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We have made simulations on coarsening in wet foams using a simple Durian bubble
model. The purpose of these simulations was to find out whether this model was
sufficient for simulating three-dimensional foams, and whether it could be used to
simulate foams trapped between two plates. Our results indicate that this model
is not sufficient for this purpose, at least in the way we used it. The simulated
foams contained too many bubbles isolated from every other despite a gas fraction
that is way above the jamming point. This was an especially huge problem within
the trapped foams, where these isolated bubbles would concentrate near the solid
boundaries in large numbers. In order to solve this issue we added simplified gas
flow through the bulk liquid into the simulation. While this prevented isolated
bubbles from staying in the simulation for too long it did not actually lower the
ratio of isolated bubbles within the foam when compared to simulations without
the gas flow through the bulk. It also caused the average bubble radius to no longer
follow the theoretical ⟨r⟩ ∼ t0.5 growth, implying that more complex additions to
this model or more complex models in general are necessary for these kinds of
simulations.
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Tässä työssä olemme tehneet simulaatioita karkeistumisesta märissä vaahdoissa
käyttäen yksinkertaista Durianin kuplamallia. Näiden simulaatioiden tarkoituksena
oli selvittää, onko tämä malli tarpeeksi hyvä kolmiuloitteisten vaahtojen mallintami-
sessa, ja että voiko tällä tavalla mallintaa myös kahden levyn välissä olevaa vaahtoa.
Simulaatioiden tulokset osoittavat, että ainakaan tällä tavalla käytettynä kyseinen
malli ei ole tarpeeksi hyvä tähän tarkoitukseen. Mallinnuksessa käytetyissä kaa-
suosuuksissa vaahdossa olevien kuplien pitäisi olla melko tiukasti toisissaan kiinni,
mutta siitä huolimatta simulaatioissa oli aivan liikaa toisistaan eristyneitä kuplia.
Varsinkin levyjen välissä olevassa vaahdossa pienet eristyneet kuplat olivat keskit-
tyneet suurissa määrin simulaatioalueen kiinteiden reunojen yhteyteen. Ongelman
ratkaisemiseksi lisäsimme simulaatioihin yksinkertaistetun kaasuvirtauksen myös
vaahdossa olevan nesteen läpi. Vaikka tällä päästiinkin eroon pitkään eristyksissä
olleista kuplista, ei sillä ollut juurikaan merkitystä vaahdossa olevien eristyneiden
kuplien suhteelliseen määrään. Lisäksi tämä vaikutti kuplien keskimääräisen säteen
kasvuun siten, että se ei enää saavuttanut teoreettista arvoa ⟨r⟩ ∼ t0.5. Tästä
voidaan päätellä, että joko tähän malliin pitää lisätä monimutkaisempia osia tai
sitten pitää vain käyttää monimutkaisempaa kuplamallia.

Avainsanat: Vaahto, Karkeistuminen, Kupla, Simulointi, Durianin kuplamalli
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1 Introduction
Foams play a huge role in our everyday lives. Examples of foams go from solid
foams like sponges and camping mats to liquid foams like firefighting foams and
soap bubbles in water. Foodstuffs like leavened bread, beer head and whipped cream
are also considered foams, and they also used in cosmetics. Foams also have many
industrial applications, especially in the chemical industry. Foams can also be huge
nuisances as unwanted byproducts in chemical processes, and anti-foaming agents or
specific mechanical methods are necessary to prevent foams from causing problems.
Foams also exist in nature, for example ocean foam created by waves hitting the
shore.

Structurally speaking foams are essentially gas bubbles dispersed in a solid or
liquid medium, forming distint cells. In liquid foams these cells are clearly distinct
from each other and connected via thin liquid films. Solid foams on the other hand
can be either open-celled, which means that the gas cells within have gaps through
with the air can pass to one cell from another, or close-celled, meaning that no such
gaps exist and gas cannot move from one cell to another. In this thesis we focus
specifically on liquid foams, and all mentions of foams refer specifically to those
rather than foams in general.

Liquid foams are structurally very similar to many kinds of substances, including
colloids, emulsions and sols. Colloids are mixtures where microscopically small,
usually around 1-1000nm, insoluble particles are dispersed into another substance,
and so foams with microscopically small gas bubbles can be considered colloids. When
both the dispersion medium and the dispersed substance are liquids the mixture is
called an emulsion, and if the dispersed substance is solid the mixture is known as a
sol. Foams, emulsions and sols all go through a process known as Ostwald ripening,
where the sizes of the dispersed particles grow while the amount of particles decreases.
Emulsions are especially similar to foams to the point where they are sometimes
substituted for each other in experiments for simple experimental convenience.

It is difficult to say when exactly the study of foams and liquid films truly began.
It is known that already back in the 17th century scientists like Hooke and Newton
used soap bubbles to study the properties of light[1, 2]. The first major milestone
was Joseph Plateau’s publication Statique expérimentale et théorique des liquides
soumis aux seules forces moléculaires released in 1873 in which Plateau summarized
the pioneering research he had done on soap bubbles and surface tension. In this
publication Plateau described the rules for the structures of dry foams known today
as Plateau’s laws. Inspired by this Lord Kelvin made a conjecture on the optimal
shape of monodisperse bubbles in dry foam, leading to the yet unsolved Kelvin’s
problem. In the 1940s the DLVO theory, named after its creators Boris Derjaguin,
Lev Landau, Evert Verwey and Theodoor Overbeek, was created to explain the
interactions between dispersed particles in colloids, with obvious application for
foams. However, throughout the 20th century basic research focusing specifically
on foams was quite sporadic, and the ones most interested were chemical engineers
working on solving practical problems. Amongst all the people who worked on foam
theory, Henry Princen[3, 4] and Robert Lemlich[4, 5] seem to be standing out the
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most.
What truly sparked interest in foam research was the work of the metallurgist

and historian of science Cyril Stanley Smith. Unlike his peers who were generally
more interested in researching single perfect or near-perfect crystals, Smith was more
interested in larger systems and its complexities. Many of these complex properties
also exist in foams in simplified forms, and so in order to study these complexities
Smith used dry two-dimensional foam as a simple prototype[6, 7]. These properties
include foams being disordered, with their current states being products of their
histories, while still having clear underlying rules depicting their structures. The
liquid and gas within foams does not stay still but flows within and even out of
the foam, which makes foams materials that age and evolve over time. Foams also
have interesting rheological properties, since they act like solids under low stress but
liquids under high stress, making them good examples of viscoelastic fluids.

In this thesis we mainly focus on the coarsening of wet foams. Coarsening, or
Ostwald ripening, is a process where the gas flows from smaller bubbles into larger
bubbles, causing the smaller bubbles to eventually vanish from existence while the
larger bubbles grow even larger. Understanding this process is an important part
of understanding how foam ages over time. Our main objective is simulating wet
foams with a simple Durian bubble model in which the bubbles are assumed to be
perfectly spherical and the interaction between them is based on how much these
spheres overlap. More specifically we are simulating infinite foams using periodic
boundary conditions as well as foams trapped between two solid plates in order to see
how the coarsening is affected. We will also determine whether this kind of a simple
model is sufficient for simulating three-dimensional wet foams in the first place.
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Figure 1: Two-dimensional monodisperse wet foam. The crystal-like structure and
its faults can clearly be seen. Image from [8].

2 Theory

2.1 Structure of foams
Liquid foams are metastable structures where gas particles have been dispersed
within a liquid phase, forming bubbles of various sizes and shapes separated from
the liquid via surfactants or other solid particles. The work required to create
foam is equal to W = γ∆A where γ is the surface tension and ∆A the increase in
the surface area between gas and liquid phases. For simple liquid-gas mixes the
amount of work required is much higher than the thermal energies involved, making
foams thermodynamically unstable. However, the inclusion of surfactants lowers the
surface tension, lowering the amount of energy it takes for the foam to be formed
and making the foams more stable against aging processes. Nonetheless foams will
eventually break down and disappear. While foams are three-dimensional in nature
two-dimensional foams are sometimes used in experiments, computer simulations
and theoretical analysis. In practice these two-dimensional foams can be created by
keeping the foam sandwiched between two glass plates.

The properties of foams are highly related to the amount of liquid they contain.
The liquid fraction Φ is simply the volume fraction of the liquid phase compared to
the volume of the entire foam, and similarly the gas fraction can be defined as 1 − Φ.
It is possible to create foams that have liquid fractions very close to zero, and it is
also possible to have foams with very high liquid fraction. The structure of foams at
these two extremes are obviously very different, meaning that dry and wet foams
need to be considered separately, and it is also important to consider how foam acts
in between.

At very high liquid fractions the bubbles are spherical and completely isolated
from one another. The liquid fraction at which this happens is known as the jamming
point, above which the foam essentially just becomes bubbly liquid. As seen in
Figure 1 in foams below this critical liquid fraction bubbles form structures similar
to the crystal structures of solid bulk materials. For ordered monodisperse foams
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(a) (b) (c)

Figure 2: (a) Face-centered cubic structure. In addition to the eight particles at
the corners of the cube, there are also six additional particles in the middle of the
six faces. (b) Hexagonal close packaging. Each layer forms a hexagonal structure,
with the layers being stacked on each other so that the particles fill vacant spaces
within the neighbouring layers. Each particle is connected to the six neighbouring
particles on the same layer, as well as three on the layers above and below it. (c)
Body-centered cubic structure. Each cube has eight particles in the corners, as well
as an additional particle in the middle.

Figure 3: Polydisperse two-dimensional dry foam. The image has been skeletonized
for analysis. Image from [9].

where all bubbles have the same size the crystal structure can be either face-centered
cubic (fcc) seen in Figure 2a or hexagonal close packing (hcp) seen in Figure 2b, both
which have the highest packing ratio of around 74%, highest of all possible ways
of packing hard spheres. Experimental results have shown that the fcc structure is
preferred over the hcp structure[10, 11, 12, 13]. A possible explanation for this is
that fcc is mechanically more stable against small disturbances than hcp [14]. For
disordered polydisperse foams where there is no clear structure and the bubbles have
variable sizes the critical gas fraction, which is equivalent to the packing ratio for
monodisperse foams, drops from 74% to around 64% [15], although this value can
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change a lot depending on the bubble radius distribution[16]. In a two-dimensional
foam the monodisperse ordered foam has a hexagonal structure with a packing ratio
of about 90.7% and the polydisperse disordered foam around 84%[15].

At the other extreme where the liquid fraction is very close to zero the entire foam
consists of nothing but gas bubbles. This kind of structure is impossible to achieve
with only spherical bubbles, meaning that the bubbles have to become polyhedral.
The gas bubbles essentially divide the volume of the foam into cells separated by
films that can be considered infinitesimally thin curved surfaces. An example of this
can be seen in Figure 3. The sizes and shaped of the cells can vary, but they do
have certain limitations they have to follow. In the 19th century Plateau created the
following set of rules based on experimental obversations, and they have also been
proven mathematically[17].

1. The surfaces between bubbles are smooth and unbroken

2. The mean curvature in each of these surfaces is constant in every point, meaning
that the two principal radii of curvatures are the same: R1 = R2

3. Films of different bubbles always meet each other in groups of three, forming
120 degree angles as seen in Figures 4(a) and 4(b). The edge at which they
meet is known as a Plateau border.

4. Plateau borders meet each other in groups of four at a vertex as seen in Figure
4(c). The angle between them is the tetrahedral angle (around 109.47 degrees).

The first two are generally assumed to be true for all foams, but strictly speaking
the latter two only apply at the very dry limit. However, they can still be used as a
general rule for the structures of foams with low liquid fractions.

For monodisperse dry foams the optimal structure would be the one that has the
lowest possible surface area. However, determining and proving the optimal solution
has not been easy even for two-dimensional foams. While the hexagonal structure
seen in Figure 5 is a really obvious candidate for the optimal structure due to its
relatively circular shape, ability to fill space and 120 degree angles it was not actually
proven to be optimal until 1997[18]. For the three-dimensional case there are no
obvious candidates and the solution has not yet been found, or at least not proven
to be the minimal solution[19, 20]. The very first candidate was suggested by Lord
Kelvin, whose idea was using truncated octahedrons to form a body-centered cubic
(bcc) structure seen in Figure 2c. However, a theoretical counterexample known
as the Weaire-Phelan structure was found in 1993 [21] and created experimentally
in 2011[22]. This structure uses two different kinds of cells, a pyritohedron and a
truncated hexagonal trapezohedron, with equal volumes to fill the space, having
surface area 0.3% smaller than Kelvin’s suggestion. It is worth noting that these
structures for dry foams are different from the fcc and hcp-structures for wet foams,
implying that a phase transition happens at some point between these two extremes.
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(a)
(b)

(c)

Figure 4: (a) A plateau border. The blue part represents the liquid films and the
grey part represents the gas bubbles. The plateau border exists where the three films
meet. (b) Plateau border from a three-dimensional point of view. The blue parts
represent the films and the border is the line where the three films meet. (c) Four
plateau borders (thicker lines) meet at the middle point of the imaginary tetrahedron
(thinner lines). The Plateau borders divide the tetrahedron into four parts, each
representing a different gas bubble.

Figure 5: Dry monodisperse foam with clear hexagonal structure. Image from [10].

2.2 Liquid films
Two bubbles in contact are separated from each other via a thin liquid film. As seen
in Figure 6 the films themselves consist of two monolayers of surfactants separated
by a thin layer of liquid, kept together with electromagnetic forces. Understanding
the stability of these films is important for understanding that of the entire foam,
and the liquid film and its properties also plays a role in determining the resistance
to the flow of gas between bubbles.

Whenever two different phases, for example a gas bubble and bulk liquid, are
in contact, there is a small transition region in between these phases. If three
different phases in a sandwich formation are close enough to each other, the two
transition regions become overlapped and start interacting with one another. This
can happen for example via counterions balancing a charged surface as seen in
Figure 7 , in which case the interaction of the counterions causes additional repulsive
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Figure 6: The basic structure of a liquid film between two gas bubbles. The grey
parts repsesent gas bubbles, light blue represents the liquid and the small blue objects
represent surfactants and their tails.

Figure 7: When two charged plates are distant their effects on the bulk liquid are
diminished quickly. However, when they are close to each other the counterions start
to interact with each other, causing an additional repulsion on the system.

or attractive forces within the system. In both repulsive and attractive cases the
pressure caused by these forces is known as the disjoining pressure regardless of
whether the pressure is actually disjoining or conjoining. This pressure is similar
to two distant magnets being brought together, requiring work to either keep them
close together or keep them separate. Thermodynamically the disjoining pressure
can be defined as Π(h) = (∂G

∂h
)T,P,A,Ni

where G is the Gibbs free energy and h the
thickness of the bulk between the two phases.

A commonly used theory for the stability of an individual film is known as the
DLVO theory, named after its creators Boris Derjaguin, Lev Landau, Evert Verwey
and Theodoor Overbeek. The model used in this theory contains two charged flat
plates separated by the liquid phase. When the plates are far away from each other
the effects from the plates in the liquid are localized, but when the plates are close
the counterions that neutralize the electric charge of the plate start interacting with
those of the other plate, causing an additional repulsive force into the system. On
the other hand the van der Waals forces of the system start attracting the plates to
one another. The assumption is that the disjoining pressure of the system can simply
be calculated by treating these forces separately and then adding them together.

When there are no changing magnetic fields in the system the electrostatic
potential u(r) can be obtained using Maxwell’s equations. The end result is the
Poisson equation ∆u = −ρ/ϵ where ρ is the charge density and ϵ the permittivity
of the medium. When the ion concentrations ci in a solution are known the charge
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density can be obtained using the Boltzman distribution:

ρ =
N∑

i=1
ciqie

−βqiu(r) (1)

where the sum goes through all different ions, qi is the charge of that specific ion,
β = 1/kT , k is the Boltzmann constant and T the temperature. Combining this
equation with the Poisson equation gives us the Poisson-Boltzmann equation

∆u(r) + 1
ϵ

N∑
j=1

cjqje
−βqju(r) = 0. (2)

By assuming that there is an equal amount of positive and negative ions with the
charges ±q this equation can be simplified into

∆u(r) − 2qcN

ϵ
sinh(qu(r)

kbT
) = 0 (3)

This differential equation has the approximate solution

u = 4kT

q
tanh( qus

4kT
)e−κd (4)

where d is the distance from the plate, us is the potential at the surface of the
plate and κ =

√
2πNq2/ϵkT is the inverse of the characteristic Debye length. The

derivation can be found in appendix A. For a two-plate system an approximate
solution for the middlepoint between the plates can be obtained by summing this
potential with itself, assuming that the plates are still far enough from each other
and that the surface potential is the same for both.

Heurestically speaking the ions within a solution can be treated as ideal gas, in
which case the pressure would be p = kTN/V = kTc. The disjoining pressure would
then be equal to Π(h) = kT (ch − c), where c is the charge density when there are no
plates in the system, and ch is the density when the two plates are separated by the
distance h. The ion concentrations can be calculated using Boltzmann’s distribution,
and so the difference between the charge densities is ch−c = c(e−βqu(r)−1+eβqu(r)−1).
Assuming that the content within the exponent is small, meaning that the potential
is small, we can make the approximation e±βqu(r) ≈ 1 + / − qu(r) + 1/2(qu(r))2.
From these we get

Π(h) = c
(qu)2

kT
(5)

By using the Gouy-Chapman potential from equation 4 and summing the potential
from both plates we obtain the following expression for the electrostatic compotent
of the disjoining pressure.

Π(h) = c
(8qkTγe−κh/2)2

q2kT
= 64ckTγ2e−κh (6)

More details can be found for example in [23].
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The London-van der Waals forces between two molecules has the form u(r) =
−C/r6 where u is the potential, C is a molecule-dependent constant and r is the
distance between them[24, 25]. Assuming there are two infinitely large plates
separated by the distance h the total interaction energy can be obtained by summing
together all pairwise potentials. Starting from the interaction between the surface
and a single atom, the energy can be calculated as follows:

Eint = −C
∫ z=h+d

z=h
dz

∫ x=∞

x=0
dx

2qπ

(z2 + x2)3 (7)

where z is the axis going through the molecule and perpendicular to the surface, x is
the radial distance on the surface, d is the thickness of the surface and q the amount
of atoms on the surface per area which we assume to be constant. Using the identity
− d

da
1

4(a2+b2)2 = a
(a2+b2)3 we obtain the following result:

Eint = 2Cqπ
∫ z=h+d

z=h
dz

1
4z4 = −Cqπ

6 − ( 1
h3 + 1

(h + d)3 ) (8)

When h « d the surface can be considered infinitely thick and the energy simplifies to
E∞ = Cqπ/6h3. On the other hand, if h » d the wall can be considered infinitesimally
thin and the energy has the form of E0 = Cqπ/2h4 instead. Moving on into two
surfaces, it is obvious that integrating over the second surface would just make the
energy grow into infinity. Instead, we’re going to assume that we can just directly
change a single atom into a surface containing q atoms in a unit of area. This way
the energy over unit of area for infinitely thin surfaces becomes E0 = Cq2π/2h4 and
after integrating over the z-axis again the energy for infinitely thick surfaces turns
into E∞ = Cq2π/12h2. The disjoining pressures can be calculated by derivating
these with respect to h: Π0

vw = −2Cq2π/h5, Π∞
vw = −Cq2π/6h3. The constant

A12 = Cq2π2 is known as the Hamaker constant, and using it changes the disjoining
pressures into Π0

vw = −2A12/πh5 and Π∞
vw = −A12/6πh3 .

Combining the dual layer interactions and the van der Waals interactions with
infinitely thick plates gives us the DLVO theory. The disjoining potential has the
form Π = C1e

−κh − C2h
−3 where Ci are constants. The exact form of the curve

depends on the constants, but in general at longer ranges the repulsive dual layer
interactions dominate, while at shorter ranges the attractive forces become stronger.
An example of this behaviour can be seen in Figure 8. At very short ranges the
theory stops being accurate and cannot describe the behaviour anymore. The film
can only be stable if the disjoining pressure is positive and balanced by an external
pressure, because otherwise the film thickness will quickly diminish to nothing.

Film thickness is not a constant, but rather it fluctuates over time. The free
energy change associated with this fluctuation is[26]

∆F =
∫ ∫

dxdy[14γ((∂h

∂x
)2 + (∂h

∂y
)2) + 1

2(d2V

dh2 )0(h − h0)2] (9)

where h is the current thickness, h − h0 the change in thickness, V the free energy
of interaction per area and the integral is taken over a square with area a2. When
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Figure 8: Functional form of the disjoining pressure according to the DLVO theory.
The constants are all set to 1.

this change in energy is negative the fluctuations make the film unstable, and that is
only possible when (d2V

dh2 )0 is also negative. More in-depth results can be obtained by
using the Fourier transform of h:

h − h0 =
s=∞∑

s=−∞

r=∞∑
r=−∞

Hsre
ip(sx+ry) (10)

where p = 2π/a. The contribution to ∆F given by any Hsr is a2Hsr[γp2(s2 + r2)/4 +
(d2V/dh2)0/2]. This contribution is negative if (d2V

dh2 )0 is negative and

|Λ| = 2π

p(r2 + s2)−1/2 > |Λc| = [−2π2γ/(d2V

dh2 )0)]1/2 (11)

where Λc is the critical wavelength of fluctuations. Fluctuations like this always exist
if the critical wavelength is smaller than the dimensions of the films, so if we assume
that a > Γ we obtain

(d2V

dh2 )0 < −2π2γ

a2 . (12)

Since Π = −dV
dh

the requirement for unstability becomes

dΠ
dh

>
2π2γ

a2 (13)

The conclusion is that whenever the slope of the disjoining pressure is negative the
film is stable, but when the slope is positive it might be unstable. By combining this
with the requirement for positive values for the disjoining pressure, we get the two
conditions for the stability of the film. In Figure 8 we can see that these conditions
are only fulfilled within the negative slope right from the peak.

While the DLVO theory can explain the basics of film stability there are still many
things it cannot explain by itself. For example, there are two kinds of films in soap
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Figure 9: Disjoining pressure as a function of the distance between the plates with
the steric (entropic) forces included. The two stable regions for common black films
and Newton black films can be clearly distinguished. Image from [27]

water, the thicker common black films and the thinner Newton black films. Explaining
this requires taking into account forces other than the Coulomb and van-der Waals.
These entropic forces, which include undulating and peristaltic surface fluctuations
as well as molecular protrusion, tend to be repulsive and short-ranged[28]. The
undulation force is caused by thermal undulations of the surfaces bending the film in
a wave-like manner. This force is equal to Πund = 3π2(kt)2/64Kbh

3 where Kb is the
bending modulus. The peristaltic force is caused by fluctuations of the film thickness.
In this case the disjoining pressure is equal to Πpst ≈ 2(kT )2/π2Kah5 where Ka is the
expansion modulus. The protrusive forces are caused by the headgroups of surfactant
molecules sticking out into the liquid phase, causing repulsive forces between the two
surfaces. This force is

P = nα(h/λ)e−h/λ

1 − (1 + h/λ)e−h/λ
(14)

where λ = kT/α is the protrusion decay length and α is the energy per distance of
the protrusion. The effects of these forces can be seen in Figure 9 where a new stable
region for thinner films representing the Newton black films has appeared.

The above results work for isolated films. In foams the liquid films are not isolated
but form a complicated system where a small pertubation in one place can cause a
huge chain reaction, which means that at some point during the lifetime of a foam
there will be a cascade of film ruptures, leading to a rapid drop in the amount of
bubbles[29, 30]. At the end, all that is left are a few very large bubbles and a bunch
of very small bubbles. An example of this can be seen in Figure 10. It has been
shown that the ruptures happening during these cascades are correlated [32]. A key
parameter in these events is the liquid fraction. There cascading events happen when
the liquid fraction drops below a certain critical value[33, 34], one that is independent
of the sizes of the bubbles and depends on the surfactant and its concentration. Size
independence implies that the ruptures do not depend on the disjoining pressures,
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Figure 10: Images of breaking
foam from [29]. Images were taken
at (a) 290 sec, (b) 590 sec, (c) 690
sec, (d) 750 sec, (e) 790 sec, and
(f) 850 sec.

since in an equibrilium it is equal to the size-dependant capillary pressure between
the liquid and the gas. This is consistent with an experimental result showing that
the disjoining pressure during the start of the cascade was two orders of magnitude
lower than the critical value for a single isolated film[34]. As such, while it is easy
to model the stability of a single film, doing so for the entire foam is much more
difficult.

2.3 Foam Drainage
The stability of foam is highly dependent on its liquid fraction. This is not a constant
value because the foam is affected by gravity and the liquid in it slowly drains out
from the bottom, which makes the bottom parts of the foam wetter than the top
part as seen in Figure 11. This is what the term foam drainage originally referred
to, but is has taken on the broader meaning of liquid flow within foams in general.
Wetter foams tend to be more unstable due to the existence of this liquid flow within
and out of foam, which makes studying them much harder. This can be combatted
by for example studying foams under low gravity[35] or by suspending the foam in
air with magnets[36].

Foams are similar to porous materials in the sense that both contain small
channels for liquids to flow through. As such, it is possible to describe the flow of
liquid through foams q with Darcy’s law:

q = −K

µ
(∇p − ρg) (15)

where K is the permeability, µ the viscosity, p the pressure difference driving the
flow, ρ the density of the liquid and g the acceleration due to gravity. While in
porous materials the permeability stays constant during the flow, in foams the gas
bubbles move due to the liquid flow, and their sizes and numbers change due to film
rupturing and gas diffusion. Despite these issues the Darcy’s law can be used to
describe liquid drainage to at least some extend[38, 39, 40].
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Figure 11: Foam under the effect
of gravity. The foam at the top
is dry and has the characteristic
crystal structure. Foam at the bot-
tom has become spherical and the
structure less well defined. Image
from [37].

The liquid in foams exist within the films, the Plateau’s borders and the nodes
connecting the borders with each other. The amount of liquid within the films is
negligible, and so the drainage is mostly dependent on the flow of water within
the nodes and borders. By assuming that the contribution from the nodes is much
smaller than that of the borders we can simply treat the foam as a collection of
vertical Plateau’s borders. If the flow is moving downwards at speed v(x, t) and
the cross-sectional area it moves through is A(x, t) and by assuming the liquid is
incompressible we get the continuity equation

∂A

∂t
+ ∇(Av) = 0 (16)

The velocity v can be obtained by assuming that the flow can be described similarly
to Darcy’s law, with the effective viscocity µ∗[41].

µ∗v

A
= −∂p

∂z
+ ρg (17)

The pressure within the liquid can be obtained with the Young-Laplace equation.
Assuming that the area of Plateau’s border is relatively constant at any moment
we can use geometry to connect it to the radius of the bubbles so that A = C2r2 =
(
√

3 − π/2)r2 as seen in Figure 12. We get the following equation for the pressure:

p = pg − γ

r
= pg − Cγ√

A
(18)

∂p

∂z
= Cγ

2A−3/2
∂A

∂z
(19)

By combining these equations together we obtain
∂A

∂t
+ ∂

∂z
(A2ρg

µ
− Cγ

√
A

2µ∗
∂A

∂z
) = 0 (20)
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Figure 12: Plateau’s border within three equally sized bubbles. The area in the
middle can be calculated simply by subtracting the blue area equal to half a circle
from the equilateral triangle.

If the Plateau’s borders are randomly oriented we can obtain an approximate equation
by replacing g with g cos θ and z with z cos θ. The equation then becomes

∂A

∂t
+ cos2 θ

µ∗
∂

∂x
(A2ρg − Cγ

√
A

2
∂A

∂z
) = 0 (21)

The average value ⟨cos2 θ⟩ = 1/3. By multiplying the equation with 3 and making
the substitutions τ = t

√
ρgCγ/3µ∗, χ = x/

√
Cγ/ρg and α = ACγ/ρg we obtain the

following equation:
∂α

∂τ
= − ∂

∂ξ
(α2 −

√
α

2
∂α

∂ξ
) (22)

This equation is known as the foam drainage equation, and there are various so-
lutions and various applications for it[41]. There are also some assumptions and
approximations made that may not always be reasonable, including the importance
of nodes in foam drainage in certain situations. More general equations have been
suggested to account for some of these [42, 43].

2.4 Gas diffusion
When foam ages the gas bubbles become larger and lesser in number due to both
gas diffusion and the rupturing of the liquid films around the gas bubbles. The
phenomenom caused by the former is commonly known as coarsening or Ostwald
ripening and can be seen in Figure 13, while the fusion of bubbles caused by film
rupturing seen back in Figure 10 is known as coalescence. Based on the Young-
Laplace equation an isolated bubble surrounded by liquid would have a pressure Pgas

equal to
Pgas = Pliquid + 2γ

R
(23)

where γ is the surface tension and R the radius of the bubble. Based on this
and assuming that the surface tensions are equal, the pressure difference between
two bubbles would be inversely propotional to the difference of the reciprocals
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Figure 13: The effects of coarsening on foam. Image from [44].

Figure 14: A single gas bubble surrounded by the bulk liquid.

of their radii of curvatures. For spherical bubbles the pressure difference is simply
∆P = 2γ( 1

R1
− 1

R2
). In polyhedral bubbles the two surfaces of the films are curved with

the radii of curvature R and −R, and so the pressure difference has to be ∆P = 4γ
R

.
This pressure difference is the driving force behind the gas diffusion between bubbles
in contact. In the following sections we will go through the mechanics of gas diffusion
in detail.

2.4.1 Very wet limit

At the very wet limit the bubbles have no direct contact with each other, so all diffusion
happens between the gas bubbles and the liquid phase. The general assumption is
that bubbles are separated by such a large distance that the local variance in gas
concentration within the liquid is based only on the diffusion of gas from the bubble
itself. The gas concentration at the gas-liquid surfaces can thus be determined via
Henry’s law of solubility: c(R, t) = HP (R, t) where c is the concentration, R the
bubble radius, P the pressure and H is a constant that depends on the system and
its temperature. We also assume that gas concentration profile c(r) stabilizes much
faster than the bubble radius evolves, essentially making c(r) constant with respect
to time.

The flow of gas particles through the gas-liquid surface J seen in Figure 14 is
equal to

J = − 1
A

dn

dt
= − 1

4πR2vm

dV

dt
(24)
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where A is the surface area, n is the amount of particles, R the bubble radius, vm is
the molar volume of ideal gas and V is the volume of the bubble, which is related
to the change in bubble radius so that dV = 4πR2dR. Fick’s first law states that
J = −D∇c(r, t) where D is the diffusion constant. The change in concentration due
to diffusion through the surface can be determined using Fick’s second law, which
states that

∂c(r, t)
∂t

= D∆c(r, t) (25)

which is simplified using our initial assumption that the gas concentration stabilizes
quickly, which makes the partial derivative equal to 0. The equation ∆c(r, t) = 0 with
spherical symmetry and the values c(R) and c∞ known has the following solution:

c(r) = c∞ + R(c(R) − c∞)
r

(26)

The value of c(R) can easily be obtained using Henry’s law and the Young-Laplace
law.

c(R) = H(P0 + 2γ

R
) (27)

where P0 is the liquid pressure. In order to use Fick’s first law we need to derivate
the gas concentration with respect to the bubble radius.

∂c

∂r
= R(c∞ − c(R))

r2 = R

r2 (c∞ − HP0 − 2Hγ

R
) (28)

which at the point r = R becomes

(∂c

∂r
)r=R = HP0

R
(s − 2γ

P0R
) (29)

where s = c∞/(HP0) − 1 = (c∞ − c0)/c0 is the saturation parameter. We now have
two equations for the flow of gas through the surface. By combining these we get
the following expression for the time evolution of the bubble radius:

dR

dt
= 1

4πR2
dV

dt
= HDP0vm

R
(s − 2γ

P0R
) (30)

Whether the bubble grows or dissolves is determined by the sign of (s − 2γ/(P0R)
from which we can get the critical radius Rs = 2γ/(sP0). When R > Rs the bubble
grows larger and when R < Rs it dissolves into the liquid. As such, the larger bubbles
in the foam become even larger while the smaller bubbles eventually just disappear.

In order to get an estimate for the critical radius Rs we need to consider the
entire system. If we assume that the total volume of the foam and the total volume
of the liquid are both constant, then the total volume of the gas bubbles also has to
be constant. The total change in volume can be determined with equation 30 and
the condition ∑

i 4πR2
i dRi/dt = 0, and by combining these and solving the sum of

Ri the average radius can be determined: Ra = 2γ/(sP0), which is exactly the same
as Rs. We can now rewrite the equation into

dR

dt
= K

R
( 1
Ra

− 1
R

) (31)
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Figure 15: Gas flows through two monolayers of surfactants and the bulk liquid
with permeabilities k when diffusing from one bubble to another. The thickness and
surfactant density are not necessarily constants even within a single monolayer.

where K contains all the constants.
It can be shown[45] that the asymptotical growth rate for the time average is

Ra(t) = (4
9Kt)1/3. Heurestically this result can be obtained by considering that

dR/dt ∼ 1/R2 and after integrating both sides R3 ∼ t which is equal to R ∼ t1/3.

2.4.2 Gas flow through liquid films

When two bubbles are in contact the flow of gas between them is mediated by the
liquid film between them. As seen in Figure 15 the film consists of bulk liquid and
two surfactant monolayers, one for each bubble. Using Fick’s first law and relating
the concentrations with gas pressures using Henry’s law the volume gas flow per unit
area through the bulk liquid phase can be described as

J = −D
∂c

∂x
êx = k(P1 − P2)êx = 1

r
(P1 − P2)êx (32)

where c is the gas concentration, D is the diffusion constant, Pi the pressures in the
two bubbles, x the direction of the flow, k the gas permeability and its reciprocal r the
resistance to the flow. It is generally assumed that the flow through the monolayers
has a similar form, and that the total resistance to the flow is simply the sum of
the three resistances. For the bulk liquid the permeability is simply kl = DHvm/h
where vm is the molar volume of ideal gas, H the constant for Henry’s law and h
the thickness of the film. While the resistance of monolayers consisting of soluble
molecules is usually negligible[46], determining the monolayer permeability in general
is much more difficult than for the bulk liquid. This is because experiments have
shown that the dependence on the length of the carbon chain of the surfactant and
thus on the thickness of the monolayer is exponential instead of being inversely
propotional[47], meaning that the gas flow cannot be explained by simple diffusion
mechanics anymore.

The first theory proposed to explain this is the existence of an energy barrier
that needs to be surpassed for a gas particle to get through the monolayer[48]. The
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permeability would be kml = k′eEa/RbT where k′ is a constant, Ea the activation energy,
Rb the gas constant and T the temperature. The activation energy is dependent on
the lengths of the carbon chains, which is how it explains the exponential dependence,
and it also gives the proper temperature dependence. Another theory is based on
holes appearing within the monolayer[48]. In this case the resistance to the flow is

rml = 1
kml

= ( 1
αQ

)( 1
P

− 1) (33)

where the condensation coefficient α is the fraction of the gas which can enter the
monolayer, Q =

√
RbT/2πMg where Mg is the molar weight of the gas and P is the

probability of a gas particle finding a hole in the monolayer. One way to estimate
this probability is the density fluctuation theory, in which the free area is caused by
the local fluctuations in surfactant concentration alongside the natural free area of
the lattice. The probability is[49]

P = P0e
− ∆Sag

kb = P0e
− σ∆A

kbT (34)

where ∆S is the entropy change of expansion per area, ag the cross-sectional area of
the gas particles, P0 and σ system-dependant constants, kb the Boltzmann constant,
T temperature and ∆A the area expansion needed for the gas particle to get through
the monolayer. The exponential dependence on chain length is explained by the
natural free area being smaller for longer chains as well as smaller fluctuations in
the density, both of which cause an increase in the needed are expansion. A similar
theory known as the accessible area theory changes the density fluctuation into an
imperfect arrangement of molecules within the monolayer, causing holes large enough
for gas particles to get through it. While these theories can explain the exponential
dependence of the carbon chain length they cannot explain why impurities can cause
huge decreases in the gas flow resistance[50].

For very thin films, like Newton black films, the sandwich model of simply adding
the resistances together no longer apply[51]. The monolayers of the films are very
close to each other, with only a very thin layer of liquid between them, and this
has a notable effect in the properties of the film. The nucleation theory states that
the total permeability k = k0 + ∑

i ki where k0 is the background permeability of
the bilayer and ki are the permeabilities for holes of sizes i. The total area of holes
with size i is equal to iAefniA where Aef is the effective size of a single i-sized hole,
ni is the density of these holes and A is the total area of the film. The density
ni = 1/AmeWi/kbT = 1/Ame(−i∆µ+Pi)/kbT where Am is the area of a single surfactant
molecule, Wi is the work needed to create a hole of size i, ∆µ the change in chemical
potential and Pi the work needed to create the periphery. The change in the chemical
potential ∆µ = kbT ln(Cse/Cs) depends on the surfactant concentration Cs and its
equibrilium value Cse. The end result is

k = k0 +
∑

i

ϵi(
1

Cs

)i (35)

ϵi = Aef

hAm

DiC
i
see

−Pi/kbT (36)
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Figure 16: The curvature of a film. l is the length of the film, R the radius of
curvature and φ the angle of curvature. Since the center of curvature is on the
right side, the right bubble has a positive radius and angle while the left bubble has
negative.

where Di is the diffusion coefficient for a hole of size i. It can be seen that the
permeability is highly dependent on the surfactant concentrations, and that once it
gets high enough the permeability stays practically constant. Experimental results
have shown that for the thicker CBFs the surfactant concentration does not affect the
permeability, while for the thinner NBFs the results show this kind of behaviour[51].
As such, it is clear that the physics behind thinner and thicker films are notably
different and need to be described by different models.

2.4.3 Gas diffusion in very dry foams

In dry foams the bubbles form cells separated from each other via thin liquid films,
and at the dry limit the geometry follows Plateau’s laws. The gas diffuses through
the film depending on the pressure difference between the bubbles and the gas
permeability. Assuming that the sandwich model is applicable the total permeability
is 1/ktot = 1/kl + 2/kml. Defining k∗

ml = kml/Hvm the flow through the film is

J = ( h

DHvm

+ 2
Hvmk∗

ml

)−1(P1 − P2)êx = DHvm

h + 2D/k∗
ml

4γ

R
êx (37)

where h is the thickness of the film, D the diffusion constant, H the constant for
Henry’s law, vm the molar volume of ideal gas, Pi the pressures within the gas, γ
the surface tension, R the radius of curvature of the film and x the direction of
the flow. The problem is that determining either the radius of curvature or the
pressure difference is difficult since unlike wet foams they’re not directly tied to the
size of the bubble. Luckily geometric limitations allow us to determine the total
flow from and within the bubble. In the two-dimensional case the films form a loop,
and therefore the sum of the angles of sudden turns, which are equal to π/3 each,
and angles of curvatures φi must be equal to 2π. Therefore the sum of the angles of
curvatures must be equal to ∑

j φij = 2π − nπ/3 where n is the amount of neighbours
the bubble has, i is the bubble in question and j refers to the neighbouring bubbles.
Figure 16 shows that each angle of curvature is related to the radius via the simple
equation φij = lij/Rij where l is the length of the film. On the other hand, the flow
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through the film is also connected to the change in the area of the two-dimensional
bubble so that J = −1/l(dn/dt) = −am/l(dA/dt) where am is the molar area of
two-dimensional ideal gas. From these equations it is possible to easily determine
the total change in area over time:

dAi

dt
= 1

am

∑
j

Jijlij = 4DHπ

3h + 6D/k∗
mlγ

(n − 6) (38)

From this it can be seen that the size of the bubble does not directly affect whether the
bubble grows or dissolves, but rather it is determined by the amount of neighbouring
bubbles instead. When there are more than six neighbours the bubble grows, while
less than five means it dissolves, and when there are exactly six neighbouring bubbles
the size does not change at all.

Growth laws for general n-dimensional foams were derived in 2007 by MacPherson
and Srolovitz[52]:

dVd

dt
= −2πMγ(Hd−2(Dd) − 1

6Hd−2(Dd−2)) (39)

where Vd the d-dimensional volume of the domain Dd, M contains the missing
constants and Hi(V ) are the ith Hadwiger measures, or intrinsic volumes, of the
convex body V . In the three-dimension case this is equal to

dV

dt
= −2πMγ(L(D) −

∑
i

1
6ei(D)) (40)

where L(D) is known as the mean width of D and ei are the lengths of the edges of
D. The right side of the equation can be written as −2πMγL(D)(1 − f/6) where f
is the ratio between the mean width and the sum of the length of the edges. If we
assume that all the faces of the bubbles are regular polygons of the same size then
the length of the edges are dependent on the square root of its area. The area of a
single face is the total area divided by the amount of faces n, and thus the length of
an edge is dependent on the inverse square root of the amount of faces. As such, the
scaling for f becomes f = C1n

1/2 where C1 is a constant and the equation becomes
dV/dt = −2πMγL(D)(1 − C1n

1/2/6) and the similarity between the 2D and the 3D
cases become more obvious. We can also make the assumption that the volume of the
bubble is linearly dependent on the cube of L(D) and the surface area on the square,
in which case we obtain the result d(L(D)2)/dt = −2πMγC2(1 − C1n

1/2/6) where
C2 is a constant. Unlike the 2D case this result is merely an approximation, but
the change in the surface area over time is nonetheless similarly only dependent on
topological features. From the relation d(L(D)2)/dt ∼ constant we can heurestically
obtain the growth law L(D) ∼ t1/2 by integration. This growth law can also be
proven more rigorously[45].

2.4.4 Wet foam

Between the two extremes lies wet foam where the bubbles are roughly spherical but
nonetheless are in direct contact with one another. Gas diffusion between them is
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once again driven by the pressure difference between them. The pressure difference
can be calculated using Young-Laplace:

∆P12 = 2γ( 1
R2

− 1
R1

) (41)

where γ is the surface tension and Ri are the radii of the bubbles. The total
flow between the bubbles is equal to J = Aijk∆P where Aij is the contact area
between the bubbles and k is the gas permeability, and it can also be expressed
as J = −dn/dt = −1/vmdV/dt where vm is the molar volume of the gas. From
combining these two equations the growth rate for a single bubble becomes

dRi

dt
= kAijγ

2πR2
i vm

∑
j

( 1
Rj

− 1
Ri

). (42)

In order to determine the average behaviour we consider a distribution of bubble
radii f(r) and a radius r∗ that represents the average contribution from every other
bubble. For a given r the average flow of gas through the surface of the bubble is
equal to Q(r) = −8πr2kγ(1/r∗ − 1/r) where k is the gas permeability. In order to
get an estimate for r∗ we need to consider the total flow through all surfaces. Since
the amount of gas in this system has to be conserved the integral over all values of r
must be equal to zero, giving us the following equation:

Qtot =
∫

8kπσr2( 1
r∗ − 1

r
)f(r)dr = 0 (43)

From this equation we can calculate r∗:

r∗ =
∫

r2f(r)dr∫
rf(r)dr

= ⟨r2⟩
⟨r⟩

(44)

In dry foams the liquid films between bubbles were relatively flat and the thickness
h could be assumed to be roughly constant for all films. In wet foams the bubbles
are spherical, which makes the surfaces in the films curve. However, we can try to
find an estimate for the average thickness h∗ and use that. If we assume that all the
liquid in the foam is within these films then we can determine the average thickness
by taking the total volume of liquid Vl and dividing it by the total surface area of the
bubbles Sb. Using the liquid fraction ϵ the liquid volume can be determined from the
total gas volume Vg by Vl = Vgϵ/(1 − ϵ). The total gas surface area and volume can
be determined from the radii distribution f(r) and so the estimate for the average
thickness is

h∗ = Vl

2Sb

= ϵ

2(1 − ϵ)

∫ 4
3πr3f(r)dr∫
4πr2f(r)dr

= r32ϵ

6(1 − ϵ) (45)

where r32 = ⟨r3⟩/⟨r2⟩. From the film thickness we can get the permeability[55]:

k = 3DHsm(1 − ϵ)
6DH(1 − ϵ) − smϵr32

(46)
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Figure 17: The T1 process. Bubble 1 pushes itself through the film between bubbles
2 and 3, causing them to get separated while 1 and 4 get connected. This results in
the upper row effectively moving right while the bottom row stays still.

where D is the diffusion constant, H the Henry’s law constant and sm the surface
resistance to mass transfer. In practice the amount of liquid in the films is merely a
fraction of the total liquid, in which case the films thickness is multiplied and the
permeability divided by that fraction.

The wet foam coarsening has the same average r-dependence than dry foams
have, and so its scaling state behaviour is also the same, meaning that ⟨r⟩ ∼ t1/2.
However, very wet foams have a t1/3 behaviour, implying that there is a transition
phase for some values of ϵ. Experiments have shown that for three-dimensional foams
this transition happens at liquid fractions between 25% and 35% [36, 56]. In the
former case the experimental results imply that ⟨r⟩d⟨r⟩/dt = D∗F (ϵ) where D∗ is a
material parameter with the dimensions of diffusion coefficient and F (ϵ) is a function
independent of ⟨r⟩. There are at least three different semi-empirical suggestions for F ,
which are F = 1/

√
ϵ, F = 1−

√
ϵ

0.36 and F = (1−
√

ϵ
0.44)2[55]. It is worth noting that

these growth laws are similar to those belonging to statistical self-similarity[32], and
it has long been hypothesized that foams do indeed eventually reach self-similarity.
For dry foams this has been proven experimentally[53] while for very wet foams the
self-similarity has been mainly proven in computer simulations[54]. Foam that has
reached this point is said to be in a scaling scate.

2.5 Foam rheology
Foams are a collection of gas bubbles surrounded by a liquid phase. Collectively foam
is viscoelastic, meaning that at low stress levels it acts like elastic material, while at
high stress levels it acts like a viscous fluid. Foams are relatively easy to work with,
making them a good choice for research on the dynamics of viscoelastic fluids[57].
The point where the fluid starts or stops flowing is known as the jamming point.
Individual bubbles are affected by elastic forces caused by bubbles being pressed
against each other, as well as viscous forces caused by bubbles sliding against one
another. Foams are generally considered overdamped, which means that motion is
quickly damped and thus inertial effects are considered negligible[58, 59]. There are
multiple possible causes for movement to happen in foam, including external forces,
coarsening causing changes in bubble sizes and rupturing of films.

In dry foams the degrees of freedom for each bubble are highly restricted. The
process in Figure 17 where bubbles slide by one another is known as the T1 process.
In this process the external forces causes the Plateau’s rules to be broken by making
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Figure 18: The forces affecting bubbles when they are moving and pushed against each
other. The horizontal forces are spring-like elastic forces pushing the bubbles away
from each other and the vertical forces are viscous drag forces resisting movement.

more than three bubbles meet at a single point. From this unstable configuration a
new film is born, creating a different arrangement where a bubble has moved relative
to its neighbours. This process does a good job at explaining the viscoelasticity
of foams: First the external forces cause the individual bubbles to move but not
break contact with one another, but when they reach a certain point they overcome
the mechanical tension of the films (equal to about twice the surface tension) the
bubbles start moving according to the T1 process, repeating itself over and over
again, making the foam flow.

In wet foams the structure is much less well defined and the bubbles can move
more freely. In an overdamped system intertia is considered insignificant, so the
viscous drag and elastic forces have to cancel each other out. The drag force is
non-linearly dependent on the relative speed of the bubbles moving past each other,
so that F v

12 = b(v1 − v2)α where b and α are system-dependent constants and α is
smaller than one[58, 60]. However, in many simulations the behaviour is assumed to
be linear for the sake of simplicity. Furthermore, the mean-field approximation where
the velocities of the neighbouring bubbles are averaged is also very common, so that
the drag force becomes F v

i = b(vi − ⟨v⟩). The elastic forces are caused by the contact
between two bubbles distorting the shapes of the surfaces, causing the surface area
to increase which then creates a repulsive force between the two bubbles. This force
is similar to that of a spring, with the spring constant being equal to the Laplace
pressure γ/R and the force being propotional to the change in radius caused by the
deformation[61, 62]. Here γ is the surface tension and R the radius of the bubble.
By choosing that r1, r2 are the coordinates for the middle points of the spheres we
can obtain the elastic force by treating the system as two springs in a series:

Fe = F0
R1 + R2 − |r1 − r2|

R1 + R2
(47)

where F0 is a constant. The sums of the drag and elastic forces have to be equal to
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Figure 19: The two-plate model for fluids has two imaginary plates at the top and
the bottom, with fluid in between. The force F is applied to the top plate, giving it
speed v while the bottom plate is assumed to stay still. The shear stress is defined
as σ = F/A where A is the area of the plate, while the shear rate is defined as v/h.

zero, from which the velocities for each bubble can be obtained.
Foams are often modeled with the Herschel-Bulkley equation:

σ = σj + f(γ) = σj + kγn if σ > σj (48)
γ = 0 if σ < σj (49)

where σ is the external shear stress, σj is the yield stress required to reach the
jamming point and γ the shear rate. The definitions of shear stress and rate can
be seen in Figure 19. f is a function that details the behaviour of the fluid after
the jamming point has been reached, and kγn is a commonly used model for it,
with k being a constant and n showing the power-law dependency. For ordinary
Newtonian liquids σj = 0 and n = 1, meaning that there is no yield stress and the
shear rate is linearly dependent on the shear stress. The constant n is smaller than
one for foams [60, 63], which means that higher shear stresses lower the viscosity
and make the foam flow better. The yield stress is dependent on at least the liquid
fraction[64], the surface tension of the films and the mean volume-surface ratio of the
bubbles[65, 66]. The power law is also heavily dependent on the liquid fraction[66],
with liquid fractions above 0.25 having the power law n > 0.5 and lower liquid
fractions having power law n < 0.5. In the latter case the power law is also heavily
dependent on the type of surfactant used in the foam[66]. Questions about the
validity of this model for viscoelastic fluids and the concept of a single yield stress
value have been raised[67, 68]. This is because the transition from solid to liquid in
some materials can happen over various levels of stress[69], and in certain kinds of
materials the recovery from an applied stress happens over a longer periods of time,
making the yield stresses dependent on the shears applied in the past[70, 71, 72].



25

3 Computational methods
The objective of this study is to simulate coarsening of wet foam in three dimensions.
In an ordinary situation wet foams at high gas fractions eventually reach what is
known as the scaling state, where the growth law for the average radius is ⟨r⟩ ∼ t1/2,
but this is not necessarily true for situations where the foam is stuck between two
plates and thus its size is highly limited in one dimension. In this study we’re going
to simulate wet foams in boxes of various sizes, with two dimensions having periodic
boundary conditions and a fixed size while the third dimension has a varied size but
no PBC.

The model we use in our simulations is the Durian bubble model[59]. In this
model all the bubbles are considered to be soft spheres in 3D or disks in 2D. The
rheological behaviour of the bubbles is based on section 2.5. When two bubbles are
overlapping one another they are treated as if they were springs, with the spring
constants k being inversely propotional to the radii of the bubbles. Based on equation
47 the elastic force acting between the bubbles has the magnitude

F12 = F0

r1 + r2
(r1 + r2 − |x1 − x2|) (50)

where ri are the radii of the bubbles, xi their locations and the direction of the force
is so that the bubbles are pushed straight away from each other. Assuming that
the system is overdamped, meaning that all oscillatory movement quickly vanishes
and that inertia is insignificant, the mechanical equibrilium is achieved when the
viscous drag forces are equal to the elastic forces between bubbles. The averaged
viscous force is assumed to be linear so that F v

i = µ(vi − ⟨v⟩) where µ is the viscocity
and ⟨v⟩ the average velocity of the neighbouring bubbles. There are no external
forces or deformations applied to our system, and so we assume that this average is
0 everywhere. From this we obtain the equations for motion for each bubble:

dxi

dt
=

∑
i ̸=j

F0

µ(ri + rj)
(ri + rj − |xi − xj|) (51)

These equations are then solved numerically. The method we use is the predictor-
corrector intergrator scheme, where the basic idea is to use an explicit method to
first gain a rough estimate of the solution, and then use an implicit method to gain
a more accurate result. In our code we use the Adams-Bashforth method for the
first step, and the Adams-Moulton method for the second one. Starting with the
initial conditions y(t)′ = f(t, y) and y(0) = y0 the equations for these methods are
as follows:

y∗
n+1 = yn + h

2 (3f(tn, yn) − f(tn−1, yn−1) (52)

yn+1 = yn + h

2 (f(tn, yn) + f(tn+1, y∗
n+1) (53)

The time step of the simulation is adaptive, chosen so that the difference |y∗
n+1 −yn+1|

is smaller than a chosen error tolerance value. If the error is larger than this tolerance,
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Figure 20: Using the radii of the bubbles and the distance between them the contact
area can be calculated using simple trigonometrics.

then the time step is decreased and the calculation repeated until the error fits within
the tolerance. Likewise, if the error value is much smaller than the tolerance then
the time step is increased.

Based on equation 42 the diffusion from one gas bubble to another changes the
radii of the bubbles so that

dri

dt
=

∑
j

k

4πr2
i

Aij(
1
rj

− 1
ri

) (54)

where Aij is the contact area between the bubbles, j refer to the bubbles in contact
with bubble i and k is the constant that determines the strength of the coarsening.
The contact area between the bubbles can be solved via simple geometry like seen
in Figure 20. By using d for the distance between the centers of the two bubbles
and a for the distance to the contact area from one of them, we can use Pythagora’s
theorem to make the equations r2

1 = a2 + h2 and r2
2 = (d − a)2 + h2. By substracting

one from another we obtain a2 − (d − a)2 = r2
1 − r2

2 from which we can solve
a = 1/2(d2 + r2

1 − r2
2)/d. By inserting this into the first equation and multiplying

by π we obtain A = πh2 = π[r2
1 − 1/4(d2 + r2

1 − r2
2)/d2]. In order to avoid problems

when r → 0 and to handle the negative radii that can occur during the simulation
all bubbles with radius smaller than a set value far below the average radius will be
eliminated from the simulation and the remaining gas will be distributed to or the
negative volume will be taken from all the other bubbles relative to their volumes.

Gas diffusion through the bulk liquid can also be added to the simulation. We
assume that this flow can be described using the average flow for isolated bubbles
derived in section 2.4.1 and that the change in the radii can be based on equation
31, which gives us

dri

dt
= drkr0

ri

( 1
⟨r⟩

− 1
ri

) (55)

where dr is the ratio of the strengths of the two types of diffusion and r0 the initial
average radius. Compared with the equation for the flow directly between bubbles,
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Figure 21: A two-dimensional example for the division of the the box containing the
foam. All sections have the same size, which is decided so that the maximum radius
of the bubbles is smaller than the size of the section. The contacts for bubbles within
the red section are searched for within the red and the light blue sections, and the
contacts for bubbles withing the orange section are searched for within the orange
and darker blue sections. Using similar logic for every section, the contacts for every
single bubble can be found out without having to compare every single bubble with
each other, at least until the amount of divisions per dimension becomes less than
three.

the relative strengths of these flows can be estimated by comparing dr and the average
ratio between the contact area and the surface area of the bubble ⟨Aij⟩/4π⟨r2

i ⟩.
The simulation is divided into two different parts, the creation of the foam and

the coarsening of the foam. At the beginning of the simulation, a number of bubbles
are randomly generated within a box. The generation continues until an initial value
for the gas ratio of the foam has been reached. After this point has been reached the
system is compressed by rescaling the dimensions until the target gas ratio has been
reached. The system is then allowed to stabilize until the total change in the energy
of the system is smaller than a chosen tolerance value. At this point the foam has
been created and the coarsening begins, and it continues for as long as the program
is left running.

The boundary conditions in the simulations are periodic, meaning that the
bubbles that move beyond the borders of the box are placed inside the box on the
opposite side and that contacts between bubbles are also possible through these
borders. In order to make finding the contacts during the simulation faster the box
is divided into multiple sections depending on the maximum radius of the bubbles,
and only neighbouring sections and periodic neighbours are taken into account like
seen in Figure 21. Simulations where one of the dimensions has solid boundaries
instead of periodic are also done in order to simulate a foam trapped between two
plates. In these cases the periodic neighbours through this dimension are obviously
not taken into account, and instead of moving to the opposite side of the box the
bubbles are repelled by a spring force that moves the bubbles back within the limits
of the simulation. The other two dimensions still have the same ordinary periodic
boundaries.
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Table 1: List of simulations

Simulation dr Boundary Condition
1 0 Periodic
2 0 One solid
3 0.01 Periodic
4 0.01 One solid
5 0.05 Periodic
6 0.05 One solid

4 Results
In this section we go through the simulations we have done. We have simulated
wet foam within boxes with the sizes 1x1x1 with periodic boundary conditions, as
well as boxes where one dimension has solid walls. Some of these simulations have
an averaged gas flow through the bulk liquid added with the strength dr. A list of
simulations and their boundary conditions and dr values can be seen in Table 1. We
are then going to analyze these simulations to see how these various things affect the
foam. All these simulations have the gas fraction of 0.95 and start with over 3000
bubbles, with the radii being normally distributed with the average radius 1 and
the variance 0.21 and then scaled by the wanted initial average radius ri. The times
have all been scaled by tc = k/r2

i where k is the strength of the gas diffusion.
The first simulation is with 3612 bubbles, periodic boundary conditions and gas

flow only directly between the bubbles. The theory and past experiments show that
the asymptotic growth for the average radius of foams with high gas fraction like this
should be ⟨r⟩ ∼ t0.5. In Figure 22 we can see this average radius ⟨r⟩ of the simulated
foam. At first the average radius decreases up until around t = 10, reaching a value
somewhere between 0.7 and 0.6, after which it starts increasing, and at around t = 50
it reaches a growth consistent with the growth rate t0.5.

The second simulation is similar to the first one, except this time one of the
dimensions had solid boundaries and only two dimensions were periodic. A reasonable
assumption is that removal of one of the periodic boundaries would slow down the
growth of the foam to at least some degree, since it would lower the amount of
neighbours the bubbles in the foam have and thus decrease the amount of gas flow
happening. In Figure 23 we can see the average radius of this simulation. Like
the first simulation the radius initially decreases over time up until around t = 10,
reaching a value around 0.7. However, unlike the first one in this simulation the
radius does not start increasing at a constant steady rate, but rather the growth
becomes so slow the radius does not even reach 0.8 before it starts a very slow
decrease over time.

These two simulations already imply that the existence of a solid boundary has a
huge impeding effect on the growth of the average bubble radius. However, before
making any conclusions it is a good idea to take a more in-depth look at the foams
we simulated and see what exactly causes this change in the behaviour of the average
radius. In Figure 24 we have snapshots of the states of the simulations near the end.
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Figure 22: The average radius of the foam of the first simulation. The time has
been scaled by tc and the radius by the initial average radius ri. This simulation has
periodic boundary conditions and gas flow only directly between bubbles. The red
line is the function 0.1275(t/tc)0.5, showing how the average radius roughly follows
that kind of growth at the end of the simulation. Logarithmic scaling is used for
both axes in order to make the exponential growth rate easy to see.

A single look at these already shows a huge difference in that the second simulation
has a lot more isolated small bubbles not in contact with any other when compared
to the first one. A lot of these small bubbles are concentraced near the non-periodic
boundaries, which implies that it is indeed the non-periodic boundary condition that
is causing these small bubbles to exist in such large numbers.

In Figure 25 we have distributions of bubble radii r scaled by the average so that
x = r/⟨r⟩ taken at various points of the first and second simulations. In the first
simulation there is a peak at around x = 0.5 that rapidly decreases to 0 on the left
side of the peak, while on the right side the amount of bubbles also goes down quickly,
but the existence of larger bubbles makes the distribution continue to the right with
small values, giving the distribution a long tail. The general form of the distributions
of the second simulation are very similar to the first, but the peak is notably wider,
with the left side decreasing to zero slower and the tail of the right side starting at
around x = 1.5 to x = 2. The height of the tail is also notably smaller, implying
that it contains relatively less and the peak relatively more of the bubbles than in
the first simulation. While there are some variations in the distributions at different
times, especially in the tail part, they tend to be quite similar to one another. This
is generally consistent with the idea of the steady state, where the distribution of
bubbles stays constant over time.
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Figure 23: The average radius of the foam of the second simulation. The time has
been scaled by tc and the radius by the initial average radius ri. One of the three
dimensions has a solid boundary and the others are periodic. The red line is same as
in figure 22, showing the difference between these two simulations.

The distributions show that the simulations contain a lot of small bubbles and
that the radius distributions do not change much over time. However, it is left
unclear whether the bubbles stay in the system isolated and unchanged or whether
the smaller bubbles disappear and keep being replaced by others. In Figure 26 we
can see the relative amount of isolated bubbles over time during the simulations. In
the first simulation the ratio quickly rises to around 0.1 only to slowly drop below
0.05. That is then followed by a large, almost unnatural spike taking the ratio up
to 0.35, after which it starts rapidly going up and down while slowly decreasing
and eventually stabilizing to around 0.1 - 0.15. At the same time the time step
of the simulation also decreases a lot, which can be seen from the density of data
points in the figure. The second simulation on the other hand has the ratio increase
throughout the entire simulation, eventually reaching 0.4 - 0.6.

These two simulations very clearly imply that a limited space impedes the growth
of the average bubble radius. However, especially the simulation in a limited space
has a huge problem with small bubbles that are not in contact with any other and
which therefore do not contribute to the coarsening process. Their existence alone
affects the average radius of the foam, and they also contain gas that is necessary
for having a simulation with a constant gas fraction. Like mentioned in section 2.1,
the critical gas fraction for which the bubbles are no longer connected to each other
should be close to 64% for wet polydisperse foams. While the exact value depends
on the bubble radius distribution, the gas fraction of 0.95 should be far above the
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Figure 24: The picture on the left is a snapshot near the end of the first simulation.
A lot of small bubbles not in contact with any other can be seen all around, but
due to periodic boundaries it is difficult to say for sure which ones are isolated and
which ones are in contact with bubbles on the other side. The picture on the right
is a snapshot near the end of the second simulation. The amount of small isolated
bubbles is huge, and they are concentrated near the two solid boundaries, making it
clear they are isolated.

jamming point, yet there are still a lot of bubbles isolated from one another. Taking
all of these into account, it is quite clear that the system that was simulated may
not be physically accurate enough to make any real conclusions.

In order to figure out how these isolated bubbles appear, we can think about
a simple situation where one bubble with the radius r is stuck in the middle of
eight equally sized larger bubbles with the radius r∗ and compare it to a similar
two-dimensional situation. After some simple calculations it turns out that there is
enough space in the middle of these eight bubbles for the middle one to not touch
any of them if its radius is smaller than r = (

√
3 − 1)r∗ ≈ 0.71r∗. In two dimensions

the respective value would be
√

2 − 1 ≈ 0.41, which is much lower. Taking into
account that the bigger bubbles would take gas from the middle one while they get
pushed away by it, it is not hard to imagine how a bubble would get isolated from
others. And since these bubbles won’t grow or move, the only way for them to get
back into contact is for other bubbles to grow or move. Another major reason is
that while the gas fraction is technically constant, in the simulations it is defined
to be the total volume of the bubbles in foam, which does not necessarily mean
that the same amount of space in the box is taken. After all, when bubbles are in
contact with one another some of their volume is actually shared between these two
bubbles, giving more space for isolated bubbles to exist within the foam. And as
can be seen from Figure 27 the maximum radius of the bubbles grows at around
the rate rmax ∼ t0.39. When enough bubbles grow large enough there simply is not
enough space for them to move out of contact with one another, meaning that more
of the gas fraction keeps effectively vanishing from the simulation. This is a problem
that might get alleviated when the amount of bubbles in the simulation is increased,
but the amount of computing power required would increase very fast, especially for
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Figure 25: Above is the radius distribution of the first simulation with periodic
boundaries at the beginning (red boxes), around t=76 (red line), t=100 (blue line)
and t=128 (blue boxes), and below is the radius distribution of the second simulation
with two solid boundaries at the beginning (red boxes), around t=76 (red line), t=90
(blue line) and t=100 (blue boxes).

three-dimensional simulations.
In order to get rid of these small isolated bubbles, we added the averaged gas flow

through the bulk liquid into our simulations. Using the same gas fraction of 0.95 and
3412 bubbles, we made two simulations with the relative strengths of diffusion dr

0.01 and 0.05. The reason we chose these values is that we assume that the relative
strength of the interbubble gas flow, which can be measured by calculating the
ratio between the average contact area and the average surface area of the bubbles,
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Figure 26: Ratio of isolated bubbles within the first (above) and second (below)
simulations.

is somewhere in between these two values, and by choosing these specific values
we can see how gas flow weaker and stronger than the interbubble flow affects the
simulations. The results for these can be seen in Figures 28 and 29. The general
trend for the average radius is similar to that of the first two simulations, with the
radius decreasing at the start but then starting to increase. However, unlike the
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Figure 27: A comparison between the maximum radii of the first two simulations.
The red line is the first simulations and the blue line second. The black line is
1.42(t/tc)0.39, showing that the maximum radii grow exponentially.

first simulation, which reaches a steady growth with the exponent 0.5, in the third
simulation with dr = 0.01 the average radius seems to increase for a short while,
then move horizontally and then increase again, repeating this trend until it starts
increasing at a rate little lower than 0.5. The fourth simulation with dr = 0.05 is
also different from the very first simulation, since here the growth rate does not seem
to follow either the 1/3 belonging to the gas diffusion through the bulk and the 1/2
belonging to the gas diffusion directly between the gas bubbles. Rather it seems
to be closer to the growth rate of 0.4, which lies in the middle of the 1/3 and 1/2
growths, at least until the very end where there is a sharp increase. Higher values of
dr also seem to make the average radius start increasing earlier and the minimum
value of the average radius higher. On the other hand, when dr is lower it seems
to make the growth rate closer to the 1/2 growth it is theoretically meant to be,
although even when it is zero there is still no perfectly straight line.

Simulations with solid boundaries in one dimension were also made with the same
3412 bubbles and 0.95 gas fraction. In Figures 30 and 31 we can see how the results
compare with the non-bounded simulations. In both cases the growth of the average
radius is very similar up until the very end of the simulation. In the dr = 0.01 case
the growth seems to follow the growth rate of t0.33 while in the dr = 0.05 case the
growth rate seems to be t0.4. This result might seem counterintuitive, but it is clear
that in both cases the inclusion of a solid boundary slows the growth of the average
radius.

In Figure 32 we can see the radius distributions for the bounded and unbounded
simulations with dr = 0.01. Unlike the very first two simulations, here the distribu-
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Figure 28: The average radius of the foam of the third simulation with periodic
boundaries and dr = 0.01. The time has been scaled by tc and the radius by the
initial average radius ri. The two red lines are 0.28(t/tc)0.5 and 0.5(t/tc)0.33.

tions are not just a small peak at the very left and a long tail to the right, but rather
the tail also has a peak or two in it. Furthermore, in the previous distributions there
was a notable amount of very small bubbles, while here they are almost nonexistent.
It can clearly be seen that the simulation takes care of the very small bubbles and
prevents them from staying in the foam. The distributions at different times also
seem to be quite different from one another, as opposed to the previous simulations
where they were relatively constant. However, this might just be caused by the more
complex shape of the distributions here.

The distributions for the dr = 0.05 simulations can be found in Figure 33. The
radius distribution is much wider and more equal than in the previous simulations,
with the peak being almost gone and the tail almost as high as the peak. However,
the amount of bubbles is also much lower than before, which makes interpreting the
distributions difficult. These simulations have bigger differences in the distributions
at different times than the previous ones, which seems to imply that high values of
dr cause the distributions to change quickly.

In order to figure out the relative strengths of the interbubble gas flow and the
flow through the bulk liquid we have plotted the values of the average contact area
divided by the average surface area for each contact between the bubbles. These
plots can be seen in Figure 34. In both cases the simulations with solid boundaries
have higher values than the purely periodic simulations. The existence of the solid
boundary generally makes the foam have less contacts between the bubbles, but
judging by these plots the average contact area in bounded simulations is higher.
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Figure 29: The average radius of the foam of the fourth simulation with periodic
boundaries and dr = 0.05. The time has been scaled by tc and the radius by the initial
average radius ri. The three red lines are 0.4(t/tc)0.5, 0.53(t/tc)0.4 and 0.62(t/tc)0.33.

In the beginning of the simulation the values decrease with a rate of t−x for some
positive x, and the decrease in the d=0.01 simulations are much faster than in the
d=0.05 simulations. Eventually the values start to fluctuate strongly, and in the
d=0.01 case they fluctuate over a constant value while in the d=0.05 case the values
keep on decreasing at roughly the same rate until they start increasing again. The
values in general seem to stay between 0.02 and 0.04, which fits with the assumptions
we had about these values before the simulations. Therefore we can conclude that
the d=0.01 have the interbubble gas flow be stronger than the flow through the
medium, while in the d=0.05 case the opposite is true.

In Figure 35 we can see the relative amounts of bubbles with neighbours for the
two simulations with d=0.01. The values fluctuates a lot more than in the first
two simulations, but the general trend for it seems to be increasing and eventually
fluctuating around 0.2. This is actually higher than the 0.15 that the very first
simulation had, but it is much lower than the 0.5 of the second simulation. There
are no major differences between the bounded and unbounded simulations, although
the bounded simulation reaches higher values during the fluctuations.

The ratio of bubbles with no neighbours for the d=0.05 simulations can be seen
in Figure 36. Unlike the d=0.01 simulations the general trend here is not increasing
but rather the values clearly decrease and increase over time. Furthermore, the
bounded and unbounded cases have clear differences. The unbounded simulation
tends to fluctuate around 0.1 with a peak going up to around 0.3, while the bounded
simulation start at 0.1 and eventually moves to fluctuate around 0.2.
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Figure 30: The average radius of the foam of the fifth simulation with dr = 0.01
and solid boundaries for one dimension. The time has been scaled by tc and the
radius by the initial average radius ri. The two red lines are the average radius for
the fourth simulation and 0.5(t/tc)0.33. Unlike the third simulation, here the average
radius seems to follow the 1/3 growth all the way through.

Figure 31: The average radius of the foam of the sixth simulation with dr = 0.05
and solid boundaries for one dimension. The time has been scaled by tc and the
radius by the initial average radius ri. The two red lines are the average radius for
the third simulation and 0.53(t/tc)0.4. We can see that this simulation closely follows
the middle red line seen in Figure 29 instead of having a sudden increase at the end
like the four simulation did.
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Figure 32: The above image contain the radius distributions of the third simulation
with periodic boundaries and dr = 0.01 t the beginning (red boxes), around t=29 (red
line), t=45 (blue line) and t=60 (blue boxes. Below image has radius distributions
of the fifth simulation with solid boundaries in one dimension at the beginning (red
boxes), around t=21 (red line), t=40 (blue line) and t=60 (blue boxes).)
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Figure 33: The above image contain the radius distributions of the fourth simulation
with periodic boundaries and dr = 0.05 at the beginning (red boxes), around t=20 (red
line), t=50 (blue line) and t=79 (blue boxes). Below image has radius distributions
of the sixth simulation with solid boundaries in one dimension at the beginning (red
boxes), around t=20 (red line), t=47 (blue line) and t=80 (blue boxes)
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Figure 34: The average contact area over the surface area of the bubble in the
two simulations with dr = 0.01 (above) and dr = 0.05 (below). The simulations
with periodic boundaries are red and the simulations with solid boundaries in one
dimension are blue.
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Figure 35: Ratio of isolated bubbles in the third (above) and fifth (below) simulations.
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Figure 36: Ratio of isolated bubbles in the fourth (above) and sixth (below) simula-
tions.
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5 Conclusions
We have done multiple simulations of wet foam, both with periodic boundary con-
ditions in all dimensions and ones where one dimension had solid boundaries. In
these simulations we have seen that the existence of the solid boundaries inhibits
the growth of the average radius of the bubbles within foam, and unlike with only
periodic boundaries these simulations never reached the t0.5 growth rate. The dif-
ference between these simulations diminishes but does not disappear whenever the
strength of the averaged flow through the liquid medium is increased. This result
makes sense, since the flow through the medium is not affected by the existence of
the boundary while the growth directly between bubbles is.

The major problem with the simulations is that the foam contains a notable
amount of bubbles that are not in contact with any other bubble and thus do not
contribute to the coarsening of the foam at all, despite the fact that the foam is way
above the jamming point. This was an especially big problem in the simulation with
no flow through the bulk and a solid boundary for one dimension, where about half
of the bubbles were isolated from one another. Without an answer to this issue it
is clear that this model would not be able to provide satisfactory results for foams
trapped between solid plates.

The solution we applied to this problem was adding a flow through the bulk
liquid that would prevent the isolated bubbles from staying in the system for too
long. However, when taking a look at how many isolated bubbles there actually
were in the system, the flow through the bulk did not really lower that amount at all
compared to the simulation with no such flow and periodic boundary conditions in
all dimensions, although it did help when compared with the simulation that had
solid boundaries in one dimension. What seems to be happening is that while this
additional flow causes isolated bubbles to disappear, it also made the bubbles in
the foam shrink faster and become isolated that way. Furthermore, this flow also
has a clear effect on the growths of the average radii, lowering the exponent from
the supposed t0.5 growth in the simulations with the periodic boundary conditions
while pushing the growth close to the t0.33 growth that foams follow at the wet limit
for the simulations with solid boundaries. This implies that the added flow has a
too large effect on the coarsening while not necessarily even solving the issue it was
meant to, which ends up giving results that are not what we wanted them to be.

In conclusion, the simulations we have done do give some idea about how the
existence of a solid boundary affects the growth of foam. However, it seems unlikely
that the model we used good enough for simulating these kinds of foams accurately
enough. Due to time limitations we did not have time to do them, but we would
have liked to make simulations where the flow through the bulk is much weaker
than what we had in our simulations and what the flow directly between bubbles is,
because that way we might have obtained better results. It is possible that with low
enough strength the flow through the bulk might be able to get rid of isolated bubbles
without disturbing the main coarsening process too much. It is likely, however, that
this method for solving the issue of isolated bubbles is simply not good and needs to
be replaced by something else.
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There are many other possible ways to try to solve the issue with isolated bubbles.
One possible way is to make the flow through the bulk stronger for isolated bubbles
than for those in contact with other bubbles. The effective disappearance of gas
fraction due to overlapping bubbles was a possible cause for isolation, and rescaling
the system so that the effective gas fraction stays constant might help with the
problem. Maybe the spring force moving bubbles away from the solid boundaries
prevented the larger bubbles from getting into contact with the smaller ones, and
more lenient boundaries would help. Giving the bubbles small but random movement
might help them get in contact with other bubbles. Maybe the solution is to make
the gas fraction of the simulation much higher than it is, causing severe overlap but
preventing bubbles from getting isolated in the first place. Whatever the solution
ends up being, once the problem is solved we would like to get more conclusive
results on the kinds of simulations we have made. Furthermore, we would also like to
simulate foams with different gas fractions and different sized boxes with boundaries
in order to see how those would affect the growth of foam in a limited space.
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A Derivation for the solution of a differential equa-
tion

The differential equation y′′ = a2sinh(y) with the boundary condition y(0) = y0 can
be solved by multiplying both sides with dy/dx and using the identity d/dx(dy/dx)2 =
2(d2y/dx2)dy/dx. The equation is now

d

dx
(dy

dx
)2 = 2dy

dx
a2sinh(y). (A1)

Integrating both sides from 0 to y gives us (y′)2 = 2a2(cosh(y) − 1). Using the
identity coshx − 1 = 2sinh2x/2 we can change the equation into

y′/sinh(y/2) = −2a. (A2)

Assuming that y > 0, we can use the identity
∫ dx

sinhax
= 1

a
ln(tanh(ax/2)) + C to

obtain the result
tanh(y/4) = e−2axeC . (A3)

The constant C can be solved using the boundary condition, giving the result
C = ln(tanh(y0/4) from which we obtain

tanh(y/4) = e−axtanh(y0/4). (A4)

The exact solution can be obtained by using the inverse hyperbolic tangent, but if y
is assumed to be very small then tanh(y/4) ≈ y/4 and we obtain the approximate
solution

y = 4e−axtanh(y0/4). (A5)
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