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Abstract— The identification of a parametric electromagnetic 

torque model for induction machines is studied. The data for the 

identification procedure is provided by the numerical impulse 

response test performed within a two-dimensional time-stepping 

finite element analysis (FEA). The parametric models are 

obtained from the theory of electric machines. The parameters 

are estimated using the data obtained from the numerical field 

solution. Within the impulse test, an assumption of linear 

behaviour in the neighbourhood of an operation point is made. 

As the real electric machine is a nonlinear, time-variant system, 

the applicability of the impulse test is studied by several means. 

Index Terms—Finite element methods, Frequency response, 

Induction machines, Parameter estimation. 

I. INTRODUCTION 

N ELECTRIC machine converts mechanical energy to the 
electric one, or vice versa. The machine is always a part 

of a power transmission. Mechanical and electrical properties 
of the connection depend on the type of the machine, but 
forced and free torsional oscillations exist inherently. For 
example, in power production such oscillations may occur as 
an energy-flow fluctuation in a wind farm [1] and mechanical 
vibration in diesel generating units [2]. Traditionally, torsional 
oscillations have been analyzed with low-order analytical 
models [3], and recently with high-order finite element models 
[4]. A moderate compromise between time-consuming, high-
order models and simple low-order models can be achieved by 
proper parameter estimation. 

The aim of this paper is to present a simple parametric 
model for the dynamic electromagnetic torque of induction 
machines. The model depicts the response of the 
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electromagnetic torque to the torsional perturbations in the 
rotor angle. This model can be combined with a mechanical 
torsion model to build an electromechanical system model.

II. METHODS

A. Numerical impulse response test 

In mechanics, impulse response tests are used to identify 
vibration characteristics of structures. The structure is excited 
by an impulse and the response of the system is measured. 
Both the excitation and response signals are converted to the 
frequency domain and from their ratio the frequency response 
function (FRF) is computed. A numerical method very similar 
to the mechanical impulse test has been successfully applied 
to identify electromagnetic force models [5]. 

This study is focused on modeling torsional oscillations. 
Hence, the impulse excitation is applied to the rotor position 
angle. The impulse test is performed within a 2D time-
stepping finite-element analysis which includes the magnetic 
saturation, skin effect in the rotor bars and rotation of the 
slotted rotor. The time-step of the FE analysis is 50 µs. The 
impulse is presented in Fig. 1. The amplitude is exaggerated 
for illustration purposes. 
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Fig. 1.  Impulse excitation applied to the rotor angle. 

At the beginning of the impulse test, the machine is 
operating at the steady state. The impulse is applied to the 
rotor angle and the machine is simulated until the response of 
the torque has completely decayed. Typically, 20 000 time-
steps are sufficient. The impulse to the angle and the response 
of the electromagnetic torque are converted to the frequency 
domain using Discrete Fourier Transform (DFT). From their 
ratio, the FRF of the electromagnetic torque is obtained.  

The impulse should excite all the frequencies in the 
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frequency range studied. The length of the impulse defines the 
frequency contents obtained. For example, an impulse of 
length 5.0 ms has a nonzero frequency contents up to 400 Hz 
[6]. By shortening the length of the impulse, a wider 
frequency range can be studied. However, in the case of the 
speed oscillations, the frequency range of 0…100 Hz is 
usually adequate. The electric machine produces certain 
frequencies within its normal operation. In order to distinguish 
the impulse response, the steady state has to be cancelled. This 
can be performed by computing the same operation point 
without any impulse excitation and subtracting the results 
from the perturbed case. 

The FRF can be obtained also by exciting every frequency 
under interest separately and computing the corresponding 
response. The method is referred as harmonic excitation. The 
procedure is otherwise similar to the impulse test but every 
point in the FRF requires a separate computation. Since the 
electromagnetic torque is assumed to be a linear function of 
the rotor angle, the FRFs obtained by the harmonic excitation 
and the impulse test should coincide. Another method to 
evaluate the applicability of the impulse test is to study the 
effect of the amplitude of the impulse. In the case of a linear 
time-invariant system, the amplitude does not influence the 
shape of the FRF. When a nonlinear system is linearized 
around an operation point, the magnitudes of excitation signal 
for which the assumption of linearity holds have to be defined. 
Empirically, this can be done by performing several impulse 
tests and increasing the amplitude of impulse gradually. When 
the shape of the resulting FRF begins to deteriorate, the 
assumption of linearity is not valid anymore. 

B. Small-signal models 

The slip-ring machines and cage-induction machines differ 
from the rotor. The slip-ring machine is magnetized also from 
the rotor side and the rotor is constructed from filamentary 
conductors. The rotor of the cage-induction machine has deep 
rotor bars which are short-circuited. Thus, two different 
circuit models are needed: T-equivalent circuit model for slip-
ring machines and a double-cage model for cage-induction 
machines. 

The models are presented in Fig. 2. The parameters of the 
T-equivalent circuit are: stator and rotor resistances Rs and Rr1,
magnetizing inductance Lm, and stator and rotor leakage 
inductances L s and L r1. To obtain the double-cage model, the 
resistance of another parallel rotor branch Rr2 and the common 
leakage inductance Lc between the stator and rotor are 
included. In this case, ur is zero. In Fig. 2, the parameters 
related to the double-cage model are circumscribed. In the T-
equivalent circuit, Lc = 0 and Rr2 = .

Rr1Rs

Lm

L s Lc

Rr2

L r1

us ur

Rr1Rs

Lm

L s Lc

Rr2

L r1

us ur

Fig. 2.  The circuit models used in parameter estimation. T-equivalent circuit 
is used for slip-ring machines and modified double-cage model for cage-
induction machines (extra parameters circumscribed). 

The small-signal models are derived from the space-vector 
theory. The currents are chosen as free variables and the flux 
linkage equations are substituted in voltage equations. In order 
to use real-valued variables, the equations are separated into 
real and imaginary parts. Thus, a corresponding analytical 
small-signal model is derived by assuming small perturbations 
around the steady-state rotor position angle, electromagnetic 
torque and currents. The steady-state quantities are subtracted 
and the products of perturbations are neglected. The small-
signal equations for the T-equivalent circuit in the 
synchronous frame of reference rotating at speed k

(superscript k refers to the reference frame) are 

k
sk k k

s s   s k s

d
j

dt
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d d
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dt dt
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conj conj

2
T pl i i i i . (5) 

is0
k=isx0

k+jisy0
k and ir0

k=irx0
k+jiry0

k are the steady-state 
currents. In order to use real-valued quantities, (1)–(5) are 
separated into real and imaginary parts. The small-signal 
model for a double-cage circuit is derived similarly [8]. 

During the impulse test, the stator and rotor voltage 
supplies are kept constant. For cage-induction machine 

ur = 0, but in the case of a slip-ring machine the rotor voltage 
is perturbed along with the rotor position angle. Here, the 
dependence between the rotor voltage and angle is assumed 
linear so that ur

k = k r, where k is a complex-valued 
coefficient. Eqs. (3) and (4) are substituted in (1) and (2) and 
the time-derivatives are replaced by Laplace-variable s. From 
those, the current components as a function of rotor angle can 
be solved. When these are substituted in (5), the 
electromagnetic torque as a function of rotor position angle in 
frequency domain is obtained. In the rest of the paper, the 
superscript k is left away for simplicity. 

184



PA1-11 3

C. Parameter estimation 

The numerical data is fitted to small-signal model using 
Differential Evolution [10]. In addition to the circuit 
parameters, the small-signal models contain steady-state 
current components isx0, isy0, irx0, and iry0. Moreover, in the case 
of the double-cage model the total rotor current consists of 
two sub-currents irx0 = ir1x0 + ir2x0 and iry0 = ir1y0 + ir2y0. Some of 
the parameters may depend on each other and cannot all be 
estimated. On the other hand, a good fit is obtained when as 
many parameters as possible are allowed to vary. The 
presented procedure is adopted by trying different alternatives 
and selecting the one that gives the best results. 

The stator current can be obtained from the steady-state 
time-stepping analysis. Reasonable steady-state estimates for 
L s and Lm (Rs is known) can be obtained from time-harmonic 
FEA [11]. From these parameters and the stator voltage and 
current, the total rotor current can be solved. In the case of the 
slip-ring machine, the amplitude of rotor current is fixed to 
this value. irx0 is estimated and iry0 is calculated from that and 
the fixed amplitude. In addition, the components of k are also 
estimated. The ratio of L r1 and L s is fixed to the value given 
by the time-harmonic analysis. For the cage-induction 
machine, the total rotor current is calculated similarly and 
both the components are fixed. The current components ir1x0

and ir1y0 are estimated and ir2x0 and ir2y0 are calculated from the 
estimates and the total rotor current. L r1 is calculated from the 
estimate of L s and the fixed ratio of the stator and total rotor 
leakage inductance [8]. 

III. RESULTS

A. Applicability of the impulse test 

1.7-MW slip-ring and cage-induction machines are studied. 
The type of the slip-ring machine is common in wind-power 
applications. The stator windings of the machines are similar. 
The supply voltage is 690 V delta-connected and the supply 
frequency is 50 Hz. The stator and rotor temperatures are 100 
°C. The cage-induction machine is operating in motor regime 
at slip 1.2 %. The slip-ring machine is used as a generator at 
slip –12 %. Next, the results obtained for the slip-ring 
machine are presented. 

The amplitude of the impulse is varied between 1…80 % of 
the pole pitch. Fig. 3 presents the FRFs obtained with relative 
amplitudes of 5, 20 and 50 %. The harmonic excitation with 
the relative amplitude of 5 % is performed at some 
frequencies. Fig. 4 presents the comparison between the FRFs 
obtained by the impulse test and the harmonic excitation. 

Since both the rotor position angle and electromagnetic 
torque are real-valued signals, the negative side of the FRF is 
a complex conjugate of the positive side. The poles are at 50 
Hz and at the slip frequency, 6 Hz. Since the FRF is defined 
from the rotor angle, the imaginary part represents the 
electromagnetic damping and the real part the spring constant 
[3]. It should be noted that within the ranges of 0…6 Hz and 
37…50 Hz the imaginary part is positive indicating negative 
electromagnetic damping. This means that when the machine 

is connected to a mechanical system, instabilities or torsional 
oscillations may occur. The effects of negative damping for 
induction machines have been studied in [9]. 
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Fig. 3.  FRFs for the slip-ring machine obtained using the relative impulse 
amplitude of 5 % (solid line), 20 % (dashed), and 50 % (dashed-dotted). 
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Fig. 4.  FRFs for the slip-ring machine obtained using the impulse test and the 
harmonic excitation (real part o, imag. part *). 

B. Parameter estimates 

Fig. 5 shows the fit for the induction machine. The fit 
obtained for the slip-ring machine is equally good. Table 1 
shows the estimated parameters for both the machines. The 
components of the currents and coefficient k are aligned with 
respect to the real-valued stator voltage. The fixed parameters 
are denoted by asterisk and the parameters calculated from the 
fixed and the estimated parameters during the estimation are 
denoted by two asterisks. 
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Fig. 5.  Numerical FRF (solid) and the fitted FRF (dashed) for the cage-
induction machine. 

TABLE I
PARAMETER ESTIMATES

parameter unit slip-ring cage-ind.

r s [m ] 2.12* 2.12*

l s [mH] 0.124 0.0949

l m [mH] 2.85 2.60

l r1 [mH] 0.0648** 2.65**

r r1 [m ] 2.80 4.68

l c [mH] / 0.0674

r r2 [m ] / 5.62

Re( k ) [V/rad] 21.5 /

Im( k ) [V/rad] 75.5 /

i sx0 [A] –1660* 2200*

i sy0 [A] –280* –1270*

i rx0 [A] 1830 –2310*

i ry0 [A] 918** 630*

i r1x0 [A] / 5450

i r1y0 [A] / –2190

i r2x0 [A] / –7760**

i r2y0 [A] / 2810**

* Fixed to a constant value 
** Calculated during the estimation from the fixed parameters and estimates 

By substituting the parameter estimates in the analytical 
small-signal models the transfer functions can be obtained. 
The transfer function for the slip-ring machine is 

e

r

5.18 j313.8 5.18 j313.8

8.02 j37.00 8.02 j37.00

11.29 j313.7 11.29 j313.7

15.23 j37.24 15.23 j37.24

s s

s sT s

s s s

s s

 (6) 

and for the cage-induction machine 

e

r

6.39 j313.7 6.39 j313.7

12.98 184.0 217.6

12.79 j313.0 12.79 j313.0

14.50 j4.29 14.50 j4.29

214.8 j4.40 214.8 j4.40

s s

s s s sT s

s s s

s s

s s
. (7) 

IV. DISCUSSION

Based on the computations, it can be concluded that the 
response of the electromagnetic torque is a linear function of 
the relative rotor position angle within the range 1…20 %. 
The comparison between the FRFs obtained from the impulse 
test and the harmonic excitation show a good agreement. For 
both of the machine types, the fits are very good and the 
circuit-parameter estimates are physically reasonable.  

Transfer functions (6) and (7) differ by the order and 
structure. For the cage-induction machine, a higher-order 
model is needed. An impulse excitation to the rotor angle 
induces current harmonics to the rotor bars in a wide 
frequency range. Thus, the influence of skin effect becomes 
more significant than at steady-state operation associated with 
low rotor frequencies. 

The slip-ring machine the rotor of which is supplied from a 
voltage source effectively works as a synchronous machine. 
The torque response at DC is high. This property is included 
in the analytical model (1)–(5) by the rotor-voltage 
perturbation linearly proportional (by coefficient k) to the 
rotor-angle perturbation. From (7) and Fig. 5 it can be seen 
that for the cage-induction machine the torque response is 
zero at s = 0. This is reasonable since the torque of cage-
induction machines is not affected by the position of the 
steady-state rotor angle. 

In reality, the dynamic behavior of rotating machines is 
time-variant. Thus, the numerical FRF and parameter 
estimates of the time-invariant analytical model may depend 
on the time instant when the impulse test is performed. The 
effects of time-dependency will be the subject of future study.  
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