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1. Introduction

1.1 Motivation

Wireless networks have witnessed unprecedented amounts of data traffic

in the recent years. The astoundingly rapid increase in the number of

wireless user devices has resulted in extremely high amounts of mobile

traffic. Consequently, all this has led to severe loads on the network in-

frastructure. By 2020, global mobile data traffic is predicted to exceed 30

exabytes per month and the number of devices with a mobile connection

will surpass the number of people by 50% [1]. Nevertheless, this dramatic

increase in the number of user devices can also be seen as an opportunity

to take advantage of the virtually ubiquitous presence of devices. Espe-

cially the essentially free, unused storage capacity on the devices could

be put to use as temporary data storage that could directly serve future

queries more efficiently than traditional server-client-based approaches.

In addition to the potentially utilizable storage space on devices, two key

characteristics of mobile data – temporal locality [2–4] and spatial locality

[5, 6, 8] – are likely to be exploited more in the future. Temporal locality

refers to the fact that the popularity of data files is not fixed over time.

Instead, data request patterns are strongly varying over time. Spatial

locality refers to the phenomenon where users in close physical proximity

are likely to request the same files. For example, information on a tourist

attraction is likely to be requested by the users that are in its proximity.

The benefits of taking advantage of spatial locality are most pronounced

when users form geographically condensed groups, usually referred to as

clusters [9].
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Besides the locality features of mobile data mentioned above, another

feature of object queries is the fact that the distribution of query frequen-

cies is typically highly skewed [10]. This implies that the most popular

files are requested much more often than the least popular ones. This

observation has led to a large amount of research on systems where the

most popular objects are prioritized so that they can be retrieved faster

and more efficiently than the less popular ones. The standard way to

achieve this is to store popular data on intermediate storage devices close

to the end-users, a technique commonly known as caching [11–19]. Mod-

ern paradigms such as Content Delivery Networks (CDN) [22] and Infor-

mation Centric Networks (ICN) [23] consider caching as a central part

of their functionality. Furthermore, caching has also been proposed for

Delay Tolerant Networks (DTN) [24] and Ad Hoc Networks [25].

All the aforementioned features of data traffic motivate us to consider

location-aware wireless caching, where data objects popular in a certain

geographical area are cached directly on wireless user equipment. To

achieve this, there should be a means to effectively deliver data between

devices in physical proximity. One new technology added to 3rd Genera-

tion Partnership Project (3GPP) Release 12 to alleviate the strain on base

stations, and to enable new services, is Device-to-Device (D2D) communi-

cations. The main functionality of D2D is direct communication between

user devices without the need for contacting the base station, which can

yield numerous benefits such as lower power consumption, higher data

rates, decreased interference, lower latency, and increased spectral effi-

ciency [26–32]. D2D enables efficient communication between devices in

proximity of each other – which is a most fitting feature for our purposes

of joint device-based caching and direct wireless distribution of data.

While caching has a long history in web communication engineering

[11–14], wireless caching is a rather new paradigm [15–19]. A major con-

cern in wireless networks has traditionally been maintaining connectiv-

ity in highly mobile scenarios. Further, even without loss of connectivity

to the network, wireless device-based caching suffers from mobile churn,

which refers to the dynamics of the free mobility of devices moving in and

out of a spatially constrained area – a phenomenon familiar to Peer-to-

Peer (P2P) systems [20,21]. This imposes an apparent, inherent problem

for wireless caching on mobile terminals: data cached on a device can be
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lost extremely easily. Now a natural question arises whether or not it can

be beneficial to utilize storage coding methods to ensure data availability

despite the inevitable caching node failures by modeling failures as infor-

mation symbol erasures, which is exactly what we do in this research.

Guidelines for ensuring data availability for wireless user-based caching

under mobile churn are lacking in the literature. The main objective of

this thesis is to fill this void in the study of churn-proof wireless caching.

1.2 Scope of the Thesis

The main goal of this thesis is to study how caching data directly on mo-

bile user devices could help improve the energy-efficiency of wireless cel-

lular networks. The main focus is to investigate if and when coded D2D

caching can improve the expected power consumption compared with tra-

ditional downlink data transmission.

We consider a scenario where mobile users store data files on their own

devices and distribute them to each other via direct links. The perfor-

mance metric that we aim to minimize is the cost defined as the expected

overall power consumption. Distinct cases for distance-independent and

distance-dependent data transmission costs are distinguished. We de-

scribe under which scenarios distributed coded caching is preferred over

uncoded caching. We investigate when the benefits of such redundant

data storage are substantial, and provide general guidelines for choosing

the coding methods for a given caching cluster size, file popularity, and

storage cost among other parameters. Further, we illustrate how D2D

caching can also be beneficial for service providers in terms of monetary

savings.

Additionally, we consider a cache for which the cache contents are cho-

sen so that the expected byte hit rate is maximized. For such a cache, we

find the distribution of the required size of the cache. We further show

how solving this problem brings about new general results on the study

of order statistics. Finally, we also solve certain related problems in mul-

tihop networks with multiple relays.
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1.3 Contributions and Structure of the Thesis

This work contributes to the study of wireless caching and wireless dis-

tributed storage, as well as order statistics with caching applications.

This dissertation provides system models, mathematical analysis and com-

puter simulations on caching systems with a special emphasis on wireless

coded caching with Device-to-Device communications.

There are two main points of focus: energy-efficiency, and reducing data

traffic in the core network. The results of this thesis can be applied to

design more energy-efficient wireless networks. Further, certain problems

on wireless multihop networks are presented and solved.

The rest of the thesis is organized as follows. In Chapter 2 we introduce

the general system model for wireless caching clusters and wireless signal

propagation used throughout this thesis. Further, we derive expressions

for the required transmit powers. In Chapters 3 and 4, we introduce the

caching methods used for caching data in the clusters, and as the main

results of this thesis, we derive expressions for the expected power con-

sumption costs of each of the caching methods and show several examples

scenarios with numerical results.

In Chapter 5, we take a statistical approach to cache sizing and find

mathematical tools for solving the required cache size for a caching sys-

tem where the byte hit rate is maximized. In Chapter 6, we apply the re-

sults of Chapter 5 to a multihop network with route selection. In addition,

we investigate the problem of coefficient vector selection for a multihop

system with multiple transmitters. Finally, Chapter 7 provides conclud-

ing remarks and directions for future work.

1.4 Summary of the Publications

This thesis consists of an introductory part and five original publications.

Publications PI, PII and PIII are the main subject of this thesis. They

discuss applications of distributed storage coding for wireless caching on

mobile terminals. Publication PIV studies cache sizing in a stochastic

environment as well as fading in wireless multihop networks with route

selection, while PV addresses the issue of decoding function selection for

Compute-and-Forward relaying.
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In Publication PI, we consider a wireless caching community where mo-

bile users are able to cache and distribute data through Device-to-Device

communications. Erasure coding is used to ensure data availability in a

designated geographical area despite the churn effect caused by the arbi-

trary, unrestricted coming and going of mobile users.

The coding methods are chosen so that the overall energy consumption

of the system is minimized. We consider four main methods: 1) the tradi-

tional way where only the base station (BS) of the cell is used for downlink

data transmission, 2) the case where data are cached on the users with-

out redundancy, 3) data are cached with simple repetition coding, and,

4) data are cached using regenerating codes. We find that, for a system

where failures are treated and repaired immediately, regenerating codes

provide no gain over simple 2-replication. These findings are verified by

computer simulations.

Publication PII extends the system model of Publication PI to cover the

more realistic cases where multiple caching users may leave the cluster

simultaneously. Therefore, the system must be able to recover from mul-

tiple simultaneous failures. Similarly to Publication PI, we compare the

performance of caching without redundancy to that of caching with repeti-

tion coding and regenerating codes in terms of the total energy consump-

tion of the system. We illustrate how the expected number of file requests,

or the file popularity, plays an important role when deciding which coding

method yields the best results. Finally, we find that regenerating codes

can offer significant performance benefits for certain file popularities.

Publication PIII further extends and improves the system model of Pub-

lication PII by introducing a distance-dependent pathloss model for the

required transmit power for both the downlink and the proximate D2D

links. Additionally, the model considers a cost for storing data on the user

devices. Geometrical analysis is conducted to find approximations and

exact expressions for the expected energy consumption of the system. It

is shown that coding can yield very significant gains in terms of both the

overall energy consumption and, additionally, monetary benefits for oper-

ators if D2D communications can replace traditional downlink-based data

distribution.

Publications PIV and PV are not directly in the same line of work as the

other publications. Publication PIV takes a statistical approach to cache
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sizing. We derive statistical distributions for the required cache sizes

when the cached files are chosen so that the byte hit rate is maximized.

This turns out to be an order statistics problem, and more precisely, a

problem of finding the distributions of latent variables of order statistics.

We derive general expressions for the cases where 1) the order statistics

are sums of random variables, and 2) the order statistics are products of

random variables. We present several examples for well-known probabil-

ity distributions. Furthermore, we study the asymptotic behavior of our

results. All these newly acquired tools allow us to solve the aforemen-

tioned maximal byte hit rate problem. Additionally, we showcase how the

distribution of a factor of the product of exponential random variables can

be used to derive the density of a single hop channel coefficient of wireless

multihop networks with route selection.

In PV, we consider the Compute-and-Forward relaying strategy. By de-

coding linear combinations of messages transmitted from multiple trans-

mitters, it has been shown that a higher rate can be achieved at the trans-

mitters. We find a method based on intelligently sorting the coefficient

vectors so that a full-rank system of linear equations at the destination

is guaranteed. Further, our method requires no signaling between the re-

lays, and the computational complexity of the method is constant. Both

the analytical results and computer simulations show that our method

has the desired property that the decoding error probability goes to zero

when the transmission rate goes to zero.
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2. Caching Cluster System Model

Ever since the early days of wireless cellular networks, data traffic has

been routed from data servers through the core network and backhaul

links, to base stations, and finally from the base stations to the mobile

users through a wireless link. However, such server-client-based models

have been recently challenged or replaced by, for instance, Information

Centric Networks (ICN) where the actual location of certain data is irrel-

evant – what matters is how the requested data can be delivered to the

user quickly and efficiently.

To alleviate the burden on origin servers, data can be stored on edge

servers, base stations or even end-user devices themselves. This tech-

nique is commonly known as caching. It is a key feature of modern net-

works such as Content Delivery Networks (CDN). Caching has been widely-

used in wireline networks for decades. Lately, due to the proliferation of

wireless devices and the exponential growth of wireless data traffic, there

has been a great deal of research on wireless caching directly on user de-

vices [18,42–44], or both user devices and base stations [6,7,15,17,45].

Our main objective is to couple wireless caching with Device-to-Device

(D2D) communications so that data files are protected against churn by

coding schemes familiar to those of modern Distributed Storage Systems

(DSS).

2.1 System Model

This section presents the D2D caching system model used throughout this

thesis. We considered two variations of the model: 1) a simplified model

where both transmission distance and storage space consumption are ig-
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nored, and 2) a more realistic model where both transmission distance

and storage space consumption are considered. Both models are based on

certain assumptions on the mobility of the devices and the structure of

the wireless network. These assumptions are introduced in the following.

User devices inside a certain geographical area form a D2D caching clus-

ter. These users are able to store data directly on their devices and dis-

tribute them to other nodes in their proximity. The users are free to roam

outside of the cluster and users outside of the cluster can likewise enter

the cluster at arbitrary time instances. Such free user mobility imposes

obvious challenges to the caching system: users storing data may leave

the cluster at any time, potentially rendering the data originally cached

in the cluster unavailable to the users who are requesting the data.

In this thesis, the churn phenomenon is described with a stochastic

queueing theory model, namely, the M/M/∞ Markov chain. Such a model

provides tractability and enables mathematical analysis of the system.

According to this model, a mobile user stays in the system for a random

amount of time, and this time follows the exponential distribution. We

call this user lifetime, and denote it T = 1
λ , where λ is the rate at which

a single user passes through the system, a parameter which we call the

user passing rate. The user lifetime is analogous to cell dwell time, a term

which is widely-used in wireless cellular networking, where dwell times

are commonly modeled as exponential [49–51].

The main system model of this thesis is illustrated in Figure 2.1. Mobile

users form a caching community within a limited geographical area which

is modeled as a circle of radius r, the center of which is at a distance v from

the closest base station (BS). We call this community a caching cluster.

The expected number of users in the cluster is m. Users inside the cluster

are able to automatically cache data objects directly on their devices and

distribute them through Device-to-Device communications.

According to the M/M/∞ Markov chain model, the probability of having

j nodes in the cluster can be expressed as [52]

π(j) =
mj

j!
e−m. (2.1)

Throughout this thesis, we assume instant repair after failures so that

no matter which coding method is used, there are always n caching nodes

in the cluster so long as the Markov chain in Figure 2.2 never enters a
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BS

B

r

v

Figure 2.1. D2D caching cluster system model example when the cluster is a disk of ra-
dius r. Instead of always having to contact a remote base station (BS), users
in the cluster are able to communicate with each other through direct links.
The cost of using the traditional downlink is B. The distance between the BS
and the center of the cluster is v.

state lower than n. This is a valid assumption since we only focus on the

practically important case n � m, and thus the probability that the chain

in a small state is negligible1. Note that an extension of our model was

considered in [53] for the more realistic case where repairs are conducted

periodically.

m− 1 m m+ 1· · · · · ·

mλ

(m− 1)λ

mλ

mλ

mλ

(m+ 1)λ

mλ

(m+ 2)λ

Figure 2.2. M/M/∞ Markov chain. The state refers to the number of users in the cluster.

1For instance, if m = 100 and n = 6, the probability that the number of nodes in
the cluster is n or below is approximately 5.5× 10−35.
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2.2 Wireless Signal Propagation

One of the major concerns in wireless data transmission engineering is

the fact that the electromagnetic magnetic field generated at the trans-

mitter significantly reduces in strength with distance. This typically trans-

lates into major signal degradation at the receiver end even over rela-

tively short distance. This degradation is often modeled with the so-called

pathloss model [54,55], which states that the loss of signal strength at dis-

tance d is

L(d) = L(d0) + 10Γ log
d

d0
+ ξ, (2.2)

where L(d0) is the loss at a reference distance d0, Γ is the pathloss expo-

nent, and ξ is a random variable that follows the normal distribution with

zero mean.

For tractability, throughout this thesis we use a simplified pathloss model

that has been used, for instance, in [56]. According to this model, the re-

quired transmit power for unit receiver sensitivity is

P (r) = rΓ. (2.3)

In so-called free space, where there are no obstacles, signal attenuation

is proportional to the second power of the transmission distance, that is,

Γ = 2. However, in a realistic wireless transmission system signal atten-

uation is much more severe. Especially in urban scenarios a typical value

for the pathloss exponent is Γ = 4 [56].

2.3 Coding for Distributed Storage Systems

All real-world data storage systems are prone to storage node failures.

Therefore, it is extremely important to maintain a certain level of redun-

dancy in the system to keep the stored data safe from storage node fail-

ures. In our scenario, it is especially important to keep data available

at all times, that is, users should be able to access the data preferably

directly from the caching cluster. Note that in data storage systems dura-

bility, as opposed to availability, refers to long-term data protection, but

in the setting of the current work having high durability is not enough –

it is the instantaneous availability of data that counts.
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To avoid availability losses, data must be stored in a distributed manner

such that the loss of a small number of storage devices does not render

the data unavailable. Such systems are known as Distributed Storage

Systems (DSS) [46–48,62].

The most straightforward way to store data in a distributed manner is

to store a certain number of full back-up replicas of the data objects, a

method known as replication. A typical practice is the so-called triplica-

tion, where three replicas of each data object are stored in the hope that

when one of the replicas is lost, a second one will not be lost until the lost

one has been repaired. Here it is important to maintain availability of

the data even when one of the remaining replicas is occupied with the re-

pair process. However, such replication schemes consume large amounts

of storage space. This shortcoming has been addressed by protecting data

against storage node failures with erasure coding, which has been shown

to offer better storage efficiency compared to replication for a given level

of redundancy [60].

Some of the most widely-used erasure codes are the so-called Maximum

Distance Separable (MDS) codes that allow for data object reconstruction

contacting an arbitrary k-subset of storage nodes. For example, Reed-

Solomon codes [61], the workhorses of erasure coding, are a well-known

example of MDS codes. However, MDS codes designed for erasure chan-

nels are not efficient in terms of repair traffic since they require that the

whole data object must be communicated to reconstruct a fraction of the

data file. This limitation has been addressed by distributed storage codes

that achieve an optimal tradeoff between storage space consumption and

the amount of data traffic at storage node repair while still retaining the

MDS property. Such codes are known as regenerating codes [62]. For a

regenerating code with code parameters (n, k, d), n refers to the number of

storage nodes, k is the number of storage nodes that need to be contacted

when reconstructing the original data object, and d is the number of stor-

age nodes that need to be contacted when repairing a lost fragment. In

this thesis, we only consider the typical case k ≤ d < n.

There are two extreme points on the optimal tradeoff Pareto frontier of

regenerating codes. These points refer to the Minimum Bandwidth Re-

generating (MBR) code and the Minimum Storage Regenerating (MSR)

code. For the MBR code, first the required amount of data traffic at stor-
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age node repair γ = dβ is minimized and then the storage space consump-

tion α is minimized, while the MSR achieves the opposite: the storage

space consumption is first minimized, and then the amount of data traffic

at repair. In [62], these extreme points were shown to correspond to the

values

(αMBR, γMBR) =

(
2Bd

2kd− k2 + k
,

2Bd

2kd− k2 + k

)
(2.4)

(αMSR, γMSR) =

(
B

k
,

Bd

k(d− k + 1)

)
, (2.5)

where B is the file size, which we set to B = 1 in this thesis without loss of

generality. Code constructions for both the MBR point and the MSR point

can be found in, for example, [63].

Our main objective is finding an optimal tradeoff between the aggre-

gate storage space consumption nα, reconstruction bandwidth consump-

tion kα, and repair bandwidth consumption γ for given system parameters

and file request rates such that the expected overall energy-efficiency is

maximized.

To compare the performance of different caching methods, we need to de-

rive mathematical energy-efficiency metrics for them. This is done in the

following sections both for the case where power consumption is indepen-

dent of transmission distance and for the case where power consumption

depends on the transmission distance.
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3. Costs Independent of Distance and
Storage Space

In this section we investigate the case where transmitting a bit within

the caching community in D2D mode incurs a constant cost that is inde-

pendent of the transmission distance. Furthermore, the storage capacity

reserved for caching is considered so high that the cost of data storage can

be ignored. This model has been used in [64] as well as PI and PII.

We say that transmitting a bit within the caching community incurs a

unit cost, whereas transmitting a bit from the base station is more costly

and yields a cost R > 1. If the data file is cached on the devices in the

cluster, each file request is directed to the caching users, an event which

we refer to as local retrieval. The cost of this is simply 1. However, if the

data file is not cached on the users in the cluster, the BS must be contacted

and the file is downloaded via the traditional downlink, an event which

we refer to as remote retrieval, the cost of which we denote by R.

The expected number of users in the cluster is m, and the expected time

that a user spends in the cluster is a random variable that follows the

exponential distribution with expected value T = 1
λ .

3.1 Simple Caching

As a baseline method against which we can compare the performance of

the more sophisticated caching methods that will be presented later, here

we introduce simple caching, a method where no redundancy is utilized.

When simple caching is used, there exists a single caching user caching

the file until the user departs the cluster. When the file is cached, the

number of users not caching the file is thus m − 1 on average. Each of

these users requests the file at rate ω. When the caching user leaves the
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system, the next request is directed to the BS. According to the system

model used in Publication PI and Publication PII, this incurs cost R. The

dynamics of the simple caching method are illustrated with a Markov

chain in Figure 3.1.

(0, 0)

(1, 0)

(0, 1)

(1, 1)

(0, 2)

(1, 2)

(0, 3) · · ·

· · ·

mλ

mλ

λ

mλ

λ ω

mλ

λ

λ

mλ

2λ

2ω

mλ

2λ

λ

3λ

3ω

mλ

4λ

3λ

λ

Figure 3.1. Simple caching Markov chain state diagram. State (x, y) refers to having
x ∈ {0, 1} caching nodes and y ∈ {0, 1, 2, 3, ...} empty nodes in the cluster.

The chain is the M/M/∞ chain split into two parts. The steady state

probabilities of the upper subchain are πj − ζj and the lower subchain ζj ,

where πj are the M/M/∞ probabilities from (2.1), and ζj fulfil the recursion

ζj+1 =

(
m

j
+

ω

λ
+ 1

)
ζj − m

j
ζj−1 − ω

λ
πj ,

with ζ0 = 0. Considering the scope of this thesis, it is not required to solve

for these steady state probabilities. It will shown later that a straightfor-

ward approximation can be easily found, and that the approximation is

accurate enough for our purposes.

An approximation1 for the expected time until the next file request once

the file has been lost is 1
mω . Now recall that the expected time that a user

stays in the cluster is T = 1
λ , the expected cost of simple caching can be

approximated2 as

1Once the caching node has left the cluster, we should take the transient period
in which the system returns back to steady state into account to find the exact
expected value of the cost of simple caching. However, as λ < ω and m is large,
for the purposes of this thesis this approximation is accurate enough. This will
be later demonstrated numerically.
2For the expectation of the ratio of random variables, we have used the
Taylor series expansion of f(x, y) = x/y centered at the point (E(X), E(Y ))

when y has support on [0,∞). We truncate this to E(X/Y ) ≈ E(X)/E(Y ) −
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CSC ≈ (m− 1)ωT +R

T + 1
mω

=
(m− 1)ω +Rλ

1 + λ
mω

. (3.1)

3.2 Redundant Caching

In this section, we present the functionalities of the redundant caching

scheme, alongside of the corresponding cost functions. The aim of this

caching method is to provide redundancy to the cached data file so that

storage node departures do not affect the availability of the file. More-

over, the goal is to find an optimal tradeoff between the amount of data

transmitted during file reconstruction and the amount of data transmit-

ted during file repair after storage node failures.

Data Allocation: Every time a new user enters the cluster when the

existing number of users is exactly k − 1, the BS transmits an encoded

fragment of size α to k users. This event is a transition from state k − 1

to state k in the Markov chain of Figure 2.2, the probability of which is

π(k − 1) m
k−1+m . Note that for the steady state, the fraction of transitions

out of a state is proportional to the expected time the system stays in that

state. Thus, as the expected state transition time is
∑∞

i=0

(
T

i+m

)
π(i) =

1
2mλ , we can write the allocation cost as

C1 = 2mλπ(k − 1)

(
m

k − 1 +m

)
Rkα.

Adding redundancy: If the number of nodes is in [k, d − 1] when a new

node appears, the caching users transmit kα bits to the new node. If the

number of nodes is in [d, n−1], the caching users only need to communicate

γ units of data, an even which we call redundant repair. The cost of adding

redundancy thus becomes

C2 = 2mλ

d−1∑
i=k

π(i)

(
m

i+m

)
kα+ 2mλ

n−1∑
i=d

π(i)

(
m

i+m

)
γ.

Data repair: Every time a storage node departs the cluster, the system

attempts to repair the lost fragment in order to keep the number of cached

Cov(X,Y )/E(Y )2 + Var(Y )E(X)/E(Y )3 [65]. In the interest of space, we will
demonstrate the predictive ability of our estimate through numerical simula-
tions instead of a full error term analysis.
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fragments constant. The probability that there are i nodes, and that the

next event is a node departure, and that the departed node was storing

a fragment is π(i) i
i+m

n
i . Repairing is possible only if there is at least

one empty node after a storage node departure. Thus, we sum over i ∈
[n+ 2,∞). The cost of each repair is γ, so the repair cost becomes

C3 = 2mλ

∞∑
i=n+2

π(i)
nγ

i+m
.

Remote retrieval: If there are fewer than k nodes, the BS serves the user

request. The cost of this is

C4 =

k−1∑
i=1

π(i)iwR.

Reconstruction by storage nodes: If the number of nodes is in [k, n], every

time a user requests the file, it only needs to connect k−1 other nodes since

it already has one fragment stored on itself. The cost of this becomes

C5 =
n∑

i=k

π(i)iω(k − 1)α.

Reconstruction with many nodes: If there are more than n nodes, the

n nodes that are already storing a fragment only need to connect k − 1

nodes for file reconstruction, whereas the nodes not storing a fragment

must connect to k nodes. The sum of the costs of these requests becomes

C6 =
∞∑

i=n+1

π(i)(ki− n)αω.

Note that, although not shown in the above equations, α and γ are func-

tions of k and d, as in (2.4) and (2.5). The overall cost is the sum of all the

six costs shown above.

Replication: Here by replication we refer to simply storing n copies of the

whole data object. When replication is applied, there are on average m−n

storage nodes in the cluster. Each of them requests the file at rate ω. The

cost of replication can be obtained simply by setting k = d = α = γ = 1 in

the cost terms of the redundant caching scheme presented in the previous

section.

3.3 Comparison of Cost Functions

Table 3.1 concludes this section by comparing the expected costs, or their

approximations, of the considered caching methods. These cases were cov-

28



Costs Independent of Distance and Storage Space

ered in Publication PII for an arbitrary number of redundant fragments.

When only the steady state of the Markov chain is considered with an as-

sumption that the total number of users is much higher than the number

of storage nodes, it is only the sum of the repair cost and the reconstruc-

tion cost with many nodes that count for the total cost function.

Table 3.1. Cost functions for the different caching methods for the system model used in
Publication PII.

method caching nodes cost

simple caching 1 ((m− 1)ω +Rλ)
(
1 + λ

mω

)−1

regenerating code n
∑6

i=1Ci

replication n
∑6

i=1Ci

∣∣∣
k=d=α=γ=1

For comparison, Table 3.2 presents the cost functions for the model used

in Publication PI, where the differences to the system model in Publi-

cation PII are that 1) the number of redundant fragments is allowed to

minimal, i.e., only one redundant fragment is needed, and 2) the expected

number of requesting nodes is approximated to be m.

Table 3.2. Cost functions for the different caching methods for the system model used in
Publication PI.

method caching nodes cost (per time)

base station only 0 Rmω

simple caching 1 ≈ (mω +Rλ)
(
1 + λ

mω

)−1

2-replication 2 ≈ mω + 2λ

regenerating code k + 1 ≥ 3 ≈ mω 2k
k+1 + 2λ
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An interesting observation regarding the cost functions in Table 3.2 is

that 2-replication outperforms simple caching when

R > 3 +
2λ

mω
= 3 +

2

mp
, (3.2)

where we have defined p := ω
λ to be the expected number of file queries

that a single node issues during its visit to the caching cluster. (3.2) im-

plies that redundant caching is beneficial compared to caching without

redundancy only if the cost of contacting the base station, R, is high com-

pared to the cost of contacting a proximate caching node in D2D mode,

and when the expected aggregate number of file requests, mp, is high.

3.4 Switching Thresholds

Assuming that the number of caching users is much smaller than the

total number or users in the cluster, that is, assuming n � m, the cost

functions of Table 3.1 used in Publication PII can be approximated as

shown in Table 3.3.

Table 3.3. Cost functions for simple caching (SC), regenerating codes (MBR and MSR)
and replication (REP) when the cost is independent of the transmission dis-
tance.

method approximated cost

SC (m−1)ω+Rλ

1+ λ
mω

MBR 2d((λ−ω)n+mωk)
k(2d−k+1)

MSR λdn
k(d−k+1) + ω

(
m− n

k

)

REP λn+ ω(m− n)
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Now let p1 denote the value of p where the cost of simple caching is equal

to that of MBR, p2 denote the value of p where the cost of MBR is equal

to that of MSR, and p3 denote the value of p where the cost of MSR is

equal to that of replication. We call {p1, p2, p3} the switching thresholds

of the caching methods. For given code parameters (n, k, d), the switching

thresholds can be shown to yield the expressions shown in Table 3.4.

Table 3.4. Switching thresholds.

transition switching threshold

SC =⇒ MBR p1 ≈ kR(2d−k+1)−2dn
k(2d+(k−1)(m−1))−2dn

MBR =⇒ MSR p2 ≈ 4dn
m(d+1)2

MSR =⇒ REP p3 ≈ d−k
d−k+1

These expressions cannot be directly applied to find the exact crossing

points of the performance curves of the caching methods as show in, for

example, Figure 3.2 since for the analysis of Table 3.4 k is fixed, while in

the figure, we have found the optimal k for each value of p. Nevertheless,

the analytical expressions can be utilized to find approximations of the

switching thresholds when the code parameter values are either fixed or

when they can only take values from relatively limited intervals.
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3.5 Numerical Results

Here we present numerical results for the setting where the cost is inde-

pendent of transmission distance and storage space. Figure 3.2 plots the

cost for the considered caching methods with fixed n = 30 and d = 10,

while k ∈ [2, 10] is optimized for each value of p with small intervals. We

see that both MBR and MSR yield significant savings for certain popular-

ity values p, while replication only offers modest improvements for very

high request rates.
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Figure 3.2. Costs as a function of the expected number of file requests during the lifetime
of a node for R = 20 and m = 1000.
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4. Costs Depending on Distance and
Storage Space

Here we find expected costs for the select caching methods when, unlike

in the previous chapter, cost is not independent of transmission distance

and storage space. Furthermore, we introduce weights for data transmis-

sion and storage in order to study the effects of caching from a mobile

operator’s point of view.

Let C(i, n) denote the expected cost of transmitting one unit of informa-

tion from an arbitrary point in the cluster to its i’th nearest caching node

out of n caching nodes. Such transmission costs are weighted by a con-

stant Θ denoting the incentive [66–68] cost of data transmission of the file

in D2D mode. The incentive cost of data storage is denoted by a constant

σ for storing the file for a unit time. The expected cost of transmitting a

unit of data from the BS to a node in the cluster is denoted B.

In the following three subsections, we introduce the costs of the caching

methods. In Section 4.4, we find expressions for C(i, n) and B for a special

setting of transmit power inversion and disk-shaped cluster. Later, in

Section 4.5, we show numerical results for the performance of the caching

methods for this setting.

4.1 Simple Caching

The idea behind simple caching is exactly as already presented in Sec-

tion 3.1. The expected cost of retrieving the file from the caching node is

C(1, 1), and the expected cost of retrieving it from the base station is B. So

long as the file is cached, it induces storage cost σ. Using the approxima-
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tion1 E
(
X
Y

) ≈ E
(
E(X)
E(Y )

)
, where X,Y are two random variables and E(·)

denotes expectation, the cost of simple caching can be approximated as

χ(Simple Caching) ≈ Θ · (m− 1)ωT · C(1, 1) + B + σ

T + 1
mω

. (4.1)

4.2 Replication

Here replication is defined as in Section 3.2, that is, when this scheme is

applied, n full copies of the file are cached. Now the request cost depends

on the number of replicas and is given by

χ1 = (m−n)ωC(1, n).

When a caching node is lost, one of the remaining caching nodes is used

for repair and the repair cost yields

χ2 = nλC(1, n−1).

The storage cost is

χ3 = nσ.

Thus, the cost of replication becomes

χ(Replication) = Θ · (χ1 + χ2) + χ3

= Θ ·
(
(m−n)ωC(1, n) + nλC(1, n−1)

)
+ nσ. (4.2)

The storage degree n is the only parameter to be optimized. Here it impor-

tant to note that while increasing n decreases the expected transmission

distance for both file reconstruction and repair, a high n implies a high

aggregate caching node failure rate and a high aggregate storage cost.

In Section 4.5 we demonstrate that it is pivotal to find the optimal n for

minimizing the cost.

1This follows from the Taylor series expansion of f(x, y) = x
y centered at the

point (E(X), E(Y )) when y has support on [0,∞). This expansion can be trun-
cated to E (X/Y ) ≈ E(X)/E(Y ) − Cov(X,Y )/E(Y )2 + Var(Y )E(X)/E(Y )3 [65].
In the interest of space, instead of providing a full analysis of the error term, we
will demonstrate the predictive ability of our estimate through numerical simu-
lations (see the figures in Section 4.5).
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4.3 Regenerating Codes

We define the regenerating code scheme as in Section 3.2 with the excep-

tion that here the transmission cost is distance-dependent and weighted

by Θ, while storage has cost σ per unit of data.

On average, there are n caching nodes requesting the file at rate ω to

download a block of data of size α from k − 1 of the other n − 1 caching

nodes yielding a cost

χ4 = nωα

k−1∑
i=1

C(i, n−1).

The nodes that are not caching data contact k of n nodes, the average

cost of which is

χ5 = (m−n)ωα

k∑
i=1

C(i, n).

A lost node is repaired by an empty node contacting d of the surviving n−
1 nodes and β units of data are downloaded from each. Since on average

n nodes fail at rate λ, the repair cost yields

χ6 = nλβ
d∑

i=1

C(1, n−1).

With the storage cost

χ7 = nσα,

the total cost of using regenerating codes amounts to

χ(Regenerating) = Θ ·
(
χ4 + χ5 + χ6

)
+ χ7

= nωα

k−1∑
i=1

C(i, n−1) + (m−n)ωα

k∑
i=1

C(i, n)

+ nλβ
d∑

i=1

C(i, n−1) + nασ, (4.3)

where α and β are functions of (k, d) given by (2.5) for MSR codes and (2.4)

for MBR codes.
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4.4 Costs in a Disk-Shaped Cluster with Power Inversion

To obtain numerical results, we still need to find analytical expressions for

C(i, n) and B. This is done in the following for the case where the cluster

is a disk and full channel inversion is used at the transmitter.

We assume that the path loss between two points separated by distance

x is

l = xΓ,

where Γ is the path loss exponent. To find the expected value of the power

loss, we need the following results.

The expected Γ’th power of the distance between an arbitrary point and

its q’th nearest point out of n points randomly distributed according to a

Binomial Point Process (BPP) in a disk of radius r is

Lr,Γ(q, n) =
2

r2

r∫
0

tEΓ(n, q, r, t)dt, (4.4)

where

EΓ(n, q, r, t) = Γ

⎛
⎝ r∫

0

xΓ−1I(n, q, r, t, x)dx+

r+t∫
r

xΓ−1J (n, q, r, t, x)dx

⎞
⎠ ,

where

I(n, q, r, t, x) =
q−1∑
i=0

(
n

i

)(
A(r, x, t)

πr2

)i (
1− A(r, x, t)

πr2

)n−i

and

J (n, q, r, t, x) =

q−1∑
i=0

(
n

i

)(
A(x, r, t)

πr2

)i (
1− A(x, r, t)

πr2

)n−i

,

where

A(R, r, v) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

πr2 if v ≤ R− r

πr2 − η(r, μ) + η(R,μ) if R− r < v ≤ √
R2 − r2

η(r, μ) + η(R,μ) if
√
R2 − r2 < v ≤ r +R

0 if v > r +R,
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where

μ := μ(R, r, v) :=

1

v

√
(r +R− v)(r −R+ v)(−r +R+ v)(r +R+ v)

and

η(x, μ) := x2 sin−1
( μ

2x

)

−
√(μ

2
+ x

)((μ
2
+ x

)
− μ

)((μ
2
+ x

)
− x

)2
.

For a more detailed derivation of this results, see Publication PIII.

For the analytical expression of the cost of simple caching, the expected

value of the ΓBS’th power of the distance from a node in the cluster to the

base station can be found by integrating the complementary cumulative

distribution function of the distance as (Darth Vader rule [69,70])

EΓBS(r, v) = ΓBS

v+r∫
0

xΓBS−1

(
1− A(x, r, v)

πr2

)
dx. (4.5)

4.5 Numerical Results

To demonstrate the performance of the select caching methods, here we

present numerical results for the total cost of each scheme. To minimize

the cost, we need to choose both the optimal caching method and the cor-

responding code parameters (n, k, d).

Table 4.1 shows the parameter values used for the simulations in this

section. While m, λ, r, v, ΓBS and ΓD2D are fixed, (n, k, d) are selected so

that the cost is minimized with n ≤ 6 for various transmission weights Θ

and storage costs σ. The minimum cost is plotted against the file request

rate ω < 1.

Table 4.1. Parameter values used for the simulations.

parameter m λ r v ΓBS ΓD2D

value 100 1 1 20 3.76 [71] 4.00 [71]
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When Θ = 1, the cost represents the expected overall power consump-

tions. When Θ 
= 1, the costs are economical costs suffered by the operator

by giving incentives to the caching users for using the transmit power of

their devices, and σ represents the corresponding incentive cost for using

the caching users’ storage space.

All the costs of the considered caching methods are compared to the

method of retrieving data through the traditional downlink from the base

station, a method that we call BS only. For the expected transmit energy

cost in D2D mode we plug in

C(i, n) = Lr,Γ(i, n)

as in (4.4). For the expected transmit energy cost between the base station

and a requesting node in the cluster we plug in

B = EΓBS(r, v)

as in (4.5).

Table 4.2. Costs of the caching methods when the costs depend on the transmission
distance.

method cost

SC
(
(m− 1)ωλLr,ΓD2D(1, 1) + EΓBS(r, v) + σ

)(
1
λ + 1

mω

)−1

MBR, MSR

nωα
k−1∑
i=1

Lr,ΓD2D(i, n− 1)

+(m− n)ωα
k∑

i=1
Lr,ΓD2D(i, n)

+nλβ
d∑

i=1
Lr,ΓD2D(i, n− 1) + nασ

REP (m− n)ωLr,ΓD2D(1, n) + nλLr,ΓD2D(1, n− 1) + nσ

We present numerical results for the performance of the caching meth-

ods corresponding to the settings discussed in the previous section. The

theoretical curves (solid lines) in the figures are numerical values using

the derived cost functions (4.1), (4.2) and (4.3), while the simulated val-
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ues (dots) are obtained by computing steady state averages of long event-

based Monte Carlo simulations for the Markov chains depicted in Fig-

ure 3.1 for simple caching and Figure 2.2 for regenerating codes and repli-

cation to verify the theoretical calculations. For all simulations, the initial

number of nodes in the cluster is m = 100 and the file is cached when the

simulation starts. Also note that the vertical axis of Figures 4.1, 4.2 and

4.3 show the expected overall cost compared to the method BS only in

decibel. This is denoted by C in the figures.

Figure 4.1 shows the costs of the caching methods compared to the tra-

ditional downlink for a setting where storage cost is relatively high. We

see that when the file popularity is low, caching is not beneficial and the

traditional downlink yields the best results. Simple caching is preferred

for a short interval in the figure around p ≈ 101.80.

For high storage costs MSR is the optimal caching method yielding no-

table savings compared to the traditional downlink. Recall that MSR min-

imizes the storage space requirements and yet provides redundancy in the

system. Thus, for high storage costs, MSR is a natural choice.

-30 -25 -20 -15 -10 -5 0
10log

10
 p

-20

-15

-10

-5

0

5

10

15

10
lo

g
10

 C

 = 1,  = 100000

MBR theory
MSR theory
REP theory
SC theory
MC simulation
MBR simulation
MSR simulation
REP simulation
SC simulation

Figure 4.1. Total costs when the storage cost σ is high.
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In Figure 4.2 we present a similar case to the previous one but for a

much lower storage cost. Here replication is preferred when the file pop-

ularity is low, while for high storage costs multicaching is optimal. For

low storage costs, the transmission costs dominate the total cost. Thus,

it is pivotal to minimize the expected transmission costs in this scenario.

Only the nearest caching node is required to be contacted when replica-

tion or multicaching is used. For very high file popularities multicaching

is preferred as it allows for an arbitrarily high number of caching nodes

and can thus offer minimal transmission distances at file reconstruction.

Also note that when the file popularity is very high, multicaching fills the

cluster with replicas of the file faster than node failures occur. In such a

case, repairs are unnecessary.
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Figure 4.2. Total costs for a low storage cost σ.

Figure 4.3 plots the total costs when the transmission cost Θ is low. This

case is similar to that of Figure 4.1 but the lower transmission cost, which

can thought of as a lower transmission incentive cost for the operator, im-

plies that communication inside the cluster is much more affordable than

data transmission from the base station. We see how simple caching and

multicaching yield large cost savings even for very low file popularities.

Further, for higher popularities, MSR is optimal.
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Figure 4.4 plots the optimal MSR code parameters (n, k, d) for Θ = 10

and σ = 100, i.e., the second horizontal line in Figure 4.6 when MSR is

the optimal caching method. We see how the number of cached fragments

must be increased when the file popularity increases. This is to ensure a

shorter expected transmission distance at file reconstruction.
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Figure 4.3. Total costs for a moderate storage cost σ when the transmission cost Θ is low.

Figures 4.5 and 4.6 show the optimal caching methods for transmis-

sion costs Θ = 1 and Θ = 10, respectively. For very low file popularities,

caching is not beneficial and the base station should be directly contacted.

When the file popularity exceeds a certain threshold, caching with re-

dundancy becomes beneficial. This threshold depends on the storage cost

σ and the transmission cost Θ. Increasing the D2D transmission cost

Θ naturally increases this threshold. Further note that increasing Θ is

equivalent to decreasing the storage cost σ. This is why, for example,

multicaching outperforms MSR and replication for σ = 1 in Figure 4.6,

which is not the case in Figure 4.5.

Further in the figures, we notice that for high storage costs and file

popularities, MSR yields the lowest cost due to a minimal storage space

consumption. Interestingly, there is a parameter space where MBR out-

performs the other options providing a suitable balance between storage
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Figure 4.4. Optimal MSR code parameters for (Θ, σ) = (10, 100).

space consumption and repair bandwidth. For low storage costs, replica-

tion is preferred as it requires short transmission distances while having

a maximum number of replicas, which in turn ensure that storage space

is not wasted.

Further in Figures 4.5 and 4.6 we see that for scenarios where file pop-

ularity is high and storage is inexpensive it is multicaching that yields

the lowest cost due minimal transmission distances. We underline that

caching should only be considered when storage cost is high and for data

objects that are popular. Thus, multicaching is most likely the preferred

method for practical systems not only for its low expected energy con-

sumption but also for its utmost simplicity. However, to achieve maxi-

mal utilization of the available storage space, also storage coding methods

should be considered.
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Figure 4.5. Schematic view on the caching methods that minimize the cost for a given
file-popularity/storage-cost pair (ω, σ). Each of the methods minimum stor-
age regenerating (MSR) code, minimum bandwidth regenerating (MBR) code,
replication (REP) and multicaching (MC), are useful for certain parameter
values. When none of these methods is useful, the base station (BS) should
be directly contacted. Here the transmission cost Θ = 1.
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Figure 4.6. Schematic view on the caching methods that minimize the cost for a given
file-popularity/storage-cost pair (ω, σ). Each of the methods, minimum stor-
age regenerating (MSR) code, minimum bandwidth regenerating (MBR) code,
replication (REP) and multicaching (MC), are useful for certain parameter
values. When none of these methods is useful, the base station (BS) should
be directly contacted. Here the transmission cost Θ = 10.
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5. Statistical Approach to Cache Sizing

One of the most important questions related to caching is what data ought

to be stored on the cache at a given time. It is clear that when there are

more popular data available, the contents of the cache should be updated.

Algorithms designed for this purpose are known as cache replacement al-

gorithms, and they have a history of several decades, especially in web

caching [11–14].

Commonly used caching replacement algorithms include Least-Recently-

Used (LRU), Least-Frequently-Used (LFU) and SIZE. When an object in

the cache is about to be replaced, LRU evicts the objects that were least re-

cently used, LFU evicts the least frequently used objects, and SIZE evicts

the largest objects. These policies are simple and perform well in terms

of the probability that the requested file is found in the cache, that is,

these policies guarantee a high hit rate. However, they perform poorly

in terms of the total amount of traffic served by the cache, that is, they

perform badly in terms of the byte hit rate. To address this issue, [37]

presents an efficient cache replacement algorithm that takes both the file

size and the file request frequencies into account. Since then, several re-

placement algorithms have been proposed [13, 36]. Furthermore, recent

research has actively studied coded caching [34,35], and also incorporated

machine learning techniques in replacement policies [39–41].

A straightforward way is to cache data objects such that the probability

of finding an object in the cache is maximized when an object is requested.

This is known as maximizing the hit rate of a cache. However, such a met-

ric ignores the size of the data object, which implies that maximizing the

hit rate does not necessarily maximize the byte hit rate, which is defined

as the ratio between the amount of data traffic served by the cache and
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the total amount of data traffic generated by the users.

It has been observed that the popularity of data files changes relatively

quickly with time, a phenomenon which in the literature is known as tem-

poral locality [3, 4]. Motivated by this, we stress the importance of cache

updates at short enough intervals, and argue that it is pivotal to design

caches such that the cache size is large enough, in expectation, to store a

certain number of files. However, the cache size must not be excessively

large which would waste storage space – without changing the physical

structure of the cache. In this thesis, we particularly concentrate on how

to find the required cache size such that the cache is, on average, large

enough to house a certain number of files when the cache contents are

regularly updated, and when the contents are chosen such that the band-

width served by the cache is maximized.

In Table 5.1, we present an example of a catalogue of cacheable files that

are ranked according to their bandwidth consumption, that is, the product

of their size and their popularity. We call this product the importance of

the file. In the example, we see that neither the file with the largest size

nor the largest bandwidth consumption is the most important file.

File size (bits) Popularity (requests/sec) Importance (bits/sec)

44 30 1320

146 4 584

8 72 576

Table 5.1. An example file catalogue of 3 files. The size of the most important file is 44.

The study of ordered random variates, or order statistics [72–75], has

been widely-utilized in wireless communications. For example, selection

combining [82] is a well-known method that chooses the strongest receive

antenna. An application of route selection combining for multihop net-

works is investigated later in this thesis in Section 6.2. In this chapter,

we present general results on the addend and factor distributions. We

combine the study of order statistics as well as the study of sums and

products of random variables, which have been thoroughly studied in the

past [83–85]. Further, we give an example of a factor distribution verified

by extensive computer simulations.

Figure 5.1 illustrates the system model used throughout this chapter.
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There is a cache between the end-users and the origin server. The cache

is used to relieve the load on the server and the link between the cache

and the server: when the file is available on the cache, the cache directly

servers the user without contacting the origin server. The system designer

needs to know the expected required size of the cache so that a certain

number of the most important files fit into the cache.

Figure 5.1. Caching system model. A single cache is located between the users and the
origin server. It is desirable that the cache serves the users instead of the
origin server.

5.1 Densities of Latent Variables of Order Statistics

Table 5.2 presents the probability density functions of two random vari-

ables: 1) an addend Xa of the k’th order statistic, that is the k’th smallest

random variate, of a length-n sample of the sum S =
∑m

i=1Xi, and, 2)

a factor Xf of the k’th order statistic of a length-n sample of the prod-

uct U =
∏m

i=1Xi. In the table, ET {·} denotes expectation with respect to

probability measure T =
∑m

i=2Xi while EV {·} denotes expectation with
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respect to probability measure V =
∏m

i=2Xi. Note that variables k and

n in this section are not to be confused with the k and n of the previous

sections.

Density

Addend fXa(x) =
n!

(k−1)!(n−k)!fX(x)ET {FS(x+t)k−1(1−FS(x+t))n−k}
Factor fXf(x) =

n!
(k−1)!(n−k)!fX(x)EV {FU (xv)

k−1(1−FU (xv))
n−k}

Table 5.2. Addend and factor densities.

By setting m = 1 we recover the well-known density of the k’th order

statistic of random variable X out of a sample of length n (see, e.g., [73])

fX(k,n)
(x) =

n!

(k − 1)!(n− k)!
(FX(x))k−1 (1−FX(x))n−k fX(x). (5.1)

Table 5.3 shows the asymptotic probability densities for the case where

the ratio k/n = η remains fixed while either k or n tends to infinity. Such

a density is known as the double scaling limit. In the table, gm(·) de-

notes the density of T1 =
∑m

j=1Xj and, similarly, gm−1(·) denotes the

density of T2 =
∑m

j=2Xj for the addend distribution, and gm(·) denotes

the density of V1 =
∏m

j=1Xj and, similarly, gm−1(·) denotes the density

of V2 =
∏m

j=2Xj for the factor distribution. Further, δ = G−1
m (η), where

G−1
m (·) is the inverse of the cumulative distribution function of T1 for the

addend distribution. Similarly, δ = G−1
m (η), where G−1

m (·) is the inverse of

the cumulative distribution function of V1 for the factor distribution.

Double scaling limit

Addend lim
k/n=η,n→∞

fXa(x) =
gm−1(δ−x)

gm(δ) fX(x)

Factor lim
k/n=η,n→∞

fXf(x) =
gm−1(δ/x)
gm(δ)|x| fX(x)

Table 5.3. Asymptotic addend and factor densities.

5.2 Size of the Most Important File

In this section, we find the probability density function of the most im-

portant file for an example case where the file size and popularity distri-
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butions are given. This is done for a file catalogue of 4 files, where the

file sizes follow Gamma(2, 1) and the file popularities follow the standard

uniform distribution U(0, 1).

It has been shown that the product of Gamma(2, 1), with density fX(x) =

x exp (−x), and U(0, 1) distributed random variables follows Exp(1) [76],

the cumulative distribution function of which is FU (x) = 1 − exp(−x).

Thus, according to the factor distribution given in Table 5.2, the density

of the size of the file that generates most traffic becomes

fXf(x) = 4fX(x)EV {FU (xv)
3}

= −2

3
exp (−x) (−6x− 2 exp (−3x) + 9 exp (−2x)− 18 exp (−x) + 11)

(5.2)

which is plotted in Figure 5.2. Now we can, for instance, find the expected

size of the file that generates most traffic to be 37
23 ≈ 3.1. For comparison,

the expected value of a random variable following Gamma(2,1) is 2. We

see that the difference between the expected values is considerable.

0 2 4 6 8 10
factor

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

pr
ob

ab
ili

ty
 d

en
si

ty
 fu

nc
tio

n

Monte Carlo simulations
Theoretical pdf
Gamma(2,1) pdf

Figure 5.2. Factor density for parent distribution Gamma(2,1) for the maximum of 4
products of Gamma(2,1) and U(0, 1) variables. For comparison, the density
of Gamma(2,1), fΓ(x) = x exp (−x), is also plotted.

5.3 Cumulative Size of the Most Important Files

Let us now assume the same file popularity and size distributions as in

the previous section, but let us now study the sizes of q most important
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files. Thus, we can find the expected cumulative size of q most important

files and, consequently, the corresponding cache size requirement.

In Publication PIV it is shown that the expected size of the most impor-

tant file yields

Wmax(n) = 1 +
1

n
+Hn−1 = 1 +

1

n
+

n−1∑
i=1

1

i
, (5.3)

where Hn are the harmonic numbers.

We utilize (5.3) and Proposition 4 in Publication PIV, that is,

lim
k/n=η,n→∞

fX̃(x) =
gm−1 (δ/x)

gm (δ) |x| fX(x) (5.4)

for k ∈ [n−q+1, n−1] to find the expected sizes of the second most impor-

tant file through q’th most important file out of an n-file catalogue. Note

that k = 1 corresponds to the least important file while k = n corresponds

to the most important file.

As stated before, the distribution of the product of Gamma(2, 1) and

U(0, 1) random variables is G2(x) = FU (x) = 1 − exp (−x). Therefore,

G−1
2 (x) = − log(1 − x) implying δ(η) = δ(k/n) = G−1

2 (η) = − log(1 − η) =

− log(1− k/n), and the limiting distribution becomes

lim
k/n=η,n→∞

fX̃(x) =
1

exp (−δ)x
x exp (−x) = exp (δ − x),

where x ∈ [δ,∞). The corresponding expected value becomes

W(k, n) =

∫ ∞

δ(k,n)
x exp (δ(k, n)− x)dx = 1− log(1− k/n). (5.5)

The expected size of q most important files of an n-file catalogue thus

becomes

S ′(q, n) =
n−1∑

i=n−q+1

W(i, n) = − log

(
−
(
− 1

n

)q

n(1− q)q−1

)
+ q − 1, (5.6)

where (a)n is the Pochhammer symbol.

Now the sum of the expected sizes of q most important files of an n-file

catalogue becomes

S(q, n) ≈ Wmax(n) + S ′(q, n)

=
1

n
+Hn−1 + q − log

(
−
(
− 1

n

)q

n(1− q)q−1

)
. (5.7)

Note that (0)0 = 1 implying that (5.7) holds for all q ∈ [1, n], and especially

Wmax(n) = S(1, n).
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Fig. 5.3 plots an example of the expected cache size requirements as a

fraction of the size of the whole file catalogue

R(q) =
S(q, 100)

S(100, 100) . (5.8)

Approximation (5.8) agrees with Monte Carlo simulations.
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Figure 5.3. Expected cumulative size of the most important files.
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6. Multihop Networks with Multiple
Relays

One way to communicate between wireless user equipment without high

attenuation losses is by amplifying the transmitted signal at intermedi-

ate transceivers before the final destination. This technique is commonly

known as relaying [77–81]. Due to the low transmit power of user equip-

ment, relaying is important for wireless caching system as described in

Chapters 3 and 4.

In this chapter, we make two contributions to the study of relaying:

in Section 6.1, we devise a method for eliminating rank failures in the

Compute-and-Forward relaying protocol, and, in Section 6.2, we derive

the outage probability of a single hop of a multihop network with route

selection.

The most straightforward method to take advantage of intermediate re-

lays is amplifying the received signal and sending it forward, a scheme

commonly referred to as Amplify-and-Forward (AF) [78]. The major draw-

back of this solution is that also the noise at the relay is amplified. A more

sophisticated method is to decode the signal at the relay and then trans-

mit is forward. This is known as Decode-and-Forward (DF) [78]. How-

ever, this scheme naturally suffers from interference in multiuser sys-

tems. To combat interference, or more accurately, to take advantage of it,

the Compute-and-Forward (CF) [86] protocol has been designed to achieve

higher transmission rates than AF and DF in the presence of both noise

and interference. The key idea is, instead of decoding the message of a sin-

gle user, to decode a linear combination of messages from multiple users

– a framework similar to that of network coding [87].

The main challenge of the Compute-and-Forward protocol is finding which

linear combinations of messages ought to be decoded at the relays. Find-
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ing the linear combinations that maximize the instantaneous computa-

tion rate is directly related to a Shortest Vector Problem (SVP), for which

several algorithms have been proposed [88–93]. However, these algo-

rithms are typically either extremely complex or suboptimal. Further-

more, the combinations that maximize the instantaneous computation

rate might result in an overall unsolvable system of linear equations at

the destination. This message recoverability problem has been addressed

in [90], where precoding at the transmitters is used to increase the prob-

ability of receiving independent combinations at the destination, while

[91, 94, 95] allow cooperation between the relays. However, these meth-

ods either require preprocessing at the transmitters or signaling between

the relays. In [96], this problem is mitigated by choosing a subset of re-

lays with suitable equation coefficients. However, this approach cannot

be used in the symmetric case, that is, if the number of relays equals the

number of transmitters.

Through simulations, we have made the following observation: for a

Gaussian fading channel, some of the coefficient vectors that maximize

the computation rate appear much more often than others. Motivated

by this observation, we compile small coefficient vector candidate sets for

both relays, thus considerably reducing the number of vectors that need

to be tested in order to find the one that maximizes the computation rate.

Moreover, we carefully design the sets so that all the vectors in one of the

sets are linearly independent of the ones in the other set. This ensures

that the end-to-end information outage probability vanishes as the mes-

sage rate at the transmitters approaches zero since for low message rates,

the outage capacity is dominated by coefficient matrix rank failures.

In this chapter we present and solve two problems related to multihop

networks: 1) in Section 6.2, we consider the problem of finding coefficient

vectors for the Compute-and-Forward protocol so that the probability of

rank failure at the destination vanishes, and, 2) in Section 6.2, we utilize

the results on latent variable distributions of order statistics of Chapter 5

to the problem of finding the outage probability of a single hop in a dia-

mond network with two relays.
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6.1 Coefficient Vector Selection for Compute-and-Forward

With the Compute-and-Forward relaying strategy relays can support trans-

mission rate Rs if the symmetrical message rate at the transmitters is

smaller than the minimum of the computation rates at the relays, that is,

if

min ({Rr
m}) < Rs.

In [86], the achievable computation rate was derived to yield

Rr
m(hm, am) =

1

2
log+

((
||am||2 − P |hT

mam|2
1 + P ||hm||2

)−1
)
, (6.1)

where am are the coefficient vectors chosen by relay m, hm are the channel

fading coefficients of relay m, P is the symmetric transmit power of the

transmitters, | · | is the complex modulus, and || · || is the �2-norm of a

vector.

Our aim is to find small coefficient vectors sets that yield relatively high

computation rates and linearly independent coefficient vectors for a sys-

tem with two transmitters and two relays with Gaussian fading channels.

One example of such V1 and V2 is depicted in Figure 6.1, where we have

picked only a few of the coefficient vectors out of all the computed vectors

for sets V1 and V2.
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Figure 6.1. All vectors that maximize the computation rate for 105 channel realizations
(left) and sets of vectors V1, V2 for the proposed method (right).

Figure 6.2 shows simulated values of outage probabilities for given Signal-

to-Noise ratio (SNR) values when applying the coefficient vectors shown

in Figure 6.1. We observe that the outage probability tends to zero as the
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message rate tends to zero when the splitting method proposed in this the-

sis is used, a phenomenon which does not occur for the exhaustive search.

This implies that the splitting method is preferred for multihop systems

where minimizing the outage probability is more critical than achieving a

high transmission rate.
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Figure 6.2. End-to-end outage as a function of the message rate for SNR 10 dB.

6.2 Single Hop Statistics After Route Selection

In this section, we show how a factor distribution presented in Chapter 5

can be applied to the study of multihop networks. We use the factor dis-

tribution of exponentially distributed random variables to find the link

outage probability, that is, the probability that the received signal at the

relay is not strong enough for successful decoding. This is done for the

diamond multihop network described in the following.

Consider a wireless 2-hop-2-relay system1 with route selection. All four

channels (hops) experience flat iid standard Rayleigh(σ=1) fading. The

system can select either one of the two relays via which the signal is to

be transmitted. This is illustrated as choosing between the red route and

the blue route in Figure 6.3.

1Further work beyond the scope of this thesis is needed to find tools to analyze a
network with arbitrary numbers of hops, relays and routes.
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h R1

h
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h
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h B2

end-to-end gain

Figure 6.3. A two-hop system with two routes with non-regenerative relays (red and blue
balls). The system selects either the red route or the blue route such that the
end-to-end power gain from the transmitter (black) to the destination (green)
is maximized.

The relays are assumed to forward the signal to the receiver in a non-

regenerative manner. Moreover, we assume that the noise terms at the

relays can be ignored, and the noise at the destination can be approxi-

mated to be white. Thus, we can characterize the received signals at the

destination as

yR = hR1hR2x+ zR

yB = hB1hB2x+ zB, (6.2)

where yR and yB are the received signals along the red and blue route,

respectively, H = {hR1, hR2, hB1, hB2} are the power gains, x is the trans-

mitted signal and {zR, zB} are additive white Gaussian noise terms.

We assume that the receiver only has knowledge of the product of the

power gains of the hops along the two routes. Based on this information,

the transmitter chooses the route that maximizes the end-to-end gain –

in the following referred to as the best route. Consequently, the end-to-

end power gain becomes max{hR1hR2, hB1hB2}. Thus, the system utilizes

selection combining which, as will be shown in the following, leads to a

diversity gain.

57



Multihop Networks with Multiple Relays

Without loss of generality, we can let h denote either one of the two

power gains (factors) along the best route. For simplicity, we assume that

all the amplitude gains are iid and follow the standard Rayleigh distribu-

tion. In other words, all hi ∈ H follow the exponential distribution with

parameter λ = 1
2 , that is, hi ∼ Exp(12).

Compared to traditional selection combining [82], deriving the density

of h is more complicated: we do not simply choose the strongest of the two

first hops but we first select the route that maximized the end-to-end gain

and then study the distribution of either of the two hops along this route.

With the tools derived in Publication PIV, we have found that the density

of h is

fh(x) =
x

2
E1

(x
2

)
, (6.3)

where E1(·) is the exponential integral. Now E{h} = 8
3 ≈ 2.67 and Var{h} =

44
9 ≈ 4.89. For comparison, the density of Exp(12 ) is fX(x) = 1

2e
−x

2 and the

expected value is 2, while the expected value of the maximum of two ran-

dom variables that follow Exp(12 ) is 3. These expected values imply that

selecting the best route is not, as expected, equal to selecting the better of

two identically distributed power gains. Nonetheless, the diversity gain

is noticeable.

For outage analysis, we need to find the cumulative distribution function

of h. Integrating (6.3), we obtain

Fh(ρ) = 1− e−
ρ
2

(
1 +

ρ

2

)
+

ρ2

4
E1

(ρ
2

)
, (6.4)

which is exactly the probability that the power gain of a hop along the

best route drops below ρ. The received signal-to-noise ratio (SNR) of this

hop is h P
N , where P is the transmit power and N is the noise power. As

we normalize N = 1, the outage probability becomes Fh(
γ
P ), where γ is

the SNR threshold, that is, the minimum received SNR that the receiver

needs in order to be able to support the desired transmission rate.
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Figure 6.4 plots outage probabilities of a single hop as a function of

transmit power for select SNR thresholds. We see power gains of 1 − 3

dB over a wide range of transmit powers and SNR thresholds when us-

ing the aforementioned selection combining method compared to the case

without selection diversity.
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Figure 6.4. Outage probability as a function of the transmit power. Here γ is the thresh-
old value of the received SNR needed for successful decoding.
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7. Conclusions

Caching data directly on end-user devices coupled with inter-user com-

munication is a promising framework for enhancing the performance of

wireless networks. These technologies can be utilized to address some of

the most critical challenges in wireless telecommunications, such as im-

proving the energy-efficiency and decreasing the traffic load on the core

network and origin servers. This is especially relevant for data objects

that generate significant traffic within a relatively restricted geographical

area. Device-to-Device communication standardized for modern cellular

networks is a prospective technology that may actualize inter-user data

dissemination.

In this work, we have investigated the possibilities of storing and dis-

tributing data within a storage community mainly with the aim of im-

proving the overall energy-efficiency of the communication system. More

importantly, we have examined effective ways for battling the inevitable

churn effect caused by user mobility. We have found that intelligently

adding redundancy to the caching system can facilitate data availability

despite storage node failures, which can dramatically decrease the ex-

pected power consumption of the network without any physical changes

to the existing network infrastructure.

Classical coding theory provides well-studied tools for combating sym-

bol erasures. Recent developments on codes tailor-made for distributed

storage systems give the means to add redundancy without squandering

storage space, which is a desirable feature for all storage systems. Fur-

thermore, modern coding methods enable failure recovery with minimal

amounts of data transmission. However, for wireless systems where the

expected transmit power consumption rapidly increases with transmis-
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sion distance, we have found that despite a significant decrease in the

amount of data traffic, such coding methods do not necessarily decrease

the expected power consumption – in several cases, minimizing the ex-

pected transmission distance turns out to be more important than mini-

mizing the number of transmitted bits.

When maximizing the amount of data traffic offloaded from the serving

base station to the caching community, it is pivotal to choose an appro-

priate coding method according to the expected number of requests of the

data object, which we have found to be a key parameter alongside the cost

of data storage.

One of the main benefits of caching is reducing the traffic load on the

core network and the origin server. To maximize this benefit, it is critical

to cleverly choose what data to cache. Naive methods cache data so that

the probability of finding a certain content in the cache is maximized,

ignoring the sizes of the files. To maximize the byte hit rate, that is, to

minimize the traffic load on the origin server, the files that generate most

cumulative traffic must be chosen. Furthermore, from a system designer’s

point of view, it is crucial to know the size requirements of caches. In

this thesis, we have derived general mathematical tools for finding the

expected required sizes of caches for which the byte hit rate is maximized.

Besides caching, multihop networking is another potential way to im-

prove the energy efficiency of wireless data transmission systems. In this

thesis we have derived a method to evaluate the outage probability of a

single hop link of a multihop network with route selection. Additionally,

we have developed a low-complexity method for selecting network coding

coefficients for the Compute-and-Forward relaying protocol. Moreover, for

our method, the end-to-end outage vanishes as the message rate goes to

zero.

To conclude, caching on mobile users coupled with data distribution

through proximate links shows great potential for improving the overall

energy-efficiency of wireless networks. However, to obtain these benefits,

it is pivotal to select proper coding methods that are advantageous to both

the end-users receiving incentives for caching and the telecommunication

operators benefiting from reduced transmit power consumption and lower

traffic loads.
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