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Abstract 
Lightweight materials are an important aspect of modern engineering, and the field is 
constantly expanding. Lattice materials are often used when designing lightweight struc-
tures, either on their own or as e.g. core materials in sandwich structures. Regular lattices 
are used extensively, and their properties have been studied thoroughly. Semi-regular lat-
tices, on the other hand, have not been studied as much, and only the properties of the 
Kagome lattice are known. However, the mechanical properties of the semi-regular Ka-
gome lattice are very good, which is a reason to study other semi-regular lattices. 
 
This thesis determines the in-plane stiffness and strength of the snub square lattice and 
compares them with previously known properties of other stretching-dominated lattices. 
The properties are calculated using analytical modelling, finite element simulations, and 
experimental tests. The results obtained through these methods are compared to verify 
their feasibility, and the analytical results are compared with the properties of other lat-
tices. 
 
The results show that the applied methods are feasible. The finite element simulations 
and experimental tests also show that imperfections in the lattice result in a lower buck-
ling strength, and that the lattice is very sensitive to imperfections near the critical relative 
density where the collapse mode changes from elastic buckling to yielding. When com-
paring the mechanical properties of the snub square lattice with those of other lattices, 
the snub square lattice has an inferior stiffness and yield strength, but a favorable buck-
ling strength. The buckling strength is material specific, so the snub square lattice would 
be a feasible solution when stiffness is not important and the solid material has a high 
yield strain, thus resulting in a higher critical relative density. In addition, the positive 
results are seen as motivation to study further properties of the snub square lattice, as 
well as other semi-regular lattices. 
 
Keywords Lattice materials, Mechanical properties, Stiffness and strength, Periodic cel-
lular materials. 
 
  



 
 

 

  



 

Aalto-universitetet, PB 11000, 00076 AALTO 
www.aalto.fi 

Sammandrag av diplomarbetet 
 
 

 

 
Författare Tomas Their  
Titel Det Trubbkvadratiska Gittrets Styvhet och Styrka i Planet  
Utbildningsprogram Utbildningsprogrammet för Maskinteknik 
Huvud-/biämne  Flygteknik Kod K3004 
Övervakare Assistant Professor Luc St-Pierre 
Handledare Assistant Professor Luc St-Pierre 
Datum  11.10.2017 Sidantal 67+6 Språk Engelska 

Sammandrag 
Lättviktsmaterial är en viktig del av ingenjörsvetenskapen, och området växer hela tiden. 
Gittermaterial används ofta när lättviktsmaterial konstrueras, antingen ensamma, eller 
som t.ex. mellanskikt i sandwichkonstruktioner. Regelbundna gitter används mycket, och 
deras egenskaper har undersökts noga. Halvregelbundna gitter, å andra sidan, har inte 
undersökts lika mycket, och endast Kagome-gittrets egenskaper är kända. Dock har Ka-
gome-gittret goda mekaniska egenskaper, vilket är en orsak att undersöka andra halvre-
gelbundna gitter. 
 
I den här avhandlingen undersöks styvheten och styrkan i planet hos det trubbkvadratiska 
gittret, och resultaten jämförs med andra gitters tidigare kända egenskaper. Egenskap-
erna räknas analytiskt, med finita element-simulationer, och via experiment. Resultaten 
från de olika metoderna jämförs sinsemellan för att säkerställa deras duglighet, och de 
analytiska resultaten jämförs med andra gitters egenskaper. 
 
Resultaten visar att de tillämpade metoderna fungerar på önskat sätt. Experimenten och 
de finita element-simulationerna visar också att defekter i gittermaterialet resulterar i en 
lägre knäckkraft, och att gittermaterialet är mycket känsligt mot defekter nära den kri-
tiska relativa densiteten. När de analytiska resultaten jämförs med andra gitters meka-
niska egenskaper märks det att det trubbkvadratiska gittret har en låg styvhet och brott-
gräns, medan knäckstyrkan är relativt hög. Knäckstyrkan beror på materialet, vilket be-
tyder att det trubbkvadratiska gittret skulle vara ett bra alternativ när styvhet inte är vik-
tigt, och gittrets fasta material har en hög töjningsgräns, vilket leder till en högre kritisk 
relativ densitet. Detta positiva resultat ses också som en orsak att undersöka vidare egen-
skaper hos det trubbkvadratiska gittret, samt andra halvregelbundna gitter. 
 
Nyckelord  Gittermaterial, Mekaniska egenskaper, Styvhet och styrka, Periodiska cell-
material. 
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1 Introduction 
 
Lightweight materials are an ever-expanding area in material technology, as a result of at-
tempts to find new materials that are both light and strong for various applications, including 
aerospace and automotive engineering. From early cases of choosing optimal naturally oc-
curring materials, to developing new metallic alloys and the carefully engineered fiber-rein-
forced plastics of today, finding the best material for projects has always been important.  
 
Materials such as wood and canvas were heavily used in early aircraft, with light sandwich 
structures mostly using balsa wood cores (EconHP 2015), although polymers were already 
applied by the 1940s as part of fiberglass reinforced plastics. Since the 1960s, fiber-rein-
forced plastics (FRP) have improved, with the development of aramid and carbon fibers 
(Fleck et. al 2010). FRPs also allow for combining material properties with structural engi-
neering, as the application of the fibers inside the plastic (depending on direction and 
amount) gives the final material-specific properties that can be designed beforehand. How-
ever, although FRPs can be customizable for use in light sandwich-structured composites, 
they are less effective as a core material, which requires a very light material (Davies 2008). 
 
The stiffness and strength of engineering materials are presented in Figure 1. As seen in the 
figure, there is still a need for new materials in the low density – high strength area. 

1.1 Lattice materials 
One solution for a low density – high strength material is offered by lattices. Lattice materials 
combine the choice of an optimal material with the strength obtained from a designed struc-
ture. Because of its high potential for modification, a lattice material can be designed to 
achieve high strength through its structural parts. In addition, the solid material can be cho-
sen to ensure that the lattice obtains the required strength, while still maintaining a light 
weight. When doing this, the lattice can either use lightweight materials in a structure with 
thicker parts, or simply use small quantities of a strong material. In addition, the optimal 
lattice may be weak under unanticipated loading conditions. The structure allows a very low 
weight when it only includes parts integral to the strength.  
 
The main characteristic of a lattice material is its topology, which determines its 2- or 3-
dimensional structure. The properties of regular lattices (using triangular, square, or hexag-
onal cells) are well known and have already been used for designing lightweight materials. 
Some properties of other lattices are known as well, but these are used far less in engineering. 

1.2 Semi-regular lattices 
Unlike the regular lattices, the cells in semi-regular lattices consist of two or more regular 
polygons, as opposed to only one in the regular lattices. Examples of lattices are shown in 
Figure 2, which presents a regular and two semi-regular 2-dimensional lattices, as well as a 
cubic 3-dimensional structure. Figure 3 shows the use of a hexagonal lattice core in a sand-
wich structure. Because of the relative difficulty in producing large quantities of semi-regu-
lar lattices, interest in this more complicated lattice type has been low from an engineering 
standpoint. 
 
Eight semi-regular lattices are theoretically possible (Cundy & Rollett 1951). Of these, only 
the properties of the Kagome lattice have been thoroughly investigated. Nevertheless, new 
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manufacturing methods, such as 3D printing (Kaur et al. 2017) and metal coated photopol-
ymers (Schaedler et al. 2011, Erdeniz et al. 2017), have increased the possibility of accu-
rately manufacturing semi-regular lattices on a large scale. Since the Kagome lattice has 
been shown to offer good mechanical properties, this suggests that another semi-regular lat-
tice, the snub square lattice, might also provide as good properties as the regular lattices 
because of its structural similarity to the Kagome lattice and its symmetry. However, the 
potential properties of the snub square lattice remain as yet unknown. 
 

 
Figure 1 Stiffness and strength of engineering materials, depending on density. The low density - large strength 
area still has room for improvements, and this is where development of good lightweight materials is needed. 
(Fleck et al. 2010) 
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Figure 2 (a) A regular hexagonal lattice, (b) semi-regular snub square and (c) Kagome lattices, as well as a 
(c) 3-dimensional cubic lattice. 

 
Figure 3 Use of a hexagonal lattice as core material in a sandwich structure. (NauticEXPO 2017) 

 

1.3 Objectives and scope  
The aim of this thesis is to determine the mechanical properties of the snub square lattice 
and to compare its mechanical properties to those of other lattices. This thesis considers the 
stiffness and strength of the snub square lattice. The results are compared to stretching-dom-
inated lattices, because of their similar mechanical properties. Other properties, such as shear 
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strength, are not included in this thesis because these properties are of little importance if the 
strength and stiffness of the snub square lattice are lower than those of other lattices. Instead, 
favorable stiffness and strength properties could provide further motivation for future studies 
of the snub square lattice, as well as other semi-regular topologies. 

1.4 Methods 
The mechanical properties of the snub square lattice are obtained using three methods: ana-
lytical modelling, finite element simulations, and experimental tests. Analytical modelling 
is used to calculate the properties of the perfect lattice. Finite element simulations are used 
to perform the same calculations on both periodic and finite models, as well as to include 
imperfections in the model. Finally, experimental tests are performed on 3D printed lattices 
to verify the results obtained through the calculations. All results are calculated in nondi-
mensional forms, thus allowing comparisons both within the calculation results, as well as 
with other lattices. 

1.5 Structure 
The remainder of this thesis is divided into seven chapters. Chapter 2 describes lattice mate-
rials in general, the previous work that has focused on them, as well as the methods that are 
used in this thesis for calculations and comparisons. Chapter 3 presents the analytical mod-
elling of the lattice, with the stiffness and strength calculations performed using beam theory, 
and Chapter 4 presents the finite element simulations. Chapter 5 describes the experimental 
testing, the process of manufacturing the test samples, and the testing process itself. Because 
of problems arising during manufacturing and testing, these will also be discussed in this 
chapter. Chapter 6 compares all obtained results and discusses the feasibility of each method. 
This chapter also includes comparisons with other lattices and conclusions about the prop-
erties of the snub square lattice. Chapter 7 discusses the findings and presents suggestions 
for future research. 
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2 Literature review 
 
To determine the mechanical properties of the snub square lattice, this chapter begins by 
discussing the characteristics of lattices in general and the effect that these characteristics 
have on the mechanical properties of the lattice. Sections 2.2 and 2.3 provide more infor-
mation about the methods that have previously been used to calculate their mechanical prop-
erties. Finally, Section 2.4 describes the methods used earlier to compare the properties of 
different lattice materials. 

2.1 Lattice materials 
To understand the differences between lattice properties, it is necessary to first define a lat-
tice. Lattice materials have been defined by Fleck et al. (2010) as a “cellular, reticulated, 
truss or lattice network made up of a large number of uniform lattice elements (e.g. slender 
beams or rods)”, which in 2-dimensional cases is referred to as a planar lattice material. 
Disregarding the beams and only considering the cellular arrangements, gives the topology, 
or what mathematicians refer to as tessellations.  
 
These tessellations can be divided into three groups: regular, semi-regular, and other tessel-
lations. Regular tessellations consist of only one regular polygon, thus giving three possible 
tessellations: triangular, square, and honeycomb (Cundy & Rollett 1951), as presented in 
Figure 4. The lattice materials based on these tessellations have been studied extensively, 
and their properties are well known (Fleck et al. 2010; Wang & McDowell 2004). 
 

 
Figure 4 The regular tessellations: (a) Triangular, (b) square, and (c) hexagonal. 
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Semi-regular tessellations are constructed using two or more regular polygons and have been 
mathematically proven to have eight possible structures (Cundy & Rollett 1951). The lattice 
materials based on these tessellations have received little attention, and only the properties 
of the Kagome lattice are well known (Fleck et al. 2010; Wang & McDowell 2004). Some 
properties of the 34.6 lattice have been studied briefly as well (Elsayed & Pasini 2010). The 
snub square lattice material was chosen from the semi-regular tessellations for this thesis, as 
it seemed to offer some of the same characteristics as the Kagome lattice, including triangu-
lar cells and symmetry in the x1- and x2-directions. The Kagome and snub square tessella-
tions are presented in Figure 5, while all semi-regular tessellations can be found in Appendix 
1. 
 

 
Figure 5 Two semi-regular tessellations: (a) Kagome and (b) snub square. 

 

 
Figure 6 Some other tessellations: (a) The diamond tessellation, (b) a pentagonal tessellation using two dif-
ferent cells (the same cell mirrored), and (c) a tessellation with curved edges. 
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Finally, other tessellations can be constructed using several polygons of varying sizes, or 
irregular polygons. The diamond lattice (Figure 6) belongs to the “other” category, the prop-
erties of which have also been studied (Wang & McDowell 2004). This group includes many 
more tessellations. For example, while a regular pentagon cannot be used to create a tessel-
lation, at least 15 irregular pentagons are known that can be used to create a tessellation 
(Peralta 2015). The number of tessellations in this “other” group can be further increased by 
using several different types of polygons in the tessellation. However, producing these other 
lattices would clearly be difficult, thus making many of them less suitable for engineering 
purposes. A few examples of tessellations in this category are also presented in Figure 6. 

2.1.1 Relative density 
Studying lattice materials requires a method that allows comparison of varying lattice struc-
tures. The concept of relative density, �̅�𝜌, is used for this purpose. The relative density gives 
the ratio between the density of the lattice material and the solid material used to make the 
lattice. Thus, the relative density has a value between 0 and 1. (Fleck et al. 2010) 
 
At sufficiently low relative densities of around 0.2, the relative density becomes directly 
related to the thickness 𝑡𝑡 and length 𝑙𝑙 of the struts in the material. The relative density can 
therefore be expressed using the equation 
 

�̅�𝜌 = 𝐴𝐴 �
𝑡𝑡
𝑙𝑙
� (1) 

 
where 𝐴𝐴 is a constant related to the topology of the lattice material. Some examples of known 
constants are presented in Table 1. The method used to calculate the relative density of the 
snub square lattice will be discussed in Chapter 3. (Fleck et al. 2010) 
 

Table 1. Constant A for some topologies (Fleck et al. 2010, Elasyed & Pasini 2010). 

Topology A 

Triangular 2√3 ≈ 3.4641 

Hexagonal 2 √3⁄  ≈ 1.1547 

Kagome √3 ≈ 1.7321 

34.6 10√3
7

 ≈ 2.4744 

 
When comparing the properties of lattice materials, all properties are presented as functions 
of the relative density. This shows how properties of the lattice, such as the strength and 
stiffness, are related to its weight, thus making it possible to choose the correct topology and 
relative density. This should yield a material that is both light and strong under the expected 
load. 

2.1.2 Versatility 
One of the main advantages of lattice materials is their versatility. Several different solutions 
are available for choosing a lattice material, since all lattice materials have different proper-
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ties depending on both their topology and relative density. When doing this, the aim is usu-
ally to find a material that is as light as possible, while still fulfilling all strength and stiffness 
requirements of the case in question. 
 
Usually, the lattice materials excel in one or two areas, but their properties are less than ideal 
in others. For example, a triangular lattice is very strong under a wide range of loads but has 
a high relative density, resulting in a heavy lattice. A hexagonal lattice, on the other hand, 
has a low relative density and is suitable for most loads, but is never exceptionally strong. If 
the expected load is mostly uniaxial, it would be better to choose a more specialized lattice 
that is very strong under the expected load, but perhaps does not take shear loads as well. 
 
This versatility of lattice materials makes them very effective in cases with predictable loads, 
as the material can be designed to withstand the expected loads without unnecessary struc-
tures carrying loads that would never occur, thus saving as much weight as possible. The 
methods commonly used for comparing the lattice materials, and choosing the correct lattice, 
will be discussed further in Section 2.4. The lattice material can also be optimized further, 
as the basic lattice structure can be altered by either varying the topology (Du et al. 2017) or 
the solid material of the lattice (Vigliotti & Pasini 2013), thus resulting in an even stronger 
lattice material. 

2.1.3 Bending-dominated and stretching-dominated lattices 
Cellular solids can be divided into two main groups depending on how they react under 
loading: stretching-dominated and bending-dominated. A stretching-dominated lattice can 
be anywhere from 3 to 10 times stiffer than a bending-dominated lattice of the same relative 
density (Deshpande et al. 2000, Fleck et al. 2010), requiring that the difference must be 
known before carrying out comparisons. 
 
Figure 7 presents two sets of pin-jointed struts, a mechanism and a structure, that will react 
differently. In the mechanism, the pins will rotate, causing the frame to collapse. However, 
the struts will support an axial load in the structure, either compressive or tensile, preventing 
the frame from collapsing. (Deshpande et el. 2000) 
 

 
Figure 7 (a) A mechanism and (b) a structure (Deshpande 2010). 
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If the joints are prevented from rotating, thus resembling a lattice material more closely, the 
load will cause a bending moment in the joints of the mechanism, leading to bending of the 
struts. Thus, the mechanism is bending-dominated. On the other hand, locking the joints in 
the structure will have very little effect on the stiffness and strength of the structure. In fact, 
although the struts may bend, the collapse of the structure is caused by the axial load in the 
struts, indicating that the structure is stretching-dominated. (Deshpande et al. 2000) 
 
Pin-jointed frames have been analyzed by Maxwell (1864), who concluded that a 2-dimen-
sional structure with 𝑏𝑏𝑛𝑛 struts and j joints is rigid, i.e. does not fold up when loaded, if it 
satisfies the equation 
 

𝑏𝑏𝑛𝑛 = 2𝑗𝑗 − 3. (2) 
 
If we consider a larger structure with Z struts connected to each joint, the total number of 
struts b in the structure is approximately 𝑗𝑗𝑗𝑗 2⁄ . This leads to the condition Z=4 for rigidity, 
which, although necessary, is not sufficient, since the structures can contain either macro-
scopic strain-producing mechanisms, periodic collapse mechanisms, or both. Although cal-
culating these mechanisms is possible (Pellegrino & Calladine 1986), this remains outside 
the scope of this thesis. To achieve a perfectly rigid 2-dimensional structure Z=6 is required, 
which can be seen in the triangular lattice. (Deshpande et al. 2000) 
  
The requirement Z=4 is, however, sufficient to identify a stretching-dominated lattice, indi-
cating that although the structure is not rigid (bending may occur in the struts), the collapsing 
of the structures will be caused by axial loads in the struts, as opposed to bending. 

2.2 Unit cells 
When performing calculations on a lattice material a large lattice would be way too complex 
for many calculations, especially if done by hand. Therefore, the topology is usually split 
into one unit cell, which when repeated gives the original lattice. This unit cell must be 
chosen so that it does not cut along a strut, but rather across the struts, to keep calculations 
simpler. 
 

 
Figure 8 (a) Triangular, (b) square, (c) Kagome, and (d) hexagonal lattice unit cells. Letters indicate free end 
coupling for periodic boundaries. 
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When performing the calculations, the unit cell is assumed to have periodic boundaries. This 
means that the ends of the struts that would be connected when assembling the unit cells into 
a complete lattice are assumed to have the same displacement, and equal forces acting on 
them. Figure 8 presents the unit cells of some previously discussed lattices, and the strut 
pairs used for the periodic boundaries (Tankasala et al. 2017). As Figure 8c illustrates, cut-
ting the lattice at a joint can cause problems, as the free end of the strut is coupled with 
several other free ends. In some cases, this could complicate future calculations. It is also 
worth noting that these unit cells are not unique solutions, but rather examples of properly 
chosen unit cells. The unit cell can be chosen in several different ways, as long as it gives 
the original lattice when repeated. 

2.3 Lattices as truss structures 
When performing analytical calculations on lattice materials, the calculations will be based 
on beam theory. In a simple lattice material, all struts are identical beams, which makes it 
possible to easily derive equations for the entire structure. 
 
When performing calculations on the entire structure, which in most cases will be the unit 
cell, the lattice material will be treated as a truss structure. Calculations for truss structures 
have been used for a long time, usually for e.g. bridges or roof structures (Krenk & Høgsberg 
2013), and the exact same equations can be used for the lattice materials. The similarities 
between lattice materials and truss structures can be seen in Figure 9, which presents an 
example on displacement calculations of a truss structure, taken from Krenk & Høgsberg’s 
(2013) textbook. Changing the structure to the desired lattice material, and taking periodic 
boundaries into account if the unit cell is used, makes it possible to use the same methods. 
 

 
Figure 9 Example of a truss structure. Note similarities with a lattice, which allows the same methods to be 
used. (Krenk & Høgsberg 2013) 
 
The truss structure equations can be used for determining the axial forces in the struts, as 
well as the displacement of any joint. From these it is possible to determine the stiffness 
and strength of the lattice. The methods and calculation for the snub square lattice will be 
discussed in Chapter 3. 

2.4 Comparing lattice materials 
As mentioned in Section 2.1.1, the relative density is used as a tool to compare the properties 
of various lattice materials. This thesis studies the in-plane stiffness and strength of lattice 
materials, and these can be expressed as a function of the relative density, as well as either 
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the Young’s modulus or tensile strength of the solid material, depending on what is being 
investigated. The nondimensional values obtained with these equations can be used to com-
pare different lattices, and to express the properties of a lattice with any relative density. 

2.4.1 In-plane stiffness of lattice materials 
After solving the in-plane stiffness of a lattice, 𝐸𝐸, which can be calculated analytically using 
beam theory, or through FE simulations, its stiffness can be expressed in the nondimensional 
form 
 

𝐸𝐸
𝐸𝐸𝑆𝑆

=  𝐵𝐵�̅�𝜌𝑏𝑏 (3) 

 
where 𝐸𝐸𝑆𝑆 is the Young’s modulus of the solid material, and �̅�𝜌 is the relative density. In this 
equation 𝐵𝐵 and 𝑏𝑏 are constants that depend on the topology of the lattice, thus expressing 
the properties of a specific lattice in the nondimensional form. It can be shown that for bend-
ing-dominated lattices 𝑏𝑏 = 3, and for stretching-dominated lattices 𝑏𝑏 = 1. (Fleck et al. 2010) 

2.4.2 In-plane strength of lattice materials 
The strength of a lattice material can be expressed with a similar equation as the stiffness. 
After solving the strength, 𝜎𝜎𝑦𝑦, using either analytical calculations or FE simulations, the 
strength of the topology can be expressed in the nondimensional form 
 

𝜎𝜎𝑦𝑦
𝜎𝜎𝑇𝑇𝑆𝑆

= 𝐶𝐶�̅�𝜌𝑐𝑐. (4) 

 
In this equation 𝜎𝜎𝑇𝑇𝑆𝑆 is the tensile strength of the solid material. The constants C and 𝑐𝑐 are 
once again specific to the topology, and in this case 𝑐𝑐 = 2 for bending-dominated, and 𝑐𝑐 =
1 for stretching-dominated lattices (Fleck et al. 2010). 
 
The previous equation, however, mainly applies in cases where the lattice yields. In com-
pression, it is also possible for the lattice to buckle elastically. The buckling strength of the 
lattice can be expressed as in Equation 4, which makes it possible to compare yield and 
buckling strength. However, comparing only buckling strengths is easier when using the 
equation 
 

𝜎𝜎𝑒𝑒𝑒𝑒
𝐸𝐸𝑆𝑆

= 𝐷𝐷�̅�𝜌𝑑𝑑. (5) 

 
The lattice will fail according to the failure mode that requires the least force. In tension the 
lattice will only yield, while in compression the lattice will buckle at low relative densities, 
and yield at higher ones. The critical relative density at which the collapse mode changes 
from elastic buckling to yielding can be solved by combining Equations 4 and 5, and finding 
the relative density at which the value of 𝜎𝜎 is equal. 
 

𝜎𝜎𝑦𝑦 = 𝜎𝜎𝑒𝑒𝑒𝑒 → 𝐶𝐶𝜎𝜎𝑇𝑇𝑆𝑆�̅�𝜌𝑐𝑐 = 𝐷𝐷𝐸𝐸𝑆𝑆�̅�𝜌𝑑𝑑 (6) 
 

�̅�𝜌𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐 = �
𝐶𝐶
𝐷𝐷
𝜎𝜎𝑇𝑇𝑆𝑆
𝐸𝐸𝑆𝑆
�

1
𝑑𝑑−𝑐𝑐

(7) 
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2.4.3 Known properties of lattice materials 
 
Table 2 is a continuation of Table 1 and now includes the constants 𝐵𝐵, 𝑏𝑏, 𝐶𝐶, 𝑐𝑐, 𝐷𝐷, 𝑑𝑑 for those 
lattices, as well as their Poisson’s ratio, 𝜈𝜈. Equations 3-5 allow the properties of a lattice 
material to be calculated. Using a table, such as Table 2, makes it easy to compare different 
lattices. 
 
Table 2. Constants 𝐵𝐵, 𝑏𝑏, 𝐶𝐶, and 𝑐𝑐, as well as the Poisson’s ratio for the lattices in Table 1. (Fleck et al. 2010, 
Wang & McDowell 2004) 

Topology A B b C c 𝐷𝐷 𝑑𝑑 𝜈𝜈 
Triangular 2√3 1/3  1 1 3⁄  1 0.0914 3 1 3⁄  

Hexagonal 
2
√3

 3 2⁄  3 1 3⁄  2 0.143 3 1 

Kagome √3 1 3⁄  1 1 2⁄  1 0.366 3 1 3⁄  

34.6 10√3
7

 0.313 1 - - - - - 

 
The next chapter will present the analytical modelling used in this thesis, and the calculations 
used for determining the properties of the lattice. The results obtained through the analytical 
modelling can then be compared with the results from earlier studies (Table 2) to evaluate 
the properties of the snub square lattice against those of other lattices. A more comprehensive 
table with properties of additional stretching-dominated lattices (which are used for the final 
comparisons) is presented in Chapter 6.  
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3 Analytical modelling 
 
In order to get reliable results, the properties of the lattice material will be determined using 
three different methods. These results will be compared to ensure their reliability, and to find 
the magnitude of known errors or imperfections in the methods.  
 
The first method used is analytical modelling, which is presented in this chapter. This 
method gives the properties of the perfect lattice, i.e. with no imperfections in the struts. 
These results should be the optimal values of the lattice, and later imperfect lattices can be 
compared to these results. Section 3.1.1 presents the derivation of the unit cell and relative 
density of the lattice. Section 3.1.2 presents the stiffness calculations, and Section 3.1.3 the 
strength calculations. 

3.1 Calculations 
Analytical modelling of the lattice makes it possible to find the exact stiffness and strength 
of the perfect lattice. As mentioned in Section 2.3, the methods used are based on beam 
theory and truss structures. These calculations can be done after the relative density of the 
lattice is known. With the relative density calculated in the form presented in Equation 1, 
the stiffness and strength can be obtained as functions of �̅�𝜌, as in Equations 3-5, instead of 𝑡𝑡 
and 𝑙𝑙. All analytical calculations are performed on the unit cell, which must be determined 
before starting the calculations. 

3.1.1 Unit cell and relative density of the snub square lattice 
The unit cell of the snub square lattice is chosen according to the requirements mentioned in 
Section 2.2, and presented in Figure 10. Because of the complex structure of the snub square 
lattice, which has struts at 0°, 30°, 60°, and 90° angles, the unit cell contains struts of more 
complex lengths than just 𝑙𝑙 or 𝑙𝑙 2⁄ , as with many other lattices. The shorter struts will be 
present if the unit cell is chosen from a rectangular area, so although some work is needed 
to find their length, it will simplify future calculations. 
 

 
Figure 10 Unit cell of the snub square lattice, with dimensions and periodic boundary coupling. 
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The length of the longer and shorter struts is connected, as they are two ends of the same 
strut. Thus, if the length of the shorter strut is thought of as 𝑋𝑋𝑙𝑙, the longer strut will have a 
length of (1 − 𝑋𝑋)𝑙𝑙. The value of 𝑋𝑋 can be calculated using basic trigonometry. 
 

 
Figure 11 Angles and symbols for calculating the lengths of the shorter struts. 

 
Using Figure 11, which shows the bottom half of the unit cell, we can start by finding the 
value of 𝑥𝑥1. This line is the hypotenuse of a right triangle, with the two other sides meeting 
at the center of the square with sides 𝑙𝑙. Thus, 
 

𝑥𝑥1𝑙𝑙 =  ��
𝑙𝑙
2
�
2

+ �
𝑙𝑙
2
�
2

=  
𝑙𝑙
√2

. (8) 

 
This can then be used to calculate the value of 𝑥𝑥2, 
 

𝑥𝑥2𝑙𝑙 =  𝑥𝑥1𝑙𝑙 sin 15° =  
𝑙𝑙
√2

sin 15° =  �
√3
4
−  

1
4
� 𝑙𝑙, (9) 

 
which finally is used to find the value of 𝑋𝑋 
 

𝑋𝑋𝑙𝑙 =  
𝑥𝑥2𝑙𝑙

cos 30°
=  
�√3
4
−  1

4
� 𝑙𝑙

cos 30°
=  �

1
2
−  

1
2√3

� 𝑙𝑙. (10) 

 
As mentioned earlier, the length of the longer struts is simply (1 − 𝑋𝑋)𝑙𝑙, and these measure-
ments can be seen in Figure 10. 
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The relative density of the lattice can be calculated using the defined unit cell. In 2-dimen-
sional cases this can be done by dividing the area of the struts with the rectangular area used 
for the unit cell. 
 
The area of the struts can be defined as the total length of all struts, multiplied by the thick-
ness of the struts, 𝑡𝑡. In the previously defined unit cell, there are 6 struts with the length 𝑙𝑙. In 
addition, because the short and long partial struts are two ends of the same strut, the partial 
struts add 4𝑙𝑙 to the length. This gives the lattice a total area of 10𝑡𝑡𝑙𝑙. 
 
To calculate the total area of the rectangular cell, the dimensions of the sides are needed. 
From the bottom half of the unit cell, one can see that the width, 𝑤𝑤, is 
 

𝑤𝑤 = 𝑙𝑙 + 2𝑥𝑥2𝑙𝑙 = 𝑙𝑙 + �
√3
2
−  

1
2
� 𝑙𝑙 =  �

1 + √3
2

� 𝑙𝑙. (11) 

 
The height, ℎ, of the rectangular area is 
 

ℎ = 𝑙𝑙 +  2𝑙𝑙 cos 30° =  �1 + √3�𝑙𝑙 (12) 
 
which gives a total area of 
 

�
√3 + 1

2
� �1 + √3�𝑙𝑙2 =  �2 +  √3�𝑙𝑙2. (13) 

 
The relative density can now be calculated as the area of the struts divided by the total area 
of the cell 
 

�̅�𝜌 =  
10𝑡𝑡𝑙𝑙

�2 +  √3�𝑙𝑙2
=  �20 − 10√3�

𝑡𝑡
𝑙𝑙
≈ 2.6795

𝑡𝑡
𝑙𝑙

, (14) 

 
where the relative density is given in the same form as shown in Equation 1. Comparing the 
constant 𝐴𝐴 with the other values given in Table 1, shows that the snub square lattice has a 
much higher relative density for a given values of 𝑡𝑡/𝑙𝑙 than the hexagonal and Kagome lat-
tices, and that it is closer to the triangular lattice. 

3.1.2 Stiffness calculations 
With the unit cell and relative density done, it is possible to calculate the stiffness and 
strength of the lattice. The calculation of the stiffness is based on the definition of Young’s 
modulus 
 

𝐸𝐸 =  
𝜎𝜎(ε)

ε
, (15) 

 
or the slope of the stress-strain curve. This is done by calculating the displacement of the top 
node as a function of the compressive stress on the unit cell. The stress can then be calculated 
as the force divided by the top-side area of the unit cell, and the strain as the displacement 
divided by the total height of the unit cell, thus enabling the use of Equation 15. 
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As mentioned in Section 2.3, the forces and displacements in the lattice will be calculated in 
the same way as with a truss structure. The first step is finding the forces in all struts, which 
will be done as presented by Krenk & Høgsberg (2013). 
 

 
Figure 12 Notation for force equilibrium equations, and examples of forces in joints A & I. 

 
Using the notation in Figure 12, the first step is to find the force equilibrium for all joints, 
external forces, and periodic boundaries. This gives the equations presented in Table 3. 
 
Table 3 Force equilibrium equations for the snub square unit cell. 

Joint & direction Equation 

A - 𝑥𝑥1 𝑁𝑁𝐴𝐴𝐴𝐴 sin 60° −𝑁𝑁𝐴𝐴𝐴𝐴 sin 60° = 0 

A - 𝑥𝑥2 −𝐹𝐹 − 𝑁𝑁𝐴𝐴𝐴𝐴 − 𝑁𝑁𝐴𝐴𝐴𝐴 cos 60° −𝑁𝑁𝐴𝐴𝐴𝐴 cos 60° = 0 

F - 𝑥𝑥1 𝑁𝑁𝐸𝐸𝐴𝐴 sin 60° + 𝑁𝑁𝐴𝐴𝐽𝐽 cos 60° −𝑁𝑁𝐷𝐷𝐴𝐴 sin 60° −𝑁𝑁𝐴𝐴𝐼𝐼 cos 60° = 0 

F - 𝑥𝑥2 𝑁𝑁𝐴𝐴𝐴𝐴 +𝑁𝑁𝐷𝐷𝐴𝐴 cos 60° + 𝑁𝑁𝐸𝐸𝐴𝐴 cos 60° −𝑁𝑁𝐴𝐴𝐼𝐼 sin 60° −𝑁𝑁𝐴𝐴𝐽𝐽 sin 60° = 0 

I - 𝑥𝑥1 𝑁𝑁𝐼𝐼𝐽𝐽 + 𝑁𝑁𝐴𝐴𝐼𝐼 cos 60° + 𝑁𝑁𝐼𝐼𝐼𝐼 cos 60° −𝑁𝑁𝐺𝐺𝐼𝐼 sin 60° −𝑁𝑁𝐼𝐼𝐼𝐼 sin 60° = 0 

I - 𝑥𝑥2 𝑁𝑁𝐴𝐴𝐼𝐼 sin 60° + 𝑁𝑁𝐺𝐺𝐼𝐼 cos 60° −𝑁𝑁𝐼𝐼𝐼𝐼 sin 60° −𝑁𝑁𝐼𝐼𝐼𝐼 cos 60° = 0 

J - 𝑥𝑥1 −𝑁𝑁𝐼𝐼𝐽𝐽 − 𝑁𝑁𝐴𝐴𝐽𝐽 cos 60° −𝑁𝑁𝐽𝐽𝐼𝐼 cos 60° + 𝑁𝑁𝐻𝐻𝐽𝐽 sin 60° + 𝑁𝑁𝐽𝐽𝐽𝐽 sin 60° = 0 

J - 𝑥𝑥2 𝑁𝑁𝐴𝐴𝐽𝐽 sin 60° + 𝑁𝑁𝐻𝐻𝐽𝐽 cos 60° −𝑁𝑁𝐽𝐽𝐼𝐼 sin 60° −𝑁𝑁𝐽𝐽𝐽𝐽 cos 60° = 0 

M - 𝑥𝑥1 𝑁𝑁𝐽𝐽𝐼𝐼 cos 60° −𝑁𝑁𝐼𝐼𝐼𝐼 cos 60° = 0 

M - 𝑥𝑥2 𝐹𝐹𝑒𝑒𝑒𝑒𝑐𝑐 + 𝑁𝑁𝐼𝐼𝐼𝐼 sin 60° + 𝑁𝑁𝐽𝐽𝐼𝐼 sin 60° 

External forces 𝐹𝐹 =  𝐹𝐹𝑒𝑒𝑒𝑒𝑐𝑐 

Periodic boundaries 𝑁𝑁𝐴𝐴𝐴𝐴 = 𝑁𝑁𝐻𝐻𝐽𝐽 ,   𝑁𝑁𝐴𝐴𝐴𝐴 = 𝑁𝑁𝐺𝐺𝐼𝐼 ,   𝑁𝑁𝐷𝐷𝐴𝐴 = 𝑁𝑁𝐽𝐽𝐽𝐽 ,   𝑁𝑁𝐸𝐸𝐴𝐴 = 𝑁𝑁𝐼𝐼𝐼𝐼  
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The equations in Table 3 can be solved by hand, or using a computational solver. In this case 
the commercial software Mathematica was used. Solving the equations gives the following 
solutions: 
 
 𝑁𝑁𝐴𝐴𝐴𝐴 = 𝑁𝑁𝐴𝐴𝐴𝐴 = 𝑁𝑁𝐻𝐻𝐽𝐽 = 𝑁𝑁𝐺𝐺𝐼𝐼 
 𝑁𝑁𝐴𝐴𝐴𝐴 = −𝑁𝑁𝐴𝐴𝐴𝐴 − 𝐹𝐹 
 𝑁𝑁𝐷𝐷𝐴𝐴 = 𝑁𝑁𝐸𝐸𝐴𝐴 = 𝑁𝑁𝐽𝐽𝐽𝐽 = 𝑁𝑁𝐼𝐼𝐼𝐼 = 𝑁𝑁𝐴𝐴𝐴𝐴 + √3𝑁𝑁𝐴𝐴𝐼𝐼 + 𝐹𝐹 
 𝑁𝑁𝐴𝐴𝐼𝐼 = 𝑁𝑁𝐴𝐴𝐽𝐽 
 𝑁𝑁𝐼𝐼𝐽𝐽 = √3𝑁𝑁𝐴𝐴𝐴𝐴 + 𝑁𝑁𝐴𝐴𝐼𝐼 + 2𝐴𝐴

√3
 

 𝑁𝑁𝐼𝐼𝐼𝐼 = 𝑁𝑁𝐽𝐽𝐼𝐼 = − 𝐴𝐴
√3

 
 
These solutions are not sufficient, as some of the forces are still unknown. Because of the 
periodic boundaries, the analytical calculations do not provide explicit results for all struts. 
However, exact solutions can be obtained by adding the assumption 𝑁𝑁𝐴𝐴𝐴𝐴 = 𝑁𝑁𝐴𝐴𝐴𝐴 = 𝑁𝑁𝐷𝐷𝐴𝐴 =
𝑁𝑁𝐸𝐸𝐴𝐴 = 0, which in later FE-simulations (Section 4.3.1) will be proven correct. This gives 
the forces in all struts: 
 
 𝑁𝑁𝐴𝐴𝐴𝐴 = 𝑁𝑁𝐴𝐴𝐴𝐴 = 𝑁𝑁𝐷𝐷𝐴𝐴 = 𝑁𝑁𝐸𝐸𝐴𝐴 = 𝑁𝑁𝐺𝐺𝐼𝐼 = 𝑁𝑁𝐼𝐼𝐼𝐼 = 𝑁𝑁𝐻𝐻𝐽𝐽 = 𝑁𝑁𝐽𝐽𝐽𝐽 = 0 
 𝑁𝑁𝐴𝐴𝐴𝐴 = −𝐹𝐹 
 𝑁𝑁𝐴𝐴𝐼𝐼 = 𝑁𝑁𝐴𝐴𝐽𝐽 = 𝑁𝑁𝐼𝐼𝐼𝐼 = 𝑁𝑁𝐽𝐽𝐼𝐼 = − 𝐴𝐴

√3
 

 𝑁𝑁𝐼𝐼𝐽𝐽 = 𝐴𝐴
√3

 
 
The next step is finding the displacement at the top node. This is done using the principle of 
virtual work, as presented by Krenk & Høgsberg (2013). The virtual work for trusses states 
that 
 

� 𝛿𝛿𝑢𝑢𝑗𝑗𝑇𝑇𝑃𝑃𝑗𝑗
𝐽𝐽𝑜𝑜𝑖𝑖𝑛𝑛𝑐𝑐𝐽𝐽

= � 𝑙𝑙𝑖𝑖𝛿𝛿ε𝑖𝑖𝑁𝑁𝑖𝑖,
𝑆𝑆𝑐𝑐𝑐𝑐𝑆𝑆𝑐𝑐𝐽𝐽

(16) 

 
where 𝑃𝑃𝑗𝑗  are the external forces at joints 𝑗𝑗 = 𝐴𝐴,𝐵𝐵, …, and 𝑁𝑁𝑖𝑖 are the internal forces in struts 
𝑖𝑖 = 1, 2, …. On the other hand, 𝛿𝛿𝑢𝑢𝑗𝑗  is the virtual displacement of the joints, and 𝛿𝛿ε𝑖𝑖  the virtual 
strain caused by the displacement. Finally, 𝑙𝑙𝑖𝑖 is the length of strut. 
 
To calculate the displacement, we assume a virtual force 𝑃𝑃1 at the node that we want to 
calculate the displacement of, as shown in Figure 13. Because the displacement in the 𝑥𝑥2-
direction is needed, it is enough to add a force in that direction. From here on the internal 
forces from the actual force, which were calculated above, will be denoted 𝑁𝑁10, … ,𝑁𝑁𝑖𝑖0, and 
the corresponding displacements 𝑢𝑢10, … ,𝑢𝑢𝑗𝑗0. The internal forces from the assumed virtual 
force, on the other hand, are denoted 𝑁𝑁11, … ,𝑁𝑁𝑖𝑖1. 
 
If all the struts are elastic, the displacement corresponding to 𝑃𝑃1 can be determined using the 
principle of virtual work. If it is assumed that the actual load provides the displacement field, 
while the assumed load provides the force field, Equation 16 can be changed. Because there 
is only one external virtual force, the equation now takes the form 
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𝑢𝑢0𝑃𝑃1 = � 𝑙𝑙𝑖𝑖ε𝑖𝑖0𝑁𝑁𝑖𝑖1,
𝑆𝑆𝑐𝑐𝑐𝑐𝑆𝑆𝑐𝑐𝐽𝐽

(17) 

 
where the term 𝑢𝑢0 is the displacement in the direction of 𝑃𝑃1. 

 
Figure 13 Actual force 𝑃𝑃0, and virtual force 𝑃𝑃1. The other virtual force, 𝑃𝑃2, could be used to obtain the side-
ways displacement, but is not needed here. 
 
Because of the assumption that the struts are elastic, the strain in each strut can be expressed 
as a function of the internal force 
 

ε𝑖𝑖
0 =

𝑁𝑁𝑖𝑖0

(𝐸𝐸𝐴𝐴)𝑖𝑖
(18) 

 
Substituting this into Equation 17 gives the equation 
 

𝑢𝑢0𝑃𝑃1 = �
𝑙𝑙𝑖𝑖

(𝐸𝐸𝐴𝐴)𝑖𝑖
𝑁𝑁𝑖𝑖0𝑁𝑁𝑖𝑖1

𝑆𝑆𝑐𝑐𝑐𝑐𝑆𝑆𝑐𝑐𝐽𝐽

(19) 

 
Finally, assuming that the virtual force is of magnitude 𝑃𝑃1 = 1 gives an equation for the 
displacement 
 

𝑢𝑢0 = �
𝑙𝑙𝑖𝑖

(𝐸𝐸𝐴𝐴)𝑖𝑖
𝑁𝑁𝑖𝑖0𝑁𝑁𝑖𝑖1

𝑆𝑆𝑐𝑐𝑐𝑐𝑆𝑆𝑐𝑐𝐽𝐽

(20) 

 
Equation 20 can now be used to calculate the displacement of the top node. The internal 
forces from the virtual force, 𝑁𝑁𝑖𝑖1, are easy to obtain using the internal forces from the actual 
external force, as both act at the same joint, and in the same direction. The lengths of the 
struts were presented in Figure 10. All components needed for the calculations are presented 
in Table 4. 
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              Table 4 Components needed for the displacement calculation. 

Strut 𝑙𝑙 𝑁𝑁0 𝑁𝑁1 

AB �
1
2

+
1

2√3
� 𝑙𝑙 0 0 

AC �
1
2

+
1

2√3
� 𝑙𝑙 0 0 

AF 𝑙𝑙 −𝑃𝑃 −1 

DF �
1
2

+
1

2√3
� 𝑙𝑙 0 0 

EF �
1
2

+
1

2√3
� 𝑙𝑙 0 0 

FI 𝑙𝑙 −
𝑃𝑃
√3

 −
1
√3

 

FJ 𝑙𝑙 −
𝑃𝑃
√3

 −
1
√3

 

IJ 𝑙𝑙 
𝑃𝑃
√3

 
1
√3

 

GI �
1
2
−

1
2√3

� 𝑙𝑙 0 0 

KI �
1
2
−

1
2√3

� 𝑙𝑙 0 0 

HJ �
1
2
−

1
2√3

� 𝑙𝑙 0 0 

LJ �
1
2
−

1
2√3

� 𝑙𝑙 0 0 

IM 𝑙𝑙 −
𝑃𝑃
√3

 −
1
√3

 

JM 𝑙𝑙 −
𝑃𝑃
√3

 −
1
√3

 

 
In the lattice material (𝐸𝐸𝐴𝐴) is assumed to be constant. The modulus 𝐸𝐸 is equal to the Young’s 
modulus of the solid material, and the cross-section of the strut, 𝐴𝐴 = 𝑡𝑡𝑑𝑑𝑜𝑜, where 𝑑𝑑𝑜𝑜 is the 
depth of the model in the out-of-plane direction. 
 
Inserting the values in the table into Equation 20 gives the displacement of joint A in the 
direction of the virtual force 𝑃𝑃1 
 

𝑢𝑢𝐴𝐴1 =
𝑙𝑙𝑃𝑃
𝐸𝐸𝑆𝑆𝐴𝐴

�1 +
1
3

+
1
3

+
1
3

+
1
3

+
1
3
� =

8𝑙𝑙𝑃𝑃
3𝐸𝐸𝑆𝑆𝐴𝐴

. (21) 

 
Equation 21 can now be used to solve the Young’s modulus of the lattice, through the defi-
nition of the strain 
 

ε =
𝑢𝑢
ℎ

. (22) 
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The height of the unit cell was defined in Equation 12 as ℎ = �1 + √3�𝑙𝑙. Inserting this and 
the result in Equation 21 we obtain 
 

ε =
8𝑙𝑙𝑃𝑃

3𝐸𝐸𝑆𝑆𝐴𝐴�1 + √3�𝑙𝑙
=

8𝑃𝑃
3𝐸𝐸𝑆𝑆𝑡𝑡𝑑𝑑𝑜𝑜�1 + √3�

(23) 

 
Because Young’s modulus is defined as the slope of the stress-strain curve, we want an ex-
pression of the stress as a function of the strain. From the definition of the stress we get 
 

𝜎𝜎 =
𝑃𝑃
𝑤𝑤𝑑𝑑𝑜𝑜

   →    𝑃𝑃 = 𝜎𝜎𝑤𝑤𝑑𝑑𝑜𝑜 (24) 

 
where 𝑤𝑤 is the width of the unit cell, which was defined in Equation 11. Working further on 
Equation 23 we obtain 
 

ε =
8𝜎𝜎𝑤𝑤𝑑𝑑𝑜𝑜

3𝐸𝐸𝑆𝑆𝑡𝑡𝑑𝑑𝑜𝑜�1 + √3�
=

8𝜎𝜎 �1+√3
2
� 𝑙𝑙

3𝐸𝐸𝑆𝑆𝑡𝑡�1 + √3�
=

4𝑙𝑙
3𝐸𝐸𝑆𝑆𝑡𝑡

𝜎𝜎 (25) 

 
We can now solve the stress as a function of the strain 
 

𝜎𝜎 =
3𝐸𝐸𝑆𝑆𝑡𝑡

4𝑙𝑙
ε, (26) 

 
where we find the slope of the stress-strain curve. Thus, the lattice has a Young’s modulus 
of 
 

𝐸𝐸𝑒𝑒𝑙𝑙𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑒𝑒 =
3𝐸𝐸𝐽𝐽𝑡𝑡

4𝑙𝑙
. (27) 

 
To make future comparisons easy, as discussed in Section 2.4, this result should be changed 
into the form presented in Equation 3. This means introducing the relative density into the 
equation. That can be done using the value of the relative density 
 

�̅�𝜌 = �20 − 10√3�
𝑡𝑡
𝑙𝑙

    →    𝑡𝑡 =
�̅�𝜌𝑙𝑙

�20 − 10√3�
. (28) 

 
We can now obtain the stiffness of the lattice in a comparable form 
 

𝐸𝐸
𝐸𝐸𝐽𝐽

=
3𝑡𝑡
4𝑙𝑙

=
3�̅�𝜌𝑙𝑙

4𝑙𝑙�20 − 10√3�
=

3
4�20 − 10√3�

�̅�𝜌 ≈ 0.2799�̅�𝜌. (29) 

 
Comparing this to the values in Table 2, shows that the snub square lattice is not quite as 
stiff under uniaxial loading as the triangular, Kagome, and 34.6 lattices (stretching-domi-
nated lattices with 𝑏𝑏 = 1), as they have a value of 𝐵𝐵 = 1/3 (Kagome and triangular) or 𝐵𝐵 =
0.313 (34.6) in their stiffness equation.  
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However, the properties of all the lattices are close, and the similar magnitude indicates that 
the result is correct. It is also encouraging that the value is not significantly lower than the 
corresponding value for the other lattices.  

3.1.3 Strength calculations 
As mentioned in Section 2.4.2, the strength of the lattice material indicates the stress it can 
withstand before either elastic buckling or yield occurs. Therefore, we will obtain two values 
for the strength. Lattices with low relative densities will reach their buckling stress first, 
while the lattices with higher relative densities are more sensitive to yield. By combining 
both results it is possible to see what the maximum stress for any relative density is, what 
the failure mode will be, and at which relative density the switch from buckling to yield 
sensitive lattice occurs. In tension cases buckling does not occur, so only the yield strength 
must be considered. 
 
The calculations can initially be based on the internal forces calculated in the previous sec-
tion. The limit of the lattice depends on when its first strut reaches its limit, and the calcula-
tions show that strut 𝐴𝐴𝐹𝐹 has the highest internal force, as 𝑁𝑁𝐴𝐴𝐴𝐴 = 𝑃𝑃. Therefore, this will be 
the strut where the initial failure occurs. 
 
The buckling strength of the lattice is based on the elastic buckling strength of the beam. The 
elastic buckling force is defined as 
 

𝐹𝐹0𝑒𝑒𝑒𝑒 =
𝜋𝜋2𝐸𝐸𝑆𝑆𝐼𝐼
(𝑘𝑘𝑙𝑙)2

, (30) 

 
where 𝐹𝐹0𝑒𝑒𝑒𝑒 = 𝑃𝑃 is the internal force in the beam that induces elastic buckling. 
 𝐸𝐸𝑆𝑆 is the Young’s modulus of the solid material. 
 𝐼𝐼 = 𝑑𝑑𝑜𝑜𝑐𝑐3

12
 is the area moment of inertia of the cross-section of the beam. 

 
The effective length factor 𝑘𝑘 has a value of 0.5 < 𝑘𝑘 < 2, depending on the beam end condi-
tions. Wang & McDowell (2004) present the value of 𝑘𝑘 for various lattice types. In cases 
where both ends of the beam are fixed 𝑘𝑘 = 0.5, and if rotation is fully allowed, i.e. pinned 
joints, 𝑘𝑘 = 2. The value of 𝑘𝑘 for lattice materials falls between these two values depending 
on the characteristics of the lattice. For stretching-dominated lattices 𝑘𝑘 ≈ 0.5, so that value 
will be used here. However, the exact value can be different, depending on the actual prop-
erties of the joints, so after comparisons with other methods the value of 𝑘𝑘 could still change. 
 
By inserting these values into Equation 24, we obtain the stress on the lattice at the point of 
buckling 
 

𝜎𝜎 =
𝑃𝑃
𝑤𝑤𝑑𝑑𝑜𝑜

=
𝜋𝜋2𝐸𝐸𝑆𝑆𝐼𝐼

(𝑘𝑘𝑙𝑙)2𝑤𝑤𝑑𝑑𝑜𝑜
=

𝜋𝜋2𝐸𝐸𝑆𝑆
𝑑𝑑𝑜𝑜𝑐𝑐3

12
1
4
𝑙𝑙2 �1+√3

2
� 𝑙𝑙𝑑𝑑𝑜𝑜

=
2𝜋𝜋2𝐸𝐸𝑆𝑆𝑡𝑡3

3𝑙𝑙3�1 + √3�
. (31) 

 
We can now substitute 𝑡𝑡 with the value in Equation 28 
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𝜎𝜎 =
2𝜋𝜋2𝐸𝐸𝑆𝑆 �

𝜌𝜌�𝑒𝑒
20−10√3

�
3

3𝑙𝑙3�1 + √3�
=

2𝜋𝜋2𝐸𝐸𝑆𝑆�̅�𝜌3

3�1 + √3��20 − 10√3�
3 =

𝜋𝜋2𝐸𝐸𝑆𝑆
1500�11√3 − 19�

�̅�𝜌3. (32) 

 
As with the stiffness, comparisons can be simplified, this time by dividing the lattice stress 
with the tensile strength of the solid, per Equation 4. This gives the following equation for 
the buckling strength of the lattice 
 

𝜎𝜎
𝜎𝜎𝑇𝑇𝑆𝑆

=
𝜋𝜋2𝐸𝐸𝑆𝑆

1500�11√3 − 19�𝜎𝜎𝑇𝑇𝑆𝑆
�̅�𝜌3. (33) 

 
For comparisons of only buckling values, Equation 5 gives simpler expressions. In that case 
 

𝜎𝜎𝑒𝑒𝑒𝑒
𝐸𝐸𝑆𝑆

=
𝜋𝜋2

1500�11√3 − 19�
�̅�𝜌3 ≈ 0.1252�̅�𝜌3. (34) 

 
The yield strength of the lattice is calculated in the same manner, but instead of using the 
buckling force in Equation 30, the yield force of the beam is used. 
 

𝐹𝐹0
𝑦𝑦 = 𝜎𝜎𝑇𝑇𝑆𝑆𝑡𝑡𝑑𝑑𝑜𝑜 (35) 

 
In this case 𝐹𝐹0 = 𝑃𝑃 as well, and inserting this into Equation 24 gives the yield stress of the 
lattice 
 

𝜎𝜎 =
𝑃𝑃
𝑤𝑤𝑑𝑑𝑜𝑜

=
𝜎𝜎𝑇𝑇𝑆𝑆𝑡𝑡𝑑𝑑𝑜𝑜
𝑤𝑤𝑑𝑑𝑜𝑜

=
𝜎𝜎𝑇𝑇𝑆𝑆𝑡𝑡
𝑤𝑤

, (36) 

 
where the thickness of the beam and width of the unit cell are known from before 
 

𝜎𝜎 =
𝜎𝜎𝑇𝑇𝑆𝑆 �

𝜌𝜌�𝑒𝑒
20−10√3

�

�1+√3
2
� 𝑙𝑙

=
𝜎𝜎𝑇𝑇𝑆𝑆

5√3 − 5
�̅�𝜌. (37) 

 
Dividing with the tensile strength gives the yield strength of the lattice in the desired form, 
as presented in Equation 4. 
 

𝜎𝜎𝑦𝑦
𝜎𝜎𝑇𝑇𝑆𝑆

=
1

5√3 − 5
�̅�𝜌 ≈ 0.2732�̅�𝜌 (38) 

 
This is also the tensile strength of the lattice. Comparing it to the other stretching-dominated 
lattices in Table 2 shows that the snub square lattice is slightly weaker than the triangular 
lattice (𝐶𝐶 = 1/3), and clearly weaker than the Kagome lattice (𝐶𝐶 = 1/2), when comparing 
yield strength. The buckling strength is higher than that of the triangular lattice (𝐷𝐷 =
0.0914), but lower than that of the Kagome lattice (𝐷𝐷 = 0.366). As with the stiffness, the 
results are of the same magnitude as with the other lattices, but in most cases a little lower. 
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With the buckling and yield strengths calculated, it is also possible to further solve Equation 
7, to find the critical relative density where the collapse mode changes. Inserting the values 
of 𝐶𝐶, 𝑐𝑐, 𝐷𝐷, and 𝑑𝑑 calculated in this chapter into Equation 7 we obtain 
 

�̅�𝜌𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐 = �
0.2732
0.1252

𝜎𝜎𝑇𝑇𝑆𝑆
𝐸𝐸𝑆𝑆
�

1
3−1

(39) 

 

�̅�𝜌𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐 = 1.477�
𝜎𝜎𝑇𝑇𝑆𝑆
𝐸𝐸𝑆𝑆

(40) 

 
where the critical relative density �̅�𝜌𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐 can be solved depending on the properties of the solid 
material used for the lattice. The ratio 𝜎𝜎𝑇𝑇𝑆𝑆/𝐸𝐸𝑆𝑆 can also be expressed as the yield strain of the 
material, ε𝑦𝑦, as seen in Equation 15. 
 
The properties of the snub square lattice calculated in this chapter are seen as the properties 
of the perfect lattice. These properties are used both for comparisons with other lattices and 
for validating results obtained using other methods. The next chapter presents the finite ele-
ment simulations, which are used to validate the analytical results and introduce imperfec-
tions to the lattice.  
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4 Finite element simulations 
 
The second method used to find the properties of the lattice is finite element simulations 
(from here on referred to as FE simulations). First, these simulations make it possible to 
validate the results from the analytical modelling. Secondly, they make it possible to include 
changes that would be difficult to include without computational software. These changes 
may include imperfections, extra struts, or simply large finite models of the full lattice, which 
would be too complex to calculate by hand. The FE simulations were performed using the 
commercial software Abaqus.  
 
In the software, the solid material of the lattice was assumed to be a linear elastic perfectly 
plastic solid, which was given a Young’s modulus of 𝐸𝐸𝑆𝑆 = 70 GPa, a Poisson’s ratio of 𝜈𝜈 =
0.35, and a yield strength of 𝜎𝜎𝑇𝑇𝑆𝑆 = 280 MPa. The struts of the lattice material were discre-
tized using Timoshenko beam elements with the length 𝑙𝑙 10⁄ . 
 
All simulations were performed using two different models: 

• The unit cell with periodic boundaries, which was derived in Section 3.1.1, meaning 
that the free end pairs presented in Figure 10 have equal translations and rotations. 
In FE simulations, these periodic boundaries can be defined using the equations pre-
sented by Tankasala et al. (2017). 

   
𝛥𝛥𝑢𝑢1 = 𝜖𝜖1∞𝛥𝛥𝑥𝑥1,𝛥𝛥𝑢𝑢2 = 𝜖𝜖22∞𝛥𝛥𝑥𝑥2 𝑎𝑎𝑎𝑎𝑑𝑑 𝛥𝛥𝜃𝜃 = 0 (41) 

 
In these equations 𝛥𝛥𝑢𝑢 and 𝛥𝛥𝜃𝜃 are the difference in displacement and rotation respec-
tively between the paired nodes, while 𝛥𝛥𝑥𝑥 is the displacement vector connecting the 
points in the considered direction. The subscripts 1 and 2 refer to the 𝑥𝑥1- and 𝑥𝑥2-
directions. The strain ε∞ is the total strain of the unit cell, which is connected to the 
displacement of the top node, as discussed in Chapter 3. The boundary equations are 
presented using the notation presented by Pronk et al. (2017), where the superscript 
(𝐼𝐼) refers to a specific node. Using these equations and the node notation in Figure 
12 gives the boundary equations, which include both the periodicity equations and 
general boundary equations 

 
𝑢𝑢1

(𝐴𝐴) = 𝑢𝑢1
(𝐼𝐼) = 0, 𝜃𝜃(𝐴𝐴) = 𝜃𝜃(𝐼𝐼), 𝑢𝑢2

(𝐼𝐼) = 0 (42𝑎𝑎) 
 

𝑢𝑢2
(𝐴𝐴) − 𝑢𝑢2

(𝐻𝐻) −
1
2
𝑢𝑢2

(𝐴𝐴) = 0, 𝑢𝑢2
(𝐷𝐷) − 𝑢𝑢2

(𝐽𝐽) −
1
2
𝑢𝑢2

(𝐴𝐴) = 0 (42𝑏𝑏) 

 

𝑢𝑢2
(𝐴𝐴) − 𝑢𝑢2

(𝐺𝐺) −
1
2
𝑢𝑢2

(𝐴𝐴) = 0, 𝑢𝑢2
(𝐸𝐸) − 𝑢𝑢2

(𝐼𝐼) −
1
2
𝑢𝑢2

(𝐴𝐴) = 0 (42𝑐𝑐) 

 
𝜃𝜃(𝐴𝐴) = 𝜃𝜃(𝐻𝐻), 𝜃𝜃(𝐷𝐷) = 𝜃𝜃(𝐽𝐽), 𝜃𝜃(𝐴𝐴) = 𝜃𝜃(𝐺𝐺), 𝜃𝜃(𝐸𝐸) = 𝜃𝜃(𝐼𝐼). (42𝑑𝑑) 

 
In some cases, using one unit cell in periodic cases is not sufficient, as a single unit 
cell can result in a higher strength than a model using 2x2 or more unit cells (Vigliotti 
et al. 2014). In the simulations presented in this chapter, however, the results obtained 
using one unit cell compare well with other results, and the single unit cell is there-
fore seen as a suitable method. 
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• A larger finite model, consisting of 10x5 unit cells. This model does not use periodic 

boundaries, but instead resembles an actual manufactured lattice. The bottom nodes 
have their degrees-of-freedom constrained to zero and the top nodes are constrained 
to only move in the 𝑥𝑥2-direction, thus resembling a lattice where the nodes are con-
nected to e.g. a plate or another beam. 

 
The models are presented more closely in Section 4.1. Using this setup, the stiffness of the 
lattice was calculated, as presented in Section 4.2. Section 4.3 presents the lattice strength 
simulations, both in tension and compression, i.e. yield and buckling strength. 

4.1 Finite element models and varying relative density 
The basis of the FE simulations is the possibility of performing the same simulation on lat-
tices with different relative densities. Looking at Equation 1, we can see that the relative 
density of a certain topology can be easily altered by changing either the strut thickness 𝑡𝑡, 
or length 𝑙𝑙. Abaqus offers the possibility of drawing the desired topology as a 2-dimensional 
wireframe, and then applying a beam section (with a thickness, 𝑡𝑡, and an out-of-plane depth, 
𝑑𝑑𝑜𝑜) to this wireframe. 
 
Using this method, it is possible to draw one wireframe with set dimensions, in this case 𝑙𝑙 =
0.05 m was used, and then applying the desired beam dimensions to achieve a specific rela-
tive density. The out-of-plane depth of the beam, and therefore the entire model, was chosen 
to be 𝑑𝑑𝑜𝑜 = 0.02 m, and is kept constant at all relative densities. This value is needed in 
Equation 24. Figure 14 presents the wireframes of the unit cell and finite model with their 
dimensions. Figure 15 shows the unit cell once the beam section has been applied with 𝑡𝑡 =
0.0001 m and 𝑡𝑡 = 0.002 m respectively. 
 

 
Figure 14 The wireframe of the unit cell and large model respectively, with rough dimensions. 
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Figure 15 Unit cell with an applied beam section of t = 0.0001 m and 0.002 m respectively. 

4.2 Stiffness simulations 
The stiffness of the lattice was calculated using the same method as in the analytical model-
ling. The simulation is used for finding the force-displacement curve of the top nodes. The 
force and displacement can then be turned into a stress-strain curve using Equations 22 and 
24, where the stiffness once again is the slope of the curve. 
 
In these simulations, a displacement was applied to the top nodes. The displacement was 
applied in the positive 𝑥𝑥2-direction, thus avoiding the possibility of buckling in the model. 
This displacement led to a reaction force in the top nodes, and both the displacement and 
force were obtained from the simulation. 
 
As mentioned earlier, the simulations were performed with varying relative densities. Each 
simulation only gives the Young’s modulus of the specific lattice material, so a total of five 
relative densities were used for each model, with a large enough spread between them. Com-
bining the results gave the stiffness of the lattice as a function of the relative density, as 
shown in Equation 3. 

4.2.1 Periodic unit cell stiffness 
The unit cell simulations were performed with a displacement of 0.0001 m at the top node. 
Figure 16 shows the initial condition, and the deformed unit cell at the final strain ε = 7.3 ∙
10−4. The obtained forces and displacements are converted into stress and strain using Equa-
tions 22 and 24. The stress is plotted as a function of the strain, and the slope of the resulting 
curve is the Young’s modulus of the lattice. Figure 17 shows this curve at the relative density 
ρ� = 0.01072, and the resulting equation for the curve. 
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Figure 16 (Left) The unit cell with the force applied at the top node, and (right) the deformed unit cell, in 
yellow, superimposed over the original unit cell. 
 

 
Figure 17 Stress-strain curve of the unit cell at the relative density �̅�𝜌 = 0.01072. 
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                      Table 5 Stiffness of the unit cell at all relative densities. 

Relative density, �̅�𝜌 [-] 𝐸𝐸𝐽𝐽𝑙𝑙𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑒𝑒 [Pa] 𝐸𝐸𝐽𝐽𝑙𝑙𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑒𝑒 𝐸𝐸𝑆𝑆⁄  [-] 

0.00107 2.099 · 107 3.00 · 10-4 

0.00536 1.050 · 108 1.50 · 10-3 

0.01072 2.100 · 108 3.00 · 10-3 

0.05359 1.050 · 109 1.50 · 10-2 

0.10718 2.104 · 109 3.01 · 10-2 
 

Table 5 presents the Young’s modulus obtained at each relative density and the nondimen-
sional form with each modulus divided by 𝐸𝐸𝑆𝑆. Plotting these nondimensional values as a 
function of the relative density gives the curve corresponding to Equation 3. This curve is 
presented in Figure 18, and the equation of the line is the stiffness of the lattice in the desired 
form. 

 
Figure 18 Stiffness of the unit cell as a function of the relative density. The curve corresponds to Equation 3. 
 
This simulated result is very close to the analytical one (𝐵𝐵 = 0.2799, 𝑏𝑏 = 1) with a differ-
ence of less than 1%, and the small difference can probably be attributed to the fact that the 
struts in the simulation consist of several small beam elements, while the analytical model 
only considers one beam. Nevertheless, the results are very similar, which validates the re-
sults of the analytical calculations, and proves that both methods work. 

4.2.2 Finite model stiffness 
The simulation of the finite model is performed in the same way as with the unit cell. This 
time a displacement of 0.001 m is applied to all top nodes (because of the larger size of the 
model), and as with the unit cell, the simulation gives the force at the top nodes as a function 
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of the displacement. As mentioned earlier, the finite model does not have periodic bounda-
ries. Instead, it resembles a proper lattice material, which should give results similar to those 
of the unit cell. The finite model setup and deformed model are presented in Figure 19.  
 

 
Figure 19 (Left) The finite model with an equal displacement added at all top nodes, and (right) the deformed 
model (in yellow) superimposed over the original model. Note the displacement in the 𝑥𝑥1-direction at the mid-
dle, compared to no displacement at the top and bottom. 
 
The obtained force and displacement are again used to calculate the stress-strain curve for 
all relative densities. The stress-strain curve at the relative density ρ� = 0.01072 is presented 
in Figure 20. As with the unit cell, the stress-strain curves can be used to find the modulus 
of the lattice at each relative density. These are gathered in Table 6, together with the moduli 
divided by 𝐸𝐸𝑆𝑆. The stiffness of the lattice, per Equation 3, is presented in Figure 21.  
 

 
Figure 20 Stress-strain curve of the finite model at the relative density �̅�𝜌 = 0.01072. 
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                      Table 6 Stiffness of the large model at all relative densities. 

Relative density, �̅�𝜌 [-] 𝐸𝐸𝐽𝐽𝑙𝑙𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑒𝑒 [Pa] 𝐸𝐸𝐽𝐽𝑙𝑙𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑒𝑒 𝐸𝐸𝑆𝑆⁄  [-] 

0.00107 2.196 · 107 3.14 · 10-4 

0.00536 1.098 · 108 1.57 · 10-3 

0.01072 2.196 · 108 3.14 · 10-3 

0.05359 1.099 · 109 1.57 · 10-2 

0.10718 2.200 · 109 3.14 · 10-2 
 

 
Figure 21 The stiffness of the larger lattice as a function of the relative density, as obtained through FE simu-
lations. 
 
Figure 21 shows that the finite model gives a higher value for the stiffness than the analytical 
calculations (𝐵𝐵 = 0.2799, 𝑏𝑏 = 1) and the unit cell simulation (𝐵𝐵 = 0.2805, 𝑏𝑏 = 1.0003). 
Partly, this is because of the constrained top and bottom nodes. Because they are kept from 
moving in the 𝑥𝑥1-direction (as defined in Figure 10) the entire model becomes stiffer. The 
difference when compared to the analytical results is less than 5%, though, which means that 
both the analytical formulas and the FE simulations are feasible methods for approximating 
the stiffness of the lattice. 

4.3 Strength simulations 
The strength of the lattice is simulated using the same setup as in the stiffness simulations, 
and both the periodic unit cell and finite model are used. As mentioned in Section 2.4.2, the 
strength in tension will only depend on the yield strength of the solid material, while com-
pression might also cause buckling. Therefore, both tension and compression are simulated. 
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One additional aspect in the strength simulations is adding imperfections to the model in 
compression to help induce buckling. The imperfections are added as displacements in the 
direction of the first buckling mode, with the scale of the displacement given as a function 
of the beam thickness of the model. In these simulations imperfections with an amplitude of 
0.001𝑡𝑡, 0.01𝑡𝑡, and 0.1𝑡𝑡 were used. The effect of these imperfections was also studied. 

4.3.1 Tension 
The tension simulations use the exact same setup as the stiffness simulations. The displace-
ment at the top nodes will cause stress in all struts in the lattice, and these stresses can then 
be obtained from the simulation results.  
 
Figure 22 shows the deformed unit cell at �̅�𝜌 = 0.10718, with the stresses at a strain ε = 7.3 ∙
10−4. The probe tool in Abaqus can then be used to check the stress in any part of the model. 
The highest stress can be found in the vertical strut, and if the probe tool is used to find the 
force, the force in the vertical strut is the external force 𝑃𝑃. This means that the force, and 
therefore stress, in the vertical strut is directly connected to the external force (which also 
causes the external stress on the entire model). The same effect can be seen in both the unit 
cell and finite model simulations. In addition, this method proves that the assumption made 
in Section 3.1.2 regarding the lack of any force in certain struts is correct. 
 

 
Figure 22 The stresses in the struts of the unit cell (�̅�𝜌 = 0.10718) at a strain ε = 7.3 ∙ 10−4. 

 
The yield strength of the lattice can be calculated by assuming that the maximum stress in 
the simulations scales linearly with the applied displacement, until the vertical beam reaches 
its yield stress. This will also be the point where the lattice yields. The simulation gives the 
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stress in the vertical strut, 𝜎𝜎𝑚𝑚𝑙𝑙𝑒𝑒, and the reaction force at the top nodes, 𝑃𝑃𝑚𝑚𝑙𝑙𝑒𝑒, at the simu-
lated strain. These can be used to find the change in stress in the strut as a function of the 
external force 
 

𝜎𝜎
𝑃𝑃

=
𝜎𝜎𝑚𝑚𝑙𝑙𝑒𝑒
𝑃𝑃𝑚𝑚𝑙𝑙𝑒𝑒

. (43) 

 
This equation can be used to calculate the force at which the vertical strut yields 
 

𝑃𝑃𝑦𝑦 =
𝜎𝜎𝑇𝑇𝑆𝑆

𝜎𝜎𝑚𝑚𝑙𝑙𝑒𝑒 𝑃𝑃𝑚𝑚𝑙𝑙𝑒𝑒⁄ . (44) 

 
This force causes the external stress on the whole lattice, which can now be expressed as 
 

𝜎𝜎𝑦𝑦 =
𝑃𝑃𝑦𝑦
𝑤𝑤𝑑𝑑𝑜𝑜

=
𝜎𝜎𝑇𝑇𝑆𝑆𝑃𝑃𝑚𝑚𝑙𝑙𝑒𝑒
𝑤𝑤𝑑𝑑𝑜𝑜𝜎𝜎𝑚𝑚𝑙𝑙𝑒𝑒

. (45) 

 
Removing the tensile strength of the solid gives the strength of the lattice in the desired form 
 

𝜎𝜎𝑦𝑦
𝜎𝜎𝑇𝑇𝑆𝑆

=
𝑃𝑃𝑚𝑚𝑙𝑙𝑒𝑒

𝑤𝑤𝑑𝑑𝑜𝑜𝜎𝜎𝑚𝑚𝑙𝑙𝑒𝑒
. (46) 

 
These values are known dimensions of the lattice, and the previously mentioned values ob-
tained through the simulation. They have been gathered in Tables 7 and 8, for the unit cell 
and finite model simulations respectively, at all relative densities. 
 
Table 7 Components for the tension strength of the periodic unit cell. 

�̅�𝜌 𝑤𝑤 [m] 𝑑𝑑𝑜𝑜 [m] 𝑃𝑃𝑚𝑚𝑙𝑙𝑒𝑒  [N] 𝜎𝜎𝑚𝑚𝑙𝑙𝑒𝑒 [Pa] 𝜎𝜎 𝜎𝜎𝑇𝑇𝑆𝑆⁄  [-] 

0.00107 0.0683 0.02 21 5.25 · 107 0.000293 

0.00536 0.0683 0.02 105 5.25 · 107 0.001464 

0.01072 0.0683 0.02 210.004 5.25 · 107 0.002928 

0.05359 0.0683 0.02 1050.49 5.25 · 107 0.01465 

0.10718 0.0683 0.02 2103.91 5.25 · 107 0.02934 
 
Table 8 Components for the tension strength of the finite model. 

�̅�𝜌 𝑤𝑤 [m] 𝑑𝑑𝑜𝑜 [m] 𝑃𝑃𝑚𝑚𝑙𝑙𝑒𝑒  [N] 𝜎𝜎𝑚𝑚𝑙𝑙𝑒𝑒 [Pa] 𝜎𝜎 𝜎𝜎𝑇𝑇𝑆𝑆⁄  [-] 

0.00107 0.68301 0.02 439.2 1.14 · 108 0.000281 

0.00536 0.68301 0.02 2196.01 1.14 · 108 0.001407 

0.01072 0.68301 0.02 4392.09 1.14 · 108 0.002814 

0.05359 0.68301 0.02 21970.9 1.14 · 108 0.01408 

0.10718 0.68301 0.02 44006.7 1.14 · 108 0.02821 
 
The strength can now be plotted as a function of the relative density to get the result as in 
Equation 4. These plots are presented in Figure 23. 
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The results show that the method works, as both are very close to the analytical value calcu-
lated for the yield strength (𝐶𝐶 = 0.2732, 𝑐𝑐 = 1). Especially the unit cell gives a very good 
result with a difference of 0.2%. The finite model, as with the stiffness, is not quite as close 
to the analytical value, with a difference of 3.7% when compared to the analytical result. 
This was expected, though, because of the boundaries of the large model. Despite this, the 
results are so close that all methods appear feasible.  
 

 

 
Figure 23 Simulated strength of the unit cell and large model, as a function of the relative density. 
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4.3.2 Compression 
In compression, the simulation is run past the point of elastic buckling or yielding, as an 
experimental test would be. The peak of the stress-strain curve will give the buckling or yield 
strength at each relative density. The expectation is that the plot of Equation 4 will show a 
curve with two different slopes depending on the failure mode, with the change occurring at 
the critical relative density �̅�𝜌𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐. 
 
The compression simulations used the same setup as previous simulations, but this time the 
displacement of the top nodes was in the negative 𝑥𝑥2-direction. Additionally, these simula-
tions were done with an added imperfection in the model. Because the strut where buckling 
should occur first has the same direction as the applied force, the imperfection was included 
to help induce the buckling. The buckling modes of the models were obtained using a sepa-
rate buckling analysis, and the first buckling mode was chosen as the imperfection (Figure 
24). To assess the imperfection sensitivity of each model three different imperfection ampli-
tudes were used: 0.001𝑡𝑡, 0.01𝑡𝑡, and 0.1𝑡𝑡. 
 

 
Figure 24 The first buckling mode of both models. The finite model is weakest at the free ends, and the second 
buckling mode is identical but located on the opposite side of the model. The amplitude of the imperfections in 
the figure is large for visualization purposes. 
 
Some of these simulations were not capable of running all the way to the end because of 
convergence issues near the buckling or yield stress. This was a problem especially with the 
finite model (because of its complexity), and at high relative densities when the imperfection 
did not help (i.e. yielding lattices). Therefore, the minimum aim of the simulations was to 
achieve at least one simulation point where the stress decreases, indicating that the maximum 
stress had been found. 
 
The stress-strain curves of the simulations at �̅�𝜌 = 0.00536, where elastic buckling happens, 
and �̅�𝜌 = 0.2144, where yield occurs, are shown in Figure 25, with the results of the unit cell 
and finite model simulations shown separately. At the higher relative density, the unit cell 
curves show the effect of the imperfection on the model, with a clear difference in maximum 
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stress. This difference is most likely caused by the fact that the imperfections depend on the 
strut thickness, thus being much larger at high relative densities. Although the effect of the 
imperfections at high relative densities are smaller on the finite model, the effect of the con-
vergence issues can be seen in the high relative density plots, where the curves simply stop 
directly after reaching the highest stress. At the lower relative densities, all simulations are 
reasonably similar. Because the amplitude of the imperfection scales with 𝑡𝑡 it is much 
smaller at these relative densities, thus having a smaller effect on the results. 
  
 

 

 
Figure 25 Stress-strain curve for the unit cell and finite model, at a buckling and a yielding relative density 
respectively. At low relative densities, the imperfections have little effect on the strength, but at high relative 
densities the effect is clear. The high relative density results of the finite model have a difference that is hard 
to see in the plot, as the simulation aborts at different points of the same line directly after yielding. 
 
The maximum stress was obtained from all simulation results, and as before the stress is 
divided by the tensile strength or the Young’s modulus of the solid material to obtain the 
values for Equations 4 and 5. The exact stresses, the 𝜎𝜎 𝜎𝜎𝑇𝑇𝑆𝑆⁄  values, and the 𝜎𝜎 𝐸𝐸𝑆𝑆⁄  values are 
presented in Appendix 2. 
 
The resulting strength of each model as a function of relative density is plotted in Figure 26, 
with a separate curve for each imperfection amplitude. The resulting buckling and yield 
equations, which can be found at the two different slopes, have been gathered in Table 9.  
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Figure 26 The simulated strength of the lattice for both models using various imperfections. Comparing with 
the analytical line shows the difference near the critical relative density. 
 
Table 9 Simulated strength properties in compression for all methods. 

Model Imperfection 
Yield ( 𝜎𝜎

𝜎𝜎𝑇𝑇𝑇𝑇
) Buckling ( 𝜎𝜎

𝜎𝜎𝑇𝑇𝑇𝑇
) Buckling ( 𝜎𝜎

𝐸𝐸𝑇𝑇
) 

𝐶𝐶 𝑐𝑐 𝐶𝐶 𝑐𝑐 𝐷𝐷 𝑑𝑑 

Unit cell 

0.001𝑡𝑡 0.477 1.308 22.88 2.997 0.092 2.997 

0.01𝑡𝑡 0.498 1.353 22.47 2.994 0.090 2.994 

0.1𝑡𝑡 0.571 1.524 19.75 2.971 0.079 2.971 

Finite model 

0.001𝑡𝑡 0.323 1.142 20.73 2.989 0.083 2.989 

0.01𝑡𝑡 0.329 1.155 20.57 2.988 0.082 2.988 

0.1𝑡𝑡 0.337 1.182 21.02 2.993 0.084 2.993 

 
Comparing the results in Table 9 gives some information about the characteristics of the 
simulations. Firstly, as already concluded from the stress-strain curves, when the imperfec-
tion is of the size 0.001𝑡𝑡 or 0.01𝑡𝑡, there is only a small difference in the results. When the 
larger imperfection is used, the results start deviating faster. 
 
The main problem in these simulations occurred at the relative densities close to the critical 
relative density where the collapse mode changes. Because of the imperfections, the differ-
ence between buckling and yielding was not very clear. The problem can be seen in Figure 
26 at the critical relative density, and at the lowest yielding relative densities. The most 
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probable cause of these problems is that the imperfections cause models that should yield 
(in the case of a perfect lattice) to buckle elastically instead, thus reaching a lower maximum 
stress than expected. 
 
In buckling, the imperfections had little effect on the results because the amplitude of the 
imperfection was low, but around the critical relative density the imperfections had an obvi-
ous effect on the results. The variations in these points are also the main reason behind the 
differences in the obtained yield and buckling equations, as these end points change the line 
fits. At high relative densities, the effect of the largest imperfection can be seen from the 𝐶𝐶 
values, as the value is higher than for the two smaller imperfections. Another thing worth 
noting is that the periodic unit cell was much more sensitive to changes around the critical 
relative density, thus having a lower maximum stress at these relative densities. This lead to 
much higher values for 𝐶𝐶 and 𝑐𝑐 in yielding, and a much lower buckling strength with the 
largest imperfection for this model. Because only one or two struts at a time fail in the finite 
model it still contains load bearing struts after the first failure, thus making it less sensitive 
to imperfections. 
 
Comparing these results to the analytical buckling values (𝐷𝐷 = 0.1252, 𝑑𝑑 = 3) in Chapter 
3 shows the effect of the imperfection, as well as the simulations in general. All simulated 
values already have a lower value for 𝐷𝐷 with the smallest imperfection (27% and 34% lower 
for the unit cell and finite model respectively), which probably is because there is no rotation 
in the analytical model, and the difference for the unit cell increases at larger imperfections 
as well. The 𝑑𝑑 values are very close to the analytical value, though, indicating that the 
strength depends on the relative density as expected. 
 
The yield strength can also be compared to the analytical yield strength in Chapter 3 (𝐶𝐶 =
0.2732, 𝑐𝑐 = 1). Section 4.3.1 already showed that the yield strength can be simulated in 
tension without imperfections. However, the yield strengths obtained through compression 
simulations have higher values for 𝐶𝐶 and 𝑐𝑐 because of the effect of the imperfections near 
the critical relative density. Using the smallest imperfection, the 𝐶𝐶 values are 75% and 18% 
higher for the unit cell and finite model respectively, and the difference increases with larger 
imperfections. Omitting the point closest to the critical relative density gives slightly better 
values. In this case the 𝐶𝐶 value of the finite model is 11% higher, and only 14% higher with 
the largest imperfection. For the unit cell the main difference is a decrease in the 𝐶𝐶 value 
using large imperfections, but the initial effect of the imperfection can still be seen at higher 
relative densities, thus maintaining relatively high 𝐶𝐶 values for this model. The value 𝑐𝑐 is 
larger for all yielding simulations because of the larger slope (in the logarithmic scale) 
caused by the imperfections. These values also increase with larger imperfections, as ex-
pected. 
 
In conclusion, the stiffness simulations and the strength simulations in tension presented in 
this chapter verified the analytical results, and showed that a relatively small finite model 
(10x5 unit cells) already is enough to give results similar to the periodic unit cell. The com-
pression simulations showed the effect of imperfections on the lattice, especially near the 
critical relative density. While imperfections with an amplitude between 0.001𝑡𝑡 and 0.01𝑡𝑡 
give reasonably similar results, imperfections higher than this affect the results more signif-
icantly. The next chapter will present the experimental testing, which is the final method 
used for obtaining the properties of the lattice. 
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5 Experiments 
 
The third method for finding the properties of the snub square lattice is experimental testing. 
Compression tests were performed on 3D printed models of the lattice, and this chapter will 
present the process. Section 5.1 presents the process of 3D printing, from choosing the sam-
ple model to the actual printing, as well as the problems that arose during this process. Sec-
tion 5.2 presents the testing, with the obtained results and some thoughts about them. 
 
Printing was performed as fused filament fabrication (FFF) on commercially available Ulti-
maker 3 printers, using polylactic acid (PLA) filament as the material. The simplicity of the 
process, and user friendliness of the printers, meant that the printing could be performed 
without requiring additional help or supervision. 

5.1 3D printing 
3D printing was chosen as the method for producing the test samples. This is because 3D 
printing makes it possible to manufacture complex shapes easily, if the shape can be created 
as a 3D model on a computer. The 2-dimensional nature of the snub square lattice also means 
there should be no problems during printing caused by e.g. overhangs in the model. Another 
advantage of 3D printing is that different relative densities are easily manufactured. By 
changing the model on a computer, samples of any relative density are easily printed. 

5.1.1 PLA properties 
To obtain the properties of the lattice, the properties of the solid material must be known as 
well. There are several different manufacturers of PLA filament, and there can be significant 
variations in the properties of the plastic depending on the manufacturer. As an example, at 
the time of testing the 3D printing lab had rolls of PLA by two different manufacturers. The 
properties of the material are given in technical data sheets by the manufacturers, and the 
important properties have been gathered in Table 10.  
 
Despite the available data, tensile tests were performed on both materials to see if e.g. the 
printing process or environment impacts the material properties. For this, dogbone speci-
mens of type I per the ASTM D 638 standard (2002) on tensile testing of plastics were 
printed. 
 
In the tensile tests, the properties in Table 11 were measured for the plastics. The stress-
strain curves of two samples are shown in Figure 27, which shows that the 3D printed parts 
can have different properties, especially once they start yielding, probably because of im-
perfections between layers. This shows up as a difference in the strain values. However, 
because the modulus and tensile strength are the values used in future calculations, and these 
are relatively similar, the average result was used. When comparing the values in Tables 10 
and 11, there is a difference between the properties measured in testing, and those given in 
the data sheets: the modulus is roughly 5% higher, while the tensile strength is a little over 
20% lower. All failures occurred at lower strains than in the data sheets. In the end, the 
ColorFabb PLA was used for the lattice test specimens, because neither material showed a 
clear advantage in reliability during testing, but the ColorFabb material was available in 
larger quantities, which at least made it possible to print all samples from the same roll of 
material. 
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   Table 10 PLA properties in their corresponding technical data sheets. 
Material Ultimaker PLA ColorFabb PLA 
Elastic modulus [MPa] 2346.5 2960 
Tensile strength [MPa] 49.5 61.5 
Strain at tensile strength [%] 3.3 5.3 
Tensile stress at break [MPa] 45.6 38 
Strain at break [%] 5.2 10.5 
Source (Ultimaker 2017) (FKuR 2014) 

 
   Table 11 PLA properties as measured in tensile tests 

Material Ultimaker PLA ColorFabb PLA 
Elastic modulus [MPa] 2506.3 3077.3 
Tensile strength [MPa] 39.4 46.9 
Strain at tensile strength [%] 2.1 1.9 
Tensile stress at break [MPa] 36.5 41.7 
Strain at break [%] 3.0 6.2 

 

 
Figure 27 Stress-strain curves from the tensile test of the ColorFabb PLA. The resulting curves differ after the 
tensile strength is reached, but the modulus and tensile strength are close enough to use the average of the 
results. 

5.1.2 Sample model 
When choosing the model for the testing, a few things had to be considered: 

• Bars had to be added at the top and bottom of the lattice, to give a smooth surface for 
contact with the machinery. These bars had the same thickness as the other struts in 
each lattice. This affected the mechanical properties of the lattice. 

• The nozzle size of the printer, 0.4 mm, gave a minimum thickness for the struts, 
which was chosen to be twice the nozzle diameter. This, on the other hand, meant 
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that the struts had to be long enough to allow small relative densities, which limited 
the number of cells. 

• Print time was an issue, and the number of cells, as well as the out-of-plane depth of 
the model had to be decreased, to give reasonable print times. 

 
In the end, the model shown in Figure 28 was chosen. A total of six test specimens were 
printed at relative densities that should give both elastic buckling and yielding. The dimen-
sions of all models are given in Table 12. The table also contains the expected print time of 
each specimen. With the expectation that there would be failed prints during the process, 
and knowing that the lab was only accessible during working hours, these print times were 
considered short enough, while still allowing large enough test specimens to be printed. 
 

 
Figure 28 The chosen topology of the test sample (with added beams at top and bottom), and an illustrative 
figure of the model at �̅�𝜌 = 0.2679. 

 
Table 12 Chosen properties of the test specimens 

Sample �̅�𝜌 [-] 𝑙𝑙 [mm] 𝑡𝑡 [mm] 𝑤𝑤 [mm] ℎ [mm] 𝑑𝑑𝑜𝑜 [mm] Print time 

1 0.1072 20 0.8 143.92 136.6 15 15h 16min 

2 0.1876 20 1.4 143.92 136.6 15 21h 44min 

3 0.2211 20 1.65 143.92 136.6 15 1d 5h 17min 

4 0.2679 20 2.0 143.92 136.6 15 1d 9h 4min 

5 0.3349 20 2.5 143.92 136.6 15 1d 18h 56min 

6 0.3684 20 2.75 143.92 136.6 15 1d 21h 9min 
 

5.1.3 Printing 
As mentioned at the beginning of this chapter, printing was performed on commercially 
available Ultimaker 3 printers. Setting up the printing was easy, as Ultimaker supplies a 
software, Cura, which prepares the print files from the 3D model. Cura also gave the print 
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time estimates in the previous section. All samples were printed from the same roll of PLA, 
which should mean that there is little difference between the material properties of the sam-
ples. 
 
The angle of the part during printing can affect the properties of the final sample, as pre-
sented by Park & Rosen (2016), because the direction of the print layers, and therefore their 
length and number changes. For the test samples used in this thesis an angle of 0° was used 
because this appears to be a good choice for square struts. In addition, because supports do 
not have to be printed this keeps the print time lower, and simplifies the cleanup process 
after printing. Because the thin struts of the lattice had difficulty adhering to the print bed in 
some cases the samples were printed on a raft. To help with this even further, the first couple 
of layers were printed at slower speeds, usually around 50% of the normal speed. In the end, 
the print times were roughly as initially expected. Most prints were a little faster than the 
estimate, but the slower initial layers meant that the times were accurate. 

5.1.4 Problems 
Before printing, it was clear that some problems could be expected during printing. Some of 
the encountered problems were expected, because they are known issues in 3D printing pro-
cesses, while other problems were unexpected. 
 
The first expected issue was that some prints would simply fail. The thin struts of the lattice 
mean that print bed adhesion would be a problem. This turned out to be true, as quite a few 
samples came loose during printing. In most cases this could be seen early on during the first 
layers, with the filament not sticking to the print bed, which meant that the print could be 
aborted and restarted. However, in a couple of cases the print came loose at a much later 
stage, which could cause problems in the printer if they were not noticed in time. This was 
a problem e.g. when printing over weekends. 
 
Another known issue was warping of the printed samples. When the molten PLA cools, it 
contracts, which will lead to warping in the model. This is a problem especially at the cor-
ners, and in larger models. Figure 29 shows some examples of warping at the largest relative 
density. Most warping could be seen in the corners, but the warping of the long sides meant 
that the top and bottom bars were not completely parallel, which could be a problem during 
testing. 
 

 

 
Figure 29 Warping in 3D printed samples (�̅�𝜌 = 0.3938) shown at a corner, along the side (with the uneven 
lines resulting from corners of the cells inside the lattice), and the resulting warping in the whole sample. 
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An unexpected problem, on the other hand, was how the printer handled beams of different 
thicknesses. Cura planned the printing process, and the two test samples with the lowest 
relative density were printed differently than the rest. When the beam thickness was too close 
to the nozzle diameter, the struts were simply printed as a couple of lines in the correct 
direction. The thicker struts, however, were printed as an outline, which was later filled in. 
The printing method at the low relative densities should not be a problem if the lines fuse 
together, but the printer left a gap between the lines, resulting in several thinner struts, occa-
sionally connected where the molten plastic had fused together, instead of one solid beam. 
This issue can be seen in Figure 30, while Figure 31 shows a nicely printed beam at a higher 
relative density. 
 

 
Figure 30 3D printed sample at a low relative density (�̅�𝜌 = 0.1192), showing the gaps left in the struts. 

 

 
Figure 31 Struts at higher relative densities (�̅�𝜌 = 0.3938 in this figure) were printed as outlines that were later 
filled in. These turned out much nicer than at low relative densities. 
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The final issue in the printing was the fact that the model was too complicated to print in one 
line. This meant that the printer regularly had to lift the nozzle, and move it to another point, 
to continue printing. Every time this happened there was a risk of e.g. molten plastic dripping 
onto the wrong spot, or dislodging the line that was being printed. Especially at low relative 
densities these movements happened at a fast rate, which had a large effect on the printed 
samples. Figures 32-34 show a few of the results of these movements. In some cases, the 
only result was stringing that could be removed afterwards, but in other cases there were 
clear gaps left in the sample. 
 

 
Figure 32 Stringing appeared mostly at low relative densities (�̅�𝜌 = 0.1192 in this figure). This was easy to 
remove before testing. 
 

 
Figure 33 Small imperfections in the previous layer would, in some cases, break up the filament in the next 
layer, resulting in holes in the struts. Here seen at �̅�𝜌 = 0.2411. 
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Figure 34 In some cases, the imperfections continued over several layers, because the imperfection broke the 
filament. At the next layer the new imperfection broke the filament again. The figure shows the samples at the 
relative densities �̅�𝜌 = 0.1192 and �̅�𝜌 = 0.3590. 

5.1.5 Final samples 
After printing, the samples still required some cleanup and finishing before they could be 
tested. The job was done by hand, but the plastic was soft enough to work on using a preci-
sion knife and some sand paper. Figure 35 shows the difference between the printed and the 
finalized sample at �̅�𝜌 = 0.2934. 
 
After finishing the samples, they were measured to obtain their exact dimensions before 
testing. The thickness of the struts was measured at 7 points, using vertical, horizontal, and 
diagonal stripes if the printer caused a difference in these. The average was used to calculate 
the exact relative density for each sample. The height of the sample was also measured at 2 
points, to see the effect of the warping. All measurement results are presented in Appendix 
3, while the results of the measurements are presented in Table 13. 
 
Things worth noting in the measurements is that the differences in strut thickness were 
roughly equal at all relative densities, with the difference between the thinnest and thickest 
struts being around 0.1 mm, and no clear distinction showing between low and high relative 
densities. However, the difference in sample height, when measured at the top and bottom 
layers respectively, is larger at high relative densities, because of the larger warping. Finally, 
because of the larger struts, the width and height of the samples increase with the relative 
density. 
 
Table 13 Average dimensions of all 3D printed samples 

Sample 1 2 3 4 5 6 

Strut thickness, 𝑡𝑡 [mm] 0.89 1.54 1.80 2.19 2.68 2.94 
Strut length, 𝑙𝑙 [mm] 20.0 20.0 20.0 20.0 20.0 20.0 
Sample height, ℎ [mm] 136.50 136.85 138.14 138.81 138.94 138.91 
Sample width, 𝑤𝑤 [mm] 143.52 143.2 144.52 144.69 144.99 144.81 
Out-of-plane depth, 𝑑𝑑𝑜𝑜 [mm] 15.10 15.00 15.00 14.98 14.96 15.04 

Relative density, �̅�𝜌 [-] 0.1192 0.2063 0.2411 0.2934 0.3590 0.3938 
𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀,𝑚𝑚 [g] 36 62 77 95 115 125 
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Figure 35 The �̅�𝜌 = 0.2934 sample after printing, with the raft still attached and some stringing visible, as well 
as the final post-processed sample. 
 
The masses of the samples are used to check the relative densities. Figure 36a presents the 
expected mass of the samples, which is calculated using the volume of a computer-generated 
model of the samples, and the data sheet density of the PLA, as well as the final measured 
mass of the samples. Figure 36b presents the difference in the values. The figure shows a 
difference of 10-18% between the mass of the model and final sample. Part of this comes 
from the difference in strut thickness, as the final 3D printed models had a strut thickness 
that was roughly 10% higher than in the initial model. The additional mass is most likely 
from excess plastic left on the sample. Most of this could be found at the bottom of the model 
where the raft was connected, as presented in Figure 37. The lower difference at sample 1 
and 2 is probably because of the gaps left in the struts during printing. Because the excess 
plastic does not contribute significantly to the strength of the samples, but the thicker struts 
do, the relative densities in Table 13 were assumed to be the final relative densities of the 
samples. 
 

 
Figure 36 (a) The expected and measured mass of the samples respectively, and (b) the difference in mass. 
Because of thicker struts, the mass increases by roughly 10%, while the rest of the additional mass is excess 
material on the sample 
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Figure 37 After printing, the connection between the raft and the sample left some excess plastic on the bottom 
of the sample, here at �̅�𝜌 = 0.3938 (this can be compared to the clean top side presented in Figure 31). This 
material added weight to the samples, without significantly affecting the strength. 

5.2 Testing 
Testing of the 3D printed samples was conducted in a hydraulic press, where the samples 
were compressed. The displacement in the 𝑥𝑥2-direction, and the reaction force in the lattice, 
were measured. These measurements were then used to calculate a stress-strain curve for all 
test samples, using the same method as in previous chapters.  
 
During testing, most of the samples reacted as expected. Although they may not have reacted 
as a perfect lattice would have, it was possible to anticipate certain failures because of e.g. 
issues from the 3D printing, or sample dimensions. 
 
Sample 1, with the lowest relative density, buckled much earlier than it should have. This 
was expected because of the problem with printing of the struts at low relative densities. 
However, the buckling did not occur in the vertical struts, as can be seen in Figures 38 and 
39. Instead, it seems like the compression induced a shear load in the lattice, and the buckling 
happened in diagonal struts instead. It is worth noting that all buckling struts are opposite 
struts in square cells, and have the same direction in the lattice. This could be compared to 
possible future shear tests. 
 
Sample 2 had the same problems in printing as sample 1. In testing of sample 2, however, 
two of the struts fractured, as seen in Figure 40. The sample broke at one vertical strut, and 
one nearby diagonal strut. It is not known which strut broke first, as the other one fractured 
as soon as the first one broke. This was an unexpected result, as the thought was that the 
sample would buckle, and the printing issues were thought to make buckling easier. It is 
possible that the sample had some internal weaknesses, causing the struts to have a much 
lower yield stress than expected, but the result was surprising nonetheless. However, from 
the figure one can also see that the struts have broken along the middle. This is because of 
the gap left in 3D printing, which has clearly left some weak points in the sample. 
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Figure 38 The top of the sample moved sideways, indicating a shear force in the lattice. Thus, the lattice did 
not fail as expected. 
 

 
Figure 39 The opposing struts in the square cells buckled, instead of the vertical struts. 

 
 

 
Figure 40 The struts broke at one vertical, and one diagonal strut. The struts have also broken along the 
middle, because of the gap left in 3D printing. 
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Samples 3 and 4 buckled exactly as expected. First, the two vertical struts above the middle 
strut buckled, and immediately after that the vertical middle strut buckled. Towards the end 
of the test other struts were starting to buckle as well. Figure 41 presents sample 3 at the end 
of the test. 
 

 
Figure 41 The two upper struts buckled first, and when they failed the middle strut buckled almost immediately 
afterwards. The two struts in the upper corners buckled towards the end of the test. 
 
Samples 5 and 6 had similar buckling to samples 3 and 4. However, these two samples started 
buckling in the out-of-plane direction as well, as seen in Figure 42. One obvious reason 
behind this is the warping seen in Figure 29, which in compression bends the sample in the 
out-of-plane direction. Another reason is that the out-of-plane depth, 𝑑𝑑𝑜𝑜, of the sample had 
to be limited to reduce print times. At these relative densities, the samples are already so 
strong in the uniaxial direction, that the out-of-plane buckling becomes critical. However, 
although the samples buckled in the out-of-plane direction, the expected buckling in the ver-
tical struts occurred as well, as seen in Figure 43, and the measured force and displacement 
were of a good magnitude. Thus, it seems like the out-of-plane buckling did not affect the 
results too much. 
 

 
Figure 42 Samples 5 and 6 buckled in the out-of-plane direction. 
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Figure 43 Buckling also occurred in the two vertical struts above the middle strut, and afterwards in the middle 
strut. This is the same reaction as in samples 3 and 4. 
 
After testing, the obtained forces and displacements were used to plot a stress-strain curve 
for each sample. These curves are presented in Figure 44. From the curves one can see the 
decrease in stress in sample 2, caused by the sudden failure of the sample. The curve of 
sample 4, and to a lesser extent sample 3, shows the stepwise buckling of the model. The 
initial buckle happens when the first struts buckle, then when the next strut buckles there is 
a new drop in the curve. The curves of samples 5 and 6, on the other hand, are smoother than 
the other ones because of the out-of-plane buckling. The figure also compares the results to 
FE simulations done on the same models. The differences here are comparable to those in 
Figure 45, indicating that perfect samples should have properties closer to the analytical 
ones. 
 
The stress-strain curves are used to find the stiffness of each sample (as the slope of the curve 
before buckling), and the maximum stress. These are again, for comparisons, divided with 
the Young’s modulus and tensile strength of the solid material. The values that were obtained 
in the tensile tests are used for this. The results for all samples are gathered in Table 14. 
These values can be plotted to find the stiffness and strength of the lattice. Figure 45a pre-
sents the stiffness of the lattice, Figure 45b the strength, and Figure 45c the buckling strength, 
with all results compared to the analytical values. 
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Figure 44 Stress-strain curves of all tested samples, compared with FE simulations for the same model. The 
modulus of the samples is only slightly lower at all relative densities, but the strength is lower at low relative 
densities, and higher at high relative densities. 
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Table 14 Young’s modulus and strength of all tested samples. 

Sample �̅�𝜌 [-] Young’s modulus, 
𝐸𝐸 [MPa] 

𝐸𝐸
𝐸𝐸𝑇𝑇

 [-] Highest stress, 
𝜎𝜎 [MPa] 

𝜎𝜎
𝜎𝜎𝑇𝑇𝑇𝑇

 [-] 𝜎𝜎
𝐸𝐸𝑇𝑇

 [-] 

1 0.1192 25.593 0.0083 0.200 0.0043 6.49 · 10-5 

2 0.2063 121.382 0.0394 1.396 0.0298 4.54 · 10-4 

3 0.2411 164.755 0.0535 2.899 0.0618 9.42 · 10-4 

4 0.2934 190.181 0.0618 4.020 0.0857 - 

5 0.3590 242.42 0.0820 5.542 0.1182 - 

6 0.3938 283.118 0.0920 6.105 0.1302 - 

 

 

 
Figure 45 Stiffness, strength, and buckling strength of the experimentally tested samples, compared to the 
analytical values. At the lowest relative densities, the results are clearly lower than the analytical values, be-
cause of imperfections from the printing. At higher relative densities, however, the results are much closer. 
 
Looking at the curves, samples 1 and 2 had both a significantly lower stiffness and strength 
than expected, but at higher relative densities the results match the analytical values better. 
The bad results at low relative densities can be attributed to the imperfections from the print-
ing. From Figure 45b, one can also see that the strength of the lattices is higher than the 



 

 53 

analytical value at high relative densities. This is most likely because of the out-of-plane 
buckling, which prevented the samples from reaching their yield limit as quickly as expected. 
 
The curves in Figure 45 give an approximate value for the stiffness and strength of the lattice, 
and the resulting equations are presented in Table 15. Because of the poor results, the two 
lowest relative densities are omitted from the stiffness equation, and for the yield strength 
only the higher relative densities are considered anyway. For the buckling strength, only the 
low relative densities are considered, so this equation is the least reliable result from the 
tests. 
 

Table 15 The resulting equations from experimental testing 

Stiffness, 𝐸𝐸
𝐸𝐸𝑇𝑇

 0.260�̅�𝜌1.131 

Yield strength, 𝜎𝜎
𝜎𝜎𝑇𝑇𝑇𝑇

 0.560�̅�𝜌1.542 

Buckling strength, 𝜎𝜎
𝐸𝐸𝑇𝑇

 0.186�̅�𝜌3.733 

 
The tested samples had some good results, but others were less than ideal. The stiffness of 
the samples (at least for samples 3 through 6, which were used for the final equation) is very 
close to the results of the other methods. The yield strength is higher than with other meth-
ods, but Figure 45b shows that samples 3 and 4 were very close to the analytical line. Sam-
ples 5 and 6 had a higher yield strength than expected, which results in higher values for 𝐶𝐶 
and 𝑐𝑐 in the yield strength equation. The buckling strength equation has a much higher slope 
because of the poor results at the low relative densities, and therefore this equation is not 
very reliable. 
 
In general, the test samples reacted as expected. Although the results differ from the analyt-
ical and FE results, this was expected. The fact that the samples are different than the previ-
ously used models (because of the extra bars at the top and bottom of the samples), and that 
the printing introduced some clear imperfections in the samples, meant that perfect results 
could not be expected. One suggestion for future work would be to manufacture test samples 
using other methods to see if more reliable samples can be produced. For example, Du et al. 
(2017) studied a few methods to produce lattices for testing, and deduced that sintered pol-
yamide samples are too brittle for testing, but cut aluminium pieces that were bonded to-
gether resulted in only a 2% error compared to FE simulations. However, although the tests 
conducted for this thesis show that the previously used methods can be used to approximate 
the properties of the lattice as long as the relative density is not too low, an actual manufac-
tured piece will always behave differently. 
 
The experimental tests are the final method used to determine the properties of the snub 
square lattice. The next chapter compares the results of the different methods used in this 
thesis to ensure their feasibility and determines how the properties of the snub square lattice 
compare to other lattices. 
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6 Discussion 
 
The previous chapters presented the different methods used in obtaining the lattice proper-
ties, and the results from these methods. This chapter summarizes those results. Section 6.1 
compares the results obtained through different methods in this thesis and discusses the re-
liability, or lack thereof, of the different methods. Section 6.2 compares the properties of the 
snub square lattice with those of other lattices, as the aim in obtaining the lattice properties 
is knowing how they compare with similar lattice materials. 

6.1 Comparison of obtained results 
The results obtained through the different methods vary, in some cases quite a lot, so com-
paring these results shows the effect of each method. The analytical modelling gives the 
properties of the perfect lattice, which can be seen as a guideline. The FE models verify the 
analytical results, and add imperfections to the results, which resembles real lattices more 
closely. Finally, the experimentally tested samples are compared to the other methods to see 
how well they work. 

6.1.1 Stiffness 
The stiffness of the lattice as a function of relative density is presented in Figure 46. These 
results show very similar values for all methods, which indicates that all methods are work-
ing as expected. Table 16 presents the stiffness of the lattice obtained through each method, 
and comparing the numbers shows a difference of 13% at most in the 𝐵𝐵 and 𝑏𝑏 values. The 
analytical and unit cell FE simulation values are very close, while the finite model is slightly 
stiffer because of the constrained top and bottom nodes. The experimental testing also pro-
duced good results, especially when omitting samples 1 and 2. This shows that the analytical 
result is an acceptable method for predicting the stiffness of a snub square lattice material. 
 

 
Figure 46 Plots of the stiffness results from all methods. At high relative densities, the test samples compare 
reasonably well with the other methods. 
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Table 16 Stiffness of the snub square lattice using the different methods. 

Method 
𝐸𝐸
𝐸𝐸𝑆𝑆

 

𝐵𝐵 𝑏𝑏 
Analytical 0.280 1 

FE simulation – Unit cell 0.281 1.0003 

FE simulation – Large model 0.293 1.0004 

Experimental testing 0.260 1.131 
 

6.1.2 Strength 
In tension, for which only analytical and FE simulation results have been obtained, the 
strength of the lattice was very similar in all methods, as seen in Figure 47. The main ad-
vantage of these results is that they prove the feasibility of the FE models. Large differences 
between the results would most likely indicate an error in one of the methods, as there are 
few variables that could affect the results. 
 

 
Figure 47 Tensile strength for all methods. 

 
In compression, on the other hand, the strength of the lattice showed larger differences de-
pending on the method. This is partly because of the imperfections added to the FE models, 
and the previously discussed flaws in the test samples. However, when plotting the strength 
results together, as presented in Figure 48, the results look quite good. In buckling the curves 
have similar slopes, and the results look good at low relative densities. Near the critical rel-
ative density, the imperfections affect the strength more clearly. At high relative densities, 
the results are closer to the analytical result. In the experimental results, samples 3 and 4 fit 
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quite nicely with the other methods, while samples 5 and 6 are stronger. The buckling results 
of the experiments are omitted from this figure because of different material properties, and 
the effect this has on the buckling values. 
 

 
Figure 48 Plots of the compressive strength results from all methods. Only the yield values are included from 
the experiments, because of the different material properties. 
 
When comparing the buckling strengths separately using Equation 5, as presented in Figure 
49, thus removing the material properties from the equation, especially the FE simulations 
give very similar results. A clear difference can only be seen close to the critical relative 
density, where the imperfections are larger.  
 
As mentioned in Chapter 3, the effective length factor, 𝑘𝑘 (which is included in the elastic 
buckling Equation 30), could have a different value than the one used for the analytical cal-
culations. Attempting to match the lines in the figure shows that a value of 𝑘𝑘 ≈ 0.58 would 
give similar buckling strengths. This is a very small change, so one can assume that 𝑘𝑘 = 0.5, 
as with other semi-regular lattices, and that the difference between analytical and simulated 
results is because of factors such as the lack of rotation in the analytical model. 
 
In this comparison, the test samples are significantly weaker than the other results. The sam-
ples at low relative densities had some clear imperfections, so the buckling samples were 
weaker than expected. The slope of the curve, however, is roughly of the correct magnitude, 
and the sample with the highest relative density is closer to the analytical values. 
 
The tensile strength results are presented in Table 17, which shows that all applied methods 
gave very similar results. The compressive strengths are presented in Table 18, which shows 
the differences in the methods, as well as the effect of the imperfections on the FE simula-
tions. The compressive yield strength should also be similar to the tensile strength, but be-
cause of the imperfections a clear difference can be seen between these values. 
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Figure 49 All calculated buckling strengths of the lattice. The effect of imperfections can be seen here, and 
especially the test samples are weak at low relative densities. 
 

    Table 17 Tensile strength for all applied methods. 

Method 
Tensile strength, 𝜎𝜎

𝜎𝜎𝑇𝑇𝑇𝑇
 

𝐶𝐶 𝑐𝑐 

Analytical 0.2732 1 

FE – Unit cell 0.2738 1.0004 

FE – Finite model 0.2632 1.0005 
 

Table 18 Compressive strength for all applied methods. 

Method Imperfection 
Yield strength, 𝜎𝜎

𝜎𝜎𝑇𝑇𝑇𝑇
 Buckling strength, 𝜎𝜎

𝐸𝐸𝑇𝑇
 

𝐶𝐶 𝑐𝑐 𝐷𝐷 𝑑𝑑 
Analytical  0.2732 1 0.1252 3 

FE – Unit cell 

0.001𝑡𝑡 0.477 1.308 0.092 2.997 

0.01𝑡𝑡 0.498 1.353 0.090 2.994 

0.1𝑡𝑡 0.571 1.524 0.079 2.971 

FE – Finite model 

0.001𝑡𝑡 0.323 1.142 0.083 2.989 

0.01𝑡𝑡 0.329 1.155 0.082 2.988 

0.1𝑡𝑡 0.337 1.182 0.084 2.993 

Experimental  0.560 1.542 0.186 3.733 
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6.2 Comparisons with other lattices 
As mentioned in Chapter 2, one of the advantages of calculating the properties of the lattice 
in the nondimensional form presented in Equations 3-5 is that the properties of different 
lattices can be compared. These comparisons are important, because they show whether the 
lattice has any advantages over other similar lattices, which is needed from a manufacturing 
standpoint. 
 
The lattices presented in Table 19 are all stretching-dominated, and therefore comparable 
with the snub square lattice. The properties are analytically derived (Wang & McDowell 
2004, Elsayed & Pasini 2010), and will therefore be compared with the analytical results of 
the snub square lattice. Figures of the lattices are presented in Appendix 1. 
 
Table 19 Known properties of stretching-dominated lattices (Wang & McDowell 2004, Elsayed & Pasini 
2010). In the case of split cells, the upper cell (a) gives the property in the 𝑥𝑥2-direction and the lower cell (b) 
in the 𝑥𝑥1-direction, if the lattice has different properties depending on its direction. 

Lattice �̅�𝜌 
𝐸𝐸
𝐸𝐸𝑆𝑆

 
𝜎𝜎𝑒𝑒𝑒𝑒
𝐸𝐸𝑆𝑆

 
𝜎𝜎𝑝𝑝𝑒𝑒
𝜎𝜎𝑇𝑇𝑆𝑆

 

Square 2
𝑡𝑡
𝑙𝑙
 0.5�̅�𝜌 0.103�̅�𝜌3 0.5�̅�𝜌 

Triangular 2√3
𝑡𝑡
𝑙𝑙
 0.333�̅�𝜌 0.0914�̅�𝜌3 

a) 0.5�̅�𝜌 
b) 0.333�̅�𝜌 

Mixed �2 + √2�
𝑡𝑡
𝑙𝑙
 0.369�̅�𝜌 0.0292�̅�𝜌3 0.369�̅�𝜌 

Kagome √3
𝑡𝑡
𝑙𝑙
 0.333�̅�𝜌 0.366�̅�𝜌3 

a) 0.5�̅�𝜌 
b) 0.333�̅�𝜌 

34.6 10√3
7

𝑡𝑡
𝑙𝑙
 0.313�̅�𝜌 – – 

Diamond 
5
√3

𝑡𝑡
𝑙𝑙
 

a) 0.4�̅�𝜌 
0.0789�̅�𝜌3 

a) 0.6�̅�𝜌 
b) 0.2�̅�𝜌 b) 0.2�̅�𝜌 

 
By plotting the properties into the same graph, they can easily be compared. Figures 50-52 
present the stiffness, buckling strength, and yield strength of all lattices. From the figures 
one can see that the snub square lattice is inferior to all lattices, except the diamond lattice 
in the 𝑥𝑥1-direction, when comparing stiffness and yield strength. However, in buckling the 
snub square lattice is stronger than all lattices except the Kagome lattice. 
 
As mentioned previously, the relative density where the collapse mode changes from elastic 
buckling to yielding can be solved using Equation 40. This critical relative density depends 
on the yield strain of the solid material used for the lattice. Because the snub square lattice 
only has a favorable buckling strength compared to other lattices, the yield strain of the solid 
material defines the highest relative density at which the snub square lattice is a feasible 
solution.  
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Figure 53 presents an example, where the curves are plotted using the data sheet properties 
of the ColorFabb PLA (𝜎𝜎𝑇𝑇𝑆𝑆 = 61.5 𝑀𝑀𝑃𝑃𝑎𝑎,𝐸𝐸𝑆𝑆 = 2960 𝑀𝑀𝑃𝑃𝑎𝑎) and the aluminium alloy 6061-
T6 (𝜎𝜎𝑇𝑇𝑆𝑆 = 276 𝑀𝑀𝑃𝑃𝑎𝑎,𝐸𝐸𝑆𝑆 = 68900 𝑀𝑀𝑃𝑃𝑎𝑎) (MatWeb 2017) respectively for the material prop-
erties. This gives a yield strain of 𝜖𝜖𝑦𝑦 = 𝜎𝜎𝑇𝑇𝑆𝑆 𝐸𝐸𝑆𝑆⁄ = 0.021 and 𝜖𝜖𝑦𝑦 = 𝜎𝜎𝑇𝑇𝑆𝑆 𝐸𝐸𝑆𝑆⁄ = 0.004 for the 
PLA and aluminium respectively. Inserting these values into Equation 40 gives a critical 
relative density of �̅�𝜌𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐 = 0.21 for the PLA, but only �̅�𝜌𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐 = 0.09 for the aluminium. 

 
Figure 50 Stiffness of the stretching-dominated lattices. 

 

 
Figure 51 Buckling strength of the stretching-dominated lattices. 
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Figure 52 Yield strength of the stretching-dominated lattices. 

 

 
Figure 53 Buckling and yielding of the compared lattices depending on material. As the data points show, a 
snub square lattice made from aluminium is only feasible up to �̅�𝜌 = 0.09, while a lattice made from PLA is 
feasible up to �̅�𝜌 = 0.21. 
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7 Conclusions and future work 
 
The aim of this thesis was to determine the in-plane mechanical properties of the snub square 
lattice and to compare these properties to those of other stretching-dominated lattices in order 
to evaluate the feasibility of using snub square lattices in lightweight materials. The proper-
ties of the snub square lattice were obtained using three methods: analytical modelling 
(Chapter 3), FE simulations (Chapter 4), and experimental tests (Chapter 5). In Chapter 6, 
these calculated properties were compared between the three methods to verify the lattice 
properties, and the analytically obtained properties were compared with those previously 
reported for other stretching-dominated lattices. 
 

7.1 Conclusions 
Equations for the stiffness and strength of the perfect lattice were obtained using analytical 
modelling, and the results were verified with FE simulations of the periodic unit cell. Both 
methods showed very similar results, indicating that they had been used correctly. FE simu-
lations were also performed on a finite model with 10x5 unit cells. The properties of this 
model were very close to those of the unit cell, thus showing that few cells are needed to 
achieve periodicity conditions. Both FE models were also simulated with an imperfection 
corresponding to the first buckling mode of the model. These simulations only showed a 
notable difference to the previous results when the amplitude of the imperfection approached 
0,1𝑡𝑡. For experimental testing, 3D printed samples were manufactured and tested in com-
pression. The stiffness of the samples showed reasonable agreement with the other methods. 
However, the strength of the samples differed more from the results obtained through the 
other methods. This difference can be attributed to defects in the samples that occurred dur-
ing manufacturing.  
 
Although comparison of the analytical results with the properties of other stretching-domi-
nated lattices showed the stiffness and yield strength of the snub square lattice to be inferior 
to those of the other lattices, the buckling strength was as high, or higher than that of all the 
stretching-dominated lattices, except for the Kagome lattice. Because the buckling strength 
is material dependent, the feasibility of the snub square lattice depends on the yield strain of 
its solid material. The yield strain defines the critical relative density where the collapse 
mode of the lattice changes from elastic buckling to yielding. A high 𝜎𝜎𝑇𝑇𝑆𝑆/𝐸𝐸𝑆𝑆 ratio increases 
the critical relative density, thus leading to a wider range of feasibility for the snub square 
lattice. Since a high yield strain can be found in materials such as polymers and foams, the 
snub square lattice would be most feasible when manufactured from these types of materials. 
 
In conclusion, the calculated results show a good match between the different methods, and 
compare favorably with those for the other stretching-dominated lattices. The experimental 
results, on the other hand, demonstrate the sensitivity of the lattice to changes and imperfec-
tions. The high buckling strength gives reason for further exploring the snub square lattice, 
as many of its properties, including shear strength, still remain unknown. Future research 
could also focus on other semi-regular lattices, as ever improving manufacturing methods 
would make it easier to include these in new lightweight materials. 
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7.2 Future work 
The methods presented in this thesis provide a good basis for studying the snub square lat-
tice, as the analytical and FE results provide reliable results for the strength and stiffness of 
the lattice. However, future work could still be done to improve the compressive FE models, 
as the imperfections have a clear effect on the results. The experimental results could also 
be improved, as the other methods were not able to predict the properties of the lattice accu-
rately. However, this was a result of poor test samples, rather than errors in the other meth-
ods, which means that further testing could provide better results. 
 
The properties of the snub square lattice could also be studied further, since especially its 
buckling strength compares well with other lattices. The shear strength of the lattice should 
be determined, and further studies could also focus on other properties, such as determining 
the properties of a lattice with defects, as presented by Liu & Liang (2012), which could 
possibly explain some of the experimental results in this thesis as well. The topological op-
timization process presented by Du et al. (2017) could also be applied to determine if this 
method results in a favorable improvement in the properties of the snub square lattice. 
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Appendix 1. Semi-regular and other tessellations 
 

 

 

 

 
Figure A1.1 All semi-regular tessellations, (a) Kagome, (b) snub square, (c) 3.4.6.4, (d) 4.82, (e) 33.42, (f) 3.122, 
(g) 34.6, and (h) 4.6.12. 
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Figure A1.2 Tessellations that are used in Chapter 6. The (a) square, and (b) triangular tessellations are 
regular, while the (c) mixed and (d) diamond tessellations are classified as other tessellations. 
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Appendix 2. FE compression simulation results 
 
Table A2.1 Unit cell with 0.001𝑡𝑡 imperfection simulation results. 

�̅�𝜌 𝜎𝜎 [N] 
𝜎𝜎
𝜎𝜎𝑇𝑇𝑇𝑇

 [-] 𝜎𝜎
𝐸𝐸𝑇𝑇

 [-] 

0.00011 8242.8 2.94 · 10-5 - 

0.0021 63.7 2.27 · 10-7 9.10 · 10-10 

0.0054 1002.4 3.58 · 10-6 1.43E · 10-8 

0.0107 8100.9 2.89 · 10-5 1.16 · 10-7 

0.0536 986 844.8 0.00352 1.41 · 10-5 

0.1072 7 272 737.9 0.02597 0.00010 

0.1313 9 379 136.2 0.03350 - 

0.1501 11 048 755.5 0.03946 - 

0.2144 17 695 388.0 0.06320 - 

0.3215 30 528 111.3 0.10903 - 
 
Table A2.2 Unit cell with 0.01𝑡𝑡 imperfection simulation results. 

�̅�𝜌 𝜎𝜎 [N] 
𝜎𝜎
𝜎𝜎𝑇𝑇𝑇𝑇

 [-] 𝜎𝜎
𝐸𝐸𝑇𝑇

 [-] 

0.00011 8276.4 2.96 · 10-5 - 

0.0021 63.7 2.27 · 10-7 9.10 · 10-10 

0.0054 1002.8 3.58 · 10-6 1.43 · 10-8 

0.0107 8020.0 2.86 · 10-5 1.15 · 10-7 

0.0536 978 726.2 0.00350 1.40 · 10-5 

0.1072 6 737 540.3 0.02406 9.63 · 10-5 

0.1313 9 055 490.4 0.03234 - 

0.1501 10 699 341.1 0.03821 - 

0.2144 17 273 352.9 0.06169 - 

0.3215 30 052 049.8 0.10733 - 
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Table A2.3 Unit cell with 0.1𝑡𝑡 imperfection simulation results. 

�̅�𝜌 𝜎𝜎 [N] 
𝜎𝜎
𝜎𝜎𝑇𝑇𝑇𝑇

 [-] 𝜎𝜎
𝐸𝐸𝑇𝑇

 [-] 

0.00011 - - - 

0.0021 63.5 2.27 · 10-7 9.08 · 10-10 

0.0054 1000.8 3.57 · 10-6 1.43 · 10-8 

0.0107 7987.8 2.85 · 10-5 1.14 · 10-7 

0.0536 909 509.5 0.00325 1.30 · 10-5 

0.1072 5 202 489.0 0.01858 7.43 · 10-5 

0.1313 7 377 232.8 0.02635 - 

0.1501 9 038 067.4 0.03228 - 

0.2144 15 067 862.4 0.05381 - 

0.3215 28 366 471.5 0.10131 - 
 
Table A2.4 Large model with 0.001𝑡𝑡 imperfection simulation results. 

�̅�𝜌 𝜎𝜎 [N] 
𝜎𝜎
𝜎𝜎𝑇𝑇𝑇𝑇

 [-] 𝜎𝜎
𝐸𝐸𝑇𝑇

 [-] 

0.0011 7.7 2.77 · 10-8 1.11 · 10-10 

0.0054 935.4 3.34 · 10-6 1.34 · 10-8 

0.021 59 377.8 0.00021 8.48 · 10-7 

0.0536 930 220.6 0.00332 1.33 · 10-5 

0.10718 6 606 726.1 0.02360 - 

0.1313 9 287 272.5 0.03317 - 

0.1501 10 735 933.6 0.03834 - 

0.2144 15 820 851.8 0.05650 - 

0.3215 24 034 714.0 0.08584 - 
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Table A2.5 Large model with 0.01𝑡𝑡 imperfection simulation results. 

�̅�𝜌 𝜎𝜎 [N] 
𝜎𝜎
𝜎𝜎𝑇𝑇𝑇𝑇

 [-] 𝜎𝜎
𝐸𝐸𝑇𝑇

 [-] 

0.0011 7.8 2.77 · 10-8 1.11 · 10-10 

0.0054 945.2 3.34 · 10-6 1.34 · 10-8 

0.021 59 567.9 0.00021 8.51 · 10-7 

0.0536 921 977.7 0.00329 1.32 · 10-5 

0.10718 6 448 624.5 0.02303 - 

0.1313 9 342 469.4 0.03337 - 

0.1501 10 701 527.1 0.03822 - 

0.2144 15 817 484.4 0.05649 - 

0.3215 24 025 343.7 0.08580 - 
 
Table A2.6 Large model with 0.1𝑡𝑡 imperfection simulation results. 

�̅�𝜌 𝜎𝜎 [N] 
𝜎𝜎
𝜎𝜎𝑇𝑇𝑇𝑇

 [-] 𝜎𝜎
𝐸𝐸𝑇𝑇

 [-] 

0.0011 7.6 2.70 · 10-8 1.08 · 10-10 

0.0054 941.2 3.36 · 10-6 1.34 · 10-8 

0.021 60 176.4 0.00021 8.60 · 10-7 

0.0536 915 374.6 0.00327 1.31 · 10-5 

0.10718 6 425 740.5 0.02295 - 

0.1313 9 095 547.6 0.03248 - 

0.1501 9 805 273.7 0.03502 - 

0.2144 15 769 168.8 0.05632 - 

0.3215 24 070 804.2 0.08597 - 
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Appendix 3. Test sample measurements 
 
Table A3.1 Measurements taken of the test samples. The strut thickness measurements were taken at the middle 
strut, as well as two 90°, 60°, and 30° struts respectively. Because of warping, the height was measured at both 
the top and bottom of each sample. All measurements are in mm, and the mass in g. 

Sample 1 2 3 4 5 6 

𝑡𝑡𝑚𝑚𝑖𝑖𝑑𝑑𝑑𝑑𝑒𝑒𝑒𝑒 0.92 1.55 1.75 2.16 2.68 2.91 

𝑡𝑡90°1  0.92 1.52 1.74 2.13 2.69 2.92 

𝑡𝑡90°2  0.84 1.55 1.76 2.20 2.64 2.96 

𝑡𝑡60°1  0.92 1.55 1.84 2.22 2.73 2.95 

𝑡𝑡60°2  0.85 1.56 1.87 2.16 2.68 2.95 

𝑡𝑡30°1  0.90 1.56 1.82 2.25 2.67 2.93 

𝑡𝑡30°2  0.88 1.51 1.80 2.22 2.68 2.94 

ℎ𝑏𝑏𝑜𝑜𝑐𝑐𝑐𝑐𝑜𝑜𝑚𝑚 136.43 136.9 137.88 137.79 138.57 138.65 

ℎ𝑐𝑐𝑜𝑜𝑝𝑝 136.57 136.8 138.39 138.82 139.30 139.17 

𝑤𝑤 143.52 143.2 144.52 144.69 144.99 144.81 

𝑑𝑑 15.10 15.0 15.0 14.98 14.96 15.04 

𝑡𝑡𝑙𝑙𝑎𝑎𝑒𝑒𝑐𝑐𝑙𝑙𝑎𝑎𝑒𝑒 0.89 1.54 1.80 2.19 2.68 2.94 

ℎ 136.50 136.85 138.14 138.81 138.94 138.91 

𝑤𝑤 143.52 143.2 144.52 144.69 144.99 144.81 

𝑑𝑑 15.10 15.0 15.0 14.98 14.96 15.04 

𝑙𝑙 20 20 20 20 20 20 

𝑚𝑚 36 62 77 95 115 125 

Planned �̅�𝜌 0.1071 0.1875 0.2210 0.2679 0.3349 0.3684 

Actual �̅�𝜌 0.1192 0.2069 0.2411 0.2934 0.3590 0.3938 
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