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Electromagnetic Scattering From Rough Surface
Using Single Integral Equation and Adaptive Integral

Method
Andreas Colliander, Member, IEEE, and Pasi Ylä-Oijala

Abstract—An efficient algorithm for electromagnetic wave scat-
tering from rough dielectric surfaces is developed. The algorithm is
based on the single magnetic field integral equation (SMFIE) and
the surface is discretized using Rao–Wilton–Glisson (RWG) trian-
gular basis functions. The new feature of the algorithm is the ap-
plication of the adaptive integral method (AIM) with SMFIE for
speeding up the calculation. The developed new method utilizes
the flexibility of RWG functions to model arbitrary rough surface
and the speed of FFT, enabling accurate simulations over large sur-
faces.

Index Terms—Adaptive integral method (AIM), fast Fourier
transform (FFT), Rao–Wilton–Glisson (RWG) triangular basis,
rough surface scattering, single magnetic field integral equation
(SMFIE).

I. INTRODUCTION

THE simulation of electromagnetic scattering from dielec-
tric rough surfaces is very tempting for applications in

remote sensing of ocean, soil and ice. The calculation of full
vector-wave scattering from a large surface is very demanding
task. The difficulties in the problem lie on the large surface
size and on the magnitude of the surface roughness. Solving
a problem of this kind requires a lot of unknowns in order to
get accurate and meaningful results. Thus, reduction on both
computation time and data storage requirement is continuously
sought. The surface integral equations are widely used to solve
problems of electromagnetic scattering and their formulation is
one way to make the simulation more efficient.

There have been two dominating methods for solving a full
vector-wave scattering from a two-dimensional (2-D) rough di-
electric surface. One of these methods is based on the sparse
matrix canonical grid method (SMCG) (e.g., [1]–[3]) and the
other is based on the fast multipole method (e.g., [4]–[6]). The
SMCG method has also been extended to a three-dimensional
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(3-D) case, which is called multilevel SMCG [7]. The solution
in 3-D allows more accurate results with high magnitude of sur-
face roughness. Both methods distinguish the strong near field
interaction and weak far field interaction between field point and
source point. This has the advantage that only the near interac-
tion matrix is stored and the far interaction matrix is not stored
but its multiplication with a solution vector is calculated by fast
means.

The presented technique is based on the single magnetic field
integral equation (SMFIE) and the surface is discretized using
Rao–Wilton–Glisson (RWG) triangular basis functions [8] to
model the rough surface accurately. The SMFIE is demonstrated
to be very efficient with iterative solvers [9], [10] and thus is
suitable for fast methods. Furthermore, with SMFIE the number
of unknowns is reduced to half of the number required by the
coupled integral equations (in the case of dielectric scattering;
for highly loss scatterers, it is also possible to use a single in-
tegral equation with other techniques). The problem with tri-
angular discretization is the fact that the basis functions are
not uniformly distributed and the fast Fourier transform (FFT)
cannot be directly applied to the matrix-vector multiplication.
The adaptive integral method (AIM) solves this by approxi-
mating the basis functions on a uniform grid [11]. In general,
AIM provides a straightforward and efficient way to speed up
the calculation of matrix-vector product. AIM is also signifi-
cantly less complex than multipole method, or SMCG to some
extent. In principle, these methods are optional solutions for
rough surface scattering, but beyond this, AIM seems to have
wider field of applications.

Although the developed method is applicable to a wide range
of practical problems, the main goal of this work is to simulate
the bistatic scattering and emission from a large area, with re-
spect to wavelength, of ocean surface. The surface is illuminated
with a Gaussian beam so that the borders of the surface do not
contribute to the results significantly.

In this paper, Section II presents the formulation of SMFIE
and its discretization. Section III presents the application of
AIM and FFT, and finally, Section IV presents the simulation
results and discussion on the performance of the method.

II. FORMULATION AND DISCRETIZATION

A. Single Integral Equation Formulation

In this paper a solution to a 3-D time harmonic scat-
tering problem from a 2-D dielectric random rough surface is
presented. Fig. 1 illustrates the problem. The dielectric medium

0018-926X/$25.00 © 2007 IEEE
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Fig. 1. Schematic diagram of the 3-D scattering problem from a 2-D random
rough surface.

Fig. 2. Triangular RWG function is used as the basis function and the common
edge between triangles is used as the testing function. The numerical integration
is performed over the surface of the triangles, in the case of the basis function,
and along the edge, in the case of the testing function.

over (permittivity , permeability ) and under the
interface is assumed to be homogeneous.

The single integral equation formulation for a closed dielec-
tric object can be described as follows. The fields outside the
object are expressed using the usual surface current densities

and , where is the outer unit
normal of the object, yielding

(1)

(2)

where is the permittivity of the upper medium with
being the conductivity of the medium; is the

angular frequency and integral operators and are defined
in Appendix I.

Taking the cross product of (2) with the normal vector on the
surface, gives the magnetic field integral equation

(3)

Inside the object the fields are expressed in terms of an efficient
electric current as

(4)

(5)

The boundary conditions at the interface between the two
media

(6)

(7)

give a relation between the currents and [9]

(8)

(9)

on the surface .
Substituting (8) and (9) into (3) gives SMFIE for

(10)

where is the identity operator.
Note that SMFIE provides unambiguous solution only out-

side the resonant frequency of the object and for conducting ob-
jects. These requirements are met in the application planned in
this study, which is ocean surface.

B. Discretization by the Method of Moments (MoM)

Direct discretization of (10) including products of integral
operators with MoM is very ineffective, and, therefore, the dis-
cretization is done in two steps using similar technique as in [9].

1) Formulation of System Matrix: The RWG basis functions
are used for expanding the currents [8]

(11)

where is the area of the triangle and is the vertex of
opposite to the common edge. The equations are tested with

the following edge functions:

(12)

where is the length of edge and is the unit vector of edge
. Fig. 2 shows the principle of the testing and basis functions.

Using the RWG basis functions the effective surface current
density can be expressed as

(13)
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where is the number of interior edges of the mesh and
are the unknown current coefficients. Similar equation can be
written to and , and to and , respectively.

Using these definitions for basis and testing functions, (3) can
be written in matrix form as

(14)

and (8) and (9) yield

(15)

(16)

because and thus, the testing procedure yields
identity matrices on the left hand sides of the equations. Now,
by combining (14)–(16), the SMFIE can be written in matrix
form as

(17)

The matrices and are defined as

(18)

(19)

(20)

where is the interior angle between triangles at edge and
is both and related to the edge . Note that in the

case of the second medium the interior angle is replaced by the
exterior angle . The elements of the excitation vector are

(21)

which is the average current magnitude flowing across the th
edge.

It should be pointed out that generally a stable discretization
of requires application of special basis and testing func-
tions [12]. In SMFIE this term is multiplied with and com-
bined with resulting accurate results with
above discretization when the frequency is high enough.

2) Computation of Far Terms: The elements of the system
matrices and , in which the basis and testing function do
not have common edges are called here as the far terms. Fig. 2
shows the calculation situation for the far terms; basis function
is a triangular RWG function and the testing function is an edge
between two RWG triangles. The calculation is a straightfor-
ward process of applying standard numerical integration on the
triangles and the line.

3) Computation of Near Terms: The elements of the system
matrices and , in which the basis and testing function has
common edges are called here as the near terms. The obvious
case for the near terms is when , but there is also cases

when an edge or vertex of a testing function is one of the edges
or vertices of a basis function.

When , the first term of vanishes and the elements
are calculated simply by solving the angle between the triangles.
However, elements of and withhold a singularity, which is
solved, in the first case, using a transformation to the polar coor-
dinates, and in the latter case, using Gauss divergence theorem.

The transformation to the polar coordinates is done so that the
singularity is located in the origin dividing the RWG triangle
into two subtriangles. This eliminates the problem, since the
singularity is of order [14].

For , the Gauss divergence theorem can be applied to trans-
form the surface integral to a boundary integral. The benefit of
this treatment is the fact that the dot product of the outer normal
of the edge withholding the singularity and the testing function
yields zero. See Appendix II for a detailed explanation of the
method. Note that, e.g., in [7], [9], and [10] this term is not cal-
culated with this kind of precision.

When , but the edge of the testing function is one of
the edges of the basis function these same methods are applied,
including the elements of , to which the Gauss divergence
theorem is used (see Appendix II). And when , but the
vertices of the basis and the testing function are the same, the
integration points are located so that the effect of the singularity
is damped.

C. Application To Rough Surface Scattering

The above treatment is made for a closed object. The simu-
lation of surface scattering has the problem that the surface is
very large and it is more practical to model it as an open surface
than a closed object. Hence, the effect of the borders of the sur-
face need to be minimized. Fig. 3 shows a calculation where the
scattering from a closed object (box of size ,
where is the free space wavelength) is compared to the scat-
tering from a plate (of size ) in order to evaluate the
effect of the truncation of the surface to a finite size. The sur-
faces are flat and the properties of the surfaces are the same as in
the examples in Figs. 6, 7 and 8. The results show that the trun-
cation has no critical effect on the result. This is related to the
relative large conductivity of the surface, which attenuates the
incident field toward the borders of the surface area. The large
conductivity originates from the fact that the aim of the study is
to simulate scattering from ocean surface.

Furthermore, a common technique is applied in which an in-
cident field with amplitude tapering toward the edges of the sur-
face is used. In the simulations of this study the field presented
in [16] has been used. The x-component of magnetic field is
Gaussian tapered and the y-component is zero, i.e., [16]

(22)

where is the parameter that defines the tapering of the field
amplitude on the surface.

III. APPLICATION OF AIM AND FFT

To decrease computational complicity of the method, FFT
in 2-D is applied. In order to solve a scattering problem
using FFT the surface must be divided into a uniform grid,
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Fig. 3. Backscattered RCS (in units of � ) of a dielectric box (box) with thick-
ness � =10 and of a thin box (plate) thin zero thickness corresponding to a
truncated surface. Horizontal axis gives the size of the box in terms of � .

Fig. 4. Piece of the surface divided into triangle shaped patches and the grid
for AIM. The dots indicate the grid points for which the coefficients are solved
in order to determine the translated basis function of the highlighted RWG-basis
function.

which is not the case when RWG basis functions are applied.
However, the RWG basis functions can be translated to a
functions of a uniform grid using AIM [11]. This approach
utilizes the benefits of RWG basis functions [8] and speed of
FFT. Conventionally, AIM is applied to a discretization using
Galerkin method. Here, AIM is applied on the discretization
with different basis and testing functions, which, however,
does not cause any extra issues. Nevertheless, this formulation
is presented explicitly.

A. Basic Idea of AIM

Fig. 4 shows a schematic diagram of a piece of a surface. The
rectangular grid is the grid laid out for the AIM, and the triangles
denote the actual surface discretized using triangular RWG basis
functions. The height of the surface varies in -direction. The
AIM grid is positioned at axis so that it is at the mean level of
the surface height.

The idea of the AIM is as follows [11], [13]: consider matrix
element of MoM equation with a basis function and a testing

function having the following form:

(23)

where is the Green’s function. The basis and testing func-
tions can be translated from a triangular grid onto a uniform
rectangular grid by approximating them with a combination of
the Dirac delta functions on a rectangular grid as follows:

(24)

where is the expansion coefficient for the basis function
is the expansion order and is the vector for the grid

location. The matrix element can now be approximated with
the translated basis and testing functions, and , as follows:

(25)

to which FFT can be applied due to the uniform distribution of
calculation points along the geometry.

One way of solving the translated functions is based on the
multipole moment approximation. The goal is that the translated
function produces the same multipole moments as those of the
original basis (or testing) function. This can be solved from the
following [13]:

(26)

where the reference point is chosen as the center
of the basis (or testing) function. Note that this approach does
not directly apply to the matrices and including the deriva-
tives of the Green’s function. Application of AIM to these terms
is considered in next.

In Fig. 4, the dots indicate the grid points for which the coeffi-
cients are solved in order to determine the translated function of
the highlighted RWG-basis function. In the case of the figure,

yielding 16 coefficients for each translated function.
Note also that AIM can be applied only to the far interaction
terms and the near terms have to be calculated with standard
MoM.

B. AIM for SMFIE

The FFT is used to speed up the matrix-vector products of
(17). Two operators are defined in order to solve these products
with FFT: and , where and denote

calculation of the matrix-vector products and ,
respectively, with FFT.
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is defined by the subsequent operations. First, the
vector potential is computed with FFT

(27)

(28)

(29)

where is a vector of Green’s function of AIM grid of
size is a matrix of AIM coefficients of the

and components of the basis functions and is a
vector. The curl of the vector potential is then defined as

(30)

where - and -components yield zero in a 2-D AIM grid. The
-component is solved numerically using the points of the AIM

grid (approach adopted from [15])

(31)

(32)

At the edge of the area the gradient is calculated between the
adjacent points, i.e., with spacing or .

Finally, the operations are completed with multiplication by
AIM-coefficients of the -component of the testing function,
yielding

(33)

where is the difference of the strong interaction elements
between MoM and AIM solution of in the lower medium,
i.e.

(34)

is defined by the subsequent operations. First, the vector
potential is solved with FFT

(35)

(36)

(37)

which is then multiplied with the testing function, i.e., the AIM-
coefficients of the testing function

(38)

For clarity, this outcome would correspond to .
In order to solve the correspondence of the following

multiplication is performed:

(39)

Fig. 5. Bistatic RCS (in units of � ) of a dielectric sphere with � = 4.

where is the AIM coefficients of the surface divergence of
the basis function. Next, the gradient of is solved

(40)

where -component equals zero. The partial differences are
solved numerically as in (31), and the result is multiplied with
the AIM-coefficients of the testing function

(41)

Now, the outcome of the operator can be written as

(42)

where is the difference of the strong interaction elements
between MoM and AIM solutions of .

With the above treatment the system matrix multiplication
takes the form, see (17)

(43)

which yields the following equation for the iteration process:

(44)

where is the excitation vector.

IV. SIMULATION RESULTS

A. Demonstration With Sphere

The formulation was verified by computing the radar cross
section (RCS) of a sphere and comparing that to the exact solu-
tion of RCS of the sphere. Fig. 5 shows both the exact and the
numerical solution. The radius of the sphere is 0.5 m, relative
permittivity and frequency 100 MHz. The sphere was
illuminated with the plane wave travelling to the direction of
axis. The electric field of the plane wave was in the direction
of the axis and the result is plotted in the plane. The exact
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Fig. 6. BSC of averaged HH scattering from ten realizations of surfaces with
0:1� RMS roughness and 1� correlation length. The size of the surface is 16�
and the surface is illuminated from the nadir direction.

Fig. 7. BSC of averaged HH scattering from ten realizations of surfaces with
0:2� RMS roughness and 1� correlation length. The size of the surface is 16�
and the surface is illuminated from the nadir direction.

and numerical solution coincide accurately. The difference at
the minimum is due to the discretization of the ball, which was
divided into only 960 RWG basis functions.

B. Bistatic Scattering Coefficients

Bistatic scattering coefficients (BSC) were simulated with
the presented method. Figs. 6 and 7 show the averaged scat-
tering results in terms of BSC for the cases where the RMS
roughnesses of ten realizations of surfaces are 0.1 and 0.2 wave-
lengths, respectively. The surfaces were created following the
principles presented in [17]. The frequency in the calculation
was 14 GHz and the relative permittivity of the lower medium
is . The size of the surface is 16 , which
is divided into 2133 edges of RWG basis functions. The sur-
face was illuminated from the nadir direction with a Gaussian
tapered beam as described in Section II.

Fig. 8. BSC of averaged HH scattering from ten realizations of surfaces with
0:2� RMS roughness and 1� correlation length. The size of the surface is
100� , and the surface is illuminated from the nadir direction.

In order to solve the scattering using the AIM a 14 by 14 grid
was laid out onto the level of the mean of the surface height.
The grid extends over the surface borders in - and -directions
in order to allow the determination of the translated functions
for the original functions also on the borders of the surface.
The translated functions were combinations of 16 coefficients

. In Fig. 7 the maximum does not point exactly to the
nadir, which is due to the fact that the beam was narrow on the
surface with respect to the correlation length of the surface. The
result show that as the roughness increases the difference be-
tween solution using only SMFIE and the solution using SMFIE
with AIM increases. This is clearly due to the fact that the AIM
coefficients are evaluated on the plane and as the roughness
increases the distance of these points to the actual surface points
increases causing uncertainty.

Fig. 8 shows averaged scattering in terms of BSC from ten
realizations of surfaces, which were divided into 18 565
edges of RWG basis functions. The surface roughness was 0.2
RMS and the correlation length . The shape of the scattering
pattern is narrower than the one observed in Fig. 7 (same rough-
ness). This is due to the fact that as a larger surface area is illumi-
nated, the main lobe of scattering is narrower having sidelobes
with more random amplitude and phase in each scattering real-
ization. The presented result show the feasibility of the method
to solve scattering from large surface areas.

All results were obtained with very modest computational
power; standard PC computers with one gigabyte of memory.
With AIM, the computation time grows as and the
memory requirement as , where is the number of unknowns
[18]. This represents state-of-the-art performance. The accuracy
compares well to other presented methods, although reports on
precise accuracy values are hard to find. It is noted that an error
of 10% corresponds to 0.5 dB, which commonly goes even un-
detected due to the use of decibel-plots.

C. Convergence Speed

The results were calculated using generalized minimum
residual method (GMRES) without preconditioner or restart.
The convergence speed of GMRES for the SMFIE solution
was also studied since it was indicated in [9] that the SMFIE
should perform very efficiently with iterative methods. In the
abovementioned cases the solution (to the accuracy of )
was found in 7 to 11 iterations, including the solutions to
scattering from the larger surfaces. Hence, the efficiency of
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the SMFIE is regarded excellent and SMFIE formulation very
suitable for solving this kind of problems.

V. CONCLUSION

The SMFIE formulation using AIM for solving the scattering
problem of a rough dielectric surface with MoM was presented.
The SMFIE implementation was verified by calculating the
bistatic RCS of a sphere. The rough surface scattering was sim-
ulated by calculating the BSC for two surfaces with different
roughnesses with and without application of AIM. Also, the
result for a very large surface was demonstrated.

It is concluded that the combination of SMFIE, RWG func-
tions, and AIM is a good basis for flexible and accurate mod-
eling of the surface, imposes fast solving with FFT and less un-
knowns (compared to coupled integral equations), and enables
efficient simulation of large surfaces. However, as the roughness
of the surface increases the accuracy of the solution using AIM
decreases, which has the consequence that in order to use this
approach to the simulation of scattering from extremely rough
surface an improvement is needed to take the height variations
of the surface into account.

APPENDIX I

Here, the definition of the integral operators is given. The
integral operators and are defined as

(45)

(46)

where

(47)

is the homogeneous space Green’s function of domain (so
that is the location where the field is evaluated due to the cur-
rent distribution at and is the wavenumber) and

denotes the surface divergences with respect to the primed
coordinates.

APPENDIX II

Here, the application of the Gauss divergence theorem in
order to avoid the integration over the singularity is introduced.
The Gauss divergence theorem can be used to transform the
surface integral to a boundary integral, which eliminates the
integration over the singularity for the near terms of , as is
shown next.

Writing only the essential part of an element of and
dividing it into tangential and normal components yields

Fig. 9. Integration of an element of �

�W , which has the same basis and testing
function. The integration over the singularity is overcome by applying Gauss
divergence theorem.

(see Fig. 9)

(48)

Since the normal component of the two triangles and the di-
rection of the edge are perpendicular to each other, the normal
component vanishes. Now, by applying the Gauss divergence
theorem gives:

(49)

where is a unit vector of the outer normal of the boundary
of th basis function (see Fig. 9). The singularity withholding
edge is left out, since

(50)

as is evident from Fig. 9. This way the integration of this terms
becomes very accurate.

When the edge of the testing function is one of the other edges
of the triangles of an RWG basis function, the method can also
be applied to the elements of . In this case, the tangential com-
ponent of the triangle vanishes directly, and the normal compo-
nent through the Gauss theorem, since is in the direction
of the normal of the triangle. This way the integral over the tri-
angle, where the testing edge resides, vanishes altogether.
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