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Abstract—In this paper, we analyze the error caused by the
beamspace transform (BT) when it is applied to uniform circular
array (UCA) configuration. Several algorithms for direction of
arrival (DoA) estimation exploit this modal transform because it
allows using computationally efficient techniques such as polynomial rooting and dealing with coherent sources. The BT is based
on the phase-mode excitation principle. The performance of such
DoA estimators is degraded if the array has a small number of
elements. We introduce a modified beamspace transform (MBT)
that performs mapping from element-space to beamspace domain
taking into account the error caused by the transform. Justification of the difference in the statistical performances of MUSIC
and root-MUSIC algorithms for UCA is also given. Moreover,
we show that there is a significant difference in the performance
of the UCA root-MUSIC technique depending on whether an
even or odd number of elements is used. We derive an expression
approximating the bias in the DoA estimates that is caused by the
beamspace transform. Some design guidelines are provided for
choosing the key UCA configuration parameters such as number
of sensors, array radius, and interelement spacing in order to
reduce the error. Finally, we propose a novel technique for bias
removal. It allows practically bias-free DoA estimation.
Index Terms—Array calibration, beamspace and modified
beamspace transform, bias reduction, direction of arrival (DoA)
estimation, error analysis, uniform circular array (UCA), uniform
linear array (ULA).

I. INTRODUCTION
IRCULAR arrays are of interest in a variety of applications, e.g., in multiantenna communication transceivers,
navigation, and electronic intelligence. Moreover, uniform circular arrays (UCAs) have uniform performance regardless of
the angle of arrival and can estimate both azimuth and elevation
angles simultaneously. In order to come up with computationally efficient high-resolution direction of arrival (DoA) estimators for circular array, the so-called beamspace transform (BT)
may be applied. It rebuilds desired Vandermonde structure for
the steering vectors. Consequently, methods like root-MUSIC,
ESPRIT, and special versions of MUSIC may be applied to find
DoAs [2], [4]. Notice that in this paper, we consider the case of
azimuthal estimation at a fixed elevation angle.
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The BT works properly only under certain conditions on the
array configuration that may be difficult to satisfy in some applications. For example, when a UCA with a small number of
sensors (from six to ten elements) is used, a residual error due
to the beamspace transform introduces a bias in the DoA estimates. Obviously, the Cramér–Rao lower bound (CRB) cannot
be achieved then.
In this paper, we present a qualitative and quantitative analysis of the residual error in order to analyze the behavior of the
algorithms and improve their performance. We derive a modified version of the BT that shows that the error can be interpreted as element misplacement. An expression for the residual
error is found and a first-order approximation of the bias in the
DoA estimates is introduced. Moreover, some rules of thumb for
choosing the key parameters in a UCA configuration are given.
In practice, the configuration parameters of a UCA may be selected to provide a good tradeoff among different design goals.
In the case of uniform linear array (ULA), well-known
noise subspace algorithms such as MUSIC and root-MUSIC
have similar asymptotical performance [15]. In this paper,
we show that this is not the case when those techniques are
applied to UCA configuration. They have asymptotically equal
performances only when a UCA with a suitable configuration is
used. Otherwise the algorithms, in particular the root-MUSIC
method, suffer from bias caused by the BT. We will also show
that there is a significant difference in performance whether
even or odd number of sensors are used in a UCA.
In this paper, we introduce an iterative technique for removing the bias introduced by the BT. Expressions for two
correction terms that eliminate the bias are derived. Consequently, the estimates become practically bias-free, as will be
demonstrated in the simulations.
This paper is organized as follows. First, the UCA system
model is presented. In Section III, the phase-mode excitation
principle is described. In Section IV, we define the BT and an
expression for the residual error. A modified beamspace transform (MBT) is introduced. In Section V, effects of the residual
error on the DoA estimates are shown. A first-order approximation of the bias in the DoA estimates is found. In Section VI,
simulation results illustrating the dependence of the residual
term on the UCA configuration parameters are shown. The differences in performance between the MUSIC and root-MUSIC
techniques for UCA are explained. In Section VII, a novel technique for bias removal is presented. Section VIII concludes this
paper.
II. SIGNAL MODEL
Let us have a UCA of
on the array plane
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sensors. There are emitters lying
. The transmitted narrow-band sig-
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Fig. 1. UCA with N elements. The wavefield impinges to the array from a
direction denoted by  (elevation) and  (azimuth). The array lies on the xy
plane.

Fig. 2. UCA with N = 8 sensors; r as the radius, and
1) as the angular position of a sensor.

0; . . . ; N

0

= (2n)=(N ) (n =

A. Continuous Circular Aperture
nals are impinging the array from directions
(
is the azimuth angle). Furthermore, we assume that
snapelement-space array
shots are observed by the array. The
output matrix is modelled as

(1)
element-space array steering vector mawhere is the
source matrix, and is the
noise
trix, is the
matrix. The noise is modelled as a stationary, second-order ergodic, zero-mean spatially and temporally white circular complex Gaussian process. The element-space steering vector ma,
trix of a UCA may be written as
where each column is of the form

In the case of continuous circular aperture, any excitation
function is periodic in with a period of 2 and can hence be
expressed in terms of Fourier series [1], [2], [19]. A generic exmay be defined using the inverse Fourier
citation function
, where the th phase mode
series
represents a spatial harmonic of the array exciis the corresponding Fourier series coefficient, and
tation,
represents the angular location of a point, which runs continuously on the circular aperture.
By integrating the spatial harmonic of the array excitation
over the continuous circular array, we can compute the
resulting from exciting the
normalized far-field pattern
aperture with the th mode as [1], [2]

(3)

(2)
for
. Here
and
is the radius,
is the wavenumber, is the wave
is the angular frequency, and
propagation speed,
is the sensor location.
The elevation angle is measured down from the axis. In this
paper, it is assumed to be fixed at 90 , i.e., the sensor plane. The
azimuth angle is measured counterclockwise from the axis;
see Fig. 1.

III. PHASE-MODE EXCITATION PRINCIPLE
In this section, the phase-mode excitation principle [1], [2]
is described. The BT considered in this paper is based on this
principle. Hence, a brief overview is given first.
We proceed by first considering a continuous circular array.
This array model cannot be realized but is the ideal configuration
for applying the principle and leads to an error-free scenario.
Then we move to the discrete circular array (e.g., UCA) that
represents a more practical configuration. Already at this stage
we can see why the residual error occurs.

Equation (3) can be also expressed by using Bessel function
properties as

(4)
where
is the Bessel function of the first kind of order ;
see Appendix II for more details.
has the same azimuthal variation
The far-field pattern
as the excitation function itself. This property allows an
attractive direction pattern to be synthesized using phase-mode
excitation [1]. Instead, the amplitude and elevation dependence
of the far-field pattern is through the Bessel function. For this
reason, only a finite number of modes can be excited by a given
circular aperture. The rule for computing the highest order mode
is to consider the smallest integer that is close or equal to .
In this way the excitation modes are
. For more
details, see [2] and [19].
B. Discrete Circular Aperture
A UCA is a discrete version of the continuous circular array
where a finite number of sensors is uniformly placed along a
circle; see Fig. 2.
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TABLE I
RESIDUAL TERM OF THE EXCITATION MODE m = 2; 1; 0; 1; 2 AS A
FUNCTION OF THE PARAMETER q . THE TERMS CORRESPONDING TO q = 2; 3
ARE VERY SMALL WITH RESPECT TO THE DOMINANT ONE, FOR q = 1

0 0

For UCAs, the normalized beamforming weight vector that
excites the array with phase mode
is [1], [2]

(5)
where is the excitation order, is the number of sensors,
is the angular location of the th sensor, and
stands for
conjugate transpose. Consequently, the array beampattern may
be formed as
(6)
where
is the UCA element-space steering vector in (2). For
, (6) can be rewritten as [1], [2]
mode order

(7)
where the variable
represents the entire sum term above and
and
.
the indexes and are defined as
Equation (7) is composed of two terms. The first term is
named the principal term and is identical to the far-field patarises
tern of the continuous array. The latter residual term
from the sampling of the continuous aperture by sensors. This
component, known as higher order distortion mode, has to be
minimized in order to get close to ideal (continuous) case perrefers to the residual term
formance [2]. Here the subscript
associated with the th excitation mode.
In Table I, the numerical values of the magnitude of the first
) for
three components of the residual term (for
are given. The values are
different excitation mode orders
sensors, radius
computed by considering an UCA with
, and source operating at
GHz and im. Observe that
pinging on the array from
is given as a sum of an infinite
even though the residual term
) is significant.
number of terms, only the first one (for
By expanding the sum we can see that the numerical values of
the terms rapidly decrease as the index increases because is
proportional to the order of the Bessel functions. This kind of
behavior is independent of the DoA of the sources, and the first
component of the residual term always remains dominant.

Fig. 3. Residual term as function of both azimuth  and elevation  angles.
UCA settings: N = 8; r = (=2:6) and f = 1:8 GHz.

Looking at the residual term, we realize that it depends on
both the azimuth and elevation angles. For this reason, the systematic error in the DoA estimates is not constant but depends
on the actual angle of arrival. In Fig. 3, the angular dependence
of the residual term is shown as a function of and . Here, the
residual term decreases as the elevation angle changes from 90
to 0 while it appears to behave like a sinusoid as a function of
the azimuth angle. In the plot, we have depicted the real part of
the th excitation mode.
By analyzing (7) we find that the principal term remains dom. Hence, by remembering that the
inant by setting
highest mode has order , we see that a UCA needs to employ
elements. Notice that this condition is similar
at least
defines the maxto the Nyquist sampling criterion in which
imum spatial frequency component in the array excitation. This
constraint could be too demanding for certain applications. For
and
requires that the
example a UCA of radius
sensors. In [16], it is suggested that,
array should have
with some mathematical manipulation, it is possible to relax the
.
constraint to
In order to avoid spatial aliasing or grating lobes in ULA, the
spacing between the array elements has to be less than 0.5
[2], [5]. A common practice in designing arrays is to limit the
interelement spacing to
. The lower bound is
defined by practical construction since the array elements have a
certain physical size and they cannot overlap. Moreover, mutual
coupling effects become more severe if the elements are too
close.
IV. BEAMSPACE AND MODIFIED BEAMSPACE TRANSFORM
The BT [2] is a modal transform that maps the steering
vectors of UCA into the steering vectors of a ULA-type array,
called virtual array, with Vandermonde structure. This transform allows us to employ widely used computationally efficient
methods originally designed for ULA also for UCA, e.g.,
root-MUSIC, ESPRIT, and spatial smoothing [2], [4], [7], [8].
The MBT improves the BT by providing a link between the
residual term defined by the phase-mode excitation principle, in
(7), and the residual error that arises when the BT is applied.
Since the beamspace transform is based on the phase-mode excitation principle, the mapping between the UCA and the virtual
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array steering vectors is approximate, and bias may be present
in DoA estimates.
A. Beamspace Transform
The beamspace transform is done by employing a beam(see [2] for details) as
former
(8)
where
(9)
..
.

..
.

..
.

..
.

(10)
(11)
(12)

, and
The modes that can be excited are
is the total number of excited modes. The matrices
and
are
diagonal matrices, the vector
has
, the columns of the
matrix are defined
size
denotes a diagonal matrix. It is interas in (5), and
esting to note that vector
is in the same form as in Vandermonde matrix and depends only on the azimuth angle . The
transformation is an approximation since the term
is equal to
when certain conditions (number of elements,
interelement spacing, etc.) are fulfilled [2]. This is caused by the
residual error.
In Section VI-A, we discuss how to minimize the residual
term by choosing a suitable configuration of the UCA parameters. However, a small residual error term still remains after the
BT. It can significantly deteriorate the performance of the DoA
algorithms; see Section VI-B.

generality because the discussion can be extended by including
more terms. Consequently, the virtual array resulting from applying the beamspace transformation can be considered to be an
array with a misplacement of the element position proportional
.
to the residual error
It is interesting to notice that the perturbation in the elements
location depends on the actual DoA. The transformation produces this residual error whenever the residual term defined by
the phase-mode excitation principle appears. The residual error
then introduces error in DoA estimates, i.e., bias or additional
variance when beamspace methods are applied. In order to reduce the error in the DoA estimates, we derive a method for
reducing the residual error in advance; see Section VII. In fact,
it is a procedure for calibrating the virtual array automatically.
V. IMPACT OF THE RESIDUAL ERROR ON THE SIGNAL AND
NOISE SUBSPACES
Here the MBT is used for deriving a first-order approximation
of the bias that is present in the DoA estimates when beamspace
methods are applied on UCA. In particular we will focus on
rooting techniques, such as root-MUSIC [2], [4]. The following
will affect the array
analysis shows how the perturbation
covariance matrix and, consequently, the signal and the noise
subspaces.
Recalling (13), the observed data are mapped from element
space to beamspace as
(15)
where, similarly to (13), we have neglected the small terms
and rewritten
as
.
may be
The array covariance matrix
expressed in terms of eigenvalue decomposition (see [10] for
details)

B. Modified Beamspace Transform
Given the beamformer defined by (8)–(12) and the UCA element-space steering vector
, the beamspace steering vector
can be written as

(13)
where
(14)
. Here
is defined
with
and
contains all the
according to (7) for
for
. See also
remaining terms of the sum
Appendix I.
As a result, we can now decompose the UCA beamspace
is the steering
steering vector into a sum of three vectors:
vector of the virtual array with Vandermonde structure,
is an additive perturbation [10] with angular dependence on the
, and
captures the remaining
nominal value of
error that includes the components with a significantly smaller
numerical value compared to the dominant term; see Table I.
Notice that neglecting the latter terms does not cause any loss of

(16)
denote perturbed signal subspace eigenwhere
vectors and
and
denote the true signal subspace eigenvectors and the perturbation, respectively. In an analogous way,
and the eigenwe express the noise subspace
values associated with the signal subspace as
.
Note that for our purposes, we only consider perturbations due
to transformation error. Another example of analyzing bias in
the context of array interpolation can be found in [17]. The approach requires sectorization of the array, which is not needed
in the method proposed in this paper.
From (16), and by considering (8), (13), and (15), we get the
:
following orthogonality relationships for all
(17)
(18)
(19)
Equation (16) shows that the residual error (or the perturbation
) influences both signal and noise subspaces. This
vector
is an interesting result because it may also be used to justify the
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differences in asymptotical performances of beamspace-based
MUSIC and root-MUSIC algorithms for UCA. In fact, by implementing beamspace MUSIC, we implicitly consider the effect of the perturbation by using the perturbed noise subspace
in the entire derivation of the algorithm. Instead, in deriving
the root-MUSIC for UCA, we first estimate the perturbed noise
subspace in (16), but then we look for the orthogonality between
instead of between
.

the estimate
can write

. As in [11] and [13], for small enough errors, we

(24)
and
are the true and estimated DoA for the th
where
.
source and
In order to solve (24) with respect to the error term
,
we have to define the
vector
as

A. Analysis of the Bias in the DoA Estimates
In order to analyze the bias introduced to DoA estimates, we
will consider the UCA unitary root-MUSIC algorithm [4]. However, this does not limit the generality of the results since the
same kind of procedure can be applied to different beamspace
DoA estimation algorithms only by defining an appropriate expression for each of them. In the literature, another example
of DoA bias analysis for array interpolation techniques can be
found in [17].
The quadratic expression used in UCA unitary root-MUSIC
is

..
.
(25)
..
.

and then to compute the first and second derivative of (20).
The first derivative of the expression is calculated as [11]

(20)
and the roots closest to the unit circle have to be found in order
is an
(where
to estimate the DoAs [3], [4]. Here
is the size of the virtual array) unitary square column conjugate
symmetric matrix; see [4] and [12] for construction. Since UCA
unitary root-MUSIC works in a unitary beamspace domain, we
will consider the unitary beamspace manifold formed by multiplying the left-hand side of (13) by

(26)
stands for the real part of the argument within the
where
brackets. Equation (26) can be rewritten by considering first that
, second that
, and
third that we are looking for a first-order approximation where
are neglected. As
all the higher order terms such as
a result, we get
(27)

(21)
which according to (23) can be expressed as
where
.
Our goal is then to establish a link between the residual term
(or the element misplacement error) in the virtual array manifold
. As in [11], we
and the perturbation in the noise subspace
define

(22)
obtained by multiplying (16) from the right by . By using the
derivation in [11], we can write the first-order approximation
(23)
Thus, from (23), we can conclude that the projection of the exact
into the perturbed noise
virtual array manifold
subspace is approximately equal to the projection of the perinto the exact noise subturbed virtual array manifold
space [11].
An expression for the bias can be found by expanding the
and evaluating at
first derivative of the (20) with respect to

(28)
In (24), we notice that the second derivative of the cost function
that is assumed to be
is multiplied by the error term
small [11]. Therefore, we can make the first-order approximaand find the second
tion
derivative as follows:

(29)
where
represents (26) computed by considering the true
. By combining (24), (28), and (29), an exnoise subspace
can fipression for the bias for the DoA estimates at angle
nally be written as
(30)
Fig. 4 illustrates the bias term in (30) that arises when UCA
unitary root-MUSIC algorithm is applied to a UCA with a small
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Fig. 4. Comparison between the estimated bias provided by UCA unitary rootMUSIC and the first-order approximation of the bias term. The approximation
appears to be accurate since the curves overlap. The bias depends on the DoA.

number of sensors. In the simulation we used one source moving
sensors, array radius
in the range
snapshots, signal-to-noise ratio (SNR)
dB, and 100 independent Monte Carlo trials. Here, we can
also notice the angular dependence of the bias as a direct consequence of the angular dependence of the residual error. We
can easily see that the first-order approximation derived in this
paper describes the bias with high fidelity. It provides a priori
information on the bias present on the DoA estimates at angle
and provides means for removing the bias, as described in
Section VII.
Fig. 5 depicts the performance of UCA unitary root-MUSIC
in terms of MSE. Notice that as the SNR increases, the variance
on the estimates decreases and, for very large values of SNR
(asymptotically), just a bias term is still present on the estimates.
This appears as an error floor that is well described by the bias
term in (30).

Fig. 5. Comparison between the estimated MSE of UCA unitary root-MUSIC
and the first-order approximation of the squared bias term. For large values of
SNR curves overlap. Settings: N = 8; r = (=2:6); K = 500, two uncorrelated sources at ( ;  ) = (10 ; 25 ), and 1000 independent Monte Carlo
trials.

VI. ERROR IN DIFFERENT UCA CONFIGURATIONS
A. Quantitative Analysis of the Residual Term
We analyze the behavior of the residual term as a function
of different UCA configuration parameters. We provide some
rules of thumbs for the designer of a UCA in order to find the
best tradeoff among the array parameters (number of sensors,
radius, interelement spacing), which leads to tolerable residual
error. Unfortunately, choosing appropriate configuration parameters may not be sufficient for avoiding biased DoA estimates
when rooting algorithms for UCA are used. Some additional
techniques are needed.
An example of bias reduction can be found in [17], where an
optimal mapping from circular to linear manifold is proposed.
However, this method splits the range of azimuthal angles in
sectors of 30 and processes each sector separately.
In general, it is obvious that the closer we get to a continuous
array configuration, the smaller the residual term will be. We
could assume that the residual term in (7) can be considered
as suggested in [2].
“small enough” if
In Fig. 6, we have plotted residual terms of th order as a
function of the radius for arrays with different number of senand
sors. The residual terms were formed first by setting

Fig. 6. Residual term as function of the UCA radius for different number of
sensors. The residual value 0.01 is the threshold under which the residual error
is considered to be negligible.

in (7) and then by considering UCAs with different
is
numbers of sensors. It is interesting to notice that since
proportional to (the smallest integer close or equal to ) the
discontinuities in the functions appear every time the value of
decreases. Note that due to the constraint on the maximum inare not of
terelement spacing (Section III-B), large values of
practical interest. In Fig. 7, we have numerical results showing
the dependence of the residual term on both the number of sensors and the radius.
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Fig. 7. Evaluation of the residual term. For fixed number of sensors the residual
term grows as the UCA radius increases. For a fixed radius, however, it decreases
as the number of sensors increases.
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Fig. 8. RMSE of the DoA algorithms compared to CRB when a UCA with a
small number of sensors is used. Only unitary root-MUSIC suffers from bias.
Settings: N = 8; r = (=2:6); d = 0:2944; K = 256 and the uncorrelated
sources located at ( ;  ) = (10 ; 20 ).

B. Effects of the Residual Error on the DoA Estimates
The DoA estimators for UCA work either in element space
(processing directly the data recorded by the array) or in
beamspace [2], [4], [7], [8] (preprocessing the data by the
beamspace transform).
From a theoretical point of view, the asymptotic performance
of element-space methods is better than beamspace methods. In
fact, it has been proved [6] that the variance of the estimates
is always less than the variance obtained by working in the
beamspace domain. For uncorrelated signals, the element-space
version of MUSIC achieves the CRB for reasonably large values
, or SNR [13], [14].
of
On the other hand, working in beamspace provides advantages because it allows the reconstruction of the Vandermonde
structure of the UCA steering vectors. Hence, widely used
techniques for ULA such as root-MUSIC [2], [4] and spatial
smoothing [7], [8] may be used as UCA configurations as well.
In the class of algorithms that employ the beamspace transform, significant difference in performance can be observed depending on how the transformation is applied. Let us recall
the key idea of (13): by multiplying from the left the UCA
by an appropriate beamformer (in this case
steering vector
), we map the array manifold from the element-space to the
can
beamspace domain. The beamspace steering vector
then be defined either as
or as the sum of
, where the second term is the residual error that arises
after the transformation.
Algorithms such as UCA-RB-MUSIC or UCA unitary
MUSIC [2], [4] are implemented only by employing the
expression of the beamspace manifold. For this
reason, they do not suffer from the bias created by the residual
error. They show only a larger variance in the DoA estimates
[6], [19]. On the other hand, algorithms like UCA-RB-rootMUSIC or UCA unitary root-MUSIC [2], [4] require both
throughout the implerepresentations of the manifold
mentation. However, since the residual error is not taken into
is used, this leads to
account and only
biased estimates. A systematic error in the DoA estimates is
introduced.

Fig. 9. Statistical performances of UCA unitary root-MUSIC algorithms for
different source angles compared to the stochastic CRB. The bias in the DoA
estimates clearly depends on the angle of arrival. Settings: N = 8 sensors,
interelement spacing d = 0:3, and K = 256 snapshots.

Consequently, beamspace-based MUSIC and root-MUSIC
algorithms for UCAs have difference in asymptotic performances (both for large sample size and for high SNR), whereas
in the case of ULA, the performances are identical [15].
In Fig. 8, the differences between working in element-space
or in beamspace domain are clearly illustrated. Also the difference in performances between the beamspace-based MUSIC
and root-MUSIC implementation is evident.
In Fig. 9, the effect of the residual error on the performance
of UCA unitary root-MUSIC is depicted. The bias introduced
by the residual error causes an error floor and, since the residual
term and the residual error depend on the DoA, the bias shows
a clear angular dependence, which has a significant impact on
the statistical performance.
C. Bias in Case of Even or Odd Number of Elements
An interesting observation is presented next. The UCA rootMUSIC algorithm gives almost bias-free estimates when an odd
number of sensors is used. Otherwise, a biased term as in (30)
appears.
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Fig. 12. Bias on the estimates of UCA unitary root-MUSIC as function of the
DoAs for several interelement spacing d when N = 8 sensors are used. Settings: K = 500; SNR = 50 dB. Note that the bias increases as the interelement
spacing increases.

Fig. 10. Statistical performances of DoA algorithms for UCA when an (a) odd
or (b) even small number of sensors is used. Bias appears as an error floor.
Settings: N = 7 in (a) and N = 8 in (b) sensors, d = 0:3; K = 500, and
two uncorrelated sources located at ( ;  ) = (10 ; 25 ).

Fig. 11. Bias as function of the DoAs computed with UCA unitary
root-MUSIC when different number of sensors are used. Settings:
K = 500; SNR = 50 dB, and interelement spacing d = 0:3. Note
that arrays with odd number of elements have lower bias.

This is depicted in Fig. 10 where two effective examples are
shown. In Fig. 10(a) we have a UCA with an odd number of
sensors, while in (b) a configuration with an even number is
considered. Clearly, a significant reduction in bias appears by
using seven instead of eight sensors.
A more general example describing the effect of the number
of sensors in UCA on the asymptotical MSE of a DoA estimator

Fig. 13. Bias on the estimates of UCA unitary root-MUSIC as function of the
DoAs when N = 7 sensors are used. Settings: K = 500; SNR = 50 dB, and
several interelement spacing d.

is shown in Fig. 11. Note that for large values of SNR, the bias
forms an error floor and becomes dominant compared to the
variance. This further demonstrates the fact that employing the
beamspace transform on an UCA with an odd number of sensors
may provide DoA estimates with lower bias. We can also notice
that the period of the oscillations is inversely proportional to
. In Figs. 12 and 13, we depict the dependence of the bias
on different interelement spacings both for configurations with
even and odd number of sensors. In the case of odd number of
elements, the bias is about three orders of magnitude smaller
than with an even number of elements. The plots also show that
the period of oscillations does not depend on the interelement
spacing, while the amplitude of the bias is directly proportional
to .
All the curves representing the behavior of the bias for UCA
configurations with an even number of sensors can be described
by using (30). In the case of an odd number of elements, the
first-order approximation may not be sufficient and a secondorder approximation should be used instead. On the other hand,
the bias error is very small then and does not significantly affect
the DoA estimates.
A theoretical justification of the prediction power of our firstorder approximation can be easily found by analyzing (30). The
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denominator is a quadratic function and may be characterized as
. On the other hand, the numerator of
a function
(30) (without considering the real part) is a function
if
is even and
if
is odd. This is due to the
[see (21)], and in particular
construction of the vectors
to how the
vector is formed [see (13)]. Observe that
is by definition always an odd number. The eland
is
and is defined
ement of related to
as
;
see (7) and (13). We notice that
is a pure imaginary number
when is odd. Consequently, for odd, the numerator of (30)
is purely imaginary and we may conclude in the first-order approximation that the bias term on the DoA estimates (caused by
the residual error in the BT) is negligible.

VII. ALGORITHM FOR BIAS REDUCTION
and
that
In this section, we derive the beamformers
are able to synthesize the dominant term of the residual error
(for
); see (7) and (13). This allows us to develop a threestep technique for bias removal on the DoA estimates. Note that
since the bias depends on the DoA, it cannot be removed in
advance.
The MBT defined in Section IV-B provides an expression
where is the
1 vector
of the residual errors
that contains the residual terms; see (7) and (31), shown at the
bottom of the page. As discussed in Section III-B and Table I,
the first term of each sum (for
, where is the index of the
sum) is several orders of magnitude larger than the remaining
terms, for
. Hence, only the dominant terms of the sums
will be considered in the following discussion. By taking the
term of each sum, the dominant residual term in
first
, where
(31) can be split into two components

..
.
(32)
..
.

..
.
(33)
..
.

which are the expressions for the dominant terms of the residual
error; see (7) and (14).
The key idea is that by exploiting the concept of phase-mode
excitation (Section III), we derive two new beamformers that
are able to synthesize a beampattern according to (32) and (33).
Note that this kind of approach proceeds in an opposite manner
to the one represented in Section III. There we wanted to define
the far-field patterns resulting from exciting the aperture with
some excitation modes, while here we are interested in defining
the excitation modes that describe the normalized far-field patterns as in (32) and (33).
We start by considering the continuous circular aperture case.
Similarly to (3) and (4), we define the far-field patterns resulting
from exciting the aperture with the mode
(with
) as
(34)
and

(with

) as
(35)

The outline of the derivation of (34)–(35) can be found in Appendix II. A numerical evaluation of the same integrals is given
, (34) and (35) describe the
in Appendix III. For
first and second component of vectors in (32) and (33).
Having the integrals in (34) and (35), the general idea in the
elealgorithm for bias reduction is the following. The
ment-space data matrix is mapped into the
beamspace
data matrix
by using the BT [2], [4]. Combining (1), (13),
(32), and (33), we can write
(36)

..
.
(31)
..
.
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TABLE II
ALGORITHM FOR BIAS REDUCTION

(37)
(38)
and
rein which the two terms
lated to the residual term of the BT have been written separately.
The term
forms the ideal beamspace data matrix
given as a product of the ideal steering vector with Vandermonde
structure
and the signal . The noise term
remains a
white complex circular Gaussian process since the beamformer
matrix
is unitary.
Our goal is to remove
and
from (38) because they cause the bias. Clearly we do not know
the terms since the signal matrix is not known. An alternate
solution is to construct two other beamformers
and
in
order to synthesize the bias term and then simply cancel it out.
The beamformers are

At this point, we can form the correction data matrices as
(43)
(44)
where is the UCA element-space data matrix.
The bias cancellation is performed by substituting the original
beamspace data matrix
by the two correction data matrices
and
. Mathematically, we have
(45)

(46)
(39)
(40)
The minimum-norm solution to (39) and (40) that defines the
beamformers can be found as [18]
(41)
(42)
is an estimated UCA element-space steering matrix
where
with left pseudoinverse
and
is defined in
(9). Note that cannot be directly computed because it would
require knowledge of the DoAs. Equations (41) and (42) are
instead computed by using an estimated steering matrix
.
For more details, see Table II.

where
is the ideal steering vector of the virtual array
and
with Vandermonde structure. Notice that since the
are
, then
and
are
too. This
means that
is very close to unitary, i.e.,
because the two
correction terms have a very small impact on the unitary matrix
. Hence, we can say that the statistics of the noise does not
change significantly and we may still consider the noise at this
stage to be complex circular Gaussian process.
The bias reduction may be done in three steps: use the conventional BT for mapping the data from the element space to
beamspace. Then compute the residual error by introducing two
new beamformers
and
. Finally, correct the original
beamformer
by subtracting the new beamformers from the
original one.
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Fig. 14. Cancellation steps for the original UCA unitary root MUSIC algorithm, after the second iteration and after the third iteration. Settings: N =
8; r = (=2:6); K = 256, and ( ;  ) = (15 ; 25 ).

taking into account the error caused by the transform. It represents an exact expression for the transformation. The MBT
leads to an interesting interpretation of the error: it can be considered as a misplacement error on the location of the sensors
in the ULA-like virtual array.
Finally, the impact of the beamspace transform on two
widely used DoA estimation algorithms for UCA is studied.
The BT allows both computationally efficient DoA estimators
and techniques able to deal with coherent sources to work for
UCA as well. We demonstrate that beamspace-based MUSIC
and root-MUSIC techniques for UCA have difference in their
large sample properties. Moreover, the bias varies significantly
depending on whether an even or odd number of elements are
used in an UCA configuration.
APPENDIX I
DERIVATION OF (13)
Let us recall (6) and (7). Then, by rewriting these in a matrix
, we get
form for all excitation modes
..
.

..
.
diag

..
.

..
.

..
.

diag
..
.

..
.

..
.

(47)
Fig. 15. Performances of the UCA unitary root-MUSIC algorithm. Settings:
N = 8; r = (=2:6); SNR = 50 dB and ( ;  ) = (10 ; 15 ).

In Fig. 14, we show the decrease of the error in UCA unitary root-MUSIC algorithm in each step. The original DoA estimates are clearly biased, and two clear error floors are visible
in the figure. After the second step, the two error floors are lowered significantly. Finally, after the third step, the bias is practically completely removed and no error floor occurs. In fact, the
curves are parallel to the CRB. Observe that the algorithm does
not achieve the CRB since the beamspace transform adds extra
variance on the DoA estimates [6]. A method for reducing the
excess variance is proposed in [19].
In Fig. 15, we depict the performance of UCA unitary
root-MUSIC with the novel bias removal technique proposed in
this paper. Significant improvement over the original technique
where no bias reduction is applied is achieved. A summary of
the proposed algorithm for bias removal is given in Table II.

is a diagonal matrix where the components along
where diag
the main diagonal are the elements between the brackets. By
, we
multiplying the entire (47) from the left-hand side by
..
.. .. ..
can then notice that
so that
.
. . .
on the left-hand side of (47), we have the term
. At
this point, by exploiting the properties of the Bessel functions
for which
and the relationships among the
imaginary unit for which
, we can then manipulate (47) obtaining

which is the same as (13).
APPENDIX II
DERIVATION OF (34) AND (35)
The Bessel’s first integral is defined as

(48)

VIII. CONCLUSION
In this paper, we provided an analysis of the systematic errors
in the DoA estimates. It appears when the BT is applied to UCA
configurations with small number of elements. Azimuth angle
only is considered at a fixed elevation angle. The error and its
dependence of array configuration parameters are characterized
both qualitatively and quantitatively. First-order approximation
of the bias in the DoA estimates is derived. An algorithm for
removing the bias caused by the BT is proposed.
In this paper, a modified beamspace transform is introduced.
It performs mapping from element space to beamspace by

in (48), by using the modulaHence, by substituting
tion theorem, by exploiting some basic properties of the Bessel
functions and relationships among the imaginary unit we can
write
(49)
where
by substituting

. Equation (49) is the same as (34). Similarly,
in (48), we could also derive (35).
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APPENDIX III
NUMERICAL COMPUTATION OF (34) AND (35)
The arguments of the integrals
and
depend on the unknown DoA angle
that we want to estimate and on the variable that describes a
point on a circle. Hence a direct evaluation of (34) and (35) is
not possible. This means that the integrals should be approximated by a finite sum (remember that we are working with
a few sensors) [see (6) and (7)] and this may lead to creating
other orders of residual terms.
However, theoretically, we may compute the integrals as a
sum of finite terms only if the number of elements in the sum
is high enough [2]. The solution to this problem is one of the
key points of the proposed algorithm for bias cancellation. The
in the
idea is to form the argument of the integrals
second step of the algorithm by using the DoA estimates from
the first step; see Table II. In fact, since we have constructed
the argument of the integral by using the previous DoAs, we
can discretize on a arbitrary number of points without taking
into account the original UCA sensors position. In simulation
studies, we see that a large enough number of points appears to
. Therefore, we can rewrite (34) and (35) as
be

(50)

(51)
for
and
are
where
small terms that can be neglected without any consequences.
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