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Chapter 1

Introduction

Though this work does not contain any large scale simulations of superfluid
turbulence, still the quantum turbulence is the overarching theme. In this
work, I present studies of vortex dynamics, especially related to the helical
waves on vortices. What makes quantum turbulence interesting, is the
fact that circulation is quantized in superfluids. Vortices in superfluids are
line-like objects which have a definite strength, the quantum of circulation.
Yet the properties of the quantum turbulence are believed to be similar to
its classical counterpart. When we study turbulence in superfluids, we
are studying the skeleton of turbulence. When we study the dynamics of
quantized vortices, we study how the individual bones of the skeleton work.

In a turbulent superfluid, the vortices appear as a complex tangle. Super-
fluids may exhibit two types of turbulence. Ultraquantum turbulence is the
simplest form of quantum turbulence: it is a nearly random tangle with no
large-scale structures. In quasi-classical turbulence, coherent structures
are formed and in large length scales it has properties similar to classical
turbulence. The quasi-classical quantum turbulence has a double cascade:
the Kolmogorov cascade at large scales and the Kelvin wave cascade at
small scales.

Despite the focus on Kelvin waves, the helical distortions of a vortex,
this work manages to capture many different aspects of turbulence. This
chapter is a brief introduction to the nature of superfluids and to the prop-
erties of quantized vortices. In Chapter 2, I introduce the vortex fila-
ment model, which is the basic tool for the simulation of vortex dynamics.
In Publication III, we study the Kelvin wave instability. The Donnelly–
Glaberson–Ostermeier instability (discussed in Chapter 3) is a mechanism
for the onset of turbulence. Publication I addresses the interaction between
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adjacent vortices, which plays an important role in the crossover from the
Kolmogorov cascade to the Kelvin wave cascade. In that article, we focused
of the leapfrogging motion of two coaxial vortices, but the phenomenon is
more general than that, as is shown in Chapter 4. The motivation for Publi-
cation IV was the study of the Kelvin wave cascade. It addresses the chal-
lenges to identify the Kelvin waves in numerical simulations of complex
vortex tangles and this is covered in Chapter 5. Publication II is a part of
the quest to find robust quantities to characterize the turbulent tangles. In
classical fluid dynamics, the helicity is one such important quantity. How-
ever, the quantized nature of vortices in superfluids makes things different,
as is discussed in Chapter 6.

1.1 Superfluid helium-4

Helium was first liquefied by Heike Kamerlingh Onnes in 1908. When he
was studying the properties of liquid helium near 2 K, he noticed some
strange behaviour. In 1927 Willem Keesom and Mieczyslaw Wolfke cooled
liquid helium-4 and observed that it undergoes a phase transition at 2.17 K.
This transition temperature is called Tλ, because the graph of the specific
heat resembles letter lambda. They called the two phases helium-I (T > Tλ)
and helium-II (T < Tλ). So far only the thermodynamic properties were
measured. The remarkable properties of helium-II were further investi-
gated and finally the hydrodynamic properties of the new liquid phase of
helium were studied. In 1938, two important studies were published: Pyotr
Kapitsa in Moscow and John F. Allen and Donald Misener in Toronto had
independently discovered that helium-II flows nearly without any viscosity
[1].

Helium-II is called superfluid helium and its behaviour was soon ex-
plained by Fritz London, László Tisza and Lev Landau [2–6]. London pro-
posed that superfluidity is related to the Bose–Einstein condensation of the
helium atoms. Tisza developed a two-fluid model where helium-II is de-
scribed as fluid consisting of two interpenetrating components. In Tisza’s
model one of the components was Bose–Einstein condensate and the other
was normal fluid. Landau developed his own two-fluid model, where the
normal fluid is described as consisting of quasiparticles.

In later years, these ideas were further developed. The concept of a two-
fluid model is still useful. We can think of the superfluid to be composed of
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two components: the superfluid component has zero viscosity and zero en-
tropy density, while the viscous normal component carries all the entropy.
The densities of the components depend on the temperature. Although the
superfluid component cannot be equated to Bose condensate (due to the
strong interactions between helium atoms), the underlying idea of macro-
scopic coherence is important. Superfluid helium can be described with the
aid of the so called macroscopic wavefunction, which is a complex scalar
and acts as the order parameter of the system:

ψ=ψ0eiϕ(r), (1.1)

where ψ0 is a real number. The density of the superfluid is ρs = m4ψ
2
0 =

m4n, where m4 is the mass of helium atom and n is the particle density of
the superfluid component. The mass current is given by

js = ħ
2i

(ψ∗∇ψ−ψ∇ψ∗)=ħψ2
0∇ϕ. (1.2)

Thus the superfluid velocity vs = js/ρs is given by

vs = ħ
m4

∇ϕ. (1.3)

In helium-4, the interactions between bosons are strong. Weakly in-
teracting particles in atomic Bose–Einstein condensates may be described
using Gross–Pitaevskii model [7–9]. This model allows us to describe quan-
tized vorticity. This makes it useful also for the study of superfluid helium
although only in a qualitative sense. The Gross–Pitaevskii equation is:

iħ∂ψ
∂t

=− ħ2

2m4
∇2ψ+ g|ψ|2ψ+V (r)ψ, (1.4)

where the coupling constant g is proportional to the scattering length of
two interacting particles and V is an external potential. Gross–Pitaevskii
equation has the form of time-dependent nonlinear Schrödinger equation.

The use of the ansatz given by Eq. (1.1) for Gross–Pitaevskii equation
is called the Madelung transformation. It helps us to see the hydrodynamic
nature of the equation. Multiplying Eq. (1.4) with ψ∗ and substracting its
complex conjugate one arrives at

∂|ψ|2
∂t

+∇·
( ħ
2m4i

(ψ∗∇ψ−ψ∇ψ∗)
)
= 0, (1.5)
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which may be written as

∂n
∂t

+∇· (nvs)= 0, (1.6)

which has the form of a continuity equation.

The continuity equation is obtained from the imaginary part of Gross–
Pitaevskii equation after the Madelung transformation. The real part yields
another hydrodynamical equation:

n
(
∂vs

∂t
+ (vs ·∇)vs

)
=−∇p−∇P −n∇V

m
. (1.7)

Here we have introduced the pressure, p = 1
2 g( n

m )2, and the quantum pres-
sure, P jk = − ħ2

4m2
4
n ∂2 lnn

∂xj∂xk
. Equation (1.7) has the same form as the Euler

equation for an inviscid fluid (with an external force), except the addition
of the quantum pressure term.

1.2 Quantized vortices

Since the superfluid velocity is proportional to the gradient of the phase, it
is clear that the fluid motion is irrotational, i.e. ∇×vs = 0. The definition
for circulation with a velocity field v is

Γ=
∮

C
v ·d�. (1.8)

For potential flow, this is zero independent of how the contour C is cho-
sen, if the region of the space is simply connected. This means that vor-
tical motion is possible in superfluids only in the presence of topological
defects which makes the space multiply connected. These line-like defects
are quantized vortices and the density of the superfluid component goes to
zero in their cores. At the vortex, the phase is undefined. The circulation
of a superfluid vortex is

Γ=
∮

C
vs ·d�=

∮
C

ħ
m4

∇ϕ ·d�= Nκ, (1.9)

where κ≡ h/m4 = 0.0997 mm2/s is the quantum of circulation and N is any
integer. However, only singly quantized vortices (N = 1) are energetically
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favorable. Vortices must end on boundaries or form closed loops according
to the Helmholtz’s theorems. For a rectilinear quantized vortex, we have

∮
C
vs ·d� = 2πrvs = κ, (1.10)

vs = κ

2πr
. (1.11)

This is analogous to a idealized classical line vortex. When the distance
from the vortex, r, goes to zero, the velocity goes to infinity. In superfluid
helium-4 this poses no problem, since simultaneously the superfluid den-
sity goes to zero.

In ideal fluids, the topology of vortices is determined by the initial con-
dition and cannot change, i.e. two initially linked vortices remain linked
at all times. However, superfluids are not ideal fluids. When two vortices
come close to each other, they reconnect, as has been observed directly by
visualizing the motion of solid hydrogen particles trapped in the vortex
cores [10]. Reconnections reduce the vortex line length and cause dissipa-
tion. In the Gross–Pitaevskii description, it is the presence of the quantum
pressure term that allows the vortices to reconnect and change the topology
of the fluid [11].

The presence of vortices couples the two components of the superfluid
together. The flow of the normal component is the drift of thermal exci-
tations (phonons and rotons). These quasi-particles exchange momentum
with the vortex lines during the relative motion of the two components.
Thus an interaction called mutual friction appears. In the absence of vor-
tices, we could think of the superfluid component to be an inviscid fluid
governed by Euler equation. At high temperatures, the normal component
is like a viscous fluid. In the zero temperature limit, the normal component
can be discarded entirely, and in the intermediate regime the motion of the
quasiparticles is ballistic.

In the two-fluid model, the total density of the fluid is the sum of the
densities of the superfluid, ρs, and the normal component, ρn:

ρ = ρs +ρn. (1.12)

The equation of the continuity of the mass is given by

∂ρ

∂t
+∇· (ρnvn +ρsvs)= 0. (1.13)
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All the entropy, S, is carried by the normal component:

∂(ρS)
∂t

+∇· (ρSvn)= 0. (1.14)

In the quasi-classical turbulence, the vortex lines are believed to align
locally by forming bundles. The behaviour of these bundles mimics the
dynamics of classical eddies. The coarse-grained hydrodynamics of su-
perfluid can then be described with Hall–Vinen–Bekarevich–Khalatnikov
equations. In the incompressible case, the HVBK equations are [12]:

ρn
Dvn

Dt
= −ρn

ρ
∇pn −ρsS∇T +Fmf +η∇2vn, (1.15)

ρs
Dvs

Dt
= −ρs

ρ
∇ps +ρsS∇T −Fmf +Ftens, (1.16)

where we have used the so called convective derivative D
Dt = ∂

∂t +v ·∇. The
effective pressures acting on the normal and superfluid components are
pn = p+ (ρs/2)|vn −vs|2 and ps = p− (ρn/2)|vn −vs|2, respectively. Here we
have also the absolute temperature T, the dynamic viscosity η, the mutual
friction force Fmf, and the vortex tension force Ftens.

The mutual friction and the tension force are usually approximated by

Fmf =αρsω̂s × [ωs × (vs −vn)]+α′ρsωs × (vs −vn), (1.17)

Ftens=− κ

4π
Λρsωs × (∇× ω̂s), (1.18)

where α and α′ are dimensionless mutual friction parameters, Λ is the
vortex tension parameter, ωs = ∇×vs is the averaged superfluid vorticity,
and ω̂s =ωs/|ωs|.

Let us neglect the mutual friction and consider some limiting cases of
equations (1.15) and (1.16). If T → Tλ, then ρs → 0 so that Eq. (1.15)
becomes the classical Navier–Stokes equation. One can also notice that
Eq. (1.16) resembles the Euler equation.

1.3 Helium-3

Helium has another isotope, helium-3, which is a fermion. Helium-3 be-
comes also superfluid, but at much lower temperatures. The critical tem-
perature for helium-3 is of the order of millikelvins. To become superfluid,
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the fermionic helium atoms must form Cooper pairs. Generally speaking,
helium-3 is a more complicated system than helium-4. Its order parameter
is not a scalar and it allows several different superfluid phases. However,
the hydrodynamical properties of the B-phase of superfluid 3He are quite
similar to superfluid 4He. The quantum of circulation has different value
and the core structure of the vortices is different at the lowest temper-
atures, which results in quite different mutual friction parameters from
4He. Nevertheless, we can still use the two-fluid model to describe it.
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Chapter 2

Vortex filament model

In this work, all the numerical simulations of vortex dynamics are carried
out with the vortex filament model which is overviewed in this chapter.
In this model, we describe vortices as discretized curves. The same Biot–
Savart law which in electrodynamics describes the magnetic field induced
by electrical currents in wires also gives the flow induced by line-like vor-
tices in hydrodynamics. In addition to this self-induced flow, one might
have an externally imposed flow. One also needs to take into the account
the mutual friction at finite temperatures, and the boundary conditions.

2.1 Biot–Savart law

As explained earlier, the quantized vortices are phase defects in the super-
fluid. The phase winds around the vortex. This change in the phase results
in a flow around the vortex. The velocity induced by vortices, at some point
in the fluid, is given by the Biot–Savart law:

v(r)= κ

4π

∫
(s0 −r)×ds0

|s0 −r|3 . (2.1)

Here the integral is over all the vortices and r can be any point in the fluid.
Especially, Biot–Savart law can be applied to the vortex itself, i.e., r = s is
a point on the vortex line. In this case, the integral in Eq. (2.1) is divergent.

Let us note that when Eq. (2.1) is applied to a vortex point, the di-
vergence is in the azimuthal and not in the tangential component of the
velocity.
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Fig. 2.1 In numerical simulations the vortex is described as a set of points. The
distances from a point to the previous and the next point are denoted l− and l+,
respectively. The parameter a0 corresponds to the core radius. Also shown is the
right-handed local orthogonal coordinate system prescribed by the local vectors s′,
s′′ and s′ ×s′′.

The divergence in the Biot–Savart integral is avoided if we introduce a
cut-off and calculate the local contribution separately. In reality, the super-
fluid vortices have a finite core size, so the velocity is not singular.

The local contribution is determined by the local induction approxima-
tion (LIA). The logarithmic form of the local term may be obtained from
Eq. (2.1) by expanding s in a Taylor series around s0. The exact values for
the parameters in the logarithm are usually solved by requiring the result
to give a correct velocity for a vortex ring. Thus in the absence of mutual
friction and externally imposed velocities, the velocity of each vortex point
evolves according to

ṡ= κ

4π
ln

(
2
√

l+l−
e1/2a0

)
ŝ′ ×s′′ + κ

4π

∫′ (s0 −s)×ds0

|s0 −s|3 , (2.2)

where the primes denote differentiation with respect to the arclength, the
overdot denotes a time derivative, and the prime in the integral indicates
that a small interval [s(ξ− l−),s(ξ− l+)] is excluded around the point s(ξ),
where the coordinate ξ denotes the length along the vortex, i.e., arclength.
In the local term, we have the core size a0, which is for helium-4 a0 ≈ 10−7

mm. The factor e1/2 in the denominator of the logarithm, is for a hollow
core vortex; for a different core model there would be a different factor.
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The approximation to the local term is valid when a0 	 l± 	 1/c, where
c is the local curvature. Since the core size is several orders of magnitude
smaller than the typical point separation in simulations and the point sepa-
ration is usually much smaller than the curvature radius, it is justifiable to
use the vortex filament model. The only time, when it is necessary to have
very large curvatures is in the study of the Kelvin wave cascade. However,
the filament model is not capable of describing the phonon radiation caused
by high frequency Kelvin waves, which means that it cannot capture all of
the aspects of the situation anyway.

In numerical simulations, the lengths l± are the separations of the suc-
cessive discretization points, but in analytical calculations it is customary
to assume a constant value for the logarithmic factor. In the logarithm, one
can have a term proportional to R/a0, the ratio of the average curvature ra-
dius and the core size. If we neglect the nonlocal contribution and use only
the local induction approximation, it is easier to find analytical solutions.
Then the velocity of a vortex point is

ṡ= κ

4π
Λŝ′ ×s′′. (2.3)

Here we have the approximation to the logarithmic prefactor, which value
in typical helium-4 experiments is Λ ≈ 12. The parameter Λ is what we
called the vortex tension parameter in connection with Eq. (1.18) although
sometimes the argument of the logarithm may be chosen differently. The
obvious flaw of LIA is that it ignores all nonlocal interactions, which means
that it cannot explain any interaction between several vortices. Neverthe-
less, it has been widely used. It was used especially in the past, when the
computation power of computers was limited.

Local induction approximation is particularly useful, when one wishes
to find exact analytical solutions. Hidenori Hasimoto showed that LIA
equation, Eq. (2.3), can be reduced to a nonlinear Schrödinger equation
[13]. Hasimoto also found a soliton solution for a wave in a vortex filament.
Following Hasimoto’s work, Hayder Salman found breather solutions of
LIA [14, 15].

Simulations of large vortex tangles may be time consuming and the use
of LIA lightens the computational weight. However, it has been noticed
that LIA calculations do not always lead to the same kind of results than
the full Biot–Savart simulation. This is especially true for simulations of
turbulence produced by thermal counterflow, i.e., the relative motion of
superfluid and normal components driven by thermal gradients [16]. There
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are several objections to using local induction approximation for large scale
simulations [12].

The velocity obtained from the Biot–Savart law tells only the velocity
induced by the vortices. In addition, there might be some externally im-
posed velocity.

2.2 Equation of the motion

To model the vortex motion, we need to consider the forces acting on the
vortex. A cylinder with circular flow around it feels the Magnus force. The
same force also affects vortex lines even if they are not macroscopic cylin-
ders. For superfluids, the only modification to the conventional form of
the Magnus force is that the fluid density is the density of the superfluid
component:

fM = ρsκŝ
′ × (vL −vs). (2.4)

In above equation, the velocity vL = ds
dt is the velocity of the vortex and vs

is the velocity of the superfluid flow. The mass of a vortex is negligible [17],
which means that if the Magnus force is the only force acting on the vortex,
then the equation of the motion is fM = 0. Then it follows that vL = vs, i.e.
the vortex moves along the superfluid flow according to the Helmholtz’s
theorems. In the zero temperature limit, this is the case.

At finite temperatures, there is also a drag force acting on the vortex.
The excitations constituting the normal component are scattered by the
vortex lines due to both the core and the high superfluid velocity just out-
side it. This scattering causes mutual friction between the two components.
The form of the drag force is:

fD =−αρsκŝ
′ × [ŝ′ × (vn −vs)]−α′ρsκŝ

′ × (vn −vs). (2.5)

Both fM and fD are here expressed as forces per unit length of vortex line.
The dimensionless parameters α and α′ depend strongly on temperature
and weakly on pressure. The values of the mutual friction parameters are
experimentally measured [18]. We notice that the mutual friction depends
on the counterflow vns = vn −vs.

With the addition of the drag force, the equation of motion becomes
fM +fD = 0. This leads to

vL = vs +αs′ × (vn −vs)−α′s′ × [s′ × (vn −vs)]. (2.6)
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This equation can be used for simulations of the evolution of the vortex
configuration. The velocity vs is the sum of externally imposed flow and the
velocity induced by the vortices themselves (solved with the Biot–Savart
law or local induction approximation).

2.3 Numerical implementation

Since the information we are able to obtain from experiments is often very
limited, the numerical simulations offer a great way to visualize the motion
of superfluid vortices [19]. K. W. Schwarz pioneered the numerical imple-
mentation of Eq. (2.6) [20, 21]. A detailed explanation of the numerics can
be found in the thesis by Ronald Aarts [22].

The two-fluid nature of the superfluid helium makes it hard to simu-
late the system self-consistently as a whole. The motion of the superfluid
is governed by the vortices, but the motion of the vortices depends on the
counterflow. In other words, one should know the motion of the normal
fluid, which is governed by the Navier–Stokes equation, but also affected
by the superfluid component. Luckily, there are some cases where the sim-
ulation is simple. For example, the normal component of 3He-B has high
viscosity. In this case, the flow can be assumed to be laminar. Also, in the
zero temperature limit we can completely neglect the normal component.

The numerical simulations in the publications of this thesis use the 4th
order Runge–Kutta method for the integration. The length of the time step
is defined by the point separation so that it is smaller than the timescale of
the Kelvin wave with the numerically highest possible wave number. The
separation of the points is allowed to vary in a fixed range, hmin < l < hmax.
New points are added on the vortex if the separation between two points
grows bigger than hmax. Adding is done by fitting a circle whose radius
is the average of the curvature radii at the two points. The new point is
placed on this circle. Points can also be removed. Then the two points
determining the segment are replaced which one point which is added in a
similar way as explained above.

Vortex filament model simulations based on the Biot–Savart law (or
LIA) and Eq. (2.6) are not able to describe the reconnections of the vortex.
Reconnections must be implemented algorithmically in an ad hoc fashion.
When the vortices come close enough (typically hrec = 0.8hmin), a reconnec-
tion is performed if it reduces the vortex length.
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In this work, the boundary conditions have often been either unbound
superfluid or a periodic boundary condition in one direction. If the vortex
is inside a container, then the appropriate boundary conditions are that
there is no flow through the walls. In simple geometries, such as a cube
or a sphere, it is easiest to use the method of image vortices for the cor-
rect boundary conditions. In cylindrical geometry, it is also possible to use
image vortices if the vortices are parallel to the cylinder axis. The method
of image vortices works relatively well for vortex tangles polarized in the
direction of the cylinder [23]. In general, the boundary conditions can be
satisfied by solving the Laplace equation for the velocity potential [20].

In simulations with solid boundaries, they are almost always assumed
to be smooth. In reality, the boundaries are never completely smooth.
Rough boundaries provide pinning sites for the vortices. The local flow
velocity may also exceed a critical value, which leads to the nucleation of
vortices [24]. Since the core size of vortices in helium-3 is larger, they are
less sensitive to surface roughness. In some simulations, the vortices seem
to be more stable than in experiments [25]. This is probably due to the
assumption of smooth surfaces. In order to achieve better correspondence
between simulations and experiments, it would be necessary to find a way
to take into account the surface roughness. This is one way to improve the
vortex filament model.
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Chapter 3

Kelvin-wave instability

If there is a counterflow along the axis of a helical vortex, the amplitude
of the helix either grows or decreases depending on the flow velocity. This
response of Kelvin waves to the axial flow explains the observed Donnelly–
Glaberson–Ostermeier instability of vortex arrays. Using the local induc-
tion approximation with the assumption of small amplitudes, one can show
that there is a critical wave number for which a helical vortex keeps its
shape. This critical value depends on the normal fluid velocity. In Pub-
lication III, we derived the critical wave number without assuming small
amplitudes and showed that it depends also on the amplitude of the Kelvin
wave.

3.1 Observation of the instability

In 1973, Cheng, Cromar, and Donnelly were measuring ion-trapping by
vortex lines [26]. In their experiment, there was counterflow along the axis
of rotation in rotating helium. They noticed that the trapping of ions was
strongly inhibited by a small thermal counterflow.

Glaberson, Johnson, and Ostermeier provided an explanation for this
in 1974 [27]. They showed that there exists a hydrodynamical instabil-
ity of the vortices in axial flow. When the axial normal flow exceeds some
critical velocity, any infinitesimal Kelvin wave on a vortex starts to am-
plify. The amplitude of the wave grows indefinitely and may lead to the
reconnections of nearby vortices and eventually to turbulence. A vortex
tangle is developed and it can release the trapped ions in a relatively short
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time. Later the explanation for the instability was further fine-tuned by
Ostermeier and Glaberson, who conducted a normal mode analysis of the
complete two-fluid equations [28].

In the experiment of Cheng et al., they measured the attenuation of the
transverse ion beam [26]. In a similar experiment, Swanson, Barenghi, and
Donnelly observed excess attenuation of the second sound due to growing
vortex length when the Kelvin-wave amplitude increases [29]. The onset
of this excess attenuation was observed at critical counterflow velocities in
good agreement with predictions.

3.2 Critical wave number

The experiments on the Donnelly–Glaberson–Ostermeier instability have
involved an array of vortices. However, the simplest way to account for the
instability is to study an individual vortex in an axial counterflow [30]. Us-
ing local induction approximation, one can find a criterion for the instabil-
ity. For simplicity, we can consider a helical vortex, since any perturbation
of a straight vortex can be expressed in terms of helical modes.

Using the local induction approximation, the velocity of the vortex (in
the absence of externally imposed superflow) is

vL = βs′ ×s′′ +αs′ × (vn −βs′ ×s′′)−α′s′ × [s′ × (vn −βs′ ×s′′)]
= (1−α′)βs′ ×s′′ +αs′ ×vn +αβs′′ −α′(s′ ·vn)s′ +α′vn, (3.1)

where β = κ
4πΛ. The tangential term can be discarded, because tangen-

tial motion does not change the shape of the vortex or otherwise affect the
dynamics.

Since the primes in the above equation denote differentiation with re-
spect to the arclenght, it would be natural to parametrize the vortex with
the arclenght ξ. A vortex with a Kelvin wave is helically shaped and it is
also easy to express it in carteesian coordinates. If the axis of the helix is
along z-axis, then it is expressed as

s= A cos(kz−ωt+φ0)êx + A sin(kz−ωt+φ0)êy + zêz (3.2)

where êi are the basis vectors, A is the amplitude of the helix and φ0 is
a phase and z = z(ξ). The frequency ω describes the rotation of the helix.
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From the fact dξ2 = dx2 +dy2 +dz2 it follows that

dz
dξ

= 1√
1+ x2

z + y2
z

, (3.3)

where the subindex denotes differentiation with respect to that variable.
For a Kelvin wave this is dz

dξ = (1+A2k2)−1/2. Now we can use the chain rule
for the differentiation with respect to arclenght.

We can combine x- and y-coordinates to one complex coordinate: w(z)=
x(z)+ i y(z). If we assume that the normal fluid velocity is along the axis of
the vortex, i.e. vn =V êz, then Eq. (3.1) becomes

iwt − iαβz4
ξ
(wzz +wzw∗

z wzz)+ iα′V wz −αV zξwz

+(1−α′)βz3
ξ
[wzz + 1

2 wz(w∗
z wzz −wzw∗

zz)]= 0. (3.4)

Here we denote the complex conjugate of w as w∗.

Using the complex coordinate, a helix around z-axis, Eq. (3.2), becomes
w(z) = A exp[i(kz−ωt+φ0)]. Let us plug this into Eq. (3.4) to obtain the
critical wave number. It was pointed out by Robert A. Van Gorder that we
are assuming a constant amplitude here [31]. Since we are only interested
in the critical value, where the amplitude does not change in time, this
assumption is justified. The validity of our result was later recognized by
Van Gorder in another article, where he continued the study of a helical
vortex in an axial normal flow [32]. The resulting dispersion relation is:

Re(ω)= (1−α′) βk2

1+(Ak)2

+α′V k = (1−α′)ω0 +α′V k (3.5)

Im(ω)= αV k

1+(Ak)2

− αβk2

1+(Ak)2 =α(1+ A2k2)−1/2(V k−ω0). (3.6)

Here ω0 = βk2(1+ A2k2)−1/2 is the known dispersion relation at the zero
temperature [33]. The presence of imaginary part indicates damping. Re-
quiring Im(ω) = 0, gives us the critical wave number for the Kelvin-wave
instability. Given the normal fluid velocity, this is the only wave number for
which the amplitude stays constant in time. We get either k = 0 (a straight
vortex) or

k = V√
β2 − A2V 2

. (3.7)

In the small amplitude limit, Eq. (3.7) simplifies to k =V /β. This is the
same criterion which was derived for example in Ref. [30].
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Publication III was a comment to an article by Van Gorder, where he
derived the critical wave number assuming that the deviations along the
vortex are sufficiently bounded [34]. In his response to our comment, he
clarified that he assumed that A2k3 is small [31]. Although he does not
mention it, he has apparently also assumed that α′V 	 1.

In the zero temperature limit, Eq. (3.4) reduces to

iwt +βz3
ξ [wzz + 1

2
wz(w∗

z wzz −wzw∗
zz)]= 0. (3.8)

An easier way to derive this zero temperature equation would have been
using the Hamiltonian formulation. The Hamiltonian corresponding to lo-
cal induction approximation and the equation of the motion are given by
[35]

H[w] = κ2

2π
Λ

∫√
1+|wz|2dz, (3.9)

iwt = 1
κ

δH[w]
δw∗ . (3.10)

The length of the vortex is a conserved quantity under the local induction
approximation, as the Hamiltonian above shows.

Unlike previous expressions for the critical wave number derived using
local induction approximation, we didn’t assume any restrictions for the
amplitude of the Kelvin wave. A further study would be necessary to eval-
uate how accurate this LIA description is. If Ak � 1, then the vortex has
solenoidal shape and the nonlocal contribution to the velocity becomes im-
portant. However, Eq. (3.7) shows that the amplitude of the Kelvin wave is
also important. The denominator of Eq. (3.7) gives an additional condition
β > AV . In future, it would be interesting to study what happens if this
condition is not satisfied.
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Chapter 4

Recurrence of vortex waves

In the previous section, we used the local induction approximation, which
ignores the interactions between different vortices. In this section, we will
study a model for nearly parallel vortices which combines local induction
approximation with a point vortex model. Using this model, we have found
an analytic solution describing the leapfrogging Kelvin waves on coaxial
vortices. We compared our results with the full Biot–Savart model and
found a good correspondence in the small amplitude regime. Further Biot–
Savart simulations show how the leapfrogging phenomenon generalizes to
situations with non-coaxial vortices and vortices with solitons.

4.1 Perturbations to a straight vortex

If a vortex is singlevalued along z-axis, we can represent it with a complex
coordinate w(z) = x(z)+ i y(z), as in the previous chapter. The singlevalued
vortex line can be expressed as a sum of different Kelvin modes:

w(z)=∑
k
αk exp(ikz+φk), (4.1)

where αk and φk are the amplitude and the phase of the kth mode, re-
spectively. Thus a general perturbation may be decomposed in terms of its
Fourier modes and that allows us to evaluate the Kelvin wave spectrum.
Kelvin waves can be quantized and the corresponding elementary excita-
tions are called kelvons [36]. The kelvon occupation number spectrum is
defined as

nk =α2
k +α2

−k, k > 0. (4.2)
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If the numerical simulations use periodic boundary conditions along the
axis of the vortex, then the wave number is discretized to k = 2πm/Lz,
where the mode m is an integer and Lz is the length of the period along z.

4.2 Model for nearly parallel vortices

A disadvantage of the local induction approximation is that it includes no
interactions between vortices even if they are close to each other. A simple
extension of local induction approximation was proposed by Klein, Majda
and Damodaran [37]. This model is valid for nearly parallel vortices. In
Hamiltonian formulation, it is expressed as

H =
∫(∑

j

κ2Λ

4π
|w′

j(z)|2 − ∑
j �=k

κ2

2π
ln |wj(z)−wk(z)|

)
dz. (4.3)

Here the prime denotes differentiation with respect to z and subscripts in-
dicates the different vortices. The first term is linearized local induction
approximation (compare with Eq. (3.9), the constant term has been dis-
carded). The second term is a Hamiltonian for vortex points lying in the
plane. In other words, the interactions between vortices are approximated
with point vortex interactions which are calculated in a layered fashion.

The equations of motion are obtained as in Eq. (3.10), i.e.,

i
∂wj

∂t
= 1

κ

δH[w]
δw∗

j
. (4.4)

For two vortices, this gives

∂wj

∂t
= i

κΛ

4π
∂2wj

∂z2 + i
κ

2π
wj −wk

|wj −wk|2
, (4.5)

where j = 1 and k = 2 or vice versa. Following Klein et al., we introduce the
variables u = w1 −w2 and v = w1 +w2. Now Eq. (4.5) transforms to

∂u
∂t

= i
κΛ

4π
∂2u
∂z2 + i

κ

2π
2u
|u|2 , (4.6)

∂v
∂t

= i
κΛ

4π
∂2v
∂z2 . (4.7)

In Publication I, we found a solution to Eqs. (4.6) and (4.7), which
describes leapfrogging Kelvin waves. For two vortex rings, leapfrogging
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Fig. 4.1 Illustration of leapfrogging Kelvin waves. The snapshots show the vor-
tices at different times (with equal time steps). The amplitudes are actually small
compared to the wavelength. In order to emphasize the wave, we have used scal-
ing factor 10:1 for transverse and axial directions.

means the motion where they continually pass through one another in an
alternating fashion. Two coaxial vortices with the same Kelvin wave mode
move in a way resembling the leapfrogging of vortex rings. If the helical
vortices share the same symmetry axis (e.g., both helices are wound around
the z-axis), they may pass one other. Their amplitudes grow and decrease
similarly to the radii of the leapfrogging rings.

For Eq. (4.6), we used the solution given by Klein et al.:

u = Bei(ku z−ωut+θu), ωu = κΛ

4π
k2

u −
κ

2π
2

B2 . (4.8)

The Eq. (4.7) is in the form of Schrödinger equation (or heat equation with
imaginary thermal diffusivity). We can solve Eq. (4.7) using separation of
variables. This gives us

v =∑
n

Cnei(knz−ωnt+θn), ωn = κΛ

4π
k2

n. (4.9)

In the above equations, θu and θn are arbitrary phases, which we choose to
be zero.

The simplest case is when only one Cn is nonzero. If the corresponding
kn is zero, then it only causes translation of the common axis of the two
vortices. The case kn = ku ≡ k results in leapfrogging Kelvin waves. The
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solution to Eq. (4.5) is then given by

w1 = C
2 ei(kz−ωnt) + B

2 ei(kz−ωut) = A1(t)eikzeiφ1(t), (4.10)

w2 = C
2 ei(kz−ωnt) − B

2 ei(kz−ωut) = A2(t)eikzeiφ2(t), (4.11)

where the amplitudes are

A1,2(t)= 1
2

√
C2 +B2 ±2BC cos(t(ωu −ωn)), (4.12)

and the phases are given by

tanφ1,2(t)=−C sinωnt±Bsinωut
C cosωnt±Bcosωut

. (4.13)

If there are two coaxial vortices with the same Kelvin wave mode, the
amplitude of one vortex will grow while the amplitude of the other de-
creases. When the amplitudes reach their extremas, the roles reverse as
illustrated in Fig. 4.1. This recurrence phenomenon, studied in Publica-
tion I, resembles the leapfrogging of vortex rings.

4.3 Interplay between nearby vortices

In Publication I, we studied only coaxial helical vortices. However, the
observed recurrence phenomenon is more general than that. I will now
provide a brief overview of some thus far unpublished Biot–Savart simula-
tions.

If we have two helical vortices with the same wave mode next to each
other, we observe similar recurrence (see Fig. 4.2). The difference is that
now the vortices do not have the same symmetry axis. This results in ap-
pearance of additional modes. These modes are multiples of the initial
mode because the discrete translation symmetry related to the periodicity
of the initial mode remains. The initial distance between the vortices af-
fects the time scale of the recurrence. Also, the smaller the distance, the
bigger are the deformations to the initially circular projection of the vortex
on the xy-plane.

The recurrence phenomenon can be generalised to situations with more
than two vortices, as illustrated in Figure 4.3. Then the ensuing behaviour
of the vortices becomes more complex.
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Fig. 4.2 Left: Vortex configuration at t = 0.4 s. Initially, the blue vortex had a
Kelvin wave with A = 0.005 mm and m = 5. A straight vortex was placed next to it
at a distance of 0.02 mm. The lenght of the z-period is Lz = 1 mm. Middle: Kelvin
wave spectrum at t = 0.4 s. Multiples of the initial mode have appeared on both
vortices. Right: Amplitudes of the waves (defined as the largest deviation from the
vortex axis) as functions of time. The colors have been used consistently in each
figure to refer to the same vortices.
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Fig. 4.3 Top panels: Interplay of three vortices. Initially, only one of the vortices
had a Kelvin wave. The vortices were at equal distances from each other. On the
left, the configuration at t = 0.1 s is shown. The figure on the right shows the
amplitudes as fuctions of time.
Bottom panels: Nineteen vortices in hexagonal array. The centermost vortex had
a Kelvin wave initially, but at t = 0.35 s all of the vortices are somewhat helical as
seen in the figure on the left. The amplitudes as functions of time are shown by
the right panel.
The colors used in the right panels correspond to the colors of vortices shown in
the left panels.



24 Recurrence of vortex waves

100 101 10210−20

10−10

 m

 n
k

0 0.05 0.10

2

x 10−3

 t (s)

 A
 (m

m
)

Fig. 4.4 One initially straight vortex is placed near to a vortex with a Hasimoto
soliton with τ0/ν = 10/3 and maximum deviation from the axis 0.003 mm. The
lenght of the period is Lz = 1 mm. Scaling factor 60:1 for transverse and axial
directions is used to emphasize the waves. The vortex configuration is shown at
times t = 0 s and t = 0.006 s. The figure on top right shows the kelvon spectra at
t = 0.006 s and the initial spectrum (dashed line) of the vortex with a soliton. The
figure below shows the vortex amplitudes as functions of time.

The recurrence occurs also for localized wave packets. Hasimoto soliton
is an example of a localized wave excitation on a vortex [13]. Hasimoto soli-
ton is an exact solution in the local induction approximation. The soliton is
parametrized with torsion, τ0, and half of the maximum curvature, ν. The
vortex configuration is

s=
⎛
⎝0

0
ζ

⎞
⎠+ 2μ/ν

coshη

⎛
⎝ cosθ

sinθ

−sinhη

⎞
⎠ , (4.14)

where μ= ν2/(ν2 +τ2
0), η= ν(ζ−2τ0t) and θ = τ0ζ+ (ν2 −τ2

0)t. For the initial
configuration of our simulations, we typically used ζ ∈ [−10,10]. Then we
stretched the coordinates so that z ∈ [0,1] in mm’s. This scaling changes
the actual values of the τ0 and ν, but does not affect the ratio τ0/ν, which
is a key parameter in classifying the properties of the Hasimoto soliton.

If τ0/ν> 1, the vortex is singlevalued in the z-direction, and the soliton
looks like a Kelvin wave packet. In our simulations, we usually had τ0/ν�
1. In this case, we observed something similar to the recurrence with a
Kelvin wave. A soliton-like excitation appears in the adjacent vortex, and
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the amplitudes of the excitations change periodically (see Fig. 4.4). In the
figure showing the vortex configuration, some additional waves are clearly
visible. This means that some of the energy is dispersed.

Let us stress that Hasimoto soliton is a solution in the local induction
approximation for one vortex. In our simulations, we had two vortices and
used the full Biot–Savart law.

In a future work, the recurrence phenomenon related to nearby vortices
should be studied in more detail. For the coaxial case of the recurrence
(described by Eqs. (4.10) and (4.11)), the period is given as

τ= 2π
ωn −ωu

= 2π2B2

κ
. (4.15)

But in the case of non-coaxial vortices, the period depends also on the dis-
tance between vortices. In the case with Hasimoto solitons, one should
study the dependence on the soliton type, i.e., the parameters τ0 and ν.

In quasi-classical quantum turbulence, the vortices are believed to form
bundles, where they are locally parallel to each other. The vortices in the
bundles could interact with each other and perhaps exhibit recurrent mo-
tion described in this chapter. However, the relevance of the Kelvin wave
recurrence for the quasi-classical turbulence depends on its period. The
bundles are thought to be short-lived. If the period of the recurrence is not
much smaller than the characteristic timescale of the bundles, then the
recurrence is not important.
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Chapter 5

Identification of Kelvin waves

So far, experiments have provided very little information about the Kelvin
wave cascade. This makes the role of numerical simulations important.
Especially, since two competing theoretical scenarios of the cascade have
been presented [38, 39]. The differences in the theoretical predictions for
observables are very small. If one wishes to use numerical simulations
to distinguish these models, extreme care must be taken. In general, the
identification of Kelvin waves in complex tangles is a hard task. In Publi-
cation IV, we addressed this difficulty. Only in the case of a straight vortex
or a vortex ring, it is possible to reliably determine the Kelvin spectrum
with the aid of the Fourier transform.

5.1 Kelvin waves and quantum turbulence

The understanding of classical turbulence is based on the idea of the en-
ergy cascade from large scales to small scales, until the energy is dissipated
by the viscous interactions. The assumption of constant energy flux ε from
scale to scale in some inertial interval leads to the famous Kolmogorov–
Obukhov energy spectrum E(k) = Cε2/3k−5/3, where the Kolmogorov con-
stant C ≈ 1. This spectrum has been verified in numerous experiments and
numerical simulations.

At high temperatures, the Kolmogorov law has been observed also in
superfluid turbulence by studying the pressure fluctuations [40, 41]. In the
low temperature limit where the dissipation due to the mutual friction is
negligible, the experimental evidence for Kolmogorov turbulence is based
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on the observed decay of the line density, L ∼ t−3/2 [42, 43]. This has been
argued to be consistent with the Kolmogorov spectrum [44, 45]. However,
that decay law does not necessarily imply homogeneous isotropic quantum
turbulence. It might be just an indication of the presence of a large-scale
flow which does not necessarily satisfy the requirement on homogeneity
and isotropy [46].

If the quantum turbulence exhibits quasiclassical behaviour, the as-
sumption is that in the inertial range the vortices form bundles that mimic
the eddies of different size and strength in classical turbulence [44, 47]. At
length scales of the intervortex distance, the quasiclassical cascade must
end. At these scales there is some sort of cross-over to another energy cas-
cade [48–50]. Since the viscosity cannot be the energy sink of superfluid
turbulence, there must be another way to dissipate the energy. In the zero
temperature limit, the suggested mechanism is phonon radiation by the
high-frequency vibrations of the vortices in helium-4 [51]. Reconnections
and other interactions between the vortices produce Kelvin waves. These
Kelvin waves interact nonlinearly with each other. This leads to the for-
mation of a cascade towards larger wave numbers.

There has been a lot of discussion about the exact nature of the cas-
cade of Kelvin waves. Two alternative scenarios were presented. Kozik
and Svistunov proposed a Kelvin wave cascaded assuming the locality of
the energy transfer [52]. L’vov and Nazarenko challenged the assumption
of locality and proposed a nonlocal theory [39, 53]. Both of these scenarios
were related to the weak wave turbulence of Kelvin waves, so the differ-
ences were mainly in the details. The theories predict a different expo-
nent for the energy spectrum of the cascade. Kozik and Svistunov have
EKS(k) ∝ ε1/5k−7/5, whereas L’vov and Nazarenko have ELN(k) ∝ ε1/3k−5/3.
These are the spectra related to the Kelvin wave cascade, where k is the
wave number of the Kelvin wave (i.e., these are not the full 3D energy
spectra of the fluid).

The difference between the exponents is very small. This is why a care
must be taken, when trying to determine it using numerical simulations.
Several numerical simulations now seem to confirm the L’vov–Nazarenko
spectrum [54–56].



5.2. Kelvin waves on a vortex 29

5.2 Kelvin waves on a vortex

In Section 4.1, we showed how a vortex, which is singlevalued along z-
direction, may be expressed as a sum of different Kelvin modes. We also
defined the Kelvin wave spectrum, Eq. (4.2). According to theoretical pre-
dictions for the Kelvin wave cascade nk ∝ k−2η with η≈ 1.5. . .2 [39, 52, 57].
We can parametrize the amplitudes using the modes:

αm = 

εm Am−η, (5.1)

α−m =
√

1−εm Am−η, (5.2)

where εm (with m > 0) determines the fraction of positive Kelvin modes and
A is a characteristic amplitude for the spectrum. The amplitudes αm can
be solved using Fourier transform.

In numerics, it is important to be very careful if the vortex configura-
tion is such that the curvature approaches the numerical resolution, kres.
Then the interpolation used to obtain equidistant vortex points (needed for
Fast Fourier Transform) may result in the distortion of the spectrum for
k-values k � kres/5.

It is possible to make a Fourier presentation also for a vortex ring with
Kelvin waves. Let a vortex ring with radius R0 lie symmetrically around
z-axis in the z = z0 plane. If the ring is occupied with Kelvin waves, it may
be paramterized as

x = ∑
m

Rm cos(mφ+ϕm)cosφ, (5.3)

y = ∑
m

Rm cos(mφ+ϕm)sinφ, (5.4)

z = z0 −
∑
m

Rm sin(mφ+ϕm), (5.5)

where φ is the azimuthal angle and ϕm is the phase of the mode m. Fast
Fourier Transform may be used to obtain amplitudes Rm. First the points
need to be interpolated at equidistant φ. Then the Fourier transform of

Z = xcosφ+ ysinφ− iz (5.6)

directly determines the amplitudes Rm. The real part of the zero frequency
gives the radius R0 and the imaginary part gives the location z0. The am-
plitudes Rm can be expressed using amplitude A similarly as αm in Eqs.
(5.1) and (5.2).
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Fig. 5.1 The correlation integral as function of the separation. The fractal di-
mension is determined by fitting a line through the values marked with red. This
way the noise near the resolution limit does not affect the results. The inset shows
the vortex configuration (η = 1.2, A/R = 0.25 and modes |m| ≥ 6). This results in
fractal dimension D ≈ 1.2.

5.3 Possible identification methods

In case of helically distorted straight vortices or circular vortex rings, the
identification of the Kelvin waves and the determination of the spectrum
is straightforward. In experiments or simulations vortices often have an
arbitrary shape. There is no clear definition for Kelvin wave on a curved
vortex. This means that one has to use indirect methods in order to obtain
information about the Kelvin wave spectrum. Several different methods
have been used in the literature (see for example [58]). In Publication IV,
we showed that many methods fail to tell the actual exponent of the spec-
trum.

Due to the Kelvin waves of different wavelenghts and amplitudes, the
vortices often look almost fractal like. This is especially true at low tem-
peratures, where there is no mutual friction to damp the waves. Therefore,
one could expect fractal dimension to be a relevant quantity.

The correlation dimension, D, gives the upper-bound estimate for the
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fractal dimension. If we have N discretization points, D is determined by
counting the point pairs, n, whose separation is less than ε. In the limit ε→
0, the correlation integral K(ε) = n(ε)/N2 takes the form K(ε) ∝ εD . One
needs to be aware that some numerical noise appears near the resolution
limit, which causes that D → 3 (see Fig. 5.1). This is especially true, when
the amplitude is large and η is small in comparison with the predictions
for the Kelvin wave cascade.

In order to see how different Kelvin spectra and D are related, we de-
termined D in case of vortex ring that is occupied with different spectra
(η) and different amplitudes (A). We found that the correlation dimension
depends both on the amplitude and the exponent η. The fractal dimension
is clearly bigger than unity only when η� 1.5 and when the amplitude is
large.

Even though there is no clear definition of a Kelvin wave on an arbi-
trarily curved vortex, one may try to define the Kelvin wave amplitude.
This is done by constructing a smoothed vortex line ssmooth by using every
nth point of the original vortex line as a node for a cubic-spline interpola-
tion. The Kelvin wave amplitude is then defined as the distance between
the smoothed and the original filament: a(ξ) = |s−ssmooth|. The amplitude
spectrum is defined as

1
2

∫
a2(ξ)dξ=

∫∞

0
A(k)dk. (5.7)

We tested the accuracy of the amplitude spectrum by applying it to a
straight vortex with a known spectrum of Kelvin waves. The scheme has a
tendency to follow the correct spectrum. However, depending on the expo-
nent of the correct spectrum, the amplitude spectrum either overestimates
or underestimates it. The amplitude spectrum tends towards k−4, which is
probably due to the discontinuaties of the derivative a′(ξ) appearing when
the smoothed vortex and the original data points coincide. We tried another
type of interpolation, but the improvement was only minor.

In Publication IV, we also showed that Kelvin waves have a minuscule
effect on the full 3D energy spectrum of the superfluid. Kelvin waves cause
just small perturbations to the 1/k contribution coming from the straight
vortices. Simultaneously with our work, the same was shown analytically
by Sergey Nemirovskii [59].

When more small-scale structures appear, the average curvature of the
vortex increases. Calculating the local curvature, c(ξ) = |s′′|, may provide
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Fig. 5.2 Curvature histograms obtained for a straight vortex with Kelvin waves.
Histograms are averages of 50 different sets, where the phases and the fraction
of positive and negative modes are randomly set. In both figures, the number of
points is N = 8192 and all the modes with |m| > 5 are present. Main: Curvature
histogram for a Kelvin spectrum when A/Lz = 0.1 and η = 1.0,1.25,1.5,1.75,2.0.
Inset: Histogram for a Kelvin spectrum with η= 1.7 and having amplitudes A/Lz =
0.01,0.05,0.1,0.25.

information about the Kelvin spectrum. The histogram of the distribution
of curvature has a shape which depends on the spectrum. Nevertheless, it
does not reveal the exponent of the Kelvin spectrum. The location of the
histogram maximum depends both on the spectrum and the amplitude (see
Fig. 5.2). Also, when either the exponent or the amplitude is changed, the
location of the maximum varies non-monotonically.

Instead of the histogram, let us now consider the curvature spectrum.
One would expect it to reveal the Kelvin spectrum. For a straight vortex
with small amplitude Kelvin waves, the two spectra are related to each
other in the following way [52]∫

|c(ξ)|2dξ�
∫〈|w′′(z)|2〉dz =∑

k
k4|wk|2. (5.8)

However, we observe that the curvature spectrum follows this law only
when the amplitude is small and the exponent η> 2. A possible reason for
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this is the numerical noise that appears near the resolution limit when one
tries to determine the curvature.

In further work, the relationship between curvature and Kelvin wave
cascade has been explored even more. Kondaurova et al. suggested that
the root mean square curvature could be used to determine the exponent
of the cascade [56]. When the Kelvin wave cascade is the dominant dissi-
pation mechanism, then all numerically possible small scales are occupied
with Kelvin waves. The rms curvature becomes determined by the numer-
ical resolution. If one repeats the simulations with different resolutions,
it should be possible to distinguish between different theories. The advan-
tage of this method is that it works for complex tangles.

The procedure, which Kondaurova et al. proposed, was tested by Risto
Hänninen [60]. He used a simple configuration of two reconnecting linked
vortex rings. Hänninen illustrated that the scaling relation to the rms cur-
vature as a function of the numerical resolution can also be well explained
by the Kelvin waves directly excited by the reconnection cusp, without any
need for the cascade.

In the same work, Hänninen proposed another method of determining
the Kelvin spectrum [60]. If one takes a snapshot of the vortex tangle and
studies its decay due to mutual friction, one is able to infer the Kelvin
spectrum from the decay of the rms curvature. This method works for
complicated vortex tangles. For simulating the decay, it is possible to use
rather high values of mutual friction and short time window.
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Chapter 6

Helicity

One could think that helicity would be a useful measure to give informa-
tion about the presence of helical waves. The Kelvin waves contribute to
the writhe part of the helicity. We have studied the relation between Kelvin
waves and helicity in superfluids. It turns out the helicity is not a good
quantity to characterize the Kelvin waves because it depends also on the
linking and the intrinsic twist of the vortices. For a quantized vortex, the
twist part of helicity is defined using the winding of the phase. In the fila-
ment model, we have no explicit information about the phase. Yet, from the
tangential velocity component, we can calculate the intrinsic twist. The use
of the phase to define helicity results in helicity being always zero. Thus
this definition of the helicity is not very useful. However, the integration
of the tangential velocity gives the total twist, i.e. the sum of total torsion
and the intrisic twist. This we can do more accurately than the calculation
of the torsion which usually involves third order derivatives.

6.1 Classical helicity

Superfluids resemble ideal fluids perhaps better than any other system.
Thus one would expect that the quantities relevant to the classical inviscid
fluids could be relevant also for superfluids. Ideal fluids possess a number
of conserved quantities such as energy, momentum and angular momen-
tum. Besides energy, there is another quadratic invariant of the system,
namely kinetic helicity [61].
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Fig. 6.1 The writhe (left) and twist (right) illustrated with a paper strip. Writhe
can be turned into twist and vice versa.

Helicity is recognized to be related to the topology of the vorticity in
classical fluids. If vorticity is concentrated within vortex tubes, helicity
describes the linking and self-knotting of the tubes. In superfluids vorticity
is possibly only along quantized line filaments. This makes an ideal setting
to study the linking of the vortices.

Helicity in fluid dynamics is defined as

H =
∫
v ·ωd3r, (6.1)

where integration is over the whole domain where the flow is defined,
v(r, t) is the velocity field and ω(r, t) = ∇×v(r, t) is the vorticity field. Let
us study cases, where the vorticity is concentrated within vortex tubes and
is zero otherwise. It was identified by Moffat [62] that in this case the he-
licity is related to the topology of the tubes. For simplicity, let us assume
that all the vortices carry the same circulation, κ. Now, we can decompose
the helicity to the linking number and self-linking number of the tubes

H = κ2(Lk+Sl), (6.2)

where the linking number, Lk, is the sum of the different Gauss linking
numbers, Lki j of the vortices: Lk = ∑

i �= j Lki j. Similarly, the self-linking
number is the sum of the self-linking numbers of all the individual vortices:
Sl = ∑

i Sli. The self-linking number can be decomposed in writhe and
twist contributions:

Sli =Wri +Twi. (6.3)

Writhe is a geometric property which describes the coiling or three-dimen-
sional folding of the curve. For a plane curve, it is always zero. Twist is a
property of a ribbon describing its orientation (see Fig. 6.1).
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Fig. 6.2 A classical vortex tube can be thought to be divided in sub-tubes, each
carrying a fraction of the vorticity. If a vortex ring has intrisic twist, then its sub-
tubes become linked as in the figure on the right. This twisting then defines the
span-wise vector, which points from the centerline to one of the sub-tubes.

The linking number is a topological invariant defined for two curves. In
hydrodynamics, this means that two linked vortices remains linked unless
the topology is changed by a reconnection. In order to calculate the link-
ing number, we need to determine the centerlines of the vortices, i.e., the
curves tracing their cores.

The self-linking number is not a topological invariant in the same sense.
It cannot be calculated using only the centerlines. In addition to the cen-
terline and its accompanied Frenet–Serret basis, we need to define an ad-
ditional vector for each point of the knot. We call this vector a span-wise
vector, which defines the direction of the intrinsic structure. One can also
use the term ribbon structure, since one can think the centerline to be one
edge of a paper strip (i.e., ribbon) and the span-wise vector being a vector
on the strip pointing to the other edge. A framed knot is a knot with an in-
trinsic structure. For a given framing of the knot, the self-linking number
is invariant. However, the value of the self-linking number depends on the
framing.

We can think that a classical vortex tube is composed of a collection
of vortex filaments. The span-wise vector of a vortex is then defined by
how the filaments are twisted around the centerline of the vortex tube (see
Fig. 6.2). This gives a clear framing for the centerline. Let us parametrize
the centerline, Ci in terms of its arclength ξ, so that its position vector is
given by s(ξ, t). The corresponding Frenet–Serret basis and the curvature,
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c(ξ, t), and the torsion, τ(ξ, t) are then given by:

t̂′ = cn̂, (6.4)
n̂′ = −ct̂+τb̂, (6.5)
b̂′ = −τn̂. (6.6)

The prime denotes differentiation with respect to arclength and the (unit)
tangent vector is t̂= s′. The local normal, n̂, and bi-normal, b̂, are also unit
vectors. The normal and binormal point in the direction of s′′ and s′ ×s′′,
respectively (cf. Fig. 2.1). Using the intrinsic twist angle, θ ≡ θ(ξ), we can
identify the unit span-wise vector N as

N = n̂cosθ+ b̂sinθ. (6.7)

The different components of the helicity can be written as

Lk = 1
4π

∑
i �= j

∮
Ci

∮
C j

(s1 −s2) ·ds1 ×ds2

|s1 −s2|3
, (6.8)

Wr = 1
4π

∑
i

∮
Ci

∮
Ci

(s1 −s2) ·ds1 ×ds2

|s1 −s2|3
, (6.9)

Tw = 1
2π

∑
i

∮
Ci

(N ×N ′) ·ds. (6.10)

Using the Frenet–Serret equations we can write the twist contribution as

Tw = 1
2π

∑
i

∮
Ci

(
τ+ dθ

dξ

)
dξ=T + 1

2π

∑
i

[θ]Ci , (6.11)

where T is the total torsion and N ≡ 1
2π

∑
i[θ]Ci is the intrinsic twist. For

a closed curve, the intrinsic twist takes integer values telling how many
times the span-wise vector rotates around the curve with respect to its
Frenet–Serret basis. The twist, Tw, and the writhe, Wr, vary continuously
under the continuous deformation of the curve. However, their sum takes a
constant value. If the curve develops an inflection point, so that the curva-
ture vanishes at some point, then at that instant the total torsion develops
a jump of ±1. The local torsion diverges, but the divergence is integrable.
The jump of the torsion is compensated by a jump in the internal twist of
∓1.
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6.2 Seifert frame

For vortex tubes, it is customary to let the twisting of filaments in the
tube to define the direction of the intrinsic twist. For an arbitrary knot,
the span-wise vector may be chosen in several different ways leading to
different values for the self-linking number. For example, the so called
black board framing is to have the span-wise vector always to point at the
same direction. The corresponding value for the self-linking number is
called the Kauffman self-linking number.

Another well-known way to frame a knot is the Seifert framing. In
this frame, the span-wise vector lies along a Seifert surface of the knot
and points inward and perpendicular to the knot. The Seifert surface is a
compact, connected, and oriented surface which boundary is the knot (or
link).

In the Seifert frame helicity is always zero [63]. Herbert Seifert himself
showed an easy way to prove that the intrinsic twist and linking of the
curves are connected [64]. From this it follows that the total helicity is
zero. Given a set of closed oriented curves denoted with Ci, let us denote
their Seifert surface with F. Let us also have curves C∗

i traced arbitrary
close to Ci along the surface F. In other words, we construct a curve C∗

i
for each curve Ci by a small displacement in the direction of the span-wise
vector on the Seifert surface. By Di we denote a disk whose boundary is
the curve Ci. This is the Seifert surface of the individual component of the
link. Now let us note that F together with all disks Di is a closed surface,
which we will denote with G.

Consider now the intersection number of a curve C∗
i with G, denoted

with I(C∗
i ,G). Intersection number tells how many times the curve passes

through the surface. Both the curve and the surface are oriented and a
pass through different sides of the surface gives a contribution with a dif-
ferent sign. Intersection number of any closed curve with a closed surface
is always zero. This means that for each i, I(C∗

i ,G) = 0. But G is the sum
of F and all the disks Di, so

0= I(C∗
i ,F)+∑

j
I(C∗

i ,D j). (6.12)

The first term on the right hand side is zero, since C∗
i lies on F. The second

term is the linkage of C∗
i with C j, the boundary of D j. The linkage of C∗

i
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and Ci is by definition the self-linking number.

Sli +
∑
i �= j

Lki j = 0. (6.13)

We can repeat this to all i and sum together, which leads to

∑
i

(
Sli +

∑
i �= j

Lki j

)
= H

κ2 = 0. (6.14)

6.3 Helicity for vortices in superfluids

In superfluids, vorticity is confined to quantized vortices. Mathematically,
these vortices are described as line-like objects which have no internal
structure. In reality superfluid vortices have a finite core size, but it is
much smaller than any other length scale relevant to the hydrodynamical
considerations. Thus one can usually neglect the core size. For classical
vortices, it is intuitive to define the intrinsic twist to describe the twisting
inside the vortex, but the same is not possible for superfluid vortices. How
could a line be twisted?

It has been suggested that the winding of the phase around the super-
fluid vortex endows the vortex with an intrinsic direction [65–67]. Then the
span-wise vector could be defined as a vector pointing in a direction of the
constant phase. This choice is equivalent to a Seifert frame. The surfaces
of the constant phase are Seifert surfaces [63]. This means that helicity is
always zero for superfluids.

Let us recall that the vortex filament model does not describe the phase
explicitly. In the absence of any imposed superfluid flow, the velocity of the
superfluid component is calculated using the centerlines of the vortices.
Yet, the filament model still allows us to calculate the angle of intrinsic
twist. This we showed in Publication II.

Let us define a curve C∗ close to the curve C describing the vortex. The
corresponding position vector is r∗ = s+εN , where s is a point lying on the
vortex, and N is the span-wise vector pointing in the direction of the con-
stant phase. Since the phase is constant on the curve C∗ by construction,
this implies that

dϕ|r=r∗(ξ∗)

dξ∗
=∇ϕ|r=r∗(ξ∗) · t̂∗ = 0 ⇒ vs(r∗) · t̂∗ = 0, (6.15)
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where t̂∗ = dr∗
dξ∗ is the tangent of the curve C∗. We can express it by using

the chain rule:

t̂∗ = dr∗

dξ∗
= d

dξ∗
(s+εN )=

(
ds
dξ

+ε
dN
dξ

)
dξ
dξ∗

=
(
t̂+ε

dN
dξ

)
dξ
dξ∗

=
(
t̂(1−εccosθ)+ε

(
τ+ dθ

dξ

)
(b̂cosθ− n̂sinθ)

) dξ
dξ∗

. (6.16)

Normalization gives dξ/dξ∗ = (
√

(1−εccosθ)2 +ε2(τ+dθ/dξ)2)−1. We notice
that b̂cosθ− n̂sinθ ≡ êθ is the azimuthal basis vector in cylindrical coordi-
nates.

Leading order terms for the superfluid velocity are

vs(r∗)= κ

2πε
êθ+ (vs · t̂)t̂. (6.17)

Plugging (6.17) and (6.16) into Eq. (6.15) and taking the limit ε→ 0 gives

vs · t̂=− κ

2π

(
τ(ξ)+ dθ

dξ

)
. (6.18)

This means that if we know the tangential component of the velocity and
the shape of the vortex (which allows us to calculate the local torsion), we
can determine the intrinsic twist angle θ.

Since superfluid vortices have no internal structure, using the phase to
define intrinsic twist seems to be natural. As a result of this definition,
superfluids are quite different from classical fluids. For example, it is im-
possible to have an isolated twisted vortex ring. The phase of a twisted
circular vortex would have a singularity at the center of the circle. This
is in contrast to the definition of twist in classical fluids. A vortex tube
may be twisted if the vortex lines inside the tube twist around the center-
line. The twisting of the vorticity lines inside the tube induces a tangential
velocity in the tube, but does not affect the velocity potential outside the
vortex tube. Another consequence of the Seifert framing is that it connects
the linking with the intrinsic twist (see Fig. 6.3).

If helicity is always zero, is it a useful quantity? Some authors prefer
to use centerline helicity instead [68, 69]. Centerline helicity is defined
as the sum of linking and writhe. Some authors include torsion since it
can be calculated from the instantaneous configuration of the vortices. The
centerline helicity is not a topological invariant. It tells more about the ge-
ometry of the vortex tangle. A perfectly circular vortex loop is topologically
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Fig. 6.3 Linked superfluid vortices are necessarily twisted. The yellow stripes
illustrate the direction of a costant phase (the value of the constant may be differ-
ent for each vortex).

equivalent to a vortex ring with helical perturbations. In the first case,
the centerline helicity is zero, but in the second case the writhe (and the
torsion) of the vortex is non-zero.

Determining the intrinsic twist using the direction of a level surface
of the phase seems to be an ad hoc definition. However, it is possible to
express the velocity as a function of such surface. Then all the components
of the helicity, including intrinsic twist given by the phase, follow from the
basic definition of the helicity, Eq. (6.1) [70].

So far all the studies about superfluid helicity have focused on superflu-
ids described with a complex scalar order parameter. The case of helium-3
is more interesting. At low temperatures, the vortices in the B-phase of 3He
have an asymmetric core structure. The core can be thought as a tightly
bound pair of two half-quantum vortices. The double-core structure would
give a natural definition for the intrinsic direction. Twisted cores have been
experimentally observed [71]. However, the energy related to the twisting
is very small and has likely extremely small effect on the dynamics [72].
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Chapter 7

Concluding remarks

The basic perturbations of line-like vortices are the helical Kelvin waves.
Any small distortion of a straight vortex may be decomposed to helical
modes. This makes the study of Kelvin waves crucial. Kelvin waves may
appear when the axial normal flow makes small perturbations grow (Pub-
lication III). Even in the absence of the normal component Kelvin waves
are generated due to the reconnections or interactions between nearby vor-
tices.

In the complex vortex tangles the identification of the helical waves
may be challenging (Publication IV). Nevertheless, their importance is ap-
parent. Quantum turbulence needs an energy sink and in the absence of
the mutual friction the Kelvin wave cascade leading to phonon radiation is
the best candidate.

The importance of helical vortices is not limited to the study of super-
fluids. In classical fluids, helical vortices appear in the wakes behind pro-
pellers and turbines. Often there are more than one vortex and they are
interlaced. Similar phenomenon as the leapfrogging of the Kelvin waves
described in Publication I has been seen in numerical simulations of a vis-
cous fluid [73]. Resembling behaviour has been seen also in experimental
studies [74, 75].

Although there are some related phenomena both in superfluids and in
classical fluids, they are quite different nonetheless. The issue of helicity
is one example of differences. In classical fluid dynamics it is very useful
quantity, but for superfluids it is trivially zero (Publication II). However,
some of its components may be used to quantify properties of vortex tan-
gles. Several authors have, e.g., used the centerline helicity [68, 69, 76].
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The strength of the vortex filament model is that it provides a way to
visualize the motion of quantized vortices [19]. The simulations can help
us to better understand the experimental results. In recent years, the cryo-
genic flow visualization techniques have advanced and provided to be pow-
erful tools [77]. Thanks to them, we can now get much more information
about the individual vortices in experiments. Mainly due to heat load con-
cerns, the visualization experiments have not been performed at low tem-
peratures although progress to this direction has already been made [78].
Nevertheless, there is still room for filament model simulations. If not only
due to the ability to study the vortex dynamics in the zero temperature
limit, then also because the possibility to construct such initial configura-
tions that would be hard to realize in experiments.

At the same time, the vortex filament model has its own limitations. If
one wishes to make simulations directly comparable to experiments, sev-
eral improvements are necessary. To begin with, the question of proper
boundary conditions is important. Smooth surfaces do not provide pinning
sites to vortices. Sharp surface features may also lead to vortex nucleation,
which is likely even more difficult to add to filament model simulations.

Another important improvement is the work that has been done to
account for the backreaction of the superfluid component on the normal
component [79]. The visualization methods can be used to also study the
normal-fluid turbulence [80], which motivates to perform fully coupled sim-
ulations of the superfluid and normal components.

Besides being useful for visualizing the vortex dynamics, the vortex fil-
ament model offers a way to find neat solutions. Especially the local induc-
tion approximation and the model for nearly parallel vortices allow one to
find exact analytic solutions. Granted, there is a danger to allow oneself
to focus on analytic solutions which have little to do with realizable exper-
iments. Nevertheless, I believe that the proper understanding about sim-
plified scenarios enables better understandig about more complex cases.
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