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Abstract
This article is devoted to isogeometric analysis of higher-order strain gradient elasticity by
user element implementations within a commercial finite element software Abaqus. The sixthorder boundary value problems of four parameter second strain gradient-elastic bar and plane
strain/stress models are formulated in a variational form within an H 3 Sobolev space setting.
These formulations can be reduced to the two parameter first strain gradient-elastic problems
with H 2 variational forms. The implementations of the isogeometric C 2 - and C 1 -continuous
Galerkin methods, for the second and first strain gradient elasticity, respectively, are verified by
a series of benchmark problems. With the first benchmark problem, a clamped bar in static
tension, the convergence properties of the method in the energy norm are shown to be optimal
with respect to the NURBS order of the discretizations. For the second benchmark, a clamped
bar in extensional free vibrations, the analytical frequencies are captured by the numerical results
within the classical and the first strain gradient elasticity. With the three examples for the plane
stress/strain elasticity, the convergence properties are shown to be optimal, the stress fields of
different models are compared to each other, and the differences between the eigenfrequencies and
eigenmodes of the models are analyzed. The last example, the Kraus problem, analyses the stress
concentration factors within the different models.

Isogeometric analysis, User elements, Abaqus, First strain gradient elasticity, Second strain gradient elasticity, Bar, Plane strain/stress, Statics, Vibrations.
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Introduction

Isogeometric Analysis (IGA) was introduced by Hughes et al. [1] around 2005 having the primary
focus on the integration of industrial design-analysis-manufacturing processes by removing the essential bottlenecks between the design and analysis phases. Indeed, the fundamental proposition was to
perform computer aided engineering (CAE) analysis, Galerkin type finite element analysis (FEA) initially, by replacing its standard isoparametric polynomial basis functions – spanning the approximate
geometry as well as discretizing the field variables of the analysis phase – by more general functions
such as B-splines and NURBS utilized by computer aided design (CAD) and manufacturing (CAM)
software. Earlier attempts towards this direction with B-splines in finite element methods (FEM) had
been published by Kagan at al. [2, 3]. With further developments of the past decade, based on these
”new” basis functions and their numerous variants, isogeometric analysis has a strong, and justifiable,
aim at earning a reputation of a general-purpose computational tool of the future, as finite element
analysis of today and the past.
Software development for isogeometric tools – in large industrial extend, especially – has been fairly
slow, however, due to several reasons. First of all, it is clear that the vast variety of existing finite element packages, being commercial or academic, has many natural reasons to sustain from fundamental
renewals. Second, techniques for applications with complex geometries and flexible, like adaptive,
mesh refinements of isogeometric meshes, or spaces, are still under development towards optimal geometric and computational properties. Third, a general-purpose software tool should be applicable
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for problems including both surface and bulk domains. In particular, CAD software handles solid
domains with surface representations only and, moreover, manipulates the geometry representations
in various ways, which has been a critical issue for the analysis phase (see [4], for instance, for further
discussion on trimmed NURBS) since watertight geometries, in particular, and linearly independent
bases for the corresponding field quantity representations are required for analysis models.
Despite the aforementioned obstacles of mathematical nature, originating primarily from the restrictive tensor product structure of the NURBS functions, there is, however, a number of open-source
(academic) IGA codes of different types available today. The first ones of these packages have been
based on Matlab or Octave implementations as ISOGAT [5], GeoPDEs [6], and MIGFEM [7]. During the past few years, there have been (academic) developments of open-source C++ libraries for
IGA: PetIGA [8], G+SMO [9] and igatools [10], in particular. On the other hand, there are some
FEM-codes, such as FEAP [11], including certain IGA capabilities [12] and support for further developments.
Some (academic) contributions have been focused more on the idea of combining existing (commercial) CAD and CAE software. First, isogeometric analysis tools have been implemented as plug-ins
[13] into broadly-used commercial CAD software, such as Rhinoceros with Grasshopper, which are
used for pre-processing and post-processing or some other tasks between the analysis phases. Second,
regarding commercial FEM software, very few endeavors for developing IGA features beside the classical element libraries are known to us: LS-DYNA includes isogeometric shell elements [14, 15]. On
the other hand, some isogeometric augmentations for commercial FEM packages have been developed
in academia: with Abaqus user elements in [16]; for Siemens NX combined with Rhinoceros in [17].
Our contribution falls into the former category: we implement isogeometric methods as user elements
within Abaqus for solving higher-order boundary value problems for which there are neither isogeometric methods nor finite elements available in any commercial, or open-source, software packages.
We have chosen the user elements approach for three main reasons: first, in order to study the adaptability of commercial software for isogeometric analysis, especially for non-standard problems; second,
in order to combine isogeometric user elements with classical finite element models; third, in order
to utilize some built-in features of the chosen commercial software. We have chosen not to utilize
the routines of [16] due to their limited documentation (in French), complexity of some modules and
possible license limitations. Hence, we have developed our routines (not publicly available yet) from
scratch, although the main structures of approach seem to be similar to the ones in [16].
Beside the target of integration of engineering design processes, the most natural benefit of the
isogeometric paradigm is the exact, or as-designed, representation of geometries in simulation models. Moreover, with B-splines and NURBS, in particular, the crucial finite element features, h- and
p-refinements, can be accomplished and implemented in a natural and straightforward manner with
knot insertion and degree elevation, respectively. Even more, by a proper combination of these two
techniques, so called k-refinements for regularity up to C k−1 inside a patch of elements are provided,
which is not common to polynomial finite elements. Moreover, certain peculiar benefits of IGA stem
from the higher-order continuities of (higher-order) basis functions. First, for optical branches of eigenspectra the accuracy improvement has been shown to be significant [1, 18, 19]. Second, isogeometric
Galerkin methods have turned out to be an attractive framework for solving problems of higher-order
partial differential equations requiring higher-order regularities for trial and test functions, as C 1 continuous discretizations in [20, 21, 22, 23, 24, 25, 26] and C 2 -continuous ones in [26, 27, 28, 29]. Our
contribution utilizes both of these regularity based features in solving problems of generalized continuum mechanics, the strain gradient elasticity theory specifically, governed by higher-order partial
differential equations.
Generalized continuum mechanics, in general, has been developed for incorporating possible effects
of the underlying small-scale material heterogeneity at the (macroscopic) continuum scale. This way,
classical continuum theories can be enriched towards multi-scale capabilities [30, 31] without losing the
powerful homogenizing nature of the continuum approach. Although the origins of the generalized
theories date back to the beginning of the 20th century and the 1960s, more applicable simplified
models originate from the 1980s and 1990s and later on (see [32] for an overview and references). In
this contribution, we focus on a simplified strain gradient elasticity model [33], based on Mindlin’s
gradient elasticity theory of form II [34] and further extended in [35, 36, 37, 38]. Strain gradient
models, especially their simplified versions, have been shown to capture some essential experimentally
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observed size-effects of solids and structures of different scales for a wide range of materials and
metamaterials: stiffening effect of micro- and nano-scale beams, in particular, has been reported and
analyzed for different materials in [39, 40, 41, 42], for instance; model validation for eigenfrequency
shifts of torsional vibrations of fine-grained material columns can be found in [43]; gradient effects
in honeycomb materials with a periodical micro-structure are studied in [44]. Other essential areas
applying gradient models are plasticity and fracture, in particular (see, for instance, [45, 46] and the
references therein).
Higher-order partial differential equations governing the problems of strain gradient elasticity have
probably been an essential reason for the limited literature on computational analysis of the problems,
although some examples of finite element formulations can be found in [47, 48, 49, 50, 51], whereas
other methods – as quite recent applications of isogeometric analysis – can be found in [24, 52, 53,
25, 29]. With this respect, the current contribution serves as a natural continuation. We apply
isogeometric analysis for discretizing and analysing a couple of dimensionally reduced problems of
solid mechanics, the bar and the plane stress/strain problems, following the first and second strain
gradient elasticity theories. The problems are formulated by H 2 - and H 3 -regular weak forms and hence
require C 1 - and C 2 -continuous Galerkin bases for conformity. Finally, we note that the higher-order
continuity properties highlighted above and utilized below concern single patches only. For multi-patch
meshes with global C 1 continuity, optimal approximation properties have been studied very recently
in [54, 55] introducing and construing analysis suitable G1 -continuous geometry parametrizations with
optimal convergence properties for isogeometric C 1 spaces.
This paper is organized as follows: In Section 2, we formulate the problems of the second strain
gradient elasticity in one- and two-dimensional settings in terms of strong and weak forms. In Section
3, we specify the corresponding isogeometric discretizations (with a comparison to the corresponding
classical finite element ones addressed in Appendix A). Next, in Section 4, we detail the implementation of isogeometric user elements within Abaqus. Section 5 is devoted to numerical benchmarks and
examples verifying the implementation and illustrating the differences of the models of the classical
elasticity, the first strain gradient elasticity and the second strain gradient elasticity. Finally, short
conclusions are drawn in the last section.

2

Formulations for the second strain gradient elasticity

In this section, we introduce the 1D bar and 2D plane stress/strain continuum problems following
the second strain gradient elasticity theory proposed by Mindlin [35] and later simplified [36, 37] for
involving only four additional non-classical material parameters. We start with the strong forms of
the problems, i.e., governing equations and boundary conditions (but omitting the initial conditions
not relevant here), and then present the corresponding variational formulations within H 3 Sobolev
space settings.

2.1

1D formulations

Within the second strain gradient elasticity theory, the displacement equation of motion and the
boundary conditions (BCs) for the 1D bar problem take the following form (see [36, 37] for the
derivation):
EA(u − ls21 u00 + ls42 u0000 )00 + b = ρ(ü − ld21 ü00 + ld42 ü0000 )
A(τ −

ls21 τ 00

+

ls42 τ 0000 ) + ρ(ld21 ü0 − ld42 ü000 )
A(ls21 τ 0 − ls42 τ 000 ) + ρld42 ü00
Als42 τ 00

= P1

or u = u1

= P2

0

or u = u2

= P3

00

or u = u3

in Ω = (0, L),

(1)

on ∂Ω = {0, L},

(2)

on ∂Ω,

(3)

on ∂Ω,

(4)

where u = u(x, t) denotes the axial displacement, b = b(x, t) stands for the linear body force, τ =
τ (x, t) is the Cauchy stress which is coupled with the strain ε = ε(x, t) by the Hooke’s law τ = Eε,
and P1 , P2 , P3 denote the classical, double and triple traction force resultants, respectively, acting on
the bar ends. The classical material parameter E stands for Young’s modulus, ρ denotes the linear
mass density and A denotes the cross-sectional area. The non-classical material parameters ls1 and
ls2 are introduced as micro-structural parameters and ld1 and ld2 as micro-inertial parameters with
3

the dimension of length. For simplicity, all of the material parameters are assumed to be constant.
Primes and dots indicate derivatives with respect to the spatial coordinate x and time t, respectively.
The variational, or weak, formulation of the static problem reads as follows: for b ∈ L2 (Ω), find
u ∈ U ⊂ H 3 (Ω) such that
a(u, v) = l(v) ∀v ∈ V ⊂ H 3 (Ω),
(5)
where the bilinear form a : U × V → R and the load functional l : V → R, respectively, are defined as
Z
a(u, v) = EA(u0 v 0 + ls21 u00 v 00 + ls42 u000 v 000 )dΩ,
(6)
Ω

Z
l(v) =

bvdΩ + P1 v|∂ΩP1 + P2 v 0 |∂ΩP2 + P3 v 00 |∂ΩP3 .

(7)

Ω

The trial function set
U = {u ∈ H 3 (Ω) | u|∂Ωu1 = u1 , u0 |∂Ωu2 = u2 , u00 |∂Ωu3 = u3 }

(8)

consists of H 3 (Ω) functions constrained on the Dirichlet parts ∂Ωui , i = 1, 2, 3, of the boundary by
the appropriate essential boundary conditions. The test function set V consists of H 3 (Ω) functions
satisfying the corresponding homogeneous Dirichlet boundary conditions.
Finally, a conforming Galerkin formulation for the 1D static bar problem reads as follows: for
b ∈ L2 (Ω), find uh ∈ Uh ⊂ U such that
a(uh , v) = l(v) ∀v ∈ Vh ⊂ V.

(9)

For vibration problems, assuming that the solution of (1) takes the classical form u(x, t) = eiωt u(x),
the bilinear form (6) is enriched by the inertia term as follows:
Z
m(u, v) = ρ(uv + ld21 u0 v 0 + ld42 u00 v 00 )dΩ,
(10)
Ω

whereas the expression (9) in the conforming Galerkin formulation is modified as follows:
a(uh , v) − ω 2 m(uh , v) = 0.

2.2

(11)

2D formulations

Let us begin by defining the tensor notation used in this section. First, the boldface letters are used
for denoting vectors or tensors of any rank. Second, in the tensor product notation the multiplication
sign ⊗ is omitted: ∇ ⊗ u = ∇u = uj,i ei ej , for instance. Third, scalar products between vectors or
tensors of the same rank are defined as follows:
n · u = ni ui , τ : ε = τij εij
.
∇τ ..∇ε = τjk,i εjk,i , ∇∇τ :: ∇∇ε = τks,ij εks,ij .

(12)
(13)

Fourth, scalar products between tensors of different rank are defined as follows:
n · σ = ni σij ej ,

nn : ∇τ = ni nj τjk,i ek ,

.
nnn .. ∇∇τ = ni nj nk τks,ij es .

(14)

Above, Einstein’s summation convention has been used for the indices. For more details about the
adopted tensor notation, see [56, 36], for instance.
Within the second strain gradient elasticity theory, the balance equation of a 3D solid body can
be expressed in the following form [36]:
∇ · σ + b = ρ(ü − ld21 ∆ü + ld42 ∆∆ü)

4

in Ω,

(15)

whereas the traction, or natural, boundary conditions for smooth boundaries are given as
n · σ + L · [n · (µ1 − ∇ · µ2 ) + L · (n · µ2 ) − (∇s n) · (nn : µ2 )]
+n · ∇(ρld21 ü − ρld42 ∆ü) − ∇s · (ρld42 n · ∇∇ü) + ρld42 (∇s · n)nn : ∇∇ü = t1

on ∂Ωt1 ,

(16)

on ∂Ωt2 ,

(17)

on ∂Ωt3 ,

(18)

nn : (µ1 − ∇ · µ2 ) + n · [L · (n · µ2 )] + L · (nn : µ2 )
+ρld42 nn : ∇∇ü = t2
.
nnn .. µ2 = t3

where the total (second rank) stress tensor σ (for the first time this notion appeared in [57]) and the
double (third rank) and triple (fourth rank) stress tensors µ1 and µ2 , respectively, are given as
σ = τ − ls21 ∆τ + ls42 ∆∆τ ,

µ1 = ls21 ∇τ ,

µ2 = ls42 ∇∇τ ,

(19)

with the (second rank) Cauchy stress tensor τ , and with ∇ and ∆, respectively, standing for the
standard gradient and Laplace operators. In addition, ρ denotes the volume mass density and n stands
for the unit vector normal to the boundary ∂Ω. Furthermore, t1 , t2 and t3 denote, respectively, the
traction, double traction and triple traction forces prescribed on the Neumann parts of the boundary
with L = n(∇s · n) − ∇s and ∇s = (I − nn) · ∇. The essential boundary conditions of the problem
are given as
u = u1

on ∂Ωu1 ,

∂u/∂n = u2

on ∂Ωu2 ,

∂ 2 u/∂n2 = u3

on ∂Ωu3 ,

(20)

where ui with i=1,2,3 are the given functions on the Dirichlet parts of the boundary.
The constitutive equation is assumed to follow the generalized Hooke’s law for isotropic materials,
i.e., τ = 2µε + λtr(ε)I, with I denoting the symmetric (second rank) unit tensor, leading to the
displacement equation of motion of the following form:

(1 − ls21 ∆ + ls42 ∆∆) µ∆u + (λ + µ)∇∇ · u + b = ρ(ü − ld21 ∆ü + ld42 ∆∆ü) in Ω.
(21)
For the reduction to the corresponding 2D plane stress/strain formulations, the classical assumptions for displacements, strains and stresses are adopted (see [25] for details and references). In
particular, in the planar problems the surface gradient operator ∇s reduces to ∇s = s∂/∂s, with s
denoting the tangential unit vector of the boundary curve ∂Ω.
The variational formulation of the 2D static problem reads as follows: for b ∈ [L2 (Ω)]2 , find
u ∈ U ⊂ [H 3 (Ω)]2 such that
a(u, v) = l(v) ∀v ∈ V ⊂ [H 3 (Ω)]2 ,

(22)

where the bilinear form a : U × V → R and the load functional l : V → R, respectively, are defined
as
Z

.
a(u, v) =
τ (ε(u)) : ε(v) + ls21 ∇τ (ε(u)) .. ∇ε(v) + ls42 ∇∇τ (ε(u)) :: ∇∇ε(v) dΩ,
(23)
Ω

Z

Z

Z

b · vdΩ +

l(v) =
Ω

t1 · vdS +
∂Ωt1

∂v
dS +
t2 ·
∂n

Z
t3 ·

∂2v
dS.
∂n2

(24)

∂Ωt3

∂Ωt2

The trial function set
U = {u ∈ [H 3 (Ω)]2 | u|∂Ωu1 = u1 ,

∂u
∂2u
|∂Ωu2 = u2 ,
|∂Ωu3 = u3 }
∂n
∂n2

(25)

consists of [H 3 (Ω)]2 functions constrained on the Dirichlet part of the boundary ∂ΩD = ∂Ωu1 ∪∂Ωu2 ∪
∂Ωu3 by the essential boundary conditions. The test function set V consists of [H 3 (Ω)]2 functions
satisfying the corresponding homogeneous Dirichlet boundary conditions.
Finally, a conforming Galerkin formulation for the 2D static problem reads as follows: for b ∈
[L2 (Ω)]2 , find uh ∈ U h ⊂ U such that
a(uh , v) = l(v) ∀v ∈ V h ⊂ V .
5

(26)

For vibration problems, assuming that the solution of (21) takes the classical form u(x, y, t) =
eiωt u(x, y), the bilinear form (23) is complemented by the inertia term as follows:
Z
.
m(u, v) = ρ(u · v + ld21 ∇u : ∇v + ld42 ∇∇u .. ∇∇v)dΩ,
(27)
Ω

whereas the expression (26) in the conforming Galerkin formulation is modified as follows:
a(uh , v) − ω 2 m(uh , v) = 0.

3

(28)

Discretization and system matrices

In this section, the weak forms of the previous section are discretized by the appropriate tools of
isogeometric analysis (IGA) with some clarifying notes about the main differences to finite element
analysis (FEA).
Let us begin with the domain discretization addressing perhaps the most crucial difference between
FEA and IGA. In standard FEA, the solution domain is divided into sub-domains, (finite) elements
(typically as triangles or quadrangles in 2D problems), forming the problem domain (without gaps
or overlaps), the (finite element) mesh, which might be a rough approximation of the actual solution
domain in case of complex geometries. The finite element problem is then formulated over the (approximated) meshed domain. For IGA, in contrast, the meshing procedure is performed such that
the discretized domain, divided into so-called knot spans (considered as the analogue to element, see
[58]), coincides with the solution domain typically described by a CAD geometry.
In IGA, for an isogeometric tensor product discretization of a 2D solution domain, first, a geometrical mapping between the 2D parameter space [0, 1]2 and the plane domain Ω is defined by
x : [0, 1]2 → Ω as
x(ξ, η) =

nξ mη
X
X

p,q
Ri,j
(ξ, η)X i,j ,

(29)

i=1 j=1
p,q
where the NURBS basis functions Ri,j
(see [1]) are constructed by B-spline functions of order p and
q which, in turn, are defined for the given open knot vectors Ξ = {0 = ξ1 , ξ2 , ..., ξnξ +p+1 = 1} and
H = {0 = η1 , η2 , ..., ηmη +q+1 = 1}, with ξ and η denoting the coordinates of the parameter space.
Above, X i,j , i = 1, ..., nξ , j = 1, ..., mη , denote the control point (CP) coordinates.
The corresponding isoparametric discrete space for the approximation of the displacement field is
defined such that uh ∈ [Sh ]2 with
p,q
Sh = {Ri,j
◦ x−1 }.

(30)

The tensor product mesh of the isogeometric NURBS discretization of the plane surface is defined
as [25]
Th = {K = x([ξˆi , ξˆi+1 ] × [η̂j , η̂j+1 ]) | 1 ≤ i ≤ np − 1, 1 ≤ j ≤ nq − 1},

(31)

where Ξ̂ = {0 = ξˆ1 , ..., ξˆnp = 1} and Ĥ = {0 = η̂1 , ..., η̂nq = 1} are the modified (hat) knot vectors
containing the non-repeated knot values of Ξ and H, respectively, with np and nq denoting the number
of knots without repetition in the respective directions. The mesh size h = maxK∈Th hK serves as the
mesh index, as usual, with hK = diam(K).
Finally, by assuming global regularity C r−1 (r = min(p, q)) over Th , with r ≥ 3, it holds that
Sh ⊂ H 3 (Ω), which provides the conformity and consistency of the discrete formulations of (26) with
U h = [Sh ]2 ∩ U , V h = [Sh ]2 ∩ V . The 1D discretization for the formulations of (9) follows as a special
case.
The trial functions of the 2D isogeometric discretization can be now written in the form
uh (x(ξ, η), y(ξ, η)) =
x(ξ, η) =

n
X
i=1
n
X

Ri,pq (ξ, η)di ,
Ri,pq (ξ, η)Xi ,

i=1

˜ η̃) =
ueh (ξ,
˜ η̃) =
xe (ξ,

ne
X
i=1
ne
X
i=1

6

e
˜ η̃)de ,
Ri,pq
(ξ,
i

(32)

e
˜ η̃)Xe ,
Ri,pq
(ξ,
i

(33)

with Ri,pq denoting the NURBS basis functions corresponding to the control points X i , i = 1, ..., n,
obtained by a renumbering of control points X i,j above. The corresponding (global) degrees of freedom
are denoted by di , whereas the corresponding local degrees of freedom of element e are collected in
dei , i = 1, ..., ne . Here n stands for the global number of control points with coordinates Xi , while
ne = (p + 1)(q + 1) denotes the number of CPs with coordinates Xei forming element e.
Now, with the Cartesian coordinates x and y of the solution domain Ω (denoted by x1 and x2 in
the summations below, for brevity) the element stiffness matrix Ke , mass matrix Me and force vector
f e for the 2D second strain gradient model problem (22)–(24) and (27) can be written in the form
e

Z1 Z1

K =

BT CB + ls21

i=1

−1 −1
e

Z1 Z1

M =

2
X
∂BT

ρ NT N + ld21

−1 −1

f e = fbe + fse ,

2
X
∂B
∂2B 
∂ 2 BT
˜
+ ls42
C
det |J|dξdη̃,
∂xi
∂x
∂x
∂x
∂x
i
j
i
j
i,j=1

2
2
X
X
∂NT ∂N
∂ 2 NT ∂ 2 N 
˜
+ ld42
det |J|dξdη̃,
∂x
∂x
∂x
∂x
∂x
∂x
i
i
i
j
i
j
i=1
i,j=1

Z1 Z1

fbe =

∂xi

C

(34)

(35)

˜
NT b det |J|dξdη̃,

−1 −1

fse =

Z

NT t1 dS +

∂Ωet

1

∂NT
t2 dS +
∂n

Z

∂ 2 NT
t3 dS,
∂n2

Z

(36)

∂Ωet

∂Ωet

3

2



N1 0 · · · Nne
0
N=
, B = LN,
0 N1 · · ·
0
Nne




∂/∂x1
0
∂x1 /∂ ξ˜ ∂x2 /∂ ξ˜
∂/∂x2  , J =
L= 0
,
∂x1 /∂ η̃ ∂x2 /∂ η̃
∂/∂x2 ∂/∂x1

(37)

(38)

where ξ˜ and η̃ denote the coordinates of the parent elements (see Appendix A). Above, N denotes
the matrix of shape functions, L is a differential operation matrix, B stands for the strain matrix,
C denotes the matrix of the classical elastic constants, J is the Jacobian matrix. In (36), fbe and fse
denote the element body and surface force vectors, ∂Ωeti , i = 1, 2, 3, stand for element boundaries
attached to the corresponding parts of the domain boundary. The higher-order Dirichlet conditions
in (20) can be imposed weakly as discussed in [29] (penalization technique, Lagrange multipliers or
Nitsche’s method).
For the 1D problem, the trial functions of the isogeometric discretization can be written in the
form
uh (x(ξ)) =
x(ξ) =

n
X
i=1
n
X

˜ =
ueh (ξ)

Ni,p (ξ)di ,
Ni,p (ξ)Xi ,

i=1

˜ =
xe (ξ)

ne
X

e ˜ e
Ni,p
(ξ)di ,

i=1
ne
X

e ˜
Ni,p
(ξ)Xie ,

(39)
(40)

i=1

e ˜
with ne = p + 1. Above, Ni,p (ξ) and Ni,p
(ξ) denote, respectively, the B-spline basis functions over
parameter space of coordinate ξ and element B-spline basis functions over parent element domain of
coordinate ξ˜ (see Appendix A).
For the 1D second strain gradient model problem (5)–(7) and (10), the element matrices and
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vectors are expressed in the form
Z1

e

K = EA


˜
N0 NT 0 + ls21 N00 NT 00 + ls42 N000 NT 000 det |J|dξ,

(41)

−1

Me = ρ

Z1


˜
NNT + ld21 N0 NT 0 + ld42 N00 NT 00 det |J|dξ,

(42)

−1
e

Z1

f =

bN det |J|dξ˜ + P1 N|∂ΩP1 + P2 N0 |∂ΩP2 + P3 N00 |∂ΩP3

(43)

−1

with N = [N1 ... Nne ]T , where Ni , i = 1, ..., ne , stands for the basis function defined for the ith control
˜ A schematic comparison of 1D and 2D
point and the Jacobian matrix is defined as J = dxe /dξ.
discretizations by elements with B-spline and Lagrange basis functions is given in Appendix A.
Finally, the local element matrices and vectors are assembled together forming the global system
equation of the standard form:
Kd + Md̈ = f ,

(44)

where K and M, repectively, denote the global stiffness and mass matrices, d stands for the unknown vector of global degrees of freedom, and f denotes the global force vector. For assembling the
global matrices and vectors, one needs to keep track on the correspondence between local and global
numbering of the degrees of freedom, especially now due to the higher regularity of the basis functions.

4

Implementation of isogeometric user elements

In this section, the main implementation steps of the user element IGA approach are described. The
current realization will be explained for one patch domains only, however. The procedure consists of
three standard steps: pre-processing, solving and post-processing (a block scheme with some details
is shown in Fig. 1).

Figure 1: IGA framework for the pre-processor, solver with user elements and post-processor.

4.1

Pre-processing

The main goal of the pre-processing phase is to construct an analysis-suitable input (INP) file. The
structure of the INP file is described in Appendix B. Pre-processing starts from the creation of the
CAD geometry which is performed in our case by utilizing the CAD software Rhinoceros. Practically,
any other NURBS-based CAD software suits for this purpose as well.
Second, the geometry is exported as a DAT file (which can be a STEP or IGES file, for instance).
This file contains the information about the control point numbering, control point coordinates in a
global Cartesian (x, y, z)-system, weights and knot vectors Ξ and H defining the parameter space.
Finally, a MATLAB routine prepares two files to be used for the Abaqus solver: the INP file as
well as a file with knot vectors coordinates and weights. This procedure could be accomplished by
using C++ or Python programming.
8

4.2

User element subroutine

In this contribution, Abaqus/Standard schemes involving user element (UEL) subroutines are applied
for solving the global system equation (44). Solver can be started in command line or in the Abaqus
CAE module by specifying the standard command ”abaqus job = Name1.inp” and non-standard
command ”user = Name2.for”. The latter one signals that a Fortran user’s subroutine UEL [59] (user
element) is involved in the analysis.
The basic structure of the UEL subroutine is depicted in Listing 1. It starts by the name of the
subroutine with a list of all internal variables in the parentheses. The main variables to be defined
during this subroutine are the following: RHS is the element right hand side vector with components
defined as a residual quantity as fi = fie − fiint , where fie is the external nodal (CP) force (due to
applied loads) and fiint is the internal nodal (CP) force (due to stresses, e.g.); AMATRX stands for
the element stiffness matrix Ke or mass matrix Me depending on the analysis type; SVARS denotes
the vector of solution-dependent state variables (SDVs), i.e., strains, stresses etc.
Listing 1: Fortran user element subroutine structure.
SUBROUTINE UEL(RHS, AMATRX, SVARS, . . . )
c
DIMENSION RHS(NDOFEL, * ) ,
1
AMATRX(NDOFEL, NDOFEL) ,
2
SVARS(NSVARS) , . . .
c
c a l l GAUSS ( ninpt , gauss , w)
c a l l M a t e r i a l P r o p (C , . . . )
c
DO Gauss i n t e g r a t i o n p o i n t l o o p
c
1
2
3

c a l l NURBS ( dJac , N, dNdx , dNdy ,
d2Ndx2 , d2Ndy2 , d2Ndxdy ,
d3Ndx3 , d3Ndx2dy ,
d3Ndxdy2 , d3Ndy3 , . . . )

c
AMATRX = Ke o r Me
RHS = −F i n t + Fext
c
END DO
c
c a l l SVARS Sub (SVARS, . . . )
c
RETURN
END SUBROUTINE UEL
The internal nodal (CP) force for the 1D formulation is defined as
fint
=
i

Z1


˜
Ni0 σh + ls21 Ni00 σh0 + ls42 Ni000 σh00 det |J|dξ,

(45)

−1

where σh denotes the element Cauchy stress.
For the 2D case, the internal nodal (CP) force is defined in the form
fkint

Z1 Z1
=

(46)

h
σyy

(47)

−1 −1

 h
σ h = σxx

2
2
X
X
∂BTk ∂σ h
∂ 2 BTk ∂ 2 σ h 
˜
+ ls42
det |J|dξdη̃,
∂x
∂x
∂x
∂x
∂x
∂x
i
i
i
j
i
j
i=1
i,j=1



Nk 0
h T
σxy
, Bk = LNk , Nk =
0 Nk

BTk σ h + ls21
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where σ h stands for the element Cauchy stress vector and Nk denotes the sub-matrix of basis functions
for the k th control point.
For the numerical integration, Gauss quadratures are utilized as
Z1
−1

Z1 Z1

m

˜ ξ˜ ≈
f (ξ)d

ξ̃
X

i=1

f (ξ˜i )wi

and

m

˜ η̃)dξdη̃
˜ ≈
f (ξ,

−1 −1

ξ̃ mη̃
X
X

f (ξ˜i , η̃j )wi wj ,

(48)

i=1 j=1

for 1D and 2D integrals, respectively (although the Gauss schemes are not the optimal ones for isogeometric integrands, see [60]). In the UEL subroutine, the Gauss integration scheme is accomplished
as a loop over the integration points. The GAUSS subroutine is called to define the Gauss coordinates of the parent element and the corresponding weights. In the Material Prop subroutine, a
three-times-three material matrix is calculated for the plane strain/stress formulations.
The transformation Jacobian and the derivatives of the NURBS basis functions with respect to
the physical coordinates are defined in the NURBS subroutine. In this subroutine, the set of NURBS
basis functions defined for control points constructing the current element (knot span) is extracted
from the global set of basis functions defined in the parameter space (illustrated in Appendix A). By
using the constructed knot vectors as well as the vector of CP weights, the vector of NURBS basis
functions N (defined for each integration point) and its derivatives with respect to the parent element
coordinates ξ˜ and η̃ are calculated by equations (2.1), (2.2), (2.13) and (2.29) of [58]. Then, the
derivatives of the basis functions (dNdx, dNdy, ... , d3Ndy3) with respect to the physical coordinates
are calculated as defined in [26]. Components of the constructed arrays, e.g., N, dNdx, dNdy, are used
for deriving the element matrices and vectors in (34)–(36), (41)–(43) and (45), (46).
After the integration loop, the SVARS Sub subroutine is called. The parent element is splitted into
sub-elements thereby defining the set of interpolating nodes. The global coordinates, displacements,
strains, Cauchy stresses, etc. are calculated and written to SVARS vector to be used for postprocessing by Abaqus/Viewer.

4.3

Post-processing

Upon the solution, Abaqus prepares the ODB and FIL files. The first one contains the information
about the CP displacements and the second one is constructed by the SVARS vectors defined for all
elements. The FIL file is utilized in the post-processing block where Python is used for constructing
a new ODB file. Each knot span is presented by a set of the Abaqus built-in elements CPE4 or CPS4
which are used as dummy elements for the visualization by Abaqus/Viewer. Bilinear shape functions
are used for the geometry representation as well as for the displacements, strains and Cauchy stresses
(which can surely be considered as a rough visualization approach).
As an example, a quarter of an annulus under external tension is considered in Fig. 2. A single
patch domain is presented in Fig. 2a by one knot span with NURBS basis functions of the fifth order
with C 4 continuity. The parent element with the integration points is schematically shown in Fig. 2c.
The division of the parent element by 2 × 2, 4 × 4 and 8 × 8 sub-elements is depicted in Fig. 2d. The
normalized von Mises stresses and the geometry are interpolated in Fig. 2b by 2 × 2, 4 × 4 and 8 × 8
4-node plane strain elements (CPE4).
Finally, for further details on Abaqus user-defined elements and visualization techniques, we refer
to [59], [61], [16] and [62], for instance.
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(a) Geometry.

(b) von Mises stress distribution.

(c) Integration points.

(d) Parent element division.

Figure 2: Visualization example.

5

Numerical examples

In this section, numerical results for six benchmark problems of the first and second strain gradient
elasticity theories are analyzed and compared to the corresponding ones of the classical elasticity
theory. The first, and the simplest, problem focusing on statics of the 1D bar problem demonstrates
the differences of the displacement and strain fields of different theories. The implementation is verified
by studying the convergence properties of the method with respect to the energy norm. The second
benchmark focuses on eigenvalue analysis of a clamped bar and compares the numerical solutions to
the corresponding analytical ones. The next three examples consider 2D elasticity problems, in-plane
statics and vibrations of a square plate and a quarter of an annulus. For the static problem, the
implementation is verified by analyzing energy norm convergence results for both the classical and the
non-classical higher-order formulations. For the static analysis of the annulus plate, the von Mises
Cauchy stresses of the different models are compared to each other. The natural frequencies of the
plate following the second strain gradient theory, in turn, are compared to the corresponding results
reported in [25] for the classical and first strain gradient models. Finally, the last example studies a
circular plate with one central hole and four holes disposed circumferentially under a radial contour
load (known as the Kraus problem, [63]).

5.1

Benchmark for 1D Statics: Clamped bar in static tension

Let us consider a clamped bar under a tensional static point load by assuming that in (1) b = 0, which
implies the 1D governing equation of the form
(u − ls21 u00 + ls42 u0000 )00 = 0

in Ω = (0, L).

(49)

The left end of the bar is assumed to be fully clamped, whereas a concentrated force P is applied
to the right end of the bar with a pair of non-classical clamping conditions implying the boundary
conditions of the form
u(0) = 0,
0

u (0) = 0,
00

u (0) = 0,

P1 (L) = P
u0 (L) = 0

(50)

00

u (L) = 0

The general solution of the differential equation (49) is of the form [36]
u(x) = A1 x + A2 + A3 ex/c1 + A4 e−x/c1 + A5 ex/c2 + A6 e−x/c2 ,
11

(51)

where c1 and c2 are determined by the conditions ls21 = c21 + c22 and ls42 = c21 c22 , and constants Ai ,
i = 1, .., 6, are determined from the boundary conditions (50). Consistently eliminating parameters
ls2 and ls1 from the solution (51) and equation (49) and removing third and second lines from the
boundary conditions (50), one can obtain the corresponding bar tension problem for the first strain
gradient and classical elasticity theories, respectively.
For the computations, we have used the following data: E = 1 MPa, L = 1 mm, A = 1 mm2 ,
P = 1 N and ls1 = ls2 = 0.1L. The domain is divided into 128 elements. B-splines of 7th -order
with C 6 continuity are taken as basis functions. Non-classical boundary conditions are fulfilled by
coupling the first two or three (for the left end) and the last two or three (for the right end) degrees
of freedom depending on the order of the gradient theory. The normalized displacement and strain
fields are shown in Figs. 3a and 3b, respectively. The solid lines correspond to the analytical solutions
and the dotted lines represent the numerical results. Black and red, orange and blue, and pink and
green colours correspond to the classical, first strain gradient and second strain gradient elasticity
theories, respectively. It can be seen that the numerical values perfectly lie on the analytical curves.
We note that gradient contributions clearly stiffen the structure, which is a feature observed in many
experimental studies ([39], for instance).
Fig. 3e (only left half of the domain is shown) demonstrates the strain field distributions when the
”render beam profiles” Abaqus display option is used (scale factor is 0.1). For visualization, discrete
contour intervals as an Abaqus contour plot option have been utilized. As a result, the continuous
strain field is represented to be discontinuous. The top, middle and bottom plots correspond to the
classical, first strain gradient and second strain gradient elasticity theories, respectively.
The convergence results in the energy norm for the first and second strain gradient cases for
p = 3, 4, 5 with C p−1 continuity are shown in Figs. 3c and 3d, respectively. The energy norm error eh
is defined in a standard way; for the second strain gradient model, for instance, as
Z

p
 1/2
(εh − ε)2 + ls21 (ε0h − ε0 )2 + ls42 (ε00h − ε00 )2 dΩ
,
(52)
eh = a(uh − u, uh − u) = EA
Ω

where ε and εh , respectively, denote the exact axial strain and its element approximation. As can be
clearly seen in the figures, the convergence rates are of order O(hp−1 ) for the first order model (as
theoretically predicted in [25]) and O(hp−2 ) (not proved here) for the second order model.
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(a) Displacement distributions for the classical, first (b) Axial strain distributions for the classical, first
strain gradient and second strain gradient elasticity. strain gradient and second strain gradient elasticity.

(c) Error in the energy norm for the first strain gradi- (d) Error in the energy norm for the second strain
gradient elasticity.
ent elasticity.

(e) Abaqus plot for the axial strains of the classical
(top), first strain gradient (middle) and second strain
gradient (bottom) elasticity.

Figure 3: Clamped bar in static tension.

5.2

Benchmark for 1D vibrations: Clamped bar

Let us next consider the eigenvalue analysis of a clamped bar governed by equation (1) with b = 0.
The boundary conditions of the problem are written in the form
u = 0, P2 = 0, P3 = 0,

at x = 0 and x = L.

(53)

Substituting a solution of the form u(x, t) = u(x)eiωt into (1) results in the higher-order eigenvalue
problem
(54)
EA(u − ls21 u00 + ls42 u0000 )00 + ω 2 ρ(u − ld21 u00 + ld42 u0000 ) = 0 in Ω = (0, L),
with boundary conditions given in (53). Analytically, the radial frequency ωn can be expressed as
s
s
EA 1 + ls21 kn2 + ls42 kn4
ωn = kn
, n = 1, 2, 3, ... .
(55)
ρ
1 + ld21 kn2 + ld42 kn4
13

For the classical and first strain gradient formulations, it holds that kn = πn/L (with eigenfrequencies
fn = ωn /2π).
For the geometrical and classical material parameters, we have chosen the values E = 4 MPa,
ρ = 1 T/mm, A = 1 mm2 and L = 1 mm. The domain is divided into 128 elements (133 DoFs)
with the 5th -order C 4 -continuous B-spline basis functions. The discrete spectra are shown in Fig. 4,
with the solid lines corresponding to analytical values and the dotted lines representing the numerical
results. Black and red, orange and blue, and green colours correspond to the classical, first strain
gradient (ls1 = 0.1L, ld1 = 0.05L) and second strain gradient (ls1 = ls2 = 0.1L, ld1 = ld2 = 0.05L)
elasticity theories, respectively. Depending on the order of the elasticity theory, a significant difference
in frequencies is observed (with the current parameter values). It can be seen that the numerical values
lie almost exactly on the analytical curves except the last four values (red and blue dots). The last two
values in the second strain gradient case (green dots) are assumed to be shifted from the corresponding
analytical line as well. This effect seems to be related to the choice of B-splines for basis functions
(mentioned in [58]).

Figure 4: Clamped bar in extensional free vibrations: Frequencies versus normalized mode numbers
for the classical, first strain gradient and second strain gradient elasticity.

5.3

Benchmark for 2D Statics: Tangentially clamped square plate

Let us next consider a square plate Ω = (0, a) × (0, a) ⊂ R2 in the field of body forces b = bx ex + by ey
with components
µ
y
bx (x, y) = 4 6 sin(2π )(a4 π 2 + 4ls21 a2 π 4 + 16ls42 π 6 ),
(56)
a
a
µ
x
by (x, y) = 4 6 sin(2π )(a4 π 2 + 4ls21 a2 π 4 + 16ls42 π 6 ).
(57)
a
a
The boundary of the domain is clamped in the tangential direction and tangential triple traction
loadings are applied on the boundary as follows:
u · s = 0,

t1 · n = 0,

t3 · s|y=0,a =

l4
8µπ 3 s32
a

t2 = 0,

t3 · n = 0

and t3 · s|x=0,a =

on ∂Ω,

l4
−8µπ 3 s32
a

.

(58)
(59)

Accordingly, the analytical solution of the static balance equation (21) is of the form u = ux ex + uy ey
with components
y
ux (x, y) = sin(2π ),
(60)
a
x
uy (x, y) = sin(2π ).
(61)
a
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The geometrical and material parameters used for calculations are taken to be a = 1 mm, E = 1 MPa,
ν = 0.3, ls1 = 0.1a and ls2 = 0.1a. Successively eliminating the higher-order parameters ls2 and ls1
from the current problem formulation (with the plane strain state assumptions), we obtain the first
strain gradient and classical models and solutions, respectively.
In Fig. 5, we verify the implementation by presenting the convergence curves for the classical
(Fig. 5a), first
p strain gradient (Fig. 5b) and second strain gradient (Fig. 5c) cases. The energy norm
error eh = a(uh − u, uh − u) is plotted against the normalized element size h/a for NURBS of
order p = q = 3, 4, 5 with C p−1 continuity. As can be seen in Figs. 5a and 5b, the convergence rates
are of order O(hp ) and O(hp−1 ), respectively (as theoretically predicted in [25]). In Fig. 5c for the
second strain gradient problem, the convergence rate is evaluated to be of order O(hp−2 ) (not proved
here).
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(a) Error in the energy norm for the classical elasticity.

(b) Error in the energy norm for the first strain gradient elasticity.

(c) Error in the energy norm for the second strain gradient elasticity.

Figure 5: Tangentially clamped square plate in the field of body forces.
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5.4

Benchmark for 2D Statics: Annulus plate under compression

In this subsection, a quarter of an annulus depicted in Fig. 6a is analyzed: the left edge is clamped
and the bottom edge is under compression (P = 100 MPa), which means the boundary conditions of
the form

t1 · n = −P,

u = 0,

t2 = 0,

t3 = 0 at x = 0,

(62)

t1 · s = 0,

t2 = 0,

t3 = 0 at y = 0.

(63)

The domain is discretized by 8 × 8 elements with C 4 -continuous NURBS basis functions of the
5 -order. The geometrical and material parameters (of the plane strain state) are specified as follows:
a = 5 mm, b = 10 mm, E = 210 GPa, ν = 0.3, ls1 = ls2 = 0.2a.
The normalized von Mises Cauchy stress distributions within the classical and higher-order formulations are presented in Figs. 6b–6d (with consistent colour scales). It is worth noting that within
the classical elasticity the strains as well as the Cauchy stresses are singular near the clamped corner
points. In the higher-order problem formulations, in contrast, the strains and, as a result, the Cauchy
stresses are smoothened giving the maximal normalized stress values equal to 6 and 4.68 for the first
and second strain gradient formulations, respectively. A convergence study of the von Mises Cauchy
stress values at the material point with coordinates x = 0 and y = a is shown in Fig. 7.
th

(a)

(b)

(c)

(d)

Figure 6: Annulus plate under compression. (a) Geometry, mesh and boundary conditions. (b), (c),
(d) Distribution of the von Mises Cauchy stress within the classical, first strain gradient and second
strain gradient theories, respectively.
It can be clearly seen that refining the mesh increases the stress value for the classical case (a
singularity), whereas the stress values for the higher-order models remain bounded (converged). It is
worth noting that the physical meaning of the Cauchy and total stresses as well as their invariant,
e.g., von Mises stress, is still an open question (see the discussion in [64], for instance).
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Figure 7: Convergence of the von Mises Cauchy stress at point x = 0, y = a.

5.5

Benchmark for 2D Vibrations: Tangentially clamped square plate

Let us now consider in-plane vibrations of a square plate with the side length a = 10 mm. For
numerical simulations, we adopt the constitutive relations of the plane strain state with the material
constants selected as follows: E = 210 GPa, ν = 0.3, ρ = 7850 kg/m3 , ls1 = 0.1a, ls2 = 0.2a,
ld1 = 0.05a, ld2 = 0.05a. The boundary of the plate is clamped in the tangential direction:
u · s = 0,

t1 · n = 0,

t2 = 0,

t3 = 0.

(64)

This problem is a natural extension of the vibrational benchmark considered in [25] for the classical
and first strain gradient elasticity theories. Here, we complete our consideration by focusing on the
second strain gradient formulation of the problem. The solution domain is splitted into 256 elements
of order p = q = 5 with C 4 continuity.
First, some of the lowest eigenfrequencies (1, 3, 5, 7, 10, 15) are collected in Table 1. The classical
and first strain gradient eigenvalues coincide with the results of [25] obtained by implementing the
methods in an open-source Matlab package GeoPDEs [6] (serving as an indirect verification of the
current implementation). As can be seen in the table, for selected higher-order material parameters the ratio between the eigenvalues of the second strain gradient and classical elasticity increases
dramatically: up to 2.636 for the 15th mode.
The corresponding eigenmodes of the second-order strain gradient elasticity theory are shown
in Fig. 8 (for visualization, continuous contour intervals as an Abaqus contour plot option with a
consistent colour scaling have been utilized). It should be mentioned that within all of the formulations
the 1st, 2nd and 3rd eigenmodes (left column in Fig. 8) remain almost identical, whereas the rest
undergo significant changes, e.g., shape distortion and shifting in the mode number (discussed already
in [25]). This can be clearly seen in Fig. 9 where the transformation of the 10th (left column) and
15th (right column) eigenmodes is depicted for all of the three elasticity theories.
Table 1: Tangentially clamped square plate: Eigenfrequencies. The multiplicity of the eigenvalues is
listed in parentheses.
Frequency
number
1
3
5
7
10
15

Classical
160.4
226.8
320.8
358.6
481.1
578.3

(2)
(1)
(2)
(2)
(2)
(2)

Frequency (kHz)
1st Grad. 2nd Grad.
166.1
240.1
361.4
408.7
598.1
734.4

(2)
(1)
(2)
(2)
(2)
(2)

168.1 (2)
276.8 (1)
465.6 (2)
663.8 (2)
1021.0 (2)
1524.2 (1)
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Frequency ratio
1st Grad./Classical 2nd Grad./Classical
1.035
1.059
1.127
1.140
1.243
1.270

1.048
1.220
1.451
1.851
2.122
2.636

Figure 8: Tangentially clamped square plate: eigenmodes 1, 3, 5 (left) and 7, 10, 15 (right) for the
second strain gradient theory.
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Figure 9: Tangentially clamped square plate: eigenmodes 10 (left) and 15 (right) for the classical
(top), first strain gradient (middle) and second strain gradient (bottom) elasticity.
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5.6

Kraus problem

Finally, a circular plate with one central hole and four holes disposed circumferentially under radial
contour load (or Kraus problem, [63]) is studied. Due to the symmetry of the problem, only one
quarter of the domain is discretized for simulations. The geometry of the problem is presented in
Fig. 10a, whereas the boundary conditions are shown in Fig. 10c. The dimensions of the plate are
the following: R0 = 200 mm, Ri /R0 = 0.25, R/R0 = 0.625 and a/R0 = 0.1. The classical elastic
material parameters are chosen to be E = 210 GPa and ν = 0.3. The constitutive relations used
here correspond to the plane stress state. For the first strain gradient elasticity model, the ratio of
the micro structural parameter ls1 to the radius a is fixed to ls1 /a = 0.5. The second strain gradient
elasticity model is not studied for the current problem.
In the classical case for which the minimum continuity requirement on the shape functions is C 0 ,
the geometry can be easily constructed as a multi-patch domain (six patches in this case), see Fig. 10a.
In the gradient case, in turn, for which the minimum continuity requirement for the shape functions
is C 1 , a single-patch domain has been developed, see Fig. 10b. The parametrization techniques used
to obtain C 1 continuity and the effects of the parametrization on the accuracy are not discussed in
this paper, however. We note that the higher-order elasticity model requires that the semicircle AB
(green line in Fig. 10b) is C 1 -continuous. For numerical simulations, the single-patch domain has been
discretized.

(a)

(b)

(c)

Figure 10: Kraus problem. (a) Six-patch domain with control polygons. (b) Single-patch domain with
dimensions and continuities across the construction lines. (c) Mesh for the single-patch domain and
boundary conditions.
Mesh of knot spans in the physical space is shown in Fig. 10c. The computational domain is
divided into 760 elements. The 5th -order NURBS functions have been taken as basis functions for
both the Galerkin displacement fields and the geometry mappings. C 4 continuity holds everywhere
except on the red and blue lines depicted in Fig. 10b. Across the red (solid) and blue (dashed) lines
the basis functions are C 1 - and C 2 -continuous, respectively.
An external tension P = −100 MPa (note the sign convention) is applied to the outer surface of
the domain. The symmetry conditions are utilized on the left and bottom edges and expressed as
u · n = 0 for the classical case, and as u · n = 0, ∂(u · s)/∂n = 0 for the gradient case, where n and s,
respectively, denote the unit vectors normal and tangential to the boundary. The second non-classical
symmetry condition is fulfilled by coupling the degrees of freedom in the tangential direction of the
appropriate control points near the boundary (see [24]).
The distributions of the hoop stress fields are shown in Fig. 11 for ls1 /a = 0 (the classical case)
and ls1 /a = 0.5. In Fig. 11a, the maximum of the hoop stress is achieved at the point A and it is
equal to 322 MPa giving the stress concentration factor equal to Kt = 3.22 as in [63]. In Fig. 11b for
the particular choice of lS1 /a = 0.5, the maximum of the hoop stress is achieved at the point A as
well and is equal to 230 MPa giving the stress concentration factor equal to Kt = 2.3.
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(b) ls1 /a = 0.5

(a) ls1 /a = 0

Figure 11: Distribution of the hoop Cauchy stress field for ls1 /a = 0 and ls1 /a = 0.5.

6

Conclusions

In this article, isogeometric analysis has been applied for bar and plane stress/strain problems of
the first and second strain gradient elasticity theories. The isogeometric discretizations have been
implemented as user elements within a commercial finite element software Abaqus.
First, the strong forms of the problems have been transformed into the corresponding H 2 - and
3
H -regular weak formulations with the corresponding conforming, C 1 - and C 2 -continuous, Galerkin
methods. Second, the user element implementations of the isogeometric Galerkin methods have been
described in detail for both the 1D and the 2D formulations (with a comparison to the corresponding
classical finite element approaches).
In the section for numerical results, the methods have been verified by a series of benchmark
problems. The convergence properties of both the 1D bar method and the 2D plane stress/strain
method have been shown to be optimal with respect to the NURBS order of the discretizations. In
addition, the eigenvalues of the bar problem have been shown to coincide with the analytical values.
Regarding the model comparisons, the displacement, strain and Cauchy stress fields of the problems
have been analyzed showing significant qualitative and quantitative differences between the models.
Furthermore, the differences between the eigenfrequencies and eigenmodes of the models have been
addressed for one of the 2D problems. The last example problem, the Kraus problem, has been used
for analyzing the stress concentration factors of the different models.
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Appendices
A

Comparison of 1D and 2D discretizations for FEA and IGA

First, as a simple example for describing the definition of the parent element within FEA and IGA
(and hence crucial for the implementation described in Sections 4 and 3) the discretizations of a
straight line by three elements is considered. In Fig. 12a, the line is constructed by three classical
finite elements with quadratic Lagrange basis functions. The parent element and its basis functions
serving all of the elements are shown in Fig. 12b.
In Fig. 13a, the line is divided into knot spans with quadratic B-splines as basis functions. Each
knot span is depicted separately in Fig. 13b. In contrast to the classical FEA, the sets of basis
function defined over parent elements and used for the solution approximation in general are different.
Furthermore, the CPs defining each knot span do not belong to the element illustrating the non
interpolatory property of B-splines.

(a)

(b)

Figure 12: Quadratic 1D Lagrange basis functions in FEA. (a) Example of quadratic 1D Lagrange
basis functions in the physical space of coordinate x. (b) Quadratic 1D Lagrange basis functions in
˜
the parent element with coordinate ξ.

(a)

(b)

Figure 13: Quadratic 1D B-spline basis functions in IGA. (a) Example of quadratic 1D B-spline basis
functions in the parameter space of coordinate ξ. (b) Example of quadratic 1D B-spline basis functions
˜
in the parent elements with coordinate ξ.
Second, 2D discretizations of an example plane geometry are presented. A B-spline discretization
is shown in Fig. 14 (left), whereas a discretization by classical 8-node biquadratic finite elements with
Lagrange shape functions is presented in Fig. 14 (right). Green elements are shown separately on side
highlighting the non-interpolatory (left) and interpolatory (right) properties of B-spline and Lagrange
basis functions, respectively, defining each element.
As examples corresponding to Figs. 13b and 12b, the B-spline and Lagrange basis functions related
to CP B5 and node P5 (left) and CP B4 and node P4 (middle) are depicted in Fig. 15. The 9th B-spline
shape function is presented in Fig. 15 (right). In Fig. 15 (left), due to the symmetry, surfaces are
˜ It can be seen that the Lagrange functions (orange surfaces) possess the delta
cut by plane η̃ = ξ.
function property as in the 1D case, unlike the B-splines (cyan surfaces).
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Figure 14: A three-times-three element mesh for biquadratic B-spline elements of 9 control points
(left) and for 8-node biquadratic serendipity Lagrange elements (right).

Figure 15: Left: Biquadratic Lagrange basis function for the corner node P5 (orange) and the corresponding biquadratic B-spline basis function for the control point B5 (cyan). Middle: Biquadratic
Lagrange basis function for the edge mid-node P4 (orange) and the corresponding biquadratic Bspline basis function for the control point B4 (cyan). Right: Biquadratic B-spline basis function for
the control point B9 (cyan).

B

Structure of INP file

A minimum content of the input file needed for Abaqus analysis is shown in Listing 2. The *NODE
command specifies the node (or control point) numbering with its x, y and z coordinates. Next, the
*USER ELEMENT command assigns the following properties to the finite elements of user defined
type Un : number of nodes defining each element, user defined element type, number of properties to be
specified further in the input file, number of node (or CP) coordinates, number of integration points,
number of solution-dependent state variables to be calculated in the element. The *ELEMENT
command defines the finite elements (or knot spans) specifying the nodes (CPs) which construct
these elements. The *UEL PROPERTY command assigns the listed data, e.g., material constants,
to the elements which belong to the UEL element set. Finally, the *STEP command specifies the
Abaqus analysis type (static analysis, for instance) and defines boundary conditions by *BOUNDARY
command.
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Listing 2: Input file structure for Abaqus with IGA user elements.
*HEADING
*NODE, NSET = ALLNODES
1 , X1 , Y1 , Z1
...
n , Xn , Yn , Zn
**
*USER ELEMENT, NODES = . . . , TYPE = Un , PROPERTIES = . . . ,
COORDINATES = 3 , INTEGRATION = . . . , VARIABLES = . . .
1, 2, 3
**
*ELEMENT, TYPE = Un , ELSET = UEL
1,
1, 2, 3, ...
...
Ne ,
. . . , n−2, n−1, n
**
*UEL PROPERTY, ELSET = UEL
...
**
*STEP, NAME = STEP1
*STATIC
*BOUNDARY, TYPE = DISPLACEMENT
...
*END STEP
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