a)

∑
j=1,2

G j(b
†
j +b j), (5.2.1)

where Δ = ωp −ωc is the pump detuning from the cavity, and the effective
coupling is G j = g0 j

�np. In [62] a system with equal mechanical oscillator
frequencies, ω1 =ω2 was studied experimentally. In this case (5.2.1) describes
three oscillators which become co-resonant when the pump is applied at the
red-sideband frequency Δ=−ω1 =−ω2. The system has three eigenmodes: two
so called bright modes and one dark mode which is uncoupled from the cavity.
The two bright modes have frequencies ωB± =Δ∓ 1

4

√
8(G2

1 +G2
2)−κ2

c , and high
damping rate ∼ κc/2. The dark mode is the relative motion of the mechanical
oscillators weighed by the couplings, namely xd = (G2x1 −G1x2)/(G2 +G1) with
frequency ωd = (ω1 +ω2)/2 and small damping rate γd = (γ1 +γ2)/2.

Next, let’s study a system in which we pump the system with two pumps, so
in (5.1.2) we now include both pump tones, d j �= 0. The field inside the cavity
is the sum of the pump-induced, large fields α j, plus small fluctuations: a =
α1eiωp1 t+α2eiωp2 t+a. We shift (5.1.1) to a rotating frame with respect to ωp1a†a+
Δpb†

2b2, where Δp =ωp1 −ωp2 is the difference between the pump frequencies.

We apply unitary transformation Û = ei(ωp1a†a+Δpb†
2b2)t. The transformation

makes the driving term for pump 1 time-independent. We also get terms with
e±i(ωp1−ωp2)t which indicate driving of the mechanics at the frequency ωp2 −ωp1.
Combining the terms from the transformation, neglegting the high rotating
terms by rotating-wave approximation (RWA), and linearisation we get the
Hamiltonian:

H =−Δ1a†a+ω1b†
1b1+ (ω2−Δp)b†

2b2+G1(a†b1+ab†
1)+G2(a†b2+ab†

2). (5.2.2)

Apart from neglected Stokes processes ∝ ab j+ h.c., (5.2.2) is of the same form
as (5.2.1). The frequency of oscillator 2 is now tunable by the frequency of pump
2. We can individually put any number of the subsystems on resonance by
changing the frequencies of the two pumps. In particular, one can create a dark
mode by detuning the pump parameters.

The crucial property is the time-independence of the Hamiltonian (5.2.2). We
have neglected beat notes at the frequency ωp2−ωp1 �ω2−ω1. This assumption
is justified when the neglected sidebands are suppressed by the cavity response,
requiring that ω2 −ω1 � κ. Physically, the most important assumption is that
each pump couples only to the respective oscillator. Ignoring the Stokes processes
means that (5.2.2) holds only when both the pumps are on the red-detuned side.

38



Multimode Optomechanics

From the Hamiltonian we can write equations of motion for the cavity and
mechanical operators

ȧ = iΔa+ iG1b1 + iG2b2 − κ

2
a+�

κEain(t)+�
κI aI

in(t)

ḃ1 =−iω1b1 + iG1a− γ1

2
b1 +�

γ1b1,in

ḃ2 =−iω2b2 + iG2a− γ2

2
b2 +�

γ2b2,in

+H.c. (5.2.3)

These equations are solved numerically in frequency domain. We get the cavity
operator which has individual responses from each input

a(ω)= m(ω)ain(ω)+ l(ω)a†
in(ω)+mI (ω)aI

in(ω)+ lI (ω)[aI
in(ω)]†

+q1(ω)b1,in(ω)+ r1(ω)b†
1,in(ω)+ q2(ω)b2,in(ω)+ r2(ω)b†

2,in(ω) (5.2.4)

Finally, we get field leaked out from the output coupler as

aout =�
κEa (5.2.5)

Which can be expressed in terms of the individual responses as in (5.2.4). For
the first two terms we get

aout =�
κE(m(ω)ain(ω)+ l(ω)a†

in(ω)). (5.2.6)

Finally, we can calculate the measured microwave transmission through cavity
as

|S21(ω)| =
√
|m2

out(ω)|+ |l2
out(ω)|. (5.2.7)

We measure a system which has the cavity resonance peak at ωc = 6.9635
GHz, mechanical resonance frequencies at ω1 = 8.11 MHz and ω2 = 14.17 MHz,
indicating that the resonances are completely separated from each other. We
apply two pump tones at the sideband resonance of either oscillator, namely Δ1 =
−ω1, Δ2 =−ω2, thus creating the tripartite on-resonance system as indicated
by (5.2.2). In Fig. 5.1, we display data which shows splitting of the cavity peak
suggesting onset of the strong-coupling regime.

We also plot the theoretical expectations for the microwave transmission
(5.2.7), which has good agreement on the data except on the highest powers
in Fig. 5.1b, where the response becomes asymmetric because of the cavity
frequency develops power-dependence, hence detuning both tones from the
sideband resonance. In the center, we associate the sharp peak to the dark
mode. However, the peak linewidth is not independent of the pump power and
increases as the power is increased due to the neglected pump tones. However, by
changing the pump tones, we can create truly electromechanically transparent
mode. We show this by changing the frequency of one of the pumps. As seen
in (5.2.2), the effective mode frequency ω2 −Δp of the mechanical oscillator 2
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Figure 5.1. Dark mode measurement: Both mechanical resonators pumped at sideband-
resonance δ1 = δ2 = 0. The pump power is increased from (a) to (b), while keeping
the ratio G1/G2 constant. Theory curves (black) are fitted to the measured spectrum.

can be controlled by either of the pump tones. We keep one pump fixed at the
sideband resonance, and sweep the other pump around the sideband, creating
an avoided crossing of the two mechanical modes. We show the measured curves
in Fig. 5.2. At the largest detunings shown, the two oscillators show up as two
roughly independent dips in the spectrum. When the detuning is swept through
the co-resonance point in the middle, the sharp peak reflecting the dark mode
appears. We also change both frequencies by tuning both pump frequencies
while keeping their difference Δp constant. Based on (5.2.2), this corresponds
to keeping both oscillators resonant with each other, while sweeping the cavity
through them. This way we can shift the dark mode position with the pump
detuning as shown in the measured spectrum in Fig. 5.3.

Figure 5.2. Dark mode measurement with fixed pump powers, and varying detuning of one pump.
(a) Resonator 1 pumped with G1/2π� 8.5·104 kHz, and resonator 2 at G2/2π� 7.7·104

kHz. The frequency of pump 1 was stepped corresponding to δ1 =−100 kHz ... 100
kHz, from bottom to top, wthile the pump frequency ωp2 was kept at sideband
resonance, δ2 = 0. (b) Theory prediction.

40



Multimode Optomechanics

Figure 5.3. Dark mode measurement with fixed pump powers, and both pump frequencies
stepped with the same spacing, δ1 = δ2 � - 400 kHz ... 400 kHz. The pump amplitudes
are G1/2π� 170 kHz, and G2/2π� 130 kHz.

5.3 Back-action evading measurement of collective
quadratures

Similar to the case of single mechanical mode discussed in single mode, mea-
surement of a collective mechanical mode of two mechanical resonators is also
limited by the standard quantum limit. Additionally, one can measure without
limit a single collective quadrature of the motion as long as all the back-action
contributes only to the orthogonal quadrature. Similar to the single mode BAE
measurement [51] same kind of BAE measurement scheme for collective modes
is proposed and described in detail in [63]. Next, we go through our experimental
realisation of the scheme from publication III.

We can define position and momentum quadratures for oscillators i = 1,2:

Xi = (b†
i +bi)/

�
2 (5.3.1)

Pi = i(b†
i −bi)/

�
2, (5.3.2)

and combine them to collective quadratures

X± = (X1 ± X2)/
�

2 (5.3.3)

P± = (P1 ±P2)/
�

2. (5.3.4)

We start with a standard multimode optomechanical Hamiltonian (5.1.1) and
drive the system with two tones at the frequencies

ω± =ωc ± ω1 +ω2

2
. (5.3.5)

By neglecting high oscillating terms, and assuming that the single photon
coupling rates for mechanical resonator are roughly equal g1 ≈ g2, we can write
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Hamiltonian for the system as [63]

H =Ω(X+X−+P+P−)+2G(a† +a)X+, (5.3.6)

where Ω= (ω1 −ω2)/2 is the effective mechanical oscillator frequency, and the
effective optomechanical coupling is G = (g1 + g2)ā/2. Only the X+ collective
quadrature couples to the cavity, and hence is measured directly by observing
the cavity output.

Spectra of the quadratures X+ and P+ is given as [63]

SX+ =
1
2

(nT
1 +nT

2 +1)S0[ω] (5.3.7)

SP+ =
1
2

(nT
1 +nT

2 +1+4C
κ2

κ2 +4Ω2 (2nc +1))S0[ω], (5.3.8)

where C = 4G2

γκ
is the cooperativity parameter and

S0[ω]= γ/2
(γ/2)2 + (ω−Ω)2

+ γ/2
(γ/2)2 + (ω+Ω)2

, (5.3.9)

which describes the spectrum corresponding to a sum of two Lorentzians centred
at ω=±Ω and with linewidths γ.

The cooperativity describes the measurement strength, and thus describes
the back-action heating rate of the perturbed collective quadrature. From the
spectra we can see that the measurement affects only the P+ quadrature leaving
X+ uneffected, making it possible to do back-action evading measurement of the
quadrature. More detailed derivations of the equations can be found in the [63],
and in the supplementary of publication III.

We make the measurements with a sample which has coupling ratio g1/g2 �
0.94±0.02 allowing a nearly ideal two-mode BAE measurement. Fig. 5.4 shows
the BAE measurement results. In Fig.5.4(a) the measured cavity output spectra
for different cooperativies are shown. Fig.5.4(b) shows the integrated peak area,
which corresponds to a photon flux

nX+
out = κEo C

4γκ
κ2 +4Ω2 (nX+ +1/2). (5.3.10)

The data shows the expected linear behaviour indicating that the X+ quadrature
is not perturbed by measurement back-action for cooperativies up to C � 5. At
the highest measurement powers, technical heating of one of the mechanical
oscillators affects the data. Fig.5.4(c) shows how the linewidth γ is independent
of the measurement strength. As a comparison, figures also show a sideband
cooling measurement which creates a strong back-action as the damping of the
mechanical oscillator is increased, and the mechanical oscillator is cooled down.
We see strong deviation from the BAE-scheme for both occupation and damping.

In order to fully quantify the measurement back-action together with the
pump tones, we apply two weak probe tones, detuned δ= 2π×20kHz below the
pump tones. The probes perform a weak measurement which causes negligible
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Figure 5.4. Back-action evading measurement: (a) Cavity output spectra peaks at ±Ω detuned
from the cavity resonance for different cooperativities, C = 4.4, 18, 70. (b) Integrated
peak areas (purple dots) as a function of cooperativity. Red dots show sideband
cooling as a comparison. (c) Effective linewidth of the peaks corresponding to the
data in (b). Reprinted with permission from [64].

back-action to the system. By adjusting the phase of one of the probe tones
by an amount 2θ, we can measure the generalized collective quadrature Xθ+ =
X+ cosθ+P+ sinθ. The phase dependent-occupancies are then nθ = nX+ cos2θ+
nP+ sin2θ. Fig. 5.5 shows the results of the pump-probe measurement. Fig.
5.5(a) shows the four peaks, two correponding to the the strong pumps, and two
corresponding to the weak probes. Fig. 5.5(b) shows the generalized occupancies
for different phases, indicating a strong phase-dependence of measurement back-
action. Fig. 5.5(c) shows the quadrature occupations nX+ , and nP+ from the probe
spectra, and nX+ measured from the pump spectra for different cooperativies.
The data shows the back-action on P+ quadrature, and the technical heating of
one of the oscillators affecting both quadratures.

Finally, we determinate the total measurement imprecision. The effective
quadrature occupation can be written as nX+ = nT

X+
+ nBA

X+
+ nimp

X+
, where nT

X+
is the initial occupation to be measured, nBA

X+
is the back-action, and nimp

X+
is the imprecision noise, which can be made arbitrarily small by increasing
cooperativity. In Fig. 5.6 we show the measurement imprecision and back-action
as a function of cooperativity. At large measurement strengths,the measurement
imprecision is well below the quantum zero-point fluctuations of the oscillators.

The measurement shown here provides a way for creation and detection of an
entanglement between two mechanical resonators. This is explained in more
detail next.
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Figure 5.5. Back-action evading measurement: (a) Measured spectrum with pumps and weak
probes for C = 7, 22, 70. (b) Effective occupation nθ of the phase-dependant
quadrature for different probe phases. (c) Effective occupations of X+(circles) and
P+(squares) as a functions of cooperativity. Open symbols are extracted from the
probe data in (b), and closed circles are from the pump spectra. The solid line shows
the expected occupation, the dotted line has the added technical heating, and the
dashed line also includes the measurement back-action. Reprinted with permission
from [64].

Figure 5.6. Back-action evading measurement: Measurement imprecision nimp
X+ (black open

circles), technical back-action nBA
X+ on X+ (red circles), and conjugate back-action

nBA
P+ on P+ (blue squares) shown as a function of cooperativity. Colored lines show

the SQL (yellow), composed of quantum-limited imprecision (blue) and quantum
back-action (red). Dotted (dashed) line shows the modelled nBA

X+ (nBA
P+ ) including

technical heating. Reprinted with permission from [64].
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5.4 Entanglement of centre-of-mass motion

In an entangled quantum state of particles or object, the properties of the objects
are correlated so that they cannot be described independently of the others,
even when they are separated by a large distance. The phenomenon was first
described in the famous EPR thougth experiment [35]. Since then, entangled
states have been demonstrated for many different microscopic systems consist-
ing of photons [65, 66, 67], ions [68], and electron spins [69]. Entanglement
has also been observed in superconducting microwave circuits [70, 71], and
in optomechanical system between the motion of a mechanical oscillator and
a microwave field [23]. For mechanical systems, entanglement between the
vibrational states of two spatially separated diamonds has been generated [72].
In cavity optomechanics, one big goal has been then entanglement of centre-of-
mass motion of macroscopic mechanical resonators. There are several proposals
[73, 74, 75, 76, 77] for cavity optomechanical systems to create and verify such
a state. In cavity optomechanical system where two mechanical oscillators are
coupled to a cavity, the radiation pressure forces inside the cavity can be tailored
so that the motion of the oscillators become highly correlated and entangled. As
was the case with the squeezing of the motion of a single oscillator (publication
I, and [33, 34]), a reservoir engineering can be used to stabilise the state of two
mechanical oscillators coupled to a cavity into a steady-state that is entangled
[76, 73, 77]. Pump tones cool the Bogoliubov modes by cavity cooling towards
their ground state, which corresponds to a stabilised, two-mode squeezed state
of the bipartite mechanical system.This also allows the system to stay entangled
indefinitely.

Using the same collective quadratures as defined in (5.3.3), the Duan criterion
tells us that a Gaussian state for which

〈ΔX̂2
+〉+〈ΔP̂2

−〉 < 1. (5.4.1)

is inseparable [78]. The back-action evading measurement scheme shown in
publication III allows to prepare the the system in entangled state by moving
the noise from X+ and P− quadratures.

We work with linearised systems so states of the system are Gaussian states,
and therefore they don’t have quantum states with negative Wigner function.
However, Gaussian states with a positive-definite Wigner function can have
arbitrarily large amounts of entanglement [79, 80]. Additionally, the entangled
Gaussian states are not separable, and thus exhibit true quantum entanglement.

The device used in the measurement consists of two mechanical resonators
with mechanical modes at ω1/2π� 10.0MHz, and ω2/2π� 11.3MHz, and linewidths
γ1/2π � 106Hz, and γ1/2π � 144Hz respectively, and a microwave cavity, with
resonant frequency ωc/2π� 5.5GHz. The cavity has separate weakly coupled in-
put port with coupling rate κEi /2π= 60kHz through which the input signals are
applied, and strongly coupled output port with coupling rate κEo /2π= 1.13MHz
through which the device is measured. The cavity has internal loss rate
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κI /2π = 190kHz. Even though the mechanical resonators have different res-
onant frequencies, the single-photon coupling rates for both resonators are
almost equal g1/g2 � 0.98 which allows the generation of entanglement.

The system is described by the standard multimode Hamiltonian (5.1.1). The
system is driven by two pump tones described by

HP = (E ∗
− expiω− t+E ∗

+ expiω+ t)a+H.c., (5.4.2)

where

ω− =ωc −ω−+δ− (5.4.3)

ω+ =ωc +ω2 +δ+, (5.4.4)

are the the driving frequencies, which are detuned by δ± from the red-, and
blue-sidebands of mechanical resonators 1 and 2, respectively. As shown in the
supplementary information of publication VI, we finally get a Hamiltonian

H =−(Ω+ δ̄)a†a+Ω(β†
2β2 −β

†
1β1)+G [a†(β1 +β2)+a(β†

1 +β
†
1)]. (5.4.5)

Here we have defined the half-differerence of the mechanical resonance frequen-
cies Ω= ω2−ω1

2 and average and half-differerence of the driving tone detunings

δ̄= δ++δ−
2

(5.4.6)

Δ= δ+−δ−
2

, (5.4.7)

the coupling term G =
√

G2−−G2+, and the two-mode Bogoliugov operators

β1 = b1 cosh r+b†
2 sinh r (5.4.8)

β2 = b2 cosh r+b†
1 sinh r, (5.4.9)

where the squeezing parameter r is defined as tanh r = G+
G−

. We work in the
regime where |G+| < |G−| so that the system is stable. As shown in [77], the
Hamiltonian prepares the system in two-mode squeezed, or entangled state as
the cavity cools the system to the ground state of both Bogoliubov modes.

In an ideal case, we apply the pump tones to the mechanical sidebands corre-
sponding to δ± = 0, and in order to measure the X+ quadrature we apply the
probe tones in between the mechanical sidebands corresponding to δ± =−Ω in
similar way as in publication III. As the tones are well separated in frequency,
we can treat the pump and probe tones as effectively independent modes a, ad.
This leads to a lengthy description of the system, which is described in detail in
the supplementary information of publication VI. The dynamics of system are
described by a system of Heisenberg-Langevin equations

d
dt

�Z =A ·�Z+B ·�Zin, (5.4.10)
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where �Z is a vector of rotated collective mechanical quadrature operators and
cavity quadrature operators, �Zin is a vector of corresponding quadrature input
noise operators, and A, B are constant matrices, which are defined in the sup-
plementary information of publication VI. The steady-state covariance matrix
for the quadrature operators V is solved from the Lyapunov equation

AV+VAT +BBT = 0. (5.4.11)

In the experiment, we measure the cavity noise spectrum which has contribu-
tions from the thermal fluctuations of the cavity, and from the pump and probe
tones. It can be written as

S[ω]= S̄[ω]+Sd[ω]−Su
d[ω], (5.4.12)

where S̄[ω] is the spectral contribution due to the pump tones, Su
d[ω] is the noise

spectrum of the cavity mode uncoupled from the mechanical modes and Sd[ω]
is the probe tone contribution. What we finally measure is the cavity output
spectrum Sout[ω]= κEo S[ω]. The variance of the X+ quadrature

〈X2
+〉 =

1
2π

∫+∞

−∞
dωS+[ω] (5.4.13)

is determinated from the corresponding spectral density S+ which was defined
above (5.3.7) as sum of two Lorentzians S0[ω], and depending on the equilib-
rium phonon occupation numbers, SX+ = 1

2 (nT
1 +nT

2 +1)S0[ω]. The mechanical
contribution is related to the probe output spectrum as

Soutd [ω]= 4 ḡ2+κEo

κ2 +4(ω+Ω+ δ̄d)2
SX+[ω]. (5.4.14)

The system is calibrated with a standard thermal calibration using a single
red-detuned tone. The mechanical modes thermalise down to the equilibrium
phonon occupation numbers nT

1 � 41, and nT
2 � 30. With a sideband cooling

measurement for both resonators, we can calibrate the gain of the detection
system for later use in the analysis of the pump tone spectrum, and the effective
coupling of the red-detuned tone.

In the main experiment, we use two pair of pump tones. The strong pump tones
are used to generate entanglement, and weak probe tones allow to measure the
variance of the collective quadratures X+, P+ in a same way as in publication III.
By controlling the relative phase φ of the probe tones, we can infer the variance
of the collective quadrature Xφ

+ = X+ cosφ+P+ sinφ, or in terms of the measured
probe spectra, we can measure SXφ

+
[ω]= SX+ [ω]cos2φ+SP+ [ω]sin2φ. The probe

signal is then visible as peaks on top of the pump spectrum at frequencies
ω ≈ ωc ±Ω. We measure two datasets (A and B) with different pump powers.
Fig 5.7 shows the measured probe spectrum at different relative phases with
background substracted for dataset A. Figure also shows the theoretical model
with excellent agreement with the experiment. From optimal case of φ = 4°,
we obtain 〈(Xφ

+)2〉 � 0.41± 0.04 which corresponds to 0.9 dB below vacuum.
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Figure 5.7. Entanglement measurement: The probe output spectrum recorded with the same
parameters as the pump spectrum in dataset A, i.e., G−/2π � 278 kHz, G−/2π �
166 kHz with varying probe phases. The solid lines are theoretical predictions.

In order to quantify entanglement, the measurement of the variance of the
quadrature P− is also needed. The above discussed two-mode BAE measurement
does not couple to the X− and P− quadratures. We therefore use the pump
spectrum to infer the variance through theoretical modelling. By making a
least-squares fit to an analytical expression describing the pump spectrum with
the three bath temperatures as adjustable parameters, and using information
from the calibrations allows to evaluate the variances. For dataset A we obtain
the variance P− � 0.45±0.08, and for the X+ quadrature we similarly obtain
X+ � 0.46±0.08 which is close to the value obtained from the probe spectrum.

Bayesian parameter estimation

From the least-squares fit, we can get error estimates of the fit parameters,
including the bath temperatures or decoherence rates that are the important
figures determining the squeezing. However, the errors of the parameters are
correlated, making the use of standard error propagation not possible. Thus,
in order estimate the uncertainty of the reported entanglement 〈X̂2+〉+ 〈Ŷ 2−〉
value, we use Bayesian estimation techniques similar to used in [33] to take into
account the all possible sources of errors from our measurements. We assume the
data Sout is perfectly represented with the theoretical spectrum model Sth(θ0) for
some true parameter values θ0 and white gaussian noise N (σ2) with standard
deviation σ

Sout = Sth(θ0)+N (σ2), (5.4.15)

We start with the measured pump spectrum Sout, and a set of parame-
ters θ = {G+,G−, g1, g2/g1,nT

1 ,nT
2 ,nT

c ,δ−,δ+,κ,γ1,γ2,A }, which are calibrated
in our measurements, to create statistical estimators for quadrature occupations
X̂2

±, Ŷ 2
± .

We consider Bayesian posterior distribution

p{θ|Sout}= p{Sout|θ}p{θ}
Z

, (5.4.16)

where p{Sout|θ} is the likelihood function, p{θ} is the prior distribution of our
parameters θ, and Z is a normalization constant which does not depend on
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parameters p{θ}, and is hard to calculate analytically but which gets canceled
out in our sampling of the posterior.

We assume that the parameters θ are independent, making our prior dis-
tribution p{θ} a product of prior distributions of each parameter. We choose
a gaussian prior distributions with mean and variance set by calibrations for
parameters G−, g1, γ1, γ2, and A . For other parameters, we choose uninformed
uniform prior distributions. We bound the thermal bath temperatures nT

1 > 100,
and nT

2 > 40 based on the sideband cooling calibrations to avoid unphysical
solutions.

We calculate data residuals at each measured frequency by substracting the
pump spectrum model {Sth,i} from measured pump spectrum {Sout,i} at the
frequency bins i of the spectrum. We assume the measurement noise is inde-
pendent at each measured frequency and Gaussian distributed with constant
variance σ2, and define our likelihood as the product of data residuals derived
from N (0,σ),

p{Sout|θ}=∏
i

1

σ
�

2π
exp

[
− (Sout,i −Sth,i)2

2σ2

]
. (5.4.17)

We use the standard error of the best fit residuals as our estimate for the
standard deviation σ.

As the posterior distribution is difficult to calculate analytically, we use an
affine-invariant Markov chain Monte Carlo (MCMC) ensemble sampler imple-
mented by an open-source Python package emcee [81] to model our posterior.
We initialize 150 walkers for our parameters and run chains for 10 000 steps to
generate large number of pseudo-random parameter chains (θi). We discrard
first 5 000 steps for each walker to ensure that the resulting distributions have
converged to a steady-state. We then randomly select a total of 7 500 samples θ

from the remaining chain at regular intervals. The generated chains for each
parameter for dataset A is shown in Fig. 5.8. In Fig. 5.9, we show the marginal
distributions from each parameter for dataset A. MCMC ensemble sampler
allows us to directly visualise correlations between parameters. In Fig. 5.10 we
plot the pairwise parameter distributions for dataset A showing correlations
between parameters. Next, we evaluate the quadratures using the calculated
marginal distributions of each parameter, and calculate the expectation values
of quadratures by taking the average of all the samples

〈 f 〉 =
∫

f (θ)p{θ|Sout}dθ ≈ 1
N

N∑
i

f (θi), (5.4.18)

where function f corresponds to equations used to calculate quadrature oc-
cupation (5.4.13). Finally, to infer the Duan quantity we calculate the sum
〈X̂2+〉+ 〈Ŷ 2−〉. Histograms of calculated quadrature occupations and the Duan
quantity are shown in Fig. 5.11, and the mean and 95% confidence intervals of
the quadrature occupations are listed in table. 5.1. The probability of entangle-
ment pent is calculated as the fraction of samples where the Duan quantity is
below 1.
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Figure 5.8. Markov chains generated with emcee for dataset A. 150 parallel walkers run 10 000
steps to generate large number of pseudo-random parameter chains. We discard the
first 5 000 steps to ensure that the algorithm has converged to a steady state.

Figure 5.9. Histograms of parameter distributions for dataset A. Also plotted is the total deco-
herence rate nT

1 γ1 +nT
2 γ2 which largely determines the amount of entanglement.
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Figure 5.10. Triange plot of single and pairwise parameter distributions for dataset A. MCMC
ensemble sampler allows us to directly visualise correlations between parameters.
Plots are generated with the final 7 500 samples randomly chosen to represent the
posterior distribution.

In our measurement, the quadrature variances 〈X̂2+〉 and 〈P̂2−〉 are highly
correlated, and approximately equal. In order to quantify the correlation, we
numerically evaluate the quadrature variances with randomly selected param-
eters. The parameter values are drawn from uniform distribution around the
best fit values for dataset A. As shown Fig. 5.12, the ratio of variances is very
narrowly distributed, and 〈P̂2−〉 is consistently smaller than 〈X̂2+〉.

51



Multimode Optomechanics

0.6 0.7 0.8 0.9 1 1.1 1.2
2〈P 2

−
〉

0

1000

co
u
n
ts

0.6 0.7 0.8 0.9 1 1.1 1.2
2〈X2

+〉

0

1000

co
u
n
ts

0.6 0.7 0.8 0.9 1 1.1 1.2
〈X2

+〉+ 〈P 2
−
〉

0

1000

co
u
n
ts

9 9.5 10 10.5 11
(ω − ωP 1)/2π

×106

0

0.5

1

1.5

2

S
o
u
t

0.4 0.5 0.6 0.7 0.8 0.9 1
2〈P 2

−
〉

0

1000

co
u
n
ts

0.4 0.5 0.6 0.7 0.8 0.9 1
2〈X2

+〉

0

1000

co
u
n
ts

0.4 0.5 0.6 0.7 0.8 0.9 1
〈X2

+〉+ 〈P 2
−
〉

0

1000

co
u
n
ts

9 9.5 10 10.5 11
(ω − ωP 1)/2π

×106

0

0.5

1

1.5

2

S
o
u
t

a e

b f

c g

d h

Figure 5.11. Entanglement measurement: Pump spectra and distributions of quadrature occupa-
tions for (a-d) dataset A and (e-h) dataset B. (a,e) Pump spectra(red) with the with
mean (black) and 95% confidence interval (gray shaded area) of the fitted theory
model. (b-d, f-h) Histograms of the estimated distribution of quadrature occupations
corresponding to panels a and e, respectively. Shaded area indicates 95% confidence
interval.

Table 5.1. Mean and 95% confidence intervals of mechanical quadrature occupations, derived
from the marginal distributions of each parameter calculated by the Bayesian MCMC
ensemble sampler.

Quadrature Dataset A Dataset B

〈X̂2+〉 0.44+0.08
−0.07 0.33+0.13

−0.07

〈Ŷ 2−〉 0.42+0.08
−0.07 0.31+0.13

−0.07

〈X̂2−〉 5.8+1.7
−1.3 11.3+1.8

−1.7

〈Ŷ 2+〉 5.9+1.7
−1.3 11.4+1.8

−1.7

〈X̂2+〉+〈Ŷ 2−〉 0.86+0.16
−0.14 0.64+0.26

−0.14

pent 95.6% 99.4%

5.5 Two cavities coupled to a mechanical oscillator

An optomechanical system consisting of two cavities coupled to a mechanical
oscillator can be described by Hamiltonian

H =ω1a†a+ω2c†c+ωmb†b+ (g1a†a+ g2c†c)(b† +b), (5.5.1)

where a and c represent the two cavity modes with resonant frequencies ω1 and
ω2, respectively, and b is the mechanical mode with resonant frequency ωm. The
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Figure 5.12. Ratio of the quadrature variances 〈X̂2+〉 and 〈P̂2−〉 simulated with randomly selected
parameters. Red line indicates the mean value of 〈P̂2−〉/〈X̂2+〉 = 0.955.

coupling between the mechanical mode and the two cavity modes are denoted
as g1 and g2. When the cavity 1 is pumped at the blue-sideband frequency
ωP+ =ω1 +ωm and cavity 2 at the red-sideband frequency ωP− =ω2 −ωm, we get
interaction Hamiltonian [76]

HI = (G−c† +G+a)b+H.C., (5.5.2)

where G− and G+ are the cavity-enhanced optomechanical coupling strengths
which are kept at G− ≥G+. The Hamiltonian can be described as combination of
amplification process between cavity 1 and mechanical mode (term G+ab+H.C.),
and beam splitter between the mechanical mode and cavity 2 (term G−c†b+
H.C.) allowing a transfer of the amplification to cavity 2. Thus, the system
simultaneously enables a strong amplification of a signal reflected from cavity
1 and a frequency-converting amplification, where an input signal to cavity 1
can be amplified and measured from cavity 2 at a completely different frequency.
Using input-output theory, the output field coming from a cavity can be written
as

aout = Adain + Axc†
in +F, (5.5.3)

and a similar equation can be written for cout from cavity 2. Here Ad is the
direct gain of input signal to cavity 1, and Ax is the cross (frequency converting)
gain of input signals to cavity 2, and F describes the added noise. Here the direct
and gain cross gains are approximately equal with peak values at resonance

|A2
d| ≈ |A2

x| ≈
∣∣∣2κE

κ

4G2−/κ
γeff

∣∣∣. (5.5.4)

The amplifier bandwidth is associated to the effective mechanical linewidth γeff

[24] which can be increased by the red-sideband tone in principle to γeff � κ

[82]. Additionally, the gain-bandwidth product, GBW= |Ad|γeff is unlimited in
the case G− =G+. The added noise for direct amplification is calculated in the
supplementary of publication IV to be

Sadd ≈
γκ

4G2−

κ

κE
(nT

m + 1
2

)+ κI

κE
(nT

a +nT
c +1)+ 1

2
. (5.5.5)

Thus, for large G− and G+, strong external coupling κE � κI and narrow band-
width so that γκ � 4G2−, the added noise approaches the quantum limit of
one-half quantum.
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The system can also achieve a frequency conversion without amplification
when the system is pumped at both red-sideband frequencies of the cavities
ωPi =ωi−ωm for cavity i = 1,2, respectively. Then a weak signal with ωs injected
to the cavity 2 appears at the output of cavity 1 with converted frequency
ω′

s = ωs −ωP2 +ωP1 . With large couplings, the internal conversion efficiency
approaches unity [83]. In the experiment, we measure both direct and cross
amplification with output coming from cavity 1. Fig. 5.13(a) shows the direct
gain |A2

d| for G−/2π = 355 kHz with several values of G+ up to G+ = 0.99G−.
The maximum gain achieved is |A2

d| = 41 dB, with 3-dB bandwidth of γeff = 1.2
kHz, giving GBW = 137 kHz. Fig. 5.13(b) shows example of cross amplification,
where weak signal is injected to the cavity 2, and then frequency-converted
and amplfied and measured at the cavity 1, with peak gain |A2

x| ≈ 26 dB. The
added noise of the system is calibrated with a tunable noise source at the input
side. We then measure the effective noise at the ouput Sout,eff. Fig. 5.13(c)
shows the effective input-referred noise spectrum Sin,eff = Sout,eff/|A2

d| which
consists of the input vacuum noise (blue shaded area), the added noise Sadd

(red shaded area) and output technical noise. At the highest gain, we achieve
Sadd = 4.6±1.0 quanta.

Figure 5.13. Two mode amplifier: (a) Direct gain |A2
d |shown for fixed G− with varying G+. (b)

Example of frequency-converting amplification of a weak signal injected in cavity 2
(narrow peak). Red circles show the peak hight at different frequencies. (c) Effective
input-referred noise for same curves as in (a). Red shaded area show the modeled
added noise Sadd. Reprinted with permission from [84].
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Chapter 6

Summary

We have shown different types of phenomena in cavity optomechanical systems,
when the system is pumped with multiple pumps. In single mode optomechan-
ics, where we couple one mechanical resonator to a microwave cavity, we have
achieved the reduction of the quantum fluctuations in a nearly macroscopic
moving object below the “sound of silence” level by 1.1 dB in one quadrature as
shown in publication I. Our work further establishes the reality of a fundamen-
tal quantum property in moving objects. By changing the pump detunings from
the squeezing experiment, in publication V we demonstrated a phase-mixing
amplifier which can measure one quadrature of microwave light with very small
added noise and works at the same time as a source for a squeezed microwave
light. in publication IV, we demonstrated a two-mode amplifier which can also
frequency convert, and have a low added noise. In publication II, we have
shown how a multimode cavity optomechanical system that is pumped with
several coherent pump tones exhibits intriguing collective dynamics. If there are
several mechanical oscillation modes coupled to the cavity, two of them can be
simultaneously brought on-resonance with the cavity by tailoring the pump tone
parameters. The tripartite co-resonance conditions entail a strong interaction be-
tween the oscillators which have no direct coupling, and which can be physically
far away from each other. For collective modes of two mechanical resonators,
we demonstrate a back-action evading measurement in publication III. The
two-mode back-action evading measurement was then used for quantum state
tomography in publication VI in which we create and stabilise the entanglement
of the centre-of-mass motion of two mechanical resonators. The latter work
creates a new regime of massive mechanical resonators for entangled quantum
systems. In the future, if measurement of phonon number could be achieved,
one could test Bell-inequalities for massive mechanical resonators.
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