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1. Introduction

Partial differential equations are widely used to model several kinds of phe-

nomena in engineering, science, economics, and other fields. Examples include

determining equilibria in mechanics or electrostatics, studying heat or fluid

flow, describing wave propagation, and modelling option pricing. Only in very

rare cases can these equations be solved with pen and paper. Therefore, one

has to seek approximate solutions by resorting to numerical computations and

programming. It is well known that the development of computer hardware in

the past decades has vastly improved the performance of such computations,

opening new possibilities for modelling and simulations. At the same time, ad-

vances in algorithms, linear algebra and numerical analysis have also resulted

in significant efficiency gains.

Now that the solutions can be obtained faster and more accurately, it has be-

come more and more important to study the inaccuracies and uncertainties in

the models and equations themselves. As an example, it seems unnecessary

to compute an extremely accurate velocity field for a fluid in a system, if the

impurities in the fluid are not taken into account or if the manufacturing pro-

cess causes the geometry of the system to vary in an uncontrollable, random

manner. On the other hand, one may be interested in quantifying how the im-

purities affect the velocity or computing the expected velocity if the statistics

for the manufacturing process are known.

Uncertainty quantification is a relatively new branch of applied mathematics

that addresses these issues. More generally, uncertainty quantification stud-

ies “relationships between pieces of information” [55]. This includes developing

new mathematical and computational tools for many practical problems. Un-

certainty quantification has close connections to many other emerging fields

such as data science and machine learning.

The aim of this thesis is not to cover all the aspects of uncertainty quantifi-

cation. Instead, Publications I–III consider uncertainty propagation in the con-

9
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text of stochastic or parameter-dependent partial differential equations. The

uncertainty is propagated by constructing surrogates that approximate the so-

lutions to the equations in a computationally inexpensive way. More precisely,

the goal is to express boundary values of the solution as a polynomial of the un-

certain input parameters. The surrogates are used for inverse boundary value

problems which constitute the main theme of the thesis. Inverse problems are

typical applications of uncertainty quantification methods. Often they are even

considered to be a part of the uncertainty quantification field.

There is no formal mathematical definition of an inverse problem. Some-

times the distinction between forward and inverse problems seems obvious:

Predicting future measurements from present observations is a forward prob-

lem, whereas deducing the past by going backwards in time is an inverse prob-

lem. In many cases, an interesting inverse problem can be interpreted as a

problem of finding the details of an equation whose solution is already known.

There is, however, Hadamard’s famous definition of a well-posed mathemat-

ical problem: A problem is said to be well-posed, if it has exactly one, unique

solution, and if the solution depends continuously on the input data [33]. If a

problem is not well-posed, it is called ill-posed. Inverse problems and ill-posed

problems coincide in many ways. In fact, a substantial part of the inverse prob-

lems research focuses on converting an ill-posed problem to a well-posed one.

The applications considered in this thesis are electrical impedance tomogra-

phy (EIT) and thermal tomography, which are related to elliptic and parabolic

partial differential equations, respectively. In both of these noninvasive imag-

ing modalities, the aim is to deduce information about interior material pa-

rameters based on measurements on the surface of the imaged object. As the

measurements correspond to boundary values of solutions to some equations

and the material parameters appear as coefficients in those same equations,

these tomographic applications are canonical examples of inverse boundary

value problems. Well-posed problems are obtained by incorporating prior in-

formation within a Bayesian paradigm or using some variant of regularization.

All inversion methods in this thesis lead to least squares minimization, which

is a commonly used method in data fitting.

The general research goal of this work is to develop and study novel or im-

proved computational methods for inverse boundary value problems. The em-

phasis in Publications I–III is on uncertainty propagation and polynomial sur-

rogates. The parameterization is extended to cover uncertain geometries by us-

ing most recent nonintrusive surrogate construction techniques with more than

a thousand parameters. Furthermore, special attention is given to parabolic

10
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equations, which have gained much less attention in the literature compared

to elliptic ones, regarding both uncertainty propagation and inverse bound-

ary value problems. Publication IV introduces a new logarithmic lineariza-

tion method for EIT. It is numerically demonstrated that the new method al-

lows more accurate solutions to linearized EIT problems without essentially in-

creasing computational costs. A reformulation of the complete electrode model

for EIT is presented in Publication V. Again, the focus is on computational

efficiency, and the numerical examples demonstrate that the proposed model

indeed has improved convergence properties.

Several recent theses have influenced this work. In particular, this thesis

continues the research of Leinonen, who studied uncertainty propagation in

the context of EIT [37]. In addition, the shape analysis results by Staboulis

are used on many occasions [52]. Thermal tomography is introduced and the

imaging method is experimentally verified in the thesis of Toivanen [56]. An

overview of uncertainty propagation methods, including the adaptive sparse

pseudospectral approximation method used in Publication III, can be found in

Winokur’s thesis [63].

At the beginning of Chapter 2, a motivating overview of uncertainty propa-

gation is given. The rest of the chapter provides introduction to different nu-

merical methods for constructing polynomial surrogates. Chapter 3 considers

inverse boundary value problems. First, the formulation of an inverse problem

as a nonlinear least squares minimization problem is presented. After that,

two applications in tomography are surveyed and the related recent advances

are reviewed. Before going into the publications, a brief summary of findings is

given in Chapter 4.
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2. Uncertainty propagation with
polynomials

The basic idea behind uncertainty propagation is simple: One wants to model

how the uncertainties and variations in the equation affect the solution of that

equation. As such, uncertainty propagation constitutes the core of uncertainty

quantification. In this chapter, we briefly review uncertainty propagation meth-

ods in the context of partial differential equations and polynomial surrogates.

First, an outline and general motivation for the surrogates is given. Then, some

specific methods for constructing the polynomials are discussed.

2.1 Motivation

For the purpose of this introductory overview, it suffices to consider a simple

steady-state diffusion equation

−∇· (a∇u)= g (2.1)

for some well-behaving g : Ω → R in a smooth and bounded two- or three-

dimensional domain Ω and with a homogeneous Dirichlet boundary condition.

For each diffusion coefficient a : Ω→R that is bounded from below and above by

positive constants, the equation has a unique weak solution u ∈ H1(Ω), where

H1 denotes the L2-based Sobolev space of functions with square-integrable first

weak derivatives [17]. Thus, it is natural to ask how the solution u depends on

the coefficient a. This kind of question is relevant, for example, in inverse

problems [29, 40], data assimilation [39], sensitivity analysis [54], and optimal

experimental design [27]. In addition, if a is a random field with known dis-

tribution, one can compute statistics such as mean and variance for u by first

computing the dependence between a and u [36, 65].

The first step in uncertainty propagation is to parameterize the coefficient

in a form a : Ω×Y → R, or a = a(x, y), where Y ⊂ RN is a parameter domain

and y ∈ Y is a parameter vector. The question is then how u depends on y,

that is, we want to find a function u : Ω×Y → R. A common choice for the

13



Uncertainty propagation with polynomials

parameterization is

a(x, y)= ā(x)+
N∑

n=1
ynψn(x), (2.2)

where ā : Ω → R is a diffusion coefficient corresponding to the zero parame-

ter vector and the functions ψn : Ω → R act as perturbations. In principle, N

could be infinite. Another common choice is an exponential form where (2.2) is

an argument in the exponential function. If the considered equation involves

two or more coefficient functions, as in Publication III, each of these functions

can be parameterized separately so that y is essentially a stack of vectors. In

Publications II and III, the parameterization also includes the boundary shape

of a two-dimensional domain, the form of the parameterization being similar

to (2.2) such that y = 0 corresponds to a circle and a nonzero parameter vector

corresponds to a boundary that is obtained by locally perturbing the circle with

splines.

In many cases the dependence of u on the parameters y is smooth or even

analytic [10, 26, 43]. This parameter dependence is often approximated with a

truncated series of orthogonal polyonomials ηp : Y →R, that is,

u(x, y)≈
P∑

p=1
up(x)ηp(y), (2.3)

where up : Ω→R is the orthogonal projection

up(x)= 1
‖ηp‖2

L2(Y )

∫
Y

u(x, y)ηp(y) dy. (2.4)

Here and in what follows, the integrals over the parameter domain, and the

corresponding L2 spaces, could be accompanied with positive weight functions,

in particular if Y is unbounded. If the parameters yn are random variables, in

which case the spectral representation (2.3) is called (generalized) polynomial

chaos, the joint probability density function typically acts as a weight [67].

Once the expansion coefficients up in (2.3) are computed, one can obtain ap-

proximative values of u for an arbitrary parameter vector y ∈Y by simply eval-

uating a polynomial. Those values of u correspond to solutions to (2.1) with

different diffusion coefficients a. In this context, the polynomial is called surro-

gate, since it tries to mimic the behavior of u in (2.1) but with lower computa-

tional cost. Moreover, differentiation with respect to the parameters reduces to

polynomial differentiation.

In practice, the functions up themselves are also expressed as approxima-

tions, for example as linear combinations of finite element method (FEM) basis

functions. Thus, the surrogate is characterized by KP real numbers, where K

denotes the number of spatial degrees of freedom and P is the number of basis

14
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polynomials. More generally, the projections up, and thus the surrogate, could

be defined on some subset of the spatial domain Ω. This becomes relevant, for

example, if one is only interested in how the boundary values of u depend on

the parameters.

Different methods exist for choosing the polynomials ηp and computing the

corresponding expansion coefficients up in (2.3). Next, we review some of these

methods, focusing on those that are used in Publications I–III.

2.2 Galerkin method

The starting point for many numerical solution methods, including the ubiq-

uitous Galerkin FEM, is to write the given partial differential equation in a

variational form. In the case of the second-order elliptic equation (2.1), the

variational weak problem, which is obtained after integration by parts, is to

find u ∈ H1
0(Ω) that satisfies

∫
Ω

a∇u ·∇v dx=
∫
Ω

gv dx (2.5)

for all test functions v ∈ H1
0(Ω), where the vanishing Dirichlet boundary con-

dition is taken into account in the subspace H1
0(Ω) ⊂ H1(Ω). In the Galerkin

method, one chooses a finite-dimensional test function space V ⊂ H1
0(Ω) and

writes the numerical approximation as

u(x)≈
K∑

k=1
ûkξk(x), (2.6)

where the predetermined basis functions ξk span the space V . This approxima-

tion turns (2.5) into a system of linear equations

K∑
k=1

ûk

∫
Ω

a∇ξk ·∇ξi dx=
∫
Ω

gξi dx for i = 1, . . . ,K ,

from which the coefficients ûk can be solved.

The Galerkin method for stochastic or parameter-dependent partial differ-

ential equations extends the idea to the tensor product domain Ω×Y [2, 20].

More precisely, if a and u are interpreted as parameter-dependent functions

a = a(x, y) and u = u(x, y), then the corresponding test function space has a

tensor product form V ⊂ H1
0(Ω)⊗L2(Y ). The finite-dimensional Galerkin ap-

proximation is obtained by combining (2.3) and (2.6), yielding

u(x, y)≈
K∑

k=1

P∑
p=1

ûk,pξk(x)ηp(y).
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When this expression is inserted into the variational form that includes inte-

gration over Y , one obtains linear equations
K∑

k=1

P∑
p=1

ûk,p

∫
Y

∫
Ω

aηpη j∇ξk ·∇ξi dxdy=
∫

Y

∫
Ω

gξiη j dxdy, (2.7)

which are required to hold for all i = 1, . . . ,K and j = 1, . . . ,P.

The multivariate polynomials ηp are often chosen such that their total de-

grees satisfy given limits. In Publication I, for example, quadratic polynomials

are used. The total number of such polynomials depends quadratically on the

number of parameters, that is P = O (N2). On the other hand, the size of the

system (2.7) is KP, which can be very large already for quadratic polynomi-

als. Fortunately, if a has a parameterization of the form (2.2), then (2.7) can

also be very sparse, as discussed in Publication I. For general parameteriza-

tions, however, the system is less sparse and thus becomes computationally

very expensive [22, 38]. An inherent property of the Galerkin method is that

the parameter dependence is always computed for all spatial degrees of free-

dom, even if one is only interested in certain properties of the solution u, such

as its boundary values.

Generalizing the Galerkin method to other equations than (2.1) is very case-

specific. Publication I considers a time-dependent diffusion equation with pa-

rameterized diffusion coefficient [43]. A semi-implicit time integration method

is used to overcome the difficulties stemming from a large system matrix [68].

2.3 Nonintrusive methods

The Galerkin method presented in the previous section is sometimes called an

intrusive method because one has to “intrude” into the existing mathemati-

cal equations and create a new one, namely (2.7), from which the surrogate is

constructed. In contrast, methods that directly rely on existing equations and

their solvers are called nonintrusive. These methods are generally more ver-

satile and easier to implement than the Galerkin method, but may lack some

theoretical benefits or converge slightly more slowly [3].

In Publication II, the expansion coefficients up are directly approximated by

replacing the projection integral (2.4) with a quadrature [47, 64]. This is writ-

ten as

up(x)≈ 1
‖ηp‖2

L2(Y )

Q∑
q=1

u(x, y(q))ηp(y(q))wq, (2.8)

where y(q) ∈ Y are the quadrature nodes and wq ∈ R are the corresponding

quadrature weights. The quantities u(x, y(q)) in (2.8) are approximated by nu-

merically solving the underlying equation for fixed parameters y(q). There are
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Q such equations, but they can be solved in parallel and standard methods such

as FEM can be used. Furthermore, the computation of (2.8) can be restricted to

only those spatial degrees of freedom that are interesting, so that a full surro-

gate of size KP is never formed.

The challenges arise due to the high dimensionality N of the parameter do-

main. The size Q of any nontrivial isotropic tensor product quadrature rule

grows exponentially with respect to the dimension N. Practical quadratures

for high-dimensional domains are thus often based on the Smolyak’s algorithm

[18, 30]. In such sparse grid quadratures, the number of nodes grows signif-

icantly slower than exponentially. The nodes y(q) are also called collocation

points. An alternative to the projection approach (2.8) is sparse grid interpo-

lation, which produces a surrogate that matches the original equation at the

collocation points [1, 44, 45, 66].

Any quadrature rule can be interpreted as a linear operator. The Smolyak’s

algorithm produces a sparse quadrature operator by taking certain linear com-

binations of anisotropic tensor product quadrature operators, where each indi-

vidual operator consists of a small number of nodes. The algorithm is also suit-

able for approximating other high-dimensional linear operators of tensor prod-

uct type, including interpolation operators. The sparse pseudospectral approxi-

mation method constructs the polynomial surrogate by applying the Smolyak’s

algorithm to the operator that projects u onto the space spanned by the orthog-

onal polynomials ηp [12]. Although the projection operators are approximated

with quadrature rules, the method is often considerably more accurate than the

direct quadrature approach [11, 62]. In Publication III, the sparse pseudospec-

tral approximation method is used to compute the coefficients up, while the

corresponding polynomials ηp are chosen adaptively by using essentially the

same algorithm that can be used for high-dimensional integration [11, 19, 48].
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3. Inverse problems in imaging

The standard method in data fitting, least squares minimization, is a working

solution strategy for many ill-posed inverse problems, both linear and nonlinear

ones. In the following, a brief review of the nonlinear least squares method is

given and its relationship to the surrogate models from the previous chapter is

discussed. After that, two nonlinear inverse boundary value problems related

to imaging are addressed in more detail.

Throughout this chapter, M denotes the number of measurements or obser-

vations and N is the number of parameters that are to be estimated. Unless

otherwise stated, we make no assumptions about the relative sizes of M and N.

3.1 Nonlinear least squares

Naively, a finite-dimensional inverse problem means solving y ∈ RN from the

equation

f (y)= b, (3.1)

where f : RN → RM is the known forward mapping and b ∈ RM contains the

observations. Due to the ill-posedness, however, the equation may not have a

unique solution. Even if a unique solution exists, it may be useless to fit the

model exactly to the observations because the latter may contain errors and

the solution y to an ill-posed problem does not depend stably on b. Therefore,

it makes more sense to consider a minimization problem

min
y

{‖f (y)−b‖2
2 +‖r(y)‖2

2
}

(3.2)

instead, where ‖·‖2 denotes the Euclidean norm and r : RN → RN ′
for some N ′

is a regularization or penalty function. A common choice for the regularization

function is an affine mapping

r(y)= R(y− y0), R ∈RN×N , (3.3)
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where y0 ∈RN contains some sort of default values for the parameters.

Clearly, (3.2) can be rewritten as a standard nonlinear least squares problem

min
y

‖ f̃ (y)− b̃‖2
2, (3.4)

where

f̃ (y)=
⎡
⎣f (y)

r(y)

⎤
⎦ , b̃ =

⎡
⎣b

0

⎤
⎦ .

One of the most elementary methods for minimizing (3.4) is the Gauss–Newton

algorithm [46]. It starts by linearizing f̃ at some initial value, say at y0. To

that end, one computes the Jacobian matrix J̃ : RN →R(M+N ′)×N with entries

J̃i, j(y0)= ∂ f̃ i(y0)
∂yj

so that the linear approximation of f̃ at y0 becomes

f̃ (y)≈ f̃ (y0)+ J̃(y0)(y− y0). (3.5)

Next, the minimization problem (3.4) is replaced with a linear least squares

problem. To be more precise, after inserting (3.5) into (3.4) and by denoting

β= b̃− f̃ (y0), one solves

y1 − y0 = argmin
z

‖J̃(y0)z−β‖2
2, (3.6)

from which the next linearization point y1 is obtained. This process is then

repeated until some stopping criterion is satisfied. Stopping immediately af-

ter the first step and regarding y1 as the final solution is just the ordinary

linearization approach, which is the topic of Publication IV.

The pure Gauss–Newton algorithm is seldom used, but one chooses more

robust minimization methods such as the Levenberg–Marquardt method in-

stead [46]. However, most of the nonlinear least squares algorithms are based

on successive linearizations so that the substeps are essentially those described

above. When the Jacobian J̃ = J̃(y0) and the vector β are given, the lin-

ear least squares problem in (3.6) can be solved with standard methods such

as QR factorization [21]. The complexity of such direct methods is typically

O ((M + N ′)N2). Iterative methods can sometimes provide highly accurate ap-

proximative solutions with lower computational costs. If the Jacobian has full

column rank, which is guaranteed if r is of the form (3.3) with a full-rank ma-

trix R, then the solution to (3.6) can be written as

y1 − y0 = (J̃
 J̃)−1 J̃
β, (3.7)

although it is in general not efficient to compute the solution in this way.

20



Inverse problems in imaging

Computing the matrices and vectors at each iteration step may be more com-

plicated. Often, the forward mapping f corresponds to solving a partial differ-

ential equation (or many equations), so that even the evaluation of β can be ex-

pensive. If the Jacobian is approximated with finite differences, its construction

requires O (N) forward evaluations. Sometimes there are more sophisticated

formulas available for the Jacobian, but even in those cases the numerical com-

putations may require fine discretizations as discussed in Publication V in the

context of shape derivatives.

In Publications I–III, polynomial surrogates are used in lieu of forward map-

pings that originate from partial differential equations. The computations of β

and J̃ then reduce to polynomial evaluation and differentiation, respectively,

assuming that the regularization function r is simple, for example of the affine

form (3.3). Publication I considers the evaluation complexities of the surrogate

polynomials. It is shown that both f and its Jacobian J (which is the upper

part of J̃) can be evaluated at O (MN2) if a quadratic surrogate is used.

If the observations and unknown parameters are interpreted as random vari-

ables, one often obtains a minimization problem of the form (3.2) if a maximum

a posteriori (MAP) estimate is sought [53]. According to the Bayes’ formula, the

posterior probability density is

πpost(y | b)= πobs(b | y)πpr(y)
π(b)

, (3.8)

where πobs describes how the observations b are related to the parameter vec-

tor y, and the prior density πpr defines the distribution for the parameters prior

to any observations. The MAP estimate maximizes (3.8), so it is a solution to

max
y

{
πobs(b | y)πpr(y)

}
. (3.9)

The relationship between the observations b and the forward model evalua-

tion f (y) may often be treated as a multivariate normal random variable. Typ-

ical assumption is that (3.1) holds on average, that is, the mean of b is f (y). If

the distribution is non-degenerate so that its covariance matrix Σobs ∈RM×M is

positive-definite, one ends up with

πobs(b | y)= C exp
(
−1

2
(b− f (y))
Σ−1

obs(b− f (y))
)

for some normalization constant C > 0 that does not depend on y. The covari-

ance matrix admits a Cholesky decomposition Σobs =ΓobsΓ


obs, resulting in

πobs(b | y)= C exp
(
−1

2
‖Γ−1

obs(b− f (y))‖2
2

)
. (3.10)

Similarly, if the parameter vector y follows a multivariate normal distribution

with mean y0 ∈ RN and a covariance matrix Σpr = ΓprΓ


pr ∈ RN×N , then the
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prior density becomes

πpr(y)= C′ exp
(
−1

2
‖Γ−1

pr (y− y0)‖2
2

)
(3.11)

for some constant C′ > 0. After combining (3.10) and (3.11), it is easy to see

that (3.9) results in a nonlinear least squares problem. In particular, if Σobs is

diagonal such that the variance of each element in b is ς2 > 0, then (3.9) reduces

to (3.2)–(3.3) with R = ςΓ−1
pr .

Sometimes the inverse problem is severely underdetermined so that N � M.

On the other hand, if the regularization is of the form (3.3), then the lower part

of the Jacobian J̃ = [J
,R
]
 remains constant during the minimization. This

can be exploited when solving the linear least squares problem (3.6). Namely,

a special case of the Woodbury matrix identity yields

(J̃
 J̃)−1 = (J
J+R
R)−1 =Σ−ΣJ
(I +JΣJ
)−1JΣ, (3.12)

where Σ= (R
R)−1. Now the solution (3.7) to (3.6) can be evaluated with com-

plexity O (N2 + M3) instead of O (N3 + MN2), resulting in an efficiency gain if

N � M. The formula (3.12), which is also a generalization of the Sherman–

Morrison formula for rank-1 perturbations, is proven in [31, Sec. 3.4]. In the

particular case of the MAP estimator, having R = ςΓ−1
pr leads to Σ=Σpr/ς2.

3.2 Electrical impedance tomography

Electrical impedance tomography (EIT), sometimes referred to as electrical re-

sistance tomography, is an imaging technique where the inner electrical re-

sistivity of an object is estimated from surface measurements of current and

voltage. EIT is probably the most studied nonlinear inverse boundary value

problem [8, 6, 59]. It has practical applications in at least biomedical imag-

ing [5], geophysics [13], nondestructive material testing [32], and process to-

mography [49]. In addition, electrical capacitance tomography is mathemati-

cally equivalent to EIT [50].

Let Ω be a two- or three-dimensional domain and let σ : Ω→R and u : Ω→R

denote electrical conductivity (i.e., the reciprocal of resistivity) and electric po-

tential, respectively. The forward model of EIT is governed by the conductivity

equation

∇· (σ∇u)= 0 in Ω, (3.13)

which can be obtained from Maxwell’s equations [8]. A Dirichlet boundary con-

dition corresponds to fixing the boundary potential u|∂Ω, whereas a Neumann
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boundary condition

σ∇u · n̂= g on ∂Ω (3.14)

specifies the normal current g : ∂Ω → R on the boundary, whose exterior unit

normal is n̂. As such, the model (3.13) is a good approximation for direct or

low-frequency currents. It is straightforward to consider higher frequencies

as well, for example by introducing complex-valued functions. Then σ would

denote admittivity, whose reciprocal is impedivity. It is also possible to consider

anisotropic properties by letting σ to be matrix-valued.

The mathematical formulation for the inverse problem of EIT was introduced

by Calderón in 1980 [7]. The original Calderón’s problem refers to solving

the conductivity σ from the knowledge of the Dirichlet-to-Neumann mapping,

which maps the Dirichlet boundary value to the Neumann boundary value for

a given conductivity. However, the Neumann-to-Dirichlet mapping, which con-

tains roughly the same information, is commonly used, partly due to its conve-

nience in numerical computations.

The conservation law for the electric current causes the Neumann boundary

value g in (3.14) to belong to a mean-free function space, for example g ∈ L2�(∂Ω).

Similarly, the (boundary) potential for the Neumann problem is solvable only

up to an additive constant. Thus, we may assume u|∂Ω ∈ L2�(∂Ω). As reviewed

in Publication IV, the Neumann-to-Dirichlet mapping, denoted by Λ(σ), is a

linear, self-adjoint, positive compact operator on L2�(∂Ω). On the other hand, it

depends nonlinearly on σ.

For numerical computations, one can choose a finite-dimensional subspace of

L2�(∂Ω) and use its orthonormal basis functions in Neumann boundary condi-

tions. If the corresponding solutions u|∂Ω are approximated in the same basis,

one obtains a symmetric, positive-definite resistance matrix (or measurement

matrix) Λ. After vectorizing the matrix and defining an N-dimensional dis-

cretization for σ, it is then possible to use the techniques from Section 3.1 and

fit the computed boundary potentials to a given measurement vector in order

to produce a conductivity reconstruction.

As the mapping from the discretized conductivity to the matrix Λ is nonlin-

ear, several minimization steps may be required for an adequately converged

conductivity reconstruction. Publication IV offers a new approach for the lin-

earized problems. Namely, the matrix logarithm of Λ is fitted to the matrix

logarithm of the measurements. This is done by first taking the logarithm,

which is well-defined since the matrices are positive-definite, and then mini-

mizing the difference after vectorization. The compelling numerical results in

Publication IV show that the proposed method is efficient.
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The combination of (3.13) and (3.14) is called the continuum model of EIT.

Practical measurement setups consist of a finite number of electrodes that are

attached to the boundary ∂Ω. There are several ways to incorporate the elec-

trodes into the boundary condition [9, 51]. The simplest one, called gap model,

is a special case of the continuum model. In the gap model, the current g in

(3.14) is set to zero on that part of the boundary where the electrodes are not

present. If the electrodes are small, they can be approximated with the point

electrode model which, however, is mathematically suitable for difference mea-

surements only [23]. In the shunt model the electrodes are modelled as perfect

conductors that have constant potential. The complete electrode model (CEM)

enhances the shunt model by taking into accout the thin resistive layer between

an electrode and the object [9, 28]. To this end, let e ⊂Ω denote the part of the

boundary that is covered by electrodes el , where 1≤ l ≤ L. The CEM boundary

conditions for (3.13) are

σ∇u · n̂= 0 on ∂Ω\ e, (3.15a)

u+Rlσ∇u · n̂=Ul on el , l = 1, . . . ,L, (3.15b)∫
el

σ∇u · n̂ dS = Il , l = 1, . . . ,L, (3.15c)

where Rl ∈ R denotes the contact resistance associated to el . The unknows in

(3.13) and (3.15a)–(3.15c) are both the interior potential u and the electrode

potentials Ul ∈ R for 1 ≤ l ≤ L, whereas the currents Il ∈ R are assumed to be

known. The shunt model corresponds to Rl = 0 in (3.15b) for each l [16].

The CEM has been shown to be a feasible forward model for practical EIT

measurements [9, 15, 24, 25]. The numerical forward solution is usually com-

puted with FEM [31, 60]. However, the rapid changes in the boundary condi-

tions (3.15a)–(3.15b) cause a loss of regularity for the interior potential. In fact,

even if the domain Ω and the conductivity σ are smooth, the solution u does

not belong to H2(Ω), the Sobolev space of functions with square-integrable sec-

ond weak derivatives, but only to H2−ε(Ω) for any ε> 0. When resorting to the

shunt model, the solution is even less regular, more precisely u ∈ H3/2−ε(Ω). As

discussed in Publication V, the lack of regularity deteriorates the FEM conver-

gence if higher-order elements are used.

In Publication V, a smoothened complete electrode model is proposed. It is

shown that by slightly modifying the condition (3.15b) one can obtain arbitrar-

ily smooth interior potentials and therefore speed up numerical computations.

If U : ∂Ω→ R is a piecewise constant function satisfying U =Ul on el , the con-

ditions (3.15a)–(3.15b) can be combined to a single Robin-type condition

σ∇u · n̂= ζ(U −u) on ∂Ω, (3.16)

24



Inverse problems in imaging

where the conductance function ζ : ∂Ω → R vanishes on ∂Ω \ e and satisfies

ζ = 1/Rl on el . The smoothened model in Publication V replaces the piecewise

constant function ζ with a smoother conductance profile that is not necessarily

bounded away from zero at the electrodes. The new results prove the unique

solvability of the resulting boundary value problem and show that the regu-

larity of the interior potential is improved. The faster FEM convergence is

numerically demonstrated.

Inversion algorithms for the CEM are similar to those for the continuum

model. Since the electrode potentials and the currents consist of L values

whose mean can be assumed to be zero, the number of the corresponding ba-

sis functions is L−1. Thus, the number of measurements is M = (L−1)2, or

M = L(L−1)/2 if the symmetry in the measurement matrix is taken into ac-

count. The contact resistances or conductances are usually not known, but

they can be estimated simultaneously with the conductivity [61]. Although the

conductance values may be uninteresting per se, their estimation is often nec-

essary in order to obtain a high quality conductivity reconstruction [35].

In addition to the conductivity and contact conductances, the exact geome-

try may be unknown. It has been demonstrated in [15, 35] that ignoring the

uncertainties in the geometry can result in poor reconstructions. Within the

least squares inversion, one option to address the issue of unknown geometry

is to use the so called approximation error approach, which is based on a prob-

abilistic interpretation of the modelling errors and the measurements [41, 42].

Alternatively, by considering the Fréchet derivatives of the measurements with

respect to the geometry parameters, one can straightforwardly extend the least

squares algorithms and reconstruct the geometry in addition to the electrical

properties [14]. In Publication II, the electrode potentials are approximated

with a polynomial surrogate where the parameters correspond to electrical con-

ductivity, contact conductances, boundary shape of Ω, and the locations of the

electrodes. The total number of parameters in the surrogate is N = 1007. The

obtained reconstructions are comparable to those presented in [15], but the ad-

vantage of using a surrogate is that the forward mapping, and especially its

partial derivatives, are simple and inexpensive to evaluate during the nonlin-

ear least squares minimization.

3.3 Thermal tomography

In this section, we survey thermal tomography, which is a still developing

method for thermal imaging. More precisely, we consider the problem of es-
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timating inner thermal properties from surface measurements of temperature

while the object is being heated. Laboratory experiments have shown that the

method is capable of estimating the properties with notable accuracy [58]. An

overview of the method and its relationship to earlier techniques such as in-

frared thermography can be found in [56]. The goal in this thesis is not to

contribute to the feasibility considerations of practical thermal tomography, but

we merely consider the arising parabolic inverse boundary value problems from

the computational point of view.

As in the previous section, the spatial domain is denoted by Ω. In addition,

let κ : Ω → R and s : Ω → R denote thermal conductivity and volumetric heat

capacity, respectively, and let u : Ω× (0,T) → R now denote a time-dependent

temperature with some final time T > 0. In the absence of heat sources and

sinks, the temperature satisfies the heat equation

s∂tu−∇· (κ∇u)= 0 in Ω× (0,T), (3.17)

where ∂t denotes the time derivative [4]. Naturally, the equation must be

equipped with an initial temperature u(·,0) : Ω→R.

There are several ways to model the heating of the object. The simplest one

assumes a known heat flux q : ∂Ω× (0,T) → R which results in a Neumann

boundary condition

κ∇u · n̂= q on ∂Ω× (0,T).

Since the practical measurement setups consist of a finite number of heaters, it

may be tempting to set q = 0 on that part of the boundary which is not covered

by heaters. The resulting model, which is used in [34] and in Publication I, is

similar to the gap model of EIT.

In practice, heat is exchanged between the object and its surroundings along

the whole boundary, unless a perfect thermal insulator is present. Further-

more, the natural way to write the heat flux is to consider temperature differ-

ences. Thus, Publication III employs a Robin-type boundary condition

κ∇u · n̂= h(U −u) on ∂Ω× (0,T),

where h : ∂Ω → R is the surface heat transfer coefficient or thermal contact

conductance and U : ∂Ω → R is the ambient or applied temperature [57, 58].

The boundary condition is similar to (3.16), but here the external temperature

U is assumed to be known, so there is no need for the equivalent of (3.15c). As

with the contact conductances in EIT, the function h may also be unknown, but

it can be estimated as a part of the reconstruction process.

The temperature measurements can be modelled as pointwise evaluations of

the temperature u on the boundary ∂Ω, outside the heaters. In each of these
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points, the temperature can be measured as a function of time. In Publica-

tion III, one heater is active at a time and the object is let to cool down before

activating the next heater. In essence, the equation (3.17) is solved several

times for the same initial condition but with spatially shifted boundary condi-

tions.

The inversion methods in thermal tomography are based on nonlinear least

squares and in Publications I and III polynomial surrogates are used to speed

up the computations. In Publication III, the unknown fields κ and s are recon-

structed simultaneously, together with the surface heat transfer coefficient h

and the boundary shape of ∂Ω. It is demonstrated that ignoring the uncertain-

ties in the object shape or in the surface heat transfer coefficient leads to severe

errors in the reconstructions. The conclusions are similar to those drawn with

EIT in Publication II.
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4. Summary of results

In Publication I, the Galerkin method is used to propagate uncertainties in a

nonhomogeneous diffusion coefficient to the solution of a parabolic equation.

The obtained polynomial surrogate for the solution is utilized when solving a

nonlinear least squares problem related to the inverse boundary value problem

of estimating the diffusion coefficient. The simulated measurements consist of

values on the spatial boundary at several time instances. Example reconstruc-

tions indicate the feasibility of the method. All in all, Publication I extends the

results of [22] and [29] to a time-dependent case. A simple three-dimensional

example is also presented. Moreover, computational costs of evaluating and

differentiating the multivariate polynomials are quantified.

Publication II considers the inverse problem of EIT. As in [15], the estimated

parameters include the boundary shape and the electrode locations in addition

to electrical conductivity and contact conductances. The computation of a MAP

estimate is based on a polynomial surrogate that includes more than a thou-

sand parameters. The construction of the surrogate is based on pseudospectral

projection with high-dimensional direct quadrature. Promising numerical re-

sults are complemented with reconstructions from experimental data.

Publication III combines the results of Publications I and II: The determina-

tion of the object shape is added to a parabolic inverse boundary value prob-

lem. In addition, the simple parabolic problem of Publication I is extended to

a more realistic model of thermal tomography by including nonhomogeneous

heat capacity and a surface heat transfer coefficient as in [57] and [58]. The

construction of the polynomial surrogate is based on the sparse pseudospectral

approximation method [12] and in particular its adaptive version [11]. Recon-

structions based on simulated measurement data indicate that the shape esti-

mation problem in thermal tomography is feasible.

Publication IV studies different approaches for linearizing the EIT forward

problem. It is concluded that linearizing the problem with respect to the elec-
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trical conductivity is often suboptimal, since the measurements depend more

linearly on the resistivity. A novel logarithmic method is shown to result in even

smaller linearization errors in both forward and inverse computations. Loosely

speaking, the proposed logarithmic forward operator maps the logarithm of the

conductivity to the logarithm of the voltage measurement matrix. Formal def-

inition of the corresponding operator logarithm is given, together with related

differentiability results. The logarithmic linearization method, whose superi-

ority is verified via numerical experiments, is applicable to different electrode

models of EIT.

Finally, Publication V introduces a revised mathematical formulation of the

complete electrode model to be used in EIT. In this new model, the piecewise

constant surface conductance is replaced by a smoother function. The solvabil-

ity of the resulting boundary value problem and the improved regularity of the

electric potential are proven. The advantage of the higher regularity is a faster

convergence of numerical methods, which is illustrated with examples. When

computing Fréchet derivatives with respect to the boundary shape, as in [14],

the proposed method increases the numerical efficiency even if first-order FEM

is used. Although the smoothened model is motivated by its computational ef-

ficiency, the reconstructions based on water tank data show no loss of quality

when compared to the traditional complete electrode model.
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