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Abstract
Many interesting properties of matter are governed by its electronic structure.
To gain theoretical knowledge of the behavior of electrons, one must solve the
Schrödinger equation. However, as the number of the electrons grows, this task
becomes increasingly difficult. Density functional theory provides means to simplify
the calculations. The theory relies on the Kohn–Sham equations which must be
solved using iterative methods. To ensure the convergence of the iteration, mixing
and preconditioning techniques often need to be employed.
In this thesis, a new way of preconditioning is implemented as a part of an existing
electronic structure simulation code package, the Fritz Haber Institute “ab initio
molecular simulations”. The preconditioner uses the static dielectric function of the
system to speed up convergence. This implementation is tested against preexisting
methods in a variety of test systems.
In simple systems that contain only a few atoms the dielectric preconditioner
managed to slightly decrease the amount of iterations required for the calculation to
converge compared to other tested methods. However, the current implementation
of the dielectric preconditioner was discovered not to improve convergence in
periodic systems. As an additional setback, the increased computational complexity
of calculating the dielectric function outweighs the time saved by reducing the
number of iterations. Nevertheless, the preconditioner did perform well in a metallic
system, which are known to be challenging to calculate.

Keywords DFT, dielectric function, FHI-aims, Kerker, mixing, preconditioning,
SCF iteration
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Tiivistelmä
Monet eri materiaalien mielenkiintoisimmat ominaisuudet määräytyvät niiden
elektronirakenteen perusteella. Jotta voitaisiin teoreettisesti ymmärtää elektro-
nien käyttäytymistä, on ratkaistava Schrödingerin yhtälö. Tämä on kuitenkin sitä
hankalampaa, mitä enemmän elektroneja mallissa otetaan huomioon. Tiheysfunk-
tionaaliteoria tarjoaa keinoja yksinkertaistaa tarvittavia laskelmia. Teoria nojaa
Kohn–Shamin yhtälöihin, jotka epälineaarisina täytyy ratkaista iteratiivisin keinoin.
Jotta iteraation suppeneminen voitaisiin taata, on hyödynnettävä seikoittamis- ja
pohjustustekniikoita.
Tässä työssä uudenlainen pohjustin on toteutettu osana olemassa olevaa elektroni-
rakennesimulaatiokoodipakettia nimeltä Fritz Haber Institute ”ab initio molecular
simulations”. Työssä toteutettu pohjustin hyödyntää tutkittavan systeemin staat-
tista eristefunktiota nopeuttaakseen iteraation suppenemista. Toteutusta verrataan
aiempiin pohjustimiin useissa testitapauksissa.
Yksinkertaisissa, vain muutamasta atomista koostuvissa systeemeissä, dielektri-
nen pohjustin vähensi hieman laskennan suppenemiseen vaadittujen iteraatioiden
määrää verrattuna muihin testattuihin menetelmiin. Kuitenkin, dielektrisen poh-
justimen nykyisen toteutuksen havaittiin olevan riittämätön suppenemisen paran-
tamisessa jaksollisissa systeemeissä. Menetelmän heikkoutena oli myös se, että
dielektrisen funktion laskemisessa tapahtuva laskennallisen kompleksisuuden kas-
vaminen on merkittävämpää kuin aika, joka säästetään vähentämällä tarvittavien
iteraatioiden määrää. Siltikin, pohjustin vaikutti toimivan lupaavasti hankaliksi
todettujen metallisten systeemien tapauksessa.

Avainsanat Tiheysfunktionaaliteoria, eristefunktio, FHI-aims, Kerker, sekoitus,
pohjustus, s.c.f.–iteraatio
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Symbols and abbreviations

Symbols
Ψ wave function
E (total) energy
r spatial coordinate
σ spin-state
Vext external potential energy
Vee Coulomb potential energy
ε single-electron energy
φ single-particle non-interacting wave function
EH Hartree energy
ρ electron density
E0 ground-state energy
Exc exchange-correlation energy
Veff effective potential
ϕ basis function
R[ρ] density residual
A charge mixing parameter
ϵ static dielectric function
χ0 zero–frequency Lindhard–function

Operators

Ĥ the Hamilton operator
∇2 the Laplace operator
T̂ kinetic energy operator
V̂ext external potential energy operator
V̂ee electron-electron repulsion energy operator
Ĝ mixing/preconditioning operator

Abbreviations
DFT density functional theory
FHI-aims Fritz Haber Institute “ab initio molecular simulations”
HF Hartree–Fock
LDA local density approximation
PW plane waves
GTO Gaussian type orbitals
NAO Numeric atom-centered orbitals
SCF self-consistent field
fcc face-centered cubic



1 Introduction
Electronic structure theory describes the motions of electrons in atoms, molecules,
and solid-state materials. Its focus is on the wave functions and energies of electrons
in an electrostatic field created by stationary nuclei. The theory provides tools which
are important for studying the way electrons affect the behavior of molecules and
materials. Electrons govern many physical, mechanical, and chemical phenomena,
such as electric and thermal conductivity, and the nature of chemical bonding of
atoms. Many central properties of bulk periodic materials, such as the crystal
structure, the lattice parameters, and the bulk modulus, are also determined by
electrons. Electronic structure calculations generally aim to give an approximation
for the electron density of the ground state for an atomic system, from which the
properties of the material under study can be further calculated.

In the last few decades there have been significant advances in both computational
power and numerical methods, which together have allowed electronic structure cal-
culations to reach an accuracy that is comparable to experimental results. Electronic
structure theory gives scientists the means to even study such materials which in
reality might be too dangerous or difficult to handle or create, without the need to
experiment with them directly. The theoretical results obtained from the calculations
can help interpret outcomes of experiments with real materials, or be used to predict
the properties of entirely new materials.

Electrons are negatively charged particles which are so small that quantum
mechanics are needed to study their motion. The electronic Schrödinger equation
determines the electronic ground state in principle completely, but becomes intractable
for systems with more than a few electrons due to the growing size of the resulting
numerical model: for every additional electron the dimensionality of the problem
increases by three. Scientists looking to determine the properties of systems with
hundreds or thousands of electrons must find some method to simplify the calculations.
One way is to use density functional theory (DFT). DFT reduces the number of
variables in the problem, but on the other hand it also leads to nonlinear systems,
which must be solved using computationally expensive iterative means.

Density functional theory has had a central role in studying various solid-state
systems for three decades. It can be considered a standard tool for a diverse collection
of material modeling problems in various fields such as physics, chemistry, materials
science, and engineering. The theory was originally formulated in the 1960s [1, 2], and
has since become one of the most widely used methods to study electronic structures.
It can be applied to study the structure and interactions of atoms, molecules, surfaces,
and nanoscale systems. DFT is also utilized a great deal in theoretical chemistry. In
1998 Walter Kohn received the Nobel prize in chemistry for his contributions to the
theory [3].

In modern electronic structure theory, the density functional theory framework
relies heavily on the solution of the Kohn–Sham equations [2]. These equations take
electron density as the basic variable and provide a computationally tractable method
for DFT. The Kohn–Sham equations form a set of non-linear partial differential
equations which must be solved using iterative methods. The final, so called self-
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consistent field solution, should exhibit consistent electron density and effective
potential.

A simple iteration process may not always lead to a solution for the self-consistent
field problem, or obtaining the solution may take a long time. Typically, it is required
to use numerical methods that have been designed to reduce the number of iterations
needed for convergence [4]. These are generally referred to as mixers. Mixers work
by trying to utilize information from each iteration as efficiently as possible. In the
case of DFT this typically involves literally “mixing” together densities from earlier
iterations to create a new optimal density for the current iteration. The strength
of the mixing process is controlled by a constant parameter and its chosen values
can have a major effect on the progress of the iteration. A weak mixer might not
cause any change to the current density, which can lead to oscillations. Too strong
mixing damps the change of density from one iteration to the next so much that the
convergence slows to a crawl. Two common mixing methods are simple linear mixing
and Pulay mixing [5].

Even using a mixer may not be enough on some systems. A simple way of
enhancing the outcome of mixing is to turn the constant mixing parameter into an
operator. Doing so essentially causes the operator to precondition the input to the
mixer, which is why this kind of methods are called preconditioners. Preconditioning
is done completely independent of the mixer and can in ideal cases speed up the
calculations noticeably. The Kerker method, which was originally created to help
convergence in metallic systems [6, 7, 8], is one well-known and popular preconditioner.
It works by causing long-range oscillations in the electron density to be damped
more strongly.

Using a combination of a mixer and a suitable preconditioner is a working approach
for most materials with large band gaps and tightly bound electrons, but problems
may arise in other systems. One common cause of issues is the so-called charge
sloshing phenomenon. It occurs when most of the change in the electron density
collects to one region of the system. The Kohn–Sham iteration attempts to correct
this imbalance, but often overshoots, leading to the charge density jumping back and
forth across the system. This usually significantly slows down the convergence or
prevents it altogether.

There have been proposals for more ambitious methods to solve the Kohn–Sham
equations, but so far these have not been implemented in widely used electronic
structure theory codes. One of these is the idea, presented by Krotscheck [9], to use
the static dielectric function of a system as a preconditioner. The algorithm solves
the desired density using a Newton–Raphson procedure.

All the practical calculations in this thesis were done using the Fritz Haber
Institute “ab initio molecular simulations” (FHI-aims) [10] program package. FHI-
aims is an accurate all-electron, full-potential electronic structure code package for
computational materials science, based only on quantum-mechanical first principles.
It focuses on DFT in the local and generalized gradient approximations. FHI-
aims performs electronic structure calculations using numeric atom-centered orbital
basis functions to define the Hilbert space for electrons. The package features an
implementation of both linear and Pulay mixers, and Kerker preconditioning.
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In this project, the aim is to implement a modern iterative method as a precondi-
toner to an existing electronic structure code in FHI-aims. This implementation will
then be tested in various cases for efficiency and accuracy, and compared to results
from traditional methods. Of particular interest is to discover, whether this dielectric
preconditioner can reduce the number of iterations required for the DFT calculation
to converge.

This thesis is structured as follows: In Section 2 I present the theoretical back-
ground of electronic structure theory and density functional theory, including central
theorems, equations, and approximations, all of which forms the basis for rest of the
work. Section 3 focuses on the numerical aspects of DFT calculations, containing
descriptions of the self-consistent field iteration and an overview of mixing and pre-
conditioning, followed by the implementation details of the dielectric preconditioner.
The results of the calculations and comparisons between preexisting methods and
the newly implemented preconditioner are presented in Section 4. Finally, Section 5
concludes the thesis with a summary of the results.
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2 Theory
This Section provides a theoretical background on density functional theory. In
the beginning, there is a brief introduction to electronic structure theory and the
Hartree–Fock approximation. After that the central theorems and equations of
density functional theory are presented, followed by the local density approximation
and spin density functional theory.

To keep the equations simple, atomic units are used throughout this thesis. This
means that we define the values of the following constants equal to one

e = ~ = m = 1. (1)

Here e is the charge of a single electron, ~ is Planck’s constant, and m is the
mass of an electron. However, in the final results the energies will be presented in
electronvolts (eV) and distances in angstroms (Å) instead of hartrees and bohrs.

2.1 Electronic structure theory
A system comprised of electrons and nuclei is governed by the Schrödinger equation.
For a non-relativistic, time-independent electronic system of N electrons this equation
can be written as

ĤΨ = EΨ. (2)
Here Ĥ is the Hamilton operator, E is the total energy of the system corresponding
to the Hamiltonian, and Ψ(r1, σ1, . . . , rN , σN) is a many-body wave function, with
ri and σi ∈ {↑, ↓} being the spatial coordinate and the spin-state of the i:th electron,
respectively. The electronic ground state, which is what we are after, is the lowest
eigenstate of Equation (2). Since we are dealing with electrons, the wave function
Ψ is additionally required to obey the fermionic antisymmetry relation of the Pauli
exclusion principle

Ψ(. . . , ri, σi, . . . , rj, σj, . . .) = −Ψ(. . . , rj, σj, . . . , ri, σi, . . .). (3)

In other words, the wave function must be antisymmetric with respect to the inter-
change of the spatial and spin coordinates of any two electrons.

In Equation (2) we have made the typical assumption that the motion of atomic
nuclei and electrons can be separated. Since the nuclei are much heavier than
electrons, we can simplify our system by considering the nuclei to be fixed in space.
Doing so allows us to exclude the degrees of freedom related to the nuclei and instead
consider them to be constant parameters in Equation (2). Larger mass causes the
nuclei to react considerably slower to external perturbations than the electrons. This
is known as the Born–Oppenheimer approximation.

The Hamiltonian in Equation (2) contains kinetic energy, external potential,
internuclear potential and electron-electron repulsion. If we assume that the external
potentials from the nuclei are independent, the Hamiltonian takes the form

Ĥ = T̂ + V̂ext + V̂NN + V̂ee, (4)
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where T̂ is the kinetic energy operator, V̂ext is the external potential energy operator,
V̂NN is the operator for potential energy between nuclei, and V̂ee is the operator for
the Coulombic electron-electron repulsion potential. As a consequence of the Born–
Oppenheimer approximation V̂NN is independent of the electron wave function so we
can leave it out from the rest of our discussion, since it just shifts the eigenvalues.

It is possible to solve the Schrödinger equation directly, but doing so becomes
rather impractical when the system has even a moderate number of electrons. Some
approximations are required to make the problem more tractable. There are three
major many-particle theories that are used to simplify the electronic structure
calculations: the Hartree–Fock approximation, the density functional theory, and
Quantum Monte Carlo methods. When using these methods, it is often useful to
present the central equations using functionals. An ordinary function takes a value
and maps it to a single number. A functional is similar, but it instead takes a function
as an input and defines a single number from it.

2.2 Hartree–Fock approximation
In 1928, D.R. Hartree approximated the many-body wave function in Equation (2)
with a product of many single-body wave functions [11]

Ψ(r1, . . . , rN) = ψ(r1) . . . ψ(rN), (5)

where the ri denote particle coordinates and spin. Each wave function ψ(ri) solves
the one-electron Schrödinger equation[

−1
2∇2 + Vext(r) + Vee

]
ψi(r) = εiψi(r), (6)

where εi is the energy of the electron, and Vee is the Coulomb potential caused by
the interactions with other electrons.

The problem with the product wave function is that is violates the Pauli principle
for fermions. However, this approach can be generalized by replacing the product
with a Slater determinant

Φ(r1, . . . , rN) =

⏐⏐⏐⏐⏐⏐⏐⏐
φ1(r1) · · · φN(r1)

... ...
φ1(rN) · · · φN(rN)

⏐⏐⏐⏐⏐⏐⏐⏐ , (7)

where Φ is a non-interacting wave function which approximates Ψ. Φ is normalized,∫
dr1 . . .

∫
drN |Φ(r1, . . . , rN)|2 = 1, (8)

and the individual wave functions φi(rj) are taken orthonormal. The Slater determi-
nant satisfies the desired antisymmetric property of fermionic wave functions. This
leads to the Hartree–Fock (HF) method, which is one way to approximate the many-
body Schrödinger equation. With this approximation, the calculations give results
with an improved accuracy of the total energy compared to the Hartree method, due
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to the addition of an exchange term in the Schrödinger equation. However, important
correlation effects are not taken into account. There may be multiple low-lying
configurations with comparable energies, and a more accurate result is obtained by
taking a linear combination. This sort of “configuration interaction” approach leads
to, in principle, the exact wave function, but is limited by the explosive increase
in the number of configurations as the number of electrons grows. Regardless of
its shortcomings, the Hartree–Fock approximation remains an important tool for
many-particle calculations in molecular physics and chemistry. [11]

Leaving out the potential for nuclei in Equation (4), we can write the Hamiltonian
simply as

Ĥ = T̂ + V̂ee + V̂ext. (9)
In the Hartree-Fock approximation, the problem of finding the ground state wave
function can be written as a minimization of total energy

E = min
Φ

⟨Ψ| Ĥ |Ψ⟩ ,

= min
Φ

⟨Ψ| T̂ + V̂ext + V̂ee |Ψ⟩ , (10)

containing the operators for kinetic, external potential, and the electron-electron
repulsion energies respectively. These operators can be written as [12]

T̂ = −1
2

N∑
i=1

∇2
i , (11)

where ∇2
i is the Laplace operator describing the kinetic energy of the electron i,

V̂ext =
N∑

i=1
Vext, (12)

V̂ee =
N∑

i ̸=j

1
|ri − rj|

. (13)

Using functionals, the minimization problem can be alternatively written as

E = min
Φ
T [Φ] + Vext[Φ] + Vee[Φ]. (14)

The ground-state orbitals are then obtained by minimizing this energy functional
with respect to the orbital Φ.

Due to the antisymmetrical nature of a single Slater determinant, the Coulomb
electron-electron repulsion energy is a sum of two contributions: the classical elec-
trostatic potential energy (also known as the Hartree energy) and the exchange
energy [13]

Vee[Φ] = EH[Φ] + EX[Φ] (15)
The Hartree energy can be written as a sum over all electrons

EH[φ] = 1
2

N∑
i

N∑
j

∫
d3r

∫
d3r′φ

∗
i (r)φi(r)φ∗

j(r′)φj(r′)
|r − r′|

, (16)
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and the exchange contribution is a sum over a determinant of doubly-occupied orbitals

EHF
X [φ] = −1

2

N∑
i

N∑
j

∫
d3r

∫
d3r′φ

∗
i (r)φ∗

j(r′)φi(r′)φj(r)
|r − r′|

. (17)

This energy is due to the Pauli-exclusion principle effects. A related concept, that
will become relevant later in the discussion about density functional theory, is the
correlation energy, which is defined as the error made by a HF calculation.

2.3 Density functional theory
Density functional theory (DFT) is based on the idea, proven by Pierre Hohenberg
and Walter Kohn in 1964 [1], that the ground-state electron density of an electron
system uniquely defines the state of that system. This means that the total energy
of the system can be written as a functional of the density, significantly lowering
computational costs by reducing the number of variables that need to be considered.
The Hartree–Fock theory requires a 3N dimensional wave function for an N electron
system, whereas the basic variable in DFT is 3-dimensional electron density.

While the DFT is theoretically exact, approximations for the functionals are
required due to an unknown exchange-correlation functional, which appears in the
expression for total energy. The results obtained with DFT are largely dependent on
the chosen approximation for this term [11].

Density ρ(r) is obtained from the wave functions by integration

ρ(r) = N
∫

dr2 . . .
∫

drN |Ψ(r, r2, . . . , rN)|2. (18)

An approach based on density was originally proposed by Thomas and Fermi [11],
who presented the Thomas–Fermi equations where the ground state density is solved
by minimizing the total energy functional

E[ρ] = T [ρ] +
∫

drρ(r)Vext(r) + 1
2

∫
dr
∫

dr′ρ(r)ρ(r′)
|r − r′|

, (19)

where electrons are treated as independent particles and the kinetic energy term T [ρ]
is approximated based on the results for free electrons. The density is constrained
by the number of electrons in the system.∫

d3rρ(r) = N. (20)

Although this model serves as a prototype for all later theories based on using the
density as the basic variable, it does have considerable deficiencies. The charge
density describes real systems with only a limited accuracy and the model cannot
describe atomic binding and lacks the shell structure of atoms. In the 1950s the
model was improved by Slater and Gáspár to account for exchange effects with an
approximate for exchange potential.
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2.3.1 Hohenberg–Kohn theorems

Density functional theory is based on the two Hohenberg–Kohn (HK) theorems [1].
According to these theorems there exists an energy functional EHK[ρ] valid for any
electronic system, that is minimized by the correct ground state density for that
system. From this it follows that all ground state properties of the system can
be presented as functionals of the ground state density, which means they can be
determined by knowing the density alone.

As discussed above, a general system of N electrons is characterized by the
non-relativistic time-independent Hamiltonian in Equation (9). The Hamiltonian
contains operators for kinetic energy, electron-electron repulsion potential and external
confinement potential. The first Hohenberg–Kohn theorem states that the external
potential operator V̂ext is uniquely determined by the (nondegenerate) ground state
density ρ0.

The theorem can be proven by contradiction. First assume that there exists
two different external potentials Vext and V ′

ext that lead to the same ground-state
density ρ0, and V ′

ext ̸= Vext + const. There has to be two different wave functions
corresponding to these potentials, Ψ and Ψ′. According to the variational principle,
the correct wave function gives the lowest ground-state energy. If we were to operate
the wave function Ψ′ with the Hamiltonian of the other system, Ĥ, we would obtain
a ground-state that is larger than the real value.

E0 < ⟨Ψ′| Ĥ |Ψ′⟩ = ⟨Ψ′| Ĥ ′ |Ψ′⟩ + ⟨Ψ′| Ĥ − Ĥ ′ |Ψ′⟩
= E ′

0 + ⟨Ψ′| (T̂ + V̂ee + V̂ext) − (T̂ + V̂ee + V̂ ′
ext) |Ψ′⟩

=⇒ E0 <E
′
0 +

∫
drρ0(r)(V̂ext − V̂ ′

ext). (21)

If, however, we do the opposite and operate the wave function Ψ with the Hamiltonian
Ĥ ′, we end up with

E ′
0 < E0 −

∫
drρ0(r)(V̂ext − V̂ ′

ext). (22)

By combining the two above equations we obtain E0 + E ′
0 < E ′

0 + E0 ⇔ 0 < 0,
which is a contradiction. This means that the initial assumption of two different
potentials must be false: there cannot be two different potentials corresponding
to the same ground state density. Instead, Vext is (up to an arbitrary constant) a
unique functional of ρ. Since Vext fixes the Hamiltonian, there exists a one-to-one
correspondence between the density, the wave function, and the external potential:

ρ(r) ⇐⇒ Ψ(r1, r2, . . . , rN) ⇐⇒ Vext. (23)

Because the density determines the ground state wave functions, all the electronic
properties of the system are also fully determined by the ground state density.

According to the second HK theorem it is possible to define an universal functional
for the energy of an electronic system, that for any given external potential it is
minimized by the correct ground state density. The global minimum of this functional
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is also the ground state energy. From the Hamiltonian in Equation (9) we can define
the energy functional

EHK[ρ] = ⟨Ψ[ρ]| (T̂kin + V̂ee + V̂ext) |Ψ[ρ]⟩

= T [ρ] + Vee[ρ] +
∫

drVext(r)ρ(r) (24)

The operators for kinetic energy and electron repulsion are same in all systems with
N electrons. Only the external potential depends on the specific system. We can
define the so-called universal HK-functional FHK, which does not depend on the
external potential

FHK[ρ] = ⟨Ψ[ρ]| T̂ + V̂ee |Ψ[ρ]⟩
= T [ρ] + Vee[ρ]. (25)

It can be seen that the ground state density ρ0 corresponding to the potential Vext
(and wave function Ψ) in Equation (24) gives the ground state energy E0

EHK[ρ0] = FHK[ρ0] +
∫

drVext(r)ρ0(r) = E0. (26)

Now consider another density ρ′ corresponding to wave function Ψ′

E0 = FHK[ρ0] +
∫

drVext(r)ρ0(r) = ⟨Ψ| Ĥ |Ψ⟩

< ⟨Ψ′| Ĥ |Ψ′⟩ = FHK[ρ′] +
∫

drVext(r)ρ′(r) = E ′
0. (27)

Thus, the correct density minimizes Equation (24). A more generalized version of
this proof by Levy, that also includes degenerate cases, is presented in [14].

By knowing the exact form of FHK[ρ] it would be rather straightforward to
determine the ground state energy and density in a given system since it requires
only the minimization of a functional depending on a three-dimensional function.
Unfortunately, this is not the case, and suitable approximations for FHK[ρ] must be
found in order to make the problem computationally feasible.

2.3.2 Kohn–Sham equations

Although the Hohenberg-Kohn theorems show that electron density and the ground-
state are connected, they do not explain how the density could actually be found.
Practical method for this was presented in 1965 by Kohn and Sham [2]. The idea
behind their method is to approximate the real system with a fictitious system
of non-interacting electrons that has the same density as the physical one. The
non-interacting electrons move in a local effective external potential containing an
exchange-correlation energy term. In practice, this leads to a set of non-linear partial
differential equations, which are known as the Kohn–Sham equations.

Kohn and Sham introduced the following form for the energy functional, improved
from the Thomas–Fermi equation presented in Equation (19)

E[ρ] = T0[ρ] +
∫

drρ(r)Vext(r) + 1
2

∫
dr
∫

dr′ρ(r)ρ(r′)
|r − r′|

+ EXC[ρ]. (28)
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T0 is the kinetic energy of non-interacting particles. EXC is the exchange-correlation
energy. Many of the problems of the Thomas–Fermi approach are related to the
approximation of kinetic energy as a density functional [11]. The universal functional
T0[ρ] differs from the true kinetic energy T , but it can be treated exactly, which
makes it have a comparable magnitude to T . The kinetic energy can be written as

T0[ρ] = ⟨Φ[ρ]| T̂ |Φ[ρ]⟩

=
∑

i
occ

∫
drφ∗

i (r)
(

−1
2∇2

)
φi(r), (29)

where φi(r) are defined as the Kohn-Sham orbitals.
Variation of the energy functional in Equation (28) leads to the Euler equation

∂E[ρ]
∂ρ(r) = ∂T0[ρ]

∂ρ(r) + Vext(r) +
∫

dr′ ρ(r′)
|r − r′|

+ ∂Exc[ρ]
∂ρ(r) = µ, (30)

where µ is the Lagrange multiplier associated with the requirement of constant
particle number. The effective potential Veff is can be defined as

Veff(r) ≡ Vext(r) + VH(r) + VXC(r), (31)

where the Hartree potential is

VH(r) =
∫

dr′ ρ(r′)
|r − r′|

, (32)

and the exchange-correlation potential is

VXC(r) = ∂EXC[ρ]
∂ρ(r) . (33)

This yields an identical form of the energy variation Equation (30) with the corre-
sponding equation for a noninteracting system moving in a potential Veff(r)

∂E[ρ]
∂ρ(r) = ∂T0[ρ]

∂ρ(r) + Veff(r) = µ. (34)

The density minimizing the energy functional can be obtained by solving the
single-particle Equation (6) with the effective potential[

−1
2∇2 + Veff(r)

]
φi(r) = εiφi(r), (35)

yielding

ρKS(r) =
N∑

i=1
fi|φi(r)|2, (36)

where fi is the occupation of state i. Sometimes partial occupations need to be used
(this is called “smearing”). Equations (31), (32), (33), (35), and (36) together form
the self-consistent Kohn-Sham equations.
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Usefulness of ground state DFT depends entirely on whether good approximations
for Exc can be found. To understand what exactly these approximations should
contain, it is useful to compare the energy functional from the Hohenberg–Kohn case,
Equation (24), to Equation (28). From these we obtain

T0[ρ] +
∫

drVext(r)ρ(r) + EH[ρ] + Exc[ρ] = T [ρ] + Vee[ρ] +
∫

drVext(r)ρ(r)

Exc[ρ] = T [ρ] − T0[ρ]  
kinetic energy

+ Vee[ρ] − EH[ρ]  
electron−interaction

.

The exchange-correlation energy is the difference between the energies of the real
system and the non-interacting system. It can be seen from the above result that
Exc should be small compared to the other terms, since T0 and EH capture a large
part of T and Vee. Because of this one may get accurate results even with simple
approximations.

2.3.3 Local density approximation

The simplest and most widely used approximation for the exchange-correlation term
is know as the local density approximation (LDA). A local functional is of the form

X loc[ρ] =
∫

drf(ρ(r)), (37)

where the density f corresponding to X loc depends on the position r only through
the electron density ρ(r). In the LDA the function f is constructed in such a manner,
that the approximation is exact, X loc[ρ] = X[ρ], for some functional X of a chosen
smoother system [13]. Within the context of the density functional theory, the goal is
to approximate the non-uniform density in space with the density of a homogeneous
electron system. If the density in an inhomogeneous system is slowly varying, it
appears to be locally constant. In this case the external potential will also be constant
and the system resembles homogeneous electron gas.

A complete practical local density approximation for Exc[ρ], which was already
suggested by Kohn and Sham [2], has the form

ELDA
xc [ρ] =

∫
drρ(r)εxc(ρ(r)), (38)

where εxc(ρ) is the exchange-correlation energy per electron in a uniform electron
gas of density ρ. In the context of DFT it is considered to be the local density
approximation [15]. The exchange-correlation potential corresponding to the LDA is
given by

V LDA
xc (r) = ∂ρ(r)εxc(ρ)

∂ρ(r) = εxc(ρ(r)) + ρ(r)∂εxc(ρ)
∂ρ

. (39)

The function εxc(ρ) can be separated into a sum of exchange and correlation
parts

εxc(ρ) = εx(ρ) + εc(ρ). (40)
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The exchange term has a known form [16]

εx(ρ) = −3
4

( 3
π
ρ(r)

)1/3
. (41)

The correlation term is more complex. First approximation for it was given by
Wigner in 1938 [17], but later highly accurate values for it have been obtained using
quantum Monte Carlo calculations [18]. By interpolating these results an analytic
form for εc(ρ) can be constructed [16]. Using one such approach, Gunnarsson and
Lundqvist managed to reach 1% accuracy for εxc [19].

Since many real systems do not satisfy the assumption of a homogeneous density,
there have been attempts to improve LDA by including the gradient of the electron
density in order to account for the non-homogeneity of real systems. Taking into
account the spatial variation of the electron density allows more flexibility for the
functional to accurately describe materials. These are known as the generalized
gradient approximations (GGA), which have the general form

EGGA
xc [ρ] =

∫
drεx(ρ(r))Fxc(s(r)), (42)

where Fxc is called “exchange enhancement factor”, and s(r) is dimensionless gradient

s(r) = |∇ρ(r)|
2kF (r)ρ(r) , (43)

where kF is the Fermi wave vector [13]. Such s(r) makes sure that the gradient has
the same scale as the density. This keeps the gradient well-behaved even close to the
nucleus.

However, LDA gives good results even in many cases where the density is not
slowly varying. This can be explained using the so–called exchange–correlation hole,
which leads to the following observations: Firstly, LDA satisfies the “sum–rule”∫

dr′
∫ 1

0
dΛρxc(r, r′; [ρ],Λ) = −1, (44)

where ρxc is the density of the hole. It describes the region in r′ from which the
electron is missing if it is known to be at point r. Λ is a parameter of general
interaction potential uΛ(ri, rj) = Λ/|ri − rj| with 0 ≤ Λ ≤ 1, which transitions
smoothly from a completely non-interacting potential (Λ = 0) to a fully interacting
one (Λ = 1). The sum rule shows that the homogeneous system has properties which
are also exact for an inhomogeneous system [15].

Additionally, it is possible to derive the following exact expression for exchange–
correlation energy [11]

Exc[ρ(r)] = 1
2

∫
dr
∫

dR
∫

dΛ
∫

dΩρ(r)R2 1
R
ρxc(r,R; [ρ],Λ), (45)

where R = r′ − r. This expression shows that Exc depends only on the spherical
average of the exchange–correlation hole, which means that even an approximation
which does not correctly account for non-spherical parts can give an exact value.
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2.3.3.1 Hybrid functionals

A more robust method of dealing with the exchange-correlation energy comes from
the field of Quantum Chemistry. It involves combining a DFT approximation for the
exchange-correlation energy, such as LDA or GGA, with the exact exchange energy
from the Hartree–Fock approximation. The result is called a “hybrid functional”,
that at its simplest is

Ehyb
xc = EDFT

xc + α
(
EHF

x − EDFT
x

)
, (46)

where α is a constant parameter value between zero and one. In the popular PBE0
hybrid functional the parameter is set to have the value 0.25 [20]. In many cases
combining different approximations for the exchange-correlation energy in this manner
gives much better results than using just one approximation [21], but as a down side
an additional parameter is introduced in the model.

2.3.4 Spin density functional theory

Spin density functional theory (SDFT) [22] is needed to generalize the density func-
tional theory to cover such central features of electronic structure as atomic bonding
and magnetism. The inclusion of spin into the formalism allows for approximations
that more closely resemble real life physics and makes treatment of unpaired electrons
possible.

The SDFT formalism is presented in detail in [23]. For a system with a Hamilto-
nian of the form

Ĥ = T̂ + V̂ee +
∑

i

Vext(ri) +
∑

i

B(ri) · si, (47)

where B is an external magnetic field and si is the spin vector of ith electron, it is
possible to define a universal functional analogous to Equation (25)

Q[ρ↑, ρ↓] = T [ρ↑, ρ↓] + Vee[ρ↑, ρ↓]. (48)

Here ρσ is the density for spin σ electrons. The total density is the sum of spin
polarized densities ρ = ρ↑ + ρ↓. From the universal functional one can derive
spin-polarized Kohn–Sham equations[

−1
2∇2 + V σ

eff(r)
]
φσ

i (r) = εσ
i φ

σ
i (r), (49)

V σ
eff(r) = V σ

ext + VH + V σ
xc, (50)

ρσ =
∑

i

fi,σ|φσ
i |2, (51)

where 0 ≤ fi,σ ≤ 1 is the occupation number for state i, spin σ. In regular DFT,
where different spins are not taken into account, the occupation numbers are between
zero and two.
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In SDFT the local density approximation can also be generalized into local spin
density approximation (LSDA)

ELSDA
xc =

∫
drρ(r)εxc(ρ↑(r), ρ↓(r)), (52)

where εxc(ρ↑, ρ↓) is the exchange–correlation energy per particle of an electron gas
with uniform spin densities ρ↑ and ρ↓. Again, a formula for the exchange contribution
is straightforward to derive, but quantum Monte Carlo methods are required to
obtain the correlation part.

For the spin-polarized exchange energy we can consider the contributions of up
and down spins separately

εx(ρ↑, ρ↓) = εx(ρ↑, 0) + εx(0, ρ↓). (53)

The spin-unpolarized case is then given by

εunpol
x (ρ) = εx(ρ↑/2, ρ↓/2) = 2εx(ρ↑/2, 0). (54)

Combining Equations (53) and (54) gives us

εx(ρ↑, ρ↓) = 1
2
[
εunpol

x (2ρ↑) + εunpol
x (2ρ↓)

]
(55)

From previous discussion in Section 2.3.3 we know that in the spin-unpolarized
case εx(ρ) = Axρ

4/3, where Ax is a constant. We can also define local relative spin
polarization to be the ratio of the spin difference density to the total density at r

ζ(r) = ρ↑(r) − ρ↓(r)
ρ(r) , (56)

where we have ζ = 0 for an unpolarized system and ζ = ±1 for a fully polarized
system. Now the Equation (55) can be written as

εx(ρ, ζ) = εunpol
x (ρ)(1 + ζ(r))4/3 + (1 − ζ(r))4/3

2 . (57)

2.3.5 Self-interaction problem

Even with the LSDA there still remains a problem of self-interaction in the DFT
formalism. In the Hartree energy that consists of the electron–electron interaction
there is a sum over all occupied single-particle states

EH = 1
2

∫
dr
∫

dr′ρ(r)ρ(r′)
|r − r′|

= 1
2
∑
i,j

∫
dr
∫

dr′ |φi(r)|2|φj(r′)|2
|r − r′|

. (58)
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When i = j there is an unphysical interaction where an electron is interacting with
itself. In a more exact formalism, like the Hartree–Fock, this would be canceled by
the exchange–correlation energy

EH[ρi,σ] + Exc[ρi,σ, 0] = 0, (59)

here ρi,σ = |φi,σ|2 is the orbital density. However, that does not happen in LSDA.
Self-interaction is negligible in systems with broad bands, but in cases where

electrons are localized it becomes a serious issue. Perdew and Zunger [23] defined a
self-interaction correction

ESIC
xc = Eapprox

xc [ρ↑, ρ↓] −
∑
i,σ

δi,σ, (60)

where
δi,σ = EH[ρi,σ] + Eapprox

xc [ρi,σ, 0] (61)

is the self-interaction of orbital i, σ. The idea behind this method is to subtract the
interaction energy of an electron with itself from the total energy. The correction can
be applied to any spin-density functional for Exc, and it vanishes if the functional is
exact.

Lundin and Eriksson [24] later showed that the above self-interaction correction
does not in fact remove all self-interaction. To illustrate their point, consider first the
LDA approximation in Equation (38). As can be seen from the analytical form for
exchange in Equation (41), the term εxc is proportional to ρ1/3. Now, let us consider
correcting the self-interaction from a single orbital with ρi,σ being the density given
by that orbital. The total density is then ρtot = ρ̄ + ρi,σ, where ρ̄ is the density
summed over all other orbitals. In the case of the LDA, inserting these expressions of
density to Equation (60) gives us an expression for the exchange part of the energy
functional ∫

dr (ρ̄+ ρi,σ)4/3 −
∫

dr (ρi,σ)4/3 , (62)

which does not equal to
∫

dr (ρ̄)4/3. Thus the contribution of Equation (62) to the
energy functional is not entirely free from self-interaction.

In their paper Lundin and Eriksson also suggest an alternative correction method.
Their approach is to identify all contributions containing self-interaction that appear
in the LDA energy expression and the effective potential, and to remove these
interactions. The correct energy expression is obtained by applying the correction
not to the energy, but to the densities instead. As with the correction by Perdew and
Zunger, their method is also applicable to all exchange-correlation approximations.
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3 Calculations in practice
This Section contains a description of the various numerical methods used in this work.
First, the process of solving the Kohn–Sham equations numerically using the self-
consistent field iteration and numeric atom-centered orbital basis functions is detailed.
This is followed by an explanation of mixing and preconditioning methods, and how
they have been implemented in FHI-aims. Finally, the dielectric preconditioner is
presented along with its implementation details.

3.1 Numeric atom-centered orbitals
Typically, DFT and other electronic structure calculations are done using basis
functions. It is also possible to do the calculations on a grid of points, but to achieve
accurate results a very large number of points is required. Additionally, the most
interesting areas are usually located near the nuclei, while far away the wave functions
tend to be zero. It would be wasteful to maintain a high density grid throughout
uninteresting space. Instead, to reach high numerical efficiency and accuracy in
electronic structure calculations, it is important to find a suitable basis set that
defines the Hilbert space of the electrons. Common choices are plane waves (PW) [25],
Gaussian type orbitals (GTO) [26], and numeric atom-centered orbitals (NAO) [10,
27]. The general form of the PW basis functions is

ϕj(r) = eikj ·r, (63)

where kj is the reciprocal vector. GTOs are defined as

ϕi(r) = A(l, α)rle−αr2
Ylm(Ω), (64)

where A is a normalization constant, α is an exponential constant, and Ylm(Ω) is a
spherical harmonic, with l and m being the angular momentum and its z component.
Ω refers to the angular coordinates. NAO basis functions are of the form

ϕi(r) = ui(r)
r

Ylm(Ω). (65)

Here, ui(r) is a numerically tabulated radial shape that can be flexibly adjusted.
Ylm denotes the real parts (m = 0, . . . , l), and imaginary parts (m = −l, . . . ,−1) of
complex spherical harmonics, with l being an implicit function of the radial function
index i. The single-particle Kohn–Sham orbitals are expanded in this new basis as

φi(r) =
Nb∑
j=1

cjiϕj(r), (66)

where cji are constants and Nb is the size of the basis set.
The flexibility of the NAOs is their central advantage over PW or GTO bases.

Adjusting ui(r) allows optimization of element-dependent basis sets so that they
are as compact as possible while maintaining a high and transferable accuracy in
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calculations up to meV-level total energy convergence. In particular, the ui(r) can
be ensured to have a smooth decay to zero outside a given confining radius. This
separates different spatial regions from each other, thus ensuring computational
efficiency for large structures.

The construction of the basis sets in FHI-aims starts from a minimal free-atom
basis. More functions are added by choosing optimal candidates from a pool of
radial function shapes (e.g. hydrogen-like, cation-like, atom-like). This procedure is
repeated until there are no more significant improvements to be made in total energy
for elemental dimers. [10]

3.2 Self-consistent-field solution
Because the Kohn–Sham equations are non-linear, the self-consistent electron density
of the system needs to be calculated iteratively. This process starts by constructing
a starting density ρk. The self-consistent field (SCF) iteration then proceeds by
calculating an approximated effective potential consisting of the Hartree potential,
external potential and exchange-correlation potential. From this effective potential,
we get a new wave function, from which we can further calculate a new density ρk+1.
Self-consistency means that the final, correct Hamiltonian should yield the same
Kohn–Sham orbitals, electron density, and potential that were used to construct it.

In every iteration the Hartree, external, and exchange-correlation potentials are
calculated

K̂KS = V̂H + V̂ext + V̂XC. (67)
The total Kohn-Sham Hamiltonian operator containing also kinetic energy becomes

ĤKS = −1
2∇2 + K̂KS. (68)

Inserting this into the Schrödinger equation with the Kohn-Sham orbitals, seen
in Equation (35), and expanding the single-particle orbitals in the NAO basis
using Equation (66), allows the Schrödinger equation to be discretized into a finite-
dimensional generalized eigenvalue problem

Nb∑
j=1

hijcjl = EKS
l

Nb∑
j=1

sijcjl, (69)

where l is the single-particle index, EKS
l is the Kohn-Sham single-particle energy, cjl

are the coefficients for the eigenvector l, hij is an element of the Hamiltonian matrix

hij =
∫

d3r
[
ϕi(r)ĤKSϕj(r)

]
, (70)

and sij is an element of the overlap matrix

sij =
∫

d3r [ϕi(r)ϕj(r)] . (71)

The choice to use atom-centered basis functions causes the integration in Equa-
tion (70) to become slightly more difficult than it would be with other alternatives
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like GTOs, for which analytical formulas are sometimes available [28]. A way to
simplify the calculation is to partition the integrands into localized atom-centered
pieces [29] ∫

dr
[
ϕi(r)ĤKSϕj(r)

]
=
∑
at

∫
drpat(r)ϕi(r)ĤKSϕj(r), (72)

where the partition function pat(r) is defined for all atoms. It is normalized to unity
as ∑

at
pat(r) = 1. (73)

The partition function can be written as [29]

pat(r) = gat(r)∑
at′ gat′(r) , (74)

where gat(r) is a strongly peaked function at its originating atom, and the normalizing
sum in the denominator runs over all atoms. Delley [29] suggested the following form
for this function

gat(r) = nfree
at (r)
r2 , (75)

where nfree
at (r) is the electron density of a non-spinpolarized, spherical free atoms.

The eigenvalue problem in Equation (69) gives us the eigenvalues EKS
l and corre-

sponding eigenvectors cl of the Hamiltonian in Equation (68). With the eigenvectors
and basis functions the single-particle Kohn-Sham orbitals can be calculated again
from Equation (66). Next, we can calculate an updated density ρ(r) using either the
Kohn–Sham orbitals or a density matrix, depending on the size of the system. The
progress of this iteration scheme can be observed by monitoring the change in chosen
quantities from one iteration to the next. These can include, e.g., the total energy,
the sum of eigenvalues, or the total density. Once the change goes below a chosen
convergence threshold, the iteration can be considered as converged. Otherwise the
cycle begins again. Figure 1 presents a flowchart that summarizes the SCF iteration
scheme.

3.2.1 Brillouin zone and k-points

According to Bloch’s theorem, eigenstates of an electron in a periodic crystal potential
can be written using a basis consisting entirely of Bloch waves, which have the form

φk(r) = eik·ruk(r), (76)

where k is the crystal wave vector, and uk(r) is a periodic function with the same
periodicity R as the crystal, uk(r) = uk(r + R) [30]. The Bloch theorem means
that the Schrödinger equation can be solved for each value of k independently. In a
system with periodic boundary conditions the Kohn–Sham equations (Equation (69))
become k-space dependent, with different solutions φi,k(r) for different k-points in
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Initial guess for ρ(0)(r)

Veff [ρ(k−1)](r)

φ
(k)
i (r)

ρ
(k)
KS(r) =∑

i fi|φ(k)
i (r)|2

Preconditioning

ρ(k) =
ρ(k−1) + δρ(k)Mixing

Check convergence,
e.g. ∆Etot < Ecriteria

Figure 1: Complete flowchart for self-consistent field calculations. The input density
can optionally pass through a preconditioner and a mixer before we construct an
updated output density for next iteration. The correction term δρk contains ρ(k)

KS and
possible results from preconditioning and mixing.

the first Brillouin zone. The first Brillouin zone is defined as all the points that are
closer to the origin of the reciprocal lattice than to any other lattice point.

In FHI-aims, in the case of periodic boundary conditions the eigenvalue problem
is not solved at every k-point in the first Brillouin zone, but rather on a regular
grid of Nk selected k-points. Matrices in Equations (70) and (71) are computed
separately for these points. After the set of k-dependent Kohn–Sham eigenvectors
are obtained, the density is given by

ρ(r)KS =
Nk∑
k

Nocc∑
l

flk|φl(r,k)|2

=
Nk∑
k

Nocc∑
l

flk|ul,k(r)|2, (77)

where flk are the occupation numbers of the Kohn–Sham orbitals φl(r,k). Having
to solve the Kohn–Sham equations many times multiplies the total time needed for
the calculation with the number of k-points. However, this increase in computation
time can be somewhat mitigated since for each k-point only a system with a size of
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the unit cell needs to be solved.

3.3 Mixing
The SCF iteration will practically never converge on its own. This situation can be
helped by damping the change in density that happens between iterations. To do
this, it is necessary to take information about the density from previous iterations
and mix it into the new density for the current iteration. This kind of approach is
generally referred to as “mixing”.

Mixing helps the convergence of the SCF iteration and may even reduce the
steps needed in the calculation. To a maintain constant description of the electronic
density, the same mixing procedure must be applied to all the spin components,
density gradients, and the density matrix. FHI-aims contains an implementation for
linear and Pulay mixing, both of which are described below. Especially in metallic
systems, additional improvements may be gained by also using a preconditioner in
conjunction with the mixer. Preconditioning is discussed in Section 3.4.

3.3.1 Linear mixing

A quantity of central importance in all charge density mixing schemes is the density
residual R[ρ(k)] which is defined for iteration k as the difference between the most
recent electron density ρ

(k)
KS, calculated from the Kohn–Sham equation shown in

Equation (36), and the density used in the previous (k − 1)th iteration, ρ(k−1)

R[ρ(k)] = ρ
(k)
KS − ρ(k−1). (78)

Self-consistency is finally reached when the norm of this residual goes to zero,
⟨R[ρ(k)]|R[ρ(k)]⟩ = 0. In the case of linear mixing [5], the new density for the kth
iteration is constructed as

ρ
(k)
lin = ρ(k−1) + ĜR[ρ(k)], (79)

where Ĝ is a constant mixing parameter. This simple mixing scheme adds a part of
R to the charge density from the previous iteration step. When 0 < Ĝ < 1, such
linear mixing, or “underrelaxation” as it is also known as, dampens the oscillations
in electron density that happen from iteration to iteration. It is somewhat trivial to
see that this manner of damping will always lead to convergence, provided that Ĝ is
small enough. The problem with this approach is, however, that a small damping
will also make the convergence take a long time.

3.3.2 Pulay mixing

In the Pulay mixing method the input densities and residuals of previous iterations
are stored for a few mixing steps. The idea is to construct a new optimal density as
a linear combination of previous electron densities

ρ
(k)
opt =

Np∑
i=1

αiρ
(k−i+1), (80)
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where Np is the number of previous densities considered, and αi are parameter
coefficients. Pulay mixing assumes that the residuals are linear with respect to the
densities so that we can write

R[ρ(k)
opt] = R

⎡⎣Np∑
i=1

αiρ
(k−i+1)

⎤⎦ =
Np∑
i=1

αiR[ρ(k−i+1)]. (81)

In order to conserve the number of electrons, the values of parameters αi must be
constrained

Np∑
i=1

αi = 1. (82)

Under this constraint the optimal charge density must minimize the norm of the
residual

⟨R[ρ(k)
opt]|R[ρ(k)

opt]⟩ =
∫

drR[ρ(k)
opt(r)]R[ρ(k)

opt(r)]. (83)

The optimal αi that minimizes the norm is given by

αi =
∑

j A
−1
ji∑

kj A
−1
kj

, (84)

where Aij is defined as

Aij = ⟨R[ρ(k−j+1)]|R[ρ(k−i+1)]⟩ . (85)

The new charge density for iteration k can be obtained from the equation

ρ(k) = ρ
(k)
opt + ĜR[ρ(k)

opt]. (86)

Kresse and Furthmüller [5] introduced an alternative way of writing the problem
in Equation (80)

ρ
(k)
opt = ρ(k−1) +

N̄p∑
i=1

ᾱi

(
ρ(k−i+1) − ρ(k−i)

)
. (87)

Because there exists one-to-one relationship between αi and ᾱi, it is unnecessary to
constraint ᾱi. It is possible to further show that ᾱi is given by

ᾱi = −
N̄p∑
j=1

Ā−1
ji ⟨R[ρ(k−j)] −R[ρ(k−j−1)]|R[ρ(k−1)]⟩ , (88)

with
Āij = ⟨R[ρ(k−j+1)] −R[ρ(k−j)]|R[ρ(k−i+1)] −R[ρ(k−i)]⟩ . (89)

The new mixed density is finally obtained in practice by combining ρ(k)
opt with electron

density damping. The full equation ultimately becomes

ρ(k) = ρ(k−1) +
N̄p∑
i=1

ᾱi

(
ρ(k−i) − ρ(k−i−1)

)
+

Ĝ

⎡⎣R[ρ(k)] +
N̄p∑
i=1

ᾱi

(
R[ρ(k−i+1)] −R[ρ(k−i)]

)⎤⎦ . (90)
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3.4 Preconditioning
Mixing alone may not be enough to improve convergence in all systems. A straight-
forward idea to improve simple mixing is to turn the constant mixing parameter Ĝ
into an operator. This kind of approach is called preconditioning, since the operator
preconditions the density before it is used in the mixer. Preconditioning works
completely independently from the mixing process and can be combined freely with
any mixer algorithm. One simple but efficient preconditioning scheme is the Kerker
preconditioner [6, 7, 8], which was originally used in the plane wave basis, but is also
supported in FHI-aims, implemented for the NAO basis.

The central issue that preconditioning aims to alleviate is the phenomenon known
as charge sloshing. Charge sloshing usually occurs in a system which has a large
number of loosely bounded electrons and enough space for them to move around.
Before the system is fully converged, the densities of these electrons are not correctly
smoothed out throughout the system. Because of this there can be a density imbalance
in the system, where a certain region of space has much more or less density than
it should have. The Kohn–Sham iteration process tries to immediately correct this
situation but usually the correction is either underestimated or overshoots badly.
This leads to oscillations as the density is instantaneously moved across the system
between iterations. These kinds of long-range changes in density may slow down
convergence or even prevent it entirely. Charge sloshing is a big problem especially
in periodic and metallic systems.

3.4.1 Kerker preconditioner

The original motivation behind the Kerker preconditioning scheme was to prevent the
electric charge from overshooting from iteration to iteration due to incorrect Coulomb
contributions [8]. The proposed solution was to damp long-range oscillations in
R[ρ(i)] more strongly than short-range ones. This can be accomplished by writing
the mixing operator in reciprocal space as

Ĝ = A
q2

q2 + q2
0

= A

(
1 − q2

0
q2 + q2

0

)
, (91)

where q is the wave vector, A is analogous to the simple constant mixing factor for
the mixer, and q0 corresponds to the cutoff wavelength for the damping. For small
wave vectors q Equation (91) behaves like Aq2/q2

0, which causes only a small amount
of density being mixed, but for large q simple linear mixing with a constant parameter
A is performed. The value of the cutoff parameter was originally suggested to be
around the Thomas–Fermi screening constant

√
4kf/π [6], with kf being the Fermi

wave vector, but in practice it is usually adjusted to fit the system under study.
The full Kerker preconditioner in real space can be implemented by applying the
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operator to the residual R[ρ] and taking an inverse Fourier transform

ĜR[ρ(q)] = A
q2R[ρ(q)]
q2 + q2

0

= A

(
R[ρ(q)] − q2

0R[ρ(q)]
q2 + q2

0

)
, (92)

⇒ ĜR[ρ(r)] = A

(
R[ρ(r)] −

∑
q

q2
0R[ρ(q)]
q2 + q2

0
eiq·r

)
, (93)

where Equation (93) is transformed back to real space. An alternative approach is
to write the operator Ĝ directly in real space in the form

Ĝ = A

(
1 + q2

0
∇2 − q2

0

)
. (94)

Real space version of the Kerker preconditioner becomes then

ĜR[ρ(r)] = A

(
1 + q2

0
∇2 − q2

0

)
R[ρ(r)]

= A
(
R[ρ(r)] + q2

0Rcorr[ρ(r)]
)
, (95)

where Rcorr is introduced as a correction term. It can be obtained from the modified
Helmholz equation

(∇2 − q2
0)Rcorr[ρ(r)] = R[ρ(r)]. (96)

The equation can be solved using a multipole expansion scheme, which is detailed
later in Section 3.4.2.1.

3.4.2 Dielectric preconditioner

Auer and Krotscheck suggest an alternative method for preconditioning [9], which
utilizes the static dielectric function, as a means of solving the Kohn–Sham equations.
Their algorithm is based on the Hohenberg–Kohn theorems and solves directly for
the electron density by a Newton-Raphson procedure.

Consider first the functional

F [ρ](r) ≡
∑
i,occ

|φi[ρ](r)|2 − ρ[r], (97)

where the φi[ρ] are the solutions of Equations (35) for the density ρ[r]. The self-
consistent ground-state density satisfies F [ρ0](r) = 0. This is a non-linear equation
that can be solved iteratively by the Newton-Raphson algorithm. For the k + 1-th
iteration our density is ρ(k+1) ≡ ρ(k)+δρ(k). Expanding the ground-state requirements
using Taylor series we obtain the following result

0 = F [ρ(k+1)](r) = F [ρ(k) + δρ(k)](r)

= F [ρ(k)](r) +
∫

dr′ δF [ρ](r)
δρ(r′) δρ(k)(r′) +O((δρ(k))2), (98)
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Assuming that δρ is small enough, the higher order terms can be omitted. By defining

δF [ρ](r)
δρ(r′) ≡ −ϵ(r, r′; 0), (99)

the density correction δρ(k)(r) can be determined from

F [ρ(k)](r) =
∫

dr′ϵ(r, r′; 0)δρ(k)(r′). (100)

Upon discretization, this becomes a system of linear equations.
Using a set of single particle orbitals {φi(r)} the kernel ϵ(r, r′; 0) can be written

as
ϵ(r, r′; 0) = δ(r − r′) −

∑
i

[
φi(r)∂φ

∗
i (r)

∂ρ(r′) + c.c.
]
, (101)

where c.c. denotes complex conjugate. The variation of the single-particle wave
function can be calculated using first order perturbation theory

∂φi(r)
∂ρ(r′) = −

∫
dr′′∑

j ̸=i

φj(r)φ∗
j(r′′)φi(r′′)
εj − εi

∂Veff(r′′)
∂ρ(r′) . (102)

Inserting the result from Equation (102) into the second term of Equation (101)
gives us

∑
i,occ

[
φi(r)∂φ

∗
i (r)

∂ρ(r′) + c.c.
]

= −
∫

dr′′

⎡⎣∑
j ̸=i

φi(r)φj(r)φ∗
j(r′′)φi(r′′)

εj − εi

+ c.c.
⎤⎦ ∂Veff(r′′)

∂ρ(r′)

=
∫

dr′′χ0(r, r′′; 0)Vp−h(r′′, r′). (103)

The kernel ϵ(r, r′; 0) is the static dielectric function of a non-uniform electron
gas

ϵ(r, r′; 0) = δ(r − r′) −
∫

dr′′χ0(r, r′′; 0)Vp−h(r′′, r′), (104)

where Vp−h is a local and static approximation for the effective “particle–hole”
interaction

Vp−h(r′′, r′) ≡ ∂Veff(r)
∂ρ(r′) (105)

It can be further approximated with the Coulomb interaction by ignoring the exchange-
correlation portion of the effective potential (which is typically smaller than the
Coulomb contribution) [9]

Vp−h(r, r′) ≈ 1
|r − r′|

. (106)

χ0(r, r′′; 0) is the zero–frequency Lindhard–function of the non–interacting system

χ0(r, r′′; 0) =
∑
m

∑
a

φm(r)φ∗
a(r)φ∗

m(r′′)φa(r′′)
εm − εa

, (107)
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where the index m goes over occupied states and the index a goes over unoccupied
states.

Solving the linear system of equations in Equation (100), we obtain a result of
the form

δρ(k)(r) =
∫

dr′ϵ−1(r, r′; 0)F [ρ(k)](r′). (108)

Since the functional F [ρ] corresponds to the residual R[ρ] from Equation (78),
Equation (108) can be written in the following form

ĜR[ρ] = A
∫

dr′ϵ−1(r, r′; 0)F [ρ](r′). (109)

In other words, the algorithm functions like a preconditioner, where the operator
Ĝ = A

∫
dr′ϵ−1(r, r′; 0). The parameter A is equivalent to the constant mixing factor

for the mixer, as in Equation (91) with the Kerker preconditioner.

3.4.2.1 Implementation in FHI-aims

The dielectric preconditioner is implemented in FHI-aims by calculating the density
correlation term δρ(k) directly on the integration grid. In our implementation, the
particle–hole interaction term is replaced with Hartree potential as per Equation (106).
Equation (100) becomes then

F [ρ(k)](r) =
∫

dr′ϵ(r, r′; 0)δρ(k)(r′)

=
∫

dr′
(
δ(r − r′)δρ(k)(r′) −

∫
dr′′χ0(r, r′′; 0)Vp−h(r′′, r′)δρ(k)(r′)

)
= δρ(k)(r) −

∫
dr′′χ0(r, r′′; 0)

∫
dr′Vp−h(r′′, r′)δρ(k)(r′)

= δρ(k)(r) −
∫

dr′′χ0(r, r′′; 0)VH(r′′, [δρ(k)])

= δρ(k)(r) −
∑
m

∑
a

φm(r)φ∗
a(r)

εm − εa

∫
dr′′φ∗

m(r′′)φa(r′′)VH(r′′, [δρ(k)]) (110)

The final term in the above equation contains the electrostatic potential VH(r′′, [δρ(k)]) =∫
dr′δρ(k)(r′)/|r − r′|, which is obtained by solving the equivalent Poisson equation

∇2VH(r) = 4πδρ(r). (111)

The above equation is solved using a method described by Delley [29, 31], which
gives the answer directly in an atom-centered form, using partitioned overlapping
electron densities that are localized around each atom. The density correction term is
decomposed into atom-centered multipole components, with an expression equivalent
to the partitioned integration formalism in Equation (72)

δρ̃at,lm(r) =
∫

r=|r−Rat|
d2Ωatpat(r)δρ(r)Ylm(Ωat). (112)
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Using spline-interpolation the multipole components δρ̃at,lm(r) can be evaluated on
a dense logarithmic grid. Using the Green function gl(r<, r>) = rl

</r
l+1
> , the Poisson

equation can be solved, giving the electrostatic multipole potentials δṼat,lm(r),

δṼat,lm(r) =
∫ r

0
dr<r

2
<gl(r<, r)δρ̃at,lm(r<) +

∫ ∞

r
dr>r

2
>gl(r, r>)δρ̃at,lm(r>). (113)

The one-dimensional integrals are calculated using a third-order linear multistep
integrator. By splining the values of δṼat,lm(r) the full electrostatic potential can be
reconstructed as

δVH(r) =
∑

at,lm
δṼat,lm(|r − Rat|)Ylm(Ωat). (114)

With the Hartree potential obtained, the next step is to calculate the integral of
the product of the potential and the static response function∫

dr′′χ0(r, r′′; 0)VH(r′′, [δρ(k)]) =
∑
m

∑
a

φm(r)φ∗
a(r)

εm − εa

∫
dr′′φ∗

m(r′′)φa(r′′)VH(r′′, [δρ(k)]). (115)

The actual integral is easy to calculate as a (# states) × (# states) matrix in the
same vein as in Equation (71). Let us denote an element of this matrix as Oma,

Oma =
∫

drφ∗
m(r)φa(r)VH(r, [δρ(k)])

=
∑

i

∑
j

∫
drc∗

micajϕ
∗
i (r)ϕj(r)VH(r, [δρ(k)]). (116)

Expanding the single-particle states in the NAO basis according to Equation (66)
gives us then

∑
m

∑
a

∑
i

∑
j

1
εm − εa

cmic
∗
ajϕi(r)ϕ∗

j(r)Oma

=
∑

i

∑
j

ϕi(r)ϕ∗
j(r)

∑
m

∑
a

1
εm − εa

cmic
∗
ajOma  

Rij

=
∑

i

∑
j

ϕi(r)Rijϕ
∗
j(r), (117)

where the matrix Rij can be calculated first separately. In the NAO basis, it is
possible to use all unoccupied states, which is not possible if there are more degrees
of freedom (since there are as many eigenstates as there are degrees of freedom).

Finally, having calculated the value of Equation (115) on all integration grid
points we can write Equation (110) simply as

F [ρ(k)](r) = ϵ̂[δρ(k)(r′)], (118)



33

where we have defined ϵ̂[ρ(r)] ≡
∫

drϵ(r′, r; 0)ρ(r). δρ(k) is obtained from Equa-
tion (118) iteratively using the method of steepest descent. The input residual is
used as the initial guess for the correction, i.e., δρ0 = F [ρ]. On iteration j the guess
is updated

δρj = δρj−1 + αj−1pj−1, (119)

where pj is equal to the residual ϵ̂[δρj] − F [ρ(k)]. The value for the parameter α
can be found using a line search method, such as the golden section search, but in
practice it was found that in most cases a suitable value is given by

αj = |pj|2

pj ϵ̂[pj]
. (120)

The iteration can be considered to have converged after the residual becomes small
enough.

The method of steepest descent is used instead of the more efficient conjugate-
gradient method, since the fact that the “matrix” ε̂ depends on the density makes
straightforward implementation of the conjugate-gradient method difficult. Specifi-
cally, the problem is due to the product piϵ̂[pj] not being symmetric: this makes it
complicated to construct a set of ε̂-orthogonal search directions.

The original idea to implement the dielectric preconditioner was to use the NAO
basis functions, since this sort of approach seemed more natural. It would have
worked by projecting F [ρ] into the NAO basis. Next, χ0 and VH would have been
calculated in matrix form using a slightly modified version of the method for two-
and three-center integrals described in [27], where regular NAO basis functions were
used instead of the product basis. With these matrices, a linear system of equations
could be obtained, from which it would have been possible to solve δρ by inverting
the matrix form of the dielectric function ϵ. Since F [ρ] could not be represented in
the basis perfectly, the residual between the original and projected F [ρ] was added to
the preconditioned result. However, this type of implementation proved unsuccessful,
as can be seen later in the Section 4.1.
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4 Results
This section contains a collection of the results of the numerical calculations. Different
combinations of mixers and preconditioners are tested in several different systems.
For linear and Pulay mixing, and Kerker preconditioning, described in Sections 3.3.1,
3.3.2, and 3.4.1, the implementations in FHI-aims are used. Dielectric preconditioning
is implemented in FHI-aims as a part of this thesis as described in Section 3.4.2.1.

Six different test systems were chosen so that they would represent a variety of
different cases. All the test systems are visualized in Figures 2 and 3. In each system
an attempt to solve the electronic ground state from the Kohn–Sham equations is
made using both linear and Pulay mixers with either no preconditioning, Kerker
preconditioning, or dielectric preconditioning. The Kerker preconditioner parameter
q0 is set to 2.0, which is the FHI-aims default value. The computations are repeated
several times by varying the value of the mixing parameter. In all test cases the
chosen exchange-correlation approximation is PW-LDA [32]. Spin-polarization is not
considered for any of the test systems.

Figure 2: First three simple test systems: a) a pair of hydrogen atoms (H2) separated
by a distance of 0.75 Å, b) a single water molecule (H2O) comprised of two hydrogen
atoms bonded with a single oxygen atom, c) a benzene (C6H6) molecule composed
of 6 carbon atoms in a ring with 1 hydrogen atom connected to each.

The first test system is a simple H2 molecule consisting of two hydrogen atoms
0.75 Å apart, and two electrons. Thirty non-spinpolarized Kohn–Sham eigenstates are
calculated for the molecule, one of which is occupied. The HOMO–LUMO (highest
occupied molecular orbital/lowest unoccupied molecular orbital) gap between the
highest occupied state and the lowest unoccupied state in the molecule is 10.84 eV.
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Figure 3: Test systems: d) a cluster of eight aluminum atoms (Al8), e) a periodic
insulator comprised of two silicon and two hydrogen atoms, and one oxygen atom
(Si2H2O), f) a periodic copper system with face-centered cubic cells (fcc Cu). In
both periodic systems, the unit cell is drawn multiple times to illustrate periodicity.

Another simple system is a single water molecule (H2O), comprised of a central
oxygen atom that has two hydrogen atoms bonded with a bonding distance 0.97 Å,
forming a 104.96◦ angle between them. H2O has 10 electrons. Five occupied and 64
unoccupied Kohn–Sham orbitals are computed for the molecule, and the HOMO–
LUMO gap between them is 6.59 eV. Both H2 and H2O are suitable for testing
purposes since they are small and simple enough to ensure fast computation.

Third test system is benzene (C6H6). The molecule has 6 carbon atoms in a
regular hexagonal ring with the side length of 1.40 Å. Each carbon atom is bonded
to an hydrogen atom at a distance 1.08 Å. The system has a total of 42 electrons,
and the size of the HOMO–LUMO gap is 5.12 eV. The computations involve 198
Kohn–Sham eigenstates, 21 of them occupied. C6H6 was chosen because it is an
organic system that is of particular interest to chemists.

A metallic cluster was chosen as one test system because Krotscheck had reported
promising results in those kinds of systems with the dielectric preconditioner [33].
Our choice was to use a cluster of eight aluminum atoms (Al8) in a relaxed geometry.
The atoms reside inside a box with the dimensions 4.42 Å × 2.28 Å × 2.28 Å. In
total, the system has 104 electrons. For this system, 76 eigenstates are taken into
account, and 53 of them are occupied. Some of the states are partly occupied with the
occupation between zero and one. Chosen smearing scheme is Gaussian broadening
with width 0.01 eV. The size of the HOMO–LUMO gap of the cluster is 0.17 meV.
Since the gap is so small, the system can be considered as nearly metallic.

The last two systems are intended to test the dielectric preconditioner in a periodic
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cases, since periodicity often causes issues in the convergence of the SCF iteration.
The first periodic system is an insulating silicon dioxide slab, where two silicon
atoms are in a unit cell with a bond distance 2.31 Å. One silicon is connected to
two hydrogen atoms and the other silicon has a bond with a single oxygen atom.
The system extends periodically in two dimensions, and the length of the lattice
vector is 3.82 Å. One unit cell contains 38 electrons. Nineteen of the 41 Kohn–Sham
eigenstates are occupied. The gap between the highest occupied state and lowest
unoccupied state is 0.38 eV.

The final test system is a face-centered cubic copper (fcc Cu). In the periodic
crystal structure, each copper atom sits in the middle of a slanted cubic cell which
has the volume 10.90 Å3. The unit cell contains one copper atom and 29 electrons.
Of the 31 calculated Kohn–Sham eigenstates, 15 are occupied. The HOMO–LUMO
gap is roughly 0.18 eV. The properties of all the systems are summarized in Table 1.

Table 1: Summary of the properties of the test systems. A * means that some of the
states were partially occupied (see text for more details).

System Number of
electrons

Number of Kohn–Sham
states (occupied)

HOMO–LUMO gap
(eV)

H2 2 30 (1) 10.84
H2O 10 69 (5) 10.30
C6H6 42 198 (21) 5.12
Al8 104 144 (53)* 0.17 × 10−3

Si2H2O 38 41 (19) 0.38
fcc Cu 29 31 (15) 0.18

4.1 Implementation of the dielectric preconditioner in NAO
basis

Original intention of this work was to implement the dielectric preconditioner in the
NAO basis. This method was abandoned given the results shown in Figure 4. The
iteration would only partially converge and then stop progressing almost completely.
Changing mixer had little effect on the convergence. This version of the dielectric
preconditioner was very sensitive to the value of the charge mixing parameters. Large
values, more than 0.50, could cause the calculation to diverge entirely. Issues were
likely caused by low accuracy in the projection of the density residual to the NAO
basis. The root-mean-square error of the projection was typically between 0.1 and
0.01.
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Figure 4: Plot of the convergence of the self-consistent field iteration in the H2O
system with and without the dielectric preconditioner implemented in NAO basis.
The different plots show the change in density, sum of eigenvalues, and total energy
on each iteration. The plots on the left-hand side were done with linear mixing, and
Pulay mixing results are on the right. The calculation converges nicely when no
preconditioning is used, but turning on the preconditioner causes the iteration to
converge only partially.

4.2 Comparison of convergence results
The first system where the working implementation of the dielectric preconditioner
is tested is H2. It is also the simplest of all the test systems. The results showing the
number of steps needed for the calculation to converge as a function of the mixing
parameter are plotted in Figure 5. Overall, the results show that linear mixing tends
to require more iterations until convergence than Pulay mixing, as expected. With
both linear and Pulay mixers the dielectric preconditioner gives generally similar
or slightly worse results compared to when no preconditioning is used. However,
for large values of the mixing parameter (Ĝ > 0.80) the dielectric preconditioner
improves the linear mixing. In fact, it makes the linear mixer converge as fast as
the Pulay mixer. The Kerker preconditioner tends to perform worse overall than the
other methods.

In the case of the H2O molecule the results are mostly similar as with H2, but
with a few small differences. Figure 6 shows a plot of the results. The improvement
of dielectric preconditioning over simple linear mixing without any preconditioning
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Figure 5: Plot of the number of iterations needed for convergence as a function of
the charge density mixing parameter for the H2 system. The plot contains results for
both linear and Pulay mixer, with preconditioning either turned off, or using Kerker
or dielectric methods. The calculations were limited to 40 iterations.

is much more pronounced here. Only when Ĝ < 0.4 does linear mixing with no
preconditioning yield better results. Unlike with H2, Kerker preconditioning is
slightly better than linear mixing with no preconditioning, but not as much as the
dielectric preconditioner. With Pulay mixing, dielectric preconditioning converges
with the least steps required for all tested mixing parameter values.

Figure 7 shows the optimal convergence for H2O with both linear and Pulay
mixing, and different preconditioning methods. The plots contain the progression of
the three convergence criteria used: change in density, change of the sum of the Kohn–
Sham eigenvalues, and change in total energy. When using linear mixing the end of
the SCF iteration is reached about six steps quicker with dielectric preconditioning
than with the other methods. The convergence also progresses smoother with the
dielectric preconditioner; in other cases, the plots show oscillation when linear mixing
is used. Overall there is much less difference between different preconditioning
methods with Pulay mixing.

The third test case is C6H6. The plot of the number of iterations needed for
convergence in Figure 8 shows similar results as with H2O. Again, for the linear
mixer the dielectric preconditioner requires the least steps to converge, though the
difference is only five steps. The Kerker preconditioner converges in one step less
than without preconditioning. Pulay mixing gives otherwise similar results, but less
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Figure 6: Plot of the number of iterations needed for convergence as a function of
the charge density mixing parameter for the H2O system. The plot is drawn in the
same manner as described in Figure 5.

Figure 7: Plots of optimal convergence with all tested methods for the H2O system.
The red dashed line denotes the convergence criteria. Otherwise the plots are made
like in Figure 4.
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Figure 8: Plot of the number of iterations needed for convergence as a function of
the charge density mixing parameter for the C6H6 system. The plot is drawn in the
same manner as described in Figure 5.

iterations are needed in total, and there is only one iteration step difference between
different preconditioners.

To summarize, Figures 5, 6, and 8 display very similar general trends. In the case
of linear mixing there is always some clearly optimal value for the mixing parameter
that leads to the fastest convergence. Even slightly stronger or weaker mixing can
cause considerable increase to the number of steps needed for convergence. Using
a preconditioner shifts the optimum to a higher value, which allows even faster
convergence. Dielectric and Kerker preconditioners seem to have roughly the same
value for the optimal mixing parameter, even though Kerker tends to require more
iterations than when not using a preconditioner.

The Al8 cluster turns out to be a difficult case for the linear mixer, as can be seen
from Figure 9. The SCF iteration does not converge, not even with either type of
preconditioning. The Pulay mixer, on the other hand, yields better results. Increasing
the charge mixing parameter improves the effectiveness of the Kerker preconditioner,
yet its optimal number of iterations is still more than when using a mixer without
preconditioning. However, overall the dielectric preconditioner converges the fastest.
At optimum it reduces the number of steps needed for the calculation by two.

Figure 10 presents a plot showing how the convergence progresses from iteration
to iteration with the Al8 cluster. It clearly illustrates the problem with linear
mixing. Although the iteration starts as normal, after a few steps the change in
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Figure 9: Plot of the number of iterations needed for convergence as a function of
the charge density mixing parameter for the Al8 system. The plot is drawn in the
same manner as described in Figure 5.

Figure 10: Convergence plots for Al8 with the mixing parameter 0.30. Made in the
same way as in Figure 7.
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density starts to diverge. It eventually flattens to a constant. The effect is strongest
when no preconditioning is used but also occurs with both the Kerker and dielectric
preconditioners. Energy and eigenvalues converge better, preconditioning improving
the rate significantly. However, the convergence of the total energy stops before our
selected criteria for it is reached.

The periodic systems were anticipated to be difficult for the dielectric precondi-
tioner to solve due to the fact that in our implementation the k-point dependency of
the static response function χ0 is not taken into account. Only in the calculation of
the Coulomb potential is periodicity considered. With this in mind, two different
periodic test cases were devised. In the first one, Si2H2O, the calculation is performed
with only one k-point. While this is unlikely to give the actual ground state energy
of the system as a result, it will still provide an idea of the behavior of the dielectric
preconditioner in periodic systems. With the second, simpler periodic system fcc Cu,
a grid of 12 × 12 × 12 k-points is used. Still, the same χ0, calculated at k = 0, is
used at every k-point.

The number of steps needed for the Si2H2O system to converge with different
mixing parameter values is shown in Figure 11. Linear mixing obeys similar depen-
dence to the charge mixing parameter as in the simple non-periodic systems, but the
value of the parameter is smaller in the cases of optimal convergence. Nevertheless,
when using dielectric preconditioning the calculations do not converge in less than
40 iterations.

Reaching convergence is not an issue when Pulay mixing is used. However, unlike
in the previous test cases, the dielectric preconditioner tends to be considerably
slower than the other methods. It is also more sensitive to the variation of the mixing
parameter than in the non-periodic cases.

A specific case of convergence in the Si2H2O system is plotted in Figure 12.
The figure demonstrates how the behavior of the linear mixer differs from the other
methods when dielectric preconditioning is turned on. The iteration begins nicely,
with the dielectric preconditioner either matching or improving the mixing only case
for a few steps. Shortly after, there occurs a jump up in the sum of the eigenvalues and
the dielectric preconditioner is not able to recover from it. Although the calculation
still seems to continue, it is apparent that reaching the convergence criteria would
take considerably longer than with the Kerker preconditioner or only mixing. A
similar dip in the change of the sum of the eigenvalues happens also with the Pulay
mixer, but recovering from it is quick enough that the dielectric preconditioner is
not far behind the Kerker preconditioner. For both mixers, the convergence happens
fastest when no preconditioning is used.

The final test case is a bulk copper in face-centered cubic cells. Figure 13 contains
a plot showing the number of iterations needed for the system to converge. In general,
the results are rather similar to the previous periodic system. The combination of
the linear mixer and the dielectric preconditioner do not converge fast enough in this
case either. The main difference in the results for the Pulay mixer in Si2H2O and
fcc Cu is that in the latter case the convergence of the dielectric preconditioner is
much more sensitive to the value of the mixing parameter, whereas in the other two
cases the parameter has little effect.
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Figure 11: Plot of the number of iterations needed for convergence as a function of
the charge density mixing parameter for the Si2H2O system. The plot is drawn in
the same manner as described in Figure 5.

Figure 12: Convergence plots for Si2H2O system with mixing parameter 0.25. Made
in the same way as in Figure 7.
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Figure 13: Plot of the number of iterations needed for convergence as a function of
the charge density mixing parameter for the fcc Cu system. The plot is drawn in the
same manner as described in Figure 5.

The results of the comparisons are summarized in Tables 2 and 3. Table 2 shows
the least number of iterations required for convergence in different test cases, and
Table 3 contains the matching optimal mixing parameters used. As can be seen
from the first table, in the first three test systems the dielectric preconditioner
always converges faster than the Kerker preconditioner. Not using preconditioning
proves faster only when using the Pulay mixer in the simple H2 test system. With
Pulay mixing the improvement obtained by using the dielectric preconditioner is not
significant, since the optimal number of iterations for the different methods do not
differ by more than two. The situation is different in the case of the linear mixer,
where dielectric preconditioning results on average 33 % fewer iterations needed for
the calculation to converge.

The results in the other three test systems are distinctly different. In the non-
periodic Al8 cluster no method of preconditioning can get linear mixing to converge.
Switching the mixer to Pulay allows the iteration to finish in reasonable time, with
dielectric preconditioning resulting in the least necessary steps, although the other
methods are not far behind.

The periodic systems prove out to be the most difficult for the dielectric pre-
conditioner, as were expected. As stated before, periodicity is not considered when
calculating the static response function. Neither of the two systems converges when
a combination of linear mixing and dielectric preconditioning is used, even though
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Table 2: The amounts of iteration steps needed for convergence in different test
systems. A blank entry means that the iteration did not converge within 40 steps.

Mixer: Linear Pulay
Preconditioner: off Kerker dielectric off Kerker dielectric

H2 8 11 6 5 8 6
H2O 17 16 10 8 9 7
C6H6 15 16 10 8 9 7
Al8 13 15 11

Si2H2O 17 23 9 10 14
fcc Cu 17 19 6 7 15

Table 3: The optimal mixing parameters for different test systems. A blank entry
means that the iteration did not converge within 40 steps.

Mixer: Linear Pulay
Preconditioner: off Kerker dielectric off Kerker dielectric

H2 0.80 0.99 0.92 0.91 0.91 0.99
H2O 0.45 0.65 0.66 0.55 0.60 0.55
C6H6 0.55 0.70 0.70 0.70 0.99 0.99
Al8 0.20 0.90 0.60

Si2H2O 0.29 0.40 0.26 0.53 0.31
fcc Cu 0.34 0.39 0.37 0.39 0.15

convergence is reached with both the Kerker preconditioner and preconditioning
turned off. In the case of Pulay mixing the iterations converge with all methods, but
dielectric preconditioning requires the most steps, almost as much as when using
linear mixing without a preconditioner.

The optimal value for the charge mixing parameter tends to vary widely from
system to system. In general, when preconditioning is turned on, the optimal value is
higher than when no preconditioner is used. The Kerker and dielectric preconditioners
have their optimal parameter values close by in most cases. The choice of the mixer
does not tend to affect greatly with which value the fastest convergence is obtained.
It would appear to be the case that the more complex test systems require the mixing
parameter to be lower than the simple systems.

In all test systems, whenever the convergence is reached, all calculation methods
result in comparative values for the total energy of the ground state of that system.
This shows that the dielectric preconditioner leads to just as accurate results as the
methods that precede it.

Even though using the dielectric preconditioner can cause a reduction in the
number of iterations needed for the SCF calculation to converge, it does cause
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an increase in the complexity of the computation needed per iteration. The most
significant factors for this are the method of steepest descent and the computation
of the static response function χ0. Regarding the former, it was discovered that a
very tight convergence criteria for the residual was not needed; the SCF iteration
would converge even if the residual was around 10−5. This can be typically reached
within 20–30 iterations of the method of steepest descent.

Computing χ0 scales formally as O(N4) as it contains an iteration over all pairs
of basis functions (∼ N2), and over pairs of occupied and unoccupied states (∼ N2).
The calculation needs to be done once per iteration of the steepest descent method.
This causes a significant increase in the complexity of the dielectric preconditioner
compared to the Kerker preconditioner. Of course, the increase in computation
time per iteration depends on the complexity of the system and the number of the
Kohn–Sham eigenstates considered when calculating χ0. The NAO basis allows us
to use all unoccupied eigenstates, unlike in cases where there would be more degrees
of freedom. This is important, since using only a few unoccupied states causes more
iterations to be needed for the calculation to converge. In the non-periodic test
systems, the increase in computation time compared to not using preconditioning
ranges from 100 % in the simplest system (H2) to about 35 000 % in the most complex
(Al8). For the periodic systems, the time required per iteration is increased by 580 %
in the Si2H2O system and by 70 % in fcc Cu. On average, Kerker preconditioning
causes only roughly 1 % increase in computation time per iteration compared to
when no preconditioning is used.
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5 Summary
The purpose of this thesis was to implement a dielectric preconditioner for density
functional theory self-consistent field calculations and compare its performance with
other mixing and preconditioning methods. The aim was to see if the calculations
could be made faster by reaching convergence with less iterations when the dielectric
function was used to precondition the density.

At the beginning of this thesis the density functional theory is presented in
detail. It is followed by an overview of the numerical methods utilized in density
functional calculations with the focus on different mixing and preconditioning methods.
Linear and Pulay mixing, and Kerker and dielectric preconditioning are presented in
theoretical sense, followed by a description of the implementation of the dielectric
preconditioner.

To ensure that the system converges in density functional theory calculation, the
use of a mixer is often necessary. Mixer functions by combining information about
the density of the system from several previous iterations in order to create a new
density that will be used to calculate the next iteration. Particularly in metallic
systems the mixer can be combined with a preconditioner. In these cases, the density
is preconditioned by removing long-range oscillations before the mixing process.
Using the static dielectric function of the system as a method for preconditioning is
proposed to reduce the iteration needed for convergence, but before this it had not
been implemented in a mainstream electronic structure theory code.

All of the practical calculations that are part of the present work were done
using the Fritz Haber Institute “ab initio molecular simulations” (FHI-aims) code
package. FHI-aims already included working implementations of linear and Pulay
mixing, and Kerker preconditioning. The dielectric preconditioning is implemented
so that it can be used as a part of the FHI-aims. Different combinations of mixers
and preconditioners mentioned above are tested in a variety of test systems, which
include single molecules, a metallic cluster and periodic systems. The test results
were compared to determine the merits of using dielectric preconditioning.

In the simplest test cases, using the dielectric preconditioner typically resulted
in the least amount of iteration needed for convergence. However, calculating the
dielectric function is more complex than the methods previously used for improving
the numerical stability of the self–consistent field iteration. This means that every
single iteration requires more computation time. The time saved by speeding
up the convergence is not enough to compensate the increased time per iteration.
Additionally, at its current state the dielectric preconditioner proved inefficient with
periodic systems.

More work needs to be done in improving the performance of the dielectric
preconditioner before it could be used to solve more complex systems. However,
the results obtained in this thesis show that at least in simple cases comparative
outcomes can be reached with simply mixing and using the faster to calculate Kerker
preconditioner.

The dielectric preconditioner could be made faster by approximating the static di-
electric function. Auer and Krotscheck introduced two approximations [34], but they
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are defined in Fourier space, which makes them difficult to implement in FHI-aims.
Alternatively, the calculation might be sped-up by calculating dielectric function im-
plicitly, rather than explicitly, using the self-consistent Thomas–Fermi–von Veizsäcker
equation [35]. There are also other aspects of the dielectric preconditioner that re-
quire more attention to make it a fully viable method in density functional theory
calculations. To enable its use in largest variety of different systems, the way the
calculation of the static dielectric function depends on different spins and k-points
in periodic cases, needs to be studied further.
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