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Bending, buckling and free vibration of isotropic as well as anisotropic centrosym-
metric beams are formulated and studied within strain and velocity gradient theory.
Different beam theories such as the third-order shear deformable, Timoshenko and
Euler-Bernoulli beam theories are considered. A variational approach is applied in
order to determine the equilibrium equations together with the classical and nonclas-
sical boundary conditions. For studying the buckling of the beams, the nonlinear von
Kármán strain tensor is considered in order to investigate the case of small strains
but moderate rotations. The general formulations derived for the anisotropic beams
can be easily simplified for more common cases of anisotropy such as orthotropy
and transverse isotropy. The analysis of size effect on anisotropic beams is miss-
ing in the literature, while the present work enables one to investigate the size effect
on ultra-small anisotropic centrosymmetric beam structures. The micro- or nano-
scale beams are broadly used in sensors, resonators, actuators, nano- and micro-
electromechanical systems.
In order to investigate the effect of isotropic or anisotropic length scale parameters
on the static or dynamic behaviour of the beams, an analytical solution is provided
for each case and the results are illustrated in figures. It is observed that the internal
length scale parameters in different directions have a great impact on the behaviour
of the beams, when the size of the structure is not negligible. This fact emphasizes
the importance of considering the size effect in designing the miniature structures.
Since the analytical solution is not available for all types of boundary conditions, a
numerical method based on isogeometric analysis is developed. The comparison of
the results obtained by the two different methods show that the numerical method
works properly. Finally, a 3-D formulation for flexoelectric anisotropic materials
within strain gradient elasticity is provided briefly. The simplification of the 3-D
formulation for specific structures such as beams is the subject of future work.
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1. Introduction

1.1 Background

In the classical elasticity, the characteristic length is not included which

results in a formulation independent of the scale of the structures. There-

fore, the mechanical behaviour of micro- and nano- scale systems can-

not be predicted precisely by using the classical elasticity theory. Higher-

order continuum theories such as the couple stress theory [31, 40], non-

local elasticity theory [16, 17] or gradient elasticity theory [28] have been

developed in order to account for scale effects observed at the micro- and

nano- scales. The gradient elasticity [28], which has been implemented

in this research, is one of the alternatives for the classical elasticity. The

gradient elasticity theory extends the equations of classical elasticity with

additional higher-order spatial derivatives of strains, stresses and/or ac-

celerations. This theory successfully captures size effects.

Beams are one of the most common structural elements which are ap-

plied in different phases of structural analysis at various scales. The

recent interest in new technologies with small size-scale elements high-

lights the importance of size-effect on the miniature systems. Therefore,

the accurate prediction of the behaviour of the micro- or nano-sized beams

under various loading conditions is of utmost importance.

The simple Euler-Bernoulli beam theory fails to interpret the behaviour

of the beams when the thickness-to-length ratio of the beam is relatively

large (deep beams). This deficiency is a consequence of the Euler-Bernoulli

beam theory, where the displacement field is defined to neglect the shear

effect which is significant in deep beams. Timoshenko [39], introduced a

first-order shear deformable beam theory in which the transverse shear

strain is assumed to be constant with respect to the thickness coordinate.

9
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Therefore, various shear correction factors are introduced to correct the

discrepancy between the real transverse shear strain distributions and

those obtained by the Timoshenko beam theory [43]. After that, higher-

order beam theories which improve the disadvantage of the Timoshenko

beam theory were developed. The third-order shear deformable beam the-

ory (which is mostly used in this research) is one of the most well-known

and commonly applied shear deformable beam theories.

A considerable amount of research for studying beams within higher-

order continuum theories have been carried out by different investigators

(e.g. [42, 6, 33, 2, 3, 26, 35, 34, 7, 44]). However, various unsolved prob-

lems exist and previous formulations can be improved, generalized or ex-

tended in several cases. Specially, the literature lacks the formulation of

generally anisotropic beams in the framework of gradient elasticity the-

ory. A solution for some of these problems (which are discussed in detail

in the next chapters) is proposed in this research.

1.2 Objective

The main objective of the research is to study the static and dynamic be-

havior of third-order shear deformable as well as Timoshenko and Euler-

Bernoulli beams within strain and velocity gradient elasticity theory.

Bending, buckling and free vibration of isotropic and centrosymmetric

anisotropic beams are formulated and studied. In order to study the size

effect, the equations of motions are solved using analytical method and

isogeometric analysis.

1.3 Implementation

The formulation procedure includes three main steps:

1. Derivation of the general three dimensional formulation

2. Simplification of the general 3-D formulation for beam problems

3. Solution of the governing differential equations

10
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Derivation of the general three dimensional formulation

The formulation for each specific problem is derived by choosing the cor-

rect strain and kinetic energy density functions relevant to the problem.

The classical energy density functions are generalized using the higher-

order gradients of velocity and/or strain tensor and internal length scales

which control the size effect. The components of Cauchy and higher-order

stress tensors (and necessary electric fields) will be obtained using the

energy functions. Next, the variations of the strain, kinetic and external

work are inserted in the Hamilton’s principle. Application of this princi-

ple and the fundamental lemma of the calculus of variation will result in

governing partial differential equations and boundary conditions in three

dimensional forms.

Simplification of the general 3-D formulation for beam problems

The components of the strain and strain tensor are obtained according

to the displacement filed which is assumed for the specific beam theory.

Once the variations of the strain, kinetic and external work are rewritten

for the specific problem, as in the case in classical elasticity, dimension re-

duction can be applied to simplify the three dimensional formulation. The

differential equations and boundary conditions are derived using Hamil-

ton’s principle and Green’s theory and the fundamental lemma of calculus

of variation.

Solution of the governing differential equations

Depending on the complication of the derived differential equations, the

proper solution method is chosen. The equations may be solved analyti-

cally or by using a proper numerical technique. The behavior of the beam

within gradient elasticity theory is compared to its behavior within clas-

sical theory and the effect of the length scale parameters is illustrated.

1.4 Structure of thesis

In Publication I, the governing equations and boundary conditions for a

third-order shear deformable beam are obtained using a complete gra-

dient elasticity theory in which the strain energy contains strain and

the strain gradient and the kinetic energy contains velocity and the ve-

11
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locity gradient. Using analytical method, the governing equations are

solved for a specific case and the effect of the static and kinetic length

scale parameters on the behavior of the beam are illustrated. Next, the

static formulation derived in publication I is extended to centrosymmetric

anisotropic third-order shear deformable beams using a second-rank ten-

sor of anisotropic length scale parameters (Publication II). The non-linear

static buckling of centrosymmetric anisotropic Timoshenko and

Euler-Bernoulli beams within gradient elasticity is formulated and stud-

ied in Publication III. In the last publication, the formulation derived in

Publication III is extended to dynamical cases using a second-rank ten-

sor of kinetic length scale parameters. Furthermore, the governing equa-

tions are solved by isogeometric analysis as well as analytical method and

the results obtained by the two methods are compared with each other.

In addition, the 3-D variational formulation of strain gradient theory for

anisotropic flexoelectric materials is derived in section (2.4).

12



2. Gradient elasticity theory

2.1 Introduction

Obviously, the classical continuum theory has certain shortcomings in de-

termining material’s behaviour when the effect of size is not negligible.

Therefore, classical theories are extended to higher order continuum the-

ories in order to enable the prediction of size effect observed in problems

with a geometric length scale comparable to microstructural length of the

material. In 1909, Cosserat brothers [11] tried to introduce the size effect

in equations of classical continuum theory by adding three rotational de-

grees of freedom at each material point, called micro rotations. Although

some isolated research work was performed on Cosserat brothers’ theory

in the first half of the 20th century, the major work started in 1960s [8].

Eringen (1966, 1968) [14, 15] extended Cosserat brothers’ theory to mi-

cropolar theory. The couple stress theory, which was initially suggested

by Mindlin and Tiersten (1962) [31], is a special case of Cosserat brothers’

theory in which micro rotations and macro rotations are assumed to be

equal.

Mindlin’s theory of strain gradient elasticity [28, 29, 30] is another frame-

work which enables one to model the behaviour of materials in ultra-small

scales. However, the most general version of the Mindlin’s theory is exces-

sively complex and a large number of material constants is present in the

formulations (16 length scale parameters for isotropic materials). There-

fore, this theory has not been applied broadly. Several authors tried to

reduce the number of the material length scale parameters and present

a simplified version of Mindlin’s general strain gradient theory. In a pa-

per by Altan and Aifantis (1997) [4], a simplified version of the strain

gradient theory is formulated such that only 3 material constants exist

13



Gradient elasticity theory

in the formulation (1 length scale parameter and two Lamé constants).

Lazar and Maugin [22] considered a simple version of Mindlin’s first gra-

dient elasticity called gradient elasticity of Helmholtz type with only one

gradient coefficient in order to study the elastic stress and strain fields

of dislocations and disclinations within Mindlin’s gradient elasticity the-

ory. Within this framework, stress and elastic strain singularities are

removed. Lam et al. [21] proposed a modified strain gradient theory with

three material length scale parameters. Furthermore, the isotropic gradi-

ent elasticity of Helmholtz type is recently generalized for anisotropic gra-

dient elastic materials [23, 24]. In this research, the simplified versions

of Mindlin’s gradient elasticity theory are applied in order to capture the

size effects in micro- or nano- scale isotropic and anisotropic beams. In

the next three sections, the three-dimensional variational formulation for

isotropic, anisotropic centrosymmetric and anisotropic flexoelectric mate-

rial is presented. For a detailed overview of different formats of gradient

elasticity, their formulations and performance in static and dynamic ap-

plications, the interested reader is referred to [8].

2.2 Isotropic materials

Within the strain gradient elasticity theory, the strain energy UΩ in a

region Ω occupied by the elastically deformed isotropic material is given

by [28]

UΩ =
1

2

∫
Ω(ui,jσij + ui,jkτijk)dv, i, j, k ∈ {x, y, z} (2.1)

where ui denotes the displacement components, comma represents the

partial derivative and the Cauchy-like stress tensor components σij and

double-stress tensors components τijk for an isotropic material are

σij = λδijεmm + 2μεij , (2.2)

τijk = l2s (λδijεmm,k + 2μεij,k) = l2sσij,k. (2.3)

In equations (2.2) and (2.3), λ and μ denote the Lamé constants, δij are

the components of the unit second-order tensor (i.e., Kronecker delta), ls
is the static internal length scale related to the strain gradient and εij

denotes the infinitesimal elastic strain components as

εij = εji =
1

2
(uj,i + ui,j) . (2.4)

The variation of the strain energy takes the form

δUΩ =

∫
Ω
(σijδεij + τijkδεij,k) dv =

∫
Ω
(δui,jσij + δui,jkτijk)dv. (2.5)

14
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According to Mindlin (1964) [28], the kinetic energy KΩ in a region Ω

occupied by the elastically deformed isotropic material (at time t) is

KΩ =
1

2

∫
Ω
ρ

(
u̇iu̇i + l2ku̇i,j u̇i,j

)
dv. (2.6)

where ρ is the mass density, lk is internal length regarding the veloc-

ity gradient, and the superimposed dot denotes the time derivative. The

variation of the kinetic energy is

δKΩ =

∫
Ω
ρ

(
u̇iδu̇i + l2ku̇i,jδu̇i,j

)
dv. (2.7)

Moreover, the variation of the external work is given by

δWΩ =

∫
Ω
fiδuidv +

∫
∂Ω

(tiδui + qinjδui,j) da (2.8)

where ∂Ω is the bounding (closed) surface of Ω, fi is the body force and, ti
and qi are the Cauchy traction vector and the double stress traction vector

on the boundary, respectively. According to Hamilton’s principle∫ t

0
[δKΩ − δUΩ + δWΩ] dt = 0. (2.9)

The governing equations and boundary conditions can be obtained by ap-

plying equation (2.9) together with equations (2.5), (2.7) and (2.8) and the

fundamental lemma of the calculus of variation. Dimension reduction is

applied to the 3-D formulation in order to simplify it for beam structures.

This task is performed in Publication I.

2.3 Centrosymmetric anisotropic materials

In crystallography, a point group which contains an inversion center as

one of the symmetry elements is centrosymmetric. In such a group point,

for every point (x, y, z) in the unit cell there is an indistinguishable point

(−x,−y,−z). Such point groups are also said to have inversion symmetry.

Crystals with an inversion center cannot display certain properties, such

as the piezoelectric effect [38, 18].

According to the Mindlin’s anisotropic gradient elasticity theory [28], for

a centrosymmetric material, there is no coupling between strain εij and

strain gradients εij,k and the strain energy density is defined by even-

order tensors of material coefficients. Therefore, the strain energy density

function for a homogeneous and centrosymmetric material is given by [9]

U =
1

2
Cijklεijεkl +

1

2
Dijmklnεij,mεkl,n. (2.10)
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The sixth-rank constitutive tensor Dijmkln incorporates material aniso-

tropy and anisotropic length scale effects and possesses the following sym-

metries

Dijmkln = Djimkln = Dijmlkn = Dklnijm (2.11)

In case the material is fully anisotropic (triclinic), the fourth-rank ten-

sor Cijkl and sixth-rank tensor Dijmkln possess 21 and 171 independent

constants respectively. Gitman et al. [19] and Lazar and Po [23] assumed

that the tensor Dijmkln can be decomposed into a product of the fourth-

rank tensor Cijkl and a second-rank tensor of anisotropic static length

scale parameters Ψs
mn as

Dijmkln = CijklΨ
s
mn (2.12)

The symmetric second-rank tensor Ψs
mn has the dimension of squared

length. According to equation (2.12), the 192 independent material con-

stants of a fully anisotropic and centrosymmetric material reduce to 27

(21+6) independent material constants. Now, the strain energy density

can be written in the form

U =
1

2
Cijklεijεkl +

1

2
Ψs

mnCijklεij,mεkl,n. (2.13)

In the framework of strain gradient elasticity, the Cauchy-like stress ten-

sor components σij and double-stress tensor τijk are given by

σij =
∂U

∂εij
, τijk =

∂U

∂εij,k
. (2.14)

According to equations (2.13) and (2.14), we have

σij = Cijklεkl, τijm = Ψs
mnCijklεkl,n = Ψs

mnσij,n. (2.15)

The strain energy density reads

U =
1

2
εijσij +

1

2
εij,kτijk. (2.16)

The variation of the strain energy can be written as

δUΩ =

∫
Ω
(σijδεij + τijkδεij,k) dv =

∫
Ω
(σijδui,j +Ψs

klσij,lδui,jk) dv. (2.17)

As a consequence of the positive definiteness of U , the tensor Ψs
mn must

be positive definite. For materials with lower degree of anisotropy (or-

thotropic or transversely isotropic materials) the tensors Cijkl and Ψs
mn

must fulfil restrictions resulting from point symmetries of the specific ma-

terial. For more detailed information about these restrictions for differ-

ent crystal classes and the required and sufficient conditions for positive-

definiteness of Ψs
mn the reader is referred to [23].
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In a similar manner, we assume that the kinetic energy density for a

centrosymmetric anisotropic material can be written as

K =
1

2
ρu̇iu̇i +

1

2
ρΨd

jku̇i,j u̇i,k (2.18)

where Ψd
jk is a symmetric second rank anisotropic internal length scale

tensor regarding the velocity gradient. In equation (2.18), by applying ma-

trix formalism, the term
1

2
ρΨd

jku̇i,j u̇i,k can be written as
1

2
ρcTMc, where

cT =
[
u̇x,x u̇x,y u̇x,z u̇y,x u̇y,y u̇y,z u̇z,x u̇z,y u̇z,z

]
(2.19)

and

M =

⎡
⎢⎢⎣

Ψd 0 0

0 Ψd 0

0 0 Ψd

⎤
⎥⎥⎦ . (2.20)

Due to the positive definiteness of the kinetic energy density, M and con-

sequently the tensor Ψd must be positive definite. The kinetic energy KΩ

in a region Ω occupied by the elastically deformed material (at time t) is

KΩ =

∫
Ω
Kdv =

1

2

∫
Ω
ρ

(
u̇iu̇i +Ψd

jku̇i,j u̇i,k

)
dv (2.21)

The variation of the kinetic energy is

δKΩ =

∫
Ω
ρ

(
u̇iδu̇i +Ψd

jku̇i,jδu̇i,k

)
dv (2.22)

Similar to the previous section, the variations of strain energy (2.17), ki-

netic energy (2.22) and external work (2.8) are substituted in the Hamil-

ton principle (2.9) and the governing equations of motion and boundary

conditions in 3-D form are obtained. In order to simplify the 3-D equations

for beam structures, the dimension reduction is applied. This procedure is

used to investigate the size-effects on bending, buckling or free vibration

of centrosymmetric anisotropic Euler-Bernoulli, Timoshenko and third-

order shear deformable beams, which are the subject of publications II,

III and IV.

The procedure described in the current and previous sections leads into

complicated governing differential equations, especially for third-order

shear deformable beams. Similar to the classical theories of elasticity,

the variational approach within gradient elasticity leads to two options

for nonclassical boundary conditions. Due to the complexity of the gov-

erning equations, the analytical solutions are not available for all types

of boundary conditions. However, in order to illustrate the effect of the
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static or kinetic length scale parameters on the behaviour of the struc-

tures, a simple serial solution which satisfies the boundary conditions for

one special set of boundary conditions is applied (see Publications I-IV).

For the simpler Euler-Bernoulli beam theory, the analytical solution for

other types of the boundary conditions is also available.

In Publication IV, in addition to the analytical solution, the differential

equations are solved numerically by the aid of isogeometric analysis (IGA)

and for one special type of boundary conditions, the results are compared

with those obtained from the analytical method. However, application

of IGA, which is based on splines as shape functions in the framework

of the finite element method (FEM), makes the solution of the governing

differential equations with other boundary conditions possible. In order to

get a profound knowledge about the isogeometric analysis, its applications

and implementation, the interested reader is referred to [12].

2.4 Anisotropic flexoelectric materials

According to the continuum theory of piezoelectric materials, an electric

polarization is generated in response to uniform strain. By this assump-

tion, the polarization vector Pi can be written as

Pi = pijkεjk (2.23)

where pijk is a third-rank piezoelectric tensor. However, for centrosym-

metric materials, all odd-tensors of material properties vanish and there-

fore the property of equation (2.23) is restricted to noncentrosymmetric

crystal systems and a necessary condition for piezoelectric materials. On

the other hand, many dielectrics are not piezoelectric. In such dielectrics,

a nonuniform strain could break the inversion symmetry and induce po-

larization. Thus, equation (2.23) is extended to

Pi = pijkεjk + μijklεjk,l, (2.24)

where pijkεjk is equal to zero for noncentrosymmetric materials and μijkl

is a tensor including flexoelectric coefficients. This property is known as

flexoelectricity [27].

In the paper by Yue et al. [45], a continuum model of piezoelectric ma-

terial with strain and electric gradient effects is proposed. However, it is

assumed that a centrosymmetric material has piezoelectric properties and

the odd-order tensors of material constants are omitted. This assumption

is in contrast with the properties of the piezoelectric materials.
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In the following, the three-dimensional variational formulation for an

anisotropic flexoelectric material is reviewed.

An elastic dielectric body, occupying a domain Ω, is considered. The

strain energy density function U can be expressed as a function of in-

finitesimal elastic strain (2.4), strain gradient, polarization vector and the

polarization vector gradient as

U = U (εij , εij,k, Pi, Pi,j) , i, j, k ∈ {x, y, z} . (2.25)

The Cauchy-like stress tensor components σij and the double-stress ten-

sor components τijk can be derived from equation (2.14). The effective

local electric force Ei and the higher order local electric force Eij are

Ei =
∂U

∂Pi
, Eij =

∂U

∂Pi,j
. (2.26)

The internal energy density function U is defined by [27, 13]

U (εij , εij,k, Pi, Pi,j) =
1

2
εijCijklεkl +

1

2
εij,mDijmklnεkl,n

+
1

2
χijPiPj + eijkPiεjk +Gijklmεijεkl,m

+ fijklPiεjk,l +
1

2
bijklPi,jPk,l + dijklPi,jεkl.

(2.27)

where Cijkl is the fourth-rank elasticity tensor. Gijklm and Dijklmn are the

fifth and sixth-rank generalized tensors of gradient elastic constants re-

spectively. The tensor Dijklmn is decomposed according to equation (2.12).

In equation (2.27), eijk, fijkl and χij denote the components of the third-

rank piezoelectric, the fourth-rank flexoelectricity and the second-order

reciprocal dielectric susceptibility tensors respectively. The tensors bijkl

and dijkl correspond to higher-order electroelastic couplings which do not

occur in the classical description of isotropic elastic dielectrics [27].

For flexoelectric materials, the odd-order tensors of material properties

vanish and therefore the internal energy density U reduces to

U (εij , εij,k, Pi, Pi,j) =
1

2
εijCijklεkl +

1

2
εij,mDijmklnεkl,n +

1

2
χijPiPj

+ fijklPiεjk,l +
1

2
bijklPi,jPk,l + dijklPi,jεkl.

(2.28)

By substituting the internal energy density function (2.28) into equation

(2.14), the stress tensor σij and double-stress tensor τijk are expressed as

σij = Cijklεkl + dklijPk,l

τijm = Ψs
mnCijklεkl,n + flijmPl

(2.29)

By the aid of equation (2.26) we have

Ei = χijPj + fijklεjk,l

Eij = bijklPk,l + dijklεkl

(2.30)
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The internal energy density function reads

U =
1

2
σijεij +

1

2
τijkεij,k +

1

2
EiPi +

1

2
EijPi,j (2.31)

Accordingly, the internal energy UΩ in a region Ω occupied by the elasti-

cally deformed material reads

UΩ =

∫
Ω
Udv =

1

2

∫
Ω
(σijεij + τijkεij,k + EiPi + EijPi,j) dv. (2.32)

The variation of the internal energy (UΩ) is

δUΩ =

∫
Ω
(σijδεij + τijkδεij,k + EiδPi + EijδPi,j) dv (2.33)

The principle of virtual work reads

δUΩ = δWΩ (2.34)

Substitution of the variations of the internal energy and external work

(2.33, 2.8) into equation (2.34) and application of the fundamental lemma

of calculus of variation will lead to the governing equilibrium equations

and boundary conditions in three dimensional form. In order to simplify

the 3-D formulation for specific cases, such as beams, dimension reduction

is applied to the general formulation. A more accurate study of the formu-

lation of the present section and simplification of it for flexoelectric beams

or plate structures can be a subject of a future work. The properties of

the higher-order material property tensors, their quantitative evaluation

based on experimental methods and their effect on the electromechanical

behaviour of the beam or plate structures can be investigated. In case

the formulation is extended for piezoelectric materials, the decomposition

and simplification of the odd-order material property tensors, such that

the simplified formulation can model the behaviour of the structure accu-

rately can be performed in future research projects.
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3. Shear deformable beam theories

In this chapter, a brief review of shear-deformable beam theories is pre-

sented. To describe different beam theories, the following coordinate sys-

tem is used. The x-coordinate is taken along the length of the beam, z-

coordinate along the height and y-coordinate is along the width of the

beam. In these beam theories, ux, uy and uz are the displacement compo-

nents along the x, y, z coordinates receptively. It is assumed that the dis-

placement along the y-coordinate (uy) is equal to zero. The simplest beam

theory is the well-known Euler-Bernoulli beam theory. The displacement

field in this theory is

ux (x, z) = −zw,x (x)

uz (x, z) = w (x)
(3.1)

Above, w is the deflection of a point on the beam axis. According to this

theory, the straight lines normal to the mid-plane remain straight and

normal to the mid-plane after the deformation. As a result of this as-

sumption, the effect of shear deformation is neglected.

3.1 Timoshenko beam theory

Euler-Bernoulli beam theory is more suitable for slender beams and pro-

vides inaccurate interpretation of bending, buckling or vibration of the

beams when the thickness-to-length ratio of the beam is relatively large

[43]. This deficiency was first demonstrated by Timoshenko in 1921 [39].

This theory is based on the displacement field

ux (x, z) = zβ (x) ,

uz (x, z) = w (x) .
(3.2)

In equation (3.2), β denotes the rotation of the cross-section. In this first-

order shear deformable beam theory, the lines normal to the mid-plane
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of the beam remain straight, but the normality assumption of the Euler-

Bernoulli beam is relaxed. This assumption leads to shear strains and

stresses which are constant on the thickness of the beam. Thus, a shear

correction factor is introduced in the formulation in order to adjust the

error due to the constant shear strain assumptions. The shear correction

factor depends on the geometry of the beam.

3.2 Third-order shear deformable beam theory

In 1981, Levinson [25], introduced a third-order shear deformable the-

ory (TSD) for beams of rectangular cross-section. In this new theory, the

assumptions of the Euler-Bernoulli beam theory, (i.e., that the straight

lines perpendicular to the undeformed neutral surface remain straight

and perpendicular to the neutral surface after deformation), is completely

abandoned. The new displacement field is assumed to be

ux (x, z) = zβ (x) + z3φ (x)

uz (x, z) = w (x)
(3.3)

Above, φ (x) may be called the warping function since it is a measure of the

deviation of the cross-section of the deformed beam from a plane surface

[25]. The requirement that the shear strain vanishes on the upper and

lower surfaces of beam results in

φ (x, t) = − 4

3h2
(β + w,x) , (3.4)

and therefore equation (3.3) can be written in the form

ux (x, z) = zβ (x)− αz3 (β (x) + w,x (x))

uz (x, z) = w (x)
(3.5)

where

α =
4

3h2
. (3.6)

This displacement field leads to a quadratic variation of the transverse

shear strain and stress. Since this transverse shear strain vanishes on

the upper and lower surface of the beam, there is no need to use shear

correction factor in the equations [43].

3.3 Other shear deformable beam theories

Other shear deformable beam theories which satisfy the condition of zero

shear strain and stress on the upper and lower surfaces of the beam with
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no need for shear correction factor were derived by several authors. The

displacement field for all of these theories can be written in the form [36]

ux (x, z) = −zw,x + f (z)φ (x)

uz (x, z) = w (x)
(3.7)

f(z) takes the following forms for different beam theories

• Trigonometric shear deformable beam theory [41]:

f(z) =
h

π
sin

(πz
h

)
(3.8)

• Hyperbolic shear deformable beam theory [37]:

f(z) = z cosh

(
1

2

)
− h sinh

( z

h

)
(3.9)

• Exponential shear deformable beam theory [20]:

f(z) = ze
−2

( z
h

)2

(3.10)

• The model proposed by Akavci [1]

f(z) =
3π

2

[
h tanh

z

h
− zsech2

(
1

2

)]
(3.11)

• The model proposed by Ambartsumian [5]

f(z) =
z

2

(
h2

4
− z2

3

)
(3.12)

• The model proposed by Aydogdu [10]

f(z) = zr

⎛
⎝−2 (z/h)2

lnr

⎞
⎠
, r = 3 (3.13)

It is noteworthy that f(z) = 0, f(z) = z and f(z) = z

(
1− 4z2

3h2

)
when

φ (x) = w,x (x) + β (x) will lead to Euler-Bernoulli beam theory, Timo-

shenko beam theory and the third-order shear deformable beam theories,

respectively. In the present research, the third-order shear deformable

beam theory introduced in section (3.2) is used. The formulation of this

theory is straight-forward and well-known and can be easily simplified

to the Timoshenko and Euler-Bernoulli beam theories. Furthermore, the

statical and dynamical behaviour of the thick beams predicted by this the-

ory is in excellent agreement with those of exact solution. A comparison of

the behaviour of thick isotropic beams predicted by different refined beam

theories has been carried out by Sayyad [36].
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4. Conclusion and future work

In this thesis, the size effects on different beam structures are studied

within the strain and velocity gradient elasticity theory. Third-order shear

deformable beams as well as Timoshenko and Euler-Bernoulli beam mod-

els are considered. Higher-order differential equations together with clas-

sical and non-classical boundary conditions for bending, buckling and free

vibration of isotropic and anisotropic beams are obtained using the vari-

ational approach. The results obtained in this thesis are important in

designing ultra-small scaled beams. The main results and findings of the

present thesis are as follows:

Publication I: Dynamical equations of motion and boundary conditions

for isotropic third-order shear deformable beam structures are derived

within the velocity and strain gradient elasticity theory. The strain en-

ergy is generalized by considering strain gradients. In addition, the ki-

netic energy is extended by adopting a kinetic length scale parameter and

including the velocity gradients. The equations and boundary conditions

obtained for the third-order beam theory can be directly simplified for

Timoshenko and Euler-Bernoulli beam models. The influence of the static

and kinetic length scale parameters on the behaviour of the beam is illus-

trated within examples.

Publication II: The differential equations and boundary conditions for

anisotropic centrosymmetric third-order shear deformable beams are de-

rived within the strain gradient elasticity by the aid of the variational ap-

proach. The formulation is easily simplified for special cases of anisotropy

such as orthotropy and transverse isotropy as well as isotropic beams

(Publication I). The resulting beam model is capable of capturing the size

effects. One can easily obtain the equations of motion and boundary condi-
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tions for simpler beam theories such as Timoshenko and Euler-Bernoulli

beams by simplifying the results obtained. An analytical serial solution is

provided for few special cases of boundary conditions and the effect of the

internal length scale parameter in different directions on the deflection

and rotation of the beam is investigated.

Publication III: Buckling of centrosymmetric anisotropic Timoshenko

and Euler-Bernoulli beams is studied based on strain gradient elastic-

ity theory. The non-linear von Kármán strain tensor is considered. The

general formulation is simplified for orthotropic, transversly isotropic and

isotropic beams and the results are compared with those available in the

literature. In order to investigate the effect of the tensor of internal length

scale on buckling load, an analytical solution is provided for the special

case of simply supported Timoshenko and Euler-Bernoulli beams as well

as a clamped Euler-Bernoulli beam. It is observed that the internal length

scale in different directions have different impact on the buckling loads of

the beams.

Publication IV: Free vibration of anisotropic centrosymmetric third-order

shear deformable, Timoshenko and Euler-Bernoulli beams within strain

and velocity gradient elasticity theory is investigated. The kinetic energy

density is extended by considering a tensor of anisotropic kinetic length

scale parameters and velocity gradients. The kinetic quantities are distin-

guished on the macroscale and on the microscale. Through the variational

approach, the governing differential equations, classical and nonclassical

boundary conditions are derived and compared to those of the isotropic

beams (Publication I). In order to solve the governing differential equa-

tions numerically, the isogeometric analysis is provided. Although this

method can be implemented for any types of the boundary conditions, the

free vibration problem of a simply supported third-order shear deformable

beam is considered and the results obtained from the numerical and an-

alytical solutions are compared. The results obtained from both methods

are in good agreement.

In section (2.4), the three-dimensional variational approach for the anal-

ysis of gradient elastic flexoelectric structures is given. Application of the

dimension reduction to the three-dimensional formulation and simplify-

ing it for special structures such as beams or plates is the topic of future
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work. Furthermore, the variational formulation of piezoelectric beams or

plates based on the gradient elasticity theory is planned to be derived in

the future research projects. The formulations derived in this thesis can

also be extended to curved beams.

As mentioned in section (3.3), various shear deformable beam or plate

theories are proposed by several authors. By applying a similar proce-

dure explained in this thesis, the governing equations for beams or plates,

based on higher order elasticity theories can be derived using different

shear deformable theories and advantages of each theory can be studied.

A general higher order beam theory for straight beams, which can be sim-

plified to the well-known beam theories is previously derived (private dis-

cussion with Professor Juha Paavola [32]) and is planned to be extended

to strain gradient elastic beams.

The formulations obtained in this thesis, include static and kinetic aniso-

tropic length scale parameters. The quantities of these parameters are

not determined for different materials for far. The determination of these

quantities using experimental methods can be performed in future re-

search projects.

A deep and precise study of the higher-order boundary conditions and

their physical meaning can also be a topic of a future research work.

Finally, the static and dynamic formulation of isotropic or anisotropic

shells within higher order elasticity theories and the study of size effects

on these structures is a subject of future work.
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