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Abstract

The osmotic water flow and the solute flow through three different commercial cellulose acetate membranes were measured with

different NaCl concentrations, hydrostatic pressures and module flow conditions. Based on the measurements, the concentrations on

the surfaces of the selective layer of the membrane were theoretically calculated and the results applied to fit equations whose

derivation is based on the theory of dimensional analysis. The results show that the frequently used linear forms of the osmotic

transport equation do not satisfactorily describe the phenomenon. The proposed forms of a new transport equation for water flux

are Aw Dxs�Bw Dpr
1þU�xs

or AwD
ffiffiffiffi
xs

p � BwD
ffiffiffiffi
pr

p
where Aw, Bw and U are the transport coefficients, xs is the molar fraction of the solute, �xs is the

mean molar fraction and pr is the dimensionless pressure. The question of whether the non-linear phenomenon of osmotic water

transport is much more general than hitherto expected, is raised. Criticism is provided on the assumption of internal concentration

polarisation as an explanation of the apparent non-linearities appearing in the experiments. The two-coefficient linear equation was

found sufficient to describe the measured solute flux. The one-coefficient linear equation for solute flux, relating the flux only to the

solute concentration difference or molar fraction difference, was found to be inadequate.

� 2003 Elsevier Inc. All rights reserved.
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1. Introduction

In osmosis, two solutions of different composition are
separated from each other by a selective membrane. The

membrane allows water or some other solvent to pene-

trate through at a considerably higher rate than the

solute. Osmosis makes possible the natural transport of

solvent from a low pressure solution to a high pressure

solution where the solute concentration is sufficiently

high. Osmosis is a very common phenomenon in bio-

logical systems, but it has also potential for technical
applications due to the possibility to transport fluid

against the pressure gradient and due to the possibility

to create large forces or pressures. The most studied

technical application is the energy production from

salinity differences of ocean and river water (see e.g. [1]).
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In studies of osmosis, the transport for different

species is repeatedly estimated by a linear relationship

with concentration (or osmotic potential/pressure) dif-
ference and hydrostatic pressure difference. However, in

osmotic experiments, for example with biological

membranes [2–9] and industrial membranes [10–12], the

osmotic water flow has been found to change non-line-

arly especially in respect to the changes on the concen-

tration difference between the bulk solutions (the

apparent behaviour). This non-linear performance is

often suggested to be caused by the concentration
boundary layers in fluids adjacent to the membrane, by

solute accumulation (often called the internal polarisa-

tion) inside the porous support structure of the mem-

brane [11,13], or by the mutual effect of several serial

membranes (e.g. [14]). It has frequently been assumed

that when all concentration boundary layers have been

correctly accounted for, the true response (of the actual

selective layer of the membrane) to increasing solute
concentration and pressure would be linear. Only a very

small number of authors have pointed out the possibility
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Nomenclature

Aw, Bw transport coefficients for water flow, mol/m2 s

As, Bs transport coefficients for solute flow, mol/
m2 s

c total concentration of solution, mol/m3 or

1/m3

cH (initial) bulk solute ion concentration of the

high-concentration solution, mol/m3

cL (initial) bulk solute ion concentration of the

low-concentration solution, mol/m3

cs solute ion concentration, mol/m3 or 1/m3

c0s initial solute ion concentration at channel

(either cH or cL), mol/m3

D diffusion coefficient, m2/s, we used

D ¼ 1:5� 10�9 m2/s for NaCl water solution

Deff effective diffusion coefficient, m2/s

Fi free energy of the interface, J

g gravitational acceleration, m/s2

h channel height, m
J molar flux of solute or solvent, mol/m2 s or

1/m2 s

Js molar flux of solute ions, mol/m2 s or 1/m2 s

Jw molar flux of water, mol/m2 s or 1/m2 s

kB gas constant, Nm/K

kp permeability, m2

L length, m

M molar mass, kg/mol
p hydrostatic pressure, Pa or bar

pr dimensionless pressure

R universal gas constant, J/molK

Rf resistance for flow, N s

Rdiff diffusion resistance, m�1 s

Rew wall Reynolds number, dimensionless

T temperature, K or �C
u velocity of the solution inside the channel,

tangential to the membrane, m/s

uslip tangential (slip) velocity on the surface of

porous matter, m/s

um tangential mean velocity at cross-sectional

area of channel, m/s

v velocity of the solution inside the channel,

normal to the membrane, m/s

vw osmotic total flux through the membrane,
m3/m2 s

W channel width, m

x co-ordinate, tangential to the membrane

surface, m

xs mole fraction of solute (ions), dimensionless

y co-ordinate, normal to the membrane sur-

face, m

a coefficient of slip coefficient, dimensionless
C driving force of flows, N/m2

k dimensionless co-ordinate ð¼ y=hÞ
l dynamic viscosity, N s/m2

m kinematic viscosity, m2/s

p osmotic potential (osmotic pressure), bar or

3.14159. . .
P dimensionless term

s tortuosity, dimensionless
U transport coefficient, dimensionless

X dynamical osmotic potential, N/m2

£ porosity, dimensionless

o partial differential

H dimensionless slip coefficient
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that the phenomenon itself could be non-linear. Some of

these authors have proposed, but not proved, reasons

for this non-linearity. Massaldi and Borzi [15] suggested

that phenomena such as cavitation and partial clogging

could explain the non-linearities. Fuls et al. [16] sug-

gested instead that the membrane could compact not

only as a result of the pressure applied, but also because

of the osmotic potential causing a reduction in the
membrane’s permeability.

In this study a laboratory cross-flow osmosis module

for flat sheet membranes was constructed and applied to

measure the steady-state transport of species through

three different commercial cellulose acetate membranes.

Based on these measurements, the concentrations on

both sides of the selective layer of the membranes were

theoretically calculated and then used to analyse differ-
ent forms of transport equations.
2. Experimental methods

2.1. Apparatus

The experimental facility is shown in Fig. 1. The low-

concentration solution (lcs) is pumped from a container

into the lcs part of the osmotic module. The module is

manufactured from a transparent material. Most of the
lcs ends up in an outlet container, while a small fraction

of the water penetrates, due to osmosis, through the

membrane into the high-concentration solution (hcs).

The electric conductivity of the outlet container is

measured during the experiments. The increase in solute

of lcs is determined from this measurement and then the

solute flux through the membrane is estimated. The lcs

flow can be pressurised by throttling the flow with a
valve.
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Fig. 1. Experimental apparatus [10].
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The hcs is pumped from a container into the hcs part

of the module in the opposite direction to the lcs

(counter-flow). The hcs flows inside the module in a

space that is enveloped by an elastic gasket. The volume

of the hcs part of the module depends, then, on the force

applied to press the lcs and hcs side modules together.
For steady-state measurements, the change in the hcs

liquid volume, and thus the total permeating flow to the

hcs side, can be measured from the change in the liquid

level on the horizontal indicator tube that is linked to

the hcs side. The hcs is pressurised, via this tube, by

compressed air. The hcs is recycled from the module

back to the container. The volume of the hcs container is

so large that the effect of the dilution of the hcs is
meaningless during the tests. The weights of both lcs

containers were measured during the experiments to

check the water balance; in a stationary state the dif-

ference between measured inlet and outlet flows of the

lcs should be equal to the osmotic flow measured in the

indicator tube.

The lcs side of the module consists of four equal

channels, 0.95 cm wide, 1 mm in height and 8 cm long.
The metallic support, which provides additional

mechanical support to the membrane, is covered at the

ends by an insulator so that the entrance and exit con-

ditions of the module will not affect hydrodynamic

conditions (when the boundary layers are calculated) at
the positions where osmosis occurs. Thus, osmotic flow

occurs only in the middle section of the module, its

length being 3.6 cm.

The lcs and hcs were produced by adding an appro-

priate amount of NaCl in degassed low ion-concentra-

tion water solution. When NaCl is not added, this
solution consists of several dissolved ions, the total ionic

concentration being 1.4 mol/m3.

2.2. Membranes and support structures

Three flat sheet asymmetric cellulose acetate mem-

branes were tested: the Osmonics Inc. SS10 and ST10

and the Fluid Systems CTA-HR membrane. The studied
membranes, as well as many biological membranes,

consist of a very thin selective layer (skin) and of a thick

porous substructure. The actual osmotic phenomenon is

customarily assumed to occur only at the skin. The

purpose of the substructure is to give mechanical sup-

port to the skin.

The dry and wet weights of the membranes were

measured, and from these measurements the overall
porosity of the support structure of each membrane was

determined. For a more detailed analysis, the support

structure of each membrane was divided into 2–3 sub-

layers. The porosity and tortuosity of each sublayer was

additionally estimated by the Monte-Carlo method from



Table 1

Estimated properties of metallic support and the porous substructure

Structure Thickness, Dy (lm) Porosity, £ Tortuosity, s Estimated (Eq. (A.15))

resistance, Rdiff (s/m)

Metallic support 540 0.53 1.05 713 000

SS10

Porous substructures

-Layer 1 100 0.39 1.6 274 000

-Layer 2 52 0.28 2.1 260 000

-Layer 3 8 0.36 3.3 49 000

Total 160 583 000

ST10

Porous substructures

-Layer 1 110 0.40 1.6 294 000

-Layer 2 50 0.40 2.9 242 000

Total 160 536 000

CTA

Porous substructures

-Layer 1 120 0.40 1.6 320 000

-Layer 2 50 0.33 2.8 283 000

Total 170 603 000

D ¼ 1:5� 10�9 m2/s.
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SEM pictures. Relatively large errors may occur in

tortuosity values for layers 2 and 3. The porosity and the

tortuosity values (presented in Table 1) are needed for

estimation of the diffusion resistance of the support

structure Rdiff (defined in Eq. (A.15) in Appendix A.3).

We will later confirm our conclusions by estimating

the results with various values of Rdiff . The holes of the
additional metallic support were so large that the

porosity and tortuosity was accurately estimated from

the geometry of the structure.
3. Calculation of the concentration on the surfaces of the

selective layer

To study the transport equations for the skin we first

need to estimate the concentrations at the surfaces of the

skin. Therefore, we have calculated, by utilising the

measured data, the concentration profiles (illustrated in

Fig. 2) in the adjacent solutions, inside the metallic

support, and inside the porous support structure of the

membrane. It is approximated that the hydrostatic

pressure (p) remains constant throughout the support
structures. To determine the concentrations cs1 and cs4,
we have numerically solved, by means of the control

volume method, a two-dimensional steady-state conti-

nuity equation for solute inside the module channels (see

Appendix A.1). The determination of the solution

velocity and pressure distributions inside the channels is

explained in more detail in Appendix A.2. The four

channels of the lcs side are assumed to be under equal
conditions. The resulting distributions of solute con-
centration on the surfaces of the skin and on the surface

of the metallic support are then averaged in space. The

average value of cs1 is then applied to determine the one-

dimensional concentration distribution inside the sup-

port and substructures (Appendix A.3), and finally to

estimate the solute concentration at the reverse side of

the skin (cs3).
4. Dimensional analysis of the transport equations for the

selective layer

We assume that the fluxes (J ) of the solute and sol-

vent through the selective layer of the membrane can be

expressed in the form

J ¼ C
Rf

ð1Þ

where C is the driving force for the fluxes, and Rf the

resistance for the fluxes. We will try to find the forms of

the C and Rf by the theory of dimensional analysis. All

the variables are expressed in basic units of force [F],

length [L], time [T] and temperature [h]. J is expressed in

the number of molecules or ions penetrating a cross-
sectional area in time. The unit of J is [L�2T�1], C is

expressed in [FL�2] and Rf in [FT].

We derived two different expressions for the driving

force C. First, we found the expression for the driving

force which is assumed to depend on the pressure dif-

ference Dp [FL�2], the concentration difference of the

solute Dcs [L�3], the total concentration of the solution c
[L�3], the absolute temperature T [h] and a gas constant
kB [FLh�1]. Thus



low
concentration
solution flow in

high
concentration
solution flow in

solute concentration profile
water
flux through
the membrane

solute
 flux
through the
membrane

cs1

y metallic
support

porous substructure
of the membrane

selective layer (very thin)

 g
cs2

cs3

cs4

cL

x

transparent wall
of the module

transparent wall
of the module

cH

Fig. 2. Concentration distribution inside channels, support- and substructures (CH > Cs4 > Cs3 > Cs3 > Cs2 > Cs1 > CL, g¼ gravitational acceler-

ation). The real thickness of the selective layer is considerably smaller than illustrated in figure.
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C ¼ CðDp;Dcs; c; T ; kBÞ ð2Þ

The gas constant kB is interpreted as being equal with

Boltzmann’s constant if a gas in equilibrium with the

liquid solution under study is considered as an ideal gas.

However, kB deviates from Boltzmann’s constant if the
gas in equilibrium with the solution being considered is a

real gas. Therefore, if the pressure and temperature of

the solution are at such a level that gas in equilibrium

with it had to be handled as real gas, then kB is an

appropriate transformation of Boltzmann’s constant

(Boltzmann’s constant multiplied with a non-dimen-

sional parameter). We now have six variables (C, Dp,
Dcs, c, T , kB), which consists in basic units F, L and h, in
the model of Eq. (2). According to Buckingham’s the-

orem (see e.g. [19]) the number of variables can be re-

duced from six to three dimensionless P-variables (the

number of variables minus the number of basic units

equals to the number of dimensionless variables). That

is, the problem can be stated as P1 ¼ Q1ðP2;P3Þ, where
Q1 is a function to be found experimentally. The fol-

lowing dimensionless terms can be found:
P1 ¼
C

ckBT
; P2 ¼

Dcs
c

; P3 ¼
Dp
ckBT

Thus, the driving force is

C ¼ ckBT � Q1ðP2;P3Þ ð3Þ
In the second model for the driving force we assume

there to appear a dynamic osmotic potential X [FL�2]

(deviating from the equilibrium osmotic potential, i.e.

from the osmotic pressure). The driving force arises
from the difference between the potential values on the

surfaces of the selective layer. The flow is then expressed

as

J ¼ DX
Rf

ð4Þ

The derivation of the expression for dynamic osmotic

potential is straightforwardly the same as the previous

derivation of the driving force C, except that the con-

centration difference is changed to the actual concen-

tration at the surface and the pressure difference to the

actual value of the pressure at the surface. The expres-
sion for the potential is thus
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X ¼ ckBT � Q2ðP4;P5Þ ð5Þ
where P4 ¼ cs=c, P5 ¼ p=ckBT .

Next, the expression for the resistance to the flow Rf

[FT] is sought. We assume that it depends on the dif-
fusion resistance Rdiff [L�1T] between the solute and

solvent, the dynamic viscosity of the solution l [FL�2T],

the average total concentration of the solution inside the

selective layer �c [L�3], the average concentration of the

solute inside the membrane �cs [L�3] and on the free

energy of the interface between the solid and fluid phase

Fi [FL]. We have now six variables and three basic

dimensions (F,L,T) in the model for finding the
expression Rf ¼ Rfðl;�cs;�c; Fi;RdiffÞ. This problem can be

transformed into a problem expressed with three

dimensionless variables

P6 ¼ Q3ðP7;P8Þ
The following dimensionless terms can be found:

P6 ¼
R3
f�c

2

l3
; P7 ¼

�cs
�c
; P8 ¼

R3
diffF

3
i �c

2

l3

Then the resistance is

Rf ¼
l
�c2=3

� Q3ðP7;P8Þ ð6Þ

Inserting Eqs. (3) and (6) into Eq. (1), Model 1 for flows
is

J ¼ ckBT � Q1ðP2;P3Þ
l

�c2=3
� Q3ðP7;P8Þ

ð7Þ

and inserting Eqs. (5) and (6) into Eq. (4), Model 2 is

J ¼ D½ckBT � Q2ðP4;P5Þ�
l

�c2=3
� Q3ðP7;P8Þ

ð8Þ

The above two expressions are the most general forms of

the transport equation of this study. The dimensionless

variables are denoted as: P2 ¼ Dxs (molar fraction dif-

ference), P3 ¼ Dpr (dimensionless pressure difference),

P4 ¼ xs (molar fraction), P5 ¼ pr (dimensionless pres-

sure), P7 ¼ �xs (average molar fraction inside the selec-

tive layer). The unknown functions Q1, Q2 and Q3

cannot be found by applying the theory of dimensional
analysis. Therefore, we shall now model them with the

following test functions

Q1 ¼ �A1ðP2Þk � A2ðP3Þn ð9Þ

Q2 ¼ �A3ðP4Þk � A4ðP5Þn ð10Þ

and

Q3 ¼ A5P7 þ A6P8 ð11Þ
where A1;A2; . . . ;A6 are constants. The plus sign in the

first group of terms of the right-hand side of Eqs. (9) and

(10) will be used for the water flux and the minus sign

for the solute flux. For the purposes of the present study

it is sufficient to keep the variables c, kBT , �c, Fi, Rdiff and
l appearing in P1, P6 and P8 as constants, that is we

include them into the transport coefficients. Substituting

the test functions Q1, Q2 and Q3 into Eqs. (7) and (8)

results in

J ¼ �AðDxsÞk � BðDprÞn

1þ U�xs
ð12Þ

J ¼ �ADðxks Þ � BDðpnr Þ
1þ U�xs

ð13Þ

where A, B and U are understood to be transport coef-

ficients which depend on the membrane and solution

characteristics. By applying Boltzmann’s constant as kB,
the dimensionless pressure can be expressed as

pr ¼
p

cRT
ð14Þ

where c is now in units mol/m3 and R (J/molK) is the

universal gas constant.

The water flux (Jw) was studied in two special cases of

Eqs. (12) and (13). First, the coefficient U is assumed to

be 0. Then, the possible non-linearity is caused from the

non-linearity of the driving force. The equations for

water flux are then

Jw ¼ AwðDxsÞk � BwðDprÞn ð15Þ
and

Jw ¼ AwDðxks Þ � BwDðpnr Þ ð16Þ
A third water flux equation is achieved when the powers

k and n in Eqs. (12) and (13) are assumed to be unity;

then both equations result in

Jw ¼ AwDxs � BwDpr
1þ U�xs

ð17Þ

The possible non-linearity is caused in this case by the

non-constant resistance. In Eq. (17), �xs is taken in this

study as �xs ¼ xs4þxs3
2

. Substituting Eq. (11) into Eq. (6),

the total resistance can be written as

Rf ¼ A5RdiffFi�xs þ
A6l3

R2
diffF

2
i �c

2

One can show that this equation for the resistance re-

sults in an extremum value (minimum if A6 > 0, maxi-
mum if A6 < 0) in respect to term RdiffFi when

RdiffFi ¼
2A6l3

A5�c2�xs

The solute flux equation will be studied only for the case

when the resistance is constant. This means that U ¼ 0
in Eqs. (12) and (13). The models for the solute flux

equation are

Js ¼ �½AsðDxsÞk þ BsðDprÞn� ð18Þ
and

Js ¼ �½AsDðxks Þ þ BsDðpnr Þ� ð19Þ
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5. Results

5.1. Experiments

A set of experiments was performed, with varying
NaCl solution concentration and pressure on both sides

of the membranes. In osmosis experiments, the con-

centration of the lcs varied within 0–1 wt.% and con-

centration of the hcs approximately within 1–5 wt.% for

SS10 and ST10 membranes and within 3–10 wt.% for

CTA-HR membrane. The experiments were performed

until the steady state was found. The time needed for the

experiments varied from 3 to 35 h. The pumping rates of
pumps and flow height at the hcs side were also varied

between the experiments, so that the results should not

depend on particular hydrodynamic conditions in the

module. The steady-state results of the experiments are

shown in Table 2. The solute concentration, molar

fraction and solute flux are given in this paper for the

total number of dissolved ions (Naþ +Cl�). The mea-

sured total volume flow per membrane surface area, i.e.
the osmotic flux (vw), can be closely approximated as a

water flux as the solute flux is, in all cases, considerably

smaller than the water flux. Two of the experiments

resulted in reverse osmosis, as can been seen from the
Table 2

Experimental results for the osmotic flux (vw) and the salt flux (Js)

Membrane/

exp. no.

PH
(bar)

pL
(bar)

cH
(mol/m3)

cL
(mol/m3)

V
(

SS10-1 1.6 1.0 342 1.4 3

SS10-2 4.5 1.0 1020 1.4 1

SS10-3 2.5 1.5 1020 1.4 1

SS10-4 4.22 1.0 342 1.4 2

SS10-5 6.6 1.0 1517 1.4 1

SS10-6 4.1 1.0 1517 342 3

SS10-7 3.1 1.0 683 1.4 1

SS10-8 2.1 1.0 1517 1.4

SS10-9 6.6 1.0 167 1.4 3

CTA-1 1.25 1.0 1517 1.4 1

CTA-2 2 1.0 2007 1.4 1

CTA-3 2.05 1.0 2007 342 3

CTA-4 1.7 1.0 1020 1.4 3

CTA-5 2.2 1.5 1517 1.4 3

CTA-6 2.55 1.0 1517 1.4 1

CTA-7 1.35 1.0 3293 1.4 1

CTA-8 4.55 1.0 3293 1.4

CTA-9 3.15 1.0 2007 1.4 1

CTA-10 5.13 1.0 342 1.4 1

ST10-1 1.63 1.0 342 1.4 2

ST10-2 3.05 1.0 1020 1.4 1

ST10-3 2.06 1.0 1517 1.4

ST10-4 5.1 1.0 1517 1.4 1

ST10-5 2.7 1.0 1360 342 1

ST10-6 4.1 1.0 1020 1.4 1

ST10-7 2.22 1.5 683 1.4

Subscript H¼ inlet value at high ion concentration side, subscript L¼ inlet

module, h¼ flow height in the high-concentration module.
minus sign of the total volume (osmotic) flux in Table 2.

The temperatures during the experiments on the SS10,

ST10 and CTA membranes were 23± 1, 26± 1 and

24.5 ± 0.5 �C, respectively.
Eight experiments were repeated: CTA-1, CTA-2,

CTA-4 and SS10-1 once each and SS10-6 and SS10-7

both twice. The relative differences between the repeated

experiments (measured solute and osmotic flux) were

between 2% and 25%. The conclusion is that any

transport equation estimating the fluxes should not give

values that differ over 25% when compared to the

measured values of the actual experiments.

The pressure changes inside the module channels
were calculated according to the theory presented in

[23]. It was confirmed that in all experiments these

pressure differences parallel and perpendicular to the

membrane were meaningless (below 15 Pa). The flows

inside the module channels were, in all cases, laminar

and the maximum wall Reynolds number in the exper-

iments was Rew ¼ 0:0012 (see Appendix A.2). This

causes only a very small error for first-order perturba-
tion approximation [23]. Therefore, the requirements

imposed by the perturbation treatment for derivation of

the velocity and pressure profiles inside the module

channels will be fulfilled.
_
H � 109

m3/s)

_VL � 109

(m3/s)

h� 104

(m)

vw � 107

(m3/m2 s)

JS � 105

(mol/m2 s)

83 39 11.4 4.91 )2.34
86 11 5.1 4.91 )6.57
10 28 11.4 8.53 )4.00
62 48 5.6 1.58 )4.53
48 69 5.2 5.81 )11.7
00 67 7.3 3.06 )8.68
86 115 7.2 6.19 )5.21
34 20 11.4 8.30 )5.46
38 13 4.8 )8.30 )3.63
10 23.5 11.4 2.34 )14.7
86 20.1 11.4 1.96 )22.6
38 21.1 10.3 0.91 )23.8
00 39.8 9.4 1.23 )12.2
41 96.1 9.4 2.15 )18.0
48 31.1 5.2 1.13 )21.1
86 10.6 7.3 2.87 )27.2
96 28.9 5.4 1.43 )49.8
10 44.2 7.3 1.21 )27.9
86 37.7 10.3 )3.00 )11.0
62 38.3 11.4 3.70 )4.38
86 91.6 5.3 4.23 )11.3
34.1 18.1 11.4 6.75 )9.06
10 33.2 5.2 5.06 )17.0
86 7.6 10.3 1.81 )15.8
10 27.9 5.6 3.77 )12.8
34.1 117 4.8 6.64 )6.49

value at low ion concentration side, _V ¼ pumped volume flow in the
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5.2. Search for correct transport equations

Based on the experimental results presented in Table

2, the concentrations at the different material boundaries

were calculated according to the theory explained in
Appendices A.1–A.3. These results are shown in Table

3. The data to be fitted to the transport equations for the

selective layer consists of the values cs3 and cs4 (divided

by the approximated total concentration of solution

c ¼ 55555 mol/m3) from Table 3, and, from Table 2, of

the values of the pressures pH and pL (both expressed in

Pascals and divided with cRT ), the osmotic flux (chan-

ged into the molar units), and the solute flux. The re-
verse osmosis data of Tables 2 and 3 will be studied

separately.

5.2.1. Water flux equations

A preliminary least squares (SS) estimation study for

the model equations (15) and (16) suggested that the

optimal values of k and n would be between 0.3–0.6 and

0.3–0.7, respectively. In this preliminary study, all
parameters Aw, Bw, k and n were adjusted to the exper-

iments. The number of adjusted parameters may be too

high, when compared to the number of experiments, to

make final suggestions for transport equations.

The results of the preliminary study encourage us,

however, to search for a general form, applicable to all

membranes to be studied, of Eqs. (15) and (16) using the

rational numbers 1/3, 1/2 and 1/1 for the powers k and n.
Table 3

Calculated ion concentrations at different locations (see Fig. 2)

Membrane/exp. no. cs1 (mol/m3) cs2 (mol/m3)

SS10-1 4.7 27.3

SS10-2 17.5 81.1

SS10-3 8.2 55.7

SS10-4 7.0 42.8

SS10-5 14.1 127.7

SS10-6 362.5 523.9

SS10-7 5.9 57.3

SS10-8 12.2 77.0

SS10-9 8.0 24.2

CTA-1 26.4 148.3

CTA-2 42.4 226.4

CTA-3 389.1 594.8

CTA-4 17.6 112.0

CTA-5 17.8 162.6

CTA-6 32.8 196.2

CTA-7 67.5 303.5

CTA-8 77.9 469.4

CTA-9 37.0 253.3

CTA-10 16.4 87.2

ST10-1 7.5 46.5

ST10-2 12.1 113.1

ST10-3 19.5 117.3

ST10-4 26.7 188.3

ST10-5 403.2 583.6

ST10-6 21.8 136.4

ST10-7 7.0 72.2
The water flux equations which were chosen for the final

study and the results of the least squares estimation of

these equations are reported in Table 4. Only the

transport coefficients Aw, Bw and U are fitted to the

equations. For comparison, also one-, two- and three-
coefficient linear equations are studied (Eqs. (20)–(22) in

Table 4). The two-coefficient equation corresponding to

Eq. (21) was derived according to the linear irreversible

theory of thermodynamics ([20,21]; more conventionally

the osmotic- and hydrostatic pressure differences are

applied as driving forces) and it is frequently used,

especially in biological studies. The three-coefficient

linear equation (22) can be understood as resulting, for
example, in an extension to the two-coefficient linear

equation (Cw is the additional transport coefficient) in

cases where different partition coefficients are applied at

each surface of the selective layer.

As can be seen from Table 4, the one-coefficient linear

equation, Eq. (20), has a very poor correspondence to

the experiments: 16 of the 24 osmosis measurements are

over the 25% error limit. The two- and three-coefficient
linear equations have a better but still poor fit to the

results.

Overall, equations arising from the model equation

(16), i.e. Eqs. (23)–(26), seem to estimate the experi-

ments more accurately than equations arising from Eq.

(15), (Eqs. (27)–(30)). Eqs. (27)–(30) result in unaccept-

ably large errors especially in experiments where the

solute concentration of the dilute side solution was
cs3 (mol/m3) cs4 (mol/m3)

52.8 326.0

151.3 968.8

123.7 907.9

75.4 335.5

264 1449.0

685.5 1479.0

120.4 645.8

168.6 1279.6

31.8 172.2

268.4 1452.4

403.1 1940.1

811.7 1972.2

198.3 1000.0

303.5 1431.0

344.7 1490.1

544.4 3206.0

810.1 3222.8

450.8 1956.5

135.9 339.7

83.3 325.8

211.8 984.7

229.3 1313.0

354.7 1445.5

735.1 1310.4

245.2 978.7

146.4 627.1



Table 4

Transport equations for the water flux through the skin and comparison with the experimental results (SS¼ least squares (sum) error,

>25%¼ number of experiments which result in a greater than 25% relative error, max. error¼maximum relative error)

Model for the water flux

through the selective layer

SS10 CTA ST10

SS· 105
(molm�2 s�1)2

>25% Max.

error%

SS· 105
(molm�2 s�1)2

>25% Max.

error%

SS· 105
(mol m�2 s�1)2

>25% Max.

error%

AwðDxs � DprÞ ð20Þ 139 6 80 12 6 75 77 4 85

AwDxs � BwDpr ð21Þ 90 4 90 7.3 5 40 62 3 77

Awxs4 � Cwxs3 � BwDpr ð22Þ 76 4 71 7.0 4 41 57 2 61

AwDðx1=2s Þ � BwDpr ð23Þ 15 0 21 1.5 0 23 20 1 30

AwDðx1=2s Þ � BwDðp1=2r Þ ð24Þ 16 0 24.8 1.2 0 18 18 1 28

AwDðx1=3s Þ � BwDpr ð25Þ 15 1 75 1.7 2 33 15 1 25.2

AwDðx1=3s Þ � BwDðp1=3r Þ ð26Þ 14 1 59 1.1 1 29 12 0 22

AwðDxsÞ1=2 � BwDpr ð27Þ 32 1 78 2.6 1 71 35 2 134

AwðDxsÞ1=2 � BwðDprÞ1=2 ð28Þ 39 3 75 2.4 2 52 33 2 111

AwðDxsÞ1=3 � BwDpr ð29Þ 36 3 77 3.5 2 82 36 2 147

AwðDxsÞ1=3 � BwðDprÞ1=3 ð30Þ 29 2 73 1.9 1 57 28 2 120

AwDxs � BwDpr
1þ U�xs

ð17Þ 10 0 22 0.8 0 24.8 11 1 27
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increased (SS10-6, CTA-3, ST10-5) from the base level.

On the other hand, the rest of the equations, Eqs. (23)–

(26) and (17), mostly describe the experiments well. The

SS values of these equations are close to each other. The

equations with k ¼ 1=3, however, result in some cases in

higher relative errors than expected in the light of the

repeated experiments, so we prefer the equations with

k ¼ 1=2 and Eq. (17). The results of the preliminary
study suggested, for all membranes, a lower value than

unity for n. Therefore, we prefer the model

AwDðx1=2s Þ � BwDðp1=2r Þ compared to AwDðx1=2s Þ� BwDpr.
However, the equation AwDðx1=2s Þ � BwDpr should do

well, at least when only the high-concentration side is

pressurised. The difference between these equations

should emerge if higher variations in pressure were ap-

plied than in the present study.

5.2.1.1. Effect of varying driving force in the linear water

flux equation. In addition, it was verified that the accu-

racy of the linear water flux equations cannot be im-

proved by replacing the molar fraction of solute with

either of the following: concentration of water, molar

fraction of water, concentration of solute, activity of

water, osmotic potential or chemical potential of water.

The last three variables of the list were calculated for a
real solution, that is, the activity coefficients were ac-

counted for. The accuracy of the linear equations does

neither improve if the dimensionless pressure is replaced

with the hydrostatic pressure.

5.2.1.2. Effect of varying porous support resistance and

slip coefficient. We have also calculated the influence of
varying the diffusion resistance of the porous support

structure of the membranes and the slip coefficient of the

metallic support. The effect of increasing the resistance is

that the solute will concentrate more heavily inside the

support structures. Lowering the slip coefficient has the

same effect. The diffusion resistance was altered from 0

to an artificially high value where, due to the accumu-

lation of solute, the molar fraction at both sides of the
skin became equal. Lowering the resistance from the

values reported in Table 1 had only a minute, dimin-

ishing effect to the errors produced by the non-linear

equations. A minor increase in the error produced by the

linear equations was noticed. The increase of the resis-

tance from the values of Table 1 caused an increase in

error of all models (the effect of varying the resistance of

the SS10 membrane is illustrated in Fig. 3). However,
the non-linear equations remained more accurate, ex-

cept for the highest values of the resistance (approxi-

mately four times the values of Table 1), all

models resulted in equal, but very poor accuracy. The

effect of the slip coefficient was tested with values

ranging from 0 to 0.4. No significant impact to the re-

sults was found.

5.2.1.3. Comparison with reverse osmosis tests. The re-

verse osmosis tests (SS10-9, CTA-10) were applied to the

water flux equations (17) and (24). It was found that

these equations cannot be applied for reverse osmosis, at

least with the same transport coefficients. For example,

test CTA-10 gives the value )1.0 · 10�7 mol/m2 s for

water flux estimated from Eq. (24), but the measured

value in Table 2 is three times higher.
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5.2.2. Solute flux equations

The solute flux will be studied by optimising all the
parameters (As, Bs, k, n) and also by setting k ¼ n ¼ 1,

resulting in the one- and two-coefficient linear equa-

tions. The equations and the result of least squares

optimisation of the solute flux models is shown in Table

5. The two-coefficient linear model Eq. (32) seems to fit

satisfactorily to the results. Despite the increased num-

ber of optimised parameters, the models described by

Eqs. (33) and (34) produced only minor improvements
in accuracy compared to the two-coefficient linear

equation. For the SS10 and CTA membranes, the one-

coefficient linear equation, Eq. (31), gives considerably

less accurate results than the two-coefficient equation

and cannot be used with these membranes. For the ST10

membrane the difference is smaller.

5.3. Proposed transport equations

Eqs. (17), (24) and (32) are proposed as appropriate

transport equations. The transport coefficients for the

equations are reported in Tables 6 and 7. The averages
Table 5

Different forms of transport equation for the solute flux through the selectiv

Model for the solute flux through the

selective layer

SS10

SS· 1010 >25% Max.

error%

�AsDxs ð31Þ 34 4 63

�ðAsDxs þ BsDprÞ ð32Þ 4.8 0 21

�½AsðDxsÞk;opt þ BsðDprÞn;opt� ð33Þ 4.7 0 17

�½AsDðxk;opts Þ þ BsDðpn;optr Þ� ð34Þ 2.1 1 32
of the relative errors of all the tests (disregarding the

reverse osmosis tests) were, for the water flux, Eqs. (17)

and (24), 11.0% and 11.8%, respectively, and for the

solute flux, Eq. (32), 11.6%. These values correspond

well to the variations in results found from repeated
experiments.
6. Discussion

Let us consider the osmotic flow, having a velocity vw,
arising from a very simple model Js ¼ csvw � Deff

dcs
dy ,

which is applied in this study for the steady-state solute
flow through the porous substructure. Because the sol-

ute flux is, in osmosis, considerably smaller than the

solvent flux, as a first approximation we would set

Js ¼ csvw � Deff
dcs
dy ¼ 0. From this we can solve the

steady-state velocity vw created by the unequimolar flow

of species. The result is a non-linear equation

vw ¼ Deff
D lnðcsÞ

Dy in respect to the concentration difference

(see also the non-linear equations, Eqs. (A.13) and
(A.14), for the case Js 6¼ 0). This is analogous to the

Stefan flow arising, for example, from evaporation. If

we assume that this kind of diffusion-flow phenomenon

is a part of the osmotic flow process, what kind of other

phenomena involved in the osmotic flow would cancel

the non-linearity? Cancelling this non-linearity may, in

principle, be possible; however, usually increasing

complexity is more likely to cause non-linearities than
linearities.

In study [10], apparent non-linear behaviour in os-

motic flow was recognised for the same ST10 and SS10

membranes, as studied in this paper, when the solute

concentration of the hcs was varied. This phenomenon

can also be expressed by a decrease in the apparent

water permeability (for increasing solute concentration

difference). Similar non-linearity for various types of
membranes was found in earlier experiments, for

example for several different kinds of commercial

membranes [11,12], for frog skin [2], for human and dog

red blood cells [6], for rabbit gall-bladder [3] and for the

plants Chara australis [8] and Nitella translucens [9].

While studying the osmotic transport properties of

rabbit gall-bladder [3], the osmotic flux was found to
e layer of the membrane and comparison with the experimental results

CTA ST10

SS· 109 >25% Max.

error%

SS· 109 >25% Max.

error%

43 2 53 11 2 74

4.0 0 20 6.0 1 44

3.5 0 18 3.3 2 49

4.0 0 19 3.1 2 41



Table 6

Transport coefficients for Eqs. (24) and (32)

Membrane Aw � 103

(mol/m2 s)

Bw � 103

(mol/m2 s)

As � 103

(mol/m2 s)

Bs � 103

(mol/m2 s)

SS10 605 542 2.21 17.2

CTA 134 283 5.53 98.2

ST10 561 594 4.02 37.8

Table 7

Transport coefficients for Eq. (17)

Membrane Aw (mol/m2 s) U (dimensionless) Bw (mol/m2 s)

SS10 29 836 45

CTA 2.5 185 22

ST10 21 606 50

A. Sepp€al€a, M.J. Lampinen / Experimental Thermal and Fluid Science 28 (2004) 283–296 293
decline for a fixed concentration difference over the

membrane when the average of the solute concentration

across the membrane was increased. This behaviour can

be seen in the proposed equations, in Eq. (17), and in

Eq. (24) when transformed into the equivalent form

Jw ¼ A0 Dxs
�x1=2s

� B0 Dpr
�p1=2r

;

where �x1=2s and �p1=2r are the mean values of the square

roots of the molar fraction and dimensionless pressure,
respectively, and A0 and B0 are transport coefficients.

This gives further support to the superiority of Eq. (16)

(the driving force was understood to be the difference in

dynamic osmotic potential) compared to the equations

arising from Eq. (15) (the driving force was understood

to be dependent on the concentration and pressure

gradients), which cannot predict this phenomenon. Eq.

(17) is actually a more general expression of the equa-
tion proposed by Diamond [3]

Jw ¼ cH � cL
Aw þ U

2
ðcH þ cLÞ

where cH and cL were bulk sucrose concentrations on

both sides of the membrane. Diamond found this
equation fitted well to the experiments performed with

rabbit gall-bladder when the hydrostatic pressure dif-

ference was absent. The water permeability was also

found, in [12], to drop with increasing solute concen-

tration on the lcs for commercial membranes, and a

non-linear effect resulting from increasing the solute

concentration on the lcs was found in a study of turtle

bladders [4]. As was found in [10], the water perme-
ability of the studied SS10 and ST10 membranes also

drops with increasing pressure. This has also been found

previously in experiments on rabbit thoraic aorta [7].

Non-linearities in osmotic experiments are usually

explained as being only apparent. It has been repeatedly

assumed that when the concentration distribution of

solute, especially the distribution inside the porous

support structure of the membrane, is properly ac-
counted for, the actual osmotic behaviour of the selec-

tive layer is linear. This concentration accumulation

effect must be true to a certain extent, since, when the

concentration of the hcs is increased, both osmotic and

solute flux increase. The more the osmotic flux increases
the more it prevents the solute from moving away from

the structures, because the solute flux is in the opposite

direction to the osmotic flux. But, as was shown in this

paper, neither this internal nor the external solute dis-

tribution is able to explain, at least for the cellulose

acetate membranes studied in this paper, all the non-

linearity appearing in the experiments. The internal

polarisation explanation is based mostly on studies
[11,13]. However, we find that neither of these studies

gives sufficient proof for the polarisation assumption. In

study [13] an unaccountably low effective diffusion

coefficient for the porous substructure (i.e. unaccount-

ably high resistance to the solute flow) was used. The

value was Deff ¼ 4:2� 10�11 m2/s, and, applying the

diffusion coefficient D ¼ 1:5� 10�9 m2/s, we get from

Eq. (A.12) that the ratio between porosity and tortuosity
£=s was 0.028. The actual values of porosity and tor-

tuosity were not reported in the article. Assuming a

rather low porosity value of 0.3 for the substructure, we

get an extremely high tortuosity value of s ¼ 10:7.
Furthermore, the concentration boundary layers outside

the membrane were not calculated and the measured

solute flux was not used to estimate the concentrations

on the skin surface and the solute distribution inside the
porous structure (when solute concentration distribu-

tion is estimated, the negligence of the salt flux may

cause a significant error, even if the salt flux is minute

compared to the water flux [22]). Only one hydrostatic

pressure (difference) was used in that study. It is there-

fore uncertain how the linear water flux equation would

have fitted to the experiments if the above facts had been

properly accounted for. In Table 4 of Ref. [11] the
correlation between the measured values and the pre-

dicted values was not satisfactory. While the results of

the reverse osmosis experiments showed a good degree

of accuracy relative to the linear water flux equation, the

five osmosis experiments resulted in relative errors of

29%, 343%, 0%, 25% and 77%. The magnitude of these

errors is of the same order as the inaccuracy found when

the experiments described in the present paper were
fitted to the linear water flow equation. In study [11]

neither were the concentration boundary layers outside

the membranes calculated nor the measured solute flux

utilised.

As already discussed in this section, the apparent

behaviour of several other types of membranes is found

to be of the same kind as that of the membranes studied

in this paper. Furthermore, by also taking into account
the above comments about internal polarisation

assumption and the results of the present analysis, the

question arises of whether the osmotic non-linear
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behaviour of the actual selective layer is much more

general than usually supposed.

An advantage of the equation AwDðx1=2s Þ � BwDðp1=2r Þ,
in contrast to the equation Aw Dxs�Bw Dpr

1þU�xs
, is that only two

transport coefficients are needed. On the other hand, the
equation AwDðx1=2s Þ � BwDðp1=2r Þ results, with the trans-

port coefficients shown in Table 6, when Jw ¼ 0 and

simultaneously xs3 ¼ 0, for the SS10 and ST10 mem-

branes, in an unexpected pressure-osmotic potential

relation, Dp � Dp (� csRT Þ. For an ideal membrane, in

the case of thermodynamic equilibrium, the condition is

Dp ¼ Dp. Therefore, it is more likely to expect that, for a

non-ideal membrane in a non-equilibrium situation (the
membrane leaks solute when Jw ¼ 0, unless

Dp ¼ Dp ¼ 0), the condition Dp6Dp would hold. This

condition will be fulfilled when the condition

0 � xs3 < xs4 is established, which prevailed in the

experiments. As these membranes have a porous sub-

structure, where the solute concentrates more or less as a

result of solute leakage, it is practically impossible to

reach a situation where xs3 ¼ 0 exists. Thus, either the
equation AwDðx1=2s Þ � BwDðp1=2r Þ or the values of trans-

port coefficients may reflect the appearance of the porous

structure of the membrane. When Jw ¼ 0, the equation
Aw Dxs�Bw Dpr

1þU�xs
results in Dp ¼ Aw

Bw
Dp. As it was found that

Aw < Bw for all the membranes measured, we can deduce

that under any conditions Dp < Dp is fulfilled for this

equation.
7. Conclusions

The osmotic flow through the cellulose acetate

membranes studied cannot be estimated by applying the

frequently assumed linear relationships with concentra-

tion difference, osmotic potential difference, molar

fraction difference, activity difference or chemical po-
tential difference. Several previous studies on biological

and industrial membranes show similar apparent non-

linear osmotic behaviour to the membranes studied in

the present paper. It is commonly assumed that the non-

linearities appearing in the osmosis experiments are

caused by the external and, especially, the internal solute

concentration distribution of the membrane substruc-

ture. There has not yet been found, however, any con-
vincing proof supporting these assumptions. Therefore,

we find it probable that the non-linear phenomenon of

osmotic flow is much more general than hitherto sup-

posed.

The proposed water transport equations are ex-

pressed as AwDðx1=2s Þ � BwDðp1=2r Þ and Aw Dxs�Bw Dpr
1þU�xs

, where

xs is the molar fraction of the solute on the surface of the

selective layer, pr is the dimensionless hydrostatic pres-

sure, and Aw, Bw and U are the transport coefficients.

According to this study it is uncertain whether the
dependence on hydrostatic pressure is linear or non-
linear, although the non-linear option seems to be more

likely in the two-coefficient equation.

To estimate the solute flux, the two-coefficient equa-

tion with molar fraction difference and dimensionless

pressure difference as driving forces was found to be
satisfactory. On the other hand, the frequently used

equation in which the solute flux depends only on the

concentration difference (or molar fraction difference)

gave mostly poor predictions of experimental results.

It was also found that reverse osmosis behaviour in

the membranes studied cannot be predicted from the

suggested osmosis transport equations, when applying

the same transport coefficients for both osmosis and
reverse osmosis.
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Appendix A. Estimation of the solute concentration dis-

tribution inside the fluids adjacent to the membrane,
inside the metallic support and inside the porous support

structure

A.1. Concentration distribution inside the channels of the

module

To estimate the concentration of the solute on sur-

faces of the selective layer (skin), we first determine the
concentration distribution inside the channels of the

module. The concentration on the skin surfaces at

the hcs side (cs4, see Fig. 2) is received straight from the

solved distribution as well as the concentration at the

boundary of the lcs and the metallic support (cs1).
The co-ordinate system (Fig. 4) inside the channels of

the module is chosen with its origin at the surface of the

impermeable wall. The y-axis, which is perpendicular to
the channel walls, is transformed into the dimensionless

variable

k ¼ y=h ðA:1Þ
where h is the channel height.

The concentration distribution inside the channels is

solved from the two-dimensional stationary state con-

tinuity equation for the solute (with constant total

density of the solution)

u
ocs
ox

þ v
ocs
hok

¼ D
o2cs
ox2

�
þ o2cs
h2 ok2

�
ðA:2Þ



vw =constant

u(x,λ)
y,λ

x

L

h

Fig. 4. Two-dimensional flow in a channel of rectangular cross-section

with one permeable wall.
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where u ¼ uðx; kÞ and v ¼ vðx; kÞ are the velocities of the
solution in the x- and k-directions, respectively,

cs ¼ csðx; kÞ is the solute concentration and D is the

diffusion coefficient. The boundary conditions for Eq.

(A.2) are

csð0; kÞ ¼ constant ¼ c0s ðA:3Þ

Jsðx; 0Þ ¼ 0 ðA:4Þ

Jsðx; 1Þ ¼ Js ðA:5Þ
where Js is a molar solute flux through the walls of the

module. At the boundary x ¼ L we use one-way co-

ordinates, which means that the diffusion is omitted at

that position. The concentration inside the channels

csðx; kÞ is solved numerically by the control volume

method from the solute-continuity equation (A.2) and

the boundary conditions. The equations for u and v are

presented in Appendix A.2.

A.2. Flow velocity inside a two-dimensional channel with

one permeable wall

The approximate analytical solution for the velocities

u and v in the case of laminar fluid flow in 2-d channel

with one porous wall is, according to Sepp€al€a [23] and
Chellam et al. [24],

uðx; kÞ ¼
�
� vwx

h
þ u0m

�
f 0ðkÞ ðA:6Þ

vðkÞ ¼ vwf ðkÞ ðA:7Þ
where f and its derivative f 0 can be found from the first-

order perturbation approximation

f ðkÞ ¼ a0;2k
2 þ a0;3k

3 þ Rew
X7

j¼2

a1;jk
j ðA:8Þ

The j in kj denotes power and the coefficients a, which
are functions of the slip coefficient of the permeable

wall, are given in [23]. vw is the velocity through the

permeable wall (i.e. the osmotic flux, in this study) which

is assumed to be constant.
The result is limited for sufficiently small values of

wall Reynolds number (Rew), defined as

Rew ¼ vwh
m

ðA:9Þ

where m is the kinematic viscosity. The slip coefficient

[17,18] is defined as

H ¼
k1=2p

ah
ðA:10Þ

where kp is permeability of porous structure (defined by

Darcy’s law), a is the dimensionless constant. The per-

meability of the membranes was measured and the

magnitude was found to be of the order of 10�21 m2. As
most of the flow resistance appears in the skin of the

membrane, this permeability is assumed to correspond

to the skin’s permeability. If the magnitude of coefficient

a were of the same order as the values (0.1–4) reported

for different kinds of materials in [17], the slip coefficient

of the skin would be practically 0. So, the membrane

skin is solid-like, and the pores so small that no slip

effect occurs. On the other side of the module, the
metallic support has holes with diameters of 0.2 mm.

Therefore, the slip effect is assumed to appear at the

boundary of the metallic support and lcs. We used a

value of H ¼ 0:1 but also calculated results when

H ¼ 0� 0:4.

A.3. Transport inside the metallic support and inside the

porous substructure

The molar solute flux (Js) inside the metallic support

and inside the porous substructure is expressed as a one-

dimensional problem:

Js ¼ csvw � Deff

dcs
dy

ðA:11Þ

The effective diffusion coefficient Deff (m
2/s) is written as

Deff ¼
£

s
D ðA:12Þ

where s and £ are the tortuosity and porosity of the

porous matter, respectively.

Under 1-d steady-state conditions, vw and Js are can

be considered as constants. Eq. (A.11) can be solved

with boundary condition csðy ¼ 0Þ ¼ cs1 and
csðy ¼ Dy1Þ ¼ cs2 to result in

cs2 ¼
Js
vw

þ cs1

�
� Js
vw

�
e

vw
Deff

Dy1 ðA:13Þ

where Dy1 is the thickness of the structure.

Assuming continuity of the concentration at the
boundaries of the metallic support and different porous

substructure layers, we get, for the concentration after

the N th layer
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csN ¼ Js
vw

þ cs1 �
Js
vw

evwRdiff ðA:14Þ

where the total resistance of diffusion (Rdiff ) is the sum of

individual resistances

Rdiff ¼
XN
i¼1

Rdiff;i ¼
XN
i¼1

Dyisi
Di£i

ðA:15Þ

Applying the measured values of vw and Js, the calcu-

lated value of cs1 and the resistances given in Table 1, the

concentration at the support and substructure interfaces

can be estimated from Eq. (A.14).
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