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Magnetic confinement fusion reactors, such as tokamaks, rely on generating fusion
power by confining the burning plasma effectively inside the device. Plasma turbulence
and associated heat and particle transport out of the plasma, however, degrade the con-
finement in such devices, thus limiting their performance. Therefore, understanding
and controlling of turbulence are of great importance for improving the economics of
fusion reactors.

The plasma turbulence in tokamaks is studied both experimentally and computation-
ally. The role of computational studies is to elucidate the underlying physical mecha-
nisms for turbulent transport and, eventually, predict and manipulate plasma confine-
ment for future reactors. This modeling effort is increasingly based on numerical tools
that solve gyrokinetic Fokker-Planck–Maxwell equations in the plasma. ELMFIRE is
one of these gyrokinetic tools designed for first-principles transport simulations.

In this thesis, the recent code development work to improve ELMFIRE’s numerical
and physical accuracy is presented. The numerical accuracy is improved by a new
integration method for the parallel nonlinearity that significantly enhances the energy
conservation in the simulation. The physical accuracy, in turn, is increased by a new
computational grid that allows a non-uniform resolution. In addition, the simulation
domain is extended to cover the entire tokamak plasma volume from the plasma center
to the material boundary of a radial wall and poloidal limiter plates.

The physical accuracy of ELMFIRE simulations is investigated by testing the code’s
ability to reproduce a FT-2 tokamak plasma. A direct comparison of the simulation re-
sults and FT-2 data shows that the experimental steady-state profiles are not obtained
numerically. In addition to this, the ELMFIRE capability to simulate scrape-off layer
plasmas is examined in a toroidal limiter-like configuration. The results of this study
show a formation of sheath potential and plasma flows as well as a modification of den-
sity and temperature profiles in the scrape-off layer. A numerical plasma perturbation,
induced by a large radial E ×B flow at the limiter-plasma boundary, is also observed
in the scrape-off layer. Finally, grid resolution and boundary conditions are shown to
have a significant impact on transport levels.
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Fuusioplasman magneettiseen koossapitoon perustuvissa reaktoreissa, kuten tokama-
keissa, plasman tehokas koossapito on välttämätöntä fuusioenergian tuottamiseksi.
Plasmaturbulenssi ja sen aiheuttama hiukkasten ja lämmön kulkeutuminen ulos plas-
masta kuitenkin heikentävät koossapitoa, mikä rajoittaa reaktoreiden suorituskykyä.
Turbulenssin ymmärtäminen ja hillitseminen ovat täten tärkeitä tekijöitä reaktorei-
den taloudellisuuden kannalta.

Tokamak-plasmojen turbulenssia tutkitaan sekä kokeellisesti että laskennallisesti.
Laskennallisen mallinnuksen tavoitteena on selvittää turbulentin kuljetuksen taus-
talla olevia fysikaalisia mekanismeja sekä ennustaa plasman koossapitoa tulevaisuu-
den reaktoreille. Tämä mallinnustyö perustuu nykyisin yhä enenevässä määrin tieto-
koneohjelmiin, jotka ratkaisevat gyrokineettiset Fokker-Planckin–Maxwellin yhtälöt
plasman sisällä. ELMFIRE-koodi on yksi näistä gyrokineettisistä tietokoneohjelmista.

Tässä väitöstyössä kuvataan ELMFIRE:n viimeaikaista kehitystyötä koodin numee-
risen ja fysikaalisen tarkkuuden parantamiseksi. Ohjelman numeerista tarkkuutta
on parannettu uudella kentänsuuntaisen epälineaarisuuden integrointimetodilla, joka
vaikuttaa ratkaisevasti energian säilymiseen simulaatioissa. Fysikaalista tarkkuutta
on puolestaan lisätty uudella laskentahilalla, joka mahdollistaa epähomogeenisen re-
soluution käytön simulointialueella. Simulointialue on lisäksi ulotettu kattamaan ko-
ko tokamak-plasman tilavuus plasman keskipisteestä aina seinän ja poloidaalisten
rajoittimien muodostamalle materiaalirajapinnalle asti.

ELMFIRE-simulaatioiden fysikaalista tarkkuutta tutkitaan testaamalla koodin kykyä
toistaa plasman tasapainotila FT-2-tokamakille. Vertailu simulaatiotulosten ja FT-2-
datan välillä osoittaa, että kokeellista tasapainoa ei saavuteta laskennallisesti. Tämän
lisäksi ELMFIRE:n kykyä mallintaa kuorintakerrosplasmoja tutkitaan rajoitinkonfi-
guraatiossa. Saadut tulokset osoittavat kalvopotentiaalin ja plasmavirtausten muo-
dostumisen sekä tiheys- ja lämpötilaprofiilien muutoksen reunaplasmassa. Kuorinta-
kerroksessa havaitaan myös numeerinen plasmahäiriö, joka aiheutuu voimakkaasta
E × B-virtauksesta rajoittimien ja plasman rajapinnalla. Lopuksi laskentahilalla ja
reunaehdoilla näytetään olevan merkittävä vaikutus plasman kuljetustasoon.
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1. Introduction

Nuclear fusion of hydrogen, the reaction that powers the Sun, is one of the

few options to replace fossil fuels as the world’s primary energy source.

The attraction of fusion power over fossil fuels is based on its advan-

tages: abundance of fuel, low environmental impact and inherent safety

features. The primary fuel for fusion is two isotopes of hydrogen, deu-

terium and tritium, which can be extracted from seawater and lithium.

The fuel is therefore widely available around the world and abundant

for millions of years. As for the environmental impact and safety, fusion

produces no greenhouse gases, other polluting emissions or long-lasting

radioactive waste. There is also no possibility of fission-type meltdown or

runaway scenarios, because of a very low fuel inventory (a few grams) at

any given moment during the operation. However, despite the potential,

the realization of fusion power plants is still years away because it is yet

to be shown that well-controlled fusion burn can be obtained in reactor

conditions and that fusion can provide a reliable base load supply of en-

ergy in an economically viable way. To put this challenge in perspective,

fusion reactors operate between extreme temperatures as the fuel tem-

perature in the reactor core exceeds the temperatures in the center of the

Sun, while a few meters away the reactor wall must remain below the

melting point of the plasma-facing components. These are the conditions

faced in magnetic confinement fusion such as tokamaks.

The least demanding fusion reaction to initiate on Earth is the reaction

between deuterium (heavy isotope of hydrogen) and tritium (superheavy

isotope of hydrogen) nuclei:

D+T → 4He (3.5MeV) + n (14.1MeV) , (1.1)

where 0.4% of the combined mass of deuterium and tritium nuclei is con-
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verted into 17.6 MeV of energy that is released as the kinetic energy of the

reaction products, namely a helium nucleus and neutron. The necessary

condition for the reaction to occur is a very high temperature, more than

one hundred million degrees, when a part of the hydrogenic nuclei are

able to overcome the electric Coulomb repulsion and combine through the

strong interaction to form a helium nucleus. At these temperatures, elec-

trons are detached from the hydrogenic atoms, and thus the gas consists

of positively charged deuterium and tritium ions and negatively charged

electrons. This ionized gas is called plasma.

As composed of electrically charged particles, plasma responds strongly

to electromagnetic fields. This property is of great importance in magnetic

confinement fusion where strong magnetic fields are used to confine the

hot fusion-grade plasma in the reactor chamber and, furthermore, suffi-

ciently far from the surrounding material wall. The confining effect of

the magnetic field is based on the fact that the motion of charged parti-

cles is constrained in the directions perpendicular to the field. In other

words, the particles spiral around the field lines while moving more or

less freely along the field lines. The losses at the end of the magnetic field

are avoided by bending the field into a torus. In that geometry, however,

the magnetic field exhibits a horizontal gradient which, if not counter-

acted, results in a chain of particle drifts that destroys plasma confine-

ment. Confinement is obtained by twisting the magnetic field into a he-

lical structure by the creation of an additional poloidal component of the

magnetic field. In tokamaks, the poloidal magnetic field is generated by a

toroidal current induced in the plasma, while the toroidal magnetic field

is produced by a set of external field coils, see Fig. 1.1.

In the basic magnetic configuration of a tokamak, the helical magnetic

field lines generate a nested set of toroidal flux surfaces in the plasma

core. These flux surfaces, termed closed, never make contact with the

machine wall and thus confine the plasma. The plasma region outside

the plasma core is the scrape-off layer (SOL) where the flux surfaces are

open, i.e., they intersect with the wall surface. The closed and open flux

surfaces, encompassing the core plasma and scrape-off layer respectively,

are separated by the last closed flux surface. The center of the closed flux

surfaces is called the magnetic axis, and the helicity of the field lines on

each flux surface is defined by the safety factor.

2



Introduction

Figure 1.1. Schematic picture of a tokamak showing the magnetic field configuration
and a closed flux surface (in pink). The figure is courtesy of EUROfusion,
https://www.euro-fusion.org/.

Although a very high fuel temperature is necessary for fusion reactions

to occur, it is not by itself a sufficient condition for energy production in

fusion plants. The criterion for thermally self-sustained DT-plasma burn

in tokamaks is given by the Lawson triple product of the plasma (electron)

density, n, temperature, T , and energy confinement time, τE [1]:

nTτE � 5 · 1021m−3 keV s or

pτE � 8 atm s
(1.2)

in terms of the plasma pressure, p. The criterion for breakeven or a net

yield of energy (not electricity) is a factor of six smaller. To produce en-

ergy from fusion, it is thus required that a sufficiently hot and dense

plasma is confined for a sufficiently long time in order to allow a suffi-

ciently large number of fusion reactions to take place. The main difficulty

in fusion research now lies in achieving these three conditions simulta-

neously. The optimal plasma temperature is in the range of 10–20 keV

(100–200 million degrees), as a higher or lower temperature rapidly in-

creases the required value of the triple product [2]. This is because the

number of fusion reactions rapidly decreases at lower temperatures and

increases more slowly than the plasma energy content at higher temper-

atures. The highest achievable plasma density in tokamaks is, in turn,

around 1020 m−3 (one millionth of the air density), as a higher density or

3
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pressure triggers plasma instabilities that prevent stable plasma confine-

ment [3, 4]. Consequently, an energy confinement time of a few seconds

is required for a reactor. However, the plasma confinement tends to dete-

riorate when the density and temperature are increased to the projected

reactor values.

Besides being an important parameter for fusion performance, the en-

ergy confinement time also determines the economic viability of fusion as

the gain factor, the ratio of the produced fusion power to the input heating

power,

Q =
Pout

Pinp
∝ τE

τLawson − τE
(1.3)

increases with the confinement time [5]. It is therefore of great interest to

understand the physics underlying the thermal plasma confinement and

establish operational scenarios for future tokamaks that maximize the

energy confinement time. Currently, due to the lack of first-principle pre-

dictions, the best representation of the confinement time is given by the

empirical scaling laws that relate the confinement time to several plasma

and engineering parameters based on the experimental data from exist-

ing devices. The recommended τE scaling expression for high-performance

tokamak plasmas, the main operation regime, is [6]

τE = 0.0562 I0.93B0.15P−0.69n0.41M0.19R1.97ε0.58κ0.78, (1.4)

where I is the plasma current, B the toroidal magnetic field, P the heating

power, n the average plasma density, M the average hydrogen mass, R

the major radius of the torus, ε the inverse aspect ratio and κ the plasma

elongation. According to this scaling, the energy confinement time can be

enhanced by increasing the plasma current and major radius. However,

for a given toroidal magnetic field, the plasma current is limited by the

onset of disruptive plasma instabilities, whereas the reactor size is limited

by economic constraints.

By definition, the energy confinement time is a characteristic time taken

for the energy to escape the plasma. The energy losses in tokamaks are

governed by turbulent transport of heat, and thus turbulence plays an im-

portant role in degrading the confinement time. The plasma turbulence is

driven by various micro-instabilities that are mainly induced by large gra-

dients of temperature and density between the plasma core and the wall.

Because the steep gradients are necessary for ensuring fusion conditions
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in the plasma core, it is of great interest to study the physics of turbu-

lence in order to keep it to a minimum. This study is currently conducted

both experimentally and via numerical simulations. The main objective

of these simulations, when mature enough, is to predict transport levels

for future devices, explain the empirical scaling laws such as Eq. (1.4) and

open the route towards enhanced confinement regimes.

Scope of the thesis

This thesis reports the recent development of the ELMFIRE code for sim-

ulations of tokamak plasma turbulence and associated transport. The fo-

cus is in particular on improvements to the numerical and physical accu-

racy of the code. Considering the numerical accuracy, significant improve-

ment has been made in the energy conservation by introducing a higher

order integration method for the electron parallel nonlinearity (Publica-

tion I). The physics capabilities of the code have, in turn, been further

improved by adopting a non-uniform simulation grid and extending it to

the plasma center and limiter scrape-off layer (Publications II–III).

The thesis is organized as follows. In Chapter 2, an overview of kinetic

plasma modeling is given with emphasis on approximations required for

turbulence simulations. In Chapter 3, the present simulation model of

ELMFIRE is described in detail. Chapter 4 presents the code results: the

conservation of energy and toroidal angular momentum, the code’s abil-

ity to reproduce experimental plasma equilibrium, the predictions for the

scrape-off layer dynamics, and the effect of grid resolution and boundary

conditions on transport. Finally, in Chapter 5, the present work is con-

cluded with an outlook on future development.
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2. Kinetic plasma simulations

Kinetic models based on first principles are required to accurately sim-

ulate thermonuclear plasmas in tokamak devices. This is because the

kinetic effects, such as finite Larmor radius, Landau damping, particle

trapping and collisions, are important for plasma turbulence. This chap-

ter reviews the reduction of kinetic plasma simulation models from the

microscopic description, the most fundamental description of the plasma,

to the reduced gyrokinetic models that are used in turbulence simula-

tions. Therefore, the chapter also serves as a theoretical background for

the gyrokinetic code ELMFIRE.

2.1 Microscopic description

The plasma dynamics in fusion devices is governed by self-consistent in-

teraction of charged particles and electromagnetic fields. In other words,

the electric and magnetic fields determine the motion of the charged par-

ticles, while the charged particle motion generates electric and magnetic

fields. The non-relativistic description of the former, charged particle mo-

tion in electromagnetic fields, is given by the Newton–Lorentz equations

of motion
ẋp = vp,

v̇p =
qp
mp

(E + vp ×B) ,
(2.1)

where E is the electric field and B the magnetic field, and mp the mass,

qp the charge, xp (t) the position and vp (t) the velocity of the p-th particle

in the plasma. The electric and magnetic fields are here functions of the

position x and time t, and consist of the components both internal and

external to the plasma. The generation of the internal electromagnetic

7
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field by plasma particles is described by Maxwell’s equations

∇ ·E =
�

ε0
,

∇ ·B = 0,

∇×E = −∂B

∂t
,

∇×B = μ0

(
j + ε0

∂E

∂t

)
,

(2.2)

where the charge density, �, and the current density, j, are obtained from

the particle positions and velocities as

� (x, t) =
∑
p

qpδ (x− xp) ,

j (x, t) =
∑
p

qpvpδ (x− xp) .
(2.3)

Here, the summation is over the particles, δ represents the Dirac delta

function, and ε0 and μ0 are the vacuum permittivity and permeability,

respectively. The electric and magnetic fields can be expressed above in

terms of the electric potential, φ, and vector potential, A, as E = −∇φ −
∂A/∂t and B = ∇×A.

The plasma motion can be solved from the above set of equations by it-

eration. First, the electric and magnetic fields created by each particle are

calculated from Maxwell’s equations [7]. As the fields are additive, the to-

tal force acting on each particle is determined by the sum of the fields from

individual particles and the external field. The Newton–Lorentz equa-

tions are then applied to each particle to find their new position and ve-

locity, which closes the iteration loop. The impact of additional processes,

such as atomic physics and neutrals, can be added separately to the iter-

ation loop. The approach is thus straightforward, but because of the vast

number of plasma particles, computationally infeasible to simulate fusion

plasmas with present-day computers.

2.2 Kinetic description

Instead of following all individual particles in a plasma, a statistical ap-

proach is used to replace the plasma particles of species s by a continuous

particle distribution function, fs. The distribution function represents the

particle number density in the phase space (x,v) at a given time t, and
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thus the exact positions and velocities of individual particles are lost. This

means that the information on the graininess of the plasma is smoothed

out in the approach [8]. A zeroth-order approximation of the distribu-

tion function in fusion plasmas is an isotropic Maxwellian with prescribed

density and temperature. However, due to a weak plasma collisionality,

the exact shape of the distribution function usually deviates significantly

from this approximate form, thus requiring the evaluation of the entire

distribution function [9].

In high-temperature fusion plasmas, the charged particles are weakly

coupled, i.e., their kinetic energy is higher than Coulomb potential energy.

Under such conditions, the time evolution of the distribution function is

determined by the Fokker-Planck equation

∂fs
∂t

+
∂

∂x
· (vfs) + qs

ms

∂

∂v
· [(E + v ×B) fs] =

(
∂fs
∂t

)
coll

+ S, (2.4)

which is the continuity equation for the distribution function, fs, inte-

grated with the equations of motion of a single particle in Eq. (2.1). The

particle interactions in the Fokker-Planck equation are divided into long-

range collective forces and short-range particle-to-particle interactions.

The former long-range (longer than the Debye length) interparticle forces

are dealt with an average manner in the electric and magnetic field terms.

The effects of the short-range particle-to-particle interactions within the

Debye sphere are, in turn, treated as a series of consecutive small-angle

scattering binary collisions in the term (∂fs/∂t)coll. The term S includes

particle, momentum and energy sources and sinks.

The Fokker-Planck equation together with Maxwell’s equations, where

the charge and current densities are obtained from the particle distribu-

tion functions as

� (x, t) =
∑
s

qs

∫
fs (x,v, t) dv,

j (x, t) =
∑
s

qs

∫
fs (x,v, t)vdv,

(2.5)

give the kinetic description of a high temperature plasma that is valid

for spatial scales larger than the particle distance. The time evolution

of the distribution functions and the electromagnetic fields can then be

solved from these equations numerically; an analytic solution is hardly

to be found due to the intrinsic nonlinear nature of the problem. The

9
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numerical accuracy, however, requires resolving even the smallest and

fastest plasma phenomena taking place at the scale of the electron Debye

length, λDe, and plasma frequency, ωpe. This is a serious limitation of the

kinetic model because the spatiotemporal scales of most phenomena in

fusion plasmas are much larger than these two scales. Thus, the kinetic

model is directly applicable only for studying small-scale, high-frequency

plasma waves such as plasma oscillations.

2.3 Particle-in-cell method

In the Lagrangian particle-in-cell (PIC) method, the distribution function

is represented by numerical particles that follow the same trajectories

as the actual plasma particles. The number of the numerical particles is,

however, very small compared to the number of plasma particles, and thus

each numerical particle corresponds to billions of plasma particles. As a

result, the simulated plasma is very grainy at short distances, and the col-

lisional effects between the particles are much greater than in an actual

plasma [10]. In addition, the short-range particle-to-particle Coulomb in-

teractions are introduced in the electric field term in the Fokker-Planck

equation. To smooth out the plasma graininess and to reduce the colli-

sional effects, the numerical particles are treated as finite-size clouds that

smear out the particle charges over a finite spatial region. The Coulomb

interaction force of two particles then vanishes at short distances while

the long-range collective force remains unaltered as is required for the

Fokker-Planck equation. In the cloud picture, the particle position and

velocity is the center point of the cloud and the velocity of the cloud, re-

spectively.

The basics of the PIC method for solving the Fokker-Planck–Maxwell

system are similar to the microscopic plasma picture [11]. In other words,

the particle trajectories are followed in the continuous phase space by the

equations of motion in Eq. (2.1). The velocity moments of the particle

distribution functions, such as the charge and current densities, are then

sampled from the particle positions and velocities to a fixed spatial grid.

In the sampling, the particle cloud acts as a shape function that deter-

mines the interpolation between the particles and the grid. After sam-

10



Kinetic plasma simulations

pling the charge and current densities, Maxwell’s equations in Eq. (2.2)

are solved on the grid for the electromagnetic potentials, and the result-

ing electric and magnetic fields are interpolated to the particle positions

using the shape function. The particle response to these fields is consid-

ered in the equations of motion, while the binary collisions between the

particles are evaluated with a Monte Carlo-based binary collision model.

The iteration of these steps over time gives the kinetic description of a

plasma.

A well-known drawback of the PIC approach is statistical noise that is

associated with the sampling of the charge and current densities from a

relatively small number of particles. From the charge and current den-

sities, the noise is transferred to the electromagnetic fields via Maxwell’s

equations. A simple but rather inefficient way to reduce the effect of noise

is to increase the number of particles in the simulation because the noise

level is proportional to σ/
√
N , where N is the average number of par-

ticles in a grid cell. Another, more efficient way to reduce the noise is

to use variance reduction techniques, such as the weighted PIC and δf

method [12] (and references therein), that decrease the variance σ2 of the

charge and current densities. These techniques may, however, result in

noise accumulation [13]. An alternative to the PIC method for solving the

Fokker-Planck equation is the Eulerian approach, in which the particle

distribution function is discretized directly on a fixed phase space grid.

This approach avoids the issue of the sampling noise but suffers from nu-

merical dissipation that is induced by the finite difference schemes used

in the phase space discretization.

2.4 Gyrokinetic approximation

Although a reduced model, the standard Fokker-Planck–Maxwell system

contains the finest spatiotemporal scales in a fusion plasma, which makes

it computationally difficult to simulate low-frequency phenomena such as

microturbulence. The typical spatiotemporal scales of ion turbulence are

ωpe/ω
�
i ∼ 106 and ρi/λDe ∼ 102, while ωpe/ω

�
e ∼ 104 and ρe/λDe ∼ 1 hold

for the smallest scale electron turbulence. Here, the characteristic fre-

quency and size of microturbulence are represented by the diamagnetic
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drift frequency, ω�, and gyroradius, ρ, respectively [14].

A theoretical framework for kinetic simulations of plasma turbulence

is provided by the gyrokinetic approach [15, 16], in which the fast parti-

cle gyromotion is eliminated from the Fokker-Planck–Maxwell system of

equations. This dynamical reduction is motivated by the fact that micro-

turbulence is sustained by plasma oscillations whose angular frequency,

ω, is much lower than the particle gyrofrequency, Ωs. In a single-particle

picture, the dynamical reduction is performed through a coordinate trans-

formation that decouples the gyromotion from the rest of the particle mo-

tion. As a result, the gyromotion is described by a gyroring that follows

the motion of the gyrocenter.

The gyrokinetic Fokker-Planck–Maxwell equations are derived from the

standard kinetic equations by removing the high frequency dynamics un-

der assumptions on the characteristic scales of the plasma background

and perturbations. The assumptions are motivated by experimental ob-

servations suggesting that turbulent fluctuations in the plasma core obey

the ordering in the small parameter ε

ω

Ωs
∼ ρs

L
∼ k‖

k⊥
∼ vE

vts
∼ δB

B
∼ ε � 1, (2.6)

where ω ∼ ∂t log |E| ∼ ∂t logB and where vE = |E × b/B| with B = Bb

is the electric drift velocity, vt the thermal velocity and k the wavenum-

ber [17]. The first two of these orderings state that the fluctuations vary

on a scale much shorter than the background plasma length scale L and

in time much slower than the gyroperiod. The third ordering implies a

strong anisotropy of the plasma perturbations, i.e., the variations parallel

to the magnetic field are much longer than the perpendicular variations.

The fourth and fifth orderings require that the short wavelength compo-

nents of the electromagnetic potentials are small.

The derivation of the gyrokinetic equations is based on the construction

of a phase-space transformation from particle coordinates to gyrocenter

phase space coordinates. The latter coordinates describe the gyrocenter

dynamics with three configuration and two velocity space coordinates, the

time derivative of which are independent of the gyroangle. The phase

space transformation also involves a transformation from the particle dis-

tribution function to a gyrocenter distribution function. The time evolu-

tion of the gyrocenter distribution function is governed by the gyrokinetic
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Fokker-Planck equation that is written in terms of the equations of gyro-

center motion. The self-consistent electromagnetic fields are, in turn, de-

termined by the gyrokinetic Maxwell equations (Poisson–Ampere) where

the charge and current densities are expressed in terms of the gyrocen-

ter distribution functions. In the gyrokinetic PIC approach, the particle

gyrocenter trajectories are then followed by the equations of gyrocenter

motion. The velocity moments of the distribution functions are sampled

from the particle gyro-orbits to the grid, where the gyrokinetic Maxwell

equations are solved. The resulting electromagnetic fields are computed

at the gyrocenter positions using the gyroaveraging procedure.

The gyrokinetic equations are generally derived up to second order in

ε in order to obtain an energy-like invariant as well as the polarization

density and magnetization current terms for the gyrokinetic Poisson and

Ampere equations, respectively. The polarization density, for example,

describes the difference between the particle and gyrocenter densities in

Poisson’s equation, and the electric potential is usually solved from that

term. Higher than the second-order terms are rarely calculated in gyroki-

netics because the formulation tends to become difficult to construct or

to solve. For the same reason, the gyrokinetic models are derived with-

out the collision operator and the source term, although formulations on

the collisional gyrokinetic theory are emerging [18]. There also exist ex-

tended gyrokinetic models that are valid, for example, for strong vE flow

at the plasma edge [19], and these models are obtained by relaxing the

gyrokinetic ordering.

As suggested above, the power of the gyrokinetic approach is the reduc-

tion of computational effort, which results from the relaxation of the tem-

poral and spatial resolution constraints (and the reduction of the phase

space dimensionality). Compared to the standard kinetic model, the time

step, Δt, and the perpendicular grid spacing, Δx, are relaxed from

ωpeΔt ∼ 1 and Δx ∼ λDe to

ω�
sΔt ∼ 1 and Δx ∼ ρs.

(2.7)

In the direction parallel to the magnetic field, the elongated structure of

microturbulence allows even longer grid spacing, motivating the use of

field-aligned coordinates. In conclusion, assuming k⊥/k‖ ∼ 104 for elec-

tron and k⊥/k‖ ∼ 103 for ion fluctuations, the gyrokinetic model provides
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a total speed-up of 108 for electron and 1015 for ion turbulence simula-

tions, when compared to the standard Fokker-Planck–Maxwell model.

2.5 Reduced gyrokinetic models

Despite the reduction of kinetics to gyrokinetics, direct numerical sim-

ulations of turbulent transport with the full gyrokinetic Fokker-Planck–

Maxwell equations are computationally very expensive. Fortunately, many

turbulence characteristics and phenomena in tokamaks can be studied

with reduced gyrokinetic simulation models that balance between compu-

tational load and model complexity. The latter is linked to the physical

realism of the simulations and is usually reduced by making assumptions

on particle distribution function, electrons, radial extent of the simula-

tion domain, electromagnetic fluctuations and/or background magnetic

field [20].

The particle distribution function is modeled in gyrokinetic plasma sim-

ulations using either the full-f or the δf method. In the former the full

distribution function is evolved, while in the latter the deviation from an

equilibrium distribution function, such as a Maxwellian with prescribed

density and temperature, is simulated [21]. Hence, only perturbed plasma

quantities are represented by simulation variables in the δf method. The

advantage of the δf method, when compared to the full-f PIC method,

is the absence of statistical noise associated with the simulation of the

plasma equilibrium, which reduces the noise level and further the parti-

cle number requirement and computational burden. The δf method also

avoids the issue of inhomogeneous particle loading that is present in the

full-f method with equal particle weights due to the radial variation of

the plasma density. However, in that case, the full-f method does not

suffer from noise accumulation, unlike the δf method with varying par-

ticle weights, because the sampling error of the charge and current den-

sities is not changing in time. The δf method is regarded as a powerful

tool for studying weak core plasma perturbations and is successfully used

to model H-mode, QH-mode and L-mode core plasmas [22]. The full-f

method is, however, a necessity at the plasma edge where sources and

sinks are strong, the distribution function is not a priori known and fluctu-
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ations are large-amplitude, intermittent and/or transient [23]. The full-f

method is also imperative for studying transport barrier formation, such

as the L- to H-mode transition, and any other manifestation of plasma

self-organization arising from the back-reaction of turbulence, neoclassi-

cal effects, and sources and sinks on the background plasma profiles.

While gyrokinetic ions are standard in turbulence simulations, there are

three different models for treating the electrons: kinetic, hybrid and adi-

abatic models. In the kinetic model, electron kinetic effects are included

in the simulation at the expense of computational load [24]. However,

instead of being gyrokinetic, kinetic electrons are usually modeled drift-

kinetically, i.e., in the zero-Larmor-radius limit, which neglects finite elec-

tron Larmor radius effects. This approximation is motivated by the fact

that the spatiotemporal resolution requirements for the electron gyroscale

turbulence are very high. In the hybrid models, such as the fluid-kinetic

hybrid scheme [25] and the split-weight scheme [26], further approxima-

tions are made with regard to electron kinetics; specifically, a part of the

electron drift-kinetic effects is removed from the model equations in order

to relax the strict time step constraint set by the electron parallel motion.

Lastly, in the adiabatic model, the entire electron population is treated an-

alytically as a Boltzmann response, thus eliminating the electron kinetic

effects altogether. The adiabatic model avoids all the numerical restric-

tions imposed by the electrons but it also precludes net turbulent particle

transport, electron thermal transport and magnetic fluctuations.

Gyrokinetic simulations of plasma turbulence are conducted either in

the local (flux-tube) limit or in a global domain [27]. In the local approach,

the simulation domain corresponds to a narrow radial region around a

certain magnetic flux surface and, in that domain, the macroscopic back-

ground profiles and their gradients are assumed radially constant. The

radial boundary conditions are usually periodic. In contrast, in the global

model, the simulation domain is wide in the radial direction, and the

background profile variations are fully retained. More physical Dirich-

let and/or Neumann boundary conditions are also imposed at the radial

boundaries. The global simulations extend over the full torus from the

magnetic axis to the material boundary at most but are usually restricted

to inside the last closed flux surface. The open-field-line scrape-off layer

region is omitted because of complicated physics (sheaths, recycling, neu-
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trals, atomic physics) and numerical methods (boundary conditions, co-

ordinate system, X-point singularities). Coupled core-edge simulations

are, however, necessary to capture the complex picture of plasma trans-

port in tokamaks because the edge plasma determines the conditions in

the plasma core, while the radial transport from the core determines the

conditions in the plasma edge. Currently, a few gyrokinetic codes are

being developed for simulating coupled core-edge or edge plasma turbu-

lence [28, 29, 30]. From the local and global models, the local limit is

found suitable to study turbulence dynamics at the micro scale, while the

global approach is a necessity to model non-local meso and larger-scale

phenomena such as avalanche propagation and turbulence spreading [31,

32, 33]. The correct description of turbulence dynamics in global simula-

tions, however, requires that the plasma is allowed to evolve freely with-

out constraints on its self-organization [34]. In such cases, the plasma

equilibrium is reached as a balance between turbulence, neoclassical ef-

fects and given distribution of sources and sinks. This type of plasma

simulations is called flux-driven as opposed to gradient-driven in which

the initial plasma profiles are imposed as a steady state by using an ar-

tificial profile restoring source/sink operator. The flux-driven simulations

are thus physically more relevant, while the gradient-driven simulations

are computationally more efficient.

The self-consistent description of plasma turbulence is either electro-

magnetic or electrostatic in the gyrokinetic simulations. The former elec-

tromagnetic approach includes realistically both the electric and magnetic

fluctuations, while the magnetic fluctuations are neglected in the elec-

trostatic approximation. Thus, the electrostatic approximation simplifies

the simulation model as the perturbed vector potential and current den-

sity can be omitted in the gyrokinetic equations. The approximation is,

however, valid only in the low-beta limit (ratio of plasma pressure to mag-

netic field pressure) and in the absence of steep pressure gradients, in

which case the magnetic fluctuations are small. Otherwise, the magnetic

fluctuations modify the electrostatic micro-instabilities and excite electro-

magnetic modes [35].

Although the time evolution of tokamak magnetic equilibria can be eval-

uated self-consistently from the gyrokinetic Ampere’s law and external

fields, a predetermined equilibrium is practically always assumed in the
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simulations. Moreover, to reduce the geometrical complexity of 3D mag-

netic fields, the equilibrium is usually assumed to be toroidally symmet-

ric. On a poloidal cross section, the complexity of the 2D magnetic field ge-

ometry then varies from general MHD (full geometry) equilibria computed

with Grad-Shafranov solvers [36] to reduced equilibria such as the ana-

lytic model with circular concentric flux surfaces. The fixed magnetic equi-

librium simplifies the simulation model because the equilibrium vector

potential and current density may be omitted in the gyrokinetic Maxwell

equations.

Finally, standard binary collision models for fully kinetic particles [37]

are used to approximate the nonlinear Fokker-Planck collision operator

in the gyrokinetic PIC method. This is because there are no gyrokinetic

binary collision models currently available, and therefore the drift-kinetic

limit of the collisions is adopted in the simulations. In this approximation,

the binary collisions are performed between particle gyrocenters, and the

three velocity components of each gyrocenter are obtained from the par-

allel and perpendicular velocities by dividing the latter into its two or-

thogonal components by a random gyroangle. As a result, the classical

transport is excluded in the approximation while the neoclassical physics

is retained.
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3. ELMFIRE simulation model

ELMFIRE is a numerical tool for solving the gyrokinetic Fokker-Planck–

Poisson system of equations with the PIC method [38]; it calculates the

time evolution of the full 5D distribution function of drift-kinetic elec-

trons and gyrokinetic ions in the presence of 3D electrostatic potential in

the full-torus configuration of circular limiter tokamaks. Coupled with a

binary collision model, the code self-consistently solves electrostatic core-

edge plasma turbulence together with neoclassical physics. This chapter

describes the present physics equations and numerical methods used in

the code.

As part of this thesis work, major improvements have been made to the

ELMFIRE simulation model, as reported in Publications I–II. First, the

simulation domain has been extended to the magnetic axis and limiter

scrape-off layer. The wall and limiter boundary conditions as well as the

techniques used to avoid the coordinate singularity effects at the mag-

netic axis are described in Sec. 3.6. Second, the simulation grid has been

made non-uniform in the radial and poloidal directions and moved from

quasi-ballooning to straight-field-line coordinates (Sec. 3.4). Third, the

integration accuracy of the acceleration by the parallel electric field has

been improved by adopting the Velocity-Verlet time integrator (Sec. 3.3)

and the continuous electric field interpolation (Sec. 3.4). Fourth, to allow

initial profiles to be of any shape in a simulation, the profile initialization

has been upgraded to accept input radial profiles of density, temperature

and plasma current as a discrete data set. The profile reconstruction from

this data set is performed using a cubic spline interpolation, developed

earlier within the EFDA Integrated Tokamak Modelling framework. The

initialization procedure has also been improved with a iteration scheme
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that, after the quiescent particle initialization, drives the initial simu-

lation profiles close to the input profiles (Sec. 3.8). In addition to these

improvements to the simulation model, significant effort has been made

to implement the physics equations more accurately in the code. For ex-

ample, the polarization drift has been reformulated in straight-field-line

coordinates and extended to 3D by adding a toroidal interpolation to the

shape function that appears in the electric field calculation (Sec. 3.4) and

the Poisson solver (Sec. 3.5). The extension of the polarization drift to 3D

has also required a complete rewrite of the toroidal domain decomposi-

tion and, to speed up the Poisson solver, an extensive loop vectorization

of the coefficient matrix construction. Furthermore, ELMFIRE has been

rewritten for a large part.

3.1 Gyrokinetic model

The ELMFIRE code adopts the second-order gyrokinetic formalism in

Ref. [39] in constructing a full-f PIC solver for the simulations of plasma

turbulence. In that formalism, the gyroradius is iterated to second order

in the expansion parameter with explicit electric field and gyroangle de-

pendencies. The effect of the gyroaveraged electric drift is subsequently

eliminated from the gyroradius by the integration constant appearing in

the iteration. The same choice of this constant also removes the appear-

ance of the analytical polarization density from the gyrokinetic Poisson

equation and introduces the polarization drift in the gyrocenter equations

of motion. On the other hand, if the integration constant is set to zero,

the formalism provides the standard gyrokinetic equations as is shown in

Ref. [39]. The derivation of these gyrokinetic systems has been carried

out in the collisionless limit with a homogeneous unperturbed magnetic

field by adopting the ordering similar to Eq. (2.6):

ω

Ω
∼ ρ

L
∼ vE

v
∼ ε � 1. (3.1)

From these orderings, the first two usually hold in both the plasma core

and edge, while the third condition can break down in the region of trans-

port barriers and scrape-off layer where E × B flow velocities become

large [19, 23].

The gyrokinetic Fokker-Planck equation is given in the adopted formal-
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ism for each particle species as

∂f

∂t
+

∂

∂R
·
(
Ṙf

)
+

∂

∂U

(
U̇f

)
= 0, (3.2)

where f denotes the primary form of the gyrocenter distribution function.

This distribution function can be expressed in terms of Dirac delta func-

tions as

f (R, U, J, t) =
∑
p

wpδ (R−Rp (t)) δ (U − Up (t)) δ (J − Jp (t)) , (3.3)

where the summation is over the particles of species s, w denotes the par-

ticle weight, and (Rp, Up, Jp) are the gyrocenter phase space coordinates of

a particle. The coordinate R is the gyrocenter position, U the parallel ve-

locity and J the adiabatic invariant, in the absence of collisions and source

and sink terms. The adiabatic invariant can be written here in terms of

the perpendicular velocity, V⊥, as J = (2π/Ω)mV 2
⊥/2 with Ω = qB/m,

which follows from the definition J = 〈p · ∂x/∂φ〉 [39].

The gyrocenter equations of motion including the polarization drift are

given in the formalism as

Ṙ =
B̂U + Ê × b

B�
,

U̇ =
q

m

B̂ · Ê
B�

,

J̇ = 0,

(3.4)

where B� = B̂ · b and where the fields Ê and B̂ are defined as

Ê =
〈
E

(
x(2)

)〉
− J

2πm
∇B − m

q

d

dt

(〈
E

(
x(1)

)〉× b

B

)
,

B̂ = B +
m

q
∇×

(
Ub+

〈
E

(
x(1)

)〉× b

B

)
.

(3.5)

Here, the operator 〈. . .〉 denotes averaging over the gyroangle and, for

the second-order accuracy, the electric field is averaged over the positions

x(1) = R + b × V⊥/Ω or x(2) = x(1) + Δρ. The term Δρ consists of short

wavelength electric field and gyroangle dependent trembling that remains

in the gyroradius after the elimination of the gyroaveraged electric drift

effect. Furthermore, the magnetic field variables B, B and b are evalu-

ated at the gyrocenter position R, and the magnetic drifts arising from

the magnetic field inhomogeneity are included in the above equations of

motion as they appear in the standard gyrokinetics [15].
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The gyrokinetic Poisson equation for the electrostatic potential is given

in the adopted formalism as

ε0∇ ·E (r, t) =
∑
s

q

∫
f
〈
δ
(
r − x(2)

)〉
dRdUdJ, (3.6)

where r is a position in the plasma. This equation is also called the gyroki-

netic quasi-neutrality condition because the divergence of the electric field

may be neglected for quasi-neutral plasmas. Furthermore, the conserva-

tion laws for the total energy, K, and total toroidal angular momentum,

L, are given in the formalism as

K =
1

2

∫ {
ε0E

2 +
1

μ0
B2 +m

∑
s

∫ [
f

(
V 2
⊥ + U2 +

(〈E〉 × b

B

)2

+

q

m

〈
(E⊥ − 〈E⊥〉) ·

(
x(2) − x(1)

)〉
−
〈
G2
‖
〉)]

R=r

dUdJ

}
dr,

L =k ·
∫ {

ε0r × (E ×B) +
∑
s

∫
m

[
fr × Ṙ+ f 〈ρ× v〉

]
R=r

dUdJ
}
dr.

(3.7)

Here, k is the unit vector along the symmetry axis of the tokamak, G‖ is

proportional to E‖
(
x(1)

)−E‖ (R), and 〈ρ× v〉 is the magnetic moment or

diamagnetic flow contribution to L [40]. The gyroaveraged electric field

terms are calculated at x(1).

The long wavelength limit of perturbations is assumed in the present

work. This simplifies the above gyrokinetic equations because the second-

order correction Δρ vanishes from the expression of x(2) and consequently

x(2) = x(1). The simulation model is also simplified by the drift-kinetic

treatment of electrons. The standard drift-kinetic equations are obtained

from the above gyrokinetic equations by taking the zero gyroradius limit,

i.e., x(2) = x(1) = R, and omitting the third term in the fields Ê and

B̂, the last three terms in the expression of K and the magnetic moment

in the expression of L. Furthermore, the particle collisions are included

in the simulation model by adding a Fokker-Planck collision operator to

Eq. (3.2). This operator is modeled in the drift-kinetic limit with the bi-

nary collision model described in Ref. [37] that conserves both energy and

momentum; the scattering angle as given in Ref. [41] is adopted in the

binary collision model.

Equally weighted simulation particles are used to represent the distri-

bution functions in the present simulation model. This is because the

equal weights ensure the correct implementation of the binary collision
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model and prevent noise accumulation, see Sec. 2.5. Furthermore, the

electron positions in the plasma are given by the points δ (r −R), while

the ion gyrorings δ
(
r − x(2)

)
are discretized with four (suitable for k⊥ρi �

2 [24]) equispaced points each of which has one quarter of the ion particle

weight. The ion gyrorings at the plane perpendicular to magnetic field

are approximated as their projection on the poloidal plane, and thus the

gyrorings are slightly oval in shape.

3.2 Magnetic background and simulation coordinates

A static background magnetic field with toroidal symmetry is assumed in

the ELMFIRE code. Furthermore, the analytical equilibrium model of cir-

cular concentric (no Shafranov shift) magnetic surfaces is used to describe

the flux surface geometry in both the plasma core and the limiter scrape-

off layer. As valid for low-beta, large-aspect ratio tokamak plasmas with

circular cross sections, the present magnetic equilibrium is accurate only

for a few tokamak experiments. Most of the existing experiments require

the use of strongly shaped diverted magnetic equilibria as is accomplished

with the XGC1 for plasma turbulence simulations [28].

The magnetic flux coordinates, in which the magnetic field lines are

straight, are adopted in ELMFIRE because of the strong anisotropy of

turbulent fluctuations between parallel and perpendicular directions. The

right-handed coordinate system Ψp, θ, ζ describes such straight-field-line

coordinates for nested magnetic surfaces, where Ψp is the poloidal flux, θ

the poloidal-like angle, and ζ the toroidal-like angle measured clockwise

when viewed from above. In the circular concentric magnetic configu-

ration, these coordinates are related to the right-handed quasi-toroidal

coordinates r, ϑ, ϕ by the expressions

Ψp = R0

∫ r

0
Bp (r) dr,

θ = arccos

(
ε+ cos (ϑ)

1 + ε cos (ϑ)

)
,

ζ = ϕ,

(3.8)

where R0 is the major radius, Bp the poloidal magnetic field and ε = r/R0

the local inverse aspect ratio. The system r, ϑ, ϕ stands for the radial

coordinate, the geometrical poloidal angle and the geometrical toroidal
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angle, respectively. According to the first equation above, the poloidal flux

depends only on the radial coordinate and may therefore be substituted

by that coordinate.

The circular concentric magnetic field can be expressed in the basis of

magnetic and quasi-toroidal coordinates, respectively, as

B = δ∇Ψp +
μ0I

2π
∇θ + g∇ζ,

B =
Bpêϑ +B0êϕ
1 + ε cos (ϑ)

.
(3.9)

Here, B0 is the on-axis magnetic field and I (r) the toroidal current inside

the flux surface labeled by r, while the components δ and g are written as

δ =
ε

1− ε2
sin (ϑ)

R0 + r cos (ϑ)
,

g = B0R0.

(3.10)

Given these expressions for the magnetic field, the poloidal magnetic field

can be related to the toroidal current profile via Ampere’s law as

Bp =
μ0I (r)

√
1− ε2

2πr
, (3.11)

while the safety factor profile is of the form

qsaf =
ε√

1− ε2
B0

Bp
. (3.12)

3.3 Particle mover

The particle gyrocenter orbits are followed in the straight-field-line coor-

dinate system r = (r, θ, ζ) in ELMFIRE. This is advantageous in solving

the gyrocenter equations of motion in Eq. (3.4), because the fast parallel

particle motion is efficiently integrated in that system. In addition, as

the straight-field-line coordinates are essentially the canonical variables

for the Hamiltonian description of the drift-kinetic particle motion, the

equations of motion are almost of Hamiltonian form in the magnetic coor-

dinates.

The time integration of the gyrocenter equations of motion is performed

by a hybrid implicit-explicit solver. The implicit integration is used in the

method to neutralize the charge separation caused by the explicit integra-

tion, see Sec. 3.5. From the terms present in the equations of motion, the
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polarization drift velocity and the acceleration by the parallel electric field

are treated implicitly; the former neutralizes the plasma in the perpen-

dicular direction and the latter in the parallel direction. The polarization

drift is integrated in time with the first-order implicit Euler method and

the parallel acceleration with the second-order implicit Velocity-Verlet

method. The other terms in the equations of motion are solved explic-

itly using the classical fourth-order Runge-Kutta method, RK4. The algo-

rithm for the ion particle mover is then, in accordance with the notation

of Eq. (3.4),

Rn+1 = Rn +RK4
(
Ṙ− vp

)
(zn) + vp (zn+1)Δt+

1

2
a‖ (zn+1)Δt2b (Rn+1) ,

Un+1 = Un +RK4
(
U̇ − a‖

)
(zn) +

1

2

[
a‖ (zn+1) + a‖ (zn)

]
Δt,

(3.13)

where z represents the coordinates R, U, J , and the subscript n indicates

the time level. The polarization drift velocity and the acceleration by the

parallel electric field are given, respectively, by

vp =
m

qB�
b× d

dt

(〈E〉 × b

B

)
,

a‖ =
q

mB�
B · 〈E〉 .

(3.14)

Here, the time derivative of the electric drift is discretized using the back-

ward difference. The algorithm for the electron particle mover is identical

to the ions but because the drift-kinetic equations of motion are solved for

electrons, the polarization drift is not included in the algorithm.

Unlike implied above, the electric field in Eq. (3.14) includes only the

component internal to the plasma. The external electric field component,

e.g., the effect of the loop voltage on the parallel acceleration, is retained

in the Runge-Kutta integration. Furthermore, the implicit particle mo-

tion is evaluated at the end point of the Runge-Kutta integration instead

of zn+1. This is justified because the implicit shifts are small and de-

pend weakly on the parallel velocity. Hence, a costly iteration procedure

is avoided in the algorithm, and the polarization drift and the parallel

nonlinearity, a‖, are implicit only in terms of the electric potential. This

is, however, sufficient to stabilize the electron parallel nonlinearity that is

associated with numerical instabilities, such as the so-called ωh mode [24],

if treated explicitly. The time step can then be extended close to the accu-

racy limit set by the Courant-Friedrichs-Lewy condition for the electron
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parallel free streaming and electric drift motion. The numerical accuracy

of the present electron and ion particle movers is shown in Sec. 4.2 to

be sufficient for ensuring the conservation of energy and momentum-like

invariants in Eqs. (3.7).

3.4 Simulation grid and particle–grid interpolations

The gyrokinetic Poisson equation for the electrostatic potential is solved

on a structured collocated grid set in the straight-field-line coordinates.

The simulation grid is consequently toroidally symmetric which facilitates

the introduction of the limiter. The grid is also non-uniform in the radial

direction and has a radially varying number of poloidal grid points, thus

allowing a grid resolution of the thermal ion gyroradius over the entire

poloidal cross section. In the toroidal direction, the grid is uniform.

The interpolation between the particles and the grid is based on the

first-order trilinear shape function, S (rp − rk). Here rk and rp denote

the position of a grid point and a particle, respectively; the electron posi-

tion is described by the point δ (rp −R), while four points on the gyroring

δ
(
rp − x(2)

)
represent an ion. The trilinear interpolation is well suited for

ELMFIRE because it is the most accurate method for solving the linear

system arising from the gyrokinetic quasi-neutrality condition. It also re-

moves the coordinate singularity effects at the magnetic axis as shown in

Sec. 3.6, uses a small number of data points convenient at the simulation

boundary and is computationally inexpensive. The trilinear interpolation

is performed in the code along the magnetic coordinates (r, θ) and along

the magnetic field, instead of the toroidal direction, in order to exploit the

strong anisotropy of microturbulence. The magnetic shear is recovered

correctly in the process when the interpolation is carried out first in the

radial direction, then along the magnetic field and finally in the poloidal

direction. The reversed order of the radial and parallel interpolations is

found to result in an unphysical source of electron parallel flow, deteri-

orating the conservation of toroidal angular momentum by an order of

magnitude.

The covariant components of the electric field are interpolated from the

grid to the particle positions using two different methods. In the first
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method, the electric field is obtained from the expression

E (rp) =
∑
k

E (rk)S (rp − rk) , (3.15)

where E (rk) is calculated from the potential grid values, φ (rk), with the

central difference scheme. This method, referred to as the momentum

conserving interpolation scheme [11], is used to evaluate the electric field

for the electric drift. The numerical stability, however, requires that the

formula for the radial electric field is modified in the scheme to satisfy the

third Maxwell’s equation in the toroidal direction, i.e., (∇×E)ϕ = 0 [40].

In the second method, the electric field E (rp) is computed according to the

above expression as well but now the position rk in E (rk) and S (rp − rk)

is defined at the center of adjacent grid points in the direction of the field.

This interpolation scheme can also be derived from the expression

E (rp) = −
∑
k

φ (rk)∇S (rp − rk) (3.16)

by differentiating a second-order quadratic spline [11] along the partial

derivatives of S, and thus the method is referred to as the energy conserv-

ing interpolation scheme. The electric field for the polarization drift and

the parallel nonlinearity is calculated with this method. As discussed in

Sec. 4.2, these two choices for the electric field interpolation are motivated

by energy and momentum conservation properties and code stability.

3.5 Field solver

The electric potential is solved from Eq. (3.6), i.e., the gyrokinetic quasi-

neutrality condition, by applying the direct implicit method introduced in

Ref. [42]. In this method, the coefficient matrix for the electric potential is

constructed from the implicit particle motion. Thus, the implicit motion

neutralizes the charge separation, caused by the explicit particle integra-

tion, with the resolved potential. The use of the method naturally requires

that the coefficient matrix is reconstructed every time step, which is com-

putationally expensive. In the present simulations, roughly two-thirds of

wall-clock time per time step is spent in constructing the coefficient ma-

trix.

The exact algorithm for the direct implicit solver is obtained from the

quasi-neutrality condition, �e (rk) + �i (rk) = 0, in three steps. First, the
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grid charge densities are expressed in terms of the particle positions as

�e (rk) =
∑
p=e

qpwp

Vk
S (rp − rk) ,

�i (rk) =
∑
p=i

qp
Vk

∑
j

wjS (rp,j − rk) ,
(3.17)

where V denotes the grid cell volume, and j indexes the four gyroring

points. Then, the effect of the implicit particle motion is separated from

the particle positions by writing rp = r′p + drp and rp,j = r′p,j + dsp. Here

r′p and r′p,j are the electron gyrocenter and ion gyroring positions after the

Runge-Kutta step, respectively, while drp denotes the small displacement

due to the acceleration by the parallel electric field and dsp the gyrocenter

shift due to the polarization drift. The small effect of the ion parallel

acceleration is neglected in dsp. Finally, the Taylor series expansion of

the shape function up to the first order gives the electron and ion charge

densities as

�e (rk) = �̄e (rk) +
∑
p=e

drp
(
z′p
) · [qpwp

Vk

∂S (r − rk)

∂ξ
∇ξ

]
r=r′

p

,

�i (rk) = �̄i (rk) +
∑
p=i

dsp
(
z′p
) ·

∑
j

qpwj

Vk

[
∂S (r − rk)

∂r
∇r +

∂S (r − rk)

∂θ
∇θ

]
r=r′

p,j

.

(3.18)

Here, the coordinate ξ denotes the angle along the magnetic field, and

the charge densities �̄e and �̄i are calculated from the particle positions r′p
and r′p,j , respectively. The implicit shifts drp and dsp are obtained from

Eqs. (3.13) and (3.14) as

drp =
1

2

q

m
E‖,n+1Δt2b,

dsp =
1

ΩB

(〈E⊥〉n+1 − 〈E⊥〉n
)
.

(3.19)

The perpendicular electric field is approximated here as E⊥ = Er∇r +

Eθ∇θ, the representation of which is close to its projection on the poloidal

plane.

The quasi-neutrality condition together with Eq. (3.18) gives the lin-

ear system for the electric potential φn+1 from which the potential can

be solved by conventional iterative methods. After the potential solution,

the implicit particle integration in Eq. (3.13) is performed, returning the

plasma to a quasi-neutral state.
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3.6 Simulation domain and boundary conditions

The ELMFIRE simulation domain covers the entire plasma volume from

the magnetic axis to the material boundary of a radial wall and poloidal

limiter plates. The limiter plates extend from the radial wall to the last

closed flux surface and create the scrape-off layer region to the plasma

edge. The simulation domain can also be restricted to the core plasma by

placing the radial wall to the last closed flux surface, in which case the

limiter plates and the scrape-off layer are not modeled. As a physical sim-

plification of the wall and limiter boundaries, the actual sheath, namely

the thin net-charge layer in front of the material surface, is not included

in the simulations because the divergence of the electric field is neglected

in the gyrokinetic Poisson equation and because locally high grid reso-

lution is required to resolve that layer [43]. The sheath potential then

arises from enforcing the quasi-neutrality condition in the plasma. As for

the boundary conditions, zero electric potential is imposed at the material

surface, and thus the plasma floats relative to that reference. Further-

more, simulation particles are removed from the plasma when crossing

the wall and limiter boundaries. Manipulations to the ion removal pro-

cess and evaluation of the polarization and electric drifts are, however,

made next to the boundaries in order to keep the simulations numerically

stable. Contrary to the material boundary, no boundary conditions are ap-

plied at the magnetic axis, and therefore numerical instabilities related

to an inner radial boundary are not present.

Extension to magnetic axis

The simulation domain is extended to the plasma center in the straight-

field-line coordinates that are singular at the magnetic axis. The singu-

larity affects both the simulation grid and the equations of motion as they

are determined in terms of these coordinates. The grid singularity, ap-

pearing as grid refinement towards the plasma center, can however be

prevented by decreasing the number of poloidal grid points in radius so

that only one poloidal point is placed at the magnetic axis. As for the par-

ticle motion, the poloidal equation of motion and the poloidal electric field

are proportional to 1/r. The effect of the former on the explicit particle

integration is minimized by shortening the time step in the Runge-Kutta
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method for particles that move poloidally over 45 degrees during the time

step. An excessive shortening of the time step is avoided by moving parti-

cles that get closer than one micrometer to the magnetic axis, over the axis

to the position θ = −θ. The time step cannot, however, be shortened in the

implicit integration of the polarization drift, and thus the 1/r singularity

remains in the drift motion. This does not affect the gyrokinetic Pois-

son equation because the inverse of the radial coordinate appears in the

equation together with the poloidal derivative of the shape function in the

form of r−1∂S/∂θ. Here, the trilinear shape function gives the derivate as

∂S/∂θ = (1− r/Δr) (∂S/∂θ)0 + (r/Δr) (∂S/∂θ)1 for the interval 0 ≤ r < r1,

where Δr is the length of the interval, subscripts 0 and 1 refer to the

radial grid points at the magnetic axis and the next, and (∂S/∂θ)0 = 0.

Similarly, the trilinear shape function removes the 1/r singularity in the

poloidal electric field.

The evaluation of the electric field for ions also includes gyroaveraging

of the basis vectors, the direction and length of which vary significantly

near the magnetic axis. This effect is counteracted by mapping the radial

and poloidal basis vectors on the gyroring to the basis vectors of cylindri-

cal coordinates (R,Z, ϕ). Following the gyroaveraging process, the basis

vectors are mapped back to the radial and poloidal basis vectors at the gy-

rocenter position. A similar transformation procedure of the basis vectors

is performed in the gyrokinetic Poisson equation when calculating the dot

product of the gyrocenter polarization shift and the radial and poloidal

basis vectors on the gyroring.

Radial wall

The simulation domain is bounded inside the wall surface set at fixed

radius parallel to the magnetic field. The grid is therefore aligned with

the wall, and the last computational radial grid point is located one cell

width away from the boundary. In this system, it would be natural to

remove ions (electrons) from the simulation when their gyroring (gyro-

center) crosses the wall surface. However, such removal of ions results

in a violent boundary instability because the polarization drift is not able

to neutralize the rapidly forming, negatively charged plasma layer next

to the wall. The instability manifests itself as an exponentially growing

30



ELMFIRE simulation model

Figure 3.1. Illustration of the limiter plates (red) implemented in ELMFIRE. The figure
is reproduced from Publication II.

radial electric field, which is prevented by keeping the ions in the sim-

ulation until they cease contributing charge to the grid via the trilinear

interpolation, in which case the negatively charged layer is not formed.

Ions are therefore allowed to penetrate into the wall and are considered

lost when their entire gyroring is inside the wall. Electrons, in contrast,

are removed when hitting the wall surface. The reinitialization of the

outflowed electrons and ions in the plasma is discussed in Sec. 3.7.

The particle boundary treatment as described above stabilizes the elec-

tric field in the simulation. However, although the zero potential bound-

ary condition fixes the wall potential, the radial electric field in front of

the wall is not limited by nature because the polarization drift is propor-

tional to the change of the radial electric field. To limit the radial electric

field, the term 〈E⊥〉n in the polarization drift is artificially set to zero for

ions whose gyrocenter is inside the wall.

Limiter plates

The scrape-off layer is created in ELMFIRE by a set of discrete poloidal

limiter plates that cover the same angular section on each poloidal plane

(Fig. 3.1). This structure effectively acts as a continuous toroidal limiter.

In the present model, the limiter plates are toroidally infinitely thin and

are located at the positions of the toroidal grid points, i.e., the plates and

the toroidal grid points are equal in number. The limiter boundaries in the

poloidal plane lie on the grid lines following the poloidal grid points at the
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last closed flux surface and the radial grid points at the angles θ1 and θ2.

Electrons (ions) are removed from the simulation when their gyrocenter

(any of the four points on their gyroring) hits the limiter plate. Unlike the

wall boundary, the limiter boundary remains stable using such a method

for particle removal because the ion parallel motion is slow compared to

that of the electrons. The electron and ion velocities towards the wall

boundary are, in contrast, of the same order.

The sheath potential drop is created in front of the limiter plates by

the implicit evaluation of the electron acceleration by the parallel electric

field. The magnitude of the drop is not, however, unambiguous because

close to a plate, the interpolation of the parallel electric field with the en-

ergy conserving scheme depends on the field values on both sides of the

plate. Currently, the field value behind the plate is set to the value in

front of the plate. Furthermore, because of the polarization drift and the

absence of the gyrosheath, the strength of the poloidal electric field next

to the limiter plates is affected by the poloidal grid spacing, and the radial

electric field at the tip of the plates is not unambiguous. The radial and

poloidal electric fields are limited around the limiter plates similarly to

the wall boundary by artificially manipulating the electric field 〈E⊥〉n in

the polarization drift. Hence, if a point (out of four) on the ion gyroring

lies closer than a certain poloidal distance from the poloidal boundaries of

a limiter plate when its position is projected on the poloidal plane of the

plate, the electric field from that poloidal plane is zeroed for the point in

question in the evaluation of the gyroaverage. The certain poloidal dis-

tance is adaptively determined so that the potential grid values next to

the poloidal boundaries of the plates stay at the average grid potential in

front of the plate surfaces, and the distance is equal to one poloidal grid

cell at most. In addition to the manipulation of the polarization drift, to

stabilize the limiter-plasma boundary, the electric drift velocity is artifi-

cially suppressed next to the limiter plates by zeroing the potential at the

grid points adjacent to the poloidal boundaries of the plates when calcu-

lating the drift for electrons and ions.

Alternatives to the present boundary condition, such as more approxi-

mate logical sheath boundary condition [44], were not tested at the limiter

plates or wall. This is because the aim was to include plasma edge physics

as realistically as possible in the simulations.
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3.7 Sources and sinks

The radial wall and limiter plates are the only sink and source for the sim-

ulation particles, namely electrons, hydrogenic ions and impurity ions.

The particle recycling process is modeled by returning particles lost to

the material back to the plasma as cold (below 5 eV) mono-energetic ion-

electron pairs. Ions and electrons without a pair are not returned to

the plasma, and the number of electrons per ion-electron pair equals the

charge number of the ion. The neutral ion-electron pairs are reinitial-

ized in the simulation domain, both the plasma core and scrape-off layer,

according to an ionization source profile (see Sec. 4.1). As the neutral

ionization is assumed to occur by electron impact, the ionization source

profile is taken in the form [45]

Sp,iz (r) = nennσviz (Te, ne)V, (3.20)

where ne denotes the electron density, nn the neutral density, σv the ion-

ization rate coefficient and V the volume. Currently, this model is imple-

mented in ELMFIRE by treating σv as a constant, i.e., the temperature

and density variation of the coefficient is ignored. In addition, the poloidal

and toroidal dependence of ne, nn and V is omitted, and thus the ioniza-

tion source profile is poloidally and toroidally constant. The radial neutral

density profile is taken as an input, e.g., based on an experimentally in-

ferred profile, because neutral particles are not simulated.

Besides being the only sink for particles, the material surface acts as the

main sink for plasma momentum and energy. The main plasma heating

method is ohmic heating obtained by applying a spatially homogeneous

loop voltage to the simulation particles. The loop voltage is controlled in

time by an active feedback control loop that ramps up and sustains the to-

tal toroidal current in the simulation at the level of the input plasma cur-

rent [46]. Other energy and momentum sources and sinks are included in

the simulation by constructing Monte Carlo operators for the underlying

particle interaction mechanisms or by using input profiles. For exam-

ple, a measured radiation profile can be used to mimic the experimental

energy sink in the simulation, as atomic processes are not yet modeled.

ELMFIRE simulations with the present particle, momentum and energy

sources and sinks are flux-driven, see Sec. 2.5.
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3.8 Initialization

The simulation particles are initialized in the gyrocenter phase space ac-

cording to the input radial density and temperature profiles obtained, e.g.,

from the ASTRA code [47]. To avoid an initial transient due to finite ion

orbit width effects, the particle loading is performed using the quiescent

initialization method introduced in Ref. [48]. In this method, ions are first

distributed in the configuration space in such a way that they construct

the input radial ion density profiles with no poloidal and toroidal varia-

tion. The ion velocities are then assigned according to the Maxwellian

velocity distribution for the local input ion temperatures. Next, the colli-

sionless orbits of these ions are calculated, and two simulation particles

are placed on each orbit, one on the upper midplane and another symmet-

rically on the lower midplane, while the particle weight is halved. This

procedure, however, modifies the initial ion positions, and the radial ion

density and temperature profiles sampled from these ions may now differ

from the input profiles, in particular if the ion orbits are wide compared

to the background scale lengths.

The radial ion density profiles can be driven close to the input profiles

before the actual run by iterating a radial version of the �i equation in

Eq. (3.18), where �i is replaced by the input profile, and simultaneously

moving ions in the radial direction. The radial ion temperature profiles

can then be matched up with the input profiles by multiplying the ion

kinetic energies by the local ratio of the input temperature to the tem-

perature sampled from the ions. Lastly, in the initialization, electrons

are placed on the ion gyrorings uniformly in gyroangle and their velocity

is taken from the local Maxwellian velocity distribution. The number of

electrons per ion gyroring corresponds to the charge number of the ion,

and thus the quasi-neutrality is ensured in the initialization. The initial

condition for the electric potential is zero, and therefore the initial 〈E〉n
in the polarization drift and a‖,n in the parallel acceleration are also zero.

3.9 Diagnostics

The simulation plasma is diagnosed in time by sampling several plasma

quantities from the particle positions and velocities. In terms of the par-
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ticle distribution function, the macroscopic quantities are calculated for

each particle species as

n (r) =

∫
f
〈
δ
(
r − x(2)

)〉
dRdUdJ,

Γr (r) =

∫
f
〈
δ
(
r − x(2)

)〉
Ṙ · ∇r dRdUdJ,

Γ‖ (r) =
∫

f
〈
δ
(
r − x(2)

)〉
UdRdUdJ,

T (r) =

∫
f
〈
δ
(
r − x(2)

)〉 m

3n

(
V 2
⊥ +

(
U − Γ‖

n

)2
)
dRdUdJ,

Qr (r) =

∫
f
〈
δ
(
r − x(2)

)〉 m

2
Ṙ · ∇r

(
V 2
⊥ + U2

)
dRdUdJ,

qr (r) =

∫
f
〈
δ
(
r − x(2)

)〉 m

2

(
Ṙ ·∇r − Γr

n

)(
V 2
⊥ +

(
U − Γ‖

n

)2
)
dRdUdJ,

(3.21)

where n is the particle density, Γr the radial particle flux, Γ‖ the paral-

lel particle flux, T the temperature, Qr the radial energy flux and qr the

radial heat flux. Another important diagnostic quantities are plasma po-

tential, φ (r), and electric field, E (r).

The radial profiles of the above quantities are determined by flux surface

averaging. This operation is defined as 〈· · · 〉S =
∫
ΔV · · · dr/ΔV where ΔV

is the volume of the toroidal annulus between the radii r and r + Δr.

The toroidal current profile, for example, is obtained from the flux-surface

averaged parallel particle fluxes as

I (r) =
∑
s

q

∫ 〈
Γ‖

〉
S

Bϕ

B
dA, (3.22)

where dA denotes the area element on the poloidal plane.

The plasma energy and toroidal angular momentum are calculated in

ELMFIRE according to Eq. (3.7). However, compared to the full expres-

sions, the field energy is omitted in the energy conservation law as well

as the Poynting flux in the momentum conservation law because their

contribution is negligible [49]. In addition, the term G‖ is ignored in the

energy conservation law because of k‖ � k⊥, while the term 〈ρ× v〉 in the

momentum conservation law is several orders of magnitude smaller than

the second term and is thus ignored. In the simulations, the energy and

momentum diagnostics is applied to the plasma inside a radial boundary

set just inside the last closed flux surface. The energy and momentum

inflow and outflow across this boundary are recorded.
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4. Results

This chapter presents an overview of the ELMFIRE results obtained in

Publications I–III. More precisely, Secs. 4.2–4.5 focus on the conserva-

tion of energy and toroidal angular momentum (Publication I), numerical

reproduction of experimental steady-state profiles (Publication II), simu-

lation of core-edge turbulence and scrape-off layer dynamics (Publication

III), and the impact of grid resolution and boundary conditions on plasma

transport (Publication II), respectively. However, instead of re-presenting

the earlier work, new results are produced using a new set of ohmic FT-2

tokamak parameters that are described in Sec. 4.1. The new results, qual-

itatively consistent with the earlier work, show first in Sec. 4.2 that an

order-of-magnitude improvement in the energy conservation is obtained

with the new integration method for the electron parallel acceleration. It

is then discovered in Sec. 4.3 that the experimental plasma steady state

is not reached in the simulations due to the difficulty of obtaining power

and particle balances, in particular at the plasma edge. This affects the

numerical stability of the wall-limiter boundary, limiting the simulation

time to 0.1 τE . While sufficient for reaching saturated turbulent transport

levels and neoclassical equilibrium, the simulation time of 0.1 τE may pre-

vent long time-scale dynamics, such as redistribution of momentum, from

saturating [50]. Next, the SOL results in Sec. 4.4 show a formation of

sheath potential and plasma flows as well as modification of density and

temperature profiles that are in partial agreement with expectations. A

numerical plasma perturbation, induced by a large E × B flow at the

limiter boundary, is also observed in the SOL. Lastly, in Sec. 4.5, plasma

transport levels are found to increase up to a factor of 2–3 by ion-scale

grid resolution and scrape-off layer boundary condition.
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In addition to these results, several ELMFIRE predictions on core trans-

port phenomena have been recently validated against experimental data

from the FT-2 tokamak. Specifically, ELMFIRE has been shown to re-

produce the mean equilibrium flows, oscillating zonal flows, and turbu-

lence spectra [51, 52], modulation of the turbulence level at the GAM fre-

quency [53] as well as the isotope effect on GAM characteristics [54] and

particle confinement [55].

4.1 Experimental FT-2 case

FT-2 is a circular, large-aspect ratio tokamak with major radius 55 cm and

minor radius 7.9 cm [52]. The low-beta (β < 0.1%) plasmas of the toka-

mak are limited by two poloidal ring limiters at the opposite side of the

torus. The FT-2 plasmas are also characterized by high fluctuation level

(δn/n ∼ 1 − 20%), high collisionality (ν�i > 1) and large ρ� given by the

ratio of the ion gyroradius to the minor radius (ρ� ∼ 1/128). This regime

is well suited for ELMFIRE because the high level of fluctuations relaxes

the particle number needed to overcome the noise, the large ρ� allows full-

torus simulations with ion-scale grid resolution, and the high collisional-

ity helps to reach the neoclassical equilibrium within the simulation time,

ranging typically from 0.1 to 0.2 τE where τE ∼ 1 ms. In addition to these

advantages, the low beta justifies the electrostatic approach.

An ohmic FT-2 hydrogen discharge is chosen here as the test case for

studying the ELMFIRE code. The main parameters of the discharge are

on-axis magnetic field 2.2 T, plasma current 18.5 kA, loop voltage 2.4 V,

effective charge 2.0 and toroidal beta 0.02%, while the main-ion collision-

ality, normalized density fluctuation level and ρ� are in the range of 5–

50 (plateau regime), 0.5–15% and 0.002–0.008, respectively. Here, the

density fluctuation level is the ELMFIRE prediction, while the effective

charge is obtained from the ASTRA code. The plasma equilibrium in the

discharge is characterized by low MHD activity and circular flux surfaces

centered close to the magnetic axis, which justify the use of the circular

concentric magnetic background. The radial density, temperature, plasma

current and safety factor profiles in this equilibrium are shown in Fig. 4.1:

the measured electron density, electron temperature and hydrogen ion
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Figure 4.1. Radial equilibrium profiles of density (a), temperature (b), plasma current
and safety factor (c) along with the ELMFIRE results at t = 83 μs. The equi-
librium profiles of electron density (blue), electron temperature (blue) and
hydrogen ion temperature (green) are based on measurements, denoted by
solid circles and shaded error bars, while the plasma current and safety fac-
tor profiles are ASTRA predictions. The vertical dashed line indicates the
location of the last closed flux surface at r = 7.6 cm.
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temperature profiles are shown after interpolation by ASTRA, while the

plasma current and safety factor profiles are ASTRA predictions. More-

over, the profile data radially outward from 7.5 cm is based on extrapola-

tion, not on experimental information. The dominant impurity ion in the

discharge is O6+, which is taken to be the only impurity in the simulation.

The oxygen ion density profile is assumed to be of the form of the elec-

tron density, and the oxygen ion temperature is assumed to be equal to

the hydrogen ion temperature. Furthermore, finite orbit width effects are

important in the discharge, as the ion orbit widths are large compared to

the plasma size: the poloidal Larmor radius is larger than 1.0 cm.

The energy balance is determined in the discharge mainly by ohmic

heating, electron radiation losses, and transport losses across the wall

and limiter boundaries. The measured radiation loss rate profile is shown

after ASTRA interpolation in Fig. 4.2. The particle balance, in turn, is

dominated by the recycling process. The applied recycling source profile

is shown in Fig. 4.2, which is obtained from Eq. (3.20) by using the FT-2

neutral hydrogen density in Ref. [56], the ASTRA interpolated electron

density, and a constant ionization rate coefficient as explained in Sec. 3.7.

The same profile is also used in oxygen ion recycling, and the energy of

the recycled ions and electrons is set to 2 eV, representing Franck-Condon

atoms [45]. Molecules at wall temperature and their ionization processes

are not simulated in the present recycling model. Lastly, the momentum

balance is determined intrinsically in the discharge as there is no exter-
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nal momentum input. Hence, there is no external momentum input in the

simulation either.

In the present simulations, the limiter radius is set to 7.6 cm which is

approximately the smallest radius of the last closed surface in the dis-

charge. Furthermore, as the particle statistics or the number of simula-

tion particles per grid cell decreases fast in radius at the plasma edge,

the scrape-off layer width is limited to 5 mm, and thus the wall bound-

ary is placed at the radius of 8.1 cm. The limiter configuration consis-

tent with the experiment would now consist of two poloidal ring limiters

but this setup cannot currently be used because it is found to be numer-

ically unstable. To overcome this issue, the scrape-off layer is created by

poloidal limiter plates according to the model in Sec. 3.6, which is so far

the only configuration ELMFIRE has been successfully run with. While

located at the inboard midplane in Publications II–III, the poloidal lim-

iter plates, 16 in total, are placed here at the bottom of the torus, like the

toroidal limiter in Tore Supra [57], and the poloidal extent of the plates

is 8.4 degrees that is slightly over twice the angle the field lines turn be-

tween two consecutive plates. The ion B × ∇B drift is directed towards

the limiter plates. As for other simulation parameters, the applied grid

is composed of 1.3 million points distributed in 16 poloidal planes. This

provides a perpendicular resolution of thermal hydrogen ion gyroradius,

i.e., kθρH ≤ 3, up to about 6.5 cm in radius after which the radial resolu-

tion is limited to 0.4 mm and the number of poloidal grid points to 900.

The time step is 15 ns, determined by both the parallel accuracy condition

set by the electron parallel streaming, k‖vteΔt � 1, and the perpendicu-

lar accuracy condition set by the electric drift velocity, k⊥vEΔt � 1, away

from the boundary layer. The total simulation time is 83 μs, which is suf-

ficient for reaching saturated turbulent and neoclassical transport levels,

and approximately SOL flow saturation. The simulation time of 100 μs is

also about the maximum for the present case because the heating of the

plasma edge has a negative effect on the numerical stability of the wall-

limiter boundary. For comparison, the energy confinement time is about

1 ms in the discharge, while the particle confinement time is a few energy

confinement times. Thus, the simulation time spans only 0.1 τE which

may be inadequate for reaching convergence of long time-scale dynamics,

such as steady-state intrinsic rotation profile. The total number of simu-
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lated electrons is 5.7 billion and the average number per grid point 24000

at the magnetic axis and 600 at the radial wall boundary. The actual

ion-to-electron mass ratio is used.

4.2 Conservation of energy and toroidal angular momentum

The physical models describing the plasma in a toroidally symmetric ge-

ometry contain the conservation laws for energy and toroidal angular mo-

mentum. The validity of a plasma simulation then requires that these

conservation laws are satisfied in the simulation if no external sources

and sinks are applied. This requirement is to ensure that the physical

model is solved correctly, and hence the accuracy of the conservation of

energy and toroidal angular momentum is a good indicator of the nu-

merical quality of the simulation. As for ELMFIRE, the expressions for

the toroidal angular momentum and energy-like invariants are given in

Eq. (3.7), and their conservation is subject to the numerical methods used

in the particle orbit integration and electric field interpolation.

The plasma in ELMFIRE simulations is not generally neutral in the

space between the grid points, although the quasi-neutrality is obtained

at the grid points. This phenomenon tends to result in asymmetric electric

force interpolation between electrons and ions and, therefore, in momen-

tum drive unless the electric field interpolation from the grid is symmet-

ric with the charge sampling to the grid [40]. From the methods described

in Sec. 3.4, the momentum conserving interpolation scheme is symmet-

ric with the charge sampling, while the energy conserving interpolation

scheme is not. Currently, the momentum conserving interpolation scheme

is used in the code to evaluate the electric field only for the electric drift

velocity because the electron acceleration by the parallel electric field be-

comes numerically unstable with the scheme, while inversion issues of the

Poisson matrix follow if applied to the ion polarization drift. The momen-

tum conserving evaluation of the electric drift is not, however, numerically

stable in its standard form because the interpolation scheme does not sat-

isfy the electrostatic condition, ∇ × E = 0, which results in a numerical

source of the electric drift. The stability is obtained by modifying the in-

terpolation of the radial electric field in the scheme so that ∇ × E = 0
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is satisfied in the toroidal direction. The extension of the simulation do-

main to the magnetic axis does not stabilize the scheme, contrary to the

suggestion in Ref. [40].

By definition, the modified momentum conserving interpolation scheme

guarantees ambipolar radial E × B flux as well as zero drive of poloidal

and toroidal angular momentum by electric drift. However, the poloidal

and toroidal E×B fluxes are not necessarily ambipolar because the inter-

polation of the radial electric field can be asymmetric between electrons

and ions. In addition, the modified interpolation scheme does not satisfy

the condition ∇×E = 0 in the radial and poloidal directions, which causes

some numerical source of the electric drift. In contrast to the electric drift,

the present evaluation of the acceleration by the parallel electric field is

not based on a momentum conserving interpolation, and thus the acceler-

ation is not expected to conserve angular momentum.

While asymmetric electric field interpolation results in the numerical

source of momentum, the integration accuracy of the electron acceleration

by the parallel electric field determines numerical plasma heating/cooling

in ELMFIRE. The numerical heating can therefore be reduced by using a

higher order time integrator and electric field interpolation in the evalu-

ation of the parallel acceleration, as shown in Publication I. The electric

field is calculated for the acceleration with the energy conserving inter-

polation scheme in Eq. (3.16), which in general satisfies the electrostatic

condition, ∇×E = 0. In ELMFIRE, however, this condition does not hold

because a second-order interpolant is used in the direction of the deriva-

tive for a continuous electric field.

The accuracy of the energy and toroidal angular momentum conserva-

tion in the ELMFIRE simulation is studied here by using the FT-2 pa-

rameters in Sec. 4.1 without ohmic heating and radiation losses. The

conservation is diagnosed inside the radius of 7.3 cm, and the net flow

(inflow minus outflow) of energy and momentum across that boundary is

compensated in the diagnostics, i.e., the time-integrated net flow is sub-

tracted from the diagnosed energy and momentum. On the basis of the

results in Fig. 4.3 (blue line), acceptable energy and toroidal angular mo-

mentum conservation are obtained in the simulation. Specifically, the

plasma energy increases by the rate of 0.5 kW during the last 23 μs of

the simulation, which is small compared to the ohmic heating power of
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44 kW inside the same domain in the experimental discharge. The loss

rate of the toroidal angular momentum is 2.5·10−4 kg m2/s2, and the total

momentum loss during the simulation amounts to 1.4% out of the initial

value. The initial toroidal angular momentum consists of the banana cur-

rent flow that is generated when ions are initialized on their collisionless

orbits.

In the present version of ELMFIRE, the acceleration by the parallel

electric field is integrated in time with the second-order Velocity-Verlet al-

gorithm, while the electric field is evaluated with the continuous interpo-

lation method. To illustrate the impact of lower order numerical methods
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on the energy conservation, the time integrator and electric field evalua-

tion are changed one by one to a first-order backward Euler scheme and

piecewise constant interpolation method, respectively, in a series of simu-

lations that continue the above simulation from 60 μs. The Euler scheme

differs from the Velocity-Verlet algorithm in that the parallel velocity

change is calculated as a‖ (zn+1)Δt instead of
[
a‖ (zn+1) + a‖ (zn)

]
Δt/2,

see Eq. (3.13), while the piecewise constant electric field is obtained by dif-

ferentiating the linear interpolant in the parallel direction in Eq. (3.16).

The backward Euler scheme and the piecewise constant electric field in-

terpolation were the original methods used in ELMFIRE [38]. The simu-

lation results in Fig. 4.3 show that the numerical heating power is 3.4 kW

and the loss rate of the toroidal angular momentum 2.7 · 10−4 kg m2/s2

when the Velocity-Verlet algorithm is used together with the piecewise

constant electric field interpolation. The respective values for the Eu-

ler scheme with the piecewise constant electric field are −14 kW and

2.0 · 10−4 kg m2/s2. On the basis of these numbers, the energy conserva-

tion significantly improves with the increased integration accuracy of the

parallel acceleration, while the trend in the conservation of the toroidal

angular momentum is the opposite. The combination of the Euler scheme

and the continuous electric field interpolation results in a violent insta-

bility, manifesting itself as a strong electron heating. The heating power

observed in that simulation exceeds 30 MW.

The time evolution of the toroidal angular momentum points to a sig-

nificant numerical momentum loss rate in the simulation. To check the

effect of the time step size on the conservation, the above simulation is

continued with the present code version from 60 μs using half the time

step. The result in Fig. 4.3 indicates a significant improvement in the

momentum conservation as the loss rate reduces to 4 · 10−5 kg m2/s2 on

average; the numerical heating power reduces to 0.3 kW. The shorter time

step also meets the parallel accuracy condition better because the param-

eter vteΔt/Δz, where Δz = π/k‖ denotes the parallel grid spacing, lies in

the range of 0.13–0.4. The initial range in the original simulation is 0.17–

0.8, where the lower limit is chosen above 0.15 for numerical stability as

discussed in Publication I. Despite the improved numerical properties,

the shorter time step does not affect the transport and scrape-off layer re-

sults obtained in the following sections. The impact of the time step size
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and particle number on the accuracy of the energy and toroidal angular

momentum conservation is studied in more detail in Publication I.

In conclusion, the present numerical methods for the particle orbit in-

tegration and electric field interpolation ensure total energy and toroidal

angular momentum conservation within a few percent during a typical

FT-2 simulation time of 0.1–0.2 τE . The electric field interpolation meth-

ods, however, do not guarantee exact force symmetry between electrons

and ions in all spatial directions or satisfy the third Maxwell’s equation,

the effect of which on the simulation results is currently unclear.

4.3 Simulation of experimental steady-state profiles

One step in the validation process of gyrokinetic turbulence codes is the

quantitative reproduction of experimental plasma equilibrium. This can

be considered a challenging test for the codes because a numerical steady-

state profile solution in close agreement with experimental profiles re-

quires that experimentally relevant plasma processes and particle, mo-

mentum and energy sources and sinks are included and modeled accu-

rately in the simulation. Hence, the test result is a good indicator of the

overall physical accuracy and predictive power of the code. In the follow-

ing, the physical accuracy of ELMFIRE is studied by testing its ability to

maintain the ohmic FT-2 equilibrium profiles described in Sec. 4.1.

The ELMFIRE simulation is set up for the validation test by initial-

izing the particles according to the measured density and temperature

profiles; the ASTRA plasma current profile is used as an input for the

poloidal magnetic field evaluation, see Sec. 3.2. The system is then al-

lowed to evolve self-consistently in the presence of particle and energy

sources and sinks for 83 μs, or approximately 0.1 τE , which is sufficient

for reaching saturated transport levels. The final radial plasma profiles

in the simulation are plotted in Fig. 4.1, and the results show that the ex-

perimental equilibrium determined by the ASTRA code is not maintained

numerically. More precisely, the ELMFIRE electron temperature profile

shows significant heating in the outer core and edge plasma regions: at

the last closed flux surface, the final electron temperature is twice as high

as the initial temperature. The ion temperature profiles, in turn, flat-
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ten in the simulation, which results in strong heating of ions in the outer

plasma region. The particle density profiles show incipient relaxation. In

contrast, the radial plasma current profile and thus the safety factor pro-

file are quantitatively consistent with the ASTRA predictions. The small

difference in the current and safety factor profiles is due to the modifi-

cation of the density and temperature profiles. Lastly, the loop voltage

is around 2.4 V at the end of the simulation which matches the experi-

mental value. The radial particle and energy (conductive plus convective)

fluxes, accounting for the observed density and temperature profile evo-

lution, are given in Figs. 4.17–4.18 in blue. The electron and hydrogen

ion energy fluxes, for example, show a strong decrease of transport at the

outer plasma core where the major electron and ion heating is observed.

Besides having diverged from the experimental equilibrium, the above

ELMFIRE profile result is not a steady-state solution. This can be seen

from the time evolution of the plasma energy content inside the radius of

7.3 cm in Fig. 4.4, which shows a clear power imbalance in the simulation.

The energy content increases by the rate of 16 kW during the last 23 μs,

which results from the ohmic heating power of 44 kW, radiation power

losses of 3 kW, and transport losses of 25 kW across the radial boundary.

In addition to the time evolution of energy, the particle and energy balance

analyses in Fig. 4.5 indicate that the simulated plasma is not in a steady

state. In the former analysis the particle continuity equation and in the

latter the energy equation is solved inside the last closed flux surface for
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the last 23 μs of the simulation. The particle balance analysis shows that

the radial electron and hydrogen ion particle fluxes are not compensated

by the recycling particle sources. In contrast, there is an excessive source

of particle transport in the inner plasma core and lack of it at the outer

core, resulting in the flattening of the density profiles. The energy balance

analysis, in turn, shows that the radial electron and hydrogen ion energy

fluxes are not balanced by the power sources and sinks. The source of

energy flux is too large in the plasma center, while a clear transport sink

is observed at the outer core. This imbalance explains the strong heating

of the outer plasma region and the relaxation of the ion temperature pro-
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files, although the present energy balance analysis is not a direct measure

of the time evolution of the temperature profiles because of the modifica-

tion of the density profiles. As for the intrinsic rotation, the radial profiles

of toroidal angular momentum density in Fig. 4.6 indicate that a steady-

state rotation profile is not reached in the simulation; the initial profile

of toroidal momentum density is not an expected steady state, i.e., a mea-

sured profile, and thus evolves in response to various drive mechanisms

such as turbulence and finite orbit widths. The numerical loss rate of the

total toroidal angular momentum is 2.4 · 10−4 kg m2/s2 in the simulation

(Fig. 4.4), which is equivalent to the value obtained earlier from the sim-

ulation without the effect of loop voltage and radiation losses.

The particle and energy imbalances suggest that the plasma transport

is mispredicted and/or the applied sources and sinks are incomplete in the

simulation. To check that the neoclassical part of the transport is correctly

reproduced in ELMFIRE, the radial particle and heat (conductive) fluxes

are compared in the neoclassical limit to the predictions of the NCLASS

code [58]. The neoclassical limit is taken in ELMFIRE by flux surface

averaging the term �̄e + �̄i in Eq. (3.18), and the simulation is then per-

formed without ohmic heating, radiation losses and scrape-off layer. The

NCLASS simulation is conducted using the average ELMFIRE profiles

within t= 60–100 μs, which are basically the initial profiles with slight

modifications. The comparison of the simulation results in Fig. 4.7 shows
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that the electron particle and heat fluxes are within a factor of 1.4 between

the codes across the minor radius. The hydrogen ion particle fluxes also

agree within 40%, while the difference between the heat fluxes exceeds

40% at most radii. A possible explanation for the discrepancy is that the

ion orbits are wide compared to the macroscopic gradient scale lengths in

the discharge which affects the validity of the analytic neoclassical the-

ory in NCLASS [59]. Furthermore, to check that ELMFIRE reproduces

the plasma micro-instabilities in the linear regime as other gyrokinetic

codes, the linear frequency and growth rate spectra of electric potential

fluctuations are compared in the collisionless limit to the predictions of

the local GS2 code [60]. The ELMFIRE spectra are extracted from the

linear phase of the simulation that is conducted without binary collisions,

ohmic heating, radiation losses and scrape-off layer. The linear analysis is
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performed at two distinct parameter regimes at r = 2.4 cm and r = 5.5 cm

and focuses on the long wavelength fluctuations with kθρH � 1. The anal-

ysis results in Fig. 4.8 show a close agreement of linear frequencies and

growth rates between the two codes at the radius of 2.4 cm, where the ion

temperature gradient is flat. The growth rates are also in agreement at

the radius of 5.5 cm with the steep ion temperature gradient, while the

frequencies show different trends. A similar frequency mismatch in the

ion temperature gradient zone is observed in the simulation of a higher

density FT-2 discharge in Publication II because of non-local (wide orbit)

effects – the match improved when the plasma current was increased to

narrow ion orbits. The negative linear frequencies in Fig. 4.8 indicate

that the potential fluctuations propagate poloidally in the electron dia-
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magnetic direction, suggesting that the dominant micro-instability in the

plasma core is the trapped electron mode (TEM). The sensitivity of GS2

linear spectra to ∇n and ∇Te variations at r = 5.5 cm also points to the

TEM instability; however, the spectra are sensitive to ∇TH variations as

well which indicates that the ion temperature gradient (ITG) mode be-

comes unstable in the outer core. Nevertheless, turbulence is expected to

be TEM dominated in the collisional simulation due to the low density.

The characterization of SOL turbulence is deferred to future work.

Based on these results, the ELMFIRE simulation does not to reproduce

the experimental particle and power balances, i.e., ∇·Γr = S and ∇·Qr =

P , and consequently the measured density and temperature profiles are

not maintained in the simulation. A plasma equilibrium at the end of the

simulation would require, assuming the transport is correctly modeled,

additional particle and energy sinks at the outer core and a higher influx

of particles and energy in the inner core, as indicated by the dashed lines

in Fig. 4.5. Conversely, assuming the sources and sinks are correct in

the simulation and the only ones needed for a steady state, the predicted

particle and ion energy fluxes should be smaller across the minor radius,

while the electron energy flux should be smaller inside the radius of 6 cm

and higher thereafter, as shown in Fig. 4.9. Besides the present results, a

power imbalance and modification of the measured temperature profiles

is also observed in the higher density simulation in Publication II. That

simulation, however, reproduces the particle balance more closely and,

thus, the measured density profiles.

The reason the particle balance is obtained in the higher density and

not in the present simulation is currently unclear. The particle balance

could, however, be improved in the present case if the particle recycling

source was moved further into the plasma. The recycling source profile

is calculated in both simulations from Eq. (3.20) using the radial neutral

density profile in Ref. [56] that has been measured in an FT-2 discharge

similar to the present case. The particle balance found in the higher den-

sity simulation is thus quite unexpected. Furthermore, the reason the

electron energy transport is significantly underpredicted in the higher

density and not in the present simulation is not yet known. It is, however,

observed that collisions strongly suppress the electron energy transport in

the higher density case unlike in the present case. This implies that the
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Figure 4.9. Radial particle (a) and energy fluxes (b) of electrons (blue) and hydrogen ions
(green) inside the last closed flux surface. The dashed lines are ELMFIRE
predictions, averaged over the last 23 μs of the simulation, while the solid
lines are obtained from the particle, ∇·Γr = S, and power balances, ∇·Qr =

P , using the profiles of S and P in Fig. 4.5.

underprediction in the higher density simulation may be due to TEM tur-

bulence not being destabilized. Another possible explanation is the miss-

ing sub-ion-scale turbulence [61]. As for the ion transport, the reason for

the relaxation of the ion temperature profiles in both simulations is un-

clear, although the hydrogen ion energy fluxes in Fig. 4.9 point to missing

energy sources and sinks. The heating of the outer core and plasma edge

regions, and the particle accumulation in the same region, could be at-

tributed to the absence of neutrals and atomic and molecular processes, to

incorrect limiter configuration and/or to the transport shortfall described

in Ref. [62]. The FT-2 tokamak has also a large toroidal magnetic ripple
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(about 10% at the plasma edge) with the ripple loss region extending to

the magnetic axis [63], the effect of which is not included in the simu-

lations. The ripple-induced ion energy transport is expected to be of the

order of the neoclassical level and increase the energy losses especially at

the plasma edge and outer core. In contrast, given the low beta and low

MHD activity, the transport by magnetic field perturbations is unlikely to

explain the particle and energy imbalances. It is equally unlikely that the

imbalances would result from the misprediction of transport due to the

inaccuracies in the experimental profiles. This could, however, be tested

by varying the input profiles within the experimental error bars, which is

outside the scope of this thesis.

4.4 Simulation of tokamak plasma edge

The extension of the simulation domain to the radial wall and poloidal

limiter plates includes the scrape-off layer dynamics in ELMFIRE simu-

lations. To examine the physical accuracy of the model, the SOL plasma

results from the FT-2 simulation in Sec. 4.3 are compared to conventional

theoretical and experimental expectations. A direct comparison to mea-

surements is currently not possible because there is no experimental FT-2

data available. The limiter configuration implemented in the code is also

different from the one in FT-2, as explained in Sec. 4.1. Furthermore, a

benchmark case for comparison of ELMFIRE predictions to the simula-

tion data from other SOL turbulence codes, such as TOKAM3X [64] and

GBS [65], has not yet been developed.

The scrape-off layer in the present FT-2 simulation is in the sheath-

limited regime, i.e., the parallel transport is convection dominated and

sheath limited. The main processes affecting the edge plasma in the sim-

ulation are cross-field and parallel plasma transport, losses to radial wall

and limiter plates, loop voltage, electron radiation losses and particle re-

cycling. However, as discussed in the previous section, these processes

are insufficient for a plasma equilibrium to be established at the edge.

This impacts, at least, the sheath potential because it is proportional to

the SOL electron temperature, which is continuously increasing in the

simulation. Hence, the sheath potential increases as the simulation pro-
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Figure 4.10. The radial-poloidal variation of normalized electrostatic potential (a) and
parallel Mach number (b). The black dashed line shows the location of the
last closed flux surface, while the white area at the bottom of the torus
indicates the limiter plates at zero potential.

gresses, which increases the amplitude of the electric drift velocity at the

plasma-limiter boundary, making the boundary eventually numerically

unstable. This does not, however, cause the anomalies observed in the

present SOL results.

The SOL results of interest are the level and radial-poloidal variation of

electric potential, parallel plasma flow, density and temperature. These

results are shown in Figs. 4.10–4.14, averaged over the toroidal angle and

the last 8 μs of the simulation. As for the theoretical and experimental

expectations, the level of the electric potential in the SOL is estimated

by the potential drops in the sheath and pre-sheath. The parallel plasma

flow, in turn, is generally observed to have a stagnation point near the
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Figure 4.11. Parallel-to-B variation of normalized electrostatic potential (a) and parallel
Mach number (b) in the plasma between the limiter plates at ±L, where L

denotes the connection length. The ELMFIRE results from the mid-radius
of the SOL are shown together with analytic predictions in Ref. [68]. The
zero limiter potential is suppressed in (a).

outboard midplane from where the flow accelerates towards the targets,

reaching the plasma sound speed at the sheath edge [66]. This SOL flow

pattern is formed by enhanced radial particle transport on the low field

side of the torus. Lastly, the radial density and temperature profiles are

expected to fall off exponentially in the SOL, the assumption of which is

often found to hold approximately in experimental plasmas [67].

Based on the simulation results in Fig. 4.10, the predicted sheath poten-

tial is 10–40% lower than expected from the simple theoretical model in

Ref. [45], which gives a sheath potential drop of 2.5 eφ/Te for the present

plasma. The predicted electric potential floats relative to the wall and lim-

iter plates because of the zero potential boundary condition. In addition
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Figure 4.12. The radial-poloidal variation of electron parallel velocity (a) and radial hy-
drogen ion velocity (b). The latter includes the E × B, polarization and
magnetic drift velocities.

to sheath potential, the parallel Mach number of the hydrogen ion flow,

calculated as M‖ = Γ‖,H/nHcs where cs =
√

kB (Te + TH) /mH denotes the

plasma sound speed, is also smaller than expected. The flow is clearly

subsonic at the target and almost stagnant in the rest of the SOL region.

The potential and parallel Mach number results are further compared to

the theoretical expressions in Ref. [68] that have been found to capture the

observed trends in GBS simulations. The comparison in Fig. 4.11 shows

that the ELMFIRE potential variation along the magnetic field is similar

to the analytic prediction. The potential levels are, however, different be-

cause ELMFIRE does not predict a sheath potential of 2.5 eφ/Te assumed

in the model expression. Unlike the electric potential, the parallel Mach

number profile is in poor agreement with the analytic model in Ref. [68]
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Figure 4.13. Radial electron and hydrogen ion particle fluxes as a function of poloidal
angle at the last closed flux surface. The high flux values near the limiter
plates are suppressed, and the short wavelength poloidal oscillation of the
fluxes is filtered out for clarity.

both in the SOL plasma and at the target. This implies, for example,

that the Bohm–Chodura boundary condition assumed for the ion parallel

velocity in the model is not satisfied in the present simulation.

As for the radial transport of particles from the plasma core into the

SOL, the radial hydrogen ion flow profile in Fig. 4.12 does not show a re-

gion of enhanced transport on the outboard side of the plasma, the reason

of which is not yet clear. At the last closed flux surface, the radial par-

ticle flux associated with the hydrogen ion flow is strongly localized only

around the limiter region, as indicated in Fig. 4.13. The radial electron

flux, on the other hand, is poloidally enhanced also between the outboard

midplane and the top of the plasma where, in contrast to hydrogen ions,

turbulent E ×B transport and magnetic drifts act in the same direction.

This difference between the electron and hydrogen ion particle fluxes may

explain the differences in the respective parallel flow profiles; the electron

parallel flow in Fig. 4.12 shows a clear stagnation point near the top of the

plasma, from where the flow is symmetrically directed towards the limiter

plates.

The high radial E × B particle flow observed at the poloidal edges of

the limiter plates in Fig. 4.12 results from a large potential difference be-

tween the plasma and the plates. The high electric drift velocities are not,

however, limited to the vicinity of the limiter plates, but the perturba-
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59



Results

r−a (mm)

u 
(J

 / 
m

3 )

ISLOSL

LFS

TOP

HFS

−2 0 2 4

10

30

50

70

Figure 4.15. Radial profiles of total pressure,
∑

s

(
nT +mΓ2

‖/n
)
, in the SOL.

tion spreads along the field lines towards the inboard SOL. This appears

as the poloidal oscillation of the particle flow; the poloidal separation be-

tween the peaks is about 3.5 degrees, which corresponds to the angle the

magnetic field lines turn between adjacent toroidal grid points. In the

outboard SOL, the perturbation is less pronounced. In addition to the ra-

dial particle flow, the perturbation is reflected in the electron parallel flow

profile, showing a clear structure of counter-streaming flow stripes. Simi-

lar perturbation structure is also visible in other SOL parameters such as

electric potential and parallel Mach number.

The radial SOL plasma profiles of electron density and temperature as

well as hydrogen ion temperature are shown at five poloidal locations in

Fig. 4.14: top of the plasma (TOP), low field side midplane (LFS), high

field side midplane (HFS), outboard side of the limiter (OSL) and inboard

side of the limiter (ISL). At each of these locations, the profiles are av-

eraged over a 3.5 degree poloidal window and, as previously mentioned,

over toroidal angle and time; the toroidal variation of the profiles is not

significant. According to the results in Fig. 4.14, the electron temperature

is approximately poloidally symmetric, as expected for the sheath-limited

regime, while the density and hydrogen ion temperature profiles show

significant poloidal variation. It is clear from these variations that the to-

tal pressure, static plus dynamic, is not approximately constant along the

field lines in the SOL, see Fig. 4.15, and thus the 1D fluid equation for the

momentum conservation may not hold in the simulation. In addition to

that, the radial density and hydrogen ion temperature profiles do not fall
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Figure 4.16. The radial-poloidal variation of electron parallel velocity (a) and normalized
electrostatic potential (b) in the simulation without the electric drift effects.

off exponentially in the SOL. The electron temperature decay is, however,

close to exponential near the inner and outer midplane. As for the particle

and energy transport, the radial particle fluxes in Fig. 4.17 show that the

electron flux falls off to almost zero in the SOL, while the ion flux drops

by a factor of two only. This implies that a large part of the ions is lost to

the radial wall instead of the limiter plates. The energy fluxes in Fig. 4.18

behave similar to the particle fluxes.

Based on these results, the parallel electric field dynamics is well re-

solved in front of the limiter plates, while the perpendicular electric drift

dynamics breaks down the gyrokinetic ordering, vE/vt ∼ ε, at the plasma-

boundary interface. The electric drift velocity for hydrogen ions is in

the range of 0.15–0.4 vtH at the material boundary, and the ratio is even
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higher for oxygen impurity ions. The strong radial electric drift at the

poloidal edges of the limiter plates also induces a plasma perturbation

that spreads to the upstream SOL along the magnetic field lines. A simi-

lar perturbation is observed in the simulation of the higher density FT-2

discharge in Publication III, where the limiter plates are placed at the

inboard midplane. The mechanism responsible for the anomaly is not

currently understood, but the perturbation vanishes if the electric drift

is turned off in the simulation, as shown in Fig. 4.16. In that simulation,

the normalized SOL potential also increases by 0.5 eφ/Te, and the parallel

hydrogen ion flow becomes supersonic at the target.

The present simulation results further show that the SOL plasma pro-

files of electric potential, parallel flow, density and temperature are in

partial agreement with theoretical and experimental expectations. This

is similar to the result obtained in the higher density case in Publication

III. In both simulations, however, the ion orbit widths are of the order of

the radial extent of the SOL domain, the effect of which on the results is

not yet resolved. It is also unclear to what extent the results are modified

by the artificial boundary treatments described in Sec. 3.6 or the absence

of full orbit dynamics, gyrosheath and Debye sheath. The effect of the

ion orbits, though, could be assessed with a wider SOL domain, which is

expected to decrease the ion particle flux to the radial wall and thus mod-

ify the radial electron particle flux, parallel flows and sheath potential.

A wider SOL would also be necessary for studying the radial e-folding

length of plasma density, temperature and parallel heat flux [69, 70], i.e.,

the thickness of the SOL. The simulation of the far SOL with sufficient

particle statistics is, however, computationally expensive, and thus the

radial extension of the SOL domain is left to a future study. In addition to

a wider SOL, a detailed comparison of ELMFIRE results to other SOL tur-

bulence codes or experimental data is required to determine the validity

of the present SOL simulation model.

4.5 Impact of grid resolution and boundary models on transport

The transport level in plasma turbulence simulations is subject to sev-

eral numerical aspects such as grid resolution and boundary model. From
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these, the grid resolution determines the size of the smallest resolvable

plasma structures and, thus, the excited micro-instabilities that drive

turbulence and transport. The boundary model, in turn, determines the

plasma sources and sinks at the simulation boundary but may also modify

the dynamics of transport further in the plasma. The boundary models of

interest are the plasma center, radial wall and limiter.

The level of radial particle and energy transport under different grid

resolutions and boundary models is examined here in four FT-2 simula-

tions. Three of these simulations are conducted with the present ELM-

FIRE version and one with an older version. The older code version is

a direct predecessor of the present version and implements the equa-

tions and algorithms described in Chapter 3, except for the toroidal grid,

simulation domain and boundary conditions. The older version uses in-

stead a field-aligned (quasi-ballooning) grid structure that assumes an

equispaced radial grid point spacing and a fixed number of poloidal grid

points. The simulation domain, in turn, is a hollow annulus between an

inner and outer radial boundary, thus excluding the plasma center and

scrape-off layer. The potential boundary condition at the inner boundary

is zero radial electric field, while zero potential is imposed at the outer

boundary. Furthermore, the boundary treatments applied at both bound-

aries are different than those described in Sec. 3.6 and include reflective

boundary condition via ghost particles, decorrelation of particle motion

and smoothening of the poloidal and toroidal variations of the electric

potential [38, 40]. The boundary treatments are used in ELMFIRE to sta-

bilize numerical instabilities that emerge close to the boundaries due to

the discontinuity of the distribution function and electrostatic field.

The four FT-2 simulations are run with the present and older versions

of the code by taking the parameters and profiles in Sec. 4.1 as the initial

condition for the simulations. The grid resolution and boundary model

are then changed between the simulations as follows. In the first run,

performed with the older code version, the simulation domain is bounded

between the inner radial boundary at 2 cm and the last closed flux surface

at 7.6 cm. The simulation grid is composed of conventional 110 radial,

150 poloidal and 16 toroidal grid points. In the second run, the plasma

center is included in the simulation, and the outer radial boundary is re-

placed by the radial wall at the last closed flux surface. The applied grid
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Figure 4.17. Impact of grid resolution and boundary models on the radial particle flux
of electrons (a) and hydrogen ions (b). The vertical dashed line denotes the
location of the last closed flux surface.

is equal to the first run in resolution, i.e., the radial resolution is 0.51 mm

across the minor radius and the number of poloidal grid points 150 from

the radius of 1.5 cm onwards. The number of particles per grid point also

equals to the first run. In the third run, the grid resolution is largely in-

creased from the second run to provide 0.7–0.4 mm radial resolution and

1–900 poloidal grid points over the simulation domain. This is done by

keeping the particle number per grid point fixed at the outer core region

when compared to the second run. The fourth run is the full-torus simu-

lation in Sec. 4.3, and it differs from the third run in that the scrape-off

layer is included in the simulation. The grid resolution and the particle

number per grid point are equal in the third and fourth runs.

To facilitate the direct comparison of the transport results, the present
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Figure 4.18. Impact of grid resolution and boundary models on the radial energy flux of
electrons (a) and hydrogen ions (b). The vertical dashed line indicates the
location of the last closed flux surface.

four simulations, i.e., the low-resolution annulus, low-resolution full-core,

high-resolution full-core and high-resolution full-torus simulations are

carried out identically. This means that the first three simulations are

initialized as the full-torus simulation and then evolved with the parti-

cle and energy sources and sinks for 83 μs. The sources and sinks are

modeled as in the full-torus simulation, given that the simulation bound-

ary at the last closed flux surface acts as the particle sink instead of the

wall and limiter plates. As for the results, the radial particle and energy

flux profiles of electrons and hydrogen ions are shown in Figs. 4.17–4.18,

averaged over the last 15 μs of the simulations.

According to these results, the extension of the simulation domain to

the plasma center decreases the particle and energy transport at the mid-
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radii by 40%. However, besides resulting from a boundary effect, the de-

crease may also be due to different grid coordinates or stochastic varia-

tion of the simulations. The new radial wall model, in contrast, allows

finite particle losses to the wall, whereas the old boundary model sup-

presses the particle fluxes close to zero. The results also show that the

higher grid resolution enhances the particle and energy transport by 40–

150% across the minor radius. The introduction of the scrape-off layer,

in turn, increases the particle and energy fluxes by 20–130% at the outer

core region. In conclusion, a high-resolution ion-scale grid and scrape-off

layer are important in enhancing plasma transport. However, as shown in

Fig. 4.19, the increased transport levels do not have a significant effect on

the time evolution of the density and temperature profiles, and thus the

reproduction of the measured profiles. This result can be interpreted as

strong profile stiffness against transport levels. As a final note, while the

scrape-off layer is observed to enhance plasma transport in the plasma

edge and outer core, it is difficult to assess how much of the transport

shortfall described in Ref. [62] could be explained by the missing effect of

the scrape-off layer. This, as well as the difficulty of obtaining experimen-

tally relevant steady-state plasma in the simulations, will be investigated

in future studies.
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Figure 4.19. The final radial profiles of electron density (a), electron temperature (b) and
hydrogen ion temperature (c) from four ELMFIRE simulations using dif-
ferent grid resolutions and boundary models. The initial profiles, namely
the experimental equilibrium profiles determined by the ASTRA code, are
included for comparison. The full-torus simulation profiles and the equilib-
rium profiles are the same as shown in Fig. 4.1. The vertical dashed line
indicates the location of the last closed flux surface.
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5. Summary and outlook

This thesis presented the recent development of the ELMFIRE code re-

ported in Publications I–III. The three main improvements made to the

code were a new numerical integration method for the parallel nonlin-

earity, new non-uniform toroidal grid, and the introduction of the plasma

center, limiter and wall boundary to simulation domain. The motivation

for these changes was to improve energy conservation, capture ion-scale

turbulence across the simulation domain and allow full-torus simulations

with the scrape-off layer, respectively.

The numerical accuracy of ELMFIRE simulations was studied by exam-

ining the conservation of energy and toroidal angular momentum. The

results showed, similar to Publication I, that the energy conservation

is improved by an order of magnitude with the new higher order inte-

gration method for the electron acceleration by the parallel electric field.

The new method, however, implied a small negative effect on the momen-

tum conservation, but overall, a good momentum conservation was found

in the simulation with a reduced time step. In that particular simula-

tion, spanning 0.025 τE , the total energy and toroidal angular momentum

were conserved within 0.02% and 0.06% of their initial values, respec-

tively. Despite providing accurate conservation properties, the present in-

terpolation schemes for the electric field do not completely reproduce the

physics. More precisely, the momentum conserving evaluation of E in the

electric drift does not simultaneously satisfy the electrostatic condition,

∇ × E = 0, and the exact force symmetry between electrons and ions in

all three spatial directions. The energy conserving evaluation of E in the

polarization drift and parallel acceleration, in turn, does not satisfy these

conditions at all. Moreover, the interpolation scheme causes a numerical
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instability in the electron parallel acceleration if the time step is shorter

than 0.15Δz/vte.

The physical accuracy of ELMFIRE simulations was examined by test-

ing the code’s ability to reproduce the experimental plasma profiles of an

ohmic FT-2 discharge. A direct comparison of the FT-2 data and the sim-

ulation results at t ∼ 0.1 τE showed that the experimental steady-state

profiles are not obtained numerically. More precisely, the simulation did

not reproduce the particle and power balances, and thus the measured

density and temperature profiles were not maintained in the simulation.

Nevertheless, the measured loop voltage as well as the plasma current

and safety factor profiles from the ASTRA simulation were reproduced

within 10% accuracy. A similar result was obtained in Publication II for

a higher density FT-2 discharge, the simulation time of which was also of

the order of 0.1 τE . Despite a fraction of the energy confinement time, the

simulation time was sufficient in both FT-2 cases for reaching saturated

turbulent transport levels and neoclassical equilibrium, while a longer

simulation time may have been needed for convergence of long time-scale

dynamics such as redistribution of momentum. This dynamics is not,

however, expected to have a significant effect on the particle and power

imbalances, meaning that longer simulations would only evolve the pre-

dicted profiles further away from the experimental data. Therefore, the

results suggest that some plasma processes more important for the exper-

imental energy and particle balances are not included or modeled accu-

rately enough in the present simulation model. Potential candidates are

missing sources and sinks, misprediction of plasma transport, and model

inaccuracies such as the limiter configuration inconsistent with the ex-

periment. As to the transport, the comparison of the ELMFIRE results

to the predictions of the NCLASS and GS2 codes indicated that neoclas-

sical transport and ion-scale turbulent micro-instabilities are produced in

ELMFIRE similarly to the two other codes; the disagreement of ELM-

FIRE and GS2 linear frequencies in the ion temperature gradient zone is

due to non-local effects. However, the presented linear analysis of turbu-

lent fluctuations in the plasma core does not provide a conclusive picture

whether the nonlinear state and SOL turbulence are correctly modeled.

The physics capabilities of the ELMFIRE code were extended to the

scrape-off layer by the introduction of the new boundary model. The
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model consists of a wall boundary and a toroidal set of poloidal limiter

plates, currently the only working limiter configuration, that effectively

act as a toroidal limiter. The physical accuracy of this model was stud-

ied by comparing the SOL simulation results with theoretical and exper-

imental expectations in the bottom limiter configuration. The simulation

results showed a formation of sheath potential and plasma flows as well as

modification of density and temperature profiles that are in partial agree-

ment with the expectations. From a numerical point of view, a few artifi-

cial manipulations were made to the ion removal process and the E ×B

and polarization drifts next to the limiter and wall boundaries in order

to keep the simulations numerically stable. Despite these manipulations,

the large electric field at the plasma-limiter interface induced a plasma

perturbation that spread further in the SOL plasma. Nevertheless, the

present simulation results and similar results in Publication III indicate

that SOL plasma dynamics can be modeled with ELMFIRE, although an

extension of the present gyrokinetic equations and/or a more accurate im-

plementation of these equations, e.g., by including the Laplacian in the

Poisson equation or developing sophisticated numerical techniques, is re-

quired for a physically more sound boundary model. Alternatively, the

boundary condition could be constructed according to the logical sheath

method that avoids the large electric field at the plasma-wall interface.

The importance of the present code improvements to ELMFIRE’s abil-

ity to simulate plasma turbulence was assessed by examining the effect

of grid resolution and boundary conditions on the transport level. The

results showed that the radial particle and energy fluxes were increased

up to a factor of 2–3 by high-resolution grid and scrape-off layer boundary

condition, as also suggested in Publication II. In contrast, the simulation

of the plasma center did not indicate any improvement in plasma trans-

port. The merit of full-torus simulations then lies in the absence of the

inner simulation boundary, which not only removes the stability issues of

that boundary but also makes the remaining wall boundary more stable.

In conclusion, the ELMFIRE capabilities to predict tokamak plasma tur-

bulence are clearly improved, although it is not able to reproduce ohmic

FT-2 plasma equilibria.

At present, ELMFIRE studies of turbulence and transport physics are

based on FT-2 discharges. A major reason for this is that the FT-2 plas-
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mas are well suited for ELMFIRE, i.e., they are computationally inexpen-

sive to simulate with a gyrokinetic full-f PIC code and justify the circular

concentric flux surfaces, electrostatic approximation and limiter bound-

ary. Hence, the tokamak is a good testbed for studying the numerical and

physical accuracy of the code, also if upgraded to include sub-ion-scale tur-

bulence, neutrals, atomic and molecular physics, and more realistic parti-

cle recycling. The long-term goal of the ELMFIRE project is, nonetheless,

to simulate fusion-relevant plasmas, namely shaped and diverted plas-

mas at high beta. This naturally requires further code development such

as the implementation of electromagnetic fluctuations, realistic heating

and current drive sources, and full magnetic geometry including X-point

and divertor regions. However, before addressing more complex plasmas

with the code, it is necessary to understand how the shortcomings of the

electric field interpolation schemes affect the simulation results, how the

issues encountered at the limiter and wall boundaries could be solved, and

why the measured FT-2 plasma profiles are not reproduced numerically.
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