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Abstract
This dissertation is devoted to two families of generalized continuum theories: the ﬁrst and second
strain gradient elasticity theories including the ﬁ rst and second velocity gradient inertia,
respectively. First of all, a number of model problems is studied by analytical means revealing the
key characters and potential of generalized continuum theories. In particular, the classical Kirsch
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Within linearly isotropic second strain gradient elasticity theory, instead, a simpliﬁ ed model is
proposed, still capable of capturing free surface effects and surface tension, in particular, arising
in solids of both nano- and macro-scales. With a series of benchmark problems, including a
comprehensive set of stability analyses, the role of higher-order material parameters is revealed. On
the way towards computational analysis, the boundary value problems of the fourth- and sixthorder partial differential equations arising in the ﬁ rst and second strain gradient models,
respectively, are formulated and analysed in a mathematical variational form within appropriate
Sobolev space settings. For numerical simulations, isogeometric Galerkin methods meeting higherorder continuity requirements are implemented in a user element framework of a commercial ﬁnite
element software. Various benchmarks for statics and free vibrations conﬁ rm the optimal
convergence properties of the numerical methods, verify the implementation and demonstrate the
key properties of the underlying higher-order continuum models. Regarding model validation and
applications, thorough analyses of stretching, shearing and vibration phenomena of complex
triangular lattices homogenized by the simpliﬁed second strain gradient elasticity model reveal the
strong size dependency of lattice structures and hence provide pivotal information for practical
applications of materials and structures with a microstructure or microarchitecture.
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2D triangular lattices reveal the strong size dependency of complex lattice structures captured by the simpliﬁed second strain gradient model
(after parameter calibration).
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1. Introduction

1.1

Background

Material modeling, in a broad sense, can be considered as the hard core
of engineering analysis in both scientiﬁc research and industrial research
and development activities. This holds true in the development of sustainable materials within the rapid progress of manufacturing technologies
such as additive manufacturing, especially. Classical continuum theories,
formulated in terms of partial differential equations, and ﬁnite element
Galerkin methods, based on the corresponding variational formulations of
strong forms of the classical models, have been widely used for predicting
and simulating the mechanical response of a wide range of natural and
(artiﬁcial) metamaterials. The classical models assume that the characteristic length scale of the material, e.g., grain or inhomogeneity size, is
much smaller than the representative volume of the underlying averaging
principles. Thereby, the ability of classical continuum theories for describing multi-scale phenomena is very limited. For instance, classical models fail to capture the size-dependent bending phenomena of micrometer
[54, 64] and nanometer [17] beams or to describe the wave propagations
in media with hexagonal microstructure [106].
The increasing complexity of materials, or structures (with highly noticeable, architectured microstructure), across the scales requires more
advanced modeling techniques than provided by classical continuum theories. In order to incorporate material length scales into continuum models, a family of generalized continuum theories has been developed during
the past decades. Basically two branches of non classical continuum the-
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ories can be distinguished. "Higher-order" continua, composing the ﬁrst
branch, along with the classical three translational degrees of freedom
(DOFs) introduces additional DOFs, e.g., three rotational DOFs proposed
by Cosserat brothers in 1909 [20] or nine micro-deformational DOFs introduced by Mindlin in 1964 [79]. Contributions [43, 29, 40] also belong to
this family. In the second branch, the continuum is enriched by the higher
gradients of the translational DOFs deﬁning the so-called "higher-grade"
continuum theories [115, 78, 116, 80, 81]. However, there still exist few
local extensions of the classical continuum mechanics, e.g., continua with
surface elasticity [44, 45] and nonlocal elasticity theory [28]. From recent
contributions, one should notice higher-gradient surface elasticity theory
[47] and N -th gradient continua [24, 23] as well. For a detailed overview,
a reader can consult [75, 76, 8, 47], for instance.
The main complicating issues arising around non classical continuum
theories can be listed as follows: (1) selection of an appropriate generalized theory type, (2) identiﬁcation of the higher-order material parameters/moduli, (3) application to real materials, structures and systems independent of length scale, (4) general-purpose numerical methods versatile for problems with complex geometries. The present work is devoted to
the family of strain gradient continuum theories and aim at contributing
to these four issues.

1.2

State of the art

For linearly isotropic materials, the ﬁrst and second strain gradient elasticity models introduce, respectively, ﬁve and sixteen additional material
moduli, which essentially complicates the methods for ﬁnding the new
material parameter values. In order to reduce the number of higher-order
material constants, but still keeping the functionality, the class of the
so-called simpliﬁed models of strain gradient elasticity has been developed, especially starting in the 1990s. The simpliﬁed ﬁrst strain gradient model including only one additional material modulus was originally
proposed by Vardoulakis et al. in [118] and Altan and Aifantis in [3].
A hierarchy of simpliﬁed constitutive models within isotropic strain gradient elasticity are summarized in [100]. Mindlin’s anisotropic gradient
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elasticity with separable weak non-locality is highlighted in [58]. Twoparameter simpliﬁed second strain gradient models have been proposed
in [57, 98, 99]. Publication IV essentially contributes to this list by including three higher-order coupling parameters and modulus of cohesion,
which increases the functionality of the existing simpliﬁed models.
Concerning procedures for identifying higher-order material parameters, there exist different approaches: atomistic approach or ab initio simulations [73, 16, 109, 110, 92], the atomistic representation of ﬁrst straingradient elastic tensors [1], bending experiments within simpliﬁed strain
gradient models [54, 64, 65], experiments on torsional vibrations [102],
Gedanken experiments for the determination of two-dimensional linear
second gradient elasticity coefﬁcients [96], experiments on measurements
of the dispersion of elastic waves [26], validation and identiﬁcation from
full-ﬁeld measurements (in honeycomb materials) [105], computational
evaluations [95, 87]. Our Publication IV contributes to this category as
well.
Regarding applications, strain gradient models have been utilized for investigating the role of grain size on the overall behaviour of polycrystals
in [112], for quasi-brittle failure in porous elastic solids [86], for regularizing singularities (cracks, dislocations and disclinations) in [118, 32, 39,
55, 57, 25, 6, 42, 82, 83, 89] and stress concentrations (near cavities and
inclusions, e.g., Eshelby’s inclusion problem) in [18, 122, 46, 30, 31, 127,
38, 56, 35, 36, 37, 68, 69, 34, 34, 67] and in Publication II as well.
The strain gradient models have been derived upon continualization of
1D and 2D discrete structures (masses on springs) for the simulation of
dispersive wave propagation in [77, 9, 10, 11]. The derivation of Mindlin’s
ﬁrst and second strain gradient elasticity theory via simple 1D massspring systems and continuum models has been accomplished in [101].
Enhanced damage sensitivity detected for the second (displacement) gradient porous materials has been reported in [71]. Linear elastic trusses
leading to higher-order continua with exotic mechanical interactions have
been addressed in [108]. Designing a light fabric metamaterial being
highly macroscopically tough has been highlighted in [22]. Numerical
comparison of a Hencky-type discrete model for pantographic structures
with the second (displacement) gradient continuum model has been given
in [117]. Homogenization of pantographic lattices which produce the sec-
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ond (displacement) gradient continuum model has been presented in [103].
Dynamics of 1D nonlinear pantographic continua has been modelled via
higher-order models in [41]. Anisotropic and dispersive wave propagation within strain gradient framework for chiral and hexagonal lattices
has been considered in [106]. For a detailed review of existing models
in the framework of metamaterials for dynamic problems, see [120]. For
structural elements in engineering applications, a series of dimensionally
reduced models have been formulated in [59, 94] and in Publications I and
III for statics and dynamics of bars, in [60, 14, 61, 121, 85, 91] concerning
Kirchhoff-Love plates, in [52, 53, 62, 63, 2, 48, 5, 124, 88, 13, 123] regarding Bernoulli–Euler, Timoshenko and higher-order shear deformable
beam models.
Regarding numerical methods, the most crucial issue is that the higherorder partial differential equations require higher-order continuity for
conforming primal methods or, alternatively, introducing mixed methods.
On the way towards computational analysis, a group of C 0 -continuous
elements based on a mixed formulation have been proposed in [4, 74],
while C 1 -continuous elements have been utilized in [125, 126, 93]. A
consistent and stable discontinuous Galerkin method has been formulated in [27]. Methods for second strain gradient models have been addressed in [19] as a special case of a second-order micromorphic model
[15] and in [104] based on a Hellinger-Reissner variational principle. See
also works [111, 7, 12, 128, 84]. In the framework of isogeometric analysis, the problems of strain gradient elasticity have been addressed in
[33, 119, 107, 90, 113, 13, 72, 88, 51, 50]. Our Publications I and III augment this list of contributions.

1.3

Objectives

The main objectives of this dissertation can be listed as follows: (1) to
study a family of ﬁrst and second strain gradient elasticity theories with
ﬁrst and second velocity gradient inertia, respectively, which is considered
as a generalized physico-mathematical continuum model for real materials; (2) to study, develop and implement isogeometric Galerkin methods,
a generalization of the classical ﬁnite element method, for solving partial
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differential equations of higher-order arising in higher-gradient continuum models. Regarding numerical methods, a set of benchmark problems
is analyzed and compared with analytical solutions revealing the reliability and applicability of the isogeometric methods. Both analytical and
numerical methods are used for the following purposes: (3) for revealing
the key characters and potential of the generalized continuum models by
studying a number of model problems, e.g., the Kirsch problem; (4) for the
calibration of the higher-order continuum models, i.e., for the identiﬁcation of higher-order static and dynamic material parameters.

1.4

Limitations

This dissertation concerns only one class of generalized continuum theories, namely, ﬁrst and second strain gradient theory of elasticity with ﬁrst
and second velocity gradient inertia, respectively. The main limitations
are listed as follows:
1. Constitutive laws correspond to linearly elastic and isotropic material models with engineering strain and small deformation assumptions
adopted.
2. The dissertation focuses on the simpliﬁed strain gradient models implying that strain and kinetic energy densities include a reduced number of higher-order material moduli.
3. Dimensionally reduced 2D plane stress/strain and 1D bar problems are
addressed, 3D models are derived but not thoroughly studied.
4. Isogeometric Galerkin methods are limited to single patch geometries.
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2. Second and ﬁrst strain gradient
elasticity theories

In this section, ﬁrst, the strong form of the second strain gradient elasticity theory with second velocity gradient inertia, i.e., governing equation of
motion in terms of partial derivatives of the problem quantities and a set
of boundary conditions, derived from the Hamilton’s principle is brieﬂy
recalled. Next, the two most common simpliﬁcations for the strain energy
density are addressed and one more variant proposed in Publication IV is
introduced.

2.1

Strong formulation

Hamilton’s principle for an independent displacement variation δu between ﬁxed limits of u at times t0 and t1 reads as follows [66]:
δ

t1
t1
(T − W )dt + δWext dt = 0,
t0

(2.1)

t0

where T and W are the total kinetic and strain energies in a body Ω ⊂ R3 :


T = T dΩ, W = W dΩ
(2.2)
Ω

Ω

and δWext stands for the variation of the work done by external forces.
It is assumed that kinetic energy density T is a function of velocity and
the ﬁrst and second gradients of velocity, whereas strain energy density
W contains kinematical variables ε1 , ε2 and ε3 :
T = T (u̇, ∇u̇, ∇∇u̇),

W = W (ε1 , ε2 , ε3 ).

(2.3)

Originally, the second strain gradient elasticity theory was formulated by
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Mindlin [80] with
1
ε1 = ε = (∇u + u∇),
2

ε2 = ∇∇u,

ε3 = ∇∇∇u,

(2.4)

corresponding to a Form I strain gradient elasticity theory [81]. Publication IV introduces Form II strain gradient elasticity theory with
ε2 = ∇ε,

ε3 = ∇∇ε,

(2.5)

which is considered as an extension of Mindlin’s works [80] and [81].
Next, the variation of the total kinetic energy (for guidance, see [66], for
instance) is derived in the form
t1

t1 
T dt = −

δ

.
(ṗ1 · δu + ṗ2 : ∇δu + ṗ3 .. ∇∇δu)dΩdt,

(2.6)

t0 Ω

t0

where p1 , standing for the ordinary momentum vector, and p2 and p3 ,
denoting the higher-order momentum tensors, are deﬁned as the partial
derivatives of the kinetic energy density with respect to the corresponding
work conjugates, i.e., u̇, ∇u̇ and ∇∇u̇, as
p1 =

∂T
,
∂ u̇

p2 =

∂T
,
∂(∇u̇)

p3 =

∂T
.
∂(∇∇u̇)

(2.7)

The variation of the total strain energy takes the form
t1

t1 
W dt =

δ

.
(τ 1 : δε1 + τ 2 .. δε2 + τ 3 :: δε3 )dΩdt,

(2.8)

t0 Ω

t0

where Cauchy (or better Cauchy-like) stress τ 1 , the work conjugate of
(the ordinary) strain tensor ε, and double and triple stresses τ 2 and τ 3 ,
the work conjugates of the higher-order kinematical variables ε2 and ε3 ,
respectively, are deﬁned as
τ1 =

∂W
,
∂ε1

∂W
,
∂ε2

τ2 =

τ3 =

∂W
.
∂ε3

(2.9)

Now, by deﬁning the variation of work done by external forces in the
form
t1  

t1
t0

t0



+
∂Ω3
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f · δudΩ +

δWext dt =
Ω


t1 · δudS +

∂Ω1



t3 · (n · ∇)2 δudS dt,

t2 · (n · ∇δu)dS
∂Ω2

(2.10)

Second and ﬁrst strain gradient elasticity theories

where, for simplicity, all possible edge and wedge forces are omitted (cf.
[80, 98, 99] for theoretical derivations and [104] for computational examples), one can derive the stress equation of motion of a 3D solid within
the second strain gradient elasticity theory with second velocity gradient
inertia (see [98, 99]) in the form
∇ · σ + f = ṗ1 − ∇ · ṗ2 + ∇∇ : ṗ3

in Ω,

(2.11)

with σ denoting the so-called total [118], or balancing, stress tensor which
is expressed in terms of the Cauchy, double and triple stresses as
σ = τ 1 − ∇ · τ 2 + ∇∇ : τ 3 .

(2.12)

It should be mentioned that there have been discussions on the Cauchy
and total stresses to be a candidate on a role of true stresses since the
physical meaning of these two stresses is still an open question. In [97,
98], it is reported that the total stresses play a role of the Cauchy stresses
which for the bulk part of a material satisfy the Cauchy theorem. In
Publication II, however, it is demonstrated that serious problems might
arise with the physicality of the total stresses.
Within the second strain gradient elasticity, the traction, or natural,
boundary conditions are expressed as (see Publication IV)
∂Ω1 :

t1 = n · σ + L · [n · (τ 2 − ∇ · τ 3 ) + L · (n · τ 3 ) − (∇s n) · (nn : τ 3 )]
+ n · (ṗ2 − ∇ · ṗ3 ) − ∇s · (n · ṗ3 ) + (∇s · n)nn : ṗ3 ,

∂Ω2 :

∂Ω3 :

(2.13)

t2 = nn : (τ 2 − ∇ · τ 3 ) + n · [L · (n · τ 3 )] + L · (nn : τ 3 )
+ nn : ṗ3 ,

(2.14)

.
t3 = nnn .. τ 3 ,

(2.15)

with L = n(∇s · n) − ∇s and ∇s = (I − nn) · ∇ (see [80]). It can be
seen that on a par with ordinary traction force t1 , the work conjugate
of displacement u, there appear double and triple traction forces t2 and
t3 , the work conjugates of the ﬁrst and second normal derivatives of the
displacements, respectively. Moreover, due to the ﬁrst and second velocity
gradients included in the kinetic energy density (2.3), the ordinary and
double traction forces are enriched by higher-order inertia terms.
The essential boundary conditions are given as
u = u1 ,

n · ∇u = u2 ,

(n · ∇)2 u = u3 ,

(2.16)
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where ui are the prescribed functions on the corresponding Dirichlet boundary parts ∂Ωui , i = 1, 2, 3. Here, n denotes the unit vector normal to the
domain boundary, ∇ stands for Hamilton’s nabla-operator and I is the
isotropic unit tensor of second rank.
As a note, it should be mentioned that initial conditions are not addressed here.

2.2

Simpliﬁed models

For isotropic materials, the strain energy density of Form II can be explicitly expressed as (see Publication IV)
1
W = λ(trε)2 + με : ε + a1 (∇ · ε) · ∇(trε) + a2 ∇(trε) · ∇(trε)
2
.
.
+ a (∇ · ε) · (∇ · ε) + a ∇ε .. ∇ε + a ∇ε .. ε∇
3

4

5

2

+ b1 (Δtrε) + b2 ∇∇(trε) : ∇∇(trε) + b3 Δε : ∇∇(trε)
+ b4 Δε : Δε + b5 ∇ · ε∇ : ∇ε · ∇ + b6 ∇∇ε :: ∇∇ε + b7 ∇∇ε :: ∇ε∇
+ c1 (trε)Δ(trε) + c2 ε : ∇∇(trε) + c3 ε : Δε + b0 Δ(trε).

(2.17)

In addition to the classical Lamé parameters μ and λ, the strain energy
density contains sixteen additional higher-order elastic moduli. The ﬁve
coefﬁcients ai which appear in Toupin’s and Mindlin’s strain gradient elasticity theory [115, 79] relate to the ﬁrst gradient of strains and have dimension of force. The seven parameters bi relate to the second gradient
of strains and have dimension of force times squared length. The three
parameters ci relate to the cross terms between strains and second gradient of strains and have dimension of force. The coefﬁcient b0 , with the
dimension of force, is a modulus of cohesion (see the discussion in [80]).
The most utilized simpliﬁcations for the strain energy function are of
two types. For the ﬁrst type simpliﬁcation, related to the ﬁrst strain gradient elasticity and proposed in [3], it is assumed that a1 = a3 = a5 = 0,
while 2a2 = λla2 and a4 = μla2 (with bi = 0, i = 0, ..., 7, and ci = 0, i = 1, 2, 3),
which introduces one additional length scale parameter la with unit of
length. The corresponding simpliﬁed energy takes the form

1
.
1
W = λ(trε)2 + με : ε + la2 λ∇(trε) · ∇(trε) + μ∇ε .. ∇ε .
2
2

(2.18)

In the second type simpliﬁcation, related to the second strain gradient
model and considered in [57], parameters b2 and b6 are hold non-zero and
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taking the form 2b2 = λlb4 and b6 = μlb4 , which brings the second length
scale parameter lb with unit of length giving the second variant for the
strain energy density:

1
.
1
W = λ(trε)2 + με : ε + la2 λ∇(trε) · ∇(trε) + μ∇ε .. ∇ε
2
2


4 1
+ lb λ∇∇(trε) : ∇∇(trε) + μ∇∇ε :: ∇∇ε .
2

(2.19)

Publication IV extends the simpliﬁcation of second type by keeping parameters ci , i = 1, 2, 3, and b0 non-zero leading to the following simpliﬁed
strain energy function:

1
.
1
W = λ(trε)2 + με : ε + la2 λ∇(trε) · ∇(trε) + μ∇ε .. ∇ε
2
2


4 1
+ lb λ∇∇(trε) : ∇∇(trε) + μ∇∇ε :: ∇∇ε
2
+ c1 (trε)Δ(trε) + c2 ε : ∇∇(trε) + c3 ε : Δε + b0 Δ(trε).

(2.20)

For kinetic energy density T , the simpliﬁed form proposed in [98] is
adopted including only two additional higher-order length scale parameters d1 and d2 :
.
1
T = ρ(u̇ · u̇ + d21 ∇u̇ : ∇u̇ + d42 ∇∇u̇ .. ∇∇u̇).
2

2.3

(2.21)

1D generalized bar model

Within the second type simpliﬁcation of the second strain gradient elasticity theory (eq. (2.19)), the displacement equation of motion and the
boundary conditions for the 1D bar problem take the form given in Publication III (see Publication I for the corresponding ﬁrst strain gradient
bar problem obtained by setting lb = 0 = d2 and reducing the boundary
conditions accordingly):
EA(u − la2 u + lb4 u ) + b = ρ(ü − d21 ü + d42 ü )

in Ω = (0, L),
(2.22)

A(τ − la2 τ  + lb4 τ  ) + ρ(d21 ü − d42 ü ) = P1

or

u = u1

on ∂Ω = {0, L},
(2.23)

A(la2 τ  − lb4 τ  ) + ρd42 ü = P2

or

u = u2

on ∂Ω,

(2.24)

Alb4 τ  = P3

or

u = u3

on ∂Ω,

(2.25)
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where u = u(x, t) denotes the axial displacement, b = b(x, t) stands for
the linear body force, τ = τ (x, t) is the Cauchy stress which is coupled
with the strain ε = ε(x, t) by the Hooke’s law τ = Eε, and P1 , P2 , P3 denote the classical, double and triple traction force resultants, respectively,
acting on the bar ends. The classical material parameter E stands for
Young’s modulus, ρ denotes the linear mass density and A denotes the
cross-sectional area. For simplicity, all of the material parameters are assumed to be constant. Primes and dots indicate derivatives with respect
to the spatial coordinate x and time t, respectively.
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3. Isogeometric Galerkin methods for
strain gradient elasticity

In this section, ﬁrst, the variational or weak formulations within Sobolev
space settings of the 1D bar and 2D plane strain/stress problems of the
ﬁrst and second strain gradient elasticity theories are addressed. Next,
the isogeometric tensor product discretizations are recalled which are applied for solving 1D bar and 2D plane strain/stress problems by conforming Galerkin methods.

3.1

Weak and discrete formulations for bar problems

The variational, or weak, formulation of the static problem reads as follows (see Publications I and III):
Problem i. For b ∈ L2 (Ω), Ω = (0, L), ﬁnd u ∈ U ⊂ H 3 (Ω) such that
a(u, v) = l(v)

∀v ∈ V ⊂ H 3 (Ω),

(3.1)

where the bilinear form a : U × V → R and the load functional l : V → R,
respectively, are deﬁned as

a(u, v) = EA(u v  + la2 u v  + lb4 u v  )dΩ,

(3.2)

Ω



bvdΩ + P1 v|∂ΩP1 + P2 v  |∂ΩP2 + P3 v  |∂ΩP3 .

(3.3)

U = {u ∈ H 3 (Ω) | u|∂Ωu1 = u1 , u |∂Ωu2 = u2 , u |∂Ωu3 = u3 }

(3.4)

l(v) =
Ω

The trial function set

consists of H 3 (Ω) functions constrained on the Dirichlet parts ∂Ωui , i =
1, 2, 3, of the boundary by the appropriate essential boundary conditions.
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The test function set V consists of H 3 (Ω) functions satisfying the corresponding homogeneous Dirichlet boundary conditions.
A conforming Galerkin formulation for the 1D static bar problem reads
as follows (see Publications I and III):
Method i. For b ∈ L2 (Ω), ﬁnd uh ∈ Uh ⊂ U such that
a(uh , v) = l(v)

∀v ∈ Vh ⊂ V.

(3.5)

For vibration problems, by assuming that the solution of (2.22) takes
the classical form u(x, t) = eiωt u(x), the load functional is replaced by the
inertia term leading to the eigenvalue problem
a(u, v) = ω 2 m(u, v),

(3.6)

where the bilinear form m : U × V → R is deﬁned as

m(u, v) = ρ(uv + ld21 u v  + ld42 u v  )dΩ.

(3.7)

Ω

3.2

Weak and discrete formulations for plane problems

The variational formulation of the plane second strain gradient elasticity problem corresponding to (2.8) and (2.10), with (2.5), (2.9) and (2.19),
reads as follows (see Publications I and III):
Problem ii. For f ∈ [L2 (Ω)]2 , ﬁnd u ∈ U ⊂ [H 3 (Ω)]2 such that
a(u, v) = l(v)

∀v ∈ V ⊂ [H 3 (Ω)]2 ,

(3.8)

where the bilinear form a : U × V → R and the load functional l : V → R,
respectively, are deﬁned as


.
τ (ε(u)) : ε(v) + la2 ∇τ (ε(u)) .. ∇ε(v)
a(u, v) =
Ω


+ lb4 ∇∇τ (ε(u)) :: ∇∇ε(v) dΩ,
(3.9)




∂v
∂2v
l(v) = b · vdΩ +
dS +
t1 · vdS +
t2 ·
t3 ·
dS.
∂n
∂n2
Ω

∂Ωt1

∂Ωt2

∂Ωt3

(3.10)
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The trial function set
U = {u ∈ [H 3 (Ω)]2 | u|∂Ωu1 = u1 ,

∂u
∂2u
|∂Ω = u3 } (3.11)
|∂Ωu2 = u2 ,
∂n
∂n2 u3

consists of [H 3 (Ω)]2 functions constrained on the Dirichlet part of the
boundary ∂ΩD = ∂Ωu1 ∪ ∂Ωu2 ∪ ∂Ωu3 by the essential boundary conditions. The test function set V consists of [H 3 (Ω)]2 functions satisfying the
corresponding homogeneous Dirichlet boundary conditions.
A conforming Galerkin formulation for the 2D static problem reads as
follows (see Publications I and III):
Method ii. For f ∈ [L2 (Ω)]2 , ﬁnd uh ∈ U h ⊂ U such that
a(uh , v) = l(v)

∀v ∈ V h ⊂ V .

(3.12)

For vibration problems, by assuming that the solution takes the classical
form u(x, y, t) = eiωt u(x, y), the load functional is replaced by the inertia
term leading to the eigenvalue problem
a(u, v) = ω 2 m(u, v),

(3.13)

where the bilinear form m : U × V → R corresponding to (2.21) takes the
form

m(u, v) =

.
ρ(u · v + d21 ∇u : ∇v + d42 ∇∇u .. ∇∇v)dΩ.

(3.14)

Ω

Remark 1. The weak form of Problem ii corresponds to plane stress/strain
problem formulations as addressed in Publications I and III.
Remark 2. For the strain energy density of the form (2.19), the double
and triple stresses in (3.9) can be written in terms of Cauchy-like stress
tensor τ 1 which, for brevity, is replaced by τ :
τ 1 = τ = 2με + λ(trε)I,

τ 2 = la2 ∇τ ,

τ 3 = lb4 ∇∇τ .

(3.15)

Remark 3. By setting lb = 0 = d2 the weak forms of Problems i and ii
have been formulated in Publication I within an H 2 Sobolev space settings, which corresponds to the ﬁrst strain gradient elasticity models.
Methods i and ii can be formulated accordingly (see Publication I).
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3.3

Basics of the isogeometric paradigm

The domain discretizations addressing the most crucial difference between
ﬁnite element analysis (FEA) and isogeometric analysis (IGA) are recalled. In the standard FEA, the solution domain is divided into subdomains, (ﬁnite) elements (typically triangles or quadrangles in 2D problems), forming the problem domain (without gaps or overlaps) which might
be a rough approximation of the actual solution domain in case of complex
geometries. The ﬁnite element problem is then formulated over the (approximated) problem domain. In IGA, in contrast, the meshing procedure
is performed such that the discretized domain, divided into so-called knot
spans (considered as the analogue of elements, see [21]), coincides with
the solution domain typically described by a CAD geometry.
In IGA, for an isogeometric tensor product discretization of a 2D solution
domain, ﬁrst, a geometrical mapping between the 2D parameter space
[0, 1]2 and the plane domain Ω is deﬁned by x : [0, 1]2 → Ω as
x(ξ, η) =

n ξ mη



p,q
Ri,j
(ξ, η)X i,j .

(3.16)

i=1 j=1

Above, X i,j , i = 1, ..., nξ , j = 1, ..., mη , denote the control point (CP) coordinates, while the NURBS basis functions are deﬁned as
Ni,p (ξ)Mj,q (η)wi,j
p,q
Ri,j
(ξ, η) = n m
,
N (ξ)Mĵ,q (η)wî,ĵ
î=1
ĵ=1 î,p

(3.17)

with ξ and η denoting the coordinates of the parameter space. The Bspline basis functions Ni,p and Mj,q of order p and q, respectively, associated to the open knot vectors Ξ = {0 = ξ1 , ξ2 , ..., ξnξ +p+1 = 1} and
H = {0 = η1 , η2 , ..., ηmη +q+1 = 1}, respectively, are deﬁned as follows:
⎧
⎨ 1, ξ ≤ ξ < ξ ,
i
i+1
Ni,0 (ξ) =
(3.18)
⎩ 0, otherwise
Ni,p (ξ) =

ξi+p+1 − ξ
ξ − ξi
Ni,p−1 (ξ) +
Ni+1,p−1 (ξ).
ξi+p − ξi
ξi+p+1 − ξi+1

(3.19)

The corresponding isoparametric discrete space for the approximation
of the displacement ﬁeld is deﬁned such that uh ∈ [Sh ]2 with
p,q
Sh = {Ri,j
◦ x−1 }.
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The tensor product mesh of the isogeometric NURBS discretization of the
plane surface is deﬁned as (see Publications I and III)
Th = {K = x([ξˆi , ξˆi+1 ] × [η̂j , η̂j+1 ]) | 1 ≤ i ≤ np − 1, 1 ≤ j ≤ nq − 1}, (3.21)
where Ξ̂ = {0 = ξˆ1 , ..., ξˆnp = 1} and Ĥ = {0 = η̂1 , ..., η̂nq = 1} are the
modiﬁed (hat) knot vectors containing the non-repeated knot values of Ξ
and H, respectively, with np and nq denoting the number of knots without
repetition in the respective directions. The mesh size h = maxK∈Th hK
serves as the mesh index, as usual, with hK = diam(K).
Finally, by assuming global regularity C r−1 (r = min(p, q)) over Th , with
r ≥ 3, it holds that Sh ⊂ H 3 (Ω), which provides the conformity and
consistency of the discrete formulations of (3.12) with U h = [Sh ]2 ∩ U ,
V h = [Sh ]2 ∩ V . 1D discretizations for Method i follow as special case (for
details see Publications I and III).
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4. Conclusions and future work

The research presented in this dissertation covers both material models
in the context of strain gradient elasticity theory and numerical methods
suitable for the discretization of the related higher-order partial differential equations. Concerning material modeling, this work essentially
contributes to developing and analyzing the simpliﬁed models of ﬁrst and
second strain gradient elasticity theories with ﬁrst and second velocity
gradient inertia, respectively. Regarding numerical methods, the work
addresses the mathematical variational formulations and implementation of isogeometric Galerkin methods in a user element framework of
a commercial ﬁnite element software. Both the proposed simpliﬁed second strain gradient model and isogeometric Galerkin methods are applied
for modeling the size-dependent mechanical response of triangular lattice
structures. This way, the contribution of the dissertation is positioned in
a larger context of the related academic research.
The main results and ﬁndings of the present thesis are given as follows:
Publication I: The one parameter gradient elastic rod and plane gradient elasticity problems are formulated in a mathematical variational
form within an H 2 Sobolev space setting as Problem 1 and Problem 2,
respectively. The solvability of these problems is proved by ﬁrst proving
the continuity, Theorems 1 and 4, and coercivity, Theorems 2 and 5, of
the corresponding bilinear forms being the necessary conditions for the
uniqueness of the solutions proved in Theorems 3 and 6. Problems 1 and
2 are solved by conforming isogeometric C p−1 -continuous Galerkin methods indicated as Methods 1 and 2, respectively. The corresponding error
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estimates are formulated as Corollaries 1 and 2. Numerical results in
Section 6 with Methods 1 and 2 conﬁrm the theoretical error estimates
providing the convergence order O(hp−1 ) with respect to H 2 Sobolev norm.
Publication II: The analytical solution for a generalized Kirsch problem is derived in terms of displacements within a one-parameter simpliﬁcation of Mindlin’s strain gradient elasticity theory. The corresponding
Cauchy and total stress distributions as well as the related stress concentration factors are analysed in the vicinity of a hole. Comprehensive
study on stress and strain ﬁeld distributions is accomplished via isogeometric ﬁnite element analysis for different material parameter values.
For the length scale parameter values larger than the half of hole radius,
the maximum values for the typical stress measures, e.g., von Mises, maximum principle and maximum shear stresses, corresponding to the socalled total stress change location from the classical hoop point of stress
concentration with coordinate values r = a, ϕ = 0 to another hoop point
r = a, ϕ ≈ π/4. Moreover, the total stress values tend to inﬁnity when the
length scale parameter is getting larger with respect to the hole radius,
whereas the Cauchy stress ﬁeld distribution tends to the stress ﬁeld distribution corresponding to a plate without a hole.
Publication III: Work presented in Publication I is extended to twoparameter second strain gradient rod and plane strain/stress problems
which are formulated in a mathematical variational form within an H 3
Sobolev space setting. The rod and plane strain/stress problems requiring
C 2 global continuity of the solution are solved by conforming isogeometric Galerkin methods. The corresponding C p−1 -continuous discretization
by NURBS basis functions of order p ≥ 3 is implemented in a user element framework of a commercial ﬁnite element software Abaqus. The
main realization steps as pre-processing of the input data, user element
coding for the stiffness and mass matrices as well as force vector, and
post-processing and visualization of the results are addressed. The benchmarks for 1D and 2D statics indicate the convergence order O(hp−2 ) with
respect to the H 3 Sobolev norm. For in-plane vibrations of a square plate
governed by the second strain gradient elasticity model with second velocity gradient inertia, the qualitative and quantitative changes in eigen-
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values and eigenmodes are reported by comparing the results to the corresponding ones of the classical and ﬁrst strain gradient elasticity models. For the Kraus problem within the ﬁrst strain gradient elasticity
model, the quantitative change in the Cauchy stress ﬁeld distribution and
the corresponding stress concentration is presented by numerical simulations.
Publication IV: Form II of Mindlin’s second strain gradient theory of
elasticity is presented in an explicit form for linearly isotropic materials.
A simpliﬁed model containing original c1 , c2 and c3 coupling parameters
as well as modulus of cohesion b0 is proposed. For a series of benchmark
problems, a set of stability analyses is accomplished by analytical means
revealing the role of higher-order material parameters. In particular, it is
shown that for higher-order parameter values violating the positive deﬁniteness of the strain energy density the solutions become singular leading to absolutely non-physical material behaviour. For solids free of external loads, it is shown that non-zero displacements and, hence, strains and
stresses appearing in a thin surface layer are caused only by modulus of
cohesion b0 which gives rise to surface tension as revealed by Mindlin in
1965 [80]. For strips in tension or compression, it is reported that surface
effects appear only when 2μc1 = λ(c2 + c3 ). For strips in shear, instead,
only coupling parameter c3 (with non-zero values) is responsible for surface effects. Measures for the effective Poisson’s ratio and the effective
shear modulus are introduced and shown to be size-dependent. Stretching, shearing and free vibration phenomena of triangular lattice trusses
are analysed with the aim of the simpliﬁed second strain gradient elasticity model with second velocity gradient inertia. It is revealed that the
size-dependent response can be captured only by coupling parameters ci ,
i = 1, 2, 3, (with non-zero values) as demonstrated by benchmark problems. In particular, it is shown that initial stresses prescribed on boundaries can be associated to one of the higher-order material parameters,
modulus of cohesion b0 .
The main limitation of this study is that it considers only a strain gradient class of the generalised continuum theories. Although this class
is sufﬁcient for modeling size-dependent elasto-static response, this rep-
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resentative is still a low frequency and long wave-length approximation
model. Since along with the traditional translational degrees of freedom,
there are no other independent variables, the strain gradient theories fail
to capture band gap phenomena in the dispersion relations which is one
of the most attractive features of mechanical metamaterials. Thereby, the
future research work should cover the micromorphic class of generalized
continuum theories which is shown to be the main candidate for describing such features [70].
The derivations of strong and weak formulations addressed in this dissertations are considered to be extended to the most common structural
elements, namely beams, plates and shells (cf. [88, 91, 90]). Regarding the
numerical method, the study is limited to geometries with single patch
representation. For general purposes, the implementation of the isogeometric Galerkin methods is planned to be extended towards multi-patch
geometries which is, to the best knowledge of the author of this dissertation, an issue not yet comprehended in the IGA literature for higher-order
continuity requirements across patch boundaries (cf. [114]).
The constitutive relations arising in strain gradient theories correspond
to linearly elastic and isotropic material models. The extension towards
non-linearly elastic and visco-plastic material response could be performed
in future research projects, which implies a problem formulation in terms
of ﬁnite strains and large deformations. The deeper understanding of the
roles of both higher-order static and dynamic moduli and further experimental and/or computational validation (cf. Section 1.2) is one of the objectives of future work. An example of computational calibration of static
and dynamic length scale parameters has recently been presented in [49]:
a strong size dependency has been observed in bending response of structures having a triangular lattice microstructure (inspired by the Warren
truss patented in 1848) depicted in Fig. 4.1.
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Figure 4.1. Beam structures with lattice microstructures of different densities [49].
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