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ABSTRACT

Visualizations of similarity relationships between data points are commonly
used in exploratory data analysis to gain insight on new data sets. Answers
are searched for questions like: Does the data consist of separate groups of
points? What is the relationship of the previously known interesting data
points to other data points? Which points are similar to the points known to
be of interest? Visualizations can be used both to amplify the cognition of the
analyst and to help in communicating interesting similarity structures found
in the data to other people.

One of the main problems faced in information visualization is that while
the data is typically very high-dimensional, the display is limited to only two
or at most three dimensions. Thus, for visualization, the dimensionality of
the data has to be reduced. In general, it is not possible to preserve all
pairwise relationships between data points in the dimensionality reduction
process. This has lead to the development of a large number of dimensionality
reduction methods that focus on preserving different aspects of the data. Most
of these methods were not developed to be visualization methods, which makes
it hard to assess their suitability for the task of visualizing similarity structures.
This problem is made more severe by the lack of suitable quality measures in
the information visualization field.

In this thesis a new visualization task, visual neighbor retrieval, is in-
troduced. It formulates information visualization as an information retrieval
task. To assess the performance of dimensionality reduction methods in this
task two pairs of new quality measures are introduced and the performance of
several dimensionality reduction methods are analyzed. Based on the insight
gained on the existing methods, three new dimensionality reduction methods
(NeRV, fNeRV and LocalMDS) aimed for the visual neighbor retrieval task,
are introduced. All three new methods outperform other methods in numerical
experiments; they vary in their speed and accuracy.

A new color coding scheme, similarity-based color coding, is introduced in
this thesis for visualization of similarity structures, and the applicability of
the new methods in the task of creating graph layouts is studied. Finally, new
approaches to visually studying the results and convergence of Markov Chain
Monte Carlo methods are introduced.
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TIIVISTELMÄ

Samankaltaisuussuhteiden visualisointia käytetään eksploratiivisessa data ana-
lyysissä usein ensimmäisenä askeleena uuden datajoukon tarkastelussa. Tavoit-
teena on muodostaa alustava käsitys datan rakenteesta ja tuottaa vastaus ky-
symyksiin kuten: Jakautuuko data erillisiin ryhmiin? Mikä on aiemmin havait-
tujen kiinnostavien datapisteiden suhde uusiin tuntemattomiin datapisteisiin?
Mitkä pisteet ovat samankaltaisia kuin kiinnostaviksi tiedetyt pisteet? Visua-
lisointi voi sekä helpottaa datan analyysiä että auttaa havaittujen rakenteiden
kommunikoinnissa.

Informaation visualisoinnissa data on tyypillisesti korkeaulotteista. Tämä
on ongelmallista, koska näytöllä ei pystytä esittämään kuin korkeintaan kolme
dimensiota kerrallaan. Tästä syystä datan dimensionaalisuus on saatava pudo-
tettua kahteen tai kolmeen visualisointia varten. Dimension pienentämisestä
seuraa lähes aina jonkinlaisia virheitä; ei ole mahdollista säilyttää kaikkia da-
tassa esiintyviä samankaltaisuusuhteita ennallaan vaan informaatiota kato-
aa ja vääristyy. Eri dimensionaalisuuden pienennysmenetelmät pyrkivätkin
säilyttämään datan eri ominaisuuksia. Ongelmana informaation visualisoin-
nissa on, että suurinta osa dimensionaalisuuden pienennysmenetelmistä ei ole
kehitetty visualisointia varten, minkä vuoksi niillä tuotettujen kuvien laatu
on varmistettava. Vaikeaksi laadun varmistamisen tekee sopivien mittareiden
puute.

Tässä väitöskirjassa esitetään uusi visualisointitehtävä, visuaalinen naa-
pureiden haku. Siinä informaation visualisointi hahmotetaan informaation ha-
kutehtäväksi. Tätä formulaatiota käytetään muodostamaan kaksi paria uusia
visualisoinnin laatumittareita, ja useiden dimensionaalisuuden pienennysme-
netelmien soveltuvuutta tähän uuteen visualisointitehtävään tutkitaan. Tu-
losten pohjalta saatuja ideoita käytetään kolmen uuden dimensionaalisuuden
pienennysmenetelmän luomiseen (NeRV, fNeRV ja LocalMDS). Kaikki kolme
menetelmää ovat päihittäneet muut menetelmät numeerisissa kokeissa. Toisis-
taan ne eroavat nopeudessa ja tarkkuudessa.

Lisäksi tässä työssä esitetään uusi menetelmä värien allokoimiseksi data-
pisteille, samankaltaisuuksiin perustuvä värikoodaus, ja uusien menetelmien
soveltuvuutta graafien visualisointiin testataan. Lopuksi tarkastellaan Markov-
ketju Monte Carlo menetelmien konvergenssin ja tulosten visualisointia.
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1 INTRODUCTION

This thesis is about studying, applying, and developing dimensionality reduc-
tion methods for exploratory visualization of similarity structures. Similarity
is usually defined as a relation between two data points. In this work we
are interested in larger structures, with more than two data points. These
can be for example groups of similar data points or manifolds along which
the data points change by small differences from more similar points to very
different ones. An illustration of the visual analysis of similarities is given in
Figure 1. A set of data points in a high-dimensional space is mapped to a
low-dimensional output space for visualization. From the visualization it is
easy to identify the set of five points that are the most similar ones to the
yellow point. Additional information about the overall similarity structure of
the data set is readily available from the visualization. It is easy to see that
there are two or three separate groups of data points and there is one outlier
(magenta), a data point that is different from the rest of the data set. This
kind of an analysis gives an idea of the overall structure of the data and can
help in raising new questions like: What has caused the one data point to
become an outlier?

INPUT SPACE OUTPUT SPACE

Point Var 1 Var 2 Var 3 Var 4

1 5.1 3.5 1.4 2.3

2 5.4 3.7 1.5 0.2

3 5.4 3.4 1.7 0.2

4 4.8 3.1 1.6 0.2

5 5.0 3.5 1.3 0.3

6 7.0 3.2 4.7 1.4

7 5.0 2.0 3.5 1.0

8 5.9 3.2 4.8 1.8

9 5.5 2.4 3.8 1.1

10 5.5 2.6 4.4 1.2

11 6.3 3.3 6.0 2.5

12 6.5 3.2 5.1 2.0

13 6.9 3.2 5.7 2.3

14 7.4 2.8 6.1 1.9

15 6.7 3.1 5.6 2.4

1

2

3

4

5 6

7

8

9 10

1112
13

14

15

Figure 1: A four-dimensional data set is mapped from the input space to the two-dimensional
output space for visualization. Blue points are the points most similar to the yellow point.

This kind of an analysis is called exploratory. The term exploratory data
analysis refers to the task of creating new hypotheses and gaining insight by
analyzing data. It differs from confirmatory data analysis where the goal is
to test the validity of a given hypothesis. A task commonly used as a part of
exploratory data analysis is information visualization which can be defined as
follows:

The use of computer-supported, interactive, visual representations of abstract
data to amplify cognition [28].
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1 INTRODUCTION

Information visualization is a subfield of visualization that concentrates on
abstract data. The goal of visualization is to amplify cognition, that is, to allow
the user to find aspects of the data that would be hard to notice otherwise.
Information visualization differs form scientific visualization, another subfield
of visualization, in that the data need not have a natural visual form or physical
meaning. A typical example of scientific visualization is a flow visualization
that displays how liquid or gas flows around an object.

One point in the definition that could be argued against is the inclusion
of interaction. In fact, there are situations where interaction can make the
visualization harder to use [147]. In this work the focus is on noninteractive
visualizations that could also be used as part of an interactive visualization
system but that do not rely on the ability of the user to manipulate the display.

Zhang [170] points out three tasks that are common in information visu-
alization:

• Information retrieval tasks: either looking up values of parameters or
finding relevant objects.

• Comparison tasks: comparison of values in one attribute or between
attributes.

• Integration tasks: finding patterns in the data by combining aspects of
the data through visualization.

Many basic information visualization methods can be used for all of these
tasks. For example, a scatter plot (see Figure 2a) can be used for value lookup
by reading the value from the axis. Correlations of two variables can be seen
as line-like patterns in the plot and clusters can be seen as separate point
clouds on the display. When the goal is to find more complex relationships
that include more than two variables the methods become more complex and
it is not always possible to perform all three tasks using just one visualization.

Several approaches have been developed for visualizing high-dimensional
data. Many of the methods like parallel coordinates [75], Star glyphs [31],
Chernoff faces [33], and stacked dimensions [97] try to show all dimensions of
the data at the same time (for some examples see Figures 2b–d). This ap-
proach is only suitable for relatively few dimensions. When the dimensionality
of the data increases, some other means have to be used.

One of the main strategies used to handle very high dimensional data
in information visualization is dimensionality reduction where the task is to
reduce the dimensionality of the data to two or three for visualization. A
large number of different methods have been developed for this task. Most
of these methods are not aimed at visualization, however. In many cases the
goal of the dimensionality reduction method is to reduce the dimensionality
to the point where it matches the intrinsic dimensionality of the data. The
dimensionality of the low-dimensional manifold that the data is assumed to

12
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Figure 2: A four dimensional data set of 13 data points is visualized with four methods. a)
Scatter plot of data on dimensions 1 and 3, b) Parallel coordinates plot, c) Star plot, and
d) Chernoff faces.
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1 INTRODUCTION

lie on in the high-dimensional space. In a visualization context the output
dimensionality is constrained by the display to only two or three, which is
usually lower than the intrinsic dimensionality of the data. This difference in
goals can cause problems in some cases and the performance of each method
should be carefully tested to find out if it is suitable for visualizing the data
at hand.

In a visualization context trying to assess the quality of a visualization
typically leads to usability studies that are difficult to design and can be
costly. Although this is the only way to find out how well a human can utilize
the visualization it is possible to use quality measures to verify that the data
represented by the visualization is accurate. Unfortunately there is a lack of
suitable quality measures in the information visualization field for assessing
the quality of the results of dimensionality reduction.

The focus of this work is on dimensionality reduction methods in the
context of information visualization. Unlike the more specific multidimen-
sional visualization methods, dimensionality reduction provides a more general
framework which works even on very high-dimensional data sets. While many
dimensionality reduction methods have been used for visualization there has
been very little work on analyzing how well they perform in this context. In
this work a new visualization task focusing on studying similarity structures
is introduced, and new quality measures to assess the quality of visualizations
are defined. The quality measures are used to analyze the behavior of sev-
eral dimensionality reduction methods. Based on the insights gained from the
analysis, new methods are proposed. Finally some applications illustrating
the use of dimensionality reduction for visualization are discussed.

In the following sections the term method is used to refer to a way of
transforming the data. Typically a method is defined by a cost function that is
optimized, but it can also be defined by an iterative algorithm. A measure, on
the other hand, is a function that gives a quantitative evaluation on how good
the visualization is for the given task. Thus a measure is always connected to
a specific visualization task. In some cases the same function can be either a
quality measure or the cost function of a method. Whether it is referred to as
a method or a measure depends on the context. Is it used to transform data
or to evaluate the results?

14



2 METHODS FOR DIMENSIONALITY REDUCTION

One of the main problems in information visualization is the fact that while the
data typically is high-dimensional, only two or three dimensions can be easily
shown in an image. There have been many different approaches that try to
solve this problem. Possibly the simplest method to visualize high dimensional
data is to create a set of images where each image shows the scatter plot of the
data on two dimensions at a time. The images can be collected to a scatter plot
matrix [35] (see Figure 3) where the images are arranged into a grid formation.
Scatter plots are fairly simple to interpret and by using color, shape, or some
other method for distinguishing different points, it is possible to add more
information, such as the class or type of the data point, to the plot. There
is one major drawback in this approach, however. The number of images in
the scatterplot matrix increases rapidly with the number of dimensions in the
data. Additionally, there is usually no way of knowing which dimensions are
the most relevant ones. Thus there is no prior information on which images
the user should check first.
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Figure 3: A scatter plot matrix of the iris data set [50]. The colors indicate the three classes
in the data. A histogram of the variable is included on the diagonal where both axis would
be the same.

To solve the problems connected with the simple straightforward approach
a large number of methods have been introduced. Traditionally the methods
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2 METHODS FOR DIMENSIONALITY REDUCTION

have mainly followed two principles. They have either relied on linear pro-
jections or they have tried to produce a nonlinear mapping that preserves
pairwise distances between data points. A third approach has been gaining
popularity recently. The manifold learning methods expect the data to lie on
a low dimensional manifold in the high dimensional input space, and their goal
is to find and unfold this manifold. In addition to these three main approaches
there is a large number of methods that do not fit well in any of the three main
categories. The groupings are not crisp, that is, a method could be classified
into many of the groups at the same time. For example a distance preserv-
ing mapping can be designed in a way that it unfolds a nonlinear manifold,
thus making it both a distance preserving mapping and a manifold learning
method.

The main methods belonging to the three main groups, together with a
few methods based on other approaches, are discussed in more detail below.
In each case three toy data sets are visualized for illustration (Figure 4). Each
data set contains 1000 data points in a three-dimensional space. The first
data set consists of an S-shaped two-dimensional manifold. The second data
set contains data that is distributed on the surface of a sphere and the third
data set contains six clusters, of which five are spherical Gaussians and one
is an S-shaped two-dimensional manifold. These data sets were selected to
bring out differences in the behavior of the methods and to point out some of
their shortcomings. In each case the method was run with several parameter
values and the result producing the best trustworthiness (see section 3.3) was
selected. A more profound analysis of the behavior of many of the methods
introduced here can be found in Publications 4 and 5.
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Figure 4: Three toy data sets used to illustrate the behavior of the various dimensionality
reduction methods. Projection directions have been hand picked. Each data point is color
coded according to its position in the original data space. The colors were defined by first
scaling the data set to fit within the unit cube and then each coordinate axis was associated
with one of the axes of the RGB-color space. a) S-shaped manifold, b) sphere, and c)
clusters.
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2.1 Traditional approaches

2.1.1 Linear methods

The approach used to develop many linear projection methods for visualiza-
tion is well illustrated in the projection pursuit [52] algorithm. The goal is
to find the linear projection that optimizes an index of usefulness. In the
projection pursuit method this index is defined based on a combination of
the local density and overall spread of the data. More generally the index of
usefulness depends on what is desired from the projection images and it has
been defined in several ways in different methods. For example, the goal can
be to preserve distances [137], to maximize variance [74], or the cost function
of a nonlinear method can be applied as the index of usefulness to create a
new linear method [68, 69]. It is also possible to use some additional informa-
tion to define what is interesting in the data like in the Linear Discriminant
Analysis (LDA) [142] and Relevant Component Analysis (RCA) [119] which
are discussed more closely in Section 5. By changing the projection direction
smoothly an animation can be created. An animation of projection directions
is called the grand tour [6]. The problem with the grand tour approach is that
the length of the animation grows very fast as the dimensionality of the data
increases. One of the main benefits of all linear methods, whether animated
or static, is that they are easy to understand and interpret.

Principal Component Analysis (PCA). The goal of PCA [74] is to find
linear projections that maximally preserve the variance in the data. More
technically, the projection directions can be found by solving for the eigenval-
ues λ and eigenvectors a of the covariance matrix Cx of the data X ∈ R

d×N ,
where d is the dimensionality of the data and N is the number of data points.

Cxa = λa . (1)

The data points xi can then be visualized by projecting them with

yi = Axi, (2)

where A is the matrix containing the eigenvectors corresponding to the two
or three largest eigenvalues, and yi is the obtained low-dimensional represen-
tation of xi.

PCA is one of the first methods that is usually tried when visualizing new
data. It produces images that are easy to interpret and works quite well when
the variance in the data is mainly concentrated in only a few directions. Like
all linear methods it can have problems when the data lies on a nonlinear
manifold. The results from projecting the three toy data sets (Figure 5) are
typical of linear projections. The data is in effect squashed flat and this results
in areas where points that are originally far from each other are close by in the
visualization. This is most prominent on the visualizations of the S-shaped
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2 METHODS FOR DIMENSIONALITY REDUCTION

manifold and the sphere data set (Figures 5a and b). On the other hand,
the rectangular shape of the S-manifold and the circular shape of the sphere
are easy to see from the images. The PCA projection of the clusters data
set (Figure 5c) shows that while the PCA often works quite well, it can also
produce quite bad results in some cases. In this case the maximal variance
is in a direction that causes two of the clusters to be mixed together in the
projection. Actually, a totally random linear projection works, on the average,
better on this data set than PCA. A more profound analysis of the behavior
of the method on different data sets can be found in Publications 4 and 5.
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Figure 5: PCA projections of the three toy data sets. a) S-shaped manifold, b) sphere and
c) clusters.

Linear Multidimensional Scaling (MDS) [63, 143], also called Classical
Scaling, uses an approach that is more commonly used with nonlinear mapping
methods. It starts by calculating the squared Euclidean distance matrix D of
the data. The goal is to find a representation of points that preserves these
distances.

First the squared distance matrix is centered to produce a new matrix

B = −
1

2

(

I−
1T

N1N

N

)

D

(

I−
1T

N1N

N

)

. (3)

This fixes the location of the configuration so that it is centered around zero
[63]. After centering the configuration of points is found by solving for the
eigenvectors of B. The coordinates of the data points in the d-dimensional
output space can be constructed with the following equation.

yj = {
√

λ1a1j ,
√

λ2a2j , . . . ,
√

λdadj}. (4)

Here the λi are the d largest eigenvalues and aij is the j:th component of the
i:th eigenvector.

Linear MDS is very closely related to PCA. It can be shown [63] that
when the dimensionality of the solution space is the same, the projection of
the original data to the PCA subspace equals the configuration of points found
by linear MDS that is calculated from the squared Euclidean distance matrix
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of the data. Thus the cost function of PCA tries to preserve the squared
distances between data points and linear MDS finds a solution that is a linear
projection of the original data.

2.1.2 Nonlinear methods

Traditionally nonlinear methods have been distance preserving mappings, or
Multidimensional Scaling (MDS) methods as they are often called. Their goal
is to find a configuration of points that reproduces a given pairwise distance
matrix. The distance matrix can be calculated from data points or it can
result from a direct evaluation of similarities between objects. The latter is
the case, for example, in market studies when people are asked to assess how
similar two products are. In such a case only the pairwise similarities are
known and not the underlying variables. Traditionally, finding the underlying
dimensionality of the data has been an additional goal for these methods, but
for visualization the dimensionality is restricted to two or three.

Traditional Multidimensional Scaling. There are several different vari-
ants of Multidimensional Scaling (MDS) [19], but they all have a common
goal: to find a configuration of points that preserves the pairwise distance
matrix of the data.

The simplest nonlinear Multidimensional Scaling method is metric MDS.
Its cost function [91], called the raw stress, is

E =
∑

ij

(d(xi,xj)− d(yi,yj))
2, (5)

where d(xi,xj) is the distance in the input space and d(yi,yj) the distance
in the output space. Variables yi and yj are the representations (locations)
of points xi and xj in the output space. The cost function is minimized in
respect to the representations yi.

There are a number of different variants of MDS, but all have a cost func-
tion that is basically of the same form. Sammon’s mapping [129] gives small
distances a larger weight:

E =
∑

ij

(d(xi,xj)− d(yi,yj))
2

d(xi,xj)
, (6)

and in non-metric MDS [91] the distances are modified by a monotonic func-
tion. There are also probabilistic variants that define a probabilistic model
either for the distances [114] or for the latent positions defining the distances
[174].

The behavior of metric MDS is illustrated in Figure 6. Metric MDS focuses
on the preservation of long distances. A error of one percent in a long distance
is considered to be more severe by the cost function than a similar error in a
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2 METHODS FOR DIMENSIONALITY REDUCTION

short distance. This results usually in images where the global structure of the
data is well presented. The clusters in the cluster data set are well separated
and the sphere results in a nice circular disc. The disadvantage is that the
local structure suffers which can be seen from the overlapping areas in the
S-shaped manifold. The longer pairwise distances do not allow the manifold
to be unfolded.
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Figure 6: Metric MDS projections of the three toy data sets. a) S-shaped manifold, b)
sphere and c) clusters.

Isomap. Although the Isomap [141] algorithm was originally developed as
a manifold learning method it can be described as a variant of linear MDS. It
finds a configuration of points that matches the given distance matrix. The
difference from traditional MDS is in how the distances are defined. Isomap
assumes that the data lies on a low-dimensional manifold in the input space.
Instead of the usual direct pairwise distances used in MDS it uses geodesic
distances on the manifold as input. An unfolding of the manifold happens
when these geodesic distances are represented with Euclidean distances in the
output space. The unfolding effect can be illustrated with a string that has
knots tied to it. Each knot represents a data point and the geodesic distance
between knots is the distance measured along the string. To make the geodesic
distances coincide with the Euclidean distances the string needs to be pulled
straight and thus the manifold becomes unfolded.

The geodesic distances are approximated with the shortest path distances
calculated along the k-nearest-neighbor graph. Each data point forms a node
in the graph and its k-nearest neighbors are connected to it with edges. The
weight of each edge is the Euclidean distance between the data points at the
ends. The actual embedding of points is found by linear MDS, applied to the
shortest-path distance matrix.

It has been shown [17] that this algorithm is asymptotically able to recover
certain types of manifolds, like the S-shaped manifold in Figure 7a. It is
not usually able to cut open closed manifolds like a sphere, however. The
exception is the case where the k-nearest neighbor graph accidentally happens
to create a break that allows the manifold to be unfolded. The projection of the
sphere data set also shows a typical artefact that is produced by approximating
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Figure 7: Isomap projections of the three toy data sets. a) S-shaped manifold (k=20), b)
sphere (k=4) and c) clusters (k=67).

geodesic distances with graph distances. The projection contains “holes” that
are caused by overestimation of the manifold distances.

The basic Isomap algorithm has been extended in several ways. De Silva
and Tenenbaum [41] developed a method that adjusts the graph distances
depending on the density of the data. This has the effect that dense areas get
spread out and sparse areas get more concentrated. Yang [164] proposed that
the linear MDS step should be replaced by Sammon’s mapping. Isomap has
also been formalized as Kernel PCA [131] where the centered distance matrix
takes the role of the kernel matrix [15, 34, 66]. This formulation allows new
samples to be added after the initial configuration has been calculated. A
slightly different solution for the out of sample problem has been proposed by
Law and Jain [93].

Curvilinear Component Analysis (CCA). The CCA algorithm [44] is
a variant of MDS. The starting point is a random initialization of points in
the low-dimensional output space, and a pairwise distance matrix between the
original data points. It differs from the formulation of traditional MDS in that
it does not try to preserve all distances. It concentrates on preserving only
the distances of points that are close to each other in the output space. The
cost function

E =
1

2

∑

i

∑

j 6=i

(d(xi,xj)− d(yi,yj))
2F (d(yi,yj), σ) , (7)

measures preservation of the original pairwise distances, weighted by a co-
efficient F that depends on the distance between the points in the output
space.

The coefficient F is usually defined as an area of influence around a data
point in the output space:

F (d(yi,yj), σ) =

{

1 if d(yi,yj) ≤ σ
0 if d(yi,yj) > σ .

(8)
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The cost function is optimized using a stochastic gradient descent algo-
rithm. In the beginning of optimization the radius of the area of influence, σ,
is kept large enough to cover all or at least most of the data points. During
the optimization it is slowly decreased to zero. This reduction of the radius
causes the method to first find a global order for the whole set of data points,
and then gradually focus on representing well those distances that are local in
the output space.

The behavior of CCA is illustrated in Figure 8. The most noteworthy
differences from the results of metric MDS are the unfolding of the S-curves
in the S-shaped manifold and clusters datasets, and the splitting of the sphere
into two halves. The splitting of the sphere allows the method to present the
local structure better at the cost of missing some neighborhood relationships
inherent in the data. This is similar to using a cartographic projection to
study the map of the Earth instead of looking at a transparent globe.
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Figure 8: CCA projections of the three toy data sets. a) S-shaped manifold, b) sphere and
c) clusters.

An extension of CCA, Curvilinear Distance Analysis (CDA), was recently
introduced by Lee et al. [99, 100]. The idea is to replace the Euclidean
distances in the original space with geodesic distances in the same manner as
in the Isomap algorithm. Otherwise the algorithm stays the same.

2.2 Manifold learning methods

Manifold learning methods are based on the assumption that the data lies on
a low-dimensional nonlinear manifold in the high-dimensional input space. A
two-dimensional manifold, for example, can be though of as a surface on which
the data lies in the high-dimensional space. The goal of the manifold learning
method is then to find and unfold this manifold. In the manifold learning task
the output dimensionality would be selected to be the intrinsic dimensionality
of the manifold but for visualization the output dimensionality has to be set
to two or three independent of the dimensionality of the data manifold. This
can cause problems to some of the manifold learning methods.
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2.2 Manifold learning methods

2.2.1 Locally Linear Embedding (LLE)

The LLE [128] algorithm is based on the assumption that the data manifold is
sampled densely enough and is smooth enough so that we can make a locally
linear approximation of it. If the assumption holds then each data point lies
in or close to a locally linear subspace on the manifold. The geometry of
this local subspace can be captured by calculating the linear coefficients that
reconstruct each data point from its k nearest neighbors. In effect the set
of neighbors defines a local coordinate system for the data point. Unless the
dimensionality of the data manifold is smaller than k the point can not be
reconstructed from its neighbors exactly and a reconstruction error has to be
minimized. In LLE the reconstruction error is defined as

E(W) =
∑

i

‖xi −
∑

j

Wijxj‖
2, (9)

where
∑

j Wijxj is the reconstruction of the point xi. To find the optimal
weight matrix W the reconstruction error is minimized subject to the con-
straints that Wij = 0 if i and j are not neighbors, and

∑

j Wij = 1.
To unfold the manifold the dimensionality of the data has to be reduced

to the dimensionality of the manifold. This is achieved by finding the low-
dimensional coordinates that preserve the local coordinate systems as well as
possible. More specifically, the configuration of points is found by fixing the
weight matrix W and minimizing the cost function

E(Y) =
∑

i

‖yi −
∑

j

Wijyj‖
2 , (10)

where yi is the low-dimensional representation of the data point xi. The
problem can be solved by finding the p + 1 smallest eigenvalues of the matrix
(I−W)T (I−W), where p is the dimensionality of the output [128]. The
smallest eigenvalue corresponds to a constant eigenvector and the next p give
the coordinates of the data points within the output space.

The result of LLE can be very sensitive to the selection of the parameter k,
the number of neighbors used. If k is too small then the the graph formed by
the neighbors gets split into unconnected parts and the result is a projection
where all points are projected to only a few locations. The number of loca-
tions depends on the number of connected components in the graph. On the
other hand a large k makes the method unable to unfold nonlinear manifolds.
Results produced on the toy data sets are shown in Figure 9.

LLE can also be formulated in a way that takes the pairwise distance
matrix of the data instead of the data matrix as the input [130]. The same
formulation also leads to a kernelized version of LLE [43]. Other variants
include supervised LLE [39] and Local Fisher Embedding [40] both of which
are supervised versions of the LLE algorithm. It is also possible to formulize
LLE as kernel PCA [66], and as with Isomap this formulation can be used
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Figure 9: LLE projections of the three toy data sets. a) S-shaped manifold, (k=7) b) sphere
(k=6) and c) clusters (k=66).

to develop an out of sample extension of LLE [15]. An incremental learning
approach can also be used to add new data points to an existing LLE solu-
tion [90]. Additionally the cost function of LLE has been used to create a
linear projection method [68]. Finally Wang and Zhang [154] have developed
a variant that utilizes multiple weight vectors to stabilize the results.

2.2.2 Laplacian Eigenmap

The Laplacian Eigenmap algorithm [10] uses a graph embedding approach.
The first step is to form the k-nearest-neighbor graph. Each data point is a
vertex in the graph. There is an undirected edge from point i to point j if j
is among the k nearest neighbors of i. After the graph has been formed the
edges have to be given weights. The simple method of assigning Wij = 1 if
the points i and j are neighbors and zero otherwise, has been found to work
well in practice [11].

The neighborhood graph extracts a similarity structure defined by the
manifold. We would like the configuration of points in the output space to
reflect this structure. In the Laplacian Eigenmap algorithm this is formalized
as

1

2

∑

i,j

‖yi − yj‖
2Wij = yTLy, (11)

where L = D−W is the graph Laplacian and D is the diagonal matrix with
elements Dii =

∑

j Wij . The minimization of this cost function tries to put
points that are connected in the graph as close by as possible and does not
care what happens to the other points. There are two problems with the cost
function, however. First the scaling of the configuration is not fixed. The cost
function can be brought to zero by minimizing the scale of the solution. Setting
all points to the same position will also bring the cost function to zero. These
problems can be solved by adding suitable constraints to the optimization
problem. In practice the configuration of points in the low-dimensional space
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is found by solving the generalized eigenvalue problem [10]

Ly = λDy. (12)

The smallest eigenvalue always vanishes and corresponds to the solution where
all points are at the same location. The configuration of points in the output
space is given by the eigenvectors having the next smallest eigenvalues.

The Laplacian Eigenmap algorithm can, in addition to the graph embed-
ding framework described above, be derived based on differential geometry
[14]. The eigenfunctions of the Laplace-Beltrami operator form a basis for the
manifold. The graph Laplacian can be seen as the graph version of this oper-
ator. A third view to the algorithm is provided by interpreting the Laplacian
Eigenmap algorithm as an MDS method that tries to preserve the expected
commute times on the graph [66]. The commute time between points is de-
fined by the expected time a Markov chain random walker takes when traveling
from one point (node) of the neighborhood graph to the other and back. The
expectation is taken over all possible paths.

The Laplacian Eigenmap algorithm has a tendency to magnify some dis-
tances. This is clearly illustrated in Figure 10. Especially on the clusters
dataset the distances between clusters have been magnified in comparison to
the distances within clusters. The result is that it is not possible at all to see
the structure within clusters from the image. Another effect of the distance
magnification is the appearance of “holes” like in the Isomap (Figure 7).
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Figure 10: Laplacian Eigenmap projections of the three toy data sets. a) S-shaped manifold
(k=4), b) sphere (k=5) and c) clusters (k=72).

Another manifold learning method, Hessian Eigenmap [47], is very similar
to Laplacian Eigenmap. The algorithm differs from the Laplacian Eigenmap
algorithm in that a quadratic form based on the Hessian is substituted in place
of the graph Laplacian. This change makes it possible to formulate additional
theoretical proofs on the correctness of the method. A linear version of the
Laplacian Eigenmap algorithm, Locality Preserving Projections [69], has also
been developed.
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2.2.3 Other manifold learning methods

Charting methods. Charting or alignment methods are a group of mani-
fold learning methods that work by first defining local linear models and then
finding a transformation that aligns the local representations to form a global
coordinate system. There are several variants of this theme.

The first method, Global Coordination for Local Linear Methods [127],
optimizes both the linear representations and the global coordinates at the
same time. This was followed by two methods, Charting [20] and Automatic
Alignment of Local Representations [139]. Both first train a mixture model
and then find a global coordinate system that combines the local representa-
tions. Dividing the problem in two tasks makes the optimization process more
tractable.

Verbeek et al. [149] extended the charting method to handle several mix-
ture models in parallel. The mixtures can in this case be either based on the
same data set or on different data sets, in which case the method can be seen
as a form of non-linear canonical correlation analysis, a classical statistical
method for analyzing relationships between two data sets.

Two other, somewhat different, approaches to charting are the Local Tan-
gent Space Alignment algorithm [171] and Locally Smooth Manifold Learning
[46]. They do not use mixture models for the local representations.

Manifold learning through semidefinite programming. Manifold learn-
ing has also been approached as a semidefinite programming [148] problem.
Maximum Variance Unfolding (MVU; also known as Semidefinite Embedding)
[160, 161, 162] is very similar to the Isomap algorithm. Instead of forming the
distance or kernel matrix using the lengths of the shortest paths on a graph,
the distances are optimized. The local distances to neighbors are kept intact
and other distances are maximized. This has the effect of unfolding the man-
ifold in a similar way as with the Isomap algorithm. The configuration of
points is then found by using linear MDS.

The behavior of the Maximum Variance Unfolding is illustrated in Figure
11. More specifically due to the large computational cost of the algorithm a
faster approximate version Landmark Maximum Variance Unfolding (lMVU)
[159] was used to generate the images. Even then the cluster data set produced
a too large optimization problem for the semidefinite programming solver that
was used. The results on the S-shaped manifold and sphere data sets are quite
similar to those produced by the Isomap algorithm (see Figure 7) with the
exception that lMVU did not produce any “holes” on the sphere data set.

Conformal Eigenmap [132] take a slightly different approach to dimension-
ality reduction. The manifold is first unrolled using the Laplacian Eigenmap
algorithm or LLE to a solution with m-dimensions. The goal is then to trans-
form these points in such a way that the resulting configuration is conformal,
that is, the angles between neighbors are preserved as well as possible. This is
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achieved by posing the problem as an semidefinite programming problem. Fi-
nally the output is produced by using PCA on the transformed data to reduce
the dimensionality for visualization.

2.3 Other approaches

In addition to the methods described more thoroughly in the previous sections
there is a large number of other approaches of dimensionality reduction that
often combine aspects from the methods presented above. To give an idea of
the breadth of the subject a few recent methods are first listed and then two
better known ones are discussed more profoundly.

Tejada et al. [140] proposed a method that projects each data point based
on its two closest neighbors among the set of points already projected. Yang’s
algorithm [163] uses a similar strategy but instead of only considering the two
closest neighbors of a data point, his method aims to preserve exactly d, where
d is the dimensionality of the output, of the distances from a point to other
points already mapped.

Distributional Scaling [123] tries to combine metric MDS with preservation
of the distribution of the distances. The Stochastic MDS Network algorithm
[107] and Relational Perspective Map algorithm [104] can also be seen as
variants of MDS that add additional constraints. In the Stochastic MDS
Network algorithm a stochastic gradient update rule is formulated. It tries
to present the original distances with similarities constructed in the output
space with the constraint that the data points can only be placed on locations
defined by a fixed grid. The Relational Perspective Map, on the other hand,
uses a force-directed particle system on a surface of a torus to find a distance
preserving mapping. For visualization the torus is cut open to create a two-
dimensional image.

Instead of trying to preserve pairwise distances as MDS methods do, Glober-
son et al.[61] have provided a method for visualizing co-occurrence data. In
this setting neither the direct pairwise similarities between data points or the

−3 −2 −1 0 1 2 3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

−1 −0.5 0 0.5 1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

a b

Figure 11: lMVU projections of two toy data sets. a) S-shaped manifold (k=5) and b)
sphere (k=4)
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similarities between classes or settings are known. Only the probability of a
data point being a member of a class or occurring in a setting, is known. The
similarity between data points and between classes is only defined through
these probabilities. The result from the method is a visualization where both
the data points and classes are given locations.

Verbeek et. al. [150] combine the Topology Representing Network of
Martinetz and Schulten [106] with Isomap and LLE to form a new projection
method. First the Topology Representing Network is used to find a graph
representation of the data which is then visualized using Isomap or LLE. In
the Isotop algorithm [98, 101] the approach is somewhat reversed. Prototypes
are first selected by vector quantization. Then neighborhoods are introduced
based on the k-nearest neighbor graph. Finally the projection is generated by
adjusting the locations of the prototypes in the output space using a winner
take all learning rule.

Finally Lawrence [95] has proposed a Gaussian process model for dimen-
sionality reduction and Meinicke et al. [108] propose that unsupervised kernel
regression could be used for finding principal surfaces and for nonlinear di-
mensionality reduction.

2.3.1 Self-Organizing Map (SOM)

The SOM [87, 88] consists of a regular grid of units. The units are typically
organized in either a rectangular or hexagonal formation. Each unit contains
a model vector mi ∈ R

d, where d is the dimensionality of the data.
The SOM algorithm iterates two steps. First, for data point x(t) chosen

randomly at iteration step t = 0, 1, 2, . . . , the best matching model vector
mc(t) is sought using the equation

c(t) = argmin
j
{d(x(t),mj)}, (13)

where d(x(t),mj) is the distance between the data point x(t) and the model
vector mj . When the best matching model vector has been found, the model
vectors are updated with

mj(t + 1) = mj(t) + hc(t),j(t)[x(t)−mj(t)]. (14)

The function hc(t),j(t) = h(‖rc(t) − rj‖; t), where rj and rc(t) are the loca-
tion vectors on the SOM grid, is the neighborhood function. Two forms of
the neighborhood function are commonly used. The bubble neighborhood is
defined as a step function. All the units within the radius of the neighbor-
hood are adapted equally and no adaptation is done on units that lie outside
the neighborhood. The other common type of neighborhood function is a
Gaussian. Each unit in the map is updated on each step, but the amount of
update depends on their distance from the winning unit on the SOM grid.
The neighborhood function makes the map ordered.
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2.3 Other approaches

The visualizations produced by the SOM differ from the other methods
presented in this section, in that instead of each data point having its own
location, each data point is placed at the location of the best matching unit
on the fixed SOM grid. If labeled data exist the units can be labeled according
to the data for which the unit is the best matching unit.

Typically SOMs are visualized using the U-matrix [146] or its variants. A
gray-shade code is used to display distances between neighboring units. On
such a display, the light areas contain units that are mutually more similar
than on the dark areas (Figure 12). Technically, space is added in between
each pair of SOM units and shaded according to the distance between their
model vectors. The shade at the locations of the map units is usually set
proportional to the median or average of distances to its neighboring units.

Assessing the similarity (dissimilarity) of data points on the SOM display
is somewhat more complicated than on a scatter plot display. There are two
approaches. First the similarity can be defined simply as the distance on the
display plane like with scatter plots. This measure does not, however, take into
account the density of the model vectors that is visualized by the U-matrix.
The second way to define similarity is slightly more complex. The SOM can
be thought to form a graph where each node is a vertex and the neighboring
units are connected with edges. Each edge has a weight that is equal to the
distance between the nodes in the input space. The similarity is then defined
to be the shortest path distance between two nodes. In the U-matrix, on light
areas, such distances are shorter and on dark areas they are longer. This way
of assessing similarity is more in tune with the way an experienced analyst
utilizes the SOM.

There are two main learning algorithms for the SOM: a batch algorithm
and the sequential algorithm, which was described above. In the batch algo-
rithm the updates are done for the whole data set at the same time instead
of one data point at a time. In addition to the two main algorithms there is
a huge number of different variants of the SOM with different cost functions,
update rules and topologies [115].

a b c

Figure 12: U-matrix visualizations of the three toy data sets. a) S-shaped manifold, b)
sphere and c) clusters.
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2 METHODS FOR DIMENSIONALITY REDUCTION

2.3.2 Stochastic Neighbor Embedding (SNE)

Although SNE is quite similar to several MDS methods there is one profound
difference. The SNE algorithm [73] does not try to preserve pairwise distances
as such, but instead probabilities of points being neighbors. The pairwise
distances in the input and output space are used to define probability distri-
butions on how probable it is that the point i is a neighbor of point j. The
goal then is to find a configuration of points in the output space such that
those probabilities are the same as in the input space.

More formally, the probability pij of the point i being a neighbor of point
j in the input space is defined to be

pij =
exp (−d(xi,xj)/σ

(i)
i )

∑

k 6=i exp (−d(xi,xk)/σ
(i)
i )

, (15)

where d(xi,xj) is the squared pairwise Euclidean distance between the data

points in the input space. The parameter σ
(i)
i that controls the width of the

Gaussian is either set manually or by fixing the entropy of the distribution.
Setting the entropy equal to log k sets the “effective number or neighbors” to
k.

Similarly, the probability of the point i being a neighbor of point j in the
output space is defined to be

qij =
exp (−‖yi − yj‖

2/σ
(o)
i )

∑

k 6=i exp (−‖yi − yk‖2/σ
(o)
i )

. (16)

In the original SNE formulation the parameter σ
(o)
i is always set equal to

one for each data point. The configuration of points yi that minimizes the
Kullback-Leibler divergence [92] between the probability distributions in the
input and output spaces is the solution for the problem. The cost function is
thus

E =
∑

i

∑

j

pij log
pij

qij
. (17)

Selecting a constant width (σ
(o)
i = 1), as was originally proposed, for the

Gaussian in the output space causes SNE to perform a probability preserving
mapping, but not a distance preserving mapping. SNE can also be made

distance preserving if we set σ
(o)
i = σ

(i)
i . Whether this is desirable depends on

the application. If the input probabilities are thought to form a good model
of the structure of the data and the output distribution is a good model for

the observer then using a constant σ
(o)
i = 1 in the output space is a good

choice. On the other hand if SNE is just used as a dimensionality reduction
method for visualization then it is probably better to use the same σi in both
spaces. This removes one aspect that can make the interpretation of the results
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Figure 13: SNE projections of the three toy data sets. a) S-shaped manifold, b) sphere and
c) clusters.

harder. The performance of SNE is illustrated in Figure 13. The figures were
computed using a constant σi = 1 in both spaces.

SNE has been extended in several ways. A mixture version was introduced
in the original paper. It replaces the Gaussian probability distribution in the
output space with a mixture of Gaussians that allows the data point to have
multiple locations. Multiple Relational Embedding (MRE) [109] extends SNE
by allowing multiple similarity matrices to be used in the input space. Iwata
et al. [77] extend SNE for visualizing the data together with class labels. The
method can also very easily be modified for visualizing co-occurrence data.
SNE can also be seen as a special case of Bernoulli Relational Embedding
algorithm [153] or Linear Relational Embedding [117]. Also a semisupervised
variant of SNE, Large Margin Non-linear Embedding [173] was recently intro-
duced.

2.4 Discussion

Many of the dimensionality reduction methods rely on a graph representation
of the data manifold to describe what is local or interesting in the data. This
leads to the question of what is the best way to define the graph. Typically the
methods use k-nearest neighbor graphs in which the data point is connected
with an edge to its k nearest neighbors. The problem in this case is how to
select a suitable k. A too small k will create a graph that is not connected,
which causes problems. On the other hand, a large k will lessen the locality
of the features and might prevent the unfolding of the data manifold. For
example an edge might be added that “short-circuits” two different parts of a
nonlinear manifold. There is still very little research on how to define a good
graph for these methods. Lee and Verleysen [102] have proposed a method that
can be used to break loops in data manifolds such as spheres or toruses. Yang
[165, 166] and Carreira-Perpiñán and Zemel [29] have introduced relatively
similar graph construction methods that utilize minimum spanning trees to
create connected neighborhood graphs. It is still unclear, however, how well
these methods work in practice.
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2 METHODS FOR DIMENSIONALITY REDUCTION

Using graphs to define the data manifold also suggests that the large num-
ber of different graph layout or drawing methods could be utilized for dimen-
sionality reduction. In fact, the Laplacian Eigenmap algorithm is directly
derived from graph theory. Many of the force directed methods, such as the
algorithm from Fruchterman and Reingold [53] and the LGL algorithm [1],
that are aimed for finding layouts for general undirected graphs, could also be
suitable for dimensionality reduction. On the other hand, many dimension-
ality reduction methods can be used for finding layouts for graphs. In fact,
MDS methods have been used for graph drawing for a long time [36, 55, 82].

Another related field is intrinsic dimensionality estimation. Knowing the
intrinsic dimensionality of the data does not help in a visualization context,
because the visualization constrains the output dimensionality to two or at
most three, but it can be necessary in other tasks that dimensionality re-
duction is used for. There have been several different approaches to intrinsic
dimensionality estimation. For example methods have been based on local
PCA [54], neural networks [26, 45], inversion error [105], vector quantization
[124], geodesic entropic graphs [37], kernels [70], maximum likelihood [103],
fractals [27], and packing numbers [85].
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3 VISUALIZATION: TO TRUST OR NOT TO TRUST

One of the longstanding problems in the field of information visualization is
how to assess the quality of produced visualizations or the tools. The main
difficulty is that humans are a part of the visualization loop. This leads to
usability studies as the only way of assessing the final quality. Although work
has been done in trying to define simple, more basic visualization tasks and
criteria (see for example [4, 51]) it is still difficult to define the exact test
setting to be used in assessing a new method. In addition, usability studies
are relatively expensive and time consuming. Typically they are not available
to developers of new methods, at least at the initial stages of development.
Because of the difficulties with usability studies the need for quality metrics
has been brought up [32, 110].

The goal of quality metrics is not to assess how well humans can extract
information from the visualization but to quantify how well the visualization
represents the underlying data, without taking the human component into ac-
count. Accurate data representation and good readability of the visualization
are necessary conditions for a usable visualization. If they are not met there
is no need to assess the full visualization process in more detail.

3.1 Measuring the quality of visualizations

One of the first persons to propose metrics to evaluate the quality of visualiza-
tions was Edward Tufte [145]. He proposed measures like the data-ink ratio,
which is the ratio of ink used to draw the actual data to the ink used in the
image overall, the lie factor, the ratio of the perceived value in the image to
the real value in the data and data density which relates the amount of data to
the size of the image. Although the measures proposed by Tufte are relatively
general, and not that exactly defined, two things can be noted. First, there are
two categories of quality: technical quality and representation quality. Data-
ink ratio and data density measure the technical quality of the image, in the
sense that they are diminished by the axis labels, tick marks and other such
items that are not directly related to the data. The lie factor, on the other
hand, tries to quantify how truly the data is represented in the visualization.
Besides, it is clear that the quality of the visualization has several different
aspects and no single measure can quantify them all.

After Tufte there has been some work done to create new quality measures.
Brath [21] has extended Tufte’s concepts to 3D visualizations by proposing
measures like the mapping score and occlusion percentage. They measure the
cognitive difficulty of the mapping of dimensions to graphical features and the
ratio of data points completely covered by other points, respectively. Bertini
and Santucci [18] proposed a way to quantify data density in a way that the
number of data points in the visualization can be reduced without affecting the
overall structure seen in the data. Yang-Peláez and Flowers [167] propose to
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3 VISUALIZATION: TO TRUST OR NOT TO TRUST

measure the effectiveness of a display by comparing the information content of
the data visualization and the information capacity of the display. If they are
equal then the visualization is effective. These measures are mostly concerned
with the technical quality of the visualization.

Evaluating the representation quality of the visualization is typically very
task-specific. Different aspects of the data need to be preserved for different
tasks. For example when the task is to assess the distribution of values in
certain dimensions of a high-dimensional data set the values in that variable
should not be distorted but there is no restriction on the values in the other
dimensions. On the other hand if the goal is to represent the pairwise similar-
ities between data points then the visualization will typically not even display
single dimensions and it would be meaningless to try to assess how well the
values are preserved. In the following we will only concentrate on quality mea-
sures that are aimed at studying how well the pairwise similarities in the data
are preserved in the visualization process.

3.1.1 Use of visualization quality measures in the dimensionality
reduction literature

Table 1 gives a review of the methods that have been used to assess the quality
of dimensionality reduction methods in the literature. It contains 69 papers
from the years 2000–2006 on dimensionality reduction methods that can be
used for visualization. The papers were collected by the author in the course
of the research work. Papers on the Self-Organizing Map were not included
in the review. There is a very large amount of papers on Self-Organizing
Maps [115] and they typically differ from the other dimensionality reduction
methods in how the quality of the mapping is assessed.

The most notable finding is that 28 (≈ 40%) of the papers only presented
visualizations of toy or real data sets as a proof of quality. Most of the more
quantitative quality measures or approaches were based on two principles.
The first group of methods compares all pairwise distances or the order of all
pairwise distances. This group contains the MDS type cost functions like Sam-
mon’s cost and stress, graphical methods that relate the distances in the input
space to the output space, and various correlation measures, including rank
based correlation measures, that asses preservation of all pairwise distances.
The other common quality assurance strategy is to classify the data in the low
dimensional space and report the classification performance. This approach
was typically used with supervised methods, but also with a few unsupervised
methods.

The disadvantage of the measures that are based on all pairwise distances
is that they are not directly related to any specific visualization task, unless
one is doing distance estimation. Classification, on the other hand, is directly
related to the task where the user is trying to find specific groupings in the
data. The disadvantage of this approach is that it can be quite insensitive
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3.1 Measuring the quality of visualizations

Table 1: Methods used in publications to assess the quality of dimensionality reduction
methods. Vis. real data: Example visualization of a real world data set or a data set
that simulated a real world data set. Vis. toy data: Example visualization using a simple
toy data set. Classification: Some classification accuracy measure. MDS cost: Stress,
Sammon’s cost function or other measures of pairwise distance preservation. Graphical

distance comp.: Any graphical method that compares original and projected distances.
Cost function: The cost function of the method itself. Correlation of dist.: Some
correlation measure used between input and output distances. Trustworthiness: The
trustworthiness measure (Publ. 2). Other: Computational speed, approximation accuracy,
distribution of eigenvalues, etc.

Quality assessment Number of
method Publications References

Vis. real data 50 [3, 10, 12, 20, 39, 40, 42, 43, 59, 61,
62, 69, 72, 73, 76, 77, 80, 89, 93, 94,
95, 98, 100, 101, 102, 104, 108, 109,
112, 113, 114, 123, 126, 127, 130,
132, 138, 139, 140, 149, 152, 153,
154, 159, 160, 161, 162, 163, 164,
171]

Vis. toy data 43 [3, 10, 12, 20, 34, 42, 46, 47, 48, 59,
62, 66, 69, 89, 93, 94, 98, 99, 100,
101, 102, 104, 107, 108, 109, 123,
130, 132, 139, 140, 149, 150, 152,
153, 154, 159, 160, 161, 162, 164,
165, 166, 169, 171]

Classification 16 [13, 14, 39, 40, 61, 62, 68, 69, 77,
93, 108, 130, 144, 152, 159, 162]

MDS cost 9 [3, 29, 76, 113, 114, 121, 123, 163,
164]

Graphical distance comp. 7 [38, 66, 107, 114, 149, 155, 171]
Cost function 5 [107, 112, 140, 160, 164]
Correlation of dist. 3 [29, 165, 166]
Trustworthiness 3 [48, 72, 138]
Other 14 [38, 46, 72, 93, 94, 98, 107, 108, 123,

132, 159, 160, 161, 162]
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3 VISUALIZATION: TO TRUST OR NOT TO TRUST

if the classes are large. Classification accuracy is not affected by anything
that happens inside the classes. The other disadvantage of the classification
approach is that it requires labeled samples that are not always available.

A group of quality measures that are used in the Self-Organizing Map liter-
ature but not typically with other dimensionality reduction approaches are the
topology preservation measures. Examples of this group are the Topological
Product [8], Topological Function [151], and Topographic Error [86].

Another aspect of assessing the quality of the visualizations is that typically
the measures are not meaningful unless there is some kind of a reference that
they can be compared to. For example a 100% correct classification might
not mean that the method is good if it is known that the data set is very
easy to classify. The easiest way to provide a reference is to visualize the data
set with several methods. This will give an idea of what kind of performance
one can expect on the data set. If the method is aimed for more general use
then it should also be tested on several data sets to see that the results are
stable. Table 2 provides a summary of the number of methods compared and
the number of data sets used in the reviewed papers. Typically only one other
method was used to provide a reference to the performance of the new method.
Most commonly the reference method was PCA. The papers that had a very
large number of data sets or methods utilized the classification strategy. The
performance of the visualization method (and a classifier on top of it) was
compared with a large set of other classifiers.

3.1.2 Need for new quality measures based on simple visualization
tasks

It is quite surprising that a large number of the papers studied in the survey
did not use any quantitative measures of quality to verify the results. One
reason for this can be the lack of suitable quality measures. Of the existing
quality measures classification accuracy is the only one that is directly related
to a visualization task, the task of finding specific groupings in the data.
Unfortunately classification accuracy can only be used on the small subset of
data sets that contain labeled samples which limits its usability. It is clear
that new quality measures need to be devised and that the measures need to
be related to a specific visualization task.

In the next section a new visualization task is formulated and then quality
measures are designed for it.

3.2 Visualizing similarities: the information retrieval point of
view

Although visualization algorithms and applications have often been motivated
using an information retrieval task the connection has been vague. A more
specific connection can be developed by studying how an analyst explores the
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3.2 Visualizing similarities: the information retrieval point of view

Table 2: Number of methods compared and data sets used in publications. If the publication
introduced a new method only methods it was compared to were counted.

Methods Number of
Compared Publications References

0 8 [3, 43, 46, 99, 127, 139, 149, 160]
1 28 [10, 13, 12, 14, 34, 59, 73, 76, 93, 94, 98, 100, 101,

109, 112, 113, 123, 126, 130, 140, 144, 150, 153,
155, 165, 166, 169, 171]

2 13 [20, 38, 40, 47, 48, 68, 78, 80, 95, 138, 161, 163, 164]
3 13 [39, 42, 62, 66, 69, 72, 89, 104, 108, 114, 132, 154,

159]
4 6 [61, 77, 102, 107, 121, 162]
≥ 10 1 [152]

Total 69

Data Sets Number of
Used Publications References

1 13 [34, 43, 47, 66, 68, 72, 78, 107, 113, 126, 150, 165,
169]

2 14 [13, 38, 48, 59, 73, 93, 94, 109, 112, 121, 123, 127,
138, 160, 166]

3 16 [10, 14, 61, 76, 77, 80, 95, 99, 101, 102, 108, 114,
132, 149, 162, 163]

4 7 [12, 20, 69, 104, 139, 153, 154]
5 6 [3, 42, 98, 155, 159, 164]
6 4 [46, 62, 100, 161]
7 3 [89, 140, 144]
8 3 [130, 152]
≥ 10 3 [39, 40, 171]

Total 69
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pairwise similarities in a data set. For example the data could consist of a
large set of indicators of welfare for all the countries in the world. The analyst
then selects a country, say Finland, and tries to find out which other countries
have a similar welfare profile. He then picks a few other similar countries
for more profound study to see what makes the countries similar and what
makes them different. Another example is the case of reading an article and
trying to learn more of the subject by studying other similar papers. The third
example comes from bioinformatics. The functional class of several genes may
be known but many genes are still totally unknown. By studying the behavior
of genes in various situations a hypothesis can be formed on the functionality
of an unknown gene based on the known functions of other genes that behave
similarly. In all cases the visualization system can provide a visual interface,
that allows neighbors, similar objects, to be selected from the display. There
are two common themes in all three examples. First, the user selects one
object and then wants to find or retrieve other similar objects from the data
set. Secondly, the user is typically only interested in the small set of the most
similar items.

In a visualization context the above behavior can be used to define a new
specific task, visual neighbor retrieval, where the goal of the user is to find
neighbors of a few interesting data points. The k neighbors of a data point
are the set of k data points that lie closest to it in the input space. The task
of a visualization algorithm is then to provide a single display that allows the
user to find the neighbors of a data point as faithfully as possible, without
prior knowledge of which data points the user is going to select.

Although an information retrieval system could easily be used to present
the neighbors as a list, a visual interface to the data provides several advan-
tages. The interface remains constant. Instead of getting a different list on
every query the display remains the same. It becomes possible to remember
where the objects are located on the display. A visualization gives additional
information of the data that is not easily available from the query engine. By
looking at the visualization the user can possibly answer such questions as:
Are there unknown data points that do not seem to be related to the known
ones? Which groups are most closely related to each others? Are there denser
areas and more sparse ones? Does the data form clusters? Questions like
these are very hard to answer by doing specific queries on the neighbors of
single data points. A good visualization can help in answering them by giving
an overview of the data at the same time as providing the means to find the
neighbors of specific data points. The disadvantage is that the visualization
cannot specialize each result to a specific query in a similar way as an infor-
mation retrieval system can. An information retrieval system can produce the
correct list of neighbors every time in this case, but in general it is not possi-
ble to represent all neighbor relationships correctly in the visualization. It is,
however, possible to augment an interactive visualization system by providing
the results of an information retrieval query in addition to the visual display.

38



3.3 Measures of trustworthiness and continuity

In information retrieval the performance of the system is typically assessed
by two measures, precision and recall. Precision is defined as

precision =
NTP

k
= 1−

NFP

k
, (18)

where NTP is the number of the true positives, that is the number of correctly
retrieved relevant items, NFP is the number of the false positives and k is the
number of the retrieved items. Recall is defined as

recall =
NTP

r
= 1−

NMISS

r
, (19)

where NMISS is the number of the misses, the relevant objects not retrieved,
and r is the total number of the relevant objects in the data base.

These measures can easily be adapted to visualization. The number of
neighbors r in the input space is the set of relevant items. The set of the
retrieved items is the number of neighbors k that are looked at in the visu-
alization. Finally, for the full visualization the measures calculated for the
neighborhood of each data point need to be combined, in effect defining aver-
age precision and recall of the visualization.

The problem with the average precision and recall measures in a visual-
ization context is that they do not utilize very well the information available
in the data. The measures rely only on a binary relation but typically a lot
more information is available of the similarities of the data points. This allows
more informative measures to be developed.

3.3 Measures of trustworthiness and continuity

When the dimensionality of the data is reduced it is not in general possible
to preserve all similarities in the data. The reduction of dimensionality causes
two kinds of errors. First, data points that are not neighbors in the input space
can be mapped close by in the output space causing data points to be falsely
identified as neighbors. These are the errors that decrease the precision of the
visualization. Secondly, data points that are originally close by are mapped
far away in the visualization process. These kinds of errors are caused by
discontinuities in the mapping and result in some of the neighbor relations
not being present in the visualization. These errors reduce recall. In the
precision and recall measures these errors are quantified based on counts of
how many data points cause errors. This means that each error is equally bad.
An equal error is not intuitive in a visualization context where we usually know
the distance between data points in the input space. Intuitively, a data point
that comes into the neighborhood of another one from far away causes a larger
error than the one that comes from closer by. By ranking the data points based
on their similarity we can devise two new quality measures, trustworthiness
and continuity, that quantify the errors by the ranks of the erroneous data
points.
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3 VISUALIZATION: TO TRUST OR NOT TO TRUST

More formally the trustworthiness of a visualization is defined as follows.
Let N be the number of data samples and r(i, j) be the rank of the data sample
j in the ordering according to the distance from i in the original data space.
Denote by Uk(i) the set of those data samples that are in the neighborhood of
size k of the sample i in the visualization display but not in the original data
space. The measure of trustworthiness Mtrust(k) of the visualization is

Mtrust(k) = 1−A(k)
N

∑

i=1

∑

j∈Uk(i)

(r(i, j)− k), (20)

where the term A(k) scales the measure to be between zero and one. The
error gets its maximum value when the ranks in the input and output space
are reversed. The scaling term can then be found by considering that the
maximum error in each data points neighborhood is the sum of the k last
ranks (minus the neighborhood size k). Thus the scaling term becomes

A(k) =

{

2
Nk(2N−3k−1) , if k < N

2
2

N(N−k)(N−k−1) , if k ≥ N
2 ,

(21)

The trustworthiness measure is very closely related to the precision mea-
sure (18). The neighborhood size k in the trustworthiness measure defines the
number of items retrieved. In the precision measure the error made in the
retrieval is quantified by the number of erroneously retrieved items and then
scaled (with the number of retrieved items in this case) to lie between zero
and one. In the trustworthiness the error is quantified by the shifted ranks of
the erroneously retrieved data points. In effect we can say that the trustwor-
thiness measure is a kind of precision measure for the case where the objects
are ranked based on their relevance.

The trustworthiness measure could also be based on the distances instead
of ranks. Such a variant of the measure was tested (unpublished results)
and the behavior was very similar to the rank-based one. Differences could
arise in cases where the scales of distances vary a lot in the data space. The
choice to base the measure on ranks was made to allow the use of any ordinal
dissimilarities (or similarities) as the base for the measure instead of only
metric ones and to make it possible to scale the measure between one and
zero. This makes interpreting the resulting values easier. Additionally, using
ranks instead of distances makes the measure more robust to outliers.

The errors caused by discontinuities can be quantified analogously to the
errors in trustworthiness. Let Vk(i) be the set of those data samples that are
in the neighborhood of the data sample i in the original space but not in the
visualization, and let r̂(i, j) be the rank of the data sample j in the ordering
according to the distance from i in the visualization display. The effects of

40



3.3 Measures of trustworthiness and continuity

discontinuities of the projection are measured by

Mcont(k) = 1−A(k)
N

∑

i=1

∑

j∈Vk(i)

(r̂(i, j)− k) . (22)

The scaling factor A(k) is the same as in (20). The continuity measure is
similarly related to the recall measure as trustworthiness is to precision. Now
both the number of relevant items and the number of retrieved items is defined
by the number of neighbors k, and instead of quantifying errors purely based
on the number of misses, rankings are used. Thus a point that is projected far
away from the neighborhood in the visualization process will cause a larger
error than a point that was projected just out of the neighborhood. In recall
both errors are considered equally severe.

A small technical detail should be noted. In both measures if there are
ties in rank ordering, caused by equal distances, all compatible rank orders
are assumed equally likely. In practice the best and worst case values of the
error measures are calculated and the average of them is reported. Equal
distances do not typically occur in scatter plot visualizations, but are com-
mon in cases where visualizations are combined with clustering. For example
Self-Organizing Maps and hierarchical clustering methods [79] produce visual-
izations where equal distances are common. An additional point that should
be noted is that although the measures are normalized to lie between zero
and one, it is unlikely to have a trustworthiness or continuity value of zero in
any practical situation. In practice, an estimate of the lower bound of usable
quality can be found by studying the trustworthiness and continuity values
of purely random mappings. Typically a random mapping to two dimensions
will have both a trustworthiness and continuity value of approximately 0.5.
The actual value depends somewhat on the neighborhood size k (see Figure
14).

The trustworthiness and continuity measures can also be motivated from
the point of view of topology preservation, as was done in Publication 2.
In this framework the continuity measure is related to the other topology
preservation measures like topological product [8], topological function [151]
and topographic error [86]. They all measure the discontinuity of the mapping
in some way. The trustworthiness measure, on the other hand, does not have
any counterparts in this field.

There are two main applications for the trustworthiness and continuity
measures. First, they can be used to compare the performance of different
methods on a data set or assess the quality of a single method. Secondly, the
measures can be used to improve visualizations.

Comparing different dimensionality reduction methods. The main
application of the trustworthiness and continuity measures is to assess the
quality of visualizations. Based on the quality assessment the best run, method

41



3 VISUALIZATION: TO TRUST OR NOT TO TRUST
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Figure 14: Average trustworthiness and continuity of 100 random mappings of the S-shaped
manifold data set as a function of the neighborhood size k.

or parameters for the data set can be selected. A good way to compare meth-
ods is to study how they behave on a large range of neighborhood sizes. Al-
though small neighborhoods, relating to the data points most likely to be
thought of as relevant, are the most important ones, this gives an overview of
performance for a wide range of situations. The comparison is made by plot-
ting the trustworthiness and continuity measures of each method as a function
of the neighborhood size k. This is illustrated in Figure 15 on two real world
gene expression data sets (For a description of the data sets see Publications 3
and 4). A variation of this theme is to combine the two plots so that the axes
are trustworthiness and continuity. It should be noted that this is somewhat
different from the way precision–recall curves are used in information retrieval.
The size of the neighborhood k does not directly affect the tradeoff between
trustworthiness and continuity like in the precision–recall curves. This visual-
ization method is illustrated in Figure 16. In this display when a single value
of k is selected each method is represented by a single point instead of a curve.
Especially, if the number of the methods is large this makes the visualization
clearer.

Interpreting the curves in Figure 15 is easy. On both data sets SOM is the
best overall method being the best or second best in terms of trustworthiness
on all neighborhoods sizes while still managing to retain a good continuity.
CCA has good trustworthiness on small neighborhoods but the disadvantage
is the comparatively low continuity. SNE is the best method in terms of
continuity on both data sets and it is also among the three best methods
in terms of trustworthiness. LLE seems to perform poorly on these data
sets. It is among the worst methods on both data sets in terms of both
measures. From Figure 16 we can see that PCA seems to have an almost
constant trustworthiness on all neighborhood sizes but the continuity decreases
as the neighborhood size grows. CCA, on the other hand, decreases only
slightly in continuity while the trustworthiness decreases fast as k increases.
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3.3 Measures of trustworthiness and continuity
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Figure 15: Trustworthiness and continuity of the mapping on the Mouse gene expression
(Top) and Gene expression compendium (Bottom) data sets as a function of k, the size of
the neighborhood used in measuring them. The trustworthiness and continuity values of a
random mapping are approximately 0.5. PCA: Principal Component Analysis, LLE: Locally
Linear Embedding, LE: Laplacian Eigenmap, MDS: Metric Multidimensional Scaling, CCA:
Curvilinear Component Analysis, SOM: Self-Organizing Map, LMVU: Landmark Maximum
Variance Unfolding and SNE: Stochastic Neighbor Embedding.
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Figure 16: Trustworthiness - Continuity curves of several methods on the Mouse gene expres-
sion (Left) and Gene expression compendium (Right) data sets. The number of neighbors k

used to calculate the measures is varied from 1 to 50. The markers on the curves are set at
10 point intervals. The best performance is at the upper right corner of the plot. For key
see Figure 15.

MDS seems to have an almost constant performance on different neighborhood
sizes. More in-depth examples on how the measures can be applied to compare
or study different methods can be found in Publications 2, 3, 4, 5 and 7.

Improving visualizations using trustworthiness. There are two ways
how the trustworthiness measure can be used to improve a visualization. The
first method, used in Publication 3, is to recursively remove data points from
the visualization based on how much they reduce the overall trustworthiness.
By removing those points that are badly visualized the overall visualization
can be made more trustworthy. There are several approaches to selecting how
many data points should be removed. A desired trustworthiness value can be
set and data points removed until it is met. A threshold can be set to the
maximum total error that the data point is allowed to induce and data points
are removed until the remaining ones do not cause a large enough error. Or
simply a fixed number of points is removed. Alternatively, badly visualized
points can be marked according to how much they contribute to the overall
trustworthiness error.

The second method is to mark single data points or areas in the visualiza-
tion according to the trustworthiness of the neighborhood of the data point.
In [116] units on the SOM were color coded according to the trustworthi-
ness of the unit. On a scatterplot-like display the individual data points or
the Voronoi cells around them, as Aupetit [7] suggests, can be color coded
according to the trustworthiness of the neighborhood of the data point.

The continuity measure has not thus far been used in enhancing visualiza-
tions, but it could be possible to develop a method where the pairs of points
that contribute the most to the continuity error are colored in a similar way or
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3.4 Precision and recall of stochastic neighbors

connected with lines. This would show where the mapping is causing discon-
tinuities. If an interactive display can be used it would be easy to mark the
data points that are either too near or too far away from the selected point.
The intensity of the marker could depend on the magnitude of the error.

3.4 Precision and recall of stochastic neighbors

In the precision and recall measures the relevancy of the object is defined as a
binary variable. Each object either is or is not relevant. In the trustworthiness
and continuity measures the relevancy is defined on an ordinal scale. Objects
can also be assigned a probability of being relevant. This is in fact done in
the Stochastic Neighbor Embedding method (see Section 2.3.2), where each
data point is assigned a probability of being a neighbor of another both in the
input and output space. The Kullback-Leibler divergence is then used to find
a mapping that tries to preserve the probabilities of being a neighbor as well
as being possible.

A new interesting connection between information retrieval and SNE can
be found if we replace the Gaussian neighbor distribution used in SNE with
one where the l closest points in the input space are neighbors with a high
probability and the rest with a very low probability. Technically, this is done
by defining the probability of point j being a neighbor of point i in the input
space, pij , as a step function

pij =







a ≡ 1−δ
r

,
if point j is among the r nearest
neighbors of i in the input space

b ≡ δ
N−r−1 , otherwise

, (23)

where N is the total number of data points, r is the size of the desired neigh-
borhood and 0 < δ < 0.5 gives the non-neighbors a very small probability.

Similarly, we define the probability of j being a neighbor of i in the output
space by

qij =







c ≡ 1−δ
k

,
if point j is among the k nearest
neighbors of i in the visualization

d ≡ δ
N−k−1 , otherwise

(24)

where k is the neighborhood size in the output space.
It is straightforward to check that if δ is very small, then terms concerning

the misses dominate the SNE cost function (for details see Publication 7) and,
moreover,

D(pi, qi) ≈ NMISS
1− δ

r
log

(1− δ)

δ
=

NMISS

r
C1, (25)

where C1 is a constant and NMISS is the number of misses. Thus SNE (17)
would try to maximize (average) recall (19).
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3 VISUALIZATION: TO TRUST OR NOT TO TRUST

By reversing the direction of the Kullback-Leibler divergence we get the
following result:

D(qi, pi) ≈
NFP

k
C2, (26)

where NFP is the number of false positives and k is the number of retrieved
points. Minimizing this would correspond to maximizing precision (18).

By using the Gaussian neighbor distributions in the SNE cost function, it
can be used as a quality measure that focuses on a kind of expected smoothed
recall. Similarly by reversing the direction of the Kullback-Leibler divergence
in the cost function we get a measure that assesses a kind of expected smoothed
precision. It should also be noted that the neighbor distribution in the input
space needs not be a Gaussian distribution based on the pairwise distances.
Instead, the probabilities could arise from any probabilistic similarity model.

3.5 Discussion

One of the most important questions in the field of information visualization
is how to assess the quality of the produced visualizations. The problem is
that the final arbiter of value is the person who uses the visualization to
analyze data. To find out whether the visualization method is a good one for
a specific task, carefully controlled usability studies are required. Although
this is the case, a lot can be achieved by defining measures that can verify
that the visualization represents the data accurately. Accurate representation
of the data is a necessary, but not sufficient, condition for a good quality
visualization.

Often the quality measures used in the literature are not tuned to any
specific visualization task. The most notable exceptions are the classification
accuracy, which is connected to finding groups of similar items from the data
and the new measures introduced in this work which are connected to a new
task, visual neighbor retrieval.

For this new task three pairs of new measures were proposed. The tra-
ditional measures of information retrieval, namely precision and recall, have
been extensively used to assess the quality of information retrieval systems,
but are new in the context of information visualization. Although new, the
trustworthiness and continuity measures have been successfully used in con-
juction with several different dimensionality reduction methods. In addition
to dimensionality reduction they have also been applied to other types of
visualization methods like hierarchical clustering (Publication 3) and graph
layouts (Publication 6). In the third pair of measures the definition of similar-
ity (relevance) is based on a probabilistic model instead of a binary or ordinal
relationship. This leads to a pair of new quality measures that focus on a
form of smoothed recall and precision. In all three cases there is a tradeoff
between the pair of measures. Aiming for a high trustworthiness/precision
will typically lead to a lower continuity/recall and vice versa.
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3.5 Discussion

Although the trustworthiness and continuity measures were defined by us-
ing the k-nearest neighbors it is not the only possible way of defining the
neighborhood structure. In Publication 6 the trustworthiness and continuity
measures are extended to layouts of undirected unweighted graphs by consid-
ering all directly connected nodes as neighbors, regardless of their number.

It should be noted that while the trustworthiness and continuity measures
have shown great promise in practice, they are not sufficient to guarantee that
the visualization is good. For example, consider a data set that consists of
clusters of data points. If the visualization process magnifies the distances
between clusters in comparison to distances within clusters it can happen that
the resulting visualization only shows the clusters as small clumps and individ-
ual points cannot be seen at all. Still the trustworthiness of the visualization
can be high if the order of distances is well preserved. This illustrates that no
single measure is good enough to guarantee that the visualization is of good
quality. At least a qualitative visual check should be made to complement the
numerical measures. On the other hand, it is usually very hard to verify the
quality of a visualization by just looking at it, so this is not a magic bullet
either.
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4 METHODS FOR VISUAL NEIGHBOR RETRIEVAL

4 METHODS FOR VISUAL NEIGHBOR RETRIEVAL

In Section 2 a large number of methods was described. Each has its own
notion of what should be preserved in the dimensionality reduction process
but none of them is aimed for the visual neighbor retrieval task introduced in
the previous section.

4.1 Neighbor Retrieval Visualizer (NeRV)

In section 3.4 a pair of measures, for smoothed precision and recall, were intro-
duced. It was also noted that the cost function of a dimensionality reduction
method SNE (see Section 2.3.2) optimizes smoothed recall. As it is well known
in the information retrieval field, optimizing recall will typically lead to a low
precision and vice versa. Thus SNE focuses on only one aspect of the visual
neighbor retrieval task.

In Publication 7 a new nonlinear dimensionality reduction method, called
Neighbor Retrieval Visualizer (NeRV), is introduced. The idea is to add a
term to the SNE cost function that matches the smoothed precision measure
(26) thus bringing in the other aspect of quality. The cost function of the
NeRV algorithm is

ENeRV = λEi[DKL(pi, qi)] + (1− λ)Ei[DKL(qi, pi)]

= λ
∑

i

∑

j 6=i

pij log
pij

qij
+ (1− λ)

∑

i

∑

j 6=i

qij log
qij

pij
, (27)

where λ ∈ [0 . . . 1], is a parameter that selects the tradeoff between (smoothed)
precision and recall, pij is the probability of point j being a neighbor of point
i in the input space and

qij =
exp (−

‖yi−yj‖
2

σ2

i

)
∑

k 6=i exp (−‖yi−yk‖2

σ2

i

)
, (28)

is the probability of point j being a neighbor of i in the output space. If λ
is set to one then the NeRV cost function will be reduced to the SNE cost
function and it tries to maximize recall. With λ = 0 the cost function tries
to maximize precision. The width of the Gaussian neighborhood σi is set in
a similar way as in the SNE algorithm. Either a suitable value is selected
manually or it is optimized to set the effective number of neighbors for each
data point. In our experiments a suitable value for the number of effective
neighbors has been around 20.

For optimizing the NeRV cost function we have used the following strategy.
The optimization is started with a relatively large σ that is the same for each
data point. A few gradient optimization steps are preformed and then σ is
reduced. This is repeated a few times. When σ becomes smaller than σi the
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4.1 Neighbor Retrieval Visualizer (NeRV)

reduction of the width of the Gaussian for the data point i is stopped and
the width is set to σi. Finally a longer optimization is performed keeping all
σi:s constant at their desired final values. In our experiments we have used
conjugate gradient optimization [9] to perform the optimization steps, but any
gradient based optimization method could be used.

The effect of λ is illustrated in Figure 17 on the Sphere data set. When
λ = 0 the method focuses on optimizing precision and the sphere is split open.
Increasing λ pulls the sides of the split sphere closer until they start to get
mixed within the central area. At this point small artefacts, empty spaces,
appear in the inner part of the image. These are caused by the first part
of the cost function that tries to increase precision by pushing the offending
points further away from each other. Finally, the sides of the sphere are
pulled together and the sphere appears to have become squashed flat. When
compared to other methods NeRV has outperformed them in terms of both
trustworthiness and continuity (see Publication 7).
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Figure 17: The effect of λ on the NeRV projections of the Sphere data set.When λ = 0 the
sphere is split open. Increasing λ causes the sides to be pulled closer together and finally
the sphere appears to have become squashed flat.

The main drawback of the NeRV algorithm is its computational complex-
ity. Each gradient step is of complexity O(n3), where n is the number of
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4 METHODS FOR VISUAL NEIGHBOR RETRIEVAL

data points. This makes NeRV only practical for relatively small data sets.
One possibility for reducing the computational complexity of NeRV is to use
landmarks [42] to reduce the number of distances that are included in the
computation. The idea is to select a sample of data points, landmarks, and
only compute pairwise distances between the landmarks and from landmarks
to other points. Another strategy is to change the cost function to an approx-
imative one.

Zhu and Rohwer [172] have developed an information-geometric extension
of the Kullback-Leibler divergence that is valid for all positive measures instead
of just normalized ones. The extended divergence is

DKLe(pi, qi) =
∑

j 6=i

qij − pij + pij log
pij

qij
. (29)

By replacing the Kullback-Leibler divergences in the NeRV cost function with
the extended divergence we can use the exponential density values in pij and
qij (28) without the normalization. This reduces the complexity of the gra-
dient step to O(n2) which is comparable with other distance based methods.
The method optimizing this approximate cost function is called fast Neighbor
Retrieval Visualizer (fNeRV). As can bee seen by comparing Figures 17 and
18 fNeRV behaves similarly to NeRV when λ is varied (for a more in-depth
comparison see Publication 7).

4.2 Local Multidimensional Scaling (LocalMDS)

In the previous section a dimensionality reduction method, NeRV, was in-
troduced. It optimizes a quality measure derived from the visual neighbor
retrieval task. The disadvantage of the method is its high computational cost.
In Publication 5 a new method, called Local Multidimensional Scaling (Lo-
calMDS), is introduced. Although it was originally introduced before NeRV,
it can be thought of as a more heuristic but faster method aimed at achieving
the same goals. It is a derivative of CCA (Section 2.1.2) with the ability to
control the tradeoff between trustworthiness and continuity of the mapping.

The CCA cost function,

E =
1

2

∑

i

∑

j 6=i

(d(xi,xj)− d(yi,yj))
2F (d(yi,yj), σy) , (30)

penalizes errors in preserving distances of points that are neighbors in the
output space. By disregarding errors in distances between points that are far
from each other in the visualization but close by in the input space, CCA
allows discontinuities to be created in the mapping. These discontinuities
allow better preservation of local distances on both sides of the “cut” which
usually leads to good trustworthiness in the resulting visualization. On the
other hand, the discontinuities reduce the continuity of the mapping.
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4.2 Local Multidimensional Scaling (LocalMDS)
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Figure 18: The effect of λ on the fNeRV projections of the Sphere data set.When λ = 0 the
sphere is split open. Increasing λ causes the sides to be pulled closer together and finally
the sphere appears to have become squashed flat.
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Figure 19: The effect of λ on the LocalMDS projections of the Sphere data set.When λ = 0
the sphere is split open and spread out. When λ is increased the sides get pulled closer
together.

The idea is to add a term to the cost function that discourages formation of
discontinuities. This is achieved by additionally penalizing errors in distances
between points that are close by in the input space. The tradeoff between
these two terms governs the tradeoff between trustworthiness and continuity.
The cost function of LocalMDS is

E =
1

2

∑

i

∑

j 6=i

[(1− λ)(d(xi,xj)− d(yi,yj))
2F (d(yi,yj), σi)+

+ λ(d(xi,xj)− d(yi,yj))
2F (d(xi,xj), σi)]

=
1

2

∑

i

∑

j 6=i

(d(xi,xj)− d(yi,yj))
2×

× [(1− λ)F (d(yi,yj), σi) + λF (d(xi,xj), σi)] , (31)

where the parameter λ ∈ [0 . . . 1] controls the tradeoff. When λ is set to zero
the cost function is reduced to that of the basic CCA algorithm, with the
exception that the neighborhood final radii are set differently for each data
point. A good setting for λ is usually in the range [0 . . . 0.5]. The cost function
is optimized with the stochastic gradient descent introduced for CCA in [44].
As in the CCA algorithm, during the optimization the radius of the area of
influence around data point i, σi, is slowly reduced. The final radius is set
equal to the distance of the k:th nearest neighbor of the data point i in the
original space. In practice a value around k = 20 has proven to be a good
choice on the data sets tested.

The effect of λ on visualizations is illustrated in Figure 19 on the Sphere
data set. When λ = 0 the sphere is split open and the parts are spread out.
Increasing λ has the effect of pulling the sides of the split closer together.
In experiments (see Publications 5 and 7) LocalMDS has achieved results
comparable or better than other methods tested except NeRV, in terms of
both trustworthiness and continuity. While the performance of LocalMDS in
not quite as good as NeRV’s it makes up for this by being faster.
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4.3 Similarity-based color coding and graph layouts

4.3 Similarity-based color coding and graph layouts

There are two additional applications that NeRV, fNeRV and LocalMDS could
be used for in information visualization. The first application is similarity-
based color coding and the second is creating graph layouts.

Similarity-based color coding. Color has traditionally been used in in-
formation visualization to code values by mapping the values of a variable to
colors on a color scale. In some cases two variables have been mapped to a
color at the same time by using a specially developed two-dimensional color
scale. In a few cases three variables have been linked with the three com-
ponents of the color space to produce a three dimensional color space. This
approach was used in the Figures of Section 2, where the original coordinates
of each data point were coded using the red, green and blue component of the
RGB color space. A more profound discussion on traditional color scales can
be found in [125] and [156].

In this work a novel approach to color coding is introduced. Instead of
mapping the variables directly to colors or color components the data points
are assigned colors based on their similarity. The goal is to define a color
mapping where similar data points have similar colors and dissimilar data
points have colors that are perceived to be different.

In Publication 1 a similarity-based color coding method was introduced
for the Self-Organizing Map. The U-matrix visualization commonly used with
the SOM (see Section 2.3.1) can be somewhat unintuitive to a user who is not
familiar with the methodology. The goal was to create a visualization method
that is both intuitive and conveys the same information that the U-matrix
visualization does. The added benefit of using color coding is that the simi-
larity structure found by the Self-Organizing Map can be easily connected to
some other display of the data. This is illustrated in Figure 20, where the
colors associated with the SOM units have been used to color a geographi-
cal map of the world. Similar colors indicate that the countries are similar
in terms of welfare. In the literature there are two other approaches for cre-
ating similarity-based color codes for the SOM. The first uses a contraction
model [71] and the second is a very simple approach aimed for SOM-based
geovisualization [65].

The problem with using the SOM to create the color code for the data is
that several data points are assigned the same color even though they are not
exactly similar. We could easily apply NeRV, fNeRV and LocalMDS to project
the data points into a color space. This could be done using two strategies.
The first one is to project the data to two or three dimensions and then scale
and rotate the projection so that it fits the color space. The other strategy is
to define a penalty function for points that lie outside the gamut of the output
device, that is the set of colors reproducible on the device, and optimize the
fit to the gamut together with the dimensionality reduction. Although this
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Figure 20: The Self-Organizing Map of world poverty (Publication 1 Figure 2). On the left:
the SOM grid has been color-coded according to the similarity of the units. On the right:
a geographical display of the same data. The colors illustrate the similarities found by the
SOM.

was the strategy used for coloring the SOM in Publication 1, the projection
method used in the publication depends on the order defined by the SOM grid
and would not be applicable in a more general setting.

Creating graph layouts Graph visualization, or graph drawing, is a spe-
cialized area of information visualization. The goal is to find positions for the
nodes in a graph in such a way that the resulting layout fulfills some goodness
criteria. Although many goodness criteria have been used, most of them are
based on purely esthetic values. The only criterion that has been shown to be
clearly related to the readability of graphs in controlled usability studies is the
number of edge crossings [122, 157], that is, the number of times the edges of
a graph cross each other in the visualization. Unfortunately optimizing this
criterion is a computationally very hard problem and typically more heuristic
methods have to be applied.

There are some preliminary results (see Publication 6) that the LocalMDS
algorithm outperforms some of the graph layout methods used for general
undirected graphs. It is conceivable that NeRV might be even better for this
task. An example of a graph layout produced by NeRV is given in Figure 21.
To produce graph layouts with these methods the pairwise shortest path dis-
tance matrix is first calculated and then used as input for the dimensionality
reduction method. The output is the locations of the nodes in the visualiza-
tion.

4.4 Discussion

The three nonlinear dimensionality reduction methods, NeRV, fNeRV and
LocalMDS, introduced above, are aimed at visualizing similarity structures
in the data. On several data sets they have been found to outperform other
dimensionality reduction methods in terms of trustworthiness and continuity.
One drawback that these and the most of the other nonlinear dimensionality
reduction methods have is that the basic formulation does not allow adding
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Figure 21: A Layout of the Lee data graph (see Publication 6). The layout was produced
with NeRV, λ = 0.4, k = 15. There are 32 edge crossings in this layout and the graph trust-
worthiness and continuity are 0.99 and 0.96 respectively (for more details on the measures
see Publication 6).

new points to the visualization without recomputing the whole solution. There
are two strategies on how this can be solved. First, it is possible to run the
algorithm keeping all other points constant and only optimize the locations of
the new points. The problem with this approach is that the new points easily
get stuck in local optima. The second strategy is to specify that each point in
the original visualization is a model vector that represents an area around it in
the original space. When a new point arrives we assign it to the location of the
best matching point in the visualization. The disadvantage of this approach
is that the positions of new points are restricted to lie only at the locations
of the points in the original data set. On the other hand, this method allows
visualization strategies that are commonly used in conjuction with the Self-
Organizing Map. For example we might show the trajectory of process states
on the visualization in real time for process monitoring purposes.

In the definition of the visual neighbor retrieval task (Section 3.2) it was
assumed that there is no prior information on which data points are selected for
neighbor retrieval and thus the errors in retrieving neighbors of each data point
are treated equally. In many cases, however, there is some prior information
available. For example, when analyzing gene expression data we would usually
be more interested in the unknown genes than in the known ones. In such a
case the visualization method should focus on preserving the neighborhoods
of the points more likely to be analyzed. This additional knowledge can be
incorporated into the NeRV cost function by assigning each point a probability
Pi of the point being selected for analysis. The NeRV cost function would then
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become

ENeRV = λ
∑

i

Pi

∑

j 6=i

pij log
pij

qij
+ (1− λ)

∑

i

Pi

∑

j 6=i

qij log
qij

pij
. (32)

In the original cost function (27) the expectation is taken over the implicitly
assumed uniform distribution. In effect, here the uniform distribution is re-
placed with the distribution of points being selected for analysis. A similar
change could also be made to LocalMDS and fNeRV.

Other possible extensions to NeRV include all extension of SNE. For ex-
ample the Parametric Embedding [77] approach for visualizing co-occurrence
data and the multiple relational embedding extension of Mevisevic and Hin-
ton [109] could easily be applied to both NeRV and fNeRV. The LocalMDS
algorithm could possibly benefit from changing the neighborhood from a step
function to a Gaussian. This could allow for an even better control of the
tradeoff between trustworthiness and continuity.
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5 USING DIMENSIONALITY REDUCTION TO STUDY RE-
SULTS AND CONVERGENCE OF MCMC
SAMPLING

Bayesian modeling (see [16] and [57] for a more in-depth description) is a
principled way of incorporating prior knowledge into data analysis. The uncer-
tainty in the data, D, is transformed into uncertainty in the model parameters,
θ, with the use of the Bayes Formula

p(θ|D,M) =
p(D|θ,M)p(θ|M)

∫

p(D|θ,M)p(θ|M)dθ
, (33)

where M is the model, p(θ|D,M) is the posterior distribution of the model
parameters, p(D|θ,M) is the likelihood term, p(θ|M) is the prior distribu-
tion of the parameters that encodes our knowledge before seeing the data,
and

∫

p(D|θ,M)p(θ|M)dθ is a normalizing term. The posterior distribution
encodes our knowledge of the situation after seeing the data. Unfortunately
the posterior distribution can only be solved in closed form for very simple
models and in practice some approximation method has to be used. Com-
mon approaches for approximating the posterior are variational methods [81]
and different sampling methods such as importance sampling [57] and Markov
Chain Monte Carlo (MCMC) [60] sampling. Of these we will focus on MCMC
sampling which is the most commonly used method for handling more complex
problems.

MCMC sampling is a very versatile yet computationally intensive proce-
dure, which produces samples of parameter values from the posterior distri-
bution. Probably the two most commonly used MCMC algorithms are the
Metropolis-Hastings [67] algorithm and the Gibbs sampling [56] algorithm. In
the Metropolis-Hastings algorithm samples are drawn from a jump or proposal
distribution Jt(θ

∗|θt−1). The sample is accepted with the probability

Paccept =
p(θ∗|D)Jt(θ

t−1|θ∗)

p(θt−1|D)Jt(θ
∗|θt−1)

, (34)

otherwise the previous sample is repeated. This produces samples that are
eventually distributed according to the posterior distribution p(θ|D). The
Gibbs sampler differs from the Metropolis-Hastings algorithm in two ways.
First, it cycles through the parameters and draws only one parameter at a
time. Secondly, the sample is drawn from the conditional distribution of the
variable being sampled given all other variables and data. The sample is
accepted each time. The Gibbs sampler can also be seen as a special case
of Metropolis-Hastings algorithm where the jump distribution is replaced by
the conditional distribution. This makes the acceptance probability Paccept

equal to one. Another variant of the Metropolis-Hastings algorithm is the
Reversible Jump MCMC [64] algorithm which allows sampling from models
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with different complexities during the same sampling run. The result is a
sample of the posterior distribution over different models in addition to the
normal posterior distribution of the parameters of the models.

All of these sampling methods have a common problem in practice. The
samples come from the true posterior distribution only after the sampler has
converged. Convergence often takes only a few samples on simple models but
it can also be very slow and take thousands of samples on more complicated
models.

5.1 Assessing convergence of a MCMC simulation

There are several strategies for monitoring convergence (for reviews and new
developments see [2, 24, 25, 49]). A common approach is to start the simula-
tion from several different initial conditions and to measure when the different
simulation chains become sufficiently mixed together. A slight variation of
this idea is to monitor different parts of the same simulation chain. In both
approaches the idea is to monitor how some statistic varies between the dif-
ferent chains or different parts of the chain. If the simulation has converged,
the statistic is the same in all chains or parts. Two of the most commonly
used convergence measures are the Potential Scale Reduction factor (PSRF)
[58] and its multivariate extension [23].

5.1.1 Univariate PSRF

The Potential Scale Reduction Factor (PSRF) was proposed by Gelman and
Rubin [58]. Multiple MCMC sequences are started from different (overdis-
persed) initial points. At convergence the chains should come from the same
distribution, which is assessed by comparing the variance and mean of each
chain to those of the combined chain.

The PSRF is defined as follows. A number (m) of parallel chains are
started, with 2n samples each. Only the last n samples from each chain are
used.

The between-chain variance B/n and pooled within-chain variance W are
defined by

B

n
=

1

m− 1

m
∑

j=1

(

θ̄j· − θ̄··
)2

and (35)

W =
1

m(n− 1)

m
∑

j=1

n
∑

t=1

(

θjt − θ̄j·

)2
, (36)

where θjt is the parameter value of the t:th sample in the j:th chain, θ̄j· is the
mean of the samples in chain j and θ̄·· is the mean of the combined chains.
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By taking the sampling variability of the combined mean into account we
get a pooled estimate for the posterior variance

V̂ =
n− 1

n
W +

(

1 +
1

m

)

B

n
. (37)

Finally an estimate R̂ of PSRF is obtained by dividing the pooled posterior
variance estimate with the pooled within chain variance,

R̂ =
V̂

W
=

n− 1

n
+

(

1 +
1

m

)

B

nW
. (38)

If the chains have converged, the PSRF is close to one. A rule of thumb
says that the simulation has converged if the value is below 1.2 [57]. The
measure does not guarantee convergence, however. The chains might not have
traveled the whole state space yet and might still be able to discover possible
new areas of high probability if the sampling was continued.

5.1.2 Multivariate PSRF

One weakness of the PSRF measure is that it is only applicable to one vari-
able at a time. Brooks and Gelman [23] have extended it to a multivariate
version, MPSRF. It is defined, similarly to the univariate PSRF, in terms of
the estimate of the posterior covariance matrix

V̂ =
n− 1

n
W +

(

1 +
1

m

)

B

n
, (39)

which we get from (37) by replacing the scalar variances B/n and W with the
corresponding covariance matrices

B

n
=

1

m− 1

m
∑

j=1

(

θ̄j· − θ̄··

) (

θ̄j· − θ̄··

)T
and (40)

W =
1

m(n− 1)

m
∑

j=1

n
∑

t=1

(

θjt − θ̄j·

) (

θjt − θ̄j·

)T
. (41)

In the multivariate case the comparison of within-chain variance to the
pooled variance requires comparing the matrices. There are several ways how
this could be done. Brooks and Gelman chose to summarize the comparison
by a maximum root statistic which gives the maximum scale reduction factor
of any linear projection of θ. The estimate R̂p of MPSRF is defined by

R̂p = max
a

aT V̂a

aTWa
(42)

=
n− 1

n
+

(

1 +
1

m

)

max
a

aTBa/n

aTWa
(43)

=
n− 1

n
+

(

1 +
1

m

)

λ1, (44)
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where the λ1 is the largest eigenvalue of the matrix W−1B/n.

5.2 Visualizing convergence of a MCMC simulation

The convergence measures discussed in Section 5.1 cannot tell why simulations
did not converge and in some cases they might even be fooled to falsely indicate
convergence. It is therefore a common practice to complement the measures
with visualizations of the MCMC chains. The visualizations help to assess
convergence in detail and help to analyze reasons for convergence problems.
On the other hand, visualizations are not very good for monitoring convergence
and should only be used to check the results and to identify possible causes
for convergence problems.

MCMC chains have traditionally been visualized in three ways (Figure 22)
Each parameter of the posterior samples can be plotted as a separate time
series, or the marginal distributions can be visualized as histograms. The
third option is a scatter or contour plot of two parameters at a time, possibly
showing the trajectory of the chain on the projection. The obvious problem
with these visualizations is that they do not scale up to large models having
lots of parameters. The number of displays would be large, and it would
be hard to grasp the underlying high-dimensional relationships of the chains
based on the component-wise displays.

Some new methods have been suggested. Advanced computer graphics
methods can be used to visualize the shape of a three-dimensional distribution
[158]. Alternatively, if the outputs of the models can be visualized in an
intuitive way, an animation of the MCMC chain can be created. Each frame
is a visualization of an individual sample [96]. However, these visualizations
are applicable only to special models.

The worst problem with the straightforward visualization methods is that
they lack the means to focus on visualizing variables or dimensions that are
relevant for convergence. This worsens the problems caused by the required
large number of plots. There has been some work on developing methods that
are aimed for visual assessment of convergence [111, 168]. These methods plot
a statistic that is related to the convergence of the model and the convergence is
then assessed from the shape of the curve. The problem with these approaches
is that they rely on an aggregate statistic that is plotted instead of plotting
the produced samples, and are thus of little help in finding out causes of
convergence problems.

5.2.1 Principled visualization of MCMC convergence with LDA

The goal of Linear Discriminant Analysis (LDA) [142] is to find the linear
transformation y = aT

θ that maximizes the variance between classes, relative
to the variance within classes. Here θ is the multivariate data vector and a
contains the parameters of the transformation. More formally, LDA solves the
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a

b

c

Figure 22: Common visualization methods used for visualizing convergence and results of
MCMC simulations. a) Time series plots of variables. b) Histogram plots of marginal
distributions. c) Scatter or contour plots of the joint marginal distribution of two variables.
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problem

max
a

aTBssa

aTWssa
, (45)

where Bss and Wss are the between class and within class sum of squares and
cross products (SSCP) matrices which differ only by a constant scale from
the corresponding covariance matrices (40) and (41). This is a generalized
eigenvalue problem, and its solution a is the eigenvector corresponding to the
largest eigenvalue of W−1

ss Bss.
Hence, disregarding the constants, MPSRF (43) equals the cost function

of LDA where the MCMC chains are the classes. In other words, optimizing
LDA is equivalent to choosing the component that best detects convergence,
in the sense of the MPSRF. Projection of the samples using the first LDA
component produces a projection that best separates the samples of different
chains. There is no reason why only one component should be used for the
projection, however. By using two components a scatter plot image can be
produced. The only difference from the traditional plot of the joint marginal
distribution of two parameters is that now the image axes are linear combina-
tions of variables and the separation of different chains is maximized. Figure
23 illustrates how LDA can be used to visualize MCMC convergence prob-
lems. In this case some of the chains (2, 8, 9, 10) have got stuck in one mode
in a multimodal posterior distribution and are not mixing with the others.
They are clearly separated from the others in the visualization. A more pro-
found description of the simulation and analysis of the results can be found in
Publication 9.
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Figure 23: Two-dimensional LDA projection of samples from a MCMC simulation. Four of
the chains are clearly separated from the others. Each chain has been given a unique color.

Problems with LDA. Like the PSRF and MPSRF measures, LDA com-
pares only means and covariances. In addition, LDA assumes that each class
is normally distributed and has the same covariance matrix. If these assump-
tions are correct, LDA discriminates optimally between two classes. However,
this does not hold in general. Another problem surfaces when generalizing
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LDA to several classes. The objective considers only pairwise divergences be-
tween classes, and does not result in a direction that discriminates optimally
between all classes (for more information see the appendix of Publication 9).
This is most evident in a situation where one of the classes is far away from
the other classes. In such a case the first component of LDA will focus on sep-
arating the far away class from the others, mostly disregarding the variation
between the nearby classes.

In the specific case of visualizing MCMC convergence, the posterior dis-
tributions being simulated are often not Gaussian, especially when there is
only a small amount of data. Furthermore, the MCMC chains do not have the
same covariance matrix before convergence. Therefore, although LDA often
works well in practice, it is suboptimal.

5.2.2 Relevant Component Analysis

These shortcomings can be overcome by using a recently introduced generaliza-
tion of LDA, Relevant Component Analysis (RCA; the method is also called In-
formative Discriminant Analysis or Discriminative Component Analysis)[119].
It finds discriminative components by directly maximizing their class-prediction
power. Formally, the conditional (log) likelihood

L =
∑

(θ,c)

log p(c|WT
θ) (46)

of classes is maximized within the subspace formed by the components. Here
θ is the sample, c is the chain, and W is the (orthogonal) projection matrix
whose columns are the component directions. More details on the method and
a sketch of the connection between LDA and RCA is presented in Publication
9.

The disadvantage of using RCA instead of LDA to visualize convergence
problems is its higher computational cost. The optimization method used is
iterative and there are several parameters in the current method, that have
to be set by using cross-validation [133, 136] techniques. It is still somewhat
unclear in which practical situations it is better to use LDA and in which
RCA. The new sped-up variant of RCA [118] has partly solved the problem,
however. Recently other linear discriminant methods such as the Large Mar-
gin Component Analysis algorithm [144] have been introduced and they could
also be used to visualize convergence problems. In addition some nonlinear
discriminant methods could also be utilized, but care should be taken to keep
the mappings from overfitting the data. A too flexible mapping will discrimi-
nate between points, even if the chains come from the same distribution, given
a chain of only a finite length.
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5.3 Visualizing the result of a MCMC simulation using the
Fisher metric

Besides using visualizations to analyze problems in convergence of MCMC
simulations, they can also be used to study the posterior distribution once
the simulation has converged. If the posterior distribution is high-dimensional
the traditional methods of visualization of posterior distributions, illustrated
in Figure 22, suffer from the large number of images needed to cover all pa-
rameters. It is also easy to find examples where the histograms of marginal
distributions or even low-dimensional linear projections of a high-dimensional
posterior distribution can give a misleading picture of the shape of the distri-
bution (for an illustration see Publication 8). In such cases it can be beneficial
to use nonlinear projection methods such as the ones described in Section 2
to visualize the distribution.

In many cases the goal of Bayesian analysis is not only to find the poste-
rior distribution of a certain parameter, but to utilize the whole posterior for
decision making or prediction of future values. In fact, Bayesian analysis can
be derived from the need to make rational decisions [16]. In such cases the
parameters of the model are not the focus of the study and the model can be
reparametrized, for example to have better convergence properties, without
any effect on the decisions or predictions.

Traditional visualizations of the posterior distribution depend on the pa-
rameterization of the model. If the parameterization is changed the visual-
ization changes even though the resulting model does not change. A related
problem is that a straightforward visualization of the posterior does not reflect
the effect the parameters have on the model. A small change of parameter
values might cause a large change in the model output if the model is sensitive
in that part of the parameter space and vice versa.

Most visualization methods take the parameterization of the model and the
metric it induces as given without any regard on how they effect the model. A
parameter that has no effect on the model is given as much weight in forming
the visualization as the one that is very relevant. In Publication 9 a new
approach is introduced.

The difference of two distributions can be measured with the Kullback-
Leibler divergence DKL. If the distributions are close-by the divergence is

DKL(p(D̃|θ), p(D̃|θ + dθ)) = dθ
TJ(θ)dθ, (47)

where J is the Fisher information matrix

J(θ) = −E
p(D̃|θ)

[

(

∂

∂θ
log p(D̃|θ)

) (

∂

∂θ
log p(D̃|θ)

)T
]

. (48)

This defines the so called Fisher or information metric [5, 84] of the pa-
rameter space. Distances between two far-away points are defined as path
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integrals along the shortest path between the points. The path integrals can-
not usually be calculated in closed form and have to be approximated. A very
simple local approximation can be formed by calculating the metric based on
the Fisher matrix either at one or both of the endpoints of the path only. This
approach has been used in Publication 8 and in [83]. This simple approxima-
tion is suitable for visualization methods that rely mostly on local features.
On methods that require all pairwise distances more complex approximations
are required. Examples of approximations using graph distances or multiple
evaluations of the Fisher Matrix along the direct path between points can be
found in [120].

Publication 8 introduces a Self-Organizing Map algorithm that uses Fisher
distances of the model family for visualizing high-dimensional posterior dis-
tributions in a way that reflects the effect the parameters have on the model.
For example, if some parameter has only a small effect on the model we might
remove it from the model altogether. Or we might not consider it at all when
checking the convergence of the simulation. On the other hand, we might
identify parameters or parameter ranges where the model is very sensitive and
then pay more attention to them. Any other distance-based projection method
could also be utilized in a similar way. An example in a different context of
using Sammon’s Mapping in the Fisher metrics is given in [120].

5.4 Discussion

The visualization methods presented here can easily be utilized on many kinds
of models, but there are two classes of models that cause problems. The first
class is formed of the models that have an inherent unidentifiability built into
the model structure, as in mixture models. The order of the components in the
mixture can be changed without affecting the model in any way. The result is a
multimodal posterior distribution which causes problems for all methods that
try to diagnose convergence from several chains or from different parts of the
same chain. Typically each chain mostly stays in only one mode (defined by
one ordering of the components). Only very seldomly a chain moves between
different modes. Comparing the chains based on the parameter values will thus
lead to the conclusion that no convergence can be seen. In a strict sense this
is true; all chains have not visited all possible modes and thus the distribution
is not the true posterior. In practice, however this is a too constrained view.
A better way to define convergence would be to say that the simulation has
converged if everything except the ordering has converged. One way to solve
the problem with unidentifiability is to use post processing to fix the ordering.
Stephens has proposed a method to do this [135]. Another possibility might
be to study convergence based on the posterior predictive distribution that is
not affected by the unidentifiability in the model structure.

The second set of models that poses problems for convergence monitoring
and especially visualization are the models with varying dimensionality. Sim-
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ulation methods such as reversible jump MCMC [64] and Death and Birth
processes [134] allow sampling to traverse through models with different com-
plexities instead of focusing on only one model complexity at a time. The
change in the number of parameters between different complexities makes it
hard to analyze convergence and especially to visualize the sampling results.
It might be possible to create visualizations based on the approaches [22, 30]
that extend the MPSRF measure to cases where the complexity of the model
is changed. Other possibilities are to use pairwise divergence measures be-
tween samples to from a distance matrix and then use MDS methods to form
a vector representation that is of a constant dimensionality. A third possibility
would be to base the visualization on the posterior predictive distribution.
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One of the main problems in information visualization is the lack of suitable
measures for assessing the quality of visualizations. A new visualization task,
visual neighbor retrieval, that connects information visualization and informa-
tion retrieval is introduced in this thesis. The connection between these two
fields allows concepts from the information retrieval field to be utilized in an-
alyzing the performance of dimensionality reduction methods. Based on these
concepts two pairs of new quality measures, trustworthiness and continuity,
and smoothed precision and recall, were introduced in this thesis.

Analyzing the behavior of existing dimensionality reduction methods in a
visualization context has led to a better understanding of which methods are
suitable for which tasks. These insights have also allowed the development of
three new methods, NeRV, fNeRV and LocalMDS, which are aimed for the
visual neighbor retrieval task. Of these NeRV directly optimizes a compro-
mise between smoothed precision and recall. In experiments all three new
algorithms have outperformed other methods in the visual neighbor retrieval
task.

In addition to visual data analysis these methods seem to be well suited
for two additional tasks: creating similarity-based color scales and producing
graph layouts. The similarity-based color scale is a new approach to assigning
colors to data points in visualizations. The similarity between data points is
coded as a color difference. This allows combining similarity information to
some other structure in the data. For example a data set consisting of eco-
nomic indicators of countries defines the economic similarity between coun-
tries. By assigning colors based on this data and then coloring the countries
on the world map we can find out how economically similar countries are
located geographically. Graph visualization is a field that is gaining momen-
tum. Especially in bioinformatics the number of graph-structured data sets
is increasing rapidly. Based on the preliminary results in this theses the new
methods, NeRV, fNeRV, and LocalMDS, could be applied to produce good
graph layouts.

Markov Chain Monte Carlo simulation is one of the leading methodologies
used in Bayesian modeling. Thus far there has been very little work on using
visualization methods in analyzing the results. In this theses a new visual
approach to analyzing convergence problems and a new method for studying
the effect the model parameters have on the model output is introduced.

There are several ways the work presented in this theses can be contin-
ued. The new quality measures only measure two aspects of the visualization
quality and it would be beneficial to define new visualization tasks and qual-
ity measures based on them. Another direction would be to extend the new
methods to new fields. The preliminary study where LocalMDS was found to
outperform other graph layout methods is a step in this direction. It is still
unclear why LocalMDS performs so well in creating graph layouts and further
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work is needed. Finally, the visualization approach to studying convergence
problems in MCMC simulations could be extended to more complex models.
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editors, Advances in Neural Information Processing Systems 17, pages 225–232,
Cambridge, MA, 2005. MIT Press.

[30] John M. Castelloe and Dale L. Zimmerman. Convergence assesment for Re-
versible Jump MCMC samplers. Technical report, Department of Statistics
and Actuarial Science, University of Iowa, Feb 2002.

[31] J. M. Chambers, W. S. Cleveland, B. Kleiner, and P.A. Tukey. Graphical
methods for Data Analysis. Wadsworth, Belmont, CA, 1983.

[32] Chaomei Chen. Top 10 unsolved information visualization problems. IEEE
Computer Graphics and Applications, 25:12–16, 2005.

[33] Herman Chernoff. The use of faces to represent points in k-dimensional space
graphically. Journal of the American Statistical Association, 68:361–368, Jun
1973.

[34] G. Choi and S. Choi. Kernel Isomap. Electronics letters, 40:1612–1613, 2004.

[35] W.S. Cleveland and R. McGill. The many faces of a scatterplot. Journal of the
American Statistical Association, 79:807–822, 1984.

[36] Jonathan D. Cohen. Drawing graphs to convey proximity. ACM Transactions
on Computer-Human Interaction, 4:197–229, 1997.

[37] Jose A. Costa and Alfred O. Hero. Geodesic entropic graphs for dimension
and entropy estimation in manifold learning. IEEE Transactions on Signal
Processing, 52:2210–2221, 2004.

[38] Jose A. Costa, Neal Patwari, and Alfred O. Hero III. Distributed multidimen-
sional scaling with adaptive weighting for node localization in sensor networks.
ACM Journal on Sensor Networking, 2:39–64, 2006.

[39] Dick de Ridder, Olga Kouropteva, Oleg Okun, Matti Pietikäinen, and
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[85] Balázs Kégl. Intrinsic dimension estimation using packing numbers. In S. Thrun
S. Becker and K. Obermayer, editors, Advances in Neural Information Process-
ing Systems 15, pages 681–688, Cambridge, MA, 2003. MIT Press.

[86] Kimmo Kiviluoto. Topology preservation in self-organizing maps. In Proceedings
of IEEE International Conference on Neural Networks, volume 1, pages 294–
299. IEEE, June 1996.

[87] Teuvo Kohonen. Self-organized formation of topologically correct feature maps.
Biological Cybernetics, 43:59–69, 1982.

[88] Teuvo Kohonen. Self-Organizing Maps. Springer, Berlin, 3rd edition, 2001.

[89] Yehuda Koren and Liran Carmel. Robust linear dimensionality reduction. IEEE
Transactions on Visualization and Computer Graphics, 10:459–470, 2004.

[90] Olga Kouropteva, Oleg Okun, and Matti Pietikäinen. Incremental locally linear
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