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R software / package 
 Open-source statistical software environment that can be ex-

tended with user developed packages 
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Spatial autoregressive process, where value of a process depends 
on the nearby values of the same process; can be used to generate 
spatially autocorrelated values 
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A matrix that is used to calculate spatially autocorrelated values 
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(Stochastic) Simulation 
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1. Introduction 

“Life is uncertain. Eat dessert first.” – Ernestine Ulmer 

1.1 Background and context 

Geographically weighted regression (GWR) is a well-established method for de-
scribing relationships and predicting with spatial data (Brunsdon et al., 1996). 
It belongs to a group of geographically weighted methods (Fotheringham et al., 
2002), where the idea is to run a statistical method locally: in one location, a 
weighted version of the method is calculated by weighting nearby points based 
on distance so that the longer the distance the smaller the weight. The process 
is repeated for all points in the study area resulting in one statistical model per 
point. In GWR, the method is regression, but also simpler, such as mean, or 
more complex methods, such as principal component analysis (Harris, 
Brunsdon, & Charlton, 2011), have been developed. The weighting in these 
methods applies the concept of positive spatial autocorrelation, which states 
that nearby objects – or relationships in GWR – are more similar than far away. 

GWR has gained popularity in different fields since its development. This is 
most likely due to the popularity of regular regression modelling and the avail-
ability of spatial data. Global regression fails to account for spatial heterogene-
ity, which means that the relationships between the variables in the model vary 
locally, and GWR can be used to analyse this phenomenon. This not only in-
creases the explanatory power of the regression model, but can also show inter-
esting spatial patterns. The fields of research utilizing GWR range from social 
science (Yu, 2006) and medicine (Nakaya et al., 2005), to urban economics 
(Buyantuyev & Wu, 2010) and forestry (Clement et al., 2009). The number of 
articles is increasing constantly: according to Google Scholar search, the exact 
phrase geographically weighted regression has been mentioned in about 1500 
articles (about a hundred of which in the title), published during the year 2016. 
The first GWR article was published in 1996. 

Similar to regular regression, the idea in GWR is to create a model where a 
dependent variable is explained using independent variables. The results de-
scribe relationships between the variables, the fit of the model and the validity 
of assumptions relating to the method. Input data for GWR includes attributes, 
which are used as dependent and independent variables and coordinates for 
every data point. If the regression points are different from the data points, an-
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other set of points are required, but local regression models are generally calcu-
lated at the same points as the data points where the values for the variables are 
known. 

As with any analysis, running a GWR analysis using data values assumes that 
the values are accurate. However, this is not true, as no data are without errors, 
with the exception of data that define something, for example parcel bounda-
ries. Errors can result from measurements, because the accuracy of devices is 
limited; abstraction, because all data sets model reality using generalization; 
processing, where the process itself introduces uncertainty; or the users them-
selves (Zhang & Goodchild, 2002). Evaluating the uncertainty of a data set is an 
important task of any spatial analysis process. 

Discrete spatial objects include location and attributes. Location is generally 
stored using coordinates. Thus, coordinate and attribute error have to be con-
sidered. Spatial data requires special methods: One property of spatial data is 
that attributes are not random, but spatially autocorrelated. This can also apply 
to errors so that two points that are nearby have similar accuracy. 

Regression analysis is a data mining method (García et al., 2015). The goal of 
data mining is to explore data and discover already present unknown patterns. 
Generally, the errors are handled in the pre-processing step of a data mining 
process. This can include removing clearly erroneous or senseless values or 
dealing with missing data. Sometimes parts of data, for example attributes, can 
be removed from the analysis or replaced with another data set, if the analyst 
deems their accuracy too low for the given task. 

This kind of pre-processing does not consider the accuracy of the remaining 
values: even when clearly erroneous data have been removed, the remaining still 
include errors, even if they are smaller than using the full data set. The accuracy 
of the remaining data is sometimes described using knowledge about the 
sources, but this does not describe the accuracy of the analysis result. This is 
especially true when the analysis process is complex, because the accuracy of 
the result is then difficult to deduce. 

Error propagation means determining the variation of output values when the 
variation of input is given. The accuracy of the results depends on the accuracy 
of the input data, the model, and the way they interact (Burrough & McDonnell, 
1998). In order to find out how error propagates, input error estimates are re-
quired. Analytic or stochastic methods can be applied to determine how they 
affect the output of an analysis or a function. Analytic methods determine the 
effect using calculus resulting in a formula for the variation of output, whereas 
stochastic methods utilize simulation to create realizations of input data and 
apply the analysis or function to them resulting in possible output values. 

For GWR, error propagation has not been systematically studied before. There 
are cases with low input data accuracy (see for example Epprecht et al., 2008), 
but the effect of errors on the results is unknown. 

The analysis of errors and how they affect different operations is not a com-
mon practice in environmental science. This is partly due to a lack of tools. A 
user can easily run a complex analysis processes without any regard to errors 
and their propagation and get results that do not describe the real world 
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properly due to the missing analysis of accuracy. The availability of spatial data 
and open source software has increased the user base of geographic information 
systems (GIS); this can be problematic if the accuracy of data is ignored. Some 
researchers have introduced the idea of an error button: when analysis is per-
formed with GIS, an error button would show how errors affect the analysis. 
This would not only show the variation of results so that the user can make bet-
ter decisions based on the analysis, but also encourage users to consider the ac-
curacy of data as standard practice. 

1.2 Core concepts 

The core concepts used throughout this study are presented in this chapter. 
Many of them have varying definitions in previous literature. 

Error  
Error is the difference between reality and our representation of reality (Heu-
velink, 1998). For continuous values, error is calculated by subtracting a meas-
ured or modelled value from the true value. 

Spatial data includes location and attributes, so coordinate errors and attrib-
ute errors have to be considered. In measurement science, error is often divided 
between its random and systematic components: Random errors cause repeated 
measurements to be different from each other and systematic errors are inher-
ent in the system causing bias. The classification of errors can also include gross 
errors, which are caused by mistakes made in the process. 

Accuracy, trueness, and precision 
Accuracy is a performance characteristic for total error (Menditto et al., 2007). 
If a value is accurate or inaccurate, it has a large or a small amount of error, 
respectively. Often in literature, accuracy is a description of systematic compo-
nent of error; in this study, the term trueness has been chosen for it. 

Precision is a performance characteristic for random component of error 
(Menditto et al., 2007). In measurement science, precision describes the varia-
bility of repeated measurements and trueness the difference between their av-
erage and a true value. Precision of data can also refer to the number of decimal 
digits for a value. 

Uncertainty 
Uncertainty is an umbrella concept that includes error and imprecision. The 
latter view recognizes that poorly defined objects cannot be handled using the 
concept of error. Examples of this are vague object boundaries and confusion 
over a definition. (Fisher et al., 2006) 

Data quality 
The concept of quality has many different definitions (see Devillers & Jeansou-
lin, 2006b). ISO standards define the quality of geographic information as the 
difference between the universe of discourse and the data set (Jakobsson, 
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2002). The universe of discourse is a view of the real world that includes every-
thing of interest. 

Quality can be divided into internal and external quality. Internal quality is 
the data provider’s perspective: it is the similarity between the data produced 
and the data that should have been produced. It relates to concepts of accuracy, 
error, and uncertainty, and quality standards have been developed for internal 
quality. External quality is the data user’s perspective, as different users have 
different expectations and needs. Different aspects in external quality include 
the history of data, accessibility, representation, and communication among 
others. Thus, a good quality data set includes what was meant to be produced 
and what the user wanted to be produced. (Devillers & Jeansoulin, 2006b) 

Error propagation 
Error propagation is the effect of errors of input variables on output values of 
an operation or function (Heuvelink, 1998). In practice, this means quantifying 
the distribution of output values when the distribution of input values are given. 
A wider perspective can also consider the uncertainty of the operation and the 
interaction between input data and the operation (Burrough & McDonnell, 
1998). 

Methods for calculating error propagation are divided into analytic and sto-
chastic error propagation: analytic means deriving the distribution of output 
values using calculus and stochastic using stochastic simulation with realiza-
tions from the distribution of input values. This definition differs from that of 
some other studies, as some approximate methods, e.g. Taylor series, are here 
defined as analytic. 

Geographically weighted regression (GWR) 
Error propagation includes an operation or function through which errors are 
propagated. In this research, the operation is geographically weighted regres-
sion (GWR). It is a spatial extension of regression, where weighted local regres-
sion models are calculated using weights that decrease when distance to the re-
gression point increases. The results of GWR are presented using not only val-
ues but also maps that describe the local models. 

1.3 Aim and objectives 

The aim of this research is to analyse how error in input data affects the results 
of a regular GWR analysis. A general goal is to find out if accuracy matters with 
GWR and how error propagation can be performed for it. It is quite possible that 
matters of accuracy could be ignored with GWR. If errors change the conclu-
sions from GWR, the goal is to determine how and where. A method for running 
error propagation in GWR is developed and applied to three case studies. In 
addition, a tool is created to provide other researchers a way to use the method 
to analyse how error propagates in their GWR cases. 

The research is presented with three case studies, two of which include real 
world (i.e. not artificial) data. The goal of the real world case studies is to take a 
known GWR analysis and apply error propagation to it. The author of this study 
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has not participated in the original cases, but only received the data and studied 
the cases from literature. The reason for choosing these two data sets for this 
research is that they were the only two that the author found for which uncer-
tainty measures could be derived. 

1.4 Research questions 

The following research questions arose from the aim: 
I. What kind of process can be utilized for analysing error propagation in 

GWR? 
II. How does error in input data affect the results of the GWR analysis 

process? 
III. Should the analysis of error propagation be used when running GWR? 

How and when should it be used? What should the user take into ac-
count when running GWR when data include errors? 

1.5 Limitations 

The analysis of the results in this study focuses on making observations gained 
from the results. Drawing serious conclusions on what the results mean in dif-
ferent cases requires domain expertise missing from this research. An expert 
could analyse the importance of different conclusions, because not all GWR re-
sults have the same importance for different cases: Sometimes even a large var-
iation in one result could be irrelevant to a model, whereas at other times that 
same variation would change the conclusions. This study presents the variation, 
but generally ignores its effect on the case. This is one reason why it is important 
that the user of GWR analysis knows the data and field properly. 

This research focuses on how the errors in the input data affect the results of 
GWR. Other sources of error propagate in the analysis process, namely the 
model, its parameters and interaction between the model and the data (Bur-
rough & McDonnell, 1998). These other aspects are ignored in this study. 

If error is defined as the difference between reality and our representation of 
reality, focusing only on attribute and coordinate values is a big limitation. Mod-
elling reality includes generalization and simplification, but the effect of these 
operations are not considered in this research. An example of this is represent-
ing the demographics of an area using a single value and ignoring all the finer 
details. The focus in the study is continuous values, and categorical values are 
not considered, which limits the usage of the method. In addition, other aspects 
of uncertainty than error are ignored, for example regarding the definition of 
attributes and objects. 

The correlation between errors of different attributes affects error propagation 
(Burrough & McDonnell, 1998; Kelly, 2007). This is not studied in this research, 
because the case studies provide no information about the correlation structure. 
The effect of spatially autocorrelated errors is studied in the first use case 
though. 
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This research assumes that a GWR model already exists. This thesis does not 
study if GWR is a good option for a given data set or how errors affect the selec-
tion, nor does it analyse the choices for different parameters of GWR. 

Since its release, there has been many further developments in GWR. This 
study focuses only on the basic GWR, which is a geographically weighted version 
of linear ordinary least squares regression. 

Error propagation and sensitivity analysis are often run in tandem: the first 
one quantifies the errors of the output and the second shows how these errors 
can be apportioned to different inputs. As the name of the thesis suggests, this 
study only focuses on error propagation. 

1.6 Overview of dissertation 

As spatial analysis methods are often developed from statistics, chapter 2 starts 
with a literature review on error propagation in non-spatial regression analysis 
to study how error is applied there. The chapter continues with different aspects 
of uncertainty in geographic information and error propagation in geoinformat-
ics. The last part of the review focuses on where and how geographically 
weighted regression has been used in the literature. In chapter 3, the theories 
used in this study are presented. It focuses on GWR, error and error propaga-
tion. Chapter 4 describes the developed method for this research as well as the 
published tool for running error propagation in GWR. The method is applied to 
three case studies presented in chapters 5, 6, and 7. The research results are 
summarized and the research questions answered in chapter 8. Discussion on 
limitations of the study and recommendations for future research can be found 
in chapter 9. Chapter 10 provides a summary of the thesis and an evaluation of 
its contribution. 
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2. Literature review 

This research utilizes two methods: error propagation and geographically 
weighted regression. In this chapter, previous research on these topics is stud-
ied. First, error propagation in regular regression analysis is reviewed. An over-
view of different aspects of uncertainty in geographic information in general is 
provided in the second subchapter. Then, literature concerning uncertainty 
analysis – mainly error propagation – in different geographic analysis methods 
is studied. The final subchapter provides a closer look at where and how geo-
graphically weighted regression has been used. 

2.1 Measurement error in non-spatial regression analysis 

The study of regression models with error in the independent variable started 
before the twentieth century. The main problem with performing ordinary least 
squares (OLS) regression on data with errors, is that the estimates provided by 
the method are biased. (Fuller, 1987) 

An extensive literature for linear models with error in data is provided by 
Fuller (1987). He formulates the aforementioned problem as follows: Assume a 
simple linear regression model with one independent variable  as 

 (2.1) 

where  are the values for the dependent variable,  are the values for the in-
dependent variable, and  are normally distributed random disturbance terms. 
The coefficient  describes the relationships between the variables  and . The 
least squares method results in an estimator  for the coefficient  and  for 
the squared correlation between the variables  and . In linear regression with 
one independent variable, the squared correlation is also the goodness-of-fit 
measure R2 that describes how well the model fits the data calculated as the 
proportion of variance in the dependent variable explained by the model. 

The model assumes that the variables are accurate. If we create another model, 
where the independent variable includes error: 

 (2.2) 

where  is a random variable error with variance  and estimate the model 

 (2.3) 
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the expected value for the estimator for the coefficient becomes 

 (2.4) 

and the squared correlation between  and  

 (2.5) 

where  is the variance of the independent variable . Thus, the introduction 
of error in the independent variable leads to a coefficient and R2 values closer to 
zero with a factor depending on the variance of  and . The factor that defines 
the degree of attenuation, 

 (2.6) 

is called the reliability ratio. The larger the errors are, the closer to zero both 
estimates become. (Fuller, 1987) 

Error in the explanatory variables has received less interest (Fuller, 1987). 
Kelly (2007) shows that error in the dependent variable reduces the R2 value in 
a similar manner to error in the independent variable, but does not cause similar 
bias in the coefficient. The correlation between the errors in  and  affects the 
bias of both estimates and the effect depends on the sign of the correlation. 
Akritas and Bershady (1996) note that even though the coefficient estimate is 
unbiased with error only in the dependent variable, there is another estimator 
which has smaller scatter and therefore results in smaller confidence intervals. 

The bias is a problem because the estimation will lead to a wrong value even 
when the sample size is large. The solution is a measurement error model, also 
known as errors-in-variables model, where the model includes error in the var-
iables and the estimates are unbiased. If the reliability ratio  is known, a sim-
ple estimate for the regression coefficient corrected for attenuation is (Fuller, 
1987) 

 (2.7) 

where  is the OLS coefficient calculated from the data and for the squared cor-
relation 

 (2.8) 

where  is the OLS squared correlation. Another estimator should be used if 
 exceeds one. As , the absolute values for the corrected estimates 

are higher than the OLS estimates, which is logical, because the error in the data 
causes OLS estimates to be lower than the real estimates. 

In addition to creating bias in the estimation, error in the data also affects the 
variance of the estimates. Kelly (2007) shows through simulations that error 
reduces the variance of the estimate, which means that the estimates for differ-
ent samples from a data set are closer to each other with error in the variables 
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compared to accurate data. This gives one the false impression that the coeffi-
cient estimate is more precise when the errors are large. 

Beyond the simple regression example, Fuller (1987) provides methods for 
different linear models and Carroll et al. (2006) for nonlinear models. Different 
approaches for including measurement error for different types of regression 
models include the method-of-moments approach using bootstrap for regres-
sion with change as the explanatory variable (Yanez et al., 1998), regression cal-
ibration for logistic regression (Carroll et al., 2006), simulation-extrapolation 
(Cook & Stefanski, 1994), an algorithm for generalized linear models (Schafer, 
1987), a nonparametric correction for Cox regression (Huang & Wang, 2000), a 
Bayesian method that allows for heteroscedastic and correlated errors (Kelly, 
2007), and multiple total least squares methods (Markovsky & Van Huffel, 
2007) to name a few. 

There is also research about handling errors in regression modelling with spa-
tial data (see for example Heuvelink et al. 1989) but the approach is different: 
the result of the analysis is a variable calculated as a linear combination of input 
variables using a regression formula. Thus, error propagation shows how the 
error in the input variable  affects the unobserved variable  in equation (2.1). 
In regression analysis, the estimates  and  form the results and the observed 
variables  and  are erroneous. Thus, previous research is not about error prop-
agation in regression modelling, but error propagation through a linear function 
of inputs. Research on regression models with spatially misaligned data adds a 
spatial aspect to measurement error models (Lopiano, 2012), but only in terms 
of error source due to kriging interpolation. 

2.2 Uncertainty aspects in geographic information 

Although spatial analysis with geographic information dates back at least to the 
middle of the 19th century when John Snow analysed cholera cases in London, 
the real interest in dealing with uncertainty regarding spatial data started to 
emerge in the 1970s. For example, the effect of minor errors has been studied in 
polygon overlay analysis by Goodchild (1978): slightly misaligned polygons lead 
to a large number of slivers and gaps when overlaid. 

In the 1980s, geographic information systems (GIS) arrived and could com-
bine spatial and non-spatial data. This brought the need for error propagation 
through analysis processes to find out how the accuracy of input data affects the 
accuracy of output. 

Statistics have traditionally been the solution to uncertainty issues. Trueness 
– sometimes termed accuracy – and precision characterize systematic and ran-
dom components of error in measurement science, respectively. Random errors 
cause variation in repeated measurements and systematic errors are inherent to 
the system; they can be removed with calibration. Trueness is quantified as the 
difference between the average value and the true value and precision as a vari-
ance of values. Error models and error ellipses have commonly been utilized 
with measurements. Error models define the structure of error and error ellip-
ses visualize the variance-covariance matrix. The field of geostatistics provides 
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statistical methods to model uncertainty with spatial data (Chilès & Delfiner, 
2012): Different functions can be utilized to analyse the distribution of errors 
and generate realizations using the concept of spatial autocorrelation. A broader 
view in uncertainty recognizes that poorly defined objects cannot be handled 
with a concept of error, but with matters of vagueness and ambiguity that re-
quire different methods (Fisher et al., 2006). 

The matters of uncertainty have aroused interest in the academic community 
and governmental agencies. In 1988, the National Center for Geographic Infor-
mation and Analysis (NCGIA) published a research plan (NCGIA, 1989) with a 
series of initiatives in key problem areas. One of these deals with accuracy of 
spatial data with emphasis on sources and management of uncertainty (Good-
child & Gopal, 1989) and one with visualization of spatial data quality (Beard et 
al., 1991). The International Symposium on Spatial Data Quality (ISSDQ) has 
been running since 1999 and Accuracy since 1994. Multiple books on different 
aspects of uncertainty have been published including error propagation in GIS 
(Heuvelink, 1998); statistical aspects in uncertainty modelling (Zhang & Good-
child, 2002); data quality in spatial data mining, classification, and signal pro-
cessing (Stein et al., 2009); and different perspectives into internal and external 
spatial data quality (Devillers & Jeansoulin, 2006a). 

Data quality has been an issue for data producers and standards mainly pro-
vide means and measures for quality production control. Standards also deal 
with communicating quality information of spatial data via metadata (Devillers 
et al., 2010). The European Committee for Standardization (CEN) started work-
ing on a standard ENV 12656 concerning the quality of geographic information 
in 1998. The International Organization for Standardization (ISO) standards 
19113 (ISO, 2002), 19114 (ISO, 2003), and 19138 (ISO, 2006) describe quality 
principles, quality evaluation procedures, and data quality measures for geo-
graphic data respectively. A revised version 19157 (ISO, 2013) combines these. 
In 2007, the European Union established a directive for Spatial Information in 
the European Community (INSPIRE, 2007) to create a spatial data infrastruc-
ture for environmental policies. As sharing spatial data is one goal of the di-
rective, data quality issues are also included. 

Besides statistical error, another view on data quality that has drawn interest 
in research is fitness for use and external quality (Devillers et al., 2010). 
Whereas internal quality refers to data producers’ view of the level of similarity 
between perfect data and the data that has actually been produced, external 
quality compares the produced data with the user needs and varies with differ-
ent users (Devillers & Jeansoulin, 2006b). This view emphasizes the expecta-
tions and skills of the users of spatial data. 

During the last ten years, smartphones providing GPS tracking, common web 
mapping applications (e.g. Google Map) and the availability of open spatial data 
sets (e.g. OpenStreetMap) have increased the usage of spatial data. A growing 
quantity of volunteered geographic information, i.e. crowdsourced data, re-
quires research on their accuracy. Increasing the number of users provides op-
portunities for the GIS community, but also challenges. Communicating uncer-
tainty information to the end users is one of them (Devillers et al., 2010). Even 
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the precision of data, i.e. the number of decimals, can be misleading to a user, 
because it can be considered as a reflection of accuracy although the precision 
generally exceeds the accuracy (Goodchild & Gopal, 1989). Devillers et al. 
(2010) argue that commercial GIS software vendors have not applied the re-
search findings in the field of spatial data quality to products, but the complexity 
of the statistics and models is a possible reason for the lack of wider use of un-
certainty theories. Showing the size of error as a circle on a map, which can be 
found from smartphones, is a good example of raising awareness of uncertainty 
issues. However, it has been shown that the error information shown to the user 
does not always even correlate with the observed error so the utilization of this 
information in applications is questionable (Zandbergen & Barbeau, 2011). Boin 
and Hunter (2009) encourage the use of descriptive data content and opinions 
instead of statistical metrics for communicating the quality of data to end users. 

The same challenge with the communication between the software and the 
user is also an issue in the scientific community, as spatial analysis and data 
mining methods have increased in popularity outside the GI science commu-
nity. Whereas a GIS specialist should be familiar with the difference in accuracy 
between a laser scanned digital elevation model and water depth information 
retrieved from an old paper map, a scientist from another field might run the 
same analysis tools for elevation and depth data sets without worrying about the 
difference in accuracy. Visualization of spatial data quality provides methods to 
communicate uncertainty to users and different approaches have been investi-
gated for showing attribute uncertainty information on a map (see for example 
Buttenfield, 1993; MacEachren et al., 1998; and Sun & Wong, 2010). 

Metadata is still a challenge in GI science (Devillers et al., 2010): Generating 
it is time-consuming and has a limited impact on the user due to the lack of 
understanding and skills to utilize the information. It is often too complex for 
the users to fully understand and utilize. As with any data, metadata can be 
faulty and give wrong indicators of accuracy: Coveney and Fotheringham (2011) 
have studied DEM errors and note that the statistics provided by data suppliers 
can understate the actual error. They also show that the spatial resolution of 
DEM fails to serve as an indicator of accuracy, which is problematic, because 
many users choose DEMs based on the resolution. 

Despite all the development in uncertainty in geographic information, uncer-
tainty analysis is still a separate topic from spatial analysis in environmental 
science and only a few methods dealing with uncertainty have been adopted as 
a standard practice or implemented in GIS software (Griffith et al., 2015). One 
suggested solution is to include quality information as a prerequisite in spatial 
databases (Griffith et al., 2015). Goodchild (2004) notes that mapping is gener-
ally not considered a measurement science due to complex transformations, 
generalization and subjective interpretations in data acquisition. Thus, the GIS 
layers contain no information about the measurements behind them making er-
ror analysis difficult. A measurement-based GIS is suggested as a solution: it 
retains the details of measurements making uncertainty analysis and correc-
tions to data values possible (Goodchild, 2002). A general framework for meas-
urement-based GIS including an error model, the law of error propagation, and 
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examples using simple GIS operations can be found from Leung et al. (2004a), 
Leung et al. (2004b), Leung et al. (2004c), and Leung et al. (2004d). 

A long-term goal of research in the field of spatial data uncertainty has been 
to create a general-purpose error button (Openshaw et al., 1991), which would 
help the user deal with uncertainty in the data and how it affects the results of a 
given analysis. According to Openshaw et al. (1991), the problem with GIS op-
erations is that the end-user is not aware of the uncertainty in the data and the 
GIS has no procedures for handling accuracy. GIS combines data sets with dif-
ferent levels of uncertainty, but does not track how errors propagate. Goodchild 
et al. (1999) argue that global measures of uncertainty, for example confusion 
matrix or root means square error, are inadequate because they lack infor-
mation about the spatial structure of error. One proposed solution is geograph-
ically weighted uncertainty measures for local error reporting (Comber et al., 
2017). Goodchild et al. (1999) suggest that accuracy measures in metadata are 
replaced by a simulation method: data users do not apply GIS methods to an 
original data set, but rather to realizations using the simulation method in 
metadata. Of course, this causes trouble to the user, because the analysis has to 
be performed multiple times using different realizations. Heuvelink (2002) 
states that a general error button needs to be user-dependent, as amateurs in 
the field of uncertainty are incapable of fine-tuning the parameters of error 
propagation. This is an important aspect, as the user base of GIS is increasing 
constantly: heavily simplified error propagation is still better than ignoring er-
ror altogether. He also mentions other practical aspects, for example the extra 
trouble required for the construction of error models and running error propa-
gation. An intelligent GIS could also check the quality of results and advise the 
user how to improve it (Burrough & McDonnell, 1998). 

Implementations for tools that utilize uncertainty have been developed, but 
only for specific purposes. For example, Wong and Sun (2013) have developed 
an extension for ArcGIS for creating choropleth maps using attribute data ac-
companied by error information. A related extension for ArcGIS applies a new 
classification method that utilizes reliability information to define breaks be-
tween classes for classification (Sun et al., 2015). Brown and Heuvelink (2007) 
have developed a Data Uncertainty Engine (DUE) for defining the properties of 
error models and generating realizations of data. Their tool, along with other 
tools related to error propagation, are discussed in the next subchapter. For 
more computational tools that tackle uncertainty for different software environ-
ments, see a short review in Sawicka and Heuvelink (2016). 

2.3 Error propagation in geographic analysis methods 

In this research, uncertainty analysis refers to analysing different aspects of 
uncertainty in a given spatial analysis method. Two main parts of uncertainty 
analysis are error propagation and sensitivity analysis: the former means 
quantifying the uncertainty of the result of an analysis when input error is 
known whereas the latter means studying how the variations in the model out-
put can be apportioned to different sources of uncertainty in the model input 
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(Saltelli et al., 2004). These two analyses have different terms appearing in the 
literature as shown for example by Crosetto and Tarantola (2001). This litera-
ture review focuses more on the usage of error propagation, because sensitivity 
analysis is not in the scope of this research. The emphasis of this chapter is not 
so much on the results in the literature, but more on the important aspects that 
should be considered in connection with error propagation. 

Two main approaches to error propagation in geographical analysis methods 
are the Taylor series, which is used to approximate the analysis function so that 
error propagation can be derived analytically and Monte Carlo simulation, in 
which the analysis process is repeated using realizations for input error. 

Error propagation with the Taylor series 
The Taylor series approximates a given function with a polynomial function 
around a given value. This is helpful in uncertainty analysis, because error prop-
agation is simple to perform for a polynomial function. Heuvelink et al. (1989) 
use a first order Taylor series to analyse how error propagates in linear regres-
sion with map overlay using scenarios from heavy metal pollution and crop yield 
simulation. Both the models and data points are assumed to include error and 
the authors emphasize the importance of reporting the accuracy measures con-
cerning both of these aspects. They also take correlation between variables into 
account. They state that uncertainty analysis provides information on not only 
which inputs need to be measured more accurately, but also which inputs are 
too accurate, because decreasing the accuracy requirements can lead to reduced 
costs in data collection. 

Bachmann & Allgöwer (2002) perform error propagation and sensitivity anal-
ysis in wildland fire behaviour modelling using a first order Taylor series. They 
conclude that a Monte Carlo simulation would have been computationally too 
demanding due to 17 input variables and spatial and multivariate correlations 
between them. Their research was published 15 years ago, so development in 
processing power could enable Monte Carlo simulations currently. 

Error propagation with Monte Carlo 
In a Monte Carlo simulation, realizations are created from an error distribution 
and analysis is performed with the realizations. The process is repeated multiple 
times to calculate the distribution of the output. Burrough and McDonnell 
(1998) call the method a brute force technique, but the term is generally used 
for methods that analyse all possible candidates, which does not hold true for a 
Monte Carlo simulation. 

Crosetto et al. (2000) perform error propagation using a Monte Carlo simula-
tion and sensitivity analysis in hydrological modelling. In addition to the input 
variables, they consider the accuracy of the model as well. They mention the 
importance of metadata, which can be used to derive important information 
about the stochastic properties of the input factors. 

Crosetto and Tarantola (2001) propose a procedure for synergistic use of error 
propagation with a Monte Carlo simulation and sensitivity analysis for GIS-
based model implementation. The idea is to use error propagation to assess the 
model output accuracy and sensitivity analysis to show the accuracy of which 
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inputs should be improved or possibly lowered for maximum benefit. The 
method can be used for example to implement a GIS database. They apply the 
procedure in the implementation of a hydrologic model. They also give a short 
review about different synonyms used for error propagation and sensitivity 
analysis; these even include overlapping terms causing possible complications. 
A good example of the problematic terminology is that the authors use the term 
uncertainty analysis for what is called error propagation in this thesis; uncer-
tainty analysis here includes both error propagation and sensitivity analysis. 
This demonstrates the need for a clear definition of terms as well as the 
knowledge of how they are used in different fields to be able to communicate 
between them. 

Canters et al. (2002) analyse how error propagates in landscape classification 
using the Monte Carlo simulation. The level of spatial autocorrelation in DEM 
error is analysed using variogram. In variogram, the effect of spatial autocorre-
lation is described as a function of distance. They note that the correlation be-
tween variables can change the results. They also point out that the information 
on the accuracy of spatial data is often lacking or too simple and this causes 
difficulties in error propagation. They underline the importance of the stochas-
tic error model that includes the most important characteristics of the errors. 

Heuvelink et al. (2010) have analysed how uncertainty in soil and pesticide 
properties propagate in a spatial model describing the fate of the pesticides. The 
Monte Carlo simulation is performed 1000 times. They also apply sensitivity 
analysis to find out which input should be improved in accuracy. The authors 
note that the spatial autocorrelation of errors has not been needed, because the 
spacing between the points is large; for assessment of uncertainty on a finer 
scale, spatial autocorrelation should be applied. 

In ecology, a simulation approach has been used for example for error propa-
gation in vegetation distribution (Peters et al., 2009). Van Niel and Austin 
(2007) analyse how error in DEM affects different parts of vegetation modelling. 
They explore results from generalized additive models, generalized linear mod-
els, stepwise model selection procedures and accuracy of model predictions by 
running the process of creating predictive habitat models with ten Monte Carlo 
simulations. They also analyse the spatial autocorrelation of error and apply a 
spatial autoregressive process from Hunter and Goodchild (1997) to generate 
autocorrelated realizations. The study shows an example of error propagation 
in a complex analysis process. They show how much input error affects each of 
the steps, although the low number of simulations reduces the accuracy of the 
estimates. The problem with error propagation with a complex analysis process 
and multiple results is the difficulty of automating the process. This is most 
likely the reason for such a low number of realizations used in their study: the 
process has been performed manually, although the article does not specifically 
mention this. 

Error propagation has also been applied to three-dimensional data: Biljecki et 
al. (2015) use the Monte Carlo simulation to estimate how positional error in 3D 
city models affects the solar irradiation of building roofs. They show that hori-
zontal and vertical errors have a different influence on the results. Biljecki et al. 
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(2014) apply the same approach to volumes in 3D city models and Biljecki et al. 
(2017) study how the level of detail affects error propagation. 

Even though the principle idea of error propagation using the Monte Carlo 
simulation is simple, the whole process requires lots of input and is susceptible 
to variation between different users. Beulke et al. (2006) show that the choices 
regarding error distribution, correlation between parameters, sampling, and the 
number of samples introduce variability in Monte Carlo simulations and the re-
sults should be interpreted with care. 

Error propagation using both approaches 
Heuvelink (1999) discusses the Taylor series and Monte Carlo simulation meth-
ods for error propagation. The Taylor series is applied to analyse how input data 
and model errors propagate in linear regression analysis. He compares the ben-
efits and disadvantages of both methods. One advantage of the Monte Carlo 
simulation is that it can reach an arbitrary level of accuracy, but a high number 
of runs can be required resulting in time-consuming simulations, because the 
accuracy of the method is inversely related to the square root of the number of 
runs. He suggests the usage of the Taylor series to obtain preliminary results 
and the Monte Carlo simulation for exact values. He also points out that error 
propagation is an exception in GIS practice possibly due to a lack of information 
on the input errors, and GIS manufacturers should add error propagation func-
tionalities to their software. 

Papadopoulos and Yeung (2001) compare the results from Monte Carlo sim-
ulations and analytical error propagation for linear systems with small uncer-
tainties. They show that simulation and conventional methods are compatible 
and that the Monte Carlo method has the ability to handle correlated inputs. 

Oksanen and Sarjakoski (2005) use both an analytical and a Monte Carlo sim-
ulation approach to analyse how errors in DEM propagate to slope and aspect 
and drainage basin delineation. They apply spatial autocorrelation models for 
error: Error is modelled as a Gaussian random field, which is defined using var-
iance as a function of distance between points. 

Kirby and Mitchell (2015) analyse how positional and attribute errors affect 
the results of biodiversity models with a Monte Carlo simulation. They pay at-
tention to generating spatially autocorrelated errors, which is required with 
classified data. The reason is that classes often form continuous areas; without 
spatial autocorrelation, the realizations would be too scattered. Horttanainen 
and Virrantaus (2004) show an example of this using soil data. 

Error propagation tools 
Brown and Heuvelink (2007) have developed a software tool, Data Uncertainty 
Engine (DUE), for assessing uncertainties in environmental data and generat-
ing realizations of data, which can be utilized in error propagation. Their engine 
supports different object types, uncertainty in position and attributes, and dif-
ferent types of attribute values. From inputs, the tool creates an uncertainty 
model, and it can be used to incorporate spatial autocorrelation and correlation 
between the variables into realizations from the model. The goal of the study is 
to provide a framework that allows the users to develop realistic uncertainty 
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models without deep knowledge of uncertainty methods. In this sense, their tool 
also encourages the utilization of uncertainty in environmental modelling. They 
illustrate the use of the engine with a hydrological time-series. The tool can be 
downloaded and used free of charge. 

Other case studies utilizing the DUE include Refsgaard et al. (2005), who have 
applied the engine to assess the uncertainties in eight case studies dealing with 
river basins. De Bruin et al. (2008) have created an error model for positional 
error including temporal correlation and generated realizations using the DUE 
for error propagation in area calculation. 

A similar tool to the DUE has been developed by Sawicka and Heuvelink 
(2016): it includes uncertainty model specification, error propagation using the 
Monte Carlo simulation and visualization of the results. It supports different 
distributions for the error and different types of correlations. The biggest differ-
ence to the DUE is that the tool has been published as a package for the statisti-
cal computing environment R, so possible functions, through which error is 
propagated, can be chosen from the vast R package library. The authors apply 
the tool to error propagation in soil moisture prediction. 

Hengl et al. (2010) have developed an approach with the statistical computing 
environment R that runs error propagation in stream networks using elevation 
data. They utilize variogram fitting to generate realizations of DEM for Monte 
Carlo simulations. The streams resulting from the error propagation are visual-
ised simply on top of each other. The networks are generated using another soft-
ware (SAGA), which requires additional installation, but the process is entirely 
controlled using R. As all the utilized software is open-source and free, its pub-
lished code can be easily adopted to similar case studies. 

Eränen et al. (2014) have developed implementation to run error propagation 
using Monte Carlo simulation in drainage basin delineation with graphics pro-
cessing units (GPUs) instead of central processing units (CPUs) for large 
speedups in processing time. Mäkinen et al. (2016) parallelised the implemen-
tation to reduce the random access memory (RAM) required for one GPU. These 
cases show good examples of the practical problems for creating an error but-
ton: Drainage basin delineation is a computationally heavy process including 
burning the stream to DEM, filling the pits, assigning flow directions, tracing 
the cells to the streams, and extracting the borders of the drainage basins. Re-
peating the process hundreds or thousands of times in Monte Carlo simulations 
quickly enough for a user to see the results without major interruptions requires 
method development even when the processing power of computers increases 
exponentially in time. 

2.4 Geographically weighted regression in use 

The geographically weighted regression (GWR; Brunsdon et al., 1996) model is 
a weighted local regression model. At a given point, the regression model is af-
fected by nearby points, so that farther away points have smaller weights than 
points that are close. The method can be applied to any regression model that 
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includes the location of the data points, which has led to a large number of arti-
cles in different fields. 

Table 1. Themes and notes in previous GWR research articles. 

Article Theme of the 
data set 

Some notes 

Atkinson et al., 2003 Geomorphology Coefficients are plotted in 1D position along a river. 
Brunsdon et al., 
1996 

Car ownership First article concerning GWR. 

Buyantuyev & Wu, 
2010 

Urbanization Predicted values from global and local models are com-
pared. 

Clement et al., 2009 Forestry 150 observations is considered to be a minimum to run a 
GWR model. 

Foody, 2004 Species distribu-
tion 

The effect of scale is analysed using different bandwidths. 

Fotheringham et al., 
2012 

Famine Stepwise local regression is applied. 

Harms et al., 2009 Soil analysis Different variable combinations are used with GWR. 
Harris, Fothering-
ham, & Juggins, 
2010 

Hydrology Small errors are added to some variables to avoid matrix 
instability in GWR caused by local multicollinearity. 

Pineda Jaimes et al. 
2010 

Deforestation Artificial spatial units are used which leads to modifiable 
areal unit problem (MAUP). 

López-Carr et al., 
2012 

Land use/cover 
change 

The uncertainty of dependent variables is described using 
a confusion matrix. The explanatory power of one global 
and the corresponding local model is very low: 0.016 and 
0.024, respectively. 

Mennis & Jordan, 
2005 

Air pollution Multilevel analysis is performed using different bandwidths. 

Shi et al., 2006 Species distribu-
tion 

Location-specific kernels are calculated. 

Sá et al., 2011 Vegetation fires Different univariate and multivariate GWR models are ana-
lysed. 

Yao & Fothering-
ham, 2016 

House prices Temporal analysis using mixed model. 

Brunsdon et al., 
1998 

Long-term illness With explanatory power 0.547, the fit of the global is con-
sidered good. 

Brunsdon et al., 
1999 

House prices Significance tests for GWR are developed. Argument 
against stepwise regression is presented. 

Páez et al., 2002a Urbanization GWR model with location-specific kernel is developed. 
Páez et al., 2002b Urbanization GWR model with spatial association components is devel-

oped. 
Zhang et al., 2004 Forestry A variogram is used to determine the maximum range for 

spatial autocorrelation; this value is used for the bandwidth 
parameter. 

Benson et al., 2005 Poverty Different spatial regression models are applied. 
Nakaya et al., 2005 Disease A mixed Poisson model is used. 
Yu, 2006 Income The results are discussed in terms of regional develop-

ment mechanisms. 
Cahill & Mulligan, 
2007 

Crime  

Clark, 2007 Car ownership The spatial autocorrelation of residuals is analysed using 
multiple distances. 

Giaccaria & 
Frontuto, 2007 

Environmental 
economics 

 

Ali et al., 2007 Rural development Variance decomposition of the GWR results is developed 
to assess how the variation of different independent varia-
bles and their spatial coefficients contributes to the varia-
tion of the dependent variable. 

Wheeler & Tie-
felsdorf, 2005 

Health Local multicollinearity and its effect on GWR is analysed. 

Mansley & Demšar, 
2015 

Voting turnout Collinearity and stepwise variable selection is applied. 

Tenerelli et al., 2016 Land use planning Outliers, indicated by high residuals, are analysed in more 
detail. 

 
For the purpose of this research, a set of articles using GWR has been studied. 
The goal of this literature review is to (1) study the steps generally taken in GWR, 
(2) identify which values and maps are perceived as important in the GWR pro-
cess, and (3) study how the uncertainty of input data has been considered. The 
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theme of the data set and some notes from the GWR articles studied for this 
research are shown in Table 1. The set of articles is only a small portion of all 
articles on GWR and they have not been selected using any sampling method. 
Instead, this quantity is believed to ensure that all necessary steps in GWR and 
many different fields are covered. In the next subchapter, these articles are stud-
ied in more detail to find out which steps have been taken in the analysis process 
and how conclusions have been drawn. 

There has also been a lot of further GWR development. Generally GWR refers 
to a geographically weighted version of linear ordinary least squares (OLS) re-
gression, but also Poisson (Nakaya et al., 2005; Tenerelli et al., 2016) and lo-
gistic (Atkinson et al., 2003; Giaccaria & Frontuto, 2007) GWR have been used 
with count and binary data as the dependent variable, respectively. Heteroske-
dastic GWR (Fotheringham et al. 2002) allows the variance of disturbance 
terms to vary locally. 

Regression models are rather sensitive to outliers: even single points can dis-
tort the estimates. Robust GWR (Fotheringham et al. 2002; Harris, Fothering-
ham, & Juggins, 2010) can be applied to reduce the effect of outliers. This is 
different from dealing with erroneous observations, because even though outli-
ers can result from errors, they can also result from phenomena that are ignored 
by the model or incorrect model assumptions. 

The stationarity of parameters can be tested for each independent variable an-
alytically (Leung et al. 2000) or using Monte Carlo simulations (Brunsdon et al., 
1996) to study if the coefficient estimates of different variables vary significantly 
in the study area. The first method uses a test statistic utilizing the sample var-
iance of the estimates and the distribution of the statistic. The second method 
compares the distribution of the coefficient estimates to random permutations 
of the estimates for the same locations. This has resulted in a mixed model, 
where some variables are global and some local (Yao & Fotheringham, 2016; 
Nakaya et al., 2005; Yu, 2006; Cahill & Mulligan, 2007). 

A spatial kernel is used to calculate weights for the local regression models in 
GWR. Generally, bandwidth, which defines the size of the kernel, is optimized 
using some criteria, but GWR has also been used with varying bandwidths 
(Mennis & Jordan, 2005) to study the relationships in different scales. Large 
bandwidth shows the relationships between the variables at a general level, and 
small bandwidth reveals finer details. Also the modifiable areal unit problem 
(MAUP), which states that the results of a spatial analysis utilizing aggregated 
data is sensitive to the aggregation, has been tackled using GWR (Fotheringham 
et al., 2001; Mas et al., 2016; Murakami & Tsutsumi, 2015). Yang (2014) pro-
vides a method for calibrating different bandwidths for different variables, be-
cause a single kernel may not be sufficient to show complex variations in rela-
tionships between the variables. Lu et al. (2011) provide an approach to calcu-
late the weights using network distance instead of Euclidean distance. The ker-
nel can also extend to a temporal dimension resulting in a spatiotemporal GWR 
model (Crespo, 2009). 

As parameter estimates and associated t-statistics are dependent in GWR, 
multiple dependent hypothesis tests have been developed (Byrne et al., 2009; 
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da Silva & Fotheringham, 2016). The method can be used to test the significance 
of multiple parameter estimates at the same time. 

Multicollinearity, i.e. the correlation between the independent variables, has 
been studied for the local models (Wheeler & Tiefelsdorf, 2005). Later, Fother-
ingham and Oshan (2016) showed that GWR is actually rather robust to local 
multicollinearity. 

GWR is generally used for explorative analysis to describe the relationships 
between the dependent and independent variables, but it can also be used for 
predicting unknown values for the dependent variable using the GWR model 
and known values for the independent variables. Examples of the latter ap-
proach can be found from Harris, Brunsdon, and Fotheringham (2011), Wheeler 
and Waller (2009), and Kupfer and Farris (2007). GWR has also been used as a 
spatial interpolator to estimate unknown values using observations from other 
locations (Crespo, 2009). 

For this study, only three cases have been found where the input data uncer-
tainty has been analysed, which demonstrates the lack of interest or skill in han-
dling uncertainty. López-Carr et al. (2012) have used woody forest cover and 
change in woody forest cover as dependent variables in GWR and calculated a 
confusion matrix using cross-validation to show the proportions of correctly 
classified vegetation classes. The vegetation data is in raster format, and the 
woody forest cover variable has been aggregated to the municipal level by add-
ing up the number of woody pixels in each municipality polygon. Using the 
quantity of pixels in each polygon, the error distributions for the dependent var-
iables could be derived from the confusion matrix. The data analysis in the study 
has only focused on the dependent variables; the errors in the independent var-
iables have not been studied. 

Epprecht et al. (2008) have gone one step further: they have modelled poverty 
in Laos and calculated the confidence intervals for the dependent variable pov-
erty index, defined as the proportion of people below the poverty line. The index 
is calculated by first utilizing a small household survey data set, from which a 
regression model is created to model income using household characteristics. 
These characteristics also exist in a larger census data set, to which the model 
from the previous step is applied. This results in predicted welfare for each 
household in the country, which is finally aggregated to the village level result-
ing in the dependent variable, village-level poverty index. Using the information 
on the calculation method, the confidence intervals have been calculated for the 
variable. Due to many villages having a very small number of households, the 
intervals are large: the average of the 95 % confidence intervals is ±16.5 percent-
age points. How this uncertainty in the dependent variable affects the multiple 
regression models applied in the research, including GWR, or how uncertain the 
independent variables are, is ignored. 

Young et al. (2009) describe the only study found for this thesis that links 
GWR and error propagation together: they show how uncertainty resulting from 
interpolating one independent variable affects the predicted variable using a 
Monte Carlo simulation. The uncertainty is retrieved from kriging variance, so 



Literature review 

36 

the error in the actual measurements is not taken into account. The error prop-
agation in their article focuses only on one GWR result. 

Overall, the data descriptions found from articles made on GWR rarely discuss 
the accuracy of the input variables. For example, the data set about the Irish 
famine used by Fotheringham et al. (2012) includes variables recorded in the 
19th century, and thus could be inaccurate. The reliability of the data is dis-
cussed in the article, but there are no estimates of the error measures. Out of all 
the articles studied in this research, only three include numerical approxima-
tions for errors. Thus, it is no surprise that error propagation has not raised in-
terest in GWR research. 

2.4.1 How researchers have made conclusions based on GWR 

In order to study how the input data errors affect the GWR analysis, the general 
flow of GWR analysis is needed. This includes steps taken, values mentioned 
and conclusions made by the researchers whilst using GWR in different cases. 
This subchapter lists how the researchers have used GWR in case studies. 

In addition to data pre-processing, the analysis includes a global regression 
model, a local regression model and, usually, comparison between these two. 
Table 2 lists the steps taken and values mentioned in previous research and the 
articles that used them divided between these three categories. In the table, if a 
topic, for example goodness-of-fit measure R2, has been mentioned in Compar-
ison, it has been left out of Global and Local model. This is why the list of articles 
that use R2 from the global model is short. 

The GWR analysis always starts with the corresponding global model, usually 
ordinary least squares regression. When choosing variables, multicollinear-
ity and correlation between the independent variables can be studied to see 
if any variables are correlated and need to be removed from the model. Step-
wise variable selection can be used to include only variables that add enough 
to the explanatory power of the model. For the results of the global model, 
global coefficients are analysed with their t-statistics to find out the relation-
ship between the dependent and each independent variable. The goodness-of-
fit measure R2 is used to describe the explanatory power of the model: it is the 
proportion of the variance in the dependent variable that is explained by the 
model. In addition, residual analysis can be performed to ensure they are 
normally distributed or to study outliers. 

The global model is followed by the local GWR model. Stepwise variable 
selection can also be done for the local model to remove variables that do not 
add enough to the explanatory power of the model. The first step of the GWR is 
bandwidth selection, where the size of the spatial kernel is optimised. 
Weights for the local models are calculated using the kernel. For the results, 
local coefficients with their t-statistics are shown on a map to analyse the 
relationship between the dependent and independent variables in different 
parts of the study area. Similarly, local R2 values can be mapped to analyse 
the explanatory power of the model locally. Some researchers have also studied 
local multicollinearity to find variables that correlate locally. Residual 
analysis can be used in the same way as for the global model. 
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The global and local model are often compared to see if the results contradict 
and to justify the use of the local model. The goodness-of-fit measure R2 
shows how much improvement the local model offers compared to the global 
and AIC (or AICc) can be used to see if the improvement is significant. Leung’s 
F1 or F2 test or ANOVA (analysis of variance) can also be used to test for 
model improvement. Variable stationarity tests with Monte Carlo or 
Leung’s F3 tests show if a variable varies statistically significantly to be con-
sidered nonstationary. The global model generally suffers from spatially auto-
correlated residuals, i.e. nearby points have similar residual values. The Mo-
ran’s I for residuals is a useful measure of spatial autocorrelation to study if 
the local model has more random residuals, which shows model improvement. 

Table 2. The steps taken and values mentioned in previous GWR research articles. 

Global model Local model Comparison 
multicollinearity and correla-
tion (Clement et al., 2009; 
Harms et al., 2009; Harris, Foth-
eringham, & Juggins, 2010; 
Pineda Jaimes et al., 2010; Shi 
et al., 2006; Wheeler & Tie-
felsdorf, 2005; Mansley & 
Demšar, 2015; Tenerelli et al., 
2016) 
 
stepwise variable selection 
(Harris, Fotheringham, & Jug-
gins, 2010; Shi et al., 2006; 
Giaccaria & Frontuto, 2007) 
 
global coefficients (Brunsdon 
et al., 1996; Buyantuyev & Wu, 
2010; Clement et al., 2009; 
Foody, 2004; Fotheringham et 
al., 2012; Fotheringham et al., 
2012; Harris, Fotheringham, & 
Juggins, 2010; Pineda Jaimes et 
al., 2010; Mennis & Jordan, 
2005; Shi et al., 2006; Sá et al., 
2011; Yao & Fotheringham, 
2016; Brunsdon et al., 1998; 
Brunsdon et al., 1999; Zhang et 
al., 2004; Nakaya et al., 2005; 
Yu, 2006; Cahill & Mulligan, 
2007; Clark, 2007; Giaccaria & 
Frontuto, 2007; Ali et al., 2007; 
Wheeler & Tiefelsdorf, 2005; 
Mansley & Demšar, 2015; Tene-
relli et al., 2016) 
 
goodness-of-fit measure R2 
(Brunsdon et al., 1996; Foody, 
2004; Harris, Fotheringham, & 
Juggins, 2010; Mennis & Jordan, 
2005; Yao & Fotheringham, 
2016; Brunsdon et al., 1998) 
 
residual analysis (Shi et al., 
2006) 

stepwise variable selection 
(Fotheringham et al., 2012; 
Giaccaria & Frontuto, 2007; 
Mansley & Demšar, 2015) 
 
bandwidth selection (Brunsdon 
et al., 1996; Harris, Fothering-
ham, & Juggins, 2010; Mennis & 
Jordan, 2005; Benson et al., 
2005; Nakaya et al., 2005; Yu, 
2006; Cahill & Mulligan, 2007; 
Clark, 2007; Mansley & Demšar, 
2015; Tenerelli et al., 2016) 
 
local coefficients (Atkinson et 
al., 2003; Brunsdon et al., 1996; 
Clement et al., 2009; Foody, 
2004; Harris, Fotheringham, & 
Juggins, 2010; Pineda Jaimes et 
al., 2010; López-Carr et al., 
2012; Mennis & Jordan, 2005; 
Shi et al., 2006; Yao & Fother-
ingham, 2016; Brunsdon et al., 
1998; Zhang et al., 2004; Ben-
son et al., 2005; Nakaya et al., 
2005; Yu, 2006; Giaccaria & 
Frontuto, 2007; Ali et al., 2007; 
Wheeler & Tiefelsdorf, 2005; 
Mansley & Demšar, 2015) 
 
local R2 values (Foody, 2004; 
Pineda Jaimes et al., 2010; 
López-Carr et al., 2012; Mennis 
& Jordan, 2005; Shi et al., 2006; 
Sá et al., 2011; Zhang et al., 
2004; Benson et al., 2005; 
Clark, 2007; Tenerelli et al., 
2016) 
 
local multicollinearity 
(Wheeler & Tiefelsdorf, 2005; 
Clement et al., 2009; Harris, 
Fotheringham, & Juggins, 2010; 
López-Carr et al., 2012) 
 
residual analysis (Tenerelli et 
al., 2016) 

goodness-of-fit measures R2 
and AIC (Buyantuyev & Wu, 
2010; Clement et al., 2009; 
Fotheringham et al., 2012; 
Pineda Jaimes et al., 2010; 
López-Carr et al., 2012; Shi et 
al., 2006; Sá et al., 2011; Yao & 
Fotheringham, 2016; Zhang et 
al., 2004; Benson et al., 2005; 
Nakaya et al., 2005; Cahill & 
Mulligan, 2007; Clark, 2007; 
Giaccaria & Frontuto, 2007; Ali 
et al., 2007; Wheeler & Tie-
felsdorf, 2005; Mansley & 
Demšar, 2015; Tenerelli et al., 
2016) 
 
test for model improvement 
with Leung’s F1 or F2 test or 
ANOVA (Buyantuyev & Wu, 
2010; Clement et al., 2009; Shi 
et al., 2006; Sá et al., 2011; 
Brunsdon et al., 1999; Zhang et 
al., 2004; Yu, 2006; Ali et al., 
2007) 
 
variable stationarity tests with 
Monte Carlo or Leung’s F3 
tests (Brunsdon et al., 1996; 
Clement et al., 2009; Harms et 
al., 2009; Harris, Fotheringham, 
& Juggins, 2010; Pineda Jaimes 
et al., 2010; Shi et al., 2006; Sá 
et al., 2011; Yao & Fothering-
ham, 2016; Brunsdon et al., 
1998; Brunsdon et al., 1999; Yu, 
2006; Cahill & Mulligan, 2007; 
Clark, 2007; Giaccaria & 
Frontuto, 2007; Tenerelli et al., 
2016) 
 
Moran’s I for residuals (López-
Carr et al., 2012; Sá et al., 2011; 
Benson et al., 2005; Clark, 2007; 
Mansley & Demšar, 2015; Tene-
relli et al., 2016) 

 
 





39 

3. Theory 

This chapter presents the theories utilized in this thesis. They include global and 
local regression, error and error propagation. 

3.1 Geographically weighted regression (GWR) 

The goal of a regression analysis is to develop a model where a dependent vari-
able is explained using independent variables. An example of this is trying to 
explain house prices (the dependent variable) using size of house and lot, age of 
house and distance to the closest city centre as independent variables. In a 
global model, this results in coefficients that describe the relationships between 
the variables assuming that the relationship remains constant in the study area. 
For example, if the coefficient for the size of a house is +2000, the interpretation 
is that increasing the size by one square metre increases the house price by 2000 
euros when the other variables remain the same assuming that and the size is 
measured in square metres and the price in euros. 

Geographically weighted regression (GWR; Brunsdon et al., 1996) improves 
this approach by taking into account spatial heterogeneity, which means that 
the relationships vary in the study area (Anselin, 1988). For example, it is logical 
to assume that the relationship between house price and size of house is differ-
ent in urban and rural areas. 

Two main reasons for running GWR with a data set, are describing the rela-
tionships between the variables (exploratory analysis) as explained above, and 
predicting unknown values using the model (statistical inference). The former 
is more common with GWR. For the latter, a model is first calibrated using 
training data with known values for the dependent and independent variables. 
Unknown values for the dependent variable can then be predicted using known 
values for the independent variables as well as the calibrated model. This can be 
used, for example, when there is a need to find a price for a house for which the 
values for the independent variables are known, but the price is not. 

3.1.1 Global regression 

Geographically weighted regression can be seen as an improvement of ordinary 
least squares (OLS) regression, which can be formulated as 
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  (3.9) 

where  are the values for the dependent variable,  are the values for the 
mth independent variable, and  are random disturbance terms with a distri-
bution .  are more commonly known as error terms, but in this re-
search the term error is reserved for the difference between a real value and a 
data value. The disturbance value in regression is the difference between the 
dependent variable value and the modelled value using the true and unobserv-
able coefficient values. 

In OLS regression, the regression coefficients  are estimated using the least 
squares method: 

  (3.10) 

in matrix form. In this study, the coefficient estimates are often simply called 
coefficients. Standard errors for  are calculated as the square roots of the diag-
onal elements of the matrix 

  (3.11) 

where 

  (3.12) 

where  is the number of data points and  the number of independent variables. 
Dividing a coefficient estimate with its standard error results in a t-statistic, 
which can be used for estimating the significance of the coefficients. (Chatterjee 
& Simonoff, 2013) 

These errors result from the fact that the coefficients are estimated using a 
data sample and different samples result in different estimates. An example of 
a coefficient estimate and its error can be provided as follows: Take a simple 
data set with points  as , , and . The coefficient estimate 
for a regression model with  as independent variable and  as dependent is 2.5 
and its standard error 0.073. If we add another point on top of every point, so 
that the data set is , , , , , and , the coefficient 
estimate remains the same, but the standard error becomes a lot smaller, 
0.000065. The reason is that there is now more evidence that the real coefficient 
is close to 2.5, because we have more data points to support it. Thus, standard 
errors have nothing to do with the accuracy of the data points. 

The result is one coefficient estimate and t-statistic per independent variable 
as well as the intercept . This assumes that the relationships between the de-
pendent and independent variables are constant in the study area. 

The goodness-of-fit measure R2 is often used to measure how well the model 
fits the data. It is the part of the variance in the dependent variable that is ex-
plained by the model (Chatterjee & Simonoff, 2013): 
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  (3.13) 

where  is the fitted value of :  and  the mean of . Possible values 
for R2 are between zero and one; the higher the value the more variation the 
model explains. 

In order for the OLS regression to yield sensible results, certain assumptions 
must hold true concerning the disturbance terms : their expected values is 
zero, their variance is constant, and they are uncorrelated and normally distrib-
uted (Chatterjee & Simonoff, 2013). The validity of these assumptions is studied 
using residuals, which are calculated as the difference between the dependent 
variable value  and the fitted value . In local analysis, the correlation is often 
extended to include spatial autocorrelation, which is a phenomenon in which an 
attribute value correlates with attribute values in nearby locations. Positive au-
tocorrelation means that the nearby values are more similar than far away and 
negative means that they are more dissimilar. Moran’s index (Moran, 1950) is a 
measure of spatial autocorrelation. For attribute values , it is defined as (Cliff 
& Ord, 1981) 

  (3.14) 

where  is the number of data points,  is the spatial weight between the ob-
servation  and  with ,  is the mean attribute value, and  is the sum of 
weights 

  (3.15) 

The index value lies between -1 and +1; positive values mean that the data is 
positively autocorrelated and negative that the data is negatively autocorrelated. 

Under certain assumptions, the Moran’s index values of random permutations 
are normally distributed. Thus the significance of  can be calculated. The ex-
pected value under the null hypothesis of no spatial autocorrelation is 

  (3.16) 

and the variance 

  (3.17) 

with  

  (3.18) 

  (3.19) 
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  (3.20) 

  (3.21) 

 
 

(3.22) 

Using the expected value and variance, Moran’s index values can be trans-
formed to z-scores for statistical testing. (Cliff & Ord, 1981) 

3.1.2 The basics of GWR 

GWR improves the OLS regression by letting the relationship vary in the study 
area. GWR is formulated as (Brunsdon et al., 1996) 

  (3.23) 

where  are the coordinates of the ith point. The coefficients are surfaces 
that describe the relationships between the dependent and independent varia-
bles; although the coefficient estimates can be calculated everywhere, in prac-
tice they are derived for a given set of points, which generally are the same as 
the input points. 

Though equation (3.23) describes the relationship only at a single point i, the 
regression coefficients cannot be estimated using values from a single point 
only, because there are more unknown parameters than observed values. Thus, 
the calibration of the coefficients utilizes the concept of positive spatial autocor-
relation, which means that close-by objects are more similar than far away, or 
as in this case, the relationship around the point i is more similar than far away. 
The coefficients can be estimated by using the weighted least squares method 
so that the points that are close to the point i have a bigger weight than far away 
points (Figure 1). 

 

 

Figure 1. The weighting in GWR. The black X marks the regression point and the black dots the 
data points. 
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The weights are calculated using a spatial kernel, which utilizes a decreasing 
function so that the weights are bigger near the regression point than far away. 
Gaussian and bisquare functions are the most common types. The Gaussian 
function can be defined as 

  (3.24) 

and the bisquare as 

 
 

(3.25) 

where  is the weight for a point j around a regression point i,  is the dis-
tance between the points and  is the bandwidth parameter. (Brunsdon et al., 
1998) 

There should be no big difference between the results achieved using a differ-
ent function (Brunsdon et al., 1998), but it is important to notice that using the 
Gaussian function, the weights never go to zero, whereas for the bisquare 

 when . The interpretation of the bandwidth parameter between the 
functions is also different: for bisquare, the parameter is the distance after 
which points no longer influence the local regression model; for Gaussian, it is 
an arbitrary distance where . 

If the density of data points varies in the study area, using the fixed kernel 
described above can be problematic: in dense areas, a small kernel is better than 
a large one for describing the detailed variations in relationships and in sparse 
areas a large kernel is needed to avoid problems with estimating parameters. An 
adaptive kernel varies in the study area based on point density (Brunsdon et al., 
1999). In practice, this means that the bandwidth parameter  in equations 
(3.24) and (3.25) is the distance to the Nth nearest neighbour and N is the pa-
rameter for the model instead of . 

When the density of points is irregular in the study area, an adaptive kernel 
should be used. For a regular set of points, fixed and adaptive kernels result in 
the same local models with the exception of edges: near an edge, the distance to 
the Nth nearest neighbour is larger than in the centre because there are points 
only in one direction. 

The coefficients in GWR are estimated using weighted least squares 
(Brunsdon et al., 1998): 

  (3.26) 

where  is a diagonal matrix with weights  as diagonal elements, i.e. 
. The values of the vector can be derived for any location, 

but the input points of the data set are most often used resulting in one coeffi-
cient estimate per variable, per point. 

For calculating local t-statistics and estimating the significance of the coeffi-
cients, local standard errors are needed. Let 

  (3.27) 
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so that equation (3.26) becomes 

  (3.28) 

Then the variance of the local parameter estimates is 

  (3.29) 

where  is the normalized residual sum of squares from the local regression 

  (3.30) 

where  is the fitted value of  and the term  is the effective degrees 
of freedom of the residual calculated using 

  (3.31) 

and 

  (3.32) 

The matrix  is known as the hat matrix (Hoaglin & Welsch, 1978) that is used 
for calculating estimated dependent variable values  from known values : 

  (3.33) 

The rows  in the  matrix are 

  (3.34) 

The standard errors are derived from variance 

  (3.35) 

and the t-statistics can be calculated by dividing the estimated coefficient by the 
standard error. (Fotheringham et al., 2002) 

The goodness-of-fit measure R2 is the same for GWR as for OLS regression: 
the part of the variance in the dependent variable that is explained by the model. 
The R2 values can also be calculated for the local models resulting in one value 
per point. 

3.1.3 Bandwidth selection 

Choosing the optimal kernel size is a balance between variance and bias (Foth-
eringham et al., 2002). If the kernel is too small, the coefficients describe the 
relationships accurately, but the variance for them is high. If the area is too 
large, the variance is small, but the coefficients will not describe the relation-
ships at location i anymore, i.e. the model is biased. 

The two most common methods for optimizing bandwidth, which defines the 
size of the kernel, are minimizing the cross-validation (CV) score and Akaike’s 
information criterion (AIC; Akaike, 1973). The idea behind the cross-validation 
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is to drop one point from the model, estimate the value for the dependent vari-
able for that point, and calculate the difference between the estimated and real 
value. The process is repeated for all points. AIC is a goodness-of-fit measure 
similar to R2, but it penalizes overfitting, i.e. too complex models. The value of 
AIC has no interpretation; it can only be used for comparing different models. 
The cross-validation score can be formulated as 

  (3.36) 

where  is the fitted value of  calculated with a bandwidth b with the point 
i omitted from the calculation. AIC is (Fotheringham et al., 2002) 

  (3.37) 

where  is the sample size,  is the estimated standard error of the error term 
and  is the hat matrix. A corrected version for finite sample sizes is (Fothering-
ham et al., 2002 following Hurvich et al., 1998) 

  (3.38) 

where the standard error of the error term is estimated using 

  (3.39) 

Both the CV and AIC (or AICc) scores can be used to compare two models with 
different bandwidth values and choose the better. As a rule of thumb, a model 
with at least a 3 higher AIC score is considered an improvement (Fotheringham 
et al., 2002) and this can be used in a model selection procedure as a cut-off 
value to decide which variables are left out of the model (Fotheringham et al., 
2012). 

3.1.4 Statistical tests for model improvement and parameter variability 

The goodness-of-fit measures R2 and AIC can be used to compare OLS regres-
sion and GWR models. There are also methods to analyse the statistical signifi-
cance of model improvement from global to local. Brunsdon et al. (1999) show 
that the ANOVA test can be used to compare the fit of the OLS regression model 
to that of the GWR model using the residuals of both models. Leung et al. (2000) 
derive two test statistics for spatial nonstationarity: F1 that uses the ratio of the 
residual sum of squares of the two models and F2 that uses an analysis of vari-
ance. 

To find out the variables whose parameter estimates vary significantly in the 
study area, Fotheringham et al. (1998) describe a simple method to analyse the 
variability of the local coefficients. It uses Monte Carlo simulations to random-
ize the location of points. The result of the simulations are compared to the ac-
tual parameter estimates to analyse the significance. Leung et al. (2000) derive 
a test statistic, F3, and its distribution for parameter variability testing. 
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If the regression coefficients for some variables vary in space significantly and 
for some do not, a mixed model should be used (Brunsdon et al., 1999; Fother-
ingham et al., 2002), where some relationships are constant in the study area 
and some geographically varying. 

3.1.5 Data types in GWR 

As can be seen from equation (3.23), GWR utilizes the location and attributes of 
spatial data. 

The location is always considered as points with coordinates . Many tools 
that run GWR also accept input as polygons, which are converted to points, gen-
erally using the centroid of the polygon. If a user wants to apply GWR to lines 
or raster data, the data should be converted to points first, using for example, 
the midpoint for the lines and centroid for the raster pixels, although these data 
types are rarely used with GWR. 

Because the GWR is a weighted regression where weights are calculated using 
distances between points, the attributes in the GWR have the same qualities and 
requirements as in the global regression. The regular GWR is a weighted version 
of linear OLS regression and the dependent variable  for these is required to be 
continuous. The independent variables  can be continuous, count, or binary, 
which can also be used for categorical phenomena by creating dummy, i.e. bi-
nary, variables for different categories. 

If the dependent variable is count or binary type, Poisson or logistic GWR is 
needed, respectively. This study only focuses on the regular GWR. 

3.2 Error 

Error is the difference between reality and our representation of reality (Heu-
velink, 1998). Error is a part of a broader term uncertainty and only valid when 
the true value exists. The other part of uncertainty deals with imprecision that 
can take the form of vagueness and ambiguity which are used when a true value 
does not exist (Fisher et al., 2006). Methods for modelling error are probabilis-
tic in nature, whereas fuzzy set theory (Zadeh, 1965) and expert opinion among 
others are utilized with imprecision modelling. Fuzzy models originate from ar-
tificial intelligence and the aim of describing linguistic expressions. Zhang and 
Goodchild (2002) view uncertainty as an integral part of geographical infor-
mation and the underlying phenomena. They explore uncertainties relating to 
how reality is modelled, measured, represented and processed. 

For continuous values, the error is calculated by subtracting a measured or 
modelled value from the true value. If the elevation in one location is 9.2 metres 
and it is measured as 8.9 metres, the error is metres. In general, 
let the true attribute value at location  be  and the representation of 
the attribute value be , then the error  is . 

If  was known for a data point, we would simply use it instead of . 
In practice, the true value is unknown, but the distribution of error – and thus 
the distribution of the true value – can be estimated, for example, we can say 
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that with 95 % probability the error for the elevation is within ±0.5 metres of 
the value in the data. 

Error can be divided into systematic and random components when there is 
more than one measurement: Systematic error refers to the difference between 
the expected, or mean, value and the true value, and random error is the varia-
bility of the measurements. The size of the random component can be estimated 
without the knowledge of the true value. 

The terms accuracy, precision, and trueness are closely related to the compo-
nents of error (Figure 2). Menditto et al. (2007) describe the relationships be-
tween different types of error (systematic, random, and total), qualitative per-
formance characteristics (accuracy, precision, and trueness) and their quantita-
tive expressions (bias and standard deviation). The effect of systematic errors is 
expressed by trueness, which can be quantified as bias, i.e. the difference be-
tween the average value of measurements and the true value. The random com-
ponent of error is expressed by precision, which is quantified as a standard de-
viation of repeated measurements. Accuracy is a performance characteristic for 
the total error. This can be quantified by an interval that includes some propor-
tion of measured values. Menditto et al. (2007) use the term measurement un-
certainty for this quantitative expression, but in this research uncertainty has 
a different meaning. The classification of errors can also include gross errors, 
which are caused by mistakes made in the process. 

 

 

Figure 2. Relationships between type of error, qualitative performance characteristics, and their 
quantitative expression. Adapted from Menditto et al. (2007). 

3.2.1 Error sources 

Every data set has errors. Zhang and Goodchild (2002) classified error sources 
as abstraction, data acquisition, geoprocessing, and combining data sets. 

A geographical data set is a model of reality. Modelling requires some levels of 
abstraction and generalization, because models do not represent the entire ge-
ographical complexity, and this causes uncertainty in the data set. 
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Although the accuracy of technologies, such as positioning with Global Navi-
gational Satellite Systems (GNSS) or digital photogrammetry, has improved, the 
measurements taken during data acquisition are never without error. In addi-
tion to the instruments, human participation is a cause of uncertainty: an accu-
rate measurement device is of little use if its user is standing in the wrong loca-
tion. 

The data set used in spatial analysis is rarely raw data coming out of a meas-
urement device. Instead, the data is transformed from one system, format or 
coordinate system to another. This geoprocessing causes errors in the data set. 
A common example of this is the conversion between raster and vector data for-
mats. 

The potency of GIS is the ability to combine data sets from different sources. 
Problems arise when the input data sets have different accuracies and the com-
bining process is a complex one, so the uncertainty of the output data set can be 
difficult to determine. The problem can also be caused by data sets which have 
different levels of detail or different lineages. Combining data sets is also trou-
blesome, because information is lost in the process: the user of a GIS can make 
assumptions about the accuracies of input data sets, but this is more difficult 
when the data is combined from multiple sources. For example, the user might 
have some idea about how accurate a DEM and a road data set are, but it is very 
difficult to deduce the reliability of an average slope along a road. 

3.2.2 Error model 

Error can be represented as a random variable  as it can be considered as 
an outcome of a random mechanism. An error model defines the structure of 

. A spatial attribute, i.e. the true value,  is defined on 
the domain  in n-dimensional space . In this research  and the coordi-
nates are denoted as  so the value of  is . The error model is then 

  (3.40) 

where  and  are random variables and  is a deterministic 
data value. (Heuvelink, 1998) 

Usually, the errors are assumed to follow a normal distribution. The reason is 
the central limit theorem that states that the result of a number of independent 
random factors converges towards normal distribution even if the original var-
iables are not normally distributed (Kotulski & Szczepinski, 2010). For error 
analysis,  can be seen as a sum of many smaller error sources and thus it 
follows the normal distribution (Heuvelink, 1998). This assumption of normal 
distribution does not always hold true and the distribution needs to be studied 
in every case. 

The probability density function for normal distribution is (Kotulski & Szcze-
pinski, 2010) 

  (3.41) 
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where  is the mean and  the standard deviation of the distribution. The sym-
bol  refers here to the base of the natural logarithm instead of error. For the 
error distribution, the mean represents a systematic bias and the standard de-
viation a stochastic random variation. 

For attribute accuracy, the one-dimensional error distribution is enough, but 
modelling positional accuracy requires a two-dimensional distribution. As the 
errors in coordinates  and  are generally uncorrelated and have the same 
standard deviation, the probability density function becomes circular (Kotulski 
& Szczepinski, 2010): 

  (3.42) 

where  is the mean and  the standard deviation of the distribution. 
It is important to notice that the error model used in this study only works for 

continuous values. For binary, or categorical, and integer types, a different ap-
proach is needed. Errors for integer values can be derived from discrete proba-
bility, e.g. Poisson, distribution and confusion matrix can be applied when sim-
ulating realizations with categorical data (see for example Horttanainen & Vir-
rantaus, 2004). 

3.2.3 Sampling error for a proportion 

One type of error originating from data acquisition is sampling error: it is the 
difference between a characteristic of a population, i.e. the whole data set, and 
that of a sample of the population. Polls are an example of this: if one thousand 
random people are asked to name a favourite candidate in an election, the result 
will generally differ from the opinion of the entire population. Based on the sam-
ple value, the true value can be estimated. When the characteristic is question 
is a proportion, for example the proportion of people supporting the first candi-
date, binomial confidence intervals identify a range of values between which the 
true value of the population lies with a given probability (Wallis, 2013). 

The standardized Wald confidence interval approximates the binomial distri-
bution with a normal distribution. When n is the size of the sample and p the 
proportion of successes, the estimated mean of the proportion of the population 
is p and the estimated standard deviation 

  (3.43) 

using the Wald confidence interval. Thus, the confidence interval is 

  (3.44) 

where  is the critical value of the normal distribution for a given error level 
 (Wallis, 2013). For example, when the error level , , and 

the equation above gives the interval where the true value is expected to lie with 
95 % confidence. 

The problem with the normal approximation is that the standard deviation is 
zero when p is zero or one. In addition, it cannot be used when n is small. For 
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these cases, the Wilson’s score interval (Wilson, 1927) can be utilized. It can be 
written as 

 
 

(3.45) 

The interval relocates the centre estimate and corrects the standard deviation 
compared to the normal approximation. (Wallis, 2013) 

For spatial data, random sampling is not always the best method depending 
on the phenomenon, measurement instrument, and data type. Burrough and 
McDonnell (1998) provide an overview of different sampling methods to collect 
spatial data, including regular, random, transect, stratified, cluster, and contour 
sampling. 

3.2.4 Quality and quality measures 

Data quality of geographic information is defined as the difference between the 
universe of discourse and the data set (Jakobsson, 2002). The universe of dis-
course is a view of the real world that includes everything of interest. 

There are multiple standards for spatial data quality issues developed, for ex-
ample, by the European Standardization Committee (CEN) and the Interna-
tional Organization for Standardization (ISO). The ISO standard 19113 de-
scribes quality principles, 19114 quality evaluation procedures, and 19138 data 
quality measures for geographic data. A newer standard 19157 combines the 
previous ones. They have been developed for quality control processes, for ex-
ample for topographic map production. The standards are written from the data 
producers’ point of view and can be applied for data production control to en-
sure that the produced data reaches the acceptable quality level. 

The quantitative data quality elements described in the ISO standard 19157 
are presented in Table 3. These can be characterized as producer data quality 
elements, because they are known by the data producer (Yang et al., 2013). Com-
pleteness describes the presence and absence of data, and logical consistency 
the degree of adherence to logical rules. Positional, temporal, and thematic ac-
curacy are applied to location, temporal attributes and relationships, and attrib-
utes, respectively. 

The elements are further divided into sub-elements. Commission refers to ex-
cess data present in a data set and omission to data absent from a data set. The 
sub-elements for logical consistency relate to logical rules of data structure, at-
tribution, and relationships. For positional accuracy, absolute accuracy requires 
information on true values and relative accuracy is used to compare different 
measurements. The positional accuracy of raster data has been given its own 
sub-element. Temporal accuracy includes sub-elements not only for the accu-
racy of time measurements, but also for their consistency and validity. Thematic 
accuracy has been divided into sub-elements for nominal and quantitative at-
tributes. The third sub-element, non-quantitative attribute correctness, relates 
to the correctness of values. (Jakobsson, 2002) 
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The table also shows an example of a quality measure for each element re-
trieved from a technical specification, and not from the ISO standard. For qual-
ity evaluation procedures, an evaluator selects applicable quality elements and 
sub-elements, and defines quality measures and evaluation methods. Quality 
measures are calculated using the data and compared against a conformance 
quality level to analyse how well the data match the requirements (Jakobsson, 
2002). 

Table 3. Quantitative data quality elements in ISO standard 19157 (as cited in Yang et al., 2013; 
Jakobsson, 2002) and an example for each element (JUHTA, 2006). 

Data quality 
element 

Description Sub-elements Example of a 
quality measure 

Complete-
ness 

Presence and absence of features, 
their attributes, and relationships 

Commission 
Omission 

Number of missing 
objects 

Logical con-
sistency 

Degree of adherence to logical rules 
of data structure, attribution, and re-
lationships 

Conceptual consistency 
Domain consistency 
Format consistency 
Topological consistency 

Number of objects 
that erroneously 
overlap 

Positional 
accuracy 

Accuracy of the position of features Absolute accuracy 
Relative accuracy 
Gridded data position ac-
curacy 

Mean value of po-
sitional uncertain-
ties 

Temporal 
accuracy 

Accuracy of the temporal attributes 
and temporal relationships of fea-
tures 

Accuracy of time measure-
ments 
Temporal consistency 
Temporal validity 

90 % confidence 
interval for time 
measurement. 

Thematic 
accuracy 

Accuracy of quantitative attributes 
and the correctness of no-quantita-
tive attributes and of the classifica-
tions of features and their relation-
ships 

Classification correctness 
Non-quantitative attribute 
correctness 
Quantitative attribute ac-
curacy 

Confusion matrix 

 
In addition to quantitative elements, users are also interested in qualitative ele-
ments that describe a data set (Yang et al., 2013). These include lineage, which 
describes history and processing of the data set; purpose of use, which describes 
the purpose for which the data set has originally been created; and user experi-
ences, which includes information on how the data set has been used (JUHTA, 
2006). 

Data providers and users view quality from different perspectives (Vullings et 
al., 2015). The producers can verify that their data match given specifications 
using standards and accepted quality level (AQL) values, and describe quality 
using metadata. This is called internal quality. The users’ view emphasizes ex-
ternal quality: Even if the data match the quality standards, it might not be 
enough for certain users. Some quality elements can be useless for a given task. 
On the other hand, information on user experiences for a data set can help in 
deciding if its quality is good enough for other users. This is why users value 
descriptive quality (Yang et al., 2013). The term fitness-for-use is often used to 
indicate how well data fits the needs of a user. The idea is, that the data producer 
reveals the results of tests done for the data and the user evaluates these results 
according to a specific use (Chrisman, 2006). This means that the requirements 
for the data quality are case-dependent. The user can also participate in the 
planning process so that the data are produced according to user needs. 
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3.3 Error propagation 

Error propagation is the effect of errors of input data on output values of an 
operation or function (Heuvelink, 1998). It is often also called uncertainty anal-
ysis (e.g. Saltelli et al., 2008; Crosetto & Tarantola 2001). Error propagation can 
also consider the uncertainty of the operation and the interaction between input 
data and the operation (Burrough & McDonnell, 1998). Closely related sensitiv-
ity analysis is the study of how uncertainty in the output can be apportioned to 
different sources in the model input (Saltelli et al., 2004). It can be used to an-
alyse how sensitive the model is to the changes in the input values. These two 
are often run in tandem especially when building a model, so that the error 
propagation first quantifies the errors of the output and then sensitivity analysis 
is used to analyse how they can be apportioned to different inputs. If the accu-
racy of the model is too low, i.e. the errors of the output are too high, the results 
of the sensitivity analysis can be used to reveal the most cost-effective way to 
improve the accuracy. In this research, only error propagation is applied. 

Methods for calculating how input error affects the error of the results of an 
analysis method are divided in two in this study: analytic and stochastic. Ana-
lytic is defined as “treated or treatable by or using the methods of algebra and 
calculus” (“analytic,” n.d.) which in practice, means that the error of the results 
is derived from input errors using calculus. This definition differs from the 
terms used by some other researchers; for example, Heuvelink (1998) uses the 
term analytical only for situations where error propagation can be directly de-
rived, without approximation, whereas in this research, approximate methods 
are classified as analytical. Stochastic refers to applying probability theory and 
knowledge on the distributions of errors in the data and their use by simulation 
techniques. 

3.3.1 Analytic error propagation 

Analytic error propagation means calculating the variance  of a function 

  (3.46) 

analytically using the variances  of input variables . 

These are generic input variables and do not relate to independent variables in 
regression. Assuming that the input variables are independent, when  is a lin-
ear combination 

 
 

(3.47) 

the variance  can be calculated using (Kotulski & Szczepinski, 2010) 

 
 

(3.48) 

If the variables are correlated, equation becomes (van Oort et al., 2005) 
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(3.49) 

where  is the covariance between variables  and . 

Even with simple functions, the solution for the variance can become complex 
to derive. Van Oort et al. (2005) show that, with certain assumptions, the vari-
ance  for the area of a polygon  using the errors of the vertices that form the 
polygon becomes 

 

 

(3.50) 

where  is the number of vertices,  and v  are the east and north coordi-
nates for a vertex  and  and  are the variances for the east and north 
coordinates of a vertex . They also derive the covariance between areas of two 
adjacent polygons, which results in a very long equation. 

When  is not a linear combination of variables, approximate methods are 
preferred. The first-order Taylor series approximates a given function with a 
linear function centred around a given location. In practice, this means creating 
a tangent for a function in a given location. The first-order Taylor series around 

 is (Heuvelink, 1998) 

 
 

(3.51) 

where  is a partial derivate of  with respect to its ith argument. This is a linear 

combination of input variables, so the variance can be calculated using equation 
(3.48) assuming independence between the variables and becomes 

 
 

(3.52) 

as the variance for constants is always zero. Kotulski and Szczepinski (2010) call 
equation (3.52) the rule of propagation of errors. 

One advantage of using analytic error propagation is that it is a fast and accu-
rate method when the analysis function is simple. Another benefit relates to sen-
sitivity analysis: the influence of different sources of error can be calculated 
from the results of error propagation. If the variances of input variables change, 
the calculation of the variance of output is simple. For example, take a simple 
function . According to equation (3.48), the variance of  is 

 assuming that the input variables are not correlated. To improve the 
accuracy of , increasing the accuracy of  is more beneficial than that of . 
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Error propagation using the first-order Taylor series includes two conditions: 
the function in question needs to be differentiable and, to achieve accurate re-
sults, the function needs to be smooth around  in respect of the variances of 
input variables. The first condition results from the idea behind the Taylor se-
ries: estimating a function with a linear combination using derivatives at a sin-
gle point. There are other similar methods that ease the condition, for example 
Rosenblueth’s method (Rosenblueth, 1975), but it can be numerically more de-
manding (Heuvelink, 1998). The second condition results from the method be-
ing only approximate. Using more terms in the Taylor series increases accuracy, 
but this also increases the complexity of calculations, as higher order derivatives 
are needed. 

3.3.2 Stochastic error propagation 

Stochastic error propagation using a Monte Carlo simulation solves the prob-
lems that approximate analytic error propagation methods have with non-dif-
ferentiable and non-smooth functions. The idea is based on the law of large 
numbers: Assume that a variable  can have values between zero and one and 

 is a complex known function of . To find out what values  can have, take a 
random value between zero and one, calculate  and repeat many times. Ac-
cording to the law of large numbers, the resulting distribution of  will tend 
towards the real distribution of . 

The steps in a Monte Carlo simulation to estimate the distribution of a func-
tion , when the distributions of errors of the input variables are known, are as 
follows: 

1. Take random values  for each data point  from the distributions of er-
rors of the input variables. 

2. Add the errors  to the original value  of the input variable to get a 
realization for the true value . 

3. Calculate and store the value of the function  using the realization for 
the real value . 

4. Repeat steps 1-3 multiple times. 
If the errors of the variables are dependent, i.e. they correlate, simple random 

sampling is not enough. For normal distributions, conditional samples can be 
retrieved using Cholesky decomposition of the covariance matrix (L’Ecuyer, 
2012). 

Heavy computational load is the biggest disadvantage of a Monte Carlo simu-
lation, because the more simulations are run, the closer the results are to the 
real distribution. Peck et al. (as cited in Heuvelink, 1998) state that, in ground-
water modelling practice, 100 simulations are sufficient to obtain the mean 
value and 1000 the variance of the output, but the number depends on the ap-
plication. The processing power of computers has increased exponentially dur-
ing the past decades, so this is not always a major problem anymore, but there 
is still on-going research aiming for speedups in Monte Carlo simulations (see 
for example Eränen et al., 2014). Another disadvantage compared to analytic 
methods is that when the accuracy of input variables change, the simulation 
needs to be run again. 
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3.4 Spatially autocorrelated error 

Spatial autocorrelation is a phenomenon in which an attribute value correlates 
with attribute values in nearby locations. Positive autocorrelation means that 
the nearby values are more similar than far away and negative means that they 
are more dissimilar. For error, this can be considered in two different ways: the 
error distributions can be similar or the realizations from the error distributions 
can be similar. 

When error distributions are positively autocorrelated, the distribution in one 
location is similar to that in a nearby location. One example of this phenomenon 
is sampling error caused by sampling size when densely and sparsely populated 
areas are clustered: the standard deviation for the distribution is small in dense 
areas and large in sparse areas and thus the distributions are spatially autocor-
related. 

When the realizations from the error distribution are positively autocorre-
lated, a realization taken from the error distribution in one location is similar to 
that in a nearby location. For example if a realization in one location is 0.5, the 
realizations nearby should be close to 0.5. If in another simulation the realiza-
tion in the first location is -0.7, the realizations nearby should be close to -0.7 in 
that simulation. One example is elevation measurements: Assume that the ele-
vation in location A is known accurately. The elevation in a faraway location B 
is measured trigonometrically from A resulting in measurement error. Then the 
elevation in location C which is close to B is measured trigonometrically from B. 
The standard deviations of the error distributions in B and C are similar, but 
also if the true error value in B was known, the error value in C would be similar. 
Thus if a Monte Carlo simulation was applied to the elevation values, the reali-
zations would be spatially autocorrelated. Another example is soil maps 
(Horttanainen & Virrantaus, 2004): even though each pixel has its own proba-
bilities for different soil types, the realizations need to be autocorrelated for re-
alistic results, because soil types form continuous polygons. Without spatial au-
tocorrelation, pixels with different types would be scattered. 

Different methods for generating spatially autocorrelated values exist. Two of 
them are presented here: the spatial autoregressive process and the geostatisti-
cal approach. 

3.4.1 Spatial autoregressive process 

A simple method to generate spatially positively autocorrelated values is the 
first-order spatial autoregressive (SAR) process (Goodchild et al., 1992): 

  (3.53) 

which leads to 

  (3.54) 

where  is an n-dimensional vector with autocorrelated values,  is a parameter 
controlling the autocorrelation,  is an n by n matrix, and  is an n-dimensional 
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vector of random values. The matrix  is called an SAR-operator be-
cause it can be used to calculate spatially autocorrelated values from random 
values. 

When utilizing the SAR-process with classified raster data (Goodchild et al., 
1992), the elements  of the  matrix are one if the cells  and  are neighbours 
and zero otherwise. When using a rook neighbourhood of four, the parameter  
can be [0, 0.25[; the higher the value, the stronger the autocorrelation. 

The SAR-process can be considered as a Markovian model for spatial depend-
ence, because the values are affected by the immediate neighbourhood (Zhang 
& Goodchild, 2002). Thus, generating realizations using the process is a Monte 
Carlo Markov chain method. 

3.4.2 Geostatistical approach 

Geostatistics can also be used to model spatial dependency and generate spa-
tially autocorrelated values. Attributes are characterized using random fields. 
Field is a data type that has properties (for example a value) in each location 
denoted as  where  is location. When the phenomenon exhibits random 
variation, the stochastic process is modelled with a random field that is de-
scribed with, for example, mean and standard deviation. In geostatistics, the 
values of a field are spatially correlated. (Zhang & Goodchild, 2002) 

The basic model of geostatistics is (Zhang & Goodchild, 2002) 

  (3.55) 

where  is the value of random variable  at location , m  is a function 
describing a structural component, for example the mean field of ,  is a 
spatially correlated random variation, and  is a random noise term. 

To investigate the structure of spatial dependence, semi-variance  is used: 
it is half of the expected squared difference between the values of Z at two loca-
tions  and  separated by lag . If the variation is isotropic, i.e. the same in all 
directions, the lag is a distance between the points. To estimate the dependence 
using sample data, experimental semivariance can be calculated as 

 
 

(3.56) 

where  is the number of paired data points at distances around . A set of 
values for  can be obtained by changing , and plotting them on a graph is 
known as an experimental semivariogram. (Zhang & Goodchild, 2002) 

A semivariogram model, i.e. a mathematical function, is fitted to the experi-
mental semivariogram and can be used in generating realizations of the field. 
The function is defined with parameters nugget, which describes variation at 
very small distances; range, which is the distance after which the values are not 
spatially correlated anymore; and sill, which is the maximum value for the sem-
ivariance (Zhang & Goodchild, 2002). Different types of mathematic functions 
can be fitted to the experimental semivariogram, for example exponential, 
spherical, or Gaussian (Cressie, 1993). 
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The terminology regarding the topic is confusing in the literature (Bachmaier 
& Backes, 2008): some authors call a semivariogram a variogram whereas some 
state that a semivariogram is half a variogram. The idea remains the same 
though, as halving or doubling the value does not cause any ideological differ-
ences; only the equations change. 
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4. Method 

This chapter describes the method developed in this research to run error prop-
agation for a given geographically weighted regression (GWR) model using sto-
chastic simulation. 

Figure 3 shows the overview of the chosen method for analysing how error 
propagates in GWR. The method consists of four main phases, labelled from A 
to D throughout this dissertation: defining the original GWR model (A), calcu-
lating the error distribution (B), running the Monte Carlo simulations (C), and 
visualizing the metrics (D). 

 

 

Figure 3. The chosen method as a process. 

The first step is to define the original GWR model (A), which is discussed in 
section 4.1. After that, the error distribution is needed (B). The chosen error 
model and quality elements for this research are explained in section 4.2. Once 
the original model and input data error models are defined, the chosen error 
propagation method, a Monte Carlo simulation (C), is applied as explained in 
section 4.3. This includes creating a realization using the error distribution 
(C.1), calculating the GWR model using the realization (C.2), and calculating 
and storing the output metrics (C.3), which are defined in section 4.4. These 
steps are explained in more detail in section 4.6. The simulation is repeated 
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multiple times to achieve accurate enough error distribution for the output. Fi-
nally, as the amount of values in the output data can be rather large, visualiza-
tion (D) is needed to conclude the results. This is discussed in section 4.7. 

As a result of this research, a tool to analyse error propagation in GWR has 
been created and published for the R software environment (R Core Team, 
2016). The tool can be found in https://github.com/jaakkomadetoja/epgwr. 
More information about the tool can be found in section 4.8. 

4.1 Phase A: The original GWR model 

The first requirement for the method is the original GWR model. This includes 
the data, the dependent and independent variables, and the parameters for the 
GWR calculation: the spatial kernel type (fixed or adaptive) and the weight func-
tion (bisquare or Gaussian). 

Choosing the right data, variables and parameters are not the focus of this 
study. The user of this method should already be familiar with the data and the 
GWR model for the data. 

4.2 Phase B: The chosen error model and quality elements 

In this research, two ISO quality elements – thematic and positional accuracy –   
are chosen to model uncertainty in the input data. The other elements – com-
pleteness, logical consistency, temporal accuracy, and lineage – are not applied: 
Logical consistency and lineage are important quality elements, but difficult to 
model in error propagation. Logical consistency, for example the validity of val-
ues, should be handled in pre-processing and the user of GWR should be famil-
iar enough with the data and its history before starting regression modelling. 
The issues concerning temporal accuracy can mainly be considered in thematic 
accuracy, because the GWR model used in this research is not a spatiotemporal 
model and temporal attributes are not distinguished from other attributes. 
Commission in completeness, i.e. the presence of excess data, could be applied 
with the Monte Carlo method for example by deleting features with a given 
probability, but deriving probabilities like this is difficult in most cases. Omis-
sion could be handled in a similar way in principle, but this would require guess-
ing point locations or attribute values. 

For positional accuracy, absolute and relative accuracy are valid sub-elements 
in GWR. Absolute accuracy is utilized in this study. Information on relative ac-
curacy is more difficult to find, but it can be handled using spatially autocorre-
lated errors in a Monte Carlo simulation: Assume that coordinate values have 
low absolute and high relative accuracy, i.e. the values themselves are inaccu-
rate, but the distance and direction between them is accurate. When generating 
realizations for error values for the coordinates, using a high level of spatial au-
tocorrelation causes the errors to be similar in the same area retaining the rela-
tive positioning of points. 

The sub-elements classification correctness and non-quantitative attribute 
correctness in thematic accuracy are ignored in this study, whereas quantitative 
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attribute accuracy is modelled with an error model. Classification correctness 
could be taken into account in a Monte Carlo simulation with a confusion matrix 
from which realizations can be created that simulate a wrong classification. 

The definition of error in this study is the subtraction between a measured or 
modelled value and a true value. Thus, the error is applicable only to continuous 
values. The true value is assumed to be unknown, so the error is modelled with 
a distribution. 

To simplify the requirements for a user running the code, the errors in attrib-
ute are assumed to follow a normal distribution defined in equation (3.41) with 
a mean zero and a given standard deviation. The reason for choosing this distri-
bution is the central limit theorem, which states that the sum of independent 
random variables tends towards normal distribution even if the original varia-
bles are not normally distributed (Kotulski & Szczepinski, 2010). If the mean 
value for the errors is not zero, the value should be added to the attribute values 
before running error propagation, so there is no need for a different mean value 
for the error distribution. The standard deviation value can be the same or dif-
ferent for each point. 

The error in position is handled in a similar fashion as that in the attributes. 
The user will define a standard deviation value, but this time the error is as-
sumed to be following a two-dimensional normal distribution defined in equa-
tion (3.42). The one-dimensional distribution cannot be used for the coordi-
nates separately, because the distance to the mean would be higher than the 
defined standard deviation. Another approach would be to utilize a one-dimen-
sional distribution for the distance and uniform distribution  or 

 for the direction in degrees from the centre; error values for the coor-
dinates would then be calculated using sine and cosine. The two-dimensional 
distribution is chosen for this research. 

4.3 Phase C: The chosen error propagation method 

Analytic error propagation methods require the function to be differentiable 
and smooth around the measured value. As shown in chapter 2.1, the expected 
values for the estimated regression coefficient and squared correlation can be 
calculated with simple linear regression where the errors for all data points have 
the same variance. When the function is a GWR process including a bandwidth 
selection that minimizes another function, analytic methods are not suitable. 
The process is too complex and, for example, minimizing a function is not al-
ways differentiable. In addition, using different distributions for different data 
points is complicated by analytic methods. Thus, stochastic Monte Carlo simu-
lation is chosen as the error propagation method. The disadvantages of this 
method are heavy computational load, which can cause long running times, es-
pecially when the number of points or attributes is high, and the need to run the 
simulation again if the accuracy of the input data changes. The latter is also a 
problem if sensitivity analysis is needed. 



Method 

62 

The error values are drawn from normal distributions and added to the origi-
nal values resulting in realizations for the true value. The user can also give min-
imum and maximum possible values for the attributes to account for the fact 
that normal distribution can, theoretically, result in any possible values whereas 
the attributes usually have restrictions, for example they are always nonnegative 
or between 0 and 1. Realizations lower than the minimum and higher than the 
maximum are converted into the minimum and maximum values, respectively. 
This method can also be used to create skewed error distributions: for example 
if the original attribute value is zero, the minimum value zero and the standard 
deviation positive, the error distribution will be positively skewed, because all 
the negative realizations are converted to zero. This approach will result in an 
unrealistically high number of realizations at the lower and upper limits if the 
original attribute value is close to one of these limits. Using a different error 
distribution would solve this problem, but is not applied in this research. 

The errors related to the model are ignored in this research. This also means 
that whether the original GWR analysis is suitable or not, is not analysed. 

4.4 Phase C.3: Selected metrics and their meanings 

When error propagation is performed on a function with one output value, the 
variation of the values is the result. In GWR analysis, the user analyses multiple 
results to draw conclusions. As explained in the literature review in chapter 
2.4.1, multiple results from a global model, a local model, and comparison be-
tween these two are utilized commonly. The general approach for error propa-
gation needs to be developed further, because the output is complex. For this 
research, a set of metrics are chosen to describe the results (Figure 4). They 
could also be considered as the output of GWR. 

The results of one GWR analysis are described using values and maps. When 
multiple GWR models are created in stochastic error propagation, the variation 
of the values is simple to analyse. However, analysing hundreds of maps is too 
demanding. Thus, two kinds of metrics are chosen to simplify the results of the 
simulations: single-value metrics and point metrics. 

Single-value metrics describe the results of one simulation using one value 
per metric. For some metrics it is the same value as is normally used when de-
scribing the GWR results, for example, the goodness-of-fit measure R2. For 
some the value is not something commonly used in the research for GWR but 
only in this research, for example the proportion of points where the local esti-
mate for one coefficient is significantly different from zero. These metrics can 
be visualized as a histogram or boxplot to describe the simulations. 

None of the single-value metrics describe how the distribution of significant 
local coefficients or local R2 values vary locally. Thus, point metrics for these 
two are used. The point metrics describe how a binary phenomenon varies 
through the simulations as a proportion value per point, for example the pro-
portion of simulations that result in a significant local coefficient value in one 
point. The metric values 0 and 1 mean that in that location all the simulations 
yielded the same result, i.e. there was no variation between the simulations. If 
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the value is something in between 0 and 1, some simulations resulted in differ-
ent condition than others. Point metrics can be visualized on a map to describe 
the simulations. 

In practice, the point metrics are calculated in the following way: for one sim-
ulation, a binary condition is checked separately for each point. If the condition 
is true, value 1 is added to the point metric for that point. When all simulations 
have been run, the point metric value is divided by the total number of simula-
tions yielding the proportion of simulations for which the binary condition is 
true for each point. The reason why this binary approach is chosen instead of 
saving the actual values, is memory: saving the actual values – local coefficients 
and local R2 values – for a case with n points, t independent variables, and k 
simulations requires outputting  values for these metrics. Using the 
cases presented in this study, this value would be 1.8 million for the first case, 
1.1 million for the second case, and 18 million for the third case. 

All the metrics are also calculated using the original data, i.e. the data where 
error is not taken into account. It is often fruitful to compare the metrics from 
the simulations with the metrics from the original data. For the single-value 
metrics, the original value is simply a numerical value, whereas for the point 
metrics it is either 0 or 1 for each point. 

 

 

Figure 4. The metrics used in this study. 
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The tool created in this research produces some additional metrics as well, but 
they are explained here, because they are not used in the thesis. 

Single-value metrics 

The goodness-of-fit measures R2 and AIC for the OLS regression 
The GWR analysis process starts with running the corresponding global model, 
which is the regular OLS regression for the basic version of GWR. The explana-
tory power of the model is analysed using a goodness-of-fit measure R2, which 
is the proportion of variance in the dependent variable that is explained by the 
model. The value ranges between 0 and 1 and the higher the value, the more the 
model explains the variance i.e. better the model. 

The value of R2 never decreases when new variables are added, so it cannot be 
used for deciding which attributes should be included in the model. Adjusted R2 
can be used as a solution: it is similar to R2 but decreases when more variables 
are added to the model. Adjusted R2 is ignored in this study, because all the 
simulations use the same variables and variable selection is not applied. 

The AIC value is another way to analyse how well the model fits the data: it 
provides a balance between goodness-of-fit and complexity of the model, but 
the value can only be used to compare two models. A corrected version of the 
AIC, AICc, is preferred to the AIC when the number of points is small or the 
number of variables is high (Hurvich & Tsai, 1989). This study utilizes AIC; 
there should be no difference between them as long as the same is used for both 
OLS regression and GWR models. 

There are also other measures to analyse how well the model fits the data, but 
the two aforementioned are the ones used in previous research. 

The coefficient estimates and their t-statistics for the OLS regression 
The coefficient estimates for the OLS regression describe the relationships be-
tween the dependent and independent variables. If the estimated value is  for 
the mth independent variable, the dependent variable increases by  when the 
independent variable increases by 1, ceteris paribus. 

The t-statistics are used to analyse the significance of the coefficient estimates. 
If the statistic is too close to zero, the variable is not significant in the model. It 
is important to notice that globally insignificant variables can still be significant 
locally; thus, all variables are included in the local model. As with the majority 
of previous research in GWR, throughout this study the limits -1.96 and 1.96, 
which correspond to a p value 0.05 in a two-tailed test, are chosen to classify the 
significant and nonsignificant variables, although there is a good argument 
against binary limits (Wasserstein & Lazar, 2016). Using multiple limits or ig-
noring the limit altogether would complicate many other metrics, for example, 
the proportion of points with a significant local coefficient value, which is why 
the binary approach is chosen. 

The t-statistics -1.96 and 1.96 correspond to p value 0.05 in a two-tailed test. 
When multiple independent tests are performed, 5 % of actually random rela-
tionships would appear as significant. This is a problem when the number of 
tests increases and thus the Bonferroni correction (Fotheringham et al., 2002) 
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can be utilized to find a t-statistic with a 5 % chance that at least one random 
relationship would appear as significant. This correction is not utilized in this 
study, because the corrected t-statistic does not tell which value is significant 
and because the GWR analysis is explorative: it is more important to find all 
significant relationships than only relationships that are not random. 

The variance inflation factors 
The variance inflation factors (VIF) are used to analyse multicollinearity in the 
OLS regression model. Multicollinearity is a phenomenon in which two or more 
independent variables are correlated and thus some should be left out of the 
model (Chatterjee & Simonoff, 2013). VIF for a given independent variable m is 

  (4.57) 

where the R2 value is calculated using an OLS regression with the variable m as 
the dependent and rest of the original independent variables as the independent 
variables. 

A high VIF value shows that the independent variable in question can be ex-
plained using other independent variables and should be dropped out of the 
model. Multicollinearity becomes problematic when the VIF value is greater 
than 10, which means that over 90 % of the variation in one independent varia-
ble can be explained by a model including the other independent variables. If 
the R2 value for the original model is high, even higher VIF values are accepta-
ble. (Chatterjee & Simonoff, 2013) 

Pearson’s correlation coefficients can also be used to analyse correlation be-
tween the dependent variables. They are ignored in this study, because they re-
quire more metrics and do not reveal much more information in addition to VIF. 

Moran’s index and its p value for the residuals from the OLS regression 
In this research, Moran’s index is used to study the residuals from the OLS re-
gression model, which should be random in a reliable model. Spatial autocorre-
lation in the residuals shows that the OLS regression is biased and GWR could 
be a solution to the problem. 

Moran’s index is defined in equation (3.14). In this research, the weights  
are calculated using inverse distance: 

  (4.58) 

and . 
 P value for the Moran’s index can be calculated by comparing the index value 

with values from random distribution. This is generally a more practical metric 
to analyse the residuals as it can be used to study statistical significance. The P 
value is calculated using a z-score which utilizes the expected value and variance 
defined in equations (3.16) and (3.17). 

There are also many other methods that check the assumptions for the resid-
uals, for example the Jarque-Bera test (Jarque & Bera, 1980) that tests if the 
residuals are normally distributed. These other methods are ignored in this 
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study, because the Moran’s index is often used in previous research to justify the 
GWR. Residuals can also be used to study outliers in the data, possibly revealing 
something interesting, but this is problematic with the simulations and thus ig-
nored. 

The bandwidth for the GWR 
The bandwidth calibration is the first step in the GWR model and the bandwidth 
value the first GWR metric in this research. The optimal value minimizing the 
CV score or AIC describes how local the relationships are in the study area: the 
smaller the bandwidth, the more local the relationships are. 

The goodness-of-fit measures R2 and AIC for the GWR 
R2 and AIC values are also calculated for the GWR model. They describe how 
well the independent variables explain the dependent in the model. The same 
goodness-of-fit measures are chosen for the GWR and OLS regression models 
so that they can be compared. 

The proportion of points with a significant local coefficient value 
The next step in the GWR analysis process is to study the significant local coef-
ficient values. Generally, this is done by plotting those coefficient values on a 
map and masking the points or polygons with the t-statistics too close to zero. 
The classical p value 0.05 with t-statistics limits -1.96 and 1.96 for large sample 
size are chosen for this research, although studying multiple p values reveals 
more information (Wasserstein & Lazar, 2016). 

The same issue with multiple tests is valid for the local t-statistics as well as 
global, however the local ones are dependent, because nearby points have al-
most the same set of points in the local regression model. An approach to han-
dling multiple hypothesis testing in GWR has been developed (da Silva & Foth-
eringham, 2016), but is not utilized in this study, because of the explorative na-
ture of GWR: it is more important to find all relationships than only relation-
ships that are not random. 

Because studying multiple maps per simulation is too difficult, the proportion 
of points with a significant local coefficient value is chosen as a metric to de-
scribe how the relationships between the variables vary through the study area. 
In some cases, positive and negative values are studied separately. 

This metric obscures the spatial distribution of the coefficient values: if one 
simulation has significant values only in the north and another only in the south, 
the metric can still be the same. The point metrics were developed to solve this 
problem. 

The proportion of points with a higher local R2 than the global R2 value 
Plotting local R2 values on a map reveals how well the independent variables 
explain the dependent in the GWR model in different areas. Similarly to the sig-
nificant local coefficient values, the distribution of the values have to be con-
verted to a single value: in this case, the proportion of points with a higher local 
R2 than the global R2 value is chosen. This metric describes the explanatory 
power of the local models similar to the goodness-of-fit measures. 
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This limit is often found in the previous research although the limit is rather 
arbitrary: if the local R2 is higher than the global R2 value for some area, it does 
not mean that the local model is better in that area, because the global model 
always uses all the points. It simply means that the local model is better in that 
area than the global model in the whole area. It is possible to calculate how well 
the formula from the global model explains the phenomenon in different areas, 
but this is never applied in the previous literature. Thus, the global R2 value is 
just a way to group the local R2 values into two. This value is used, because it 
gives some idea about the model fit. Any other value as well as multiple values 
could also be used. 

It is important to notice that the chosen limit changes in different simulations, 
so the metric does not describe absolute decreases in the goodness-of-fit, but 
only relative to the global model goodness-of-fit. 

Another metric that describes the distribution of local R2 values has been de-
veloped for this research, but it is not used in the use cases: the standard devia-
tion of the local R2 values. It can be used for describing how the values vary in 
the study area. 

Moran’s index and its p value for the residuals from the GWR 
Moran’s index and its p value are also calculated for the residuals from the GWR 
model. The assumption is, that the amount of spatial autocorrelation, if not dis-
appearing completely, at least decreases compared to the OLS regression. 

The p value for the F3 test for parameter variability 
For each independent variable, the parameter variability is tested using the F3 
test developed by Leung et al. (2000). The p value for the F3 test describes if the 
coefficients for the variable vary in space significantly. If the p value is too high, 
there is reason to consider the variable as a global, i.e. stationary, and utilize a 
mixed GWR model, where some variables are global and some local. Mixed 
models are not applied in this research. 

The Monte Carlo method for testing parameter variability described by Foth-
eringham et al. (1998) is not used in this study, because it requires simulations, 
which are expected to be slower than the F3 test. 

The number of stationary variables 
If the p value for the F3 test is more than 0.05, the variable is considered sta-
tionary. Studying the number of stationary variables together with the previous 
metric can be used to see if the stationarity of different variables are correlated, 
e.g. what happens to other variables if one turns stationary in a simulation. 

The difference between the local and global goodness-of-fit measures R2 and 
AIC 
The difference between the GWR and OLS regression is studied using the dif-
ference between the goodness-of-fit measures R2 and AIC. 

The R2 difference describes how big the difference in explanatory power is in 
percentage units. For the AIC difference, the limit for significantly different 
models is chosen to be 3: if the difference between the two AIC values is higher 



Method 

68 

than 3, the model with the lower value is considered significantly better than the 
model with the higher value. 

The p value for the F1 and F2 tests for model improvement 
The p values for the F1 and F2 tests (Leung et al., 2000) are chosen to compare 
OLS regression and GWR models. The smaller the p value, the more likely it is 
that the GWR is better than the OLS regression model. Again, 0.05 is used as 
the limit. 

The ANOVA test applied by Brunsdon et al. (1999) is ignored in this study. 

Point metrics 

The proportion of simulations with a significant local coefficient value 
This point metric continues the analysis of significant local coefficient values for 
the GWR model. The value for each point varies between 0 and 1: if the value is 
0, none of the simulations resulted in a significant local coefficient value, and if 
it’s 1, all the simulations resulted in a significant value. Generally, the most in-
teresting are the points with an intermediate value because for them, the signif-
icance varied in different simulations. 

It is important to compare the simulated value with the original value, which 
in this case is 0 or 1 depending on whether the coefficient is significant or not 
when calculated using the original data values. 

The proportion of simulations with a higher local R2 than the global R2 value 
This point metric continues the analysis of local R2 values for the GWR model. 
The value for each point varies between 0 and 1: if the value is 0, none of the 
simulations resulted in higher local R2 than the global R2 value and if it’s 1, all 
the simulations resulted in higher local R2 value. In some cases, positive and 
negative values are studied separately. 

As mentioned previously, the global R2 value is an arbitrary limit. Using mul-
tiple limits (for example local R2 higher than 40 %, 60 %, and 80 %) resulting in 
multiple metrics would yield more detailed results. The chosen limit also 
changes in different simulations describing the goodness-of-fit relative to the 
global model goodness-of-fit. 

The metrics and GWR analysis process 

Table 4 shows the steps of the GWR analysis process as seen in the literature 
review chapter 2.4.1 Table 2, and how the metrics relate to each step. As the 
table shows, stepwise variable selection and local multicollinearity are the only 
commonly used steps that are not applied in this study. Both of them are com-
putationally heavy and, according to a recent study by Fotheringham and Oshan 
(2016), GWR is rather robust to local multicollinearity. A stepwise procedure 
would not even be a metric, but rather a completely different approach, because 
it requires the calculation of multiple GWR models per simulation. 
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Table 4. The metrics and how they relate to the steps in the GWR analysis process. 

 Step in GWR process Metric 
Global model Multicollinearity and correlation Variance inflation factors (VIF) 

Stepwise variable selection Not applied 
Global coefficients Coefficient estimates and their t-statistics for the 

OLS regression 
Goodness-of-fit measure R2 and AIC for the OLS regression 
Residual analysis Moran’s index and its p value for the residuals 

Local model Stepwise variable selection Not applied 
Bandwidth selection The bandwidth for the GWR 
Local coefficients Proportion of points with a significant local coeffi-

cient value; 
Proportion of simulations with a significant local 
coefficient value 

Local R2 values Proportion of points with a higher local R2 than the 
global R2 value; 
Proportion of simulations with a higher local R2 
than the global R2 value 

Local multicollinearity Not applied 
Residual analysis Moran’s index and its p value for the residuals 

Comparison Goodness-of-fit measures Difference between the local and global r2 and AIC 
Test for model improvement P value for the F1 and F2 tests for model improve-

ment 
Variable stationarity tests P value for the F3 test for parameter variability; 

Number of stationary variables 
Moran’s I for residuals Difference between Moran’s index and its p value 

for the OLS regression and GWR 

4.5 Spatially autocorrelated error 

In this research, only autocorrelated error realizations are applied. Autocorre-
lated error distributions are not a focus in this study, because they should not 
be generated artificially, but might simply result from the properties of the data. 

The first-order spatial autoregressive (SAR) process is chosen to generate spa-
tially autocorrelated error, because of its simplistic nature: In the SAR-process 
with classified raster data, the parameter  controls the level of autocorrelation, 
whereas the parameters nugget, sill and range are required with the geostatisti-
cal approach in addition to defining the type of semivariogram model. These 
parameters are studied using the semivariogram, which in turn requires defin-
ing lag size. The whole process can prove difficult to an inexperienced user. The 
advantage of the geostatistical approach is the capability of fine-tuning the level 
of spatial autocorrelation. If information on the distribution of errors is availa-
ble, it can be analysed to define the required parameters. For tools to generate 
values using this approach, see for example Pebesma (2004). An experimental 
semivariogram can also be used to define the parameter  for the SAR-process 
as shown by King and Smith (as cited in Canters et al., 2002), so the SAR-pro-
cess can also be fine-tuned with further information to some extent. 

In this research the attributes are continuous and the coordinates for the 
points irregular, so the method described by Goodchild et al. (1992), cannot be 
applied as such. As described in chapter 3.4, the spatially autocorrelated values 

 for classified raster data are calculated from random values  using 

  (4.59) 

where the elements  of the  matrix are one if the cells  and  are neighbours 
and zero otherwise and the parameter  can be [0, 0.25[. The matrix  
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is called an SAR-operator. In this study, the weights are calculated using an in-
verse distance 

  (4.60) 

and normalizing the rows 

  (4.61) 

Equation (4.60) means that the method requires another parameter, a maxi-
mum distance , and the point pairs that are closer than that distance are 
given a weight based on inverse distance. For all other point pairs the weight is 
zero. The parameter  is used in this research because if all point pairs are 
considered, the spatial autocorrelation is weak even with a high . The mini-
mum value for  is the largest nearest neighbour distance for any point. 
The best results are achieved using a small value, so in practice  should 
be chosen as a distance for which there are at least a couple of points around 
each point. 

The weights are normalized to one, so the parameter  can vary between [0, 
1[. The higher the parameter, the stronger the autocorrelation. 

When equation (4.59) is applied to random values, the distribution of  differs 
from that of . Thus, the following normalization is applied to ensure the same 
standard deviation and mean: 

  (4.62) 

  (4.63) 

where  denotes the standard deviation of  and  the mean of . Equa-
tions (4.62) and (4.63) ensure that  has the same standard deviation and 
mean as . 

The normalization ensures that the autocorrelated values have the same prop-
erties as the random values, but only in one simulation. The distribution of val-
ues at a single point through multiple simulations has also been studied. 159 
autocorrelated point values have been simulated 1000 times and the histograms 
for each point have followed normal distribution. Thus, the method described 
above does not suffer from, for example, edge effects. In addition, multiplying 
the same SAR-operator with different random vectors  results in dissimilar au-
tocorrelated surfaces. This means that the same SAR-operator can be applied to 
error realizations for different variables and these autocorrelated errors do not 
correlate. 

The spatially autocorrelated realizations should be generated only when the 
error distributions for different locations are the same. Problems arise when us-
ing different distributions: what would similar realizations mean for two nearby 
points with different distributions? If the first point had a distribution with a 
standard deviation 3 and the second 9 and the realization for the first was 1.5, 



Method 

71 

what would be a similar value for the other? Would it be close to the actual value 
(1.5) or in proportion to the distribution (4.5)? For this reason, the standard 
deviations need to be the same for spatially autocorrelated errors. If the calcu-
lations described above were applied to the previous example, the other value 
would be close to the actual value 1.5, because the random errors and the SAR-
operator do not include any information about the error distributions. 

Figure 5 shows an example of when the SAR-process described above is ap-
plied to a data set with points placed on a regular grid and attribute values taken 
randomly from normal distribution with a standard deviation of 0.4 (a). The 
maximum distance parameter  is 2; the distance between two neighbour-
ing points is 1. When the spatial autocorrelation parameter  (b), the point 
values are still quite random. When  (c) and  (d), the surface is 
smoother. 

 
a) random values b)  

  
c)  d)  

  

Figure 5. Example of random values (a) and the SAR-process applied to those values using the 
spatial autocorrelation parameter  (b),  (c) and  (d). 

When error propagation is performed using the SAR-process, the spatially au-
tocorrelated errors for coordinates are calculated first by applying the method 
described above to the errors of the two coordinates separately. The SAR-oper-
ator is recalculated after the error in location has been taken into account be-
cause the shift in coordinates changes the weight matrix. After this, the spatially 
autocorrelated errors for attributes are calculated. 
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One problem with the method described above is that it cannot be applied 
when the data have large absolute error but very small relative error. If an area 
in a DEM is known to be very flat, i.e. the relative error between the points is 
close to zero, but there is uncertainty about the absolute height of the area, this 
method cannot be used. Simulating spatially autocorrelated random values with 
very high  and some standard deviation will result in values that differ from 
one another. The right method would be to generate one random value and use 
that for all the points in the area. 

4.6 Phase C: Monte Carlo simulation in detail 

Figure 6 shows one simulation as a process including spatial autocorrelation in 
errors. This is a more detailed version of the loop (Phase C) showed in Figure 3. 

The errors in coordinates are sampled first using two-dimensional normal dis-
tribution. If spatial autocorrelation is present in the data, the SAR-process is 
applied to them. The errors are added to the original values and, if needed, the 
SAR-operator is recalculated. Then the errors in attributes are sampled using 
normal distribution and again the SAR-process is applied if needed. Once the 
attribute errors have been added to the original values for each attribute, the 
OLS regression model is calculated. The calculation of GWR starts with the 
bandwidth calibration using CV score or AIC. Finally, the GWR model and the 
different metrics are calculated based on the two models. These metrics are the 
output of one simulation. 
 

 

Figure 6. One simulation (Phase C) as a process. 

Correlation between the errors of variables is ignored in this research. It affects 
the results of the error propagation, but is not implemented due to the data sets 
in the case studies not having any information on correlation structure. 
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4.7 Phase D: Visualization of the results 

The method will output the two types of metrics – single-value and point met-
rics – separately. 

For the single-value metrics, one simulation will result in  output val-
ues, where t is the number of independent variables. The output from k simula-
tions is  times  matrix. When analysing a single-value metric, histo-
grams are used to visualize the distribution. In addition, the original value is 
added as a red line to make the comparison easier. The original value refers to 
a metric value using the original data, i.e. the data without errors taken into 
account. 

Figure 7 shows an example of a histogram. As can be seen from the figure, the 
value of the metric is generally lower when the errors are taken into account 
compared to the original value. 

 

 

Figure 7. Example of a histogram. 

When comparing different simulations – for example for testing big and small 
errors – a different method is required, because comparing multiple histograms 
is tedious. For these cases, boxplots for each single-value metric are used. The 
sides of the box represent the first and third quartiles, and the line inside the 
box is the median value. The dotted lines, or whiskers, extending from the box 
reach the minimum and maximum values, but no more than 1.5 times the width 
of the box. Any values outside the box and whiskers are represented with small 
circles. 

An example of a boxplot is shown in Figure 8. When the errors are small, the 
values of the metric are generally a bit lower than the original. However, when 
the errors are large, all values are a lot smaller than the original and also smaller 
than with small errors. 
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Figure 8. Example of a boxplot. 

As mentioned above, point metrics are handled differently. For them, the output 
for a single point is a value between [0, 1] which is the proportion of simulations 
for which the metric value is 1. There are  point metrics for t independent 
variables, so the output for n points is  times  matrix. Maps are used to 
visualize the point metrics. Original values – which are either 0 or 1 for each 
point – are added as a circle on top of each point. An example of a map is shown 
in Figure 9. 

 

 

Figure 9. Example of a map. 

This map visualizes the metrics with polygons. Two things can be noticed from 
the map: the circles show that the coefficients in the lower half of the area are 
significant (black) and in the upper half nonsignificant (white) in the original 
GWR analysis. In the simulations, the area for the significant coefficients varies 
from slightly larger lower half to non-existent, which can be seen from the grey 
polygons. Thus, the original map is sensitive to the errors in the data, and usu-
ally the area for the significant coefficients is smaller than the original. The 
white polygons in the upper area show that all simulations result in nonsignifi-
cant coefficients there. The grey polygons are usually the most interesting, be-
cause the significance of the coefficient varies in them through the simulations. 
The white circles in the upper half cannot be distinguished from the background 
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intentionally, because these areas are not that interesting: There the simulation 
results and the original model result are the same. 

Additional visualization techniques could be utilized to analyse the metrics. 
The histograms and maps only describe one metric at a time, but correlation 
between the metrics and a parallel coordinate plot (PCP) would reveal infor-
mation between the metrics. These methods have been dismissed in this re-
search in an attempt to simplify the results: many of the metrics are already 
complex to interpret, thus making conclusions based on the correlation between 
them even more challenging. 

4.8 Implementation and the use of the method 

The Monte Carlo simulation (Phase C) and the visualization of the results (Phase 
D) have been coded into a tool using the R software environment (R Core Team, 
2016). The code is published as an R package in 
https://github.com/jaakkomadetoja/epgwr. 

The tool utilizes multiple other R packages: spgwr (Bivand & Yu, 2015) is used 
for the bandwidth selection, the GWR model itself, and the Leung’s F statistics 
calculation. This package has been chosen instead of the GWmodel package 
(Gollini et al., 2015; Lu et al., 2014) for two reasons: although GWmodel has 
more tools (Gollini et al., 2015), only spgwr outputs the local R2 values and, at 
the time of creating the tool, GWmodel had an error in the code resulting in 
wrong Leung’s F3 statistic values. The package mvtnorm (Genz et al., 2016; 
Genz & Bretz, 2009) is used for retrieving random values from two-dimensional 
normal distribution, car (Fox & Weisberg, 2011) is used for the variance infla-
tion factors, and ape (Paradis et al., 2004) is used in Moran’s index calculation. 
In addition, the spatially autocorrelated errors are generated using multiple 
tools in the package spdep (Bivand & Piras, 2015; Bivand, Hauke, & Kossowski, 
2013) and maps are visualized using sp (Pebesma & Bivand, 2005; Bivand, 
Pebesma, & Gomez-Rubio, 2013). All these packages, and the package parallel 
which is a part of R, need to be installed before using the tool. 
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5. Artificial case 

In this chapter, the method described in the previous chapter is applied to arti-
ficial data. The goal of using artificial data is to test the method with a simple 
data set using different types of errors and to avoid generalization problems 
caused by empirical data sets. In addition, as the coefficient surfaces are given, 
the expected results are known. 

5.1 Phase A: Data 

The artificial data is generated using an approach similar to that used by Farber 
and Páez (2007), Demšar et al. (2008b), Wang et al. (2008), Harris, Fothering-
ham, Crespo, and Charlton (2010), Páez et al. (2011), and Yang (2014). Most of 
the previous research uses the term simulated data for the approach, but it is 
called artificial here to distinguish the data and use case from the Monte Carlo 
simulations. 

The spatial layout of the artificial data is a square region starting from (0, 0) 
and ending to (20, 20). The points form a regular grid with one unit distance 
between neighbouring points. Thus, there are 21 points in both coordinate di-
rections totalling 441 points. 

The data generating process is defined as 

  
 for  

(5.64) 

Three independent variables , , and  are used. Their values are taken ran-
domly from uniform distribution  for each point. 

The coefficients that describe the relationships between independent and de-
pendent variables are chosen as follows: 

,  ,   

where  are coordinates. Coefficients  and  are plotted in Figure 10.  
is constant in the study area,  linear, and  a sine curve in  direction. The 
normalizations in  and  ensure that the coefficient values range from 0 to 1. 
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a)  b)  

  

Figure 10. Coefficient surface for  (a) and  (b). 

Disturbance terms  are randomly drawn from normal distribution with a mean 
zero and standard deviation 0.25. 

The dependent variable  is calculated using equation (5.64). The distribution 
of  is close to normal distribution with a mean of 0.82 and standard deviation 
of 0.44 (Figure 11). 

 

 

Figure 11. Histogram of  

The model is chosen to be simple to focus on different types of errors. For more 
complex models, different types of relationships between the dependent and in-
dependent variable could be tested. For example, there could be a zero coeffi-
cient surface to simulate a redundant variable, a more complex coefficient sur-
face to simulate a complex relationship, and coefficient surfaces for variables 
that contribute to  but are not used as explanatory variables to simulate miss-
ing variables. 
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5.2 Phase A: The original GWR case 

Firstly, ordinary least squares regression is performed for the data. The good-
ness-of-fit statistics R2 and AIC result in 0.414 and 299, respectively. This 
means that using the OLS global model, 41 % of the variation in  is explained 
using , , and . 

The global model coefficient estimates for the independent variables , , 
and  are 0.54, 0.57 and 0.62 and their t-statistics are 9.5, 9.9 and 11.1, respec-
tively. Thus the coefficients for all the variables are statistically significantly dif-
ferent from zero as their t-statistics are smaller than -1.96 or bigger than 1.96. 
The coefficient estimates are rather close to the average of the true values of the 
coefficient surfaces, 0.50, 0.50, and 0.61. 

The variance inflation factors are close to 1 so there is no evidence of redun-
dancy amongst the independent variables, which is expected given that they are 
independently drawn from random distribution. 

Moran’s index is calculated for residuals from an OLS regression model. The 
index value is 0.074 and the p value 0, which gives strong evidence that the re-
siduals are spatially autocorrelated, which means that the OLS regression model 
does not perform well. 

For GWR calibration, a fixed bisquare weighting function is chosen and a 
bandwidth value of 6.88 optimizes the cross-validation score. With a bisquare 
function, this means that the weights decrease until the distance between points 
is 6.88 units, after which all weights are zero. The study area is 20 units in both 
coordinate directions, so the kernel covers most of the area for local models in 
the centre of the area. 

The goodness-of-fit measures R2 and AIC for the GWR model are 0.669 and 
82, respectively. Thus, the R2 is increased by 25 percentage units and AIC de-
creased by 217, both showing that there is improvement from a global to a local 
model. 

The estimates for the significant coefficient values for different independent 
variables are plotted in Figure 12. For this figure, the nonsignificant estimates 
are coloured brown. 

The maps show that the local regression coefficients for the variable  are 
significant almost in the entire area and the values range seemingly randomly 
from 0.31 to 0.75, which are close to the true value of  (0.5). For , the values 
are nonsignificant in the lower left corner of the area increasing towards the 
upper right corner, thus resembling the true values of . The coefficients for  
are also similar to the true values of , although the number of nonsignificant 
values was rather small even though the true values are  in the left and 
right side of the area. 

Local R2 values are also mapped (Figure 13). The values have quite a large 
range: the local models explain from 35 % to 76 % of the variation in the de-
pendent variable. The local R2 values are smaller than the global R2 (0.414) only 
in the lower right corner of the area. This does not mean that the GWR model is 
worse than the OLS regression model in that area, but is rather used as an arbi-
trary limit to group the local R2 values in two for the simulations. 
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a)  

 
b)  

 
c)  

 

Figure 12. Map of significant coefficients for the variable  (a),  (b), and  (c). 
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Figure 13. Local R2 values. 

Moran’s index is also calculated for the residuals from the GWR model. The in-
dex value s -0.0026 and the p value 0.93 showing that there is no spatial auto-
correlation present in the residuals. 

Model improvement from global to local is tested using F1 and F2 tests. The 
results show statistically significant improvement as the p values for both F1 and 
F2 tests are close to 0. 

F3 tests for parameter variability also show the expected results:  is station-
ary with a p value close to 1 whereas  and  are locally varying with p values 
close to 0. 

5.3 Phase B: Error measures for the data set 

Different error cases are tested with the data to see how they affect the results 
described in the previous subchapter. The goal is to try large and small error as 
well as error only in position and only in attributes. In addition, spatially auto-
correlated errors are tested. 

Using these goals, eight cases are created (Table 5). Standard deviation for 
large error cases is chosen to be 0.4 for both  and coordinates. For small error 
cases, the standard deviation of 0.1 for  and coordinates is used. Because the 
independent variables vary only between 0 and 1, their standard deviation is 
chosen to be half of that of . In addition to four cases using different errors – 
small error for both attributes and position, large error for both attributes and 
position, large error only for position, and large error only for attributes – spa-
tial autocorrelation of errors is applied for the same four cases. The parameter 

 controlling the level of spatial autocorrelation of errors is chosen to be 0.9 and 
the maximum distance parameter  is 2 units. An example of random error 
values and spatially autocorrelated error values is plotted (Figure 14). 
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Table 5. Standard deviations and spatial autocorrelation parameter for different error cases 

Case SD for 
 

SD for  SD for position Spatial autocorrelation  

Small error 0.1 0.05 0.1 0 
Small error +  0.1 0.05 0.1 0.9 
Large error 0.4 0.2 0.4 0 
Large error +  0.4 0.2 0.4 0.9 
Large error in position 0 0 0.4 0 
Large error in position +  0 0 0.4 0.9 
Large error in attributes 0.4 0.2 0 0 
Large error in attributes +  0.4 0.2 0 0.9 

 
a) random values b)  

  

Figure 14. Example of random values for the study area taken from normal distribution with a 
standard deviation of 0.4 (a) and spatially autocorrelated values with the SAR-process ap-
plied to the same values with spatial autocorrelation parameter  (b). 

5.4 Phase C: Implementation 

The error propagation is performed using  as the dependent variable, , , 
and  as the independent variables, and a fixed bisquare weighting function 
that is calibrated during each simulation. One thousand simulations are run for 
each of the eight cases using the standard deviations described in the previous 
subchapter. For each simulation, each point, and each attribute, a random num-
ber is drawn from normal distribution with a zero mean and standard deviation 
as calculated above. For coordinates, two random numbers are drawn from two-
dimensional normal distribution. 

For cases with spatial autocorrelation, the same parameter  is used for all 
errors. If spatial autocorrelation is present in the errors for coordinates, the 
SAR-process is applied to the coordinates first. After that, the weights and the 
SAR-operator are calculated again using the new coordinates, and new attrib-
utes are calculated using the updated operator. Normalization is used for all re-
alizations of errors to ensure that the standard deviation and mean for them is 
the same as for the original random values. 

On a laptop computer with Intel Core i7-3820QM processor running 8 logical, 
or 4 physical, cores at a 2.70 GHz frequency and 16 GB of random-access 
memory, the run time for one thousand simulations is about 50 minutes in each 
of the cases. This means about 3 seconds per one GWR simulation. Surprisingly, 
including spatial autocorrelation in errors barely affects the run time. 
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5.5 Phase D: Results 

5.5.1 Metrics for the OLS regression model 

To study how the results change in different cases with a thousand simulations, 
boxplots are utilized to enable comparison between the cases. The boxplots in 
this study visualize the quartiles of the data so that the whiskers extend no more 
than 1.5 times the interquartile range from the box. The interquartile range is 
the same as the width of the two middle boxes. Any values outside of this range 
are visualized with circles. In addition, the original value, i.e. the value from the 
analysis where error is not taken into account, is visualized with a red line. 

For the OLS regression model, boxplots for the goodness-of-fit measures R2 
(Figure 15) and AIC (Figure 16) show that the R2 values are almost always lower 
and the AIC values higher for the simulations compared to the original case, 
which means that the models from the simulations are worse in terms of explan-
atory power than the original. As with all the results with the OLS regression 
model, error in coordinates does not have any effect on the results because the 
global model ignores all coordinates. Thus all the values from simulations are 
the same as the original value and hidden underneath the red line in the figures. 
Large errors in attributes result in worse models than small errors. An interest-
ing part to notice is that when errors are spatially autocorrelated, the variation 
in the goodness-of-fit values is bigger than with random errors. 

The histograms for the regression coefficient estimates have been calculated, 
but not shown here. Instead, the t-statistics and how they vary through the sim-
ulations are studied. The boxplots for different variables are really similar and 
thus only one, that for , is shown here (Figure 17). The results show that the t-
statistics are generally closer to 0, that is, the attribute is closer to being classi-
fied as nonsignificant in the model. Large error results in smaller t-statistics 
than small error and, as previously, spatially autocorrelated errors cause higher 
variation. 

 

 

Figure 15. Boxplot of R2 values for the OLS regression model. 
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Figure 16. Boxplot of AIC values for the OLS regression model. 

 

Figure 17. Boxplot of t-statistics for the variable  for the OLS regression model. 

The VIF values remain really close to the values from the original model. The 
values vary between 1.00 and 1.06 in all cases. 

The p values for Moran’s index yield no interesting differences as all the values 
from all the cases, except a couple from the large error case, are too close to 0 
showing that the residuals in all the cases are strongly spatially autocorrelated 
even when error is taken into account. However, the index value itself shows 
some differences between the cases (Figure 18). When considering that the 
smaller the index value the less autocorrelation is present in the residuals and 
the less biased the model, large error in attributes actually improves the ran-
domness of the model residuals. When errors are autocorrelated, variation is 
again higher, but residuals are also more autocorrelated. Even though this is a 
metric for the global model, the error in position has a small effect on the value, 
because the calculation of Moran’s index utilizes position. One reason for the 
more random residuals for bigger error might be that the error values dominate 
more compared to the non-random residuals that the original model has. 
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Figure 18. Boxplot of Moran’s index values for the residuals for the OLS regression model. 

5.5.2 Metrics for the GWR model 

The optimization of the bandwidth (Figure 19) for the simulations results in val-
ues ranging from 6 to 8 for the cases with small error in both and large error in 
position. For the cases with large error in both and large error in attributes, the 
values are bigger. However, when errors are spatially autocorrelated, the band-
width value is much smaller ranging from 3.5 to 6.5. As bandwidth can be seen 
as a metric that describes how local the relationship between the dependent and 
independent variables is, it seems that spatially autocorrelated errors resulted 
in more local relationships. 

 

 

Figure 19. Boxplot of bandwidth values 

To study the goodness-of-fit for the GWR model, boxplots of R2 (Figure 20) and 
AIC values (Figure 21) are created. The results are partly similar to that of the 
global model: models from the simulations are worse than the original with 
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large errors resulting in worse models than small. However, with the OLS re-
gression model, spatially autocorrelated errors cause higher variation, whereas 
with GWR they cause higher variation and better models in terms of goodness-
of-fit values compared to random errors. Here, some difference between the two 
values is seen, because high  values sometimes result in better R2 values than 
the original model, but the AIC values are always worse. As the AIC penalizes 
overfitting and R2 not, spatially autocorrelated errors result in a more complex 
model than random errors. 

 

 

Figure 20. Boxplot of R2 values for the GWR model. 

 

Figure 21. Boxplot of AIC values for the GWR model. 

Local coefficients are analysed to see how sensitive the results are to the error 
in the data. This analysis continues with point metrics in subchapter 5.5.4. Al-
most all the simulations result in only positive significant coefficient estimates 
for all the variables and all the cases, and thus all significant coefficients for one 
variable are combined into one. 
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a)  

 
b)  

 
c)  

 

Figure 22. Boxplot of the percentage of significant local coefficient values for the variable  (a), 
 (b), and  (c). 
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The proportion of points with a significant local coefficient value behaves in a 
similar way for all the variables (Figure 22). The error in position has little effect 
on the amount of significant coefficient values. Small error in attributes lowers 
the amount a bit and large error more. When errors are spatially autocorrelated, 
the amount of significant coefficient values is generally lower than with random 
errors. 

This research uses variables with a large amount of significant local coefficient 
values; it would be interesting to see what would have happened to variables 
with only a small number of significant values. Would large errors increase the 
quantity of them? 

The proportion of points with a higher local R2 value than the global varies 
around the original in all cases (Figure 23). Large errors in attributes decrease 
the quantity more than other cases. The proportion is larger than the original 
for large autocorrelated errors in attributes, which is to be expected given that 
the explanatory power of the global model decreases but the local model does 
not in those error cases. It would be interesting to analyse the local R2 values 
compared to a value that does not vary in different simulations. 

 

 

Figure 23. Boxplot of the proportion points with a higher local R2 value than the global. 

The Moran’s index for residuals varies around zero similarly in all cases and 
doesn’t show the same type of behaviour as with the OLS regression model. P 
values are generally smaller in all eight cases (Figure 24), but only a few of them 
less than 0.05, which means that the residuals are generally random in all error 
cases. This is one of the very few metrics in this case study that is affected by 
error in position. 

The results for the F3 test for parameter variability for the simulations (Table 
6) show that only large error in attributes yields different results than the origi-
nal for which  is stationary whereas  and  are nonstationary variables. 
When large errors are spatially autocorrelated, it is more likely that stationary 
variables become nonstationary; whereas when large errors are random, it is the 
opposite. 
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Figure 24. Boxplot of p values for Moran’s index for the residuals for the GWR model. 

Table 6. Percentages of simulations for different error cases where a parameter remains the same 
as in the model without error, i.e. stationary or nonstationary. 

Case  remained sta-
tionary 

 remained nonsta-
tionary 

 remained nonsta-
tionary 

Small error 100 % 100 % 100 % 
Small error +  100 % 100 % 100 % 
Large error 82 % 90 % 56 % 
Large error +  54 % 98 % 87 % 
Large error in position 100 % 100 % 100 % 
Large error in position +  100 % 100 % 100 % 
Large error in attributes 81 % 90 % 56 % 
Large error in attributes +  60 % 97 % 86 % 

5.5.3 Metrics for comparison between OLS regression and GWR models 

The difference between R2 and AIC values within one simulation is shown in 
Figure 25 and Figure 26. The GWR is better than the OLS regression model in 
all cases, but the difference between them is smaller when the error in attributes 
is large. This is because large error decreases R2 and increases AIC values heav-
ily for both models and makes the difference between them smaller. However, 
large spatially autocorrelated errors in attributes cause the difference between 
the two models to increase, because, as seen before, autocorrelated large errors 
improve the goodness-of-fit measures compared to random large errors, but 
only for the GWR model. 

Model improvement from global to local is tested using F1 and F2 tests for the 
simulations. The results are somewhat similar to the previous comparison: the 
GWR model remains statistically significantly better than the OLS regression 
model except for when the error in attributes is large and random. For this error 
case, about 85 % of the simulations have their p value for the F1 test nonsignif-
icant. The F2 test shows significant model improvement for all the simulations 
and cases though. 
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Figure 25. Boxplot of the difference between the GWR model R2 value and the OLS regression 
model R2 value. 

 

Figure 26. Boxplot of the difference between the GWR model AIC value and the OLS regression 
model AIC value. 

5.5.4 Point metrics 

Point metrics are plotted on a map to visualize how the significant local coeffi-
cients vary in different simulations and different cases. The following conclu-
sions have been made previously about the local coefficients (Figure 22): The 
error in position has little effect on the number of significant coefficients. Small 
error in attributes lowers their quantity a bit and large error more. When errors 
are spatially autocorrelated, the number of significant coefficients is generally 
lower than with random errors. 

The point metrics from cases with small error and error only in position are 
not plotted here. They show that the areas where the variables  and  are 
significant vary only from the edges of the study area. For  the area varies from 
the edge where the original values change from significant to nonsignificant. 
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As the error in position has only a little effect on the area of significant coeffi-
cients, the results from the case with only large error in attributes are very sim-
ilar to that with large error in attributes and position. Thus, only the latter case 
is plotted and explained here in more detail. The point metrics are visualized so 
that the greyscale in large circular polygons shows the proportion of simulations 
that result in a significant coefficient value and the small polygon in the middle 
whether the coefficient is significant or not using the original data. This visual-
ization causes the inner circle to blend in with the outer circle for some points; 
this is done on purpose, because the simulation results and the original model 
result are the same for those points, and thus they are not that interesting. 

For the case with large random error in both attributes and coordinates, the 
areas, where  and  are significant, vary again from the edges of the study 
area (Figure 27 a and c) and can be seen from the grey polygons. Thus when 
error is taken into account, the area where  and  are significant was often 
smaller than the original area, which can be deduced from the grey polygons 
usually having a black inner circle. The area for  is also generally smaller, but 
from the edge where original values change from significant to nonsignificant 
(Figure 27 b). The grey polygons with a white inner circle are areas where the 
original value is nonsignificant, but some simulations result in significant coef-
ficients, so the area for  is sometimes larger when errors are taken into ac-
count. 

 
a)  
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b)  

 
c)  

 

Figure 27. Map of percentage of simulations that result in a significant coefficient value for   (a), 
 (b), and,  (c) for the case with large random error in attributes and coordinates. The 

large polygon greyscale visualizes the proportion of simulations and the small polygon the 
value using the original data. 
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When the errors are spatially autocorrelated, the area for the significant coeffi-
cients for  is generally even smaller and holes appear in the centre of the area 
(Figure 28 a). This is to be expected, because the true value for the coefficient 

 is equal everywhere. For the variables  and  (Figure 28 b and c), there is 
always a continuous significant coefficient area which is to be expected given 
the real coefficient surfaces  and . For all the coefficients, there are quite a 
large number of points that originally have a significant coefficient, but none of 
the simulations have one, which proves how much large autocorrelated error 
reduces the significant relationships between the independent and dependent 
variables. 

 
a)  
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b)  

 
c)  

 

Figure 28. Map of percentage of simulations that result in a significant coefficient value for   (a), 
 (b), and,  (c) for the case with large spatially autocorrelated error. The large polygon 

greyscale visualizes the proportion of simulations and the small polygon the value using the 
original data. 
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The map showing the areas, where the R2 value of the local model is better than 
that of the global, does not change much when error is taken into account in 
different cases. Even with large random error in attributes and coordinates, the 
area in the simulations is quite similar to the original area (Figure 29). The size 
of the area increases in the lower right corner where the original model has a 
lower R2 value for the local than that for the global. 

 

 

Figure 29. Map of percentage of simulations that result in a bigger local R2 value than the global 
R2 value for the case with large random error in attributes and coordinates. The large polygon 
greyscale visualizes the proportion of simulations and the small polygon the value using the 
original data. 

As shown before, spatially autocorrelated errors improve the explanatory power 
of the GWR model, so for the case with large spatially autocorrelated error in 
attributes, the R2 value of the local model is better than that of the global eve-
rywhere in almost every simulation. 

5.6 Conclusions 

Table 7 shows the results from different metrics and different error cases in this 
case study. 

In general, the results show that the error in coordinates used in this study has 
little effect on the uncertainty of the GWR analysis process. This is evident from 
both the case with only large error in position as well as the case with large error 
in attributes and position, as the results from the latter are very similar to those 
from only large error in attributes. Thus, the error in coordinates affects the 
GWR results only a little whether or not there is error in attributes. 
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Table 7. Conclusions from different metrics 

 Metric Conclusion from simulations 
OLS metrics R2 and AIC Explanatory power decreases; large de-

crease when attribute errors are large; large 
decrease and more variation when attribute 
errors are autocorrelated 

Regression coefficients Variables generally closer to zero than origi-
nally; large attribute errors closer to zero 
than small; more variation when errors are 
autocorrelated 

VIF Remain close to the original values 
Autocorrelation of residuals Large attribute errors cause less autocorre-

lation; large autocorrelated errors cause 
slightly more autocorrelation 

GWR metrics Bandwidth Varies around the original value for small er-
ror and error in coordinates; larger values for 
large attribute error; smaller values for large 
autocorrelated attribute error 

R2 and AIC Large attribute error decreases explanatory 
power; large autocorrelated attribute error 
results in bigger range of values and more 
complex models 

Number of significant local coefficients Number decreases; large attribute errors de-
crease the quantity more than small; auto-
correlated errors decrease the quantity more 
than random 

Number of points with local R2 better 
than global 

Varies around the original value; higher for 
autocorrelated attribute errors 

Autocorrelation of residuals Residuals are generally more, but not signifi-
cantly, autocorrelated in all cases 

Parameter variability Large attribute errors causes one variable to 
turn stationary; large autocorrelated attribute 
errors cause one variable to turn nonstation-
ary 

Comparison 
metrics 

Difference between local and global R2 
and AIC 

Difference is smaller than original when at-
tribute errors are large and larger when au-
tocorrelated attribute errors are large 

Model improvement Local is an improvement on global except 
according to the F1 test when attribute er-
rors are large and random 

Point metrics Maps for significant local coefficients The significant area shrinks from its edges 
for large errors; the area shrinks even more 
and holes appear for large autocorrelated er-
rors 

Map for local R2 better than global Remains close to the original map 

 
For the error in attributes, the larger the error in the input data is, the larger the 
uncertainty of the GWR analysis process. The errors also make both the OLS 
regression and the GWR model worse in terms of the goodness-of-fit measures. 
The coefficients show a less significant relationship than with the original data. 
The results from the OLS are compatible with previous literature shown in chap-
ter 2.1: error causes bias in the estimated coefficient and R2 values towards zero. 
This research shows that there is bias also in the presence of spatial heteroge-
neity and that the bias in GWR is similar to that in OLS regression when errors 
are random. 

The results for the cases with spatially autocorrelated errors are quite different 
from the cases with the random errors. The variation in metrics is generally 
larger and the GWR model has greater explanatory power. However, the local 
coefficients are less significant. It seems that the complexity of the local models 
increases when errors are autocorrelated. This is evident from the difference 
between the R2 and AIC values: even though the R2 values remain around the 
original values, the AIC values show decreased goodness-of-fit, because AIC pe-
nalizes complex models. It is important to notice that the GWR model in this 
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study optimizes the cross-validation score; optimizing AIC might lead to differ-
ent results. 
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6. Georgia case 

In this chapter, the method described in chapter 4 is applied to the Georgia data 
set. The goal of using the Georgia data is to apply the developed method to a 
well-known data set and a rather simple GWR case. In addition, it is one of the 
very few GWR studies found from the literature for which the uncertainty 
measures could be derived. 

The Georgia data is a tutorial data set for many software packages. As men-
tioned in the literature review in chapter 2.4, only three cases have been found 
where the input data uncertainty has been analysed before. The study in Young 
et al. (2009) does not utilize errors in measurements and the data used by 
López-Carr et al. (2012) has not been available for this research. Thus, the Geor-
gia case presented in this chapter and the Laos case developed by Epprecht et 
al. (2008) presented in the next chapter have been chosen as the real world 
cases. 

6.1 Phase A: Data description 

The educational attainment data set from the US state of Georgia has been pro-
vided with GWR 2.0 software to be used with GWR (Fotheringham et al., 2002). 
It includes records from 159 counties as polygons and seven attributes (Table 
8). As explained in chapter 3.1.5, GWR cannot be calculated using polygons, but 
the county polygons are first converted into points using the centroid of the pol-
ygon. Results are visualized using the polygons. 

Table 8. Attributes in the Georgia data set. 

PctBach Percentage of the county population with a bachelor’s degree or higher 
TotPop90 Population of the county in 1990 
PctRural Percentage of the county population defined as rural 
PctEld Percentage of the county population aged 65 or over 
PctFB Percentage of the county population born outside the US 
PctPov Percentage of the county population living below the poverty line 
PctBlack Percentage of the county population who are black 

 
The population is stored as a number of people and the other attributes are per-
centages with acceptable values between 0 and 100. Rural areas for the attribute 
PctRural are defined as areas that are not urban, which are defined as “all terri-
tory, population, and housing units in urbanized areas and in places of 2500 or 
more persons outside urbanized areas” (U.S. Census Bureau, 1993, appendix A). 
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The poverty threshold for the attribute PctPov is based on a nutritionally ade-
quate food plan and varies based on the size of the household, the number of 
children and the number of elderly in the household (U.S. Census Bureau, 1993, 
appendix B). All the other variables are based on self-reported information 
about education, age, birthplace, and race. 

The original source of the data is the 1990 US Census of Population for the 
attribute data and the Census Bureau’s MAF/TIGER geographic database for 
the polygons. In addition to the standalone GWR software, the data set can be 
found from the R packages spgwr and GWmodel. 

6.2 Phase A: The original GWR analysis 

Since the release, the data set has been used by Demšar et al. (2008a), Griffith 
(2008), and Wheeler and Tiefelsdorf (2005) as well as being used as a tutorial 
data set for many software packages including R, the GWR software and ArcGIS. 
This study analyses how the errors in the data set propagate to the results, when 
the percentage of the county population with a bachelor’s degree or higher (Pct-
Bach) is used as a dependent variable and the other six attributes as independ-
ent variables. A map of the dependent variable PctBach is shown in Figure 30. 

 

 

Figure 30. Educational attainment in Georgia 

The idea behind the regression analysis is to find out how different socio-eco-
nomical attributes relate to educational attainment in the state of Georgia. Some 
relationships can be expected: urban areas are expected to have a higher pro-
portion of people with high education levels than rural areas, so increasing the 
percentage of the rural population should decrease the level of educational at-
tainment. Highly educated areas are usually associated with large proportions 
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of young people, so increasing the proportion of elderly should have a negative 
influence on the dependent variable. The same negative relationship can be ex-
pected with the variable describing the proportion of poor and, possibly, black 
people. The relationship between the proportion of foreign born and educa-
tional attainment is more difficult to deduce. It is important to remember that 
the results of a regression analysis do not analyse the correlation between the 
variables, but the relationship when all other variables remain constant. 

Ordinary least squares regression is performed for the original data. The good-
ness-of-fit statistics R2 and AIC result in 0.646 and 854, respectively. This 
means that when using the global OLS regression model, 65 % of the variation 
in educational attainment is explained using total population and the percent-
age of the population who are defined as rural, elderly, foreign born, living be-
low the poverty line, and ethnically black. 

The model coefficient estimates and their t-statistics for each independent 
variable are calculated for the OLS regression (Table 9). As can be seen from the 
t-statistics, the regression coefficients for the variables for the percentage of el-
derly and ethnically black are not statistically significantly different from zero 
as their t-statistics are between -1.96 and 1.96. It is important to notice that 
globally insignificant variables can still be significant locally; thus, all variables 
are included in the local model. For other variables, the educational attainment 
increases when the total population increases, the percentage of the rural pop-
ulation decreases, the percentage of foreign born people increases, and the per-
centage of the population living below the poverty line decreases, ceteris pari-
bus. 

Table 9. OLS model parameter estimates, t-statistics and variance inflation factors for the Georgia 
data with nonsignificant variables in italics. 

Independent variable Regression coefficient t-statistics VIF 
TotPop90 0.000024 4.96 2.1 
PctRural -0.044 -3.20 1.8 
PctEld -0.062 -0.51 1.9 
PctFB 1.3 4.06 1.9 
PctPov -0.16 -2.21 3.4 
PctBlack 0.022 0.87 2.6 

 
The variance inflation factors are all reasonably small so there is no evidence of 
redundancy amongst the independent variables. 

Moran’s index is calculated for residuals from the OLS regression model. The 
index value is 0.0024 and the p value 0.000026, which provides strong evidence 
that the residuals are spatially autocorrelated, which means that the OLS regres-
sion model does not perform well 

For GWR calibration, a fixed bisquare weighting function is chosen and a 
bandwidth of 426 km optimizes the cross-validation score. With a bisquare 
function, this means that the local weights decrease until 426 km, after which 
all weights are zero. Considering that the state of Georgia is about 480 km long 
and 300 km wide, the kernel covers almost the entire state, which gives evidence 
that the relationships between the attributes are not very local in the area. 
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A fixed kernel is chosen for this study, although an adaptive one was tested as 
well. The calibration for the adaptive function results in a radius covering all the 
points in the data so the difference between these two is small. 

The goodness-of-fit measures R2 and AIC for the GWR model are 0.697 and 
826, respectively. Thus, the R2 value increases by 5.1 percentage units and AIC 
decreases by 29. Although the increase in the explained variance is rather small, 
the improvement in AIC is significant. 

Significant coefficient values for different independent variables are plotted in 
Figure 31, except for the variable PctEld, for which the coefficients are signifi-
cant nowhere. 

The maps show that the variable TotPop90 (a) is significant in the entire area 
in explaining PctBach. The coefficient increases southwards. The variable 
PctRural (b) is nonsignificant in the northern area and an increase of one per-
centage unit in PctRural results in a larger decrease in PctBach in the south than 
in the north, ceteris paribus. The variable PctFB (c) has an opposite effect. The 
coefficients for both the variables PctPov (d) and PctBlack (e) are significant 
only in the south. According to the analysis, no variables have both positive and 
negative significant coefficients. 

Local R2 values are also mapped (Figure 32). The GWR model explains more 
of the variation in the dependent variable towards the northwest. The local R2 
values are smaller than the global R2 (0.646) only in the southeast corner of the 
area. This does not mean that the GWR model is worse than the OLS regression 
model in that area, but is rather used as an arbitrary limit to group the local R2 
values in two for the simulations. 

Moran’s index is also calculated for the residuals from the GWR model. The 
index value is 0.015 and the p value 0.0041. Although there still seems to be 
strong autocorrelation amongst the residuals, it is smaller than with the OLS 
regression model. 

Model improvement from global to local is tested using F1 and F2 tests. The 
results are mixed as the p value for F2, 0.00057, shows statistically significant 
improvement, but the p value for F1, 0.26, does not. 

In addition, each parameter variability is tested using an F3 test. The results 
show that PctEld is the only stationary variable in the model and the others are 
locally varying. This would normally require a mixed model with PctEld as a 
global variable and the others as local variables, but this is not applied in this 
research. 
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a) b) 

  
c) d) 

  
e)  

 

 

Figure 31. Map of significant local coefficients for the variable TotPop90 (a), PctRural (b), PctFB 
(c), PctPov (d), and PctBlack (e). 
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Figure 32. Local R2 values. 

6.3 Phase B: Error measures for the data set 

6.3.1 Error measures for positional accuracy 

As the points used in the GWR analysis are derived from the county polygons, 
their errors in position are also affected by the errors of the polygons. The error 
in the position of a centroid is generally smaller than that of the vertices that 
form the polygon. This can be shown with a simple example, where the polygon 
is a triangle: If the points , , and  form a triangle, the co-
ordinates for its centroid  are calculated as  and 

. If the coordinates for all vertices have the same variance 
 and , the variances for the centroid coordinates can be calculated using 

equation (3.48) and become  and 

. This is logical, because the errors in the vertices cancel each other out in 
the centroid. 

The polygons are simplified versions of geographic areas from the Census Bu-
reau’s MAF/TIGER geographic database and they have been generalized to suit 
small-scale mapping.1 Thus, in addition to the errors in the detailed borders, 
generalization causes unknown inaccuracies in the polygons. 

In the GWR analysis, all data from one county are represented by a centroid. 
It would be more logical to use the central mass point of the population, but this 
information is not available in this research. This is problematic, because the 

                                                           
1 For more details, see www.census.gov/geo/maps-data/data/cbf/cbf_description.html (accessed 17 Au-
gust 2017) 
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population density varies inside counties and there is no guarantee that the cen-
troid describes the polygon well. 

Because the inaccuracies caused by representing a polygon with a centroid 
point are likely to be bigger than the error from the detailed borders and the 
generalization of polygons, and the former information is not available, the er-
ror in coordinates is not taken into account in this research. In practice, this 
means that, unrealistically, the points are considered to have an error of zero 
metres in position. 

6.3.2 Error measures for thematic accuracy 

In contrast to the errors in position, the errors in attributes can be derived from 
the 1990 U.S. Census of Population documents (U.S. Census Bureau, 1993, ap-
pendix C). According to them, the main source of error is sampling and missing 
answers to the census. 

For the 1990 US Census of Population, each housing unit was sent one of two 
versions of the census questionnaire (U.S. Census Bureau, 1993, appendix D): a 
short-form questionnaire contained a limited number of questions, which were 
asked of everyone. A long-form questionnaire contained all questions and a 
sampling procedure was used to determine the housing units that received this 
questionnaire. 

In counties with less than 2500 inhabitants, every other housing unit received 
the long-form questionnaire to reduce the sampling error. For census tracts and 
block numbering areas with more than 2000 housing units, one in every eight 
unit received the long-form questionnaire. In other parts of the country, one in 
every six housing units received the long-form questionnaire. 

In this research, the data for census tracts and block numbering areas are not 
available and thus all counties are divided in two: the ones with less than 2500 
inhabitants are assumed to have 50 % long-form questionnaires received and 
the counties with more than 2500 inhabitants are assumed to have about 17 % 
long-form questionnaires received. The method results in a slightly larger num-
ber of long-form questionnaires received for the dense census tracts and block 
numbering areas than in reality, so the accuracy is overestimated a bit for these 
areas. 

Out of the seven attributes used in this research, PctEld and PctBlack have 
been derived from questions in the short-form questionnaire; PctBach, PctFB 
and PctPov have been derived from questions in the long-form questionnaire; 
and TotPop90 and PctRural have been derived from elsewhere. 

Not all questions sent to housing units were answered during the census. The 
U.S. Census Bureau published mail response data for counties in Georgia (U.S. 
Census Bureau, 1999). 

Assuming that the housing units for different types of questionnaires were 
randomly sampled and response to the questionnaires was random, the error 
distributions for the attributes follow a binomial distribution. The confidence 
intervals for the attributes PctEld, PctBlack, PctBach, PctFB, and PctPov are cal-
culated using Wilson’s score interval 
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(6.65) 

where  is the attribute value as a proportion;  is the size of the sample calcu-
lated using the population of the county, mail response data, and the type of the 
questionnaire; , because it corresponds to the standard deviation of 
normal distribution. Wilson’s score interval is applied because many attribute 
values are too close to 0 % or 100 % for normal approximation interval. The R 
package binom is used for the interval calculation (Dorai-Raj, 2014). The Wil-
son’s score interval is simplified to just one standard deviation value per attrib-
ute per point, so that the tool developed in this research can be applied. This is 
chosen as the difference between the mean value and upper confidence interval 
value, because the lower interval value is the same as mean in many cases. The 
attributes TotPop90 and PctRural are assumed to be without error. 

The values and 95 % confidence intervals for the five attributes with their sam-
pling errors calculated for each county are plotted in Figure 33 and ordered from 
left to right by the attribute value. The intervals are 1.96 times the standard de-
viations calculated as described above. PctPov has the largest intervals, ranging 
from about ±1 to ±4 percentage points. PctFB has the smallest, ranging from 
about ±0.2 to ±0.8 percentage points, because the actual attribute values are 
the smallest ranging from 0 to 7 %. The other three attributes have confidence 
intervals from about 0 to ±2 percentage points. The attributes TotPop90 and 
PctRural are missing, because they are assumed to be without error. Larger ver-
sions of these figures can be found from Appendix 1. 

The data might also include nonsampling errors that are not studied in this 
research. The documentation for the census (U.S. Census Bureau, 1993, appen-
dix C) describes some manual and computational methods to control these. 

One source of error is the people answering the questionnaire: they may have 
misinterpreted the questions or not known the answers to the questions that 
were asked. Some households might have been missed entirely by the census. 
In addition, the many processing phases of the census data provide possible 
sources of nonsampling error. 

The validity of the assumptions about the randomness of the sampling and 
response is not analysed in this study. It is possible that some socioeconomic 
factors correlate with the probability of a person answering a question. For ex-
ample, if people with high income were more likely to answer the questionnaire 
than people with low income, the number of people living below the poverty line 
would be underestimated. 
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a) PctBach b) PctEld 

  
c) PctFB d) PctPov 

  
e) PctBlack  

 

 

Figure 33. Values (as red) and 95 % confidence intervals (as orange) for the attribute PctBach 
(a), PctEld (b), ), PctFB (c), PctPov (d), and PctBlack (e) ordered from left to right by value. 

6.4 Phase C: Implementation 

The error propagation is performed using PctBach as the dependent variable, 
TotPop90, PctRural, PctEld, PctFB, PctPov, and PctBlack as the independent 
variables, and a fixed bisquare weighting function that is calibrated during each 
simulation. One thousand simulations are run using the standard deviations de-
scribed in the previous subchapter. For each point and each attribute, a random 
number is drawn from normal distribution with a zero mean and standard de-
viation as calculated above. The random values are then added to the original 
attribute values to create one realization with minimum and maximum values 
for all percentage attributes as zero and one hundred percent, respectively. Alt-
hough the actual distributions of error values do not follow a normal distribu-
tion (binomial distributions are not applied in this research), but nevertheless, 
the approximation should be quite good. The data description for the Georgia 
data gives no information about spatial autocorrelation of errors, so all errors 
are generated independently. In addition, the SAR-process utilized in this re-
search cannot be applied when the error distribution varies between points. 

On a laptop computer with Intel Core i7-3820QM processor running 8 logical, 
or 4 physical, cores at a 2.70 GHz frequency and 16 GB of random-access 



Georgia case 

108 

memory, the run time for one thousand simulations is about 6 minutes. This 
means about 0.4 seconds per one GWR simulation. 

6.5 Phase D: Results 

6.5.1 Metrics for the OLS regression model 

To study how the goodness-of-fit measures vary through the simulations for the 
OLS regression model, histograms of R2 and AIC values are created (Figure 34 
and Figure 35). They show that the R2 values are generally lower and the AIC 
values higher for the simulations compared to the original model, which means 
that the models from the simulations are worse than the original. The differ-
ences for the R2 are rather small, less than 0.1, but the differences for the AIC 
are significant in most simulations with the value 3 as a limit. 

 

 

Figure 34. Histogram of R2 values for the OLS regression model. 

 

Figure 35. Histogram of AIC values for the OLS regression model. 

The histograms for the regression coefficient estimates have been calculated, 
but not shown here. Instead, the t-statistics are studied (Figure 36). The results 
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from the simulations vary quite evenly around the value from the original OLS 
regression model. Through the simulations, only the conclusion made from the 
attribute PctPov (e) would have changed: in about half of the cases the attribute 
would be classified as nonsignificant in the model using the value -1.96 or 1.96 
as a limit. This is an expected result, because the original t-statistics value for 
PctPov (-2.2) is closest to the limit out of all the attributes. 

 
a) TotPop90 

 
b) PctRural 

 
c) PctEld 
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d) PctFB 

 
e) PctPov 

 
f) PctBlack 

 

Figure 36. Histogram of t-statistics for variable TotPop90 (a), PctRural (b), PctEld (c), PctFB (d), 
PctPov (e), and PctBlack (f) for the OLS regression model. 

The VIF values remain close to the values from the original model: TotPop90 is 
in the majority of the simulations between 1.95 and 2.15 (the original is 2.09), 
PctRural 1.75 and 1.90 (original 1.83), PctEld 1.65 and 1.95 (original 1.85), PctFB 
1.6 and 2.1 (original 1.9), PctPov 2.9 and 3.6 (original 3.4), and PctBlack 2.2 and 
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2.6 (original 2.55). Thus, taking error into consideration makes no difference to 
the conclusions based on VIF values. 

The spatial autocorrelation of residuals behaves in a similar way: Moran’s in-
dex varies between 0.015 and 0.035 when the original is 0.024. The p value re-
mains under 0.001 in most simulations when the original is 0.000026. 

6.5.2 Metrics for the GWR model 

The optimization of the bandwidth results in values from less than 400 kilome-
tres to about 500 kilometres (Figure 37) for different simulations. Although the 
range of values is quite large, the distances cover almost the entire study area in 
each case. 

 

 

Figure 37. Histogram of bandwidth values 

To study the goodness-of-fit for the GWR model, histograms of R2 and AIC val-
ues are created (Figure 38 and Figure 39). The results are very similar to that of 
the global model: the majority of the simulations are worse at explaining edu-
cational attainment than the original model that assumed no error in the attrib-
utes. In addition, the ranges of values are similar to that of the OLS regression 
model results. 

Next, the local coefficients are analysed to see how sensitive the results are to 
the error in the data. This analysis is continued with point metrics in subchapter 
6.5.4. All the simulations result in only positive or negative significant coeffi-
cient estimates for all the variables. Thus, it is reasonable to combine the posi-
tive and negative coefficients. 
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Figure 38. Histogram of R2 values for the GWR model. 

 

Figure 39. Histogram of AIC values for the GWR model. 

The proportion of points that have a significant local positive coefficient value 
for the variable TotPop90 is 100 % in almost all the simulations (Figure 40 a). 
PctEld (Figure 40 c) has no significant local coefficients in almost all the simu-
lations. In practice, this means that the conclusions from the original GWR anal-
ysis that everywhere in Georgia the greater population the higher the educa-
tional attainment, ceteris paribus, and that the proportion of elderly people is 
not significant in explaining the educational attainment, remains the same even 
when the error is taken into account. 

The situation is different with the other variables. The histogram of the per-
centages of significant local coefficient values for the variable PctRural (Figure 
40 b) shows that the percentage of points where PctRural explains PctBach var-
ies from about 60 % to 100 %. PctFB (Figure 40 d) behaves in a similar way. 
PctPov (Figure 40 e) varies from 0 % all the way to 80 %. This means that the 
map presented for the significant coefficients for the variable PctPov (Figure 31 
d) is very sensitive to the error in the data. PctBlack (Figure 40 f) remains a 
significant explanatory variable for PctBach at a rather small number of points 
in most of the simulations. 
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a) TotPop90 

 
b) PctRural 

 
c) PctEld 
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d) PctFB 

 
e) PctPov 

 
f) PctBlack 

 

Figure 40. Histogram of the percentage of significant local coefficient values for the variable Tot-
Pop90 (a), PctRural (b), PctEld (c), PctFB (d), PctPov (e), and PctBlack (f). 

In the original analysis, 96 % of the points have a higher local R2 value than the 
global. When error is taken into account, this value ranges between 85 and 
100 %, showing that the explanatory power of the local models varies moder-
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ately around the original value, at least when compared to the global model. Us-
ing breaks that do not vary in different simulations, for example 20 %, 40 %, 
60 %, and 80 %, could reveal more information about local R2 values. 

Moran’s index for residuals and its p value vary in a similar manner to the OLS 
regression model: the index is generally between 0.007 and 0.022 when the 
original is 0.015 and the p value is generally under 0.05 when the original is 
0.004. Thus, the residuals remain spatially autocorrelated in almost all cases. 

The results for the F3 test for parameter variability for the simulations show 
that the variables TotPop90, PctRural, PctFB, PctPov, and PctBlack remain 
nonstationary in 67 %, 83 %, 100 %, 82 %, and 100 % of the simulations, respec-
tively. PctEld remains stationary in 100 % of the simulations. The number of 
stationary variables is 1, 2, 3, and 4 in 44 %, 46 %, 9 %, and 1 % of the simula-
tions, respectively. This means that the chance of one variable turning station-
ary seems to be independent of the others: if the stationarity of a variable did 
not affect that of the others, the probabilities for 1, 2, 3, and 4 stationary varia-
bles would be 46 %, 42 %, 12 %, and 1 %, respectively. The proportions are very 
similar in the simulations. 

6.5.3 Metrics for comparison between OLS regression and GWR models 

As mentioned in the previous subchapter, the histogram of R2 and AIC values 
for the OLS regression and GWR model are very similar. The difference between 
R2 and AIC values within one simulation varies between 0.02 and 0.08, and 15 
and 40, respectively. The values using the original data are 0.05 and 29. Alt-
hough the difference in R2 value is quite small in some simulations, that in AIC 
is significant in all of them. 

Model improvement from global to local is tested using F1 and F2 tests for the 
simulations. The mixed results obtained for the original data remain for all sim-
ulations, as F1 (Figure 41 a) shows statistically significant improvement in none 
of the simulations and F2 (Figure 41 b) in all of the simulations when using 0.05 
as the limit. Thus, the results are mixed even when error is taken into account. 
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a) F1 

 
b) F2 

 

Figure 41. Histogram of the p values for the F1 (a) and F2 (b) tests for the GWR model station-
arity. 

6.5.4 Point metrics 

Metrics for points are plotted on a map to visualize how the significant local 
coefficients vary in different simulations. As mentioned before, the coefficients 
for TotPop90 and PctEld remain the same in almost all simulations, so they are 
not plotted. 

The point metrics for the variables PctRural, PctFB, PctPov, and PctBlack 
(Figure 42) are visualized so that the greyscale in the polygons shows the pro-
portion of simulations that result in a significant coefficient value and the circle 
whether the coefficient is significant or not using the original data. The small 
circles cannot be distinguished from the background for some points intention-
ally, because these areas are not that interesting: There the simulation results 
and the original model result are the same. 
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a) PctRural 

 
b) PctFB 
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c) PctPov 

 
d) PctBlack 

 

Figure 42. Map of percentage of simulations that resulted in a significant coefficient value for 
PctRural (a), PctFB (b), PctPov (c) and, PctBlack (d). The polygon greyscale visualizes the 
proportion of simulations and the circle the value using the original data. 

The areas where the variables PctRural (a) and PctFB (b) are significant in ex-
plaining the variable PctBach remain close to the original areas in all simula-
tions. This can be seen from the maps as a large quantity of polygons with the 
same polygon and circle colour. There is also a small quantity of grey polygons 
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where the results from the simulations vary, i.e. some simulations result in sig-
nificant and some in nonsignificant coefficients. 

The area for the coefficients for the variable PctPov (c) varies the most of all 
variables, which has already been noticed from the histogram (Figure 40 e) pre-
viously. The map clearly shows that although the original area (where PctPov is 
significant in explaining the variable PctBach), covers almost half of the state, it 
shrinks quite a lot in size in many simulations. It gets bigger only in a small 
number of cases. This again shows that the conclusions about how the propor-
tion of people living under the poverty line affects educational attainment is ra-
ther uncertain when error is taken into account. 

The map for the coefficient for the variable PctBlack (d) shows that the area 
where the coefficients are significant does not change much, but sometimes dis-
appears entirely. 
Similar to the maps for the variables PctRural and PctFB, the map showing the 
areas, where the R2 value of the local model is better than that of the global, 
doesn’t change much when error is taken into account (Figure 43). As men-
tioned before, the break value is quite arbitrary, but it still seems that the ex-
planatory power of the local models does not vary much when compared to the 
global model. It would be possible to retrieve more information using multiple 
maps with different break values that remain the same for all simulations. 

 

 

Figure 43. Map of percentage of simulations that result in a bigger local R2 value than the global 
R2 value. The polygon greyscale visualizes the proportion of simulations and the circle the 
value using the original data. 

6.6 Conclusions 

Table 10 presents the conclusions drawn from different metrics in this case 
study. 
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Table 10. Conclusions from different metrics 

 Metric Conclusion from simulations 
OLS metrics R2 and AIC Explanatory power decreases generally 

Regression coefficients Vary around the original values 
VIF Remain close to the original values 
Autocorrelation of residuals Remain close to the original values 

GWR metrics Bandwidth Varies around the original value 
R2 and AIC Explanatory power decreases generally 
Number of significant local coefficients TotPop90, PctEld: no difference; PctBlack: 

vary slightly; PctRural, PctFB: vary moder-
ately; PctPov: vary considerably 

Number of points with local R2 better 
than global 

Varies moderately around the original value 

Autocorrelation of residuals Remain close to the original values 
Parameter variability TotPop90 turns stationary sometimes; 

PctRural, PctPov rarely; others remain the 
same as original 

Comparison 
metrics 

Difference between local and global R2 
and AIC 

Vary moderately around the original values 

Model improvement Remain the same as the original 
Point metrics Maps for significant local coefficients PctPov: Significant area varies considerably 

and is generally smaller than original; others: 
varies slightly around the original or remains 
the same 

Map for local R2 better than global Remain close to the original map 

 
In general, sampling errors have a small effect on the results of the GWR analy-
sis process. The values from the simulations vary slightly or moderately around 
the original values with some exceptions. 

The goodness-of-fit measures show that the explanatory power is generally 
lower in simulations than originally. This holds true for both the OLS regression 
and the GWR model. However, the difference between these two models re-
mains similar in the simulations, compared to the original. 

The analysis shows that the results for the coefficient PctPov are the most sen-
sitive to error of all the attributes: the map for the local coefficients for PctPov 
changes quite a lot when error is taken into account. 

For the original study, these conclusions mean that the true values for almost 
all the results of the analysis lie close to the original values when errors are taken 
into account. The true values of R2 and AIC are expected to be smaller and 
larger, respectively, and the area, in which the attribute PctPov is significant in 
explaining the educational attainment, is expected to be smaller. 
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7. Laos case 

In this chapter, the method described in chapter 4 is applied to the Laos data 
set. The goal of using the Laos data is to apply the developed method to a large 
data set with high uncertainty in one attribute and a complex GWR case. In ad-
dition, it is one of the very few GWR studies found from the literature for which 
the uncertainty measures could be derived. In this case, the error measures are 
calculated in the original study, not in this research. 

7.1 Phase A: Data description 

The data set used in this chapter is the same as used by Epprecht et al. (2008). 
The term original analysis in this chapter refers to their analysis. The GWR 
analysis conducted in this research follows the original analysis with certain 
simplifications. 

The Laos poverty data consists of 10 462 villages as points and multiple attrib-
utes. The OLS regression and GWR analysis is performed for 9174 rural villages 
and 20 attributes (Table 11). 

Table 11. Attributes in the Laos data set. 

P0 Village-level poverty rate 
std_elev Standard deviation of elevation, i.e. roughness 
pct_1 Percentage of flat land surrounding the village 
pct_2 Percentage of undulating land surrounding the village 
bio1 Mean annual temperature 
bio7 Annual temperature range 
bio12 Annual rainfall 
bio15 Rain seasonality, i.e. variation in rainfall 
acc_mj_rv Travel time to major rivers 
acc_urb Travel time to urban areas 
lgp Length of growing period 
road_acc Village has road access, dummy variable 
road_and_elev road_acc * std_elev 
road_and_mean_temp road_acc * bio1 
road_and_temp_range road_acc * bio7 
road_and_ann_rain road_acc * bio12 
road_and_rain_season road_acc * bio15 
road_and_rivers road_acc * acc_mj_rv 
road_and_towns road_acc * acc_urb 
road_and_lgp road_acc * lgp 

 
Poverty rate, also called the incidence of poverty or poverty headcount ratio, is 
the proportion of the population living in a household whose expenditure per 
capita is below the poverty line. The poverty line is the minimum level of per 
capita expenditure for an active, healthy life. Aggregating the household data to 



Laos case 

122 

the village level results in the variable village-level poverty index, P0, which can 
have values between 0 and 100 with high values indicating a higher level of pov-
erty. The data set also includes eleven agro-climatic variables: The variable 
std_elev describes the roughness in elevation, pct_1 the amount of flat land 
(from 0 to 2 % in slope), and pct_2 the amount of gently undulating (from 2 to 
7.5 % in slope) within a three kilometre radius of the village. The variables bio1, 
bio7, bio12, and bio 15 measure the temperature and rainfall and how they vary 
in the village throughout the year. The variables acc_mj_rv, travel time to major 
rivers; acc_urb, travel time to urban areas; and road_acc, 1 if the village has 
road access and 0 if not, have been calculated using the road and river networks 
as well as urban areas. The variable lgp is the annual length of the agricultural 
growing period. The eight interaction variables, road_and_elev, 
road_and_mean_temp, road_and_temp_range, road_and_ann_rain, 
road_and_rain_season, road_and_rivers, road_and_towns, and 
road_and_lgp are calculated by multiplying the binary attribute road_acc with 
the corresponding attribute. (Epprecht et al., 2008) 

According to Epprecht et al. (2008), the original source for the poverty rate is 
the third Lao Expenditure and Consumption Survey (National Statistics Centre, 
2004) carried out in 2002 and 2003, and the 2005 Population and Housing 
Census (Government of the Lao PDR, 2006). Using these, Epprecht et al. (2008) 
calculate the village-level poverty rate and confidence intervals for the variable. 
The village coordinates have been measured from each village centre using GPS 
during the Census. In the original study, the authors have calculated the other 
attributes using global spatial data layers, national institutions, and various na-
tional and international agencies.2 

7.2 Phase A: The original GWR case 

This research follows the original OLS regression and GWR analysis steps and 
studies how errors in the data propagate to the results with certain simplifica-
tions. The models created in the original research are complex, and this study 
simplifies them to the standard OLS and GWR models to reduce the running 
time of the simulations. It is important to notice that because of these simplifi-
cations, the effect of uncertainty on the results achieved in this research cannot 
be applied to the original research. 

The idea behind the regression analysis is to find out the determinants of pov-
erty, i.e. how the different variables affect the variable for the poverty rate. 
Knowledge about poverty can be used in poverty reduction decision-making 
policies. The eleven agro-climatic and market access variables provide useful 
information on the topic. The eight interaction variables are used to describe 
how the effect of road access of the village on the poverty rate changes, when the 
other variable changes. For example, the coefficient for the variable 
road_and_elev describes how the benefit of road access changes when the ele-
vation is rough around the village. (Epprecht et al., 2008) 

                                                           
2 For more details, see Epprecht et al. (2008) pages 9 and 10. 



Laos case 

123 

The rural village-level poverty rate (Figure 44) is used as a dependent variable 
and the other 19 attributes as independent variables. The original analysis uses 
a spatial error model instead of a regular OLS regression model used in this re-
search, making the original global model a lot better in terms of goodness-of-fit 
measures. A spatial error model is similar to the OLS regression model, but the 
disturbance terms  are assumed to be spatially autocorrelated (Anselin, 1988). 
The idea behind the model is to fix the problem with autocorrelated residuals, 
while assuming that the relationships are constant in the study area. Many other 
metrics are also different between these two cases. The following analysis only 
describes the results achieved in this research using OLS regression. 

 

 

Figure 44. Village-level poverty rate in Laos. The polygons are Thiessen polygons utilizing ac-
cessibility instead of Euclidean distance and are used only for visualization purposes. Re-
printed from Epprecht et al. (2008). Copyright 2008 by Swiss National Centre of Competence 
in Research (NCCR) North-South, Geographica Bernensia, and International Food Policy 
Research Institute (IFPRI). 
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Ordinary least squares regression is performed for the data. The goodness-of-fit 
statistics R2 and AIC result in 0.305 and -7740, respectively. This means that 
using the OLS global model, only 31 % of the variation in rural village-level pov-
erty is explained using the other 19 attributes. 

The model coefficient estimates and their t-statistics for each independent 
variable are calculated for the OLS regression (Table 12). The regression coeffi-
cients for the variables pct_2, bio7, road_acc, road_and_rivers, and 
road_and_lgp are not statistically significantly different from zero as their t-
statistics are between -1.96 and 1.96. It is important to notice that globally in-
significant variables can still be significant locally; thus, all variables are in-
cluded in the local model. For the other variables, the poverty level increases 
when roughness (std_elev), percentage of flat land (pct_1), annual rainfall 
(bio12), and travel time to rivers (acc_mj_rv) decreases and when mean tem-
perature (bio1), variation in rainfall (bio15), travel time to urban areas 
(acc_urb), and the length of the growing period (lgp) increases, ceteris paribus. 
The interaction variables show that the benefits of having road access to a village 
are smaller if the village is hilly, if the average temperature is high, if the amount 
of rainfall is low, if the rainfall is highly seasonal, and if the travel time to urban 
areas is high. 

Table 12. OLS model parameter estimates, t-statistics and variance inflation factors for the Laos 
data with nonsignificant variables in italics. 

Independent variable Regression coefficient t-statistics VIF 
std_elev -0.0012 -2.31 3.0 
pct_1 -0.0020 -21.8 3.9 
pct_2 -0.000017 -0.12 1.6 
bio1 0.00053 2.85 6.6 
bio7 -0.00013 -0.52 7.8 
bio12 -0.000071 -5.39 15 
bio15 0.00048 6.00 13 
acc_mj_rv -0.000000015 -2.37 5.8 
acc_urb 0.000000042 6.53 4.2 
lgp 0.0044 13.2 14 
road_acc -0.28 -1.40 3300 
road_and_elev 0.0044 5.56 3.4 
road_and_mean_temp 0.0014 6.16 280 
road_and_temp_range -0.0022 -7.28 320 
road_and_ann_rain -0.00012 -7.63 84 
road_and_rain_season 0.0036 3.70 720 
road_and_rivers -0.000000022 -1.82 5.7 
road_and_towns 0.00000012 8.06 2.5 
road_and_lgp 0.00080 1.88 530 

 
The variance inflation factors are above ten for both rainfall variables (bio12 and 
bio15) and length of the growing period in addition to most of the interaction 
variables. This shows that multicollinearity is present in the model, but no var-
iables are left out, to follow the analysis from the original research. The presence 
of high multicollinearity is logical, because the interaction variables have been 
calculated using the other variables. Ignoring the interaction variables in the 
VIF calculation might reveal interesting covarying variables. 

Moran’s index is calculated for residuals from the OLS regression model. The 
index value is 0.148 and the p value close to zero, which gives strong evidence 
that the OLS regression model has spatially autocorrelated residuals. 
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For the GWR model, the original analysis uses a customized Gaussian 
weighting function that utilizes both horizontal and vertical distances between 
points (Epprecht et al., 2008). The bandwidth is optimized using an iterative 
process to find a combination that maximizes the number of significant varia-
bles in local regressions. The optimal horizontal bandwidth is 300 kilometres 
and vertical 20 metres. The weights for the local regression models are calcu-
lated by multiplying the horizontal and vertical weights. Considering that Laos 
is about 1000 kilometres from one end to another, and the height varies between 
70 and 2817 meters in the country or hundreds of metres in a small area, inclu-
sion of the vertical component drastically changes the weights compared to only 
using the horizontal one. 

This analysis only uses a horizontal weighting function to simplify the simula-
tions and reduce their running time. The same 300 kilometres fixed Gaussian 
function has been tested first, but the resulting model has a poor explanatory 
power (R2 0.385). The bandwidth value of 20040 metres optimizes the cross-
validation score and it is chosen for this research. The small bandwidth gives 
evidence that the relationships between the dependent and independent varia-
bles are locally varying in the study area. 

Decreasing the horizontal and dropping the vertical component of the 
weighting function causes the results from the GWR analysis in this research to 
be different from the original one. This also means that the results from the sim-
ulations are compared only to the GWR analysis with the simplified function 
and not the original one. 

The goodness-of-fit measures R2 and AIC for the GWR model result in 0.750 
and -16100, respectively. Compared to the OLS regression, the R2 value in-
creases by 45 percentage units and AIC decreases by 8400 showing that local 
model is considerably better than the global. 

Significant coefficient values for different independent variables are plotted in 
Figure 45, where red indicates positive and blue negative significant coeffi-
cients; grey areas are nonsignificant. All variables, except road_and_rain_sea-
son, have both positive and negative local significant coefficient values, showing 
that the relationships between the dependent and independent variables vary 
considerably and this is not evident from the global model. For example, the 
higher the annual rainfall (bio1) is, the higher the poverty level in the OLS re-
gression model, but the local coefficient surface (d) shows that there are large 
areas where the effect is the opposite, ceteris paribus. In addition, the nonsig-
nificant coefficients in the global model all have significant local coefficients. 
For example, annual temperature range (bio7) is not significant in explaining 
the poverty level in the global model, but there are both positive and negative 
coefficients in the local coefficient surface (e). 

The local coefficient surfaces are also very different from the original analysis, 
where the surfaces are smoother. Not all of the original ones had both negative 
and positive significant coefficients. 
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a) std_elev b) pct_1 

 
c) pct_2 d) bio1 

 
e) bio7 f) bio12 
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g) bio15 h) acc_mj_rv 

 
i) acc_urb j) road_acc 

 
k) lgp l) road_and_elev  
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m) road_and_mean_temp   n) road_and_temp_range 

 
o) road_and_ann_rain p) road_and_rain_season 

 
q) road_and_rivers r) road_and_towns 

 



Laos case 

129 

s) road_and_lgp  

 

 

Figure 45. Map of significant local coefficients for the variable std_elev (a), pct_1 (b), pct_2 (c), 
bio1 (d), bio7 (e), bio12 (f), bio15 (g), acc_mj_rv (h), acc_urb (i), lgp (k), road_acc (k), 
road_and_elev (l), road_and_mean_temp (m), road_and_temp_range (n), 
road_and_ann_rain (o), road_and_rain_season (p), road_and_rivers (q), road_and_towns 
(r), and road_and_lgp (s). Red indicates positive and blue negative significant coefficients; 
grey areas are nonsignificant. 

Local R2 values are also mapped (Figure 46). The explanatory power of the GWR 
model varies heavily in different parts of Laos, from 0.18 to 0.85. The local R2 
values are smaller than the global R2 (0.305) in some small areas around the 
country. Again, this does not mean that the GWR model performs worse than 
the OLS regression model in those areas, but the value is used as an arbitrary 
limit to group the local R2 values in two for the simulations. 

Moran’s index is also calculated for the residuals from the GWR model. The 
index value is 0.0742 and the p value close to zero. Although there still seems to 
be strong autocorrelation amongst the residuals, the index value has decreased 
from 0.148 showing that the residuals are less autocorrelated than those from 
the OLS regression model. 

Model improvement from global to local using F1 and F2 tests as well as pa-
rameter variability using an F3 test are ignored in this use case because the data 
set has been too large for the tests to work. The original research uses Monte 
Carlo simulations for significance tests, but this would have been too slow to run 
for the simulations and is ignored as well. 

As with the Georgia data, this research does not go into details about what the 
results obtained using the original data mean in poverty analysis. Instead the 
emphasis is on analysing how the results would change, had error been taken 
into account. 
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Figure 46. Local R2 values. 

7.3 Phase B: Error measures for the data set 

7.3.1 Error measures for positional accuracy 

As explained previously, according to Epprecht et al. (2008), the village centre 
points have been measured using a GPS device. No more details have been 
found about the measurements. The accuracy of GPS points depends on the de-
vice: low-cost autonomous units achieve a mean horizontal error ranging from 
about 1 to 5 metres, whereas mobile phones range from about 5 to 10 metres 
(Zandbergen & Barbeau, 2011). The level of error is negligible, considering that 
Laos is about 1000 kilometres from one end to another and the average distance 
from each point in the data set to its nearest neighbour is 1900 metres. 

The data set has the same problem as the Georgia data set: an area is repre-
sented using a point. The difference is that the point is a village centre point 
instead of a polygon centroid, so it should describe the population better. 

Because the error in GPS points is negligible and representing a polygon with 
a point causes unknown inaccuracies, the error in coordinates is not taken into 
account in this research. 

7.3.2 Error measures for thematic accuracy 

The attribute for the village-level poverty rate, P0, has been calculated in two 
parts in the original study (Epprecht et al., 2008): first, a measure of welfare 
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has been modelled as a function of certain household characteristics using re-
gression analysis and a small household survey data set from the National Sta-
tistics Centre (2004). In the second stage, the regression equation has been ap-
plied to a 75 % sample of a larger data set (Government of the Lao PDR, 2006) 
that includes those same characteristics to predict welfare for each household. 
This information has then been aggregated to the village level to get the final 
poverty rate attribute. 

In addition to the poverty rate, Epprecht et al. (2008) have also calculated 
standard error for the P0 attribute. 95 % confidence intervals, i.e. +- 1.96 times 
the standard error, are shown in Figure 47. The intervals are large because many 
of the villages have a very small number of households.  

 

 

Figure 47. Village poverty rates and 95 % confidence intervals. Reprinted from Epprecht et al. 
(2008). Copyright 2008 by Swiss National Centre of Competence in Research (NCCR) North-
South, Geographica Bernensia, and International Food Policy Research Institute (IFPRI). 

Most of the other attributes have been derived from national data sets including 
elevation, weather, and road and river networks. The accuracy information is 
not available for the attributes nor the original data sets. If proper metadata was 
available from the institutions and agencies, the error measures for the attrib-
utes could have been derived. Thus, this research does not take the accuracy of 
the other attributes into account, which in practice means that, unrealistically, 
the attributes are considered to have an error of zero. It is unknown how this 
simplification affects the results of this research, but as the village size does not 
affect the confidence intervals of the other attributes, they should be small com-
pared to the poverty rate. 
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7.4 Phase C: Implementation 

The error propagation is performed using the village-level poverty index, P0, as 
the dependent variable and the other 19 attributes as listed in Table 11 as the 
independent variables. A fixed Gaussian weighting function is kept as 20040 
metres for all simulations to reduce the running time. It is important to notice 
that this means that the models from the simulations are not optimal in terms 
of CV; only the original model is. 

As mentioned in the previous subchapter, only the accuracy of the dependent 
variable, P0, is taken into account, whilst the other attributes and the position 
of the points are assumed as being accurate. One hundred simulations are run 
as follows: for each point, a random number is drawn from normal distribution 
with a zero mean and standard deviation for P0 as calculated in the original 
research. The random values are then added to the original P0 values to create 
one realization with minimum and maximum values for P0 as zero and one, re-
spectively. The GWR procedure is calculated for the realizations and the steps 
are repeated one hundred times. Although the form of the distribution of the 
error values has not been defined in the original study, normal approximation 
seems like a logical choice. Additionally, spatial autocorrelation of errors is un-
known, so all errors are generated independently. In addition, the SAR-process 
utilized in this research cannot be applied, when the error distribution varies 
between points. 

On a desktop computer with Intel Xeon E3-1231 v3 running 8 logical, or 4 
physical, cores at a 3.40 GHz frequency and 16 GB of random-access memory, 
the run time for one hundred simulations is about 7.4 days. This means about 
106 minutes per simulation. The size of the random-access memory has turned 
out to be the bottleneck in the research and thus only four logical cores have 
been utilized in the simulations. If a tool that takes weights for local regression 
models as an input had been used, the duration could have been smaller, as the 
weights are the same for each simulation, because the bandwidth and the loca-
tion of the points remain constant throughout the simulations. 

7.5 Phase D: Results 

In this subchapter, the term original refers to the analysis and results that have 
been calculated in this research described in chapter 7.2 and not the analysis 
made by Epprecht et al. (2008). 

7.5.1 Metrics for the OLS regression model 

To study how the goodness-of-fit measures vary through the simulations for the 
OLS regression model, histograms of R2 and AIC values are created (Figure 48 
and Figure 49). They show that the R2 values are always lower and the AIC val-
ues higher for the simulations compared to the original case, which means that 
the models from the simulations are worse than the original. The difference is 
quite large for both statistics: for example, the original R2 value is 0.31, but var-
ies between 0.24 and 0.26 for the simulations. 
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Figure 48. Histogram of R2 values for the OLS regression model. 

 

Figure 49. Histogram of AIC values for the OLS regression model. 

The histograms for the regression coefficient estimates have been calculated, 
but not shown here. Instead, the t-statistics are studied (Figure 50). The results 
show that the t-statistics from simulations are generally closer to zero than the 
original values, which is to be expected given the worse goodness-of-fit statistics 
for the simulations. The difference between the smallest and largest t-statistics 
is from two to three for all attributes. Originally significant attributes std_elev 
(a) and acc_mj_rv (h) with original values close to -2 or 2 would be classified as 
nonsignificant and originally nonsignificant attributes road_and_rivers (q) and 
road_and_lgp (s) with original values close to -2 or 2 would be classified as sig-
nificant in many simulations. Larger versions of these figures can be found from 
Appendix 2. 
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a) std_elev b) pct_1 

  
c) pct_2 d) bio1 

  
e) bio7 f) bio12 

  
g) bio15 h) acc_mj_rv 

  
i) acc_urb j) road_acc 

  
k) lgp l) road_and_elev 
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m) road_and_mean_temp n) road_and_temp_range 

  
o) road_and_ann_rain p) road_and_rain_season 

  
q) road_and_rivers r) road_and_towns 

  
s) road_and_lgp  

 

 

Figure 50. Histogram of t-statistics for variable std_elev (a), pct_1 (b), pct_2 (c), bio1 (d), bio7 
(e), bio12 (f), bio15 (g), acc_mj_rv (h), acc_urb (i), lgp (j), road_acc (k), road_and_elev (l), 
road_and_mean_temp (m), road_and_temp_range (n), road_and_ann_rain (o), 
road_and_rain_season (p), road_and_rivers (q), road_and_towns (r), and road_and_lgp (s) 
for the OLS regression model. 

Multicollinearity in simulations remains the same as in the original research, 
because the VIF values are calculated using only independent variables and 
their values remain the same in all simulations. 

Moran’s index values for the residuals from the OLS model vary between 0.109 
and 0.116 (original is 0.148), so the residuals are less spatially autocorrelated 
when error is taken into account. The p values are still close to zero though. 

7.5.2 Metrics for the GWR model 

To study the goodness-of-fit for the GWR model, histograms of R2 and AIC val-
ues are created (Figure 51 and Figure 52). The results are very similar to that of 
the global model: all simulations are worse at explaining the village poverty level 
than the original model. The decrease in R2 values is larger than with the global 
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model in absolute percentage units, but similar in proportion to the original 
value. As the bandwidth value is kept original in all simulations, the GWR mod-
els from the simulations are not optimal in terms of the CV score. If the band-
width was optimized, the explanatory power of the models could increase. How-
ever, the large decrease in the global R2 values, which are not affected by band-
width, gives evidence that the local models should also have smaller goodness-
of-fit. 

 

 

Figure 51. Histogram of R2 values for the GWR model. 

 

Figure 52. Histogram of AIC values for the GWR model. 

Next, the local coefficients are analysed to see how sensitive the results are to 
the error in the data. This analysis is continued with point metrics in subchapter 
7.5.4. Although the simulations for all the variables result in both positive and 
negative significant coefficient estimates, they are combined together to avoid 
multiple histograms per variable. 

The proportion of points that have a significant local coefficient value gener-
ally decreases for most variables, when the error is taken into account (Figure 
53). For the variables std_elev (a), lgp (j), road_and_elev (l), and 
road_and_rain_season (p), the aforementioned proportion varies equally 
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around the original value. This means that when considering the error, most of 
the variables are significant in a smaller number of locations than without error 
when explaining poverty. Between different simulations, the percentage of 
points with significant coefficient values generally varies ten percentage units, 
for example from 18 to 28 % for pct_2 (c). The village centre points are not 
equally distributed around Laos, so visual inspection for the distribution of sig-
nificant values is required. Larger versions of these figures can be found from 
Appendix 3. 

 
a) std_elev b) pct_1 

  
c) pct_2 d) bio1 

  
e) bio7 f) bio12 

  
g) bio15 h) acc_mj_rv 

  
i) acc_urb j) road_acc 
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k) lgp l) road_and_elev 

  
m) road_and_mean_temp n) road_and_temp_range 

o) road_and_ann_rain p) road_and_rain_season 

  
q) road_and_rivers r) road_and_towns 

  
s) road_and_lgp  

 

 

Figure 53. Histogram of the percentage of significant local coefficient values for the variable 
std_elev (a), pct_1 (b), pct_2 (c), bio1 (d), bio7 (e), bio12 (f), bio15 (g), acc_mj_rv (h), acc_urb 
(i), lgp (j), road_acc (k), road_and_elev (l), road_and_mean_temp (m), 
road_and_temp_range (n), road_and_ann_rain (o), road_and_rain_season (p), 
road_and_rivers (q), road_and_towns (r), and road_and_lgp (s). 

In the original analysis, 96 % of the points have a higher local R2 value than the 
global. When error is taken into account, this value ranges between 83 and 93 %, 
showing that even though the explanatory power of the global model decreases 
for all simulations, the explanatory power of the local models seems to have de-
creased even more. 
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The Moran’s index for residuals varies in a similar way to the OLS regression 
model: all the simulations result in a smaller value, which means that the resid-
uals are less spatially autocorrelated than in the original study. P values are still 
close to zero though. 

7.5.3 Metrics for comparison between OLS regression and GWR models 

The metrics for the difference in the goodness-of-fit measures R2 and AIC be-
tween the GWR and OLS regression models show that the models are closer in 
the simulations than originally. This is because the explanatory power of the 
local model is higher to begin with and decreases more when error is taken into 
account. The decrease in the R2 value seems to be proportional to the original 
value. 

As mentioned before, the F3 test for parameter variability as well as the F1 and 
F2 tests for model improvement from global to local are ignored in this research. 

7.5.4 Point metrics 

Metrics for points have been studied on a map to see how the significant local 
coefficients vary in different simulations, but only some of them are shown here 
(Figure 54). Note that visualization for the points with the value zero is light 
grey instead of white in these figures to avoid the need for borders for the points. 
Original values are shown separately, because the number of points is too big 
for clear visualization of overlapping point symbols. The general conclusion 
from the maps is that the areas with significant local coefficients shrink from 
the edges of the original significant areas in simulations for almost all the vari-
ables. An example of this is the map of the negative significant coefficients for 
the variable bio1 in Figure 54 a with large areas of values between zero and one 
shown in grey. The original areas of significant negative local coefficients (Fig-
ure 54 b) are larger than in the majority of the simulations. Some significant 
areas disappear completely in some simulations. For some variables, especially 
the ones that also a have higher quantity of points with significant local coeffi-
cient values, new small areas also appear in some simulations. An example of 
this is the map of the negative significant coefficients for the variable lgp in Fig-
ure 54 c with a small area of values between zero and one marked in the figure. 
The same area has only nonsignificant coefficient values with the original data 
(Figure 54 d). 

This shows that the local coefficient maps vary to some extent when error is 
taken into account. However, in the research done by Epprecht et al. (2008) the 
areas with significant local coefficient values are larger, so the conclusion ap-
plies only to this research and might be completely different for their work. 

The map showing the areas, where the R2 value of the local model is better 
than that of the global, does not change much when error is taken into account 
(Figure 55 a). Some areas with a smaller local R2 value than the global R2 value 
appear in the northern and southern parts of Laos as grey points; they are not 
present in the original map (Figure 55 b), but show as black points. 
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a) bio1 b) bio1 original 

  
c) lgp d) lgp original 

  

Figure 54. Map of percentage of simulations that resulted in a negative significant coefficient 
value for bio1 (a) and lgp (c) as well as the original negative significant areas for bio1 (b) and 
lgp (d) 

a) R2 value b) R2 value original 

  

Figure 55. Map of percentage of simulations that result in a bigger local R2 value than the global 
R2 value (a) and the original map (b). 
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7.6 Conclusions 

Table 13 presents the conclusions drawn from different metrics in this case 
study. 

Table 13. Conclusions from different metrics 

 Metric Conclusion from simulations 
OLS metrics R2 and AIC Explanatory power decreases considerably 

Regression coefficients Variables generally less significant than orig-
inally 

VIF Not applicable 
Autocorrelation of residuals Residuals less autocorrelated 

GWR metrics Bandwidth Not applied in this study 
R2 and AIC Explanatory power decreases considerably 
Number of significant local coefficients Variables generally significant in smaller 

area than originally, except std_elev, lgp, 
road_and_elev, and road_and_rain_season, 
which are also in bigger area 

Number of points with local R2 better 
than global 

Lower than original 

Autocorrelation of residuals Residuals less autocorrelated 
Parameter variability Not applied in this study 

Comparison 
metrics 

Difference between local and global R2 
and AIC 

Difference is smaller, because the explana-
tory power of GWR decreases more than 
that of OLS regression 

Model improvement Not applied in this study 
Point metrics Maps for significant local coefficients Significant areas generally shrink and some-

times disappear; for some variables new 
small areas appear 

Map for local R2 better than global Only a small change; some areas with 
smaller local R2 than global appear 

 
In general, taking the error in the dependent variable into account results in 
worse global OLS regression and local GWR models in terms of goodness-of-fit. 
The coefficients of both models are less significant in most cases. The amount 
of spatial autocorrelation in residuals decreases, so the residuals are slightly 
closer to random than in the original model. 

For the original study shown in this research, these conclusions mean that the 
true values of R2 and AIC are expected to be considerably smaller and larger, 
respectively, i.e. the explanatory power of the model is much lower. When the 
original model shows that 75 % of the variation can be explained using the 
model, the true value is close to 65 %. The areas where the variables are signifi-
cant in explaining the poverty level are expected to be smaller than originally, 
but there is also lots of variation between the different variables. 

In order to conclude, what the results mean for the analysis of poverty in Laos, 
domain expertise is required. This includes the meaning behind the explanatory 
variables and how they contribute to the model. This research does not aim to 
draw conclusions that are more general. 

As stated before, this study shows results applicable only for a simplified 
model. What the conclusions arrived at here mean for the original research 
made by Epprecht et al. (2008), is unknown, because they utilize different 
global and local models. The vertical component in the weighting function alone 
results in very different coefficient surfaces, and the explanatory powers in their 
research are higher than in this study. Based on this use case and the two others 
shown in this research, it is still reasonable to assume that the goodness-of-fit 
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measures overestimate the fit of the model and the coefficient surfaces are 
smaller in the original study. 
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8. Research results 

This chapter summarizes the main results achieved in this research and answers 
the research questions. 

8.1 A method for analysing error propagation in GWR 

I. What kind of process can be utilized for analysing error propagation in 
GWR? 

 
In this research, a method is developed to analyse how error propagates through 
GWR analysis. As explained in chapter 4, the method utilizes positional and the-
matic accuracy quality measures and the Monte Carlo simulation as an error 
propagation method. A set of metrics are used to analyse the results of the sim-
ulations. These metrics have been developed using the literature study to ensure 
that all important steps are included in the analysis. Histograms, box plots and 
maps are used to visualize the results of the simulations. 

An R package has been created and published as a tool that can be used for 
running error propagation. The tool provides an error button for GWR with cer-
tain conditions and limitations, for example regarding error distribution and 
correlation structure. The package can be found in 
https://github.com/jaakkomadetoja/epgwr. 

The first use case provides a general view in error propagation in GWR using 
different types of errors. In the other two chapters, the developed method is ap-
plied to real world analysis cases. The biggest difference between the Georgia 
and Laos cases is complexity: the Georgia data set is small and the GWR analysis 
simple, whereas the Laos data set is rather big and the analysis complex. The 
applied method is still the same in all the cases, although the results from the 
Laos case study do not apply to the original research. 

As the results from the use cases have varied, other researchers are encour-
aged to use the developed method with their data. Certain parts of the tool de-
veloped in this study have been simplified to enable its easier use. Examples of 
this are reducing error distribution to one parameter and using the SAR-process 
to generate spatially autocorrelated errors. 
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8.2 The effect of input data errors on the results of GWR 

II. How does the error in the input data affect the results of the GWR anal-
ysis process? 

 
As can be seen from the previous three chapters, taking input data errors into 
account has a little effect on the results of GWR. 

The two goodness-of-fit measures are affected the most: the explanatory 
power of the simulations is generally lower than that of the original model. In 
practice, this means that the R2 value is overestimated and AIC underestimated 
when a GWR model is created with data that has errors. In addition, the signif-
icance of the coefficients is generally closer to zero in the simulations than in the 
original model. These results are compatible with previous research done with 
OLS regression. The estimates for the coefficients and the goodness-of-fit 
measures are biased in GWR. 

The artificial data case shows that errors in location have only a small effect 
on the results of the GWR analysis process. Errors in attributes have a varying 
effect: generally, the metrics vary moderately around the original value, but 
there are also a few cases with large variation and many with almost no variation 
at all. 

When the errors are spatially autocorrelated, the results are quite different 
from the results with random errors. This result advocates the analysis of cor-
related attribute errors that have not been implemented in this research. 

8.3 Recommendations for GWR users 

III. Should the analysis of error propagation be used when running GWR? 
How and when should it be used? What should the user take into ac-
count when running GWR when data include errors? 

 
The results from the simulations varied to some extent. Thus, it is encouraged 
that when using GWR with data that have uncertainties, the user also utilizes 
the approach and tool created in this research to find out how the errors propa-
gate to the results. 

There are many important aspects that the user needs to be aware of in differ-
ent steps of the process (Figure 56). For detailed explanation of the phases in 
the chosen method, see chapter 4. 
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Figure 56. Notes for the phases in the chosen method. 

Phase A – defining the original GWR model – requires the user to know the field 
and the data that are being modelled as well as the actual GWR method. Choos-
ing the proper method is beyond the scope of this research, as the book by Foth-
eringham et al. (2002) covers GWR in detail. The tool presented in this research 
works only with the simple linear GWR and errors in continuous values, alt-
hough the same method can be applied to logistic or Poisson GWR and categor-
ical values. 

Defining the error distributions for coordinates and attributes in phase B can 
be difficult due to a lack of metadata. Saltelli et al. (2008) mention that the der-
ivation of the distributions is the most time-consuming and expensive part of 
an analysis in practice, especially when using expert opinion. For this research, 
only two cases were found from the vast GWR literature that include enough 
information on the accuracy of the data. The derivation of error distributions 
for the Georgia case was quite cumbersome: it required reviewing multiple doc-
uments of the 1990 U.S. Census of Population to find information about the 
questionnaires. The original research for the Laos case explains calculations re-
quired for determining standard deviations for poverty rate; performing them 
might prove too difficult for many GWR users. 

Additionally, the data utilized with GWR are often derived from one or multi-
ple data sets. Defining the error distribution then requires error propagation 
techniques, a more accurate data set for validation, or expert knowledge. 

When the user has defined the data, the GWR model, and the standard devia-
tions for the errors, the tool created in this research can be used to calculate 
error propagation with Monte Carlo simulations in phase C. Depending on the 
used data, this step can take a long time. This is due to the calculation of local t-
statistics. For the cases in this research, one simulation in the artificial case (3 
independent variables, 441 points) took 3 seconds, the Georgia case (6 inde-
pendent variables, 159 points) 0.4 seconds and the Laos case (19 independent 
variables, 9174 points) 106 minutes. The calculation of equations (3.29) and 
(3.34), which are repeated for each point, were the heaviest for the Laos case, 
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both taking a couple of seconds per point. The smaller data sets were faster with 
parallel computing utilizing more cores, but with the Laos data, 16 GB of ran-
dom-access memory (RAM) was not enough memory for all cores. Thus, the 
user should be aware of RAM when running the tool with large data sets, as it 
can become a bottleneck in the calculation instead of processing power. 

The tool will produce two kinds of metrics. In phase D, these metrics are vis-
ualized. The R package published in this research also includes the visualization 
of these metrics including histograms, boxplots and maps with or without the 
original values. The quantity of metrics can complicate the interpretation of the 
results, but subchapter 4.4 can be used as a reference of information. The user 
should select important metrics depending on the case and purpose of the GWR 
model. 

For the users that do not want to or cannot apply the developed error propa-
gation method, here are some rules of thumb for GWR analysis when the data 
set includes errors: 

 Errors in coordinates do not matter; errors in attributes do. 
 The larger the errors in attributes are, the larger the variation in the 

results. 
 The real values for the R2 and AIC are lower than what the regular 

GWR analysis shows. 
 The real values for the t-statistics for the coefficients are usually closer 

to zero than what the regular GWR analysis shows. 
 If the errors are spatially autocorrelated, the results are different and 

the variation in the results is higher. 
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9. Discussion 

In this chapter, the limitations of the work done and potential future research 
are discussed. The topics are divided into discussion concerning the case stud-
ies, the method and the tool, and the metrics. The discussion for the future re-
search also includes the possible next steps beyond error propagation. 

9.1 Limitations 

Case studies 
Depending on the goal of GWR analysis, some results are more important than 
others. The cases presented in this research are lacking the context and goal be-
hind the analysis and thus all metrics are presented with the same emphasis. A 
higher level of domain expertise is needed to understand which results and met-
rics are the most important ones. 

The artificial data set generated in the first case study follows a simple model. 
The first coefficient is constant, the second linear and the third a sine curve in 
the study area. This limits the results to be valid only with a simple modelling 
case. One problem with the artificial data is that the process generating the data 
is made for GWR and thus, provides a good fit when GWR is applied. An exam-
ple of this is that if the data is generated without the disturbance terms  in the 
equation (5.64), the explanatory power of the GWR model is close to one. When 
errors are generated for the attributes and coordinates, the model has to become 
worse, because the dependent variable attribute values are not calculated from 
the independent ones anymore, so the data is not perfect for GWR. 

The estimated error measures in the Georgia case study should be quite accu-
rate, even if positional error is ignored and attribute errors actually follow a bi-
nomial distribution. The biggest questions concerning the validity of the analy-
sis arise from the census: this research assumes that the response to the ques-
tionnaires was random and that the answers were truthful. It would seem logical 
that, for example, people with higher income would be more likely to answer the 
questionnaire, as in the case with voting behaviour. Sometimes the answers can 
be closer to what a person wants to be than what the reality is. Both of these 
situations – people with certain qualities ignoring questionnaires and answers 
that follow social norms – have been found, for example, in health studies in 
Finland (Borodulin, 2006). Another limitation in the Georgia case study is the 
aggregation of population data to polygons. GWR utilizes only the centroid of 
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the polygon, which reduces the information of spatial distribution and does not 
describe the centroid of the population. 

The goal of the case studies is to take a known GWR analysis and apply error 
propagation to it. The biggest limitation in the Laos case arises from the simple 
version of GWR used throughout this study: the original model is complex and 
reducing it to a simple one leads to results that do not apply to the original case 
anymore. Even though the goodness-of-fit measure R2 0.75 shows rather a good 
fit, it is somewhat smaller than that of the original study (0.90), which uses both 
horizontal and vertical distances in the bandwidth optimization. A bigger differ-
ence can be seen between local coefficients, which show a lot of variation in this 
study and smooth surfaces in the original. Thus, any conclusions made based 
on the coefficient surfaces are different in the two studies. Overall, the results 
from the third case study are valid only for the simple GWR model applied to 
the data, assuming error only in the dependent variable. The other variables are 
based on elevation, weather, and road and river networks, and their errors 
should be quite small. 

The method and the tool 
The correlation between the errors for different variables is ignored in this 
study, although it affects the results of error propagation (Heuvelink, 1998). 
This is done mainly because the cases studied in this research do not have any 
information available about the correlation between the errors in different var-
iables. 

The tool created in this study can only be used with the basic GWR. This places 
limitations on the dependent variable, which is required to be continuous. Min-
imum and maximum values can be set for all the variables to avoid problems 
when using the tool with, for example, percentages in attributes. Without this 
approach, some realizations in Georgia would have resulted in negative percent-
age values. 

This research only utilizes thematic and positional accuracy as the criteria for 
quality. These are modelled using normal distribution with a zero mean to en-
sure that the tool is simple to use. In reality, the distribution of errors differs 
from normal distribution, which has already been realized in this research in 
the Georgia case study, where the errors follow binomial distributions. There 
are also cases where the distribution is impossible to derive, for example, when 
attribute errors are caused by human errors. In addition to different error dis-
tributions, other quality aspects are ignored in this study. 

Local multicollinearity is ignored in this study, although the methodology 
(Wheeler & Tiefelsdorf, 2005) and the tools (Gollini et al., 2015) have been de-
veloped to analyse it. There are two reasons for leaving it out: the calculation is 
time consuming and adding small random values – which is also done in this 
study to analyse error propagation – is actually a solution to remove local mul-
ticollinearity (Harris, Fotheringham, & Juggins, 2010). In addition, as shown by 
Fotheringham and Oshan (2016), GWR is actually rather robust to local multi-
collinearity. 

Stepwise regression analysis is ignored as well. It can be done for both global 
(Chatterjee & Simonoff, 2013) and local regression (Fotheringham et al., 2012), 
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but would be computationally time consuming. For example, Fotheringham et 
al. (2012) start the model building with 12 independent variables and end up 
with 9 based on AIC. This requires the calculation of  
GWR models. In addition, there are many problems concerning the stepwise 
approach (Whittingham et al., 2006) and some researchers argue that it should 
not be used (Brunsdon et al., 1999). 

The level of spatial autocorrelation for errors is the same for all attributes and 
coordinates when using the tool created in this research. This is, of course, un-
realistic: how the errors of the GPS coordinates of a village autocorrelate has 
nothing to do with how the errors of the poverty levels autocorrelate. The reason 
for not developing spatial autocorrelation for errors further, is that the effects 
of it are not a focus of this study, but just tested with the artificial data. In addi-
tion, there is no information about the phenomenon available for the real world 
data used for the other case studies. 

As discussed by Heuvelink (2002), in order to create a general ‘error button’ 
for GIS, the tool should have a simpler version for amateurs. To make the tool 
developed in this research easier to use, many simplifications have been made, 
for example a normal distribution for errors and a spatially autoregressive pro-
cess instead of a variogram approach for spatially autocorrelated errors. The 
tool is still quite complex, as it requires good knowledge of the GWR itself as 
well as the accuracy measures concerning the data. This, however, should not 
be a big problem because the intended user of the tool is a researcher who has 
already made the corresponding GWR analysis and knows the data well. 

The metrics 
The analysis of results is handled one metric at a time in this research. This can 
be problematic, because in a regular GWR analysis many results are combined 
to form conclusions. For example, local coefficient surfaces are compared with 
the global coefficient estimate or poor local explanatory power in a certain area 
can be used to explain unexpected results in that area. 

9.2 Future research 

This research is the first error propagation conducted with a geographically 
weighted regression and, thus, there is a lot of room for improvement. 

The method and the tool 
The tool for running error propagation in GWR only utilizes the basic GWR in 
this research. If the dependent variable is count or binary type, Poisson or lo-
gistic GWR is needed, respectively. An error propagation tool that uses these 
methods can be developed using the same approach as in this study, but there 
are some differences: The conclusions arrived at based on the regression coeffi-
cients are different (Nakaya et al., 2005; Atkinson et al., 2003) and a continuous 
normal distribution cannot be applied for the errors in count or binary attrib-
utes. In addition, there are different versions of the goodness-of-fit measure R2 
for Poisson (Cameron & Windmeijer, 1996) and logistic regression (Lemeshow 
& Hosmer, 1982). 
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The problem with normally distributed errors also applies to independent at-
tributes that are not continuous, even with the basic version of GWR. For exam-
ple in the Laos case presented in this study, if the accuracy indicators for the 
binary attribute road_acc – a binary variable for road access in a village – had 
been available, the tool developed in this research would have been inadequate 
to model the accuracy properly. Further development should focus on utilizing 
a discrete error model for integers and a confusion matrix for categorical attrib-
utes. Spatial autocorrelation is often required to form realistic realizations for 
categorical data instead of randomly scattered categories (Horttanainen & Vir-
rantaus, 2004). 

Error is modelled using thematic and positional accuracy in this research. As 
discussed in chapter 4.2, completeness could be applied with a Monte Carlo 
method by deleting or adding features, but logical consistency, lineage and 
omission should be taken into account in pre-processing. Temporal accuracy is 
already included in thematic accuracy, because GWR is not a spatiotemporal 
model. 

The tool can be utilized when autocorrelation is present in the errors. How-
ever, correlation between the errors in different variables is missing. The corre-
lated random values can be generated using, for example, one of the R packages 
already utilized in this study, mvtnorm (Genz et al., 2016). 

More complex error models for input data could be applied using existing 
tools: Brown and Heuvelink (2007) have created a Data Uncertainty Engine for 
defining more complex error structures and draw realizations from them. 
Sawicka and Heuvelink (2016) have created an R package for the same pur-
poses: it could be easily inserted into the tool developed in this research to pro-
vide more options for error distributions and correlation structures. 

In this study, the p value associated with statistical tests is always 0.05, which 
is very often used but still arbitrary. Using a gradual scale or multiple different 
values would be better, but would require more metrics or a different approach 
completely. 

The p value 0.05, or t-statistic 1.96, results in 5 % false positives. For example, 
if we had a random data set and calculated 10 000 independent t-statistics, we 
would get 500 significant values. Multiple hypothesis testing, for example the 
Bonferroni correction (Fotheringham et al., 2002), can be used to find a t-sta-
tistic for which there is a 5 % chance for at least one false positive. In GWR, the 
t-statistics are not independent, because nearby points have similar sets of data 
used in calculating the regression model. Thus, a slightly different approach is 
needed to handle the dependency (Fotheringham & Oshan, 2016). This ap-
proach is not utilized in this study, mainly because of the explorative nature of 
GWR: it is more important to find all significant relationships at the cost of find-
ing something that is actually random, than to find only relationships that are 
not random at the cost of missing something significant. 

The many further developments for GWR could be inserted into the tool de-
veloped in this study, for example local multicollinearity, multiple hypothesis 
testing, a stepwise procedure, and mixed models. Many of the further develop-
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ments for GWR have been included in R packages, so modifying the tool devel-
oped in this research should be rather simple. For a comparison between the 
packages and the tools they offer, see Gollini et al. (2015). 

The metrics 
Analysis of the location for the significant local coefficients – probably the most 
important phase of GWR analysis – is only handled using the point metrics. The 
problem with this phase is trying to imitate human reasoning so that it can be 
coded and automated. There are situations, where additional analysis would be 
useful: if 50 % of the simulations result in significant coefficients in the southern 
half of the study area and 50 % in the northern half, the point metrics would be 
the same as if 50 % of the simulations result in significant coefficients every-
where and 50 % nowhere, although these two scenarios are very different. One 
solution for additional analysis could be to store the centre mass point for the 
significant coefficients and plot those points on a map for further analysis. 

Another possibility for more detailed coefficient analysis is to utilize the idea 
behind map comparison methods, which are generally used to compare two 
land use images and output a value that describes their similarity. Fuzzy Kappa 
(Hagen, 2003) is capable of taking into account changes in location as well as 
attributes, whilst Fuzzy theory can be utilized (Zadeh, 1965) for gradual differ-
ences in classes and location instead of a cell-by-cell comparison that the normal 
Kappa statistic calculates. Fuzzy Kappa can also be used with continuous values 
by replacing a user-defined similarity matrix with differences between the val-
ues (Visser & de Nijs, 2006). The method would have to be modified to work 
with irregular point data. Another option is to calculate the regression coeffi-
cient estimates for a regular grid and apply Fuzzy Kappa comparing a simulation 
with the original coefficients. The output would be a value between 1 (for iden-
tical coefficient surfaces) and 0 (for total disagreement). 

The only point metric for the local R2 values is relative to the global R2 value, 
so the variability of absolute local R2 values can only be studied using the metric 
if the global value remains the same through the simulations. This rarely hap-
pens. Implementing different breaks for the local R2 values, for example 20 %, 
40 %, 60 % and 80 %, would yield more information about the goodness-of-fit 
of the local models, but this would increase the number of metrics. One option 
would be to calculate the original OLS model first and use its R2 value as a break 
in the Monte Carlo simulation. 

The metrics might yield some interesting results if some of them were visual-
ized at the same time. This could be researched further by calculating correla-
tions between the metrics or creating a scatter plot matrix or a parallel coordi-
nate plot (PCP). Using this method, the researcher could, for example, analyse 
the other metrics for the simulations that resulted in the worst goodness-of-fit 
measures. PCP was tested in this study, but the results did not yield anything 
interesting and it was thus left out. 

For a simpler version of visualization of the metrics, mean and standard devi-
ation values could be shown to the user instead of histograms. This would ease 
going through the results quicker. In addition, following the visualization by 
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Heuvelink (1998), mean and standard deviation values for regression coeffi-
cients and t-statistics could be mapped. If the approach utilized in this study 
was followed, i.e. the point metric values were not given as output, the mean 
value could be calculated by adding the coefficient or t-statistics to the point 
metric and dividing the metric value by the number of simulations after the sim-
ulations. The standard deviation cannot be retrieved using the same approach, 
because its calculation requires the mean value, which is not known, while the 
simulations are running. 

Additional metrics for the global regression model results could also be cre-
ated. These could include, for example, a correlation between the input variables 
or a Jarque-Bera test that is used for testing whether the distribution of the re-
siduals match normal distribution using skewness and kurtosis (Jarque & Bera, 
1980). Naturally, the test would also be useful for the residuals in the GWR 
model. 

Case studies 
This research presented two case studies with real world data and one of these 
cases was very different from the original GWR case, especially for the local co-
efficient surfaces. This is probably the biggest shortcoming of this research: the 
method and the tool should be applied to more cases to draw conclusions that 
are more general on how error propagates through GWR. Thus, further research 
should focus on more case studies and finding information on the accuracy of 
input data used in GWR analysis. As explained in the literature review in sub-
chapter 2.4, the research made by López-Carr et al. (2012) includes the propor-
tion of correctly classified vegetation classes; this could be utilized to calculate 
errors for the dependent variables in the two GWR models. There are also cases 
where the accuracy of some variables could be low, for example, the data set 
used by Fotheringham et al. (2012) that includes variables recorded in the 19th 
century. 

To apply error propagation to the GWR analysis from the original Laos study 
by Epprecht et al. (2008), the tool developed in this research needs to be modi-
fied to include vertical and horizontal weighting functions. The current R pack-
ages for GWR modelling are not capable of this nor can they take custom input 
for the weights used for the local models, and thus they cannot be used in their 
current state. In addition, the syntax for the code created in this thesis is de-
pendent on the syntax of the R package spgwr, so the whole tool would have to 
be modified if an R package for GWR with vertical and horizontal function ex-
isted. A simpler method would be to modify the code for sgpwr to include a 
vertical component in the calculation. This is allowed under the license of the 
package. 

The tool could be applied to more complex artificial models. Adding variables 
with different types of relationships either all at once or separately could simu-
late different cases, for example, how missing or unnecessary variables affect 
error propagation. Missing variables would be included in the calculation of the 
dependent variable but left out of the GWR model, and unnecessary variables 
would not affect calculation of the dependent variable but still be included in 
the GWR model. These approaches might also solve the problem of the GWR 
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model fitting the data unrealistically well. On the other hand, the tool could also 
be applied to compare different simple models, for example a model with one 
global and a model with one local relationship, because this study only shows 
how different error cases affect error propagation using one simple model. 

The different artificial cases varied in the type and magnitude of error in this 
research. Many other parameters could be varied as well: the difference between 
CV and AIC in bandwidth calibration, the difference between Gaussian and 
bisquare weighting function, different spatial autocorrelation parameters for 
different variables etc. 

Next step: sensitivity analysis 
Error propagation and sensitivity analysis are often run in tandem. The next 
step for this research could be sensitivity analysis to study how uncertainty in 
the output can be apportioned to different sources of uncertainty in the input. 
Multiple methods are available for this task (Saltelli et al., 2008). There are mul-
tiple reasons for running sensitivity analysis: to provide information on the ro-
bustness of GWR, to show which factors or variables should be measured or 
modelled more accurately, to identify critical factors that affect the result of er-
ror propagation, and to help in setting up the data gathering process (Saltelli et 
al., 2008). Sensitivity analysis would result in information on which source of 
input different metrics would be the most sensitive to. For example for the Geor-
gia case, the map of the significant coefficients for the variable PctPov is con-
cluded to be quite uncertain (Figure 42 c). Sensitivity analysis would reveal 
which input attribute’s errors affect the map the most. This could also result in 
gathering more information for the attributes, the uncertainty of which caused 
the most uncertainty in the result. 

Next step: measurement error model for GWR 
This research shows that the true value for and the goodness-of-fit measures R2 
and AIC is lower than the original when error is taken into account. It is worth 
noting that the term true refers to a true value using the GWR estimation, which 
is not necessarily optimal. This means that the estimates – also for the coeffi-
cients – are biased in GWR, similar to a simple OLS regression model explained 
in the literature review in subchapter 2.1. The solution in global regression mod-
els is measurement error models, where the estimates are calculated using 
methods different from OLS and assuming error in the input variables. The 
same approach could be applied to local regression, assuming heterogeneity in 
the relationships resulting in a measurement error model for geographically 
weighted regression. 
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10. Conclusion 

This chapter provides a summary of the thesis and an evaluation of the contri-
bution to different research fields. 

10.1 Summary 

This thesis provides the first systematic research on error propagation in geo-
graphically weighted regression (GWR). Before this study, GWR has been ap-
plied to multiple data sets, but all the values have been assumed accurate, even 
though no data are without errors. The aim of this research is to study how er-
rors affect the results of GWR. 

A review of the research on non-spatial regression models shows that the 
problems resulting from measurement errors are well known. Ordinary least 
squares (OLS) estimation causes bias and misleading variance in the estima-
tions. Regression coefficients and correlation between variables are closer to 
zero, when error is introduced. A measurement error model is a solution to the 
problem: it provides unbiased estimates for global regression. Local versions, 
where the relationships between the variables are assumed to vary in the study 
area, have not been developed. 

The scientific community has researched different aspects of uncertainty in 
geographic information in the last half a decade, including initiatives, symposi-
ums, standards, books, and journal articles. The focus has developed to include 
not only the produced data, but also the users of the data. With the user base of 
spatial information increasing, it is important to communicate quality aspects 
and increase the knowledge of uncertainty issues, because geographic infor-
mation systems (GIS) are often used to combine and transform data, and error 
propagates through these operations. Different solutions to the ignorance of un-
certainty have been suggested, but none of them have been implemented in pop-
ular GIS software. 

The propagation of errors through different spatial operations in environmen-
tal science has been studied before. The two main methods are the Taylor series 
and the Monte Carlo simulation. The first is an analytic method that can be used 
when the operation is simple, and the second is a stochastic method applicable 
to any operation. Previous research on error propagation often includes sensi-
tivity analysis to show the input variables that should be measured or modelled 
more accurately to improve the accuracy of the operation. Metadata including 
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uncertainty information is often considered important in the articles. Some 
tools for running error propagation have been created: they deal with a general 
error model or a specific use case. 

Previous GWR literature is vast and includes case studies from different fields 
and lots of method development. However, there are only a few cases where the 
accuracy of input data has been studied, and almost no interest at all in how the 
accuracy affects the results of GWR. Different steps of the method, including a 
global model, a local model and a comparison between them, have been studied 
in this research; this is needed for the developed method. 

The method developed in this study applies error propagation in GWR. The 
definition of the original GWR model is the first step, but it is not discussed 
further in this research. The ISO quality elements: thematic and positional ac-
curacy, are chosen to model the errors in the input data. The second step in the 
method is to define the error model, which is simplified to a normal distribution 
for attributes and two-dimensional normal distribution for coordinates. The 
only required parameter for the error model is standard deviation of error dis-
tributions. The Monte Carlo simulation has been chosen as the error propaga-
tion method for the third step: realization for the true values is created and a 
GWR model is calculated for the realization. This process is repeated multiple 
times to determine the distribution of output. Because GWR is a complex anal-
ysis process, a set of metrics has been developed based on the literature review 
to describe the results of GWR. Visualization of these metrics using histograms, 
boxplots, and maps is used to study the distribution of the results. The method 
can also apply spatial autocorrelation to errors using a spatial autoregressive 
process. A package for the R software environment has been published: it can 
be used to run a Monte Carlo simulation for error propagation and visualise the 
results. 

Three case studies are presented in this research. The first one utilizes artifi-
cially created data for testing different error models. The models include com-
binations of different sized errors for attributes and coordinates and spatial au-
tocorrelation of errors. Analysis of the results shows that error in coordinates 
has only a little effect on the results of GWR. Errors in attributes decrease the 
explanatory power of the model and the significance of the relationships be-
tween variables. If errors are spatially autocorrelated, results are different; in 
general, variation of the metrics is larger. 

GWR analysis with the Georgia educational attainment data set is simple and 
well known. The second case study derives error measures for attributes from 
the documents of the census that has been used to derive the data set. Results 
from error propagation show that errors decrease the explanatory power of the 
model and the area where one variable – PctPov – is significant in explaining 
educational attainment. The other metrics vary slightly or moderately around 
the original values. 

The third case study presents error propagation in a GWR model that aims to 
discover the determinants of poverty in Laos. Error measures have been calcu-
lated in the original research and applied here. Results show that errors de-
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crease the explanatory power of the model and the significance of the relation-
ships between most variables. However, the GWR model applied in this re-
search differs from the original, so the results are not fully applicable to the orig-
inal case study. 

The general results presented in this study include a method and a tool for 
running error propagation in GWR, the effect of input data errors on the results 
of GWR, and recommendations for GWR users when applying the method. Us-
ers are encouraged to apply the developed method in other case studies, because 
results varied in this research. Some rules of thumb are also presented for the 
users who do not want to apply error propagation. 

Limitations and future research relating to the method and the tool, the met-
rics, and the case studies have been discussed. The author of this study is not a 
domain expert in the studied cases, which limits the conclusions and what they 
mean for the original GWR studies. The case studies and the method also in-
clude simplifications made partly due to a lack of information and partly to en-
sure that the tool is easy to use. These simplifications include lack of correlation, 
only two quality elements, and the utilization of only basic GWR. Multiple sug-
gestions for improving different aspects are provided. The next steps of the re-
search could include sensitivity analysis to study how uncertainty in output can 
be apportioned to different sources of uncertainty in input and the development 
of a measurement error model for GWR, which assumes that input variables are 
erroneous. 

10.2 Evaluation 

This study provides information on how error affects GWR, and a method and 
a tool to users of GWR to apply error propagation, which could be considered as 
an error button in GWR. The scientific contribution is mainly towards the GWR 
analysis method, because previous research has already developed similar error 
propagation tools for different kinds of methods. 

As with other uncertainty tools, this research encourages the users of GWR to 
consider the accuracy of their data set: the literature review shows that the un-
certainty of input data is generally ignored in GWR research and the results in-
dicate that errors in attributes affect the output models. The coefficient, R2 and 
AIC estimates are biased in GWR with erroneous data. This encourages the de-
velopment of different estimation methods than weighted least squares when 
data is known to be inaccurate. 

Although sensitivity analysis has not been performed, the tool developed in 
this research can be used to show if the accuracy of input data is good enough 
for a given scenario. If the variation or bias in results is too high, the user must 
improve the accuracy of data. Finding the most cost-effective way to improve 
the accuracy of the output is a task for sensitivity analysis. There is also another 
aspect to using the tool: data, which would normally be discarded in pre-pro-
cessing due to bad accuracy, can be incorporated into a GWR analysis, if it does 
not affect the results too much. 
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Almost as important as the errors that affect the results of GWR, are the ones 
that do not: coordinates can be rather inaccurate, but the results remain the 
same. Investing in a very accurate GPS device or finding other ways to improve 
the accuracy of coordinates is not useful if the data is used only for a GWR. This 
also provides evidence that representing a polygon with a centroid point com-
pared to a central mass point should not affect the results too much. Comparing 
the centroid to multiple points inside the polygon, for example municipalities 
inside a county, is another matter entirely. The problem with aggregating data 
at different levels is part of the modifiable areal unit problem (MAUP), which 
has been studied with GWR before (Fotheringham et al., 2001; Mas et al., 2016; 
Murakami & Tsutsumi, 2015). 

The simplifications made in the development of the tool limit its usage. How-
ever, the main goal in this study has not been an error propagation tool, but a 
method that can propagate error in GWR. The tool has been created and pub-
lished to enable and encourage usage of the method. The same method can be 
applied to more complex GWR models, and further development of the tool is 
rather simple, because the R environment is an open source and the licence al-
lows modification and republication of the tool. Thus, someone can take the 
code, modify it to work with, for example, logistic GWR or variable selection, 
and publish another package. 

This study also contributes towards error propagation research: GWR is a 
complex analysis process with multiple results, which is problematic for error 
propagation. For example, Van Niel and Austin (2007) applied error propaga-
tion in a case study with multiple models and results, but only used ten Monte 
Carlo simulations, reducing the accuracy of the estimates. In this research, the 
whole process has been automated so the number of simulations can be higher. 
The automation requires different metrics, which describe the results, and these 
metrics can be something other than the usual results from an analysis process. 
The point metrics developed here show an example of how to reduce the com-
putational load present in cases with a large number of points and simulations. 
One problem noticed in this research is imitating human reasoning: visual in-
terpretation of maps is easy for users, but difficult to code. 

Beulke et al. (2006) show that the choices regarding error propagation intro-
duce variability into the results. In this research, the choices include normal dis-
tribution of errors, no correlation between errors for different variables, an 
SAR-process for autocorrelation, and a thousand simulations for the first two 
cases and a hundred for the last. Different choices might lead to different results. 
This gives even more evidence that error propagation should be studied further 
in GWR with different case studies and users. 

If a general error button was a tool that includes information on error model 
for data and shows how the errors propagate through any given analysis process, 
this study shows how complicated the implementation of the button can be. 
Tools for defining an error model and generating realizations from it already 
exist (Brown & Heuvelink, 2007; Sawicka & Heuvelink, 2016), but applying a 
complex method for the realizations can require further development. For ex-
ample, the tools for GWR generally output coefficient estimates, their standard 
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deviations, local R2 values, fitted values for the dependent variable, and residu-
als. The output file can be quite large for a large data set, and simulations would 
multiply the size a hundred- or thousand-fold. In addition to problems with out-
put size and run time, visualization of multiple maps cannot be handled using 
traditional methods, like histograms. This research proposes point metrics as a 
solution with GWR, but, for example, multiple river networks can be simply 
plotted on top of one another as shown by Hengl et al. (2010). Thus, the visual-
ization method depends on the case. 

Error propagation is a time-consuming process. Instead of suggesting every 
GWR user to apply error propagation, it is more useful to create rules of thumb 
that describe the effects of errors on the output. This thesis provides some rules, 
but more research is required to gain knowledge about acceptable input data 
accuracy for a GWR process. 
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Appendix 1 

A larger version of Figure 33. 
 

a) PctBach 

 
b) PctEld 
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c) PctFB 

 
d) PctPov 

 
e) PctBlack 
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Appendix 2 

A larger version of Figure 50. 
 

a) std_elev 

 
b) pct_1 
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c) pct_2 

 
d) bio1 

 
e) bio7 
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f) bio12 

 
g) bio15 

 
h) acc_mj_rv 
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i) acc_urb 

 
j) road_acc 

 
k) lgp 
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l) road_and_elev 

 
m) road_and_mean_temp 

 
n) road_and_temp_range 
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o) road_and_ann_rain 

 
p) road_and_rain_season 

 
q) road_and_rivers 
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r) road_and_towns 

 
s) road_and_lgp 
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Appendix 3 

A larger version of Figure 53. 
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c) pct_2 
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f) bio12 

 
g) bio15 
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l) road_and_elev 
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o) road_and_ann_rain 

 
p) road_and_rain_season 

 
q) road_and_rivers 
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r) road_and_towns 

 
s) road_and_lgp 
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