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which could meet the specification imposed by the desired EADF is
shown. In Section VII we show a numerical example showing the
benefits of having an antenna with optimally designed directional
sensors. Finally, in Section VIII, conclusions are drawn.

Abstract— In this paper we show the impact of the complex array
sensor beampattern on the Effective Aperture Distribution Function
(EADF). For our purposes we focus on planar array, such as Uniform
Circular Array (UCA). Here, differences between ideal omnidirectional
and real-world UCA are discussed through examples. Several algorithms
for DoA estimation on UCA exploit the Beamspace Transform (BT)
because it allows fast computation. However, it introduces an error. In
this work we show that by forming an array of sensors with optimal
shaped beampattern, the BT will then perform a practically errorfree mapping between UCA and ULA. Simulation results show that we
can obtain unbiased DoA estimates even without using techniques for
bias removal when the complex beampattern of the array sensors are
optimally designed.

Let us have a Uniform Circular Array of N sensors. There are
P (P < N ) uncorrelated narrowband signal sources on the array
plane, impinging the array from directions φ1 , φ2 , . . . , φP (φ is the
azimuth angle). The n-th directional UCA element of the steering
vector b ∈ CN ×1 may be written as

I. I NTRODUCTION

bn (φ, γn ) = gn (φ, γn )an (φ, γn )

Uniform Circular Arrays (UCA) are of interest in a variety of
applications, e.g. in multiantenna transceivers. Moreover, UCA’s have
almost uniform performance regardless of the angle of azimuth. Several DoA estimators for UCA, such as root-MUSIC and ESPRIT [1]
employ the Beamspace Transform (BT). This transform essentially
maps the steering vectors of UCA into the steering vectors of a ULAlike array, called virtual array, with approximately Vandermonde
structure [3].
In [3]-[4] it has been shown that when the BT is applied to certain
array configurations (number of elements, interelement spacing,...), a
bias and an excess variance may appear in the DoA estimates which
severely degrade the algorithm performance. Recently, we proposed
a novel iterative approach for removing the bias [3]. Moreover, a
new criterion based on the Effective Aperture Distribution Function
(EADF), for reducing the excess variance [4] in the DoA estimates
was introduced. We have shown that by sampling the array aperture
in the spatial harmonics domain, we get infinite number of replicas
of the discrete aperiodic EADF in the excitation mode domain. This
leads to aliasing in the mode domain.
In this paper we introduce an different approach for avoiding
the influence of the aliasing terms. Here, we show that the bias
may be avoided by optimally designing the sensors beampattern
and performance close to the Crámer-Rao Lower Bound (CRB) is
achieved. We propose a study where starting from the compression
of the EADF for aliasing cancellation, we will come up with optimal
shaping for the array sensor beampattern. Hence, even in presence of
spatial sampling, the EADF’s are practically non-aliased. The design
can be formulated as a Total Least Squares (TLS) problem [2].
The paper is organized as follows. First, the system model is
presented. In Section III, we introduce the EADF. In Section IV, we
consider a real-world antenna array. Here some of the observations
which have motivated our work are also given. In Section V we
introduce the idea of optimal EADF with compressed support. In
Section VI the complex directional beampattern of a array sensors

where gn (φ, γn ) ∈ C is a scalar defining the complex sensor gain
which depends on both the azimuth angle φ and the angular position
γn = 2πn
(n = 0, . . . N − 1) of the sensor within the antenna array.
N
Here, an (φ) = ejζ cos (φp −γn ) represents the ideal omnidirectional
beampattern of the n-th sensor, ζ = κr sin θ, r is the radius, κ = ωc
is the wavenumber, c is the wave propagation speed, ω = 2πf is the
angular frequency and θ is the elevation angle. The elevation angle
θ is measured down from the z-axis (assumed to be θ = 90◦ ) and
φ is the azimuth angle measured counterclockwise from the x-axis
in the xy-plane. The omnidirectional N × P steering vector matrix
of the ideal UCA may be written as A = [a(φ1 ), a(φ2 ), . . . , a(φP )]
where each column is of the form a(φp ) = [a0 , a1 , . . . , aN −1 ]T .
Furthermore we assume that K snapshots are observed by the
array. The X ∈ CN ×K array output matrix may be written as
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II. S IGNAL MODEL

X = BS + N,

(1)

(2)
N ×P

is the directional
where B = [b(φ1 ), b(φ2 ), . . . , b(φP )] ∈ C
UCA steering vector matrix, S ∈ CP ×K is the source matrix
and N ∈ CN ×K is the noise matrix. The noise is modelled as a
stationary, second-order ergodic, zero-mean spatially and temporally
white circular complex Gaussian process.
III. E FFECTIVE A PERTURE D ISTRIBUTION F UNCTION (EADF)
An antenna array response to a far field source can be model
by measuring the directional characteristic of the antenna in an
anechoic chamber. For our purposes, we may measure the array
response to a far field source by moving it around the array at a fixed
elevation angle θ = 90◦ along the azimuthal direction in the range
φ ∈ [−π, π). This creates a discrete set of measured point along
the direction φ, which represents a discrete periodic function with
period 2π in azimuth. Hence, the beampattern can be expressed by
an inverse FFT (Fast Fourier Transform) of the previously measured
data. We will refer to this Fourier series as the Effective Aperture
Distribution Function (EADF) [5].
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By analyzing the inverse Fourier series of the array impulse
response (EADF) we defined an efficient criterion for selecting the
number of virtual array elements [4].
IV. R EAL - WORLD UCA
In literature is often assumed that a UCA is formed by omnidirectional elements. However, this assumption is not always true.
In the real world, an element in an antenna array has always some
directivity. For example, let us consider the UCA with directional
sensors in Fig.1.

the EADF of directional elements seems to be smoother inside the
in-band region as well as having a smaller bandwidth than omnidirectional sensors. This is the basic consideration that has motivated
us to search for an optimum sensor beampattern which could have a
compress support (smaller bandwidth) in the EADF domain.
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Fig. 1. Uniform Circular Array (UCA) with N = 16 directional sensors.
The array was provided by the Electronic Measurement Research Laboratory,
TU-Ilmenau, Germany.

Fig. 3. Magnitude of the directional characteristic of the sensors n◦ 1 and 9
of the 16 elements real-world UCA given in polar coordinates.
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Fig. 4. Comparison of the EADFs of the real-world UCA with directional
elements and an ideal UCA composed of omnidirectional sensors. The
directional characteristic of the sensors seems to reduce the width of the
EADF and to smooth the ripples inside the in-band zone.

Fig. 2. Magnitude and phase of the complex beampattern of sensors n◦ 1
and 9. The gains of the two sensors are clearly not omnidirectional.

The angular characteristic of the sensors may appear as depicted in
Fig.2. Here, the magnitude of the complex sensor gain shows a main
lobe which steers outside the array. Notice that the angular direction
of the main lobe depends on the location of the sensor within the
antenna array. On the other hand, the phase of the gain is a continuous
2π-periodic function which shows a oscillation in the phase in the
direction opposite to the main lobe, i.e. in the direction of minimum
sensor gain (back lobe). In Fig.3 we depict the magnitude of the
gain of the sensors 1 and 9 in polar coordinates. By considering the
sensors at the origin, we see the real-world directional characteristic
of the two sensors.
It is interesting to find out how the difference between directional
and omnidirectional sensors impacts also the shape of the EADF.
In Fig.4 we have depicted the EADF’s of ideal omnidirectional and
real-world directional sensors. As a result we have observed that the
directional characteristics affect the shape of the EADF. In particular,

V. O PTIMAL EADF
As shown in [4], the antenna sensors spatially sample the array
aperture and this creates an infinite number of replicas of the
omnidirectional EADF shifted by m = N . These replicas may
partially overlap with the dominant term and causing aliasing.
The key idea is to reduce the overlapping between consecutive
replicas both by compressing the support of the omnidirectional
EADF (in magnitude) and by preserving the information contained in
its phase, see Fig.5. Consequently, the impact of the aliasing term on
the dominant term gets mitigated. Interestingly, we have found that
all this can be achieved by designing array sensors with a certain
directional characteristic.
VI. S ENSOR B EAMPATTERN S HAPING
In this section we show that starting from a desired EADF it is
possible to derive a complex sensor gain for each element of the array
such that the resulting EADF has both a compressed support and the
phase information is preserved. As a result we propose a method for
minimizing of the residual error through a TLS approach [2].
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As an example, in Fig.6, we have depicted the complex directional
beampattern of an array sensor which has the compressed EADF
support represented in Fig. 5. In Fig.6 we also show the complex
sensor gain both in magnitude and phase.
Analyzing the optimally design beampattern, it is interesting to
note that the directional characteristic has to be symmetric with
respect to the position of the sensor itself, see Fig.7. In other words,
the beampattern has to show both a main and a back lobe.
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Fig. 5. Comparison between the omnidirectional, desired and directional
EADFs. The information in the phase part of the EADF is preserved while
the support of the magnitude part is compressed.
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we can solve the TLS problem for Z according to the minimization
of the Frobenius norm of the error matrix as

 T LS = −V12 (V22 )−1
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and then let us compute the matrix VT of eigenvectors of T. Hence,
after the partition of VT in four Ks × Ks submatrices
VT =

100

Fig. 6. Computed complex sensor gain representation in the magnitude and
phase. The sensor characteristic is clearly not omnidirectional.

(8)

provided that V22 is full rank. As a result, by multiplying the
omnidirectional beampattern of a array sensor an by the estimated
 T LS we can find an optimal design for
complex sensor gain Z
directional beampattern, which will have an EADF with a compressed
support in the mode domain, see Fig.5.
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where ε1 and ε2 are mutually independent error terms. Notice,
the TLS estimator generalized the LS (Least Squares) version by
introducing error on both sides of the linear model, equation (5). Let
us define a 2Ks × 2Ks matrix T as
T=

0

0

−15

Then we form the linear model that, solved in TLS sense, will give
us an estimate of the diagonal matrix Z
ZH1 + ε1 = H2 + ε2 ,

0.4

5

where bn ∈ CKs ×1 and an ∈ CKs ×1 are vectors representing
the directional and omnidirectional beampattern of the n-th sensor
defined on Ks distinct points along the azimuthal direction φ ∈
[0, 2π). Moreover, the matrix Zn ∈ CKs ×Ks is a diagonal matrix
describing the complex gain of the n-th element.
This problem may be solved by using a TLS approach as follows.
The elements of the Ks × 1 vectors an and bn are placed along the
main diagonal of a Ks × Ks diagonal matrix as
H1 = diag{an } ; H2 = diag{bn }
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First, based on the desired EADF, we can compute the desired
sensor gain by FFT. Hence, the overall problem may be formulated
as finding the matrix Z that modifies the omnidirectional beampattern
of an ideal sensor to be as close as possible to the desired directional
beampattern. Mathematically we can express this as
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Fig. 7. Magnitude of the computed directional beampattern of an array sensor.
The beampattern shows a main lobe as well as a back lobe. The beampattern
is symmetric with respect to the center of the sensor.

VII. N UMERICAL EXAMPLE FOR D OA ESTIMATION
In this section we give a numerical example showing how the
bias in the DoA estimates may be removed simply by using a UCA
with optimally designed directional sensors. The simulation settings
were: radius r = 0.96λ, signal frequency f = 5.2-GHz, K = 256
snapshots, M = 15 virtual array size, sources located at (φ1 , φ2 ) =
(10◦ , 20◦ ) and an UCA with N = 16 directional sensors having a
beampattern as in Fig.7.
In Fig.8 we give as a reference the statistical performance of the
UCA root-MUSIC algorithm [1] when used on an antenna array with
N = 16 omnidirectional sensors. In this case, the original algorithm
produced biased DoA estimates. However, if the iterative bias removal
approach described in [3] is used, the bias term can be removed and
the DoA estimates may then get close to the CRB.
As a result of the discussion carried on in this paper, in Fig.9 we
show that a similar result can also be achieved by using UCA with
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an optimally designed complex sensors gain. The plot clearly shows
that even without separate bias removal technique, it is possible to
obtain unbiased DoA estimates.
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Fig. 8.
Comparison between the performance of the original and the
bias-corrected UCA root-MUSIC algorithm. In case of sensor array with
omnidirectional elements, the bias on the DoA estimates can be removed
by an iterative approach. The bias-corrected estimates are close to the CRB.
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Fig. 9. Statistical performance of the UCA root-MUSIC algorithm when
optimally designed directional array sensors are used. The DoA estimates are
unbiased and no separate bias correction technique is needed.

VIII. C ONCLUSIONS
In this paper we have presented an approach for avoiding the bias
due to the beamspace transform on the DoA estimation by optimally
designing the complex gain of the antenna array elements. The
beampattern of the sensors has been chosen such that the support of
the EADF is compressed. As a result the impact of the aliasing terms
on the DoA estimates is mitigated and the resulting DoA estimates
are unbiased. No separate iterative processing is needed.
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