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1. Introduction

Understanding of interaction of electromagnetic waves with matter is an

important subject of physics. On the one hand, it carries out a cogni-

tive function by explaining why the existing materials behave in the way

they do. For example, why we see different colors and whether color is

an intrinsic attribute of an object. On the other hand, wave-matter in-

teraction performs an important applied function, devising recipes for en-

gineering materials with desired electromagnetic properties: Holograms,

lenses, surfaces reflecting more light than conventional mirrors, etc.

Interaction of materials with electromagnetic waves could be described,

in a simple way, by wave scattering from atoms and molecules of these

materials. Due to the inertial properties of electric charges, scattering re-

sponse is different at different frequencies. Effect of retarded response to

electromagnetic excitation is called frequency dispersion. The strongest

scattering occurs when the frequency of external waves corresponds to

the characteristic frequency of the material at which its constituents res-

onate. Characteristic times of electron transitions in atoms and molecules

of most natural materials are comparable with the inverse frequency of

visible light. Therefore, these materials have resonant interactions with

light and we can see different colors. Since wave scattering from materi-

als depends not only on their properties but also on the properties of the

incident light, colors that we see are not intrinsic attributes of materials

and vary under different illuminations. A good example is alexandrite

stone which exhibits different colors for different illuminations. In the

microwave region, resonant wave-matter interaction effects are predomi-

nantly due to orientational polarizations of polar molecules.

Although there is a variety of known natural materials with various

electromagnetic properties, their response is still very bounded by nature,

which does not allow us to uncover all potential opportunities for applica-
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tions. A naive solution for this problem could be found if we would be able

to accurately engineer properties of atoms and molecules of bulk materi-

als, i.e., their size, spatial distribution in the lattice, content as well as the

electron cloud distribution and shape. Although this solution is not real-

istic, it gives us an idea of macro-engineering of matter constituents. In-

deed, one could engineer macroscopic “atoms” whose sizes are big enough

to be easily fabricated and adjusted, and at the same time, small enough

compared to the wavelength of incident radiation. In such scenario, a

three-dimensional lattice (with the periodicity smaller than the wave-

length) of these “macro-atoms” can be homogenized and described as an

ordinary material with microscopic constituents. The “macro-atoms” can

be made of accessible materials with arbitrary shape and content, e.g.

dielectric spheres of a specific radius. The lattice can be embedded in a

host medium, e.g. dielectric. By adjusting the attributes of the “macro-

atoms”, one could tailor their resonance frequency to increase interaction

with incident radiation. This idea of engineering composites with sub-

wavelength macroscopic inclusions underlies the concept of metamateri-

als. Metamaterials, actively studied from years 2000–2001 [1, 2], have

yielded numerous applications and expanded our understanding of elec-

tromagnetism [3, 4]. The constituents of metamaterials obtained a new

term “meta-atoms”.

The concept of metamaterials is strongly associated with the concept

of spatial dispersion. When the size of scatterers or the distances be-

tween them become comparable to the wavelength, the composite con-

structed out of them possesses non-local polarization response and gen-

erally cannot be described in terms of the permittivity and permeability

quantities solely. A demonstrative example of spatial dispersion effect is

the response of a loop metal wire illuminated by a plane wave. If the

wavelength of the incident wave is much greater than the loop radius, the

electric field around the symmetric loop can be considered uniform and,

therefore, it does not induce circulating currents in the wire (no magnetic

polarization occurs). However, if the incident wavelength is equal to the

double loop diameter, the electric fields at the opposite sides of the loop

oscillate out of phase generating circulating currents in the wire, and the

loop is strongly magnetically polarized (see Fig. 1.1). Thus, when spatial

dispersion effects in material cannot be neglected, its response depends

on the amplitude and orientation of the wave vector of incident waves

(see Chapter 3 for more details). Spatial dispersion has played the crucial
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Figure 1.1. Illustration of spatial dispersion effects by an example of a loop metal wire
illuminated by a plane wave with the wavevector k and electric field E. The
electric field induces circulating current J inside the loop, generating a mag-
netic moment.

role in the field of metamaterials and enabled new exciting effects such

as artificial magnetism with dielectrics and metals, gyrotropy, optical ac-

tivity, and bi-anisotropy. They, in turn, have opened a way for realization

of negative-index materials [1, 2], invisibility cloak [5], bi-anisotropic ni-

hility [6,7], and giant optical activity [8].

Very recently, two-dimensional counterparts of metamaterials, so-called

metasurfaces, have been studied intensively. They represent two-dimen-

sional arrangements of inclusions supported by a host layer. Although

spatial dispersion in the form of artificial magnetism was widely exploited

in known metasurfaces, a very limited number of works explored the

potential of bi-anisotropy (first-order weak spatial dispersion, see Sec-

tion 3.2) in metasurface design. This topic is the main subject of the

present dissertation. The exposition of the content goes in the follow-

ing order. Chapters 2 and 3 introduce to the reader the classical theory

of frequency (temporal) and spatial dispersions [9–11]. Classification of

bi-anisotropy (as a form of spatial dispersion) and constraints on material

parameters are discussed. Chapter 3 is concluded with a review of recent

studies on materials with extremely pronounced bi-anisotropy (so-called

bi-anisotropic nihility). Chapter 4 presents a short overview of known

metamaterials in which spatial dispersion plays the crucial role.

The last two chapters review the novel results obtained in this disser-

tation. Chapter 5 compares conventional techniques for polarizability

extraction of single meta-atoms (an essential procedure for metasurface

design) and outlines an alternative technique based on the results of Pub-

lication I. The novel technique, in contrast to previous approaches, is

applicable for a general linear bi-anisotropic dipolar scatterer. Moreover,

in Chapter 5 and Publication II electromagnetic constraints on proper-
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ties of a general bi-anisotropic scatterer are examined. It is shown that

while a lossless passive scatterer with pure bi-anisotropic response (di-

rect electric and magnetic polarization effects are completely suppressed)

cannot exist, it is not forbidden by nature to engineer a scatterer whose

bi-anisotropic effects are dominant. The design of such a scatterer with

extreme spatial dispersion of the first order is briefly outlined. Chap-

ter 6 reviews the key ideas behind two synthesized bi-anisotropic meta-

surfaces: Frequency-selective gradient reflector (Publications III and IV)

and broadband reflectionless absorber (Publication V). Spatial dispersion

in both metasurfaces is essential to achieve the shadow-free operation,

enabling cascades of several metasurface devices. Chapter 6 also briefly

describes an exact synthesis of gradient metasurfaces for perfect wave-

front control in reflection and transmission regimes. The results of Pub-

lication VI demonstrate fundamental importance of spatial dispersion in

such metasurfaces. As a proof of concept, an optical metasurface for per-

fect anomalous reflection is designed and measured in Publication VII.

Conclusions summarize the results obtained in the dissertation.
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2. Frequency dispersion

Inertia is a fundamental attribute of any physical object expressed as its

resistance to any changes of speed or direction of its motion. Inertial mass

is the coefficient which is proportional to the strength of this resistance.

An object with greater inertial mass requires greater force to change its

speed than an object with smaller mass. Can an inertialess object ex-

ist? This would imply that its inertial mass consisting of the rest mass

(invariant) and relativistic mass (increasing with velocity) is zero. More-

over, applying an external push to such an object, its speed would exceed

the speed of light during a short period of time, which contradicts to the

absolute limit on energy propagation velocity dictated by the theory of

relativity.

Inertial properties of electrical charges in atoms and molecules greatly

affect electromagnetic properties of all materials. Indeed, due to inertia,

polarization (charge displacement) in materials occurs always with some

delay with respect to an applied external electric field. Likewise, when the

applied field vanishes, the induced polarizations for some time continue

to oscillate. Thus, the coupling between the electric displacement field D

in a material and the external field E is not instantaneous.

Consider a demonstrative example of impulse impact of an external elec-

tric field on a medium. The external field E occurs at time t = 0, acts

on the medium during time dt, and then instantly disappears. Here, it

is assumed that the electric field is spatially uniform (the wavelength is

much greater than the size of the medium constituents and the lattice pe-

riodicity), and the medium is linear and non-magnetic. The polarization

increase of the medium dP is proportional to Edt and at time moment t

can be written as

dP(t) = ε0χ(t)E(0)dt, (2.1)

where function χ(t) is called susceptibility and depends on the medium
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properties and time t passed from the beginning of the impulse until the

observation moment, ε0 is the vacuum permittivity. This function should

turn into zero at t = 0, due to inertial properties of electric charges and at

t = ∞, due to inevitable dissipation loss in all materials.

If the external field is applied during a long time period, it is convenient

to split its impact into small time periods dt, which is equivalent to a

consequent of the impulse impacts considered above. Analogously to (2.1),

the polarization increase at time t due to a previous impulse E(t′)dt′ can

be expressed as dP(t) = ε0χ(t − t′)E(t′)dt′. The total polarization P(t)

at moment t is the superposition (sum) of the elementary polarization

portions dP until this moment:

P(t) = ε0

t∫
−∞

χ(t− t′)E(t′)dt′. (2.2)

Here the integration starts from t′ = −∞ to take into account the total

impact from the external field that could generally start at any time in

the past t′. Importantly, the upper limit of integration is the present time

moment t when the polarization is measured. In other words, the polar-

ization induced in the material by moment t is determined only by earlier

moments t′ < t and does not depend on the actions from the future. Thus,

electromagnetic polarization of materials follows such fundamental em-

pirical law as causality principle [12]. Replacing t′ with t − τ , Eq. (2.2)

reads

P(t) = ε0

∞∫
0

χ(τ)E(t− τ)dτ, (2.3)

and the electric displacement in the material becomes

D(t) = ε0E(t) +P(t) = ε0

∞∫
0

[δ(τ) + χ(τ)]E(t− τ)dτ

=

∞∫
0

ε(τ)E(t− τ)dτ,

(2.4)

where ε(τ) = ε0[δ(τ) + χ(τ)] and δ(τ) is the Dirac delta function. Fourier

transform of both sides of the equation

∞∫
−∞

D(t)e−jωtdt =
∞∫
0

ε(τ)dτ

∞∫
−∞

E(t− τ)e−jωtdt (2.5)

gives a simple formula:

D(ω) = ε(ω)E(ω), (2.6)
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where ω is the angular frequency and

ε(ω) =

∞∫
0

ε(τ)e−jωτdτ. (2.7)

Thus, permittivities of all materials are functions of the frequency, i.e.

they have frequency dispersion. It is completely determined by the sus-

ceptibility function of the material. Depending on the internal structure

of the material, the permittivity can be described by various canonical

models, such as the Debye and Lorentz models.

Similar derivations could be written also for magnetic response as well

as bi-anisotropic coupling (described below), since all these effects obey

causality. Frequency dispersion is a fundamental property of all mate-

rials, resulting from the inertial properties of their constituents. A hy-

pothetical material without frequency dispersion should consist of elec-

tric charges of zero mass, however, any electrically charged particle has

so-called non-zero electromagnetic mass (in addition to the gravitational

mass) [13].

Due to limited and discrete variation of natural substances, in practice,

one cannot always find proper materials with desired permittivity and

permeability at specified frequency. For example, there are no materials

with strong magnetic response in the optical range. Therefore, very often

engineering spatial dispersion in artificial materials is the only solution

for extending our limits for wave-matter interaction.
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3. Spatial dispersion

3.1 Macroscopic Maxwell’s equations

Entire diversity of classical electromagnetic phenomena is described by

Maxwell’s equations. Wave interaction in material media implies an enor-

mously large number of charged particles and, therefore, its characteri-

zation requires macroscopic field equations. The macroscopic version of

Maxwell’s equations is derived from the microscopic equations, assuming

that all quantities are averaged over an electrically small volume. In the

basic form the macroscopic Maxwell equations read

∇×E = −∂B

∂t
,

1

μ0
∇×B = ε0

∂E

∂t
+ Jind + Jext,

ε0∇ ·E = ρind + ρext, ∇ ·B = 0,
(3.1)

where ρind and Jind are the induced due to polarization averaged electric

charge and current densities, while ρext and Jext are the corresponding

quantities describing external charges and currents (those which are not

affected by the fields). Here, the equations are written in terms of directly

measurable quantities: The electric field E and magnetic displacement

vector B. The conventional separation of electric charges to induced and

external parts allows one to elegantly include all microscopic polarization

effects in the material into macroscopic functions of electric P and mag-

netic M polarization densities.

Let us consider induced and external charges inside a material sepa-

rately. In the absence of external charges (electrically neutral material),

its total electric charge is zero, meaning∫
V

ρinddV = 0, (3.2)

where V is the material volume. Such an integral expression holds for

materials with arbitrary shape, which is possible if the averaged induced
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charge density ρind can be expressed as the divergence of a vector:

ρind = −∇ ·P, (3.3)

where P = 0 outside the material. This vector is generally designated as

P and called the polarization vector of the material. Indeed, the electric

charge density in the form (3.3) integrated over a volume V enclosing

the material (and not touching it) always satisfies (3.2). The physical

meaning of vector P is the volume density of dipole moments induced in

the material excited by external fields [14].

The conservation of induced electric charge implies that

∂ρind
∂t

+∇ · Jind = ∇ ·
(
Jind − ∂P

∂t

)
= 0. (3.4)

The last equation is satisfied if the expression in the brackets equals to

curl of some function:

Jind − ∂P

∂t
= ∇×M. (3.5)

This function has the meaning of the magnetic polarization density in the

material. Using (3.3) and (3.5), macroscopic equations (3.1) can be written

as

∇×E = −∂B

∂t
, ∇×

(
B

μ0
−M

)
=

∂

∂t
(ε0E+P) + Jext,

∇ · (ε0E+P) = ρext, ∇ ·B = 0.

(3.6)

Finally, using conventional notations

D = ε0E+P, B = μ0(H+M), (3.7)

the macroscopic Maxwell equations in a medium are given by

∇×E = −∂B

∂t
, ∇×H =

∂D

∂t
+ Jext,

∇ ·D = ρext, ∇ ·B = 0.
(3.8)

As it was explained in [15], splitting of induced current to the electric

and magnetic parts dictated by (3.5) is not unique. Indeed, redefining the

polarization densities as P′ = P + ∇ × Q and M′ = M − ∂Q

∂t
, they still

exactly satisfy (3.3) and (3.5). Here, Q is an arbitrary differentiable vector

quantity. According to (3.6), the Maxwell equations are invariant with

respect to the following transformation of macroscopic field quantities D

and H:

D′ = D+∇×Q, H′ = H+
∂Q

∂t
. (3.9)

Thus, the macroscopic field quantities D and H in (3.7) are not uniquely

defined. However, this conclusion does not imply that Maxwell’s equations
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applied for a particular medium do not have a unique solution. Indeed, to

find the field solution inside a medium, one should also consider electro-

magnetic boundary conditions at the medium interfaces. These conditions

depend on the choice of relations (3.7). Therefore, if one redefines vectors

D and H according to (3.9), the boundary conditions will be also changed,

but the solution for fields E and B will remain the same for each point of

the medium.

3.2 First-order spatial dispersion and bi-anisotropy

Next, let us consider reciprocal materials, i.e. materials whose properties

do not change under time-inversion transformation. Examples of such

materials are dielectrics and metals. Non-reciprocal materials such as

ferromagnetics and magnetized plasma will be considered in Section 3.7.

Spatial dispersion effects occur when the wavelength of electromagnetic

radiation in a material is comparable with the size of its constituents or

distances between them. In this scenario, to find the induced dipole mo-

ment in the constituent, it is not enough to know the local electric field at

one point. Information about the electric field in the entire volume occu-

pied by the constituent (inclusion) is required. Equivalently, it is enough

to know the electric field vector and all its spatial derivatives at one point

of the inclusion (e.g., its geometrical center at r0). The electric field in

other points with coordinates r can be expressed via a Taylor series at the

central point:

E(r+ r0) = E(r0) +∇jE(r0)rj +
1

2
∇j∇kE(r0)rjrk + . . . (3.10)

where ∇j defines spatial derivative with respect to rj . The repeating in-

dices imply summation according to the conventional tensor notations.

If the local field around the inclusion can be approximated as that of a

plane wave, it can be shown that the second, third and subsequent terms

in (3.10) are of the order of (a/λ)E(r0), (a/λ)2E(r0), . . . , respectively (a is

the size of the inclusion and λ is the wavelength in the material).

The coupling between material polarization P and external electric field

E, as well as between D and E, is in general non-local. Under monochro-

matic excitation, the electric displacement field Di and magnetic field Hi

in a spatially dispersive anisotropic medium are given by [9–11,16]

Di = (ε0δij + aij)Ej + aijk(∇kEj) + aijkl(∇l∇kEj) + . . . ,

Hi =
1

μ0
Bi,

(3.11)
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where δij is the Kronecker delta, aij , aijk, and aijkl are the susceptibility

tensors.

It is easy to see that in the case when the material inclusions are electri-

cally very small (a � λ), all terms with spatial derivatives in (3.10) can be

neglected and equations (3.11) degenerate to the well-known constitutive

relations in usual locally described dielectric:

Di = (ε0δij + aij)Ej , Hi =
1

μ0
Bi. (3.12)

Here aij represents susceptibility tensor which is commonly denoted as

χij (note that in the following φij notations are used for the susceptibility

tensor).

In the approximation of the first-order spatial dispersion (i.e. when

the first two terms in (3.10) cannot be neglected) relations (3.11) can be

simplified using the invariance of Maxwell’s equations under transforma-

tion (3.9) to the so-called Post relations [10,17,18]:

D = ε ·E− jξ ·B, H =
1

μ0
B− jξ

T ·E. (3.13)

where ε and ξ are the tensor of permittivity and reciprocal bi-anisotropic

tensor, respectively. Here time-harmonic field excitation in the form ejωt

is assumed. Spatially dispersive materials which are modelled by consti-

tutive relations (3.13) are called reciprocal bi-anisotropic or chiral mate-

rials. At the first glance it appears from these relations that the polar-

ization effects in bi-anisotropic media are local: The field vectors are all

connected through the expressions at the same point in space. Moreover,

the relations could be interpreted in a way that electric polarization in

a bi-anisotropic material is induced by both external electric and mag-

netic fields (“bi–” or double polarization). In fact, electric polarization is

not caused by magnetic field B directly, but instead by circulating electric

field E as it is seen from (3.11). Thus, the polarization effects in recip-

rocal bi-anisotropic materials are non-local, and such materials exhibit

first-order spatial dispersion.

A classical example of a bi-anisotropic medium is an artificial composite

comprising a three-dimensional arrangement of metal helices inside sup-

porting dielectric material (see Fig. 3.1). Let us assume that the composite

sample is illuminated by an incident wave whose wavelength is compara-

ble to the size of each helix. In this case, the incident electric field moves

free electrons along the helical inclusion, inducing an effective magnetic

moment (circulating current) in the helix. Multiple induced magnetic mo-

ments in the inclusions correspond to macroscopic magnetic polarization
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Figure 3.1. Illustration of an isotropic chiral slab comprising a non-periodic array of ran-
domly oriented metallic helices embedded in supporting dielectric material.

of the composite. On the other hand, the incident electric field also gen-

erates an electric dipole moment in the inclusion. This electric dipole

moment is caused by two different effects: Ordinary polarization in ex-

ternal electric field (local effect) and additional polarization due to the

finite size of the helix and non-uniform circulating electric field in form of

∇×E (non-local effect). As it will be shown in Section 3.6, there are other

important media having bi-anisotropic properties.

3.3 Second-order spatial dispersion and artificial magnetism

Another important notion is second-order spatial dispersion. Although it

is a weaker effect compared to the first-order dispersion, it can become

predominant for properly engineered inclusions. For example, a double

split-ring resonator [19,20] exhibits strongly pronounced effect of second-

order spatial dispersion. Keeping only the first two terms with derivatives

in (3.10) and applying an appropriate transformation (3.9), the following

constitutive relations can be obtained in this case [10,11]:

D = εE− jξB+ β∇∇ ·E, H =
1− ω2μ0γ

μ0
B− jξE, (3.14)

where ε, ξ, β, and γ are scalar parameters defining the strength of corre-

sponding polarization effect. These relations were derived for an isotropic

medium, however, similar results can be obtained for the general case

of anisotropic medium. Comparing these relations with (3.13), it is seen

that the second-order dispersion yields two additional terms β∇∇ ·E and
1− ω2μ0γ

μ0
B which describe, respectively, polarization in the form of elec-

tric quadrupoles and magnetic dipole moments. Thus, effects of electric

quadrupole polarization as well as artificial magnetism in reciprocal ma-

terials are manifestations of second-order spatial dispersion. It should be
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noted that although artificial magnetism is similar to natural magnetism

of ferromagnetic materials, they are different phenomena: Non-local re-

ciprocal effect and local non-reciprocal effect.

In the vast majority of studies on second-order spatial dispersion, ma-

terials with negligible quadrupole polarization properties are considered

for simplicity since in this case the boundary conditions are the same as

those for an ordinary anisotropic medium. For isotropic materials without

quadrupole polarization properties, the constitutive relations are usually

written (after solving the linear system of equations (3.14) with respect to

D and B) in the following form:

D = εsE− j
√
ε0μ0κH, B = μH+ j

√
ε0μ0κE, (3.15)

where εs = ε + μξ2 (subscript “s” corresponds to spatial dispersion), μ =

μ0/(1 − ω2μ0γ), and κ = ξμ/
√
ε0μ0 is the chirality parameter. This form

of constitutive relations takes into account both bi-anisotropy and arti-

ficial magnetism. The relations model isotropic chiral materials as well

as reciprocal magnetic materials. The latter ones are widely studied in

the literature [1, 2, 19, 20] due to the absence of natural materials with

magnetic properties (μ 	= μ0) in the optical range.

Example of materials with pronounced dispersion of second order is

a composite formed by double split-ring resonators which are shown in

Fig. 3.2. To separately consider different polarization effects of a single

(a) (b)

Figure 3.2. A double split-ring resonator in an external electric field Eext of a standing
wave. The resonator is situated (a) at the antinode and (b) at the node of the
electric field.

inclusion, let us excite it by a standing plane wave. In the first scenario,

the antinode of the electric field Eext is at the inclusion center [as shown

in Fig. 3.2(a)], and the electric currents induced in both rings J1 and J2

are circulating in the opposite directions. This current distribution cor-

responds to electric polarization of the inclusion (induced electric dipole
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moment p), while the magnetic polarization (first-order dispersion effect)

is suppressed. In the second scenario, the inclusion is positioned at the

antinode of the magnetic field of a standing wave. As it was discussed

above, it is not the magnetic field that moves the electrons, but spatially

varying electric field. Figure 3.2(b) depicts the electric field distribution

at the inclusion location in this case. Under such illumination, the in-

duced currents in the rings J1 and J2 circulate in the same direction,

resulting in a strong magnetic moment m (second-order dispersion ef-

fect). At the same time, this current distribution provides a suppressed

electric dipole (first-order dispersion effect). Thus, a composite of double-

split ring resonators can exhibit strong magnetic (diamagnetic μ < μ0 or

paramagnetic μ > μ0 depending on the frequency) and moderate electric

properties, while its bi-anisotropic properties are suppressed. The effect

of artificial magnetism due to spatial dispersion should be distinguished

from natural ferromagnetism which implies that a material has non-zero

magnetization even in the absence of an external magnetic field.

Quadrupole polarization effects can be important in media whose inclu-

sions are strongly excited by a non-uniform harmonic field, while weakly

excited by a uniform field (e.g., [21] and Publication II). More discussions

on this effect are given in Section 5.2.1.

3.4 Spatial dispersion of higher orders

Spatial dispersion of the first and second orders (without the quadrupole

contribution) is commonly referred to as a weak dispersion effect. Here

the name “weak effect” implies that the constitutive relations for materi-

als with such spatial dispersion do not include field derivatives in explicit

form and therefore “appear” to be local (see the discussion in Section 3.2).

In contrast, “strong spatial dispersion” term stands for the case when

higher-order derivatives in series (3.11) cannot be neglected and, there-

fore, they appear in the constitutive relations. Moreover, in this case, the

boundary conditions at the medium interface become complicated and in-

clude field derivatives [10].

In the case of a medium with general dispersion properties, the con-

stitutive relations can be written in a simple form under the assump-

tion that the field structure in the medium is as that of a monochro-

matic plane wave E = E0e
j(ωt−k·r). In this case, differentiation with

respect to ∇m = ∂/∂rm reduces to multiplication by −jkm. Therefore,

33



Spatial dispersion

relations (3.11) can be rewritten as [9]

D = ε(k) ·E, B = μ0H, (3.16)

where ε(k) is the tensor given by

εij(k) = ε0δij + aij − jaijkkk − aijklkkkl + . . . (3.17)

Thus, under plane-wave excitation, the constitutive relations can be writ-

ten in a formally local representation, while the permittivity tensor de-

pends on the wave vector k of the plane wave (naturally, it depends also

on the frequency ω due to frequency dispersion).

Since the main subject of the present dissertation is spatial dispersion

of the first order (bi-anisotropy) in metasurfaces, it is important to dis-

cuss classification of different kinds of bi-anisotropic effects and material

inclusions which implement them.

3.5 Constituents of bi-anisotropic materials

Let us consider an anisotropic material with weak spatial dispersion (first-

and second-order dispersion terms are present) described by constitutive

relations in the following form (they can be derived similarly to rela-

tions (3.15)):

D = εs ·E− j
√
ε0μ0 κ ·H, B = μ ·H+ j

√
ε0μ0 κ

T ·E. (3.18)

In the approximation of sparse inclusions concentration, the effective per-

mittivity, permeability and chirality parameters can be written as [22]

εs = ε0I +Nε0 α
V
ee, μ = μ0I +Nμ0 α

V
mm, κ = N α

V
em, (3.19)

where N is the volume concentration of the material inclusions, αV
ee, α

V
mm,

and α
V
em are the electric, magnetic, and magnetoelectric polarizability ten-

sors of the inclusions with dimensions of volume, and I = δij is the unit

tensor in three-dimensional space. Taking into account (3.7), the consti-

tutive relations can be transformed to the following microscopic form:

p = ε0α
V
ee ·E− j

√
ε0μ0 α

V
em ·H,

μ0mconv = μ0α
V
mm ·H+ j

√
ε0μ0 (α

V
em)

T ·E,
(3.20)

where p = P/N is the electric dipole moment of each inclusion and mconv =

M/N is the corresponding magnetic dipole moment written in conven-

tional notations (mconv = IS, where I is the current of a loop with area
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S creating the magnetic moment). These relations express that in a spa-

tially dispersive material each inclusion can be polarized electrically and

magnetically by both electric and magnetic fields. Indeed, the actual

mechanism of polarization is spatial dispersion, however, the description

of polarization in terms of local fields significantly simplifies theoretical

analysis. Sometimes, it is convenient to redefine the polarizability tensors

and to present the microscopic equations (3.20) in the following form free

of constant coefficients (note that these notations for polarizabilities will

be used in the following text of the dissertation):

p = αee ·E+ αem ·H,

m = αmm ·H+ α
T
em ·E,

(3.21)

where m = μ0mconv.

In natural non-magnetic materials, polarization response is predomi-

nantly determined by electric polarizability αee of atoms and molecules.

Due to electrically small size of atoms (a � λ), the magnetoelectric αem

and magnetic αmm polarizabilities are negligible, as weak spatial disper-

sion effects of a/λ and (a/λ)2 orders. Natural magnetic materials exhibit

additionally strong magnetic polarization response (not due to spatial dis-

persion), however, it occurs only at low frequencies. Strong general po-

larization response can be achieved in artificial composites (metamateri-

als) whose resonant inclusions are comparable with the wavelength. The

shape and internal structure of the inclusions can be engineered to en-

hance specific polarization effects, and in this case the magnitudes of the

inclusion polarizabilities are not limited by (a/λ)m order (where m = 1, 2).

A typical inclusion with strong electric polarizability αee is a resonant

straight metal wire of about λ/2 length. A double split-ring resonator

(see Fig. 3.2) exhibits large magnetic polarizability αmm. Naturally, an

inclusion with magnetoelectric polarizability αem should in a sense com-

bine characteristics of these two elements. As is seen from (3.20), there

are two basic scenarios of magnetoelectric coupling depending on the mu-

tual orientation of the field and the dipole moment which is induced by

this field. The first scenario, where the moment and the field vectors

are collinear, can be realized with a canonical metallic three-dimensional

helix [23] shown in Fig. 3.3(a). Under excitation by vertically oriented

electric field, the current induced in the wire forms a loop corresponding

to a magnetic moment along the external electric field. The direction of

the magnetic moment as well as the sign of the magnetoelectric polariz-

ability depends on the helicity state of the helical inclusion. In the second
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(a) (b)

(c) (d) (e)

Figure 3.3. Topologies of various reciprocal bi-anisotropic inclusions. External electric
field Eext induces magnetic moments m in the inclusions. (a) A right-handed
chiral canonical helix. (b) An omega inclusion with shape of the Ω letter.
(c) A twisted omega inclusion. (d) A uniaxial omega inclusion. (e) A chiral
inclusion with the shape of a true helix.

scenario, the induced moment and the field vectors are orthogonal. This

can be realized by orienting the loop of the helix into another plane, as

it is shown in Fig. 3.3(b). This planar geometry, often referred to as the

omega shape [24] (after Greek letter Ω), provides magnetoelectric polar-

ization orthogonal to the exciting field. The sign of the magnetoelectric

polarizability can be reversed by twisting the loop of the inclusion, as it

is shown in Fig. 3.3(c). Uniaxial (isotropic in plane) omega response can

be achieved by combining two orthogonal omega inclusions together [see

Fig. 3.3(d)].

It should be noted that the canonical helix does not provide pure collinear

magnetoelectric polarization response. Indeed, if it is excited by an exter-

nal magnetic field along the z-axis [see Fig. 3.3(a)], the electric current

induced in the wire forms two electric dipole moments (a large moment

along the z-axis and a small moment along the y-axis). Thus, the canon-

ical helix possesses two different polarization effects. In contrast, nearly

pure collinear magnetoelectric polarization can be achieved in a true helix

with a large number of turns (in practice, two turns are enough), shown

in Fig. 3.3(e).
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3.6 Classification of bi-anisotropic materials

It is convenient to classify macroscopic materials with bi-anisotropic prop-

erties, based on the form of the chirality tensor κ in relations (3.18). An

arbitrary tensor can be always presented as [10,25]

κ = κI +M, (3.22)

where κ = tr{κ}/3 is a pseudoscalar (see more details in Section 3.8) com-

plex chirality parameter, and M is a matrix with zero trace (sum of the

diagonal elements). It can be proven [10] that parameter κ is non-zero

only if the material has a mirror-asymmetric structure, or in other words,

if the material and its mirror image cannot be superposed onto one an-

other (e.g., human hand). It should be noted that the aforementioned

result is related to the entire material structure and not to single inclu-

sions. Materials with non-zero parameter κ are called chiral (derived from

the Greek χειρ, “hand”) bi-anisotropic materials. Thus, not all materials

formed by chiral inclusions are chiral (e.g., Publication V), and vice versa,

not all chiral materials consist of chiral inclusions (e.g., [26]). Materi-

als with non-zero isotropic electromagnetic chirality parameter κI can be

conceptually constructed by an array of uniaxial multi-turn helices of the

same helicity state arranged with equal density along the basis unit vec-

tors in a lattice (alternatively, the helices can be randomly distributed as

is shown in Fig. 3.1).

Matrix M with zero trace can be always decomposed into a sum of sym-

metric and antisymmetric parts:

M = N + J, (3.23)

where N = (M +M
T
)/2 is a symmetric matrix and M = (M −M

T
)/2 is

an antisymmetric matrix. Matrix N can be always diagonalized by trans-

forming the coordinate system. In other words, one can find a coordinate

system with basis vectors ai in which matrix N has non-zero components

only at the main diagonal. Thus, non-zero symmetric matrix N can be

modelled by uniaxial chiral inclusions oriented along the basis vectors ai

(in the general lossy case, three complex vectors ai can be decomposed to

nine real basis vectors). The trace of the diagonalized matrix, likewise

that of original matrix N , should be equal to zero. The aforementioned

property implies that the chiral inclusions oriented along the basis vec-

tors ai must be of different handedness so that in total chirality in the

material is compensated. Interestingly, a material with κ = 0 and N 	= 0
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exhibits such chiral effect as electromagnetic activity for specific direc-

tions of propagation (when the propagation direction is perpendicular to

either vector ai), despite that the material is not chiral. Due to this be-

haviour such materials are called pseudochiral [10]. In fact, the inclu-

sions of a pseudochiral bi-anisotropic material should not necessary have

a mirror-asymmetric geometry (since κ = 0) and can have various two-

dimensional topologies. Some examples of pseudochiral materials include

composites with specifically arranged omega inclusions [25] and metasur-

faces composed of “planar chiral” geometries [27].

An arbitrary asymmetric tensor

J =

⎡⎢⎢⎣
0 −b3 b2

b3 0 −b1

−b2 b1 0

⎤⎥⎥⎦ (3.24)

in three-dimensional space can be characterized in some coordinate sys-

tem by a dual vector b = [b1; b2; b3]
T (see also discussion in Section 3.8). In

general, the vector can be complex and therefore decomposed into two unit

vectors multiplied by real and imaginary constants as b = K1b
′ + jK2b

′′.

These two vectors define two axes in space around which the material has

rotational symmetry (the material possesses the same response illumi-

nated along the axis by a wave with arbitrary polarization). Moreover, il-

luminated along the axes, the material exhibits bi-anisotropic response of

omega type (the induced moment is orthogonal to external field). There-

fore, to model a material with asymmetric chirality tensor κ = J , one

should construct a three-dimensional composite from uniaxial omega in-

clusions oriented along vectors b′ and b′′. An example of a uniaxial omega

inclusion is shown in Fig. 3.3(d). Such bi-anisotropic materials are called

omega media [10]. It is important to note that in contrast to chiral bi-

anisotropy effects, omega effects cannot be observed in isotropic compos-

ites. This is explained by the fact that omega media always have asym-

metric properties with respect to the propagation direction. Thus, if one

constructs a composite of uniaxial omega inclusions oriented along the

three coordinate vectors, the microscopic omega effects would be effec-

tively compensated at the macro-level, and the composite would behave

as if it were made of electrically and magnetically polarizable inclusions

only (αee 	= 0, αmm 	= 0, and αem = 0). This scenario was implemented in

two-dimensional metasurfaces in [28].

Although there are three basic classes of reciprocal bi-anisotropic mate-

rials (chiral, pseudochiral, and omega), in practice, designed bi-anisotropic
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materials often have properties which combine those of different classes.

It is convenient to decompose electromagnetic response of an arbitrary

material to the three basic classes [10, 25]. An analogous idea was re-

cently proposed for individual meta-atoms [21, 29]. It states that an ar-

bitrary linear weakly-dispersive meta-atom can be decomposed to a few

basic “modules”. This concept named “materiatronics” provides a univer-

sal route for understanding and possibly designing materials with general

electromagnetic properties.

To clarify the presented classification of bi-anisotropic effects, let us con-

sider an example material with arbitrary bi-anisotropic properties whose

chirality tensor κ (dimensionless) in some coordinate system is given by

κ =

⎡⎢⎢⎣
2 1 j

1 2 −1− j

−j 1 + j 2

⎤⎥⎥⎦ . (3.25)

Complex chirality tensor refers to a material with dissipation loss or gain.

Following decompositions (3.22) and (3.23), the given tensor can be repre-

sented as the following sum:

κ = 2I +

⎡⎢⎢⎣
0 1 0

1 0 0

0 0 0

⎤⎥⎥⎦+

⎡⎢⎢⎣
0 0 j

0 0 −1− j

−j 1 + j 0

⎤⎥⎥⎦ . (3.26)

The first term 2I corresponds to isotropic chiral magnetoelectric coupling

and can be implemented using a composite whose unit cell comprises

three uniaxial helices oriented along the basis vectors as is shown in

Fig. 3.4(a). The helices should be right-handed, corresponding to posi-

tive chirality parameter κ = 2. The size of the unit cell (periodicity of the

composite) should be adjusted appropriately to ensure the given strength

of the chirality coupling.

The zero-trace symmetric part of the chirality tensor in (3.26) can be

diagonalized to the following tensor

D =

⎡⎢⎢⎣
−1 0 0

0 0 0

0 0 1

⎤⎥⎥⎦ (3.27)

in a new coordinate system whose basis vectors ai are expressed in terms

of the original basis vectors as a1 = [−1; 1; 0]T , a2 = [0; 0; 1]T , and a3 =

[1; 1; 0]T . Thus, the symmetric part of the tensor in (3.26) can be modelled

by a unit cell with one left-handed uniaxial helix oriented along the a1-

axis (component D11 = −1) and one right-handed uniaxial helix oriented
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(a) (b)

(c) (d)

Figure 3.4. Conceptual realization of an arbitrary reciprocal bi-anisotropic material with
the use of basic elements. The grey frame box depicts the unit cell. Unit cells
modelling (a) isotropic chiral response, (b) pseudochiral response (the right-
and left-handed helices are shown in dark and light blue, respectively), and
(c) uniaxial omega response (the lossless and lossy inclusions are shown in
dark and light green, respectively). (d) The conceptual unit cell of the bi-
anisotropic material with magnetoelectric coupling described by Eq. (3.26).

along the a3-axis (component D33 = 1). This unit cell is illustrated in

Fig. 3.4(b). Obviously, as discussed above, this is not a unique conceptual

physical realization. It should be noted that the unit cell is in overall

achiral. This can be easily verified by taking a mirror image (in either

plane) of the cell and comparing it with the original cell.

The antisymmetric part in representation (3.26) is described by a dual

vector written in the original coordinate system as b = [1 + j; j; 0]T . The

complex vector can be decomposed to a linear combination of real unit

vectors b = K1b
′ + jK2b

′′ = [1; 0; 0]T + j
√
2 · [

√
2

2
;

√
2

2
; 0]T . Thus, the

antisymmetric tensor in (3.26) can be modelled by a unit cell with two

uniaxial omega inclusions as shown in Fig. 3.4(c). One of the inclusions

should be lossless (real K1) and oriented along vector b′, while another

one should be lossy (positive imaginary jK2) and oriented along b′′. Since

K1 	= K2, the two inclusions should possess different strength of magne-
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toelectric coupling. Both inclusions determine the propagation speed and

dissipation loss inside the material [10].

Thus, the bi-anisotropic material with the chirality tensor κ given by

(3.26) can be constructed as a composite with a unit cell combining all pre-

viously determined inclusions. The final unit cell is shown in Fig. 3.4(d).

As is seen from the figure, the electromagnetic response of the material

can be easily determined for different illumination directions. For exam-

ple, the maximum absorption in the material appears when electromag-

netic waves propagate along the bisection of the angle between the +x

and +y axes, so that the waves strongly interact with the virtual lossy

omega inclusions. For the same propagation direction, one can achieve

the most pronounced optical activity effect from the material. In this sce-

nario, the incident wave does not excite the left-handed helix, but excites

three right-handed helices (along the x and y axes as well as along the

bisection angle between +y and −x directions). Furthermore, the highest

suppression of omega response occurs for waves propagating along the

z-axis, when the omega inclusions are weakly excited.

In summary, classification of bi-anisotropic effects is very important not

only from the theoretical point of view but also as an intelligent tool for de-

signing general reciprocal materials with specified electromagnetic prop-

erties.

3.7 Time inversion and non-reciprocity in electrodynamics

Symmetry properties of material relations under time inversion and spa-

tial inversion are of crucial importance for material science. Knowledge

of the symmetry properties of a given material allows us to judge of its

internal structure and properties of its constituents. This knowledge is

especially critical for designing metamaterials with required electromag-

netic response. Based on this response, one can extract general infor-

mation on material properties of meta-atoms (either it should be made

of dielectrics, or metals, or magnetics, etc.) and their geometries (mirror

symmetry properties).

Let us first consider time inversion in electromagnetics (hereafter, time

inversion implies inversion of the time flow direction). Maxwell’s equa-

tions are symmetric with respect to time direction inversion dt → −dt (dt

is positive if time goes from the past to the future), i.e., all electromagnetic

processes taking place in a closed lossless system (without any external
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sources or fields) are reversible in time. This statement holds for both mi-

croscopic and macroscopic Maxwell’s equations under the assumption of

linear medium (note it is not applicable to “active” media since they imply

the existence of external to the system sources which break the time sym-

metry). It is commonly assumed that when the time direction is reversed

dt → −dt, the electric charge does not change (an even quantity under

time inversion), therefore, the electric current changes sign (an odd quan-

tity under time inversion) since it is the time derivative of the charge.

Equivalent statements hold also for the corresponding density quantities

ρ and J. In fact, there is an alternative agreement that the electric charge

changes sign under time inversion, which is equally possible [10] but will

not be considered here. Since the Lorentz force acting on electric charge q

(in general moving with the linear speed v)

F = qE+ qv ×B (3.28)

is even under time inversion (acceleration is an even parameter), the elec-

tric field E is invariant and the magnetic induction B changes sign. Now

the invariance of macroscopic Maxwell’s equations under time reversal is

obvious from (3.8). From Gauss’s law it follows that the electric induction

D is an even parameter under time reversal, while from Ampere’s law, the

magnetic field H is a time-odd parameter.

If an electromagnetic system under consideration is not closed so that

there are some external perturbations acting on it and they are odd with

respect to time inversion, time-reversal symmetry of Maxwell’s equations

in the system becomes broken. Such perturbations can be of non-elec-

tromagnetic as well as electromagnetic nature (in this case they should

be external to the system). A good example is an external static magnetic

field bias. Materials such as metals and ferromagnetics placed in this field

would exhibit different response for different directions of time flow in the

system. Here it is assumed that the external magnetic field is invariant

to the time flow since it is external to the considered system. Materials

that possess different electromagnetic response under time reversal are

called non-reciprocal.

Let us consider a classical optical example which illustrates the differ-

ence between reciprocal and non-reciprocal materials. It is well known

that chiral materials, such as sugar solutions, exhibit different refractive

indices for electromagnetic waves with left- and right-handed polariza-

tions. The reason for this effect is that in chiral materials right-handed

and left-handed inclusions are in different proportions. Let us consider
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(a) (b)

(c) (d)

Figure 3.5. Wave propagation in opposite directions through (a–b) a reciprocal chiral slab
and (c–d) a non-reciprocal magneto-optical slab. The transparent cylinders
depict the slabs. The red and blue arrows denote the electric fields of left and
right circularly polarized waves, respectively.

the case when a chiral material slab is illuminated by a linearly polarized

wave as shown in Fig. 3.5(a). The incident wave can be represented as a

sum of two waves with opposite circular polarizations and equal phases.

These waves of different handedness travel through the material with

different speeds, which results in accumulation of the phase difference

between them. At the second interface, the superposition of the two cir-

cularly polarized waves with different phases is a linearly polarized wave

with a tilted polarization axis. Thus, chiral materials rotate polarization

plane of waves propagating through them. This effect is called optical

activity or isotropic gyrotropy effect. Since chiral materials are recipro-

cal (no external perturbations are required for its operation), the incident

wave, which has passed the material, under time reversal would return

back along the same way and its field vectors would form the same traces

in space [see Fig. 3.5(b)].

Similar effect of polarization plane rotation is observed for waves trav-

elling through magneto-optical (gyrotropic) materials placed in external

bias field H0 (a time-odd parameter). Polarization rotation in such materi-

als occurs due to anisotropic permeability tensor and is called the Faraday

effect [shown in Fig. 3.5(c)]. It can be observed, for example, for light inci-

dent on a slab of magneto-optical material. In contrast to the previously

considered reciprocal scenario, the incident wave under time reversal ex-
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periences different response from the magnetized magneto-optical mate-

rial and the traces of the field vectors do not coincide [see Fig. 3.5(d)]. This

effect is non-reciprocal and is the basis of very important electromagnetic

devices such as isolators and circulators.

It appears that non-reciprocal materials break time-reversal symmetry,

and Maxwell’s equations are not reversible with respect to time. This

happens because the system under consideration is not closed. If one

adds also the source of the magnetic bias field into the system, it becomes

closed and time-inversion symmetry will hold. Indeed, any source of static

magnetic field must include some circulating direct currents which main-

tain this field: It can be an electromagnet with a solenoid coil or natural

magnets consisting of ordered microscopic current loops (magnetic dipole

moments) formed by rotating electrons. Thus, under time reversal in this

electrodynamic system, the currents which form the static magnetic field

will change their directions and the magnetization field will be reversed.

In this case, the wave propagation inside the ferromagnetic material be-

comes reversible in time.

Other examples of non-reciprocal materials are magnetized plasma and

magnetized graphene. Non-reciprocal response can be achieved also by

other means: Materials moving with some speed, magnetless active ma-

terials mimicking electron spin precession of natural magnets [30, 31],

and non-linear materials [32].

3.8 Spatial inversion and non-reciprocal bi-anisotropic materials

Analogously to anisotropic materials, non-reciprocal effects can be ob-

served also in bi-anisotropic materials. As it was discussed in Section 3.7,

the necessary condition for the existence of non-reciprocal effects in a ma-

terial is that its response depends on an external parameter which has

time-odd symmetry. However, in order to achieve non-reciprocal bi-ani-

sotropic response of a specific type, one should also consider spatial sym-

metry properties of the inclusions.

Let us consider an arbitrary vector a = axx+ayy+azz in xyz coordinate

system (x, y, and z are the basis unit vectors). Under spatial inversion,

i.e. when one of the coordinate axes changes sign, the coordinates of the

vector change in a specific way. For example, if the y axis is reversed,

the vector in the new system will have form a′ = axx − ayy + azz. This

transformation is equivalent to mirror inversion of the vector in the initial
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(a) (b)

Figure 3.6. Transformation of (a) a true vector and (b) a pseudovector under spatial in-
version (y axis is reversed). Vector projections on the xy plane are shown as
shadows in grey.

coordinate system with respect to the xz-plane [see Fig. 3.6(a)]. Thus, the

transformation of the vector’s projections is given by

ax = a′x, ay = −a′y, az = a′z. (3.29)

Vectors which obey this transformation rule are called true vectors or even

vectors with respect to spatial inversion of the coordinates. Physical vec-

tors such as linear speed, force, and differential operator ∇ are true vec-

tors.

Next, let us consider a vector which is a result of the vector product of

two true vectors, i.e., a = b × c. In the initial coordinate system, this

vector has the following form:

a = (bycz − bzcy)x+ (bzcx − bxcz)y + (bxcy − bycx)z. (3.30)

Under spatial inversion of the coordinates (y-axis is reversed), both true

vectors b and c are transformed according to (3.29), while their vector

product a′ = b′ × c′ has the following form:

a′ = −(bycz − bzcy)x+ (bzcx − bxcz)y − (bxcy − bycx)z. (3.31)

Hence, the transformation of vector a in this case is described by

ax = −a′x, ay = a′y, az = −a′z. (3.32)

Figure 3.6(b) depicts the spatial inversion of such a vector. This trans-

formation is different from that given by (3.29). Thus, vectors which are

formed as cross products of two true vectors are transformed under spa-

tial reversal in a different way than true vectors. They are called pseu-

dovectors or odd vectors with respect to spatial inversion. As is seen in
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Fig. 3.6(b), under spatial inversion a pseudovector transforms into its mir-

ror image with an additional sign flip. It should be noted that the differ-

ence in the properties of true vectors and pseudovectors occurs only under

spatial inversion and does not appear under rotational coordinate trans-

formations. Similarly, it can be shown that a cross product of a true vector

and a pseudovector results in a true vector. An example of pseudovectors

in electrodynamics is the magnetic induction vector B. Indeed, accord-

ing to (3.28), the force which is acting on a moving electric charge by the

field B can be a true vector only if B is a pseudovector. This conclusion is

based on the assumption that the charge q is a true scalar, i.e., an even

parameter with respect to spatial inversion. This assumption, despite be-

ing usually made, is not necessary true. An example of a pseudoscalar is

the complex chirality parameter κ discussed in Section 3.6. Under spatial

reversal of chiral isotropic material formed, for example, by helical inclu-

sions, the sign of the chirality parameter of the material changes since

the handedness of the helices changes. Similarly to vectors and scalars,

pseudotensors transform under spatial inversion as true tensors with an

additional sign flip.

Using the expression for the Lorentz force (3.28), one can deduce that

the electric field E is a true vector. From the macroscopic Maxwell equa-

tions it follows that H is a pseudovector and D is a true vector.

Taking into account aforementioned symmetry properties of the electro-

magnetic field quantities under time and space reversal, let us re-examine

the constitutive relations for a reciprocal bi-anisotropic material (3.18).

Reciprocity of the material response requires that the tensors of permit-

tivity εs, permeability μ, and chirality κ do not depend on any external

time-odd parameter. Let us represent the chirality tensor in a dyadic

form:

κ = (κ+ κ
T
)/2 + (κ− κ

T
)/2 = κs +Ka × I, (3.33)

where the first term κs and the second term Ka×I represent, respectively,

symmetric and antisymmetric dyadics, and Ka is a vector dual to the an-

tisymmetric dyadic (see also Section 3.6). The constitutive relations for a

general reciprocal media are written in the following form:

D = εs ·E− j
√
ε0μ0 (κs +Ka × I) ·H, B = μ ·H+ j

√
ε0μ0 (κs −Ka × I) ·E.

(3.34)

From both equations it follows that κs must be a pseudodyadic (or pseu-

dotensor), while Ka a true vector because both sides of each equation must

be vectors of the same spatial symmetry. For instance, let us consider the
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first expression. In this case, dyadic (κs +Ka × I) is a pseudodyadic, and

its scalar product with pseudovector H results in a true vector, which is

of the same symmetry as vector D at the left side of the expression. Thus,

from the spatial inversion symmetry of the constitutive relations, it fol-

lows that the symmetric part of the chirality tensor is non-zero only in a

composite with mirror-asymmetric internal structure. On the other hand,

to engineer a reciprocal material with an anti-symmetric bi-anisotropic

tensor, one should use inclusions with mirror-symmetric geometries, for

example, omega inclusions. These conclusions are in agreement with the

results of Section 3.6.

Constitutive relations for a general non-reciprocal bi-anisotropic medium

(assuming no spatial dispersion of the first order) are written as [10]

D = εn·E+
√
ε0μ0 (χs+Va×I)·H, B = μn·H+

√
ε0μ0 (χs−Va×I)·E, (3.35)

where εn and μn are the permittivity and permeability dyadics (subscript

“n” corresponds to non-reciprocity), χs and Va × I are the symmetric and

anti-symmetric parts of the general non-reciprocity coupling dyadic. Based

on the time-reversal properties of these constitutive relations, it is seen

that both parts of the non-reciprocity dyadic must be time-odd or, in other

words, the material response must depend on an external time-odd pa-

rameter (e.g., magnetic bias field). Space-reversal symmetry of relations

(3.35) implies that the symmetric dyadic χs is a pseudodyadic, while Va

is a true vector. Thus, the spatial-symmetry properties of correspond-

ing dyadics in non-reciprocal bi-anisotropic materials are equivalent to

those in reciprocal materials. However, in the non-reciprocal case, mate-

rial properties also depend on an external time-odd parameter (usually

magnetic field) which is a pseudovector and additionally flips sign of the

dyadic under spatial inversion. Therefore, to construct a non-reciprocal

material with a symmetric bi-anisotropic dyadic χs, its internal structure

should be designed to be mirror-symmetric. Such materials or media were

named after Bernard Tellegen who suggested the idea of an electromag-

netic gyrator as a building block of these media [33]. Non-reciprocal bi-

anisotropic materials with asymmetric dyadic Va × I, in contrast, must

have structure which cannot be superposed onto its mirror image. This

class of media was named an artificial “moving” medium. Although it is

in fact at rest, its electromagnetic response is equivalent to that of an or-

dinary material which is truly moving with some speed v = Va (a true

vector) [10,34].
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Figure 3.7 demonstrates topologies of non-reciprocal bi-anisotropic in-

clusions that can be used as building blocks in composite materials of the

mentioned two types. Both inclusions consist of a ferrite sphere (here,

(a) (b)

Figure 3.7. Topologies of non-reciprocal bi-anisotropic inclusions. (a) Uniaxial Tellegen
inclusion. (b) Uniaxial artificial moving inclusion. The ferrite sphere is de-
picted in green. The inclusions are excited by an incident electric field Ei.
For clarity, magnetic moments m induced due to only non-reciprocal effects
are shown.

ferrite is chosen since it is non-conductive in contrast to other magnetic

alloys) magnetized by external magnetic field H0 and located in the prox-

imity of metal wires of specific shape. The electric field of an incident

wave excites the electric current along the wires which, in turn, excites

alternating magnetic field around the wires. This magnetic field induces

a magnetic moment in the ferrite sphere. Likewise, the incident mag-

netic field excites an electric dipole moment in the wires through mag-

netization of the sphere. The induced moment in the inclusion shown in

Fig. 3.7(a) is co-directed with the electric field which caused it. This in-

clusion was firstly proposed in [35] and experimentally tested in [36]. It

should be noted that in addition to the non-reciprocal Tellegen response,

the inclusion exhibits also reciprocal bi-anisotropic properties of a uniax-

ial omega inclusion. The inclusion shown in Fig. 3.7(b), sometimes named

as an artificial moving element [35], in addition to the non-reciprocal

bi-anisotropic response, exhibits reciprocal chiral effects due to its mirror-

asymmetric shape. The analytical polarizabilities of the non-reciprocal

inclusions shown in Fig. 3.7 were reported in [37]. More discussion on

polarizabilities of non-reciprocal inclusions can be found in Section 5.1.1.

Summarizing the presented results, let us write the constitutive rela-

tions for a general bi-anisotropic material with possible reciprocal and

non-reciprocal magnetoelectric properties [10]:

D = εg ·E+
√
ε0μ0 (χ− jκ) ·H, B = μg ·H+

√
ε0μ0 (χ+ jκ)T ·E, (3.36)
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where κ = κs + Ka × I and χ = χs + Va × I are the chirality and non-

reciprocity tensors, respectively, εg and μg are the permittivity and per-

meability dyadics (tensors) of the material with general bi-anisotropic re-

sponse (subscript “g” corresponds to a general linear medium). Note that

the form of the magnetoelectric dyadic in these constitutive relations is

not unique and was chosen for convenience based on the constraints on

the material parameters (see more details in Section 3.9).

It is important to mention that non-reciprocal bi-anisotropic coupling

is not an effect of spatial dispersion. In contrast to reciprocal spatially

dispersive inclusions where magnetoelectric and magnetic response can

occur only due to their finite sizes, non-reciprocal inclusions exhibit these

responses even in locally uniform external fields (when the particle size is

negligibly small compared to the wavelength). For example, in the consid-

ered ferrite-based inclusions, uniform electric field excites electric current

in the wires which in turn induce magnetic moments in the ferrite sphere.

Thus, bi-anisotropic properties of a medium can be caused by spatial dis-

persion effects or non-reciprocal magnetoelectric coupling.

3.9 Constraints on material parameters

There are three different constraints imposed on the material parameters

of an arbitrary linear medium. The first two constraints follow from the

energy conservation principle and spatial symmetry of the medium struc-

ture. In a certain sense, these restrictions are not universal since they

are applicable only to passive media [38] or media with specific crystallo-

graphic symmetry. The third constraint is universal since it is based only

on the linearity of the medium and time-reversal symmetry of Maxwell’s

equations.

The energy conservation principle applied for lossless bi-anisotropic me-

dia with constitutive relations (3.36) dictates the following restrictions on

the material parameters [10]:

εg = ε
†
g, μg = μ

†
g, κ = κ

∗
, χ = χ

∗
, (3.37)

where symbols ∗ and † denote complex conjugate and Hermitian conju-

gate (complex conjugate and transposed matrix) operations. Therefore, in

a lossless material, both reciprocal κ and non-reciprocal χ bi-anisotropic

parameters are purely real tensors (for this reason the imaginary unit was

placed in front of the reciprocal tensor in (3.36)). The same conclusion is
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applied to the symmetric parts of the permittivity εg and permeability μg

tensors, while the corresponding anti-symmetric parts are purely imagi-

nary.

Material parameters of a medium with specific crystallographic struc-

tural symmetry obey additional restrictions expressed as

ψ = K · ψ ·KT
, (3.38)

if they are described by a true tensor and

ψ = det{K}K · ψ ·KT
, (3.39)

if they are described by a pseudotensor. Here ψ is a material parameter

such as the permittivity or chirality tensor, K is a transformation ma-

trix that defines spatial transformation under which the medium does

not change its response, and det{K} is the determinant of the transfor-

mation matrix. For example, a transformation matrix for a composite

formed by helical inclusions with orientation of each inclusion shown in

Fig. 3.3(a) is diagonal with matrix elements K11 = 1, K22 = −1, and

K33 = −1 (in the coordinate system specified in the figure; indices 1, 2,

and 3 correspond to axes x, y, and z). In this case, using (3.38) and (3.39),

one can find that material parameters described by true tensors (εg and

μg) must have the following zero components due to spatial symmetry of

the composite: ψ12 = ψ13 = ψ21 = ψ31 = 0 (here ψ denotes both εg and

μg). The chirality pseudotensor κ, in contrast, has other zero components

κ11 = κ22 = κ23 = κ32 = κ33 = 0. Importantly, symmetry restrictions (3.38)

and (3.39) can be applied likewise to microscopic parameters such as the

polarizabilities of inclusions.

The third constraint on material parameters of media results from the

time-reversal symmetry of Maxwell’s equations. It is usually expressed in

form of the Lorentz reciprocity theorem. The Lorentz theorem is formu-

lated for a pair of sources with current densities JA and JB which create

fields EA and EB [38,39] (see illustration in Fig. 3.8). The theorem states

that in reciprocal media, the reaction of field EA on a source with current

density JB should be the same as that of field EB on a source with JA. In

other words, interactions between any pair of electromagnetic sources are

reciprocal. This formulation, in fact, does not imply strictly time direction

reversibility dt → −dt (similarly to video rewind) of all electromagnetic

processes in the medium. Instead, it just emulates time reversibility by

interchanging the locations of the sources acting on one another (dt is al-

ways positive).
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The reaction of field EA on a source with current density JB is defined

by the volume integral [40]:

〈A,B〉 =
∫
VB

EA · JBdV, (3.40)

where the volume VB contains the source B, and dV is the volume ele-

ment. Thus, the Lorentz reciprocity theorem can be written as

〈A,B〉 − 〈B,A〉 =
∫

VAB

EA · JBdV −
∫

VAB

EB · JAdV = 0, (3.41)

where VAB is the volume containing A and B sources. The theorem can

be generalized also to a general bi-anisotropic medium with possible non-

reciprocal effects [41], assuming that the field EB generated by the sour-

ce B is calculated in the time-reversed version of the medium (to emulate

time reversibility). As it was discussed in Section 3.7, in the time reversed

medium, all external non-reciprocal parameters (let us denote them as the

magnetization vector H0) switch signs and the material parameters can

be written as ψ(−H0).

Let us write the constitutive relations for a general bi-anisotropic medium

in the following form:

D = εg ·E+ ϑ ·H, B = μg ·H+ ζ ·E. (3.42)

Here, in contrast to (3.36), no assumptions on the magnetoelectric dyadic

are made. Using the standard manipulations with Maxwell’s equations [38,

39, 41], for a bi-anisotropic medium described by (3.42), the requirement

Figure 3.8. Electromagnetic interaction between a pair of sources with the current den-
sities JA and JB .
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(3.41) can be written in the following form:∫
VAB

(EA · JB −EB · JA)dV =

∫
SAB

(EA ×HB −EB ×HA) · dS

+jω

∫
VAB

{
EB · [εTg (−H0)− εg(H0)] ·EA −EB · [ζT (−H0) + ϑ(H0)] ·HA

+HB · [ϑT
(−H0) + ζ(H0)] ·EA −HB · [μT

g (−H0)− μg(H0)] ·HA

}
dV = 0,

(3.43)

where SAB is the closed surface of volume VAB, vector dS points outwards

from volume VAB. By choosing enough large volume VAB, the surface in-

tegral in (3.43) becomes zero. Indeed, assuming that the medium has

non-zero dissipation loss (a purely lossless medium is an abstraction),

the power density quantity EA × HB decays faster than the square of

the distance to surface SAB and, therefore, at enough large distance its

surface integral becomes negligibly small. Relation (3.43) must be sat-

isfied for an arbitrarily chosen volume VAB, which is possible only if all

the expressions in the square brackets are identically zero. The obtained

requirements are the generalized Onsager-Casimir relations for material

parameters [41–44]:

εg(H0) = ε
T
g (−H0), μg(H0) = μ

T
g (−H0), ϑ(H0) = −ζ

T
(−H0). (3.44)

Here, construction of type ψ
T
(−H0) denotes a transposed tensor of mate-

rial parameter ψ for the same medium when all the external non-reciprocal

parameters switched signs. If the medium is reciprocal (H0 = 0), then

equations (3.44) simplify to εg = ε
T
g , μg = μ

T
g , and ϑ = −ζ

T
. In this case,

the constitutive relations become equivalent to (3.18) under the replace-

ment ϑ = −j
√
ε0μ0 κ.

Let us obtain the constitutive relations in the form (3.36). One can de-

compose the magnetoelectric tensors into ϑ(H0) = C1χ1(H0) + C2κ1(H0)

and ζ(H0) = C3χ2(H0)+C4κ2(H0), where χ1,2 and κ1,2 denote non-recipro-

cal and reciprocal parts, respectively, and C1−4 are some complex scalars.

The last expression in (3.44) is written as

C1χ1(H0) + C2κ1(H0) = C3χ
T
2 (H0)− C4κ

T
2 (H0), (3.45)

where the time-reversal properties of reciprocal κ2(−H0) = κ2(H0) and

non-reciprocal χ2(−H0) = −χ2(H0) media were used. Equation (3.45) can

be satisfied only if the non-reciprocal/reciprocal terms in both sides of the

equation are equal (otherwise, under reversal of H0, the equation does

not hold). Thus, the following limitations exist: C1 = C3, C2 = −C4, χ1 =
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χ
T
2 = χ, and κ1 = κ

T
2 = κ. By choosing C1 =

√
ε0μ0 and C2 = −j

√
ε0μ0, the

constitutive relations (3.42) take the same form as those in (3.36).

The Onsager-Casimir relations can be also written for the microscopic

polarizabilities [10,45]:

αee(H0) = α
T
ee(−H0), αmm(H0) = α

T
mm(−H0), αme(H0) = −α

T
em(−H0).

(3.46)

The constraints on material parameters play an important role for study-

ing existing materials as well as for designing novel composite materials.

3.10 Wave propagation in bi-anisotropic materials and extreme
bi-anisotropy

Bi-anisotropy is an important physical concept which extends our under-

standing of macroscopic electromagnetics of different media. This concept

has led to a variety of important applications unattainable with anisotro-

pic materials. To determine possible applications of a bi-anisotropic mate-

rial of a specific class, one should find its eigenwaves, i.e., harmonic plane

waves with specific characteristics (such as polarization, direction, and

propagation constant) that can propagate in the material. Based on the

knowledge of eigenwaves, wave propagation inside a material sample as

well as its reflection and transmission properties can be determined.

Although first known bi-isotropic material dates back to 1811 when

François Arago observed rotation of the polarization plane of linearly

polarized light in quartz, wave propagation in bi-anisotropic media was

extensively studied only in the 1990-s [10, 46–48]. In the early 2000-s,

Akhlesh Lakhtakia proposed a concept of a “nihility” material whose both

permittivity and permeability are equal to zero at some frequency [49].

Subsequently, a similar concept was formulated for bi-anisotropic media

of different classes [6, 7, 50, 51]. In this scenario, while permittivity and

permeability of such media are zero, the magnetoelectric coupling coeffi-

cients are non-zero. Thus, bi-anisotropic effects in these media become

most pronounced (extreme) and completely determine the electromag-

netic response of the media. This Section briefly summarizes results on

wave propagation in bi-anisotropic materials of two reciprocal (chiral and

omega) and two non-reciprocal (Tellegen and artificial moving) classes.

The corresponding cases of extreme bi-anisotropic response are also re-

ported.

Let us consider a general bi-anisotropic medium [see Eqs. (3.36)] with
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uniaxial symmetry, i.e., when there is only one preferred direction (z-axis)

in the medium structure (medium properties do not change under rotation

around this axis). Axial plane-wave propagations in the form ej(ωt−β+zz)

and ej(ωt+β−zz) are assumed, where β+z and β−z are the propagation con-

stants of the waves carrying power towards the +z and −z directions,

respectively. This case is, probably, the most interesting and practical

since the material response is independent on the orientation of electric

and magnetic fields of propagating waves. The constitutive relations for a

general uniaxial bi-anisotropic medium have the following form:

D = εg ·E+
√
ε0μ0

[
(χt − jκt)It + (Va − jKa)J t

]
·H,

B = μg ·H+
√
ε0μ0

[
(χt + jκt)It + (−Va − jKa)J t

]
·E,

(3.47)

where εg = ε0εtIt+ε0 zz, μg = μ0μtIt+μ0 zz, It = xx+yy is the transverse

unit dyadic, J t = z× It = yx−xy is the vector-product operator, and sub-

script t denotes transverse components. These relations can be obtained

from (3.36), assuming that χ = χtIt + VaJ t and κ = κtIt +KaJ t, where χt,

Va, κt, and Ka measure the strength of the corresponding magnetoelec-

tric effects in the transverse plane (with respect to the axial direction).

If the medium is lossless, all the material parameters in (3.47) are real

quantities.

It is well known, that the eigenwaves of a uniaxial chiral medium (χt =

Va = Ka = 0) are circularly polarized waves that can propagate symmet-

rically in both directions along the z axis (β+z = β−z) [47]. The propaga-

tion constants of the right and left circularly polarized eigenwaves equal

β+z1 = k0(
√
εtμt + κt) and β+z2 = k0(

√
εtμt − κt), respectively, where k0

is the free-space wavenumber [see Fig. 3.9(a)]. The different propaga-

tion constants of the two circularly polarized eigenwaves yield known op-

tical rotation (optical activity) and circular dichroism effects for waves

transmitted through a chiral layer (see also Section 3.7). A particularly

interesting scenario is when √
εtμt = κt and β+z2 becomes equal zero.

Such a scenario resembles recently introduced epsilon-and-mu-near-zero

(EMNZ) media with exotic properties (see a review in [52]), while in the

present case, all the material parameters are non-zero. The impedance

of a chiral medium does not depend on the chirality parameter κt and

is defined as η = η0
√

μt/εt, where η0 is the free-space wave impedance.

Hence, the reflection coefficient from a chiral slab also does not depend

on κt. This property was exploited for designing various reflection-less

metasurfaces where εt = μt regime can be achieved using chiral inclu-

sions with balanced electric and magnetic properties (see Publication V
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(a) (b)

(c) (d)

(e) (f)

Figure 3.9. Wave propagation in uniaxial (a) chiral, (b) chiral nihility, (d) Tellegen, (e)
artificial moving, and (f) artificial nihility moving media. (c) Reflection of
electromagnetic waves from different sides of an omega slab. Symbols vph

and vgr denote the phase and group velocity of waves, respectively.

and [53, 54]). Interestingly, in the case of chiral nihility when εt = μt = 0

and κt 	= 0, the propagation constants of the two eigenwaves become op-

posite in sign: β+z1 = −β+z2 = k0κt. One of these waves is a backward

wave since its phase velocity vph2 and group velocity vgr2 are oppositely

directed [see Fig. 3.9(b)]. The highest possible amplitude of the negative

refractive index achieved in a chiral nihility material makes it optimal for

realizing media with negative refractive index [6,55–57].

The eigenwaves of a uniaxial omega medium (χt = κt = Va = 0) have

an arbitrary polarization and propagate along the +z and −z directions
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with the same propagation constant β+z = β−z = k0
√
εtμt −K2

a [48]. If

coupling parameter Ka is enough large, no propagating waves are sup-

ported by the medium (if the medium is lossless). Interestingly, the wave

impedance of an omega medium is different for different propagation di-

rections η±z = η0(
√
εtμt −K2

a ∓ jKa)/εt. Hence, reflected waves from op-

posite sides of an omega slab have different phases, as shown in Fig. 3.9(c)

(the amplitudes are the same due to reciprocity). Such property is unique

for reciprocal media and plays an important role for applications where

asymmetry in reflection or scattering is required (see Publications III,

IV, and VI, and [58, 59]). It should be noted that zero reflection coeffi-

cient from an omega slab can be achieved only if Ka = ∓j(μt − εt)/2 [48],

which is not possible for the case of lossless slabs (μt, εt, and Ka are

real). A similar conclusion is true for wire omega metasurfaces (slabs

with single-inclusion thicknesses) [53]. In a lossless omega nihility mate-

rial (εt = μt = 0 and Ka 	= 0), no waves can propagate due to the imag-

inary propagation constant β+z = β−z = −jk0Ka (note that in the pres-

ence of loss wave propagation is allowed). The asymmetry of the wave

impedance goes into extreme: η+z = j∞ and η−z = 0 [50, 51, 60]. There-

fore, the reflection coefficient from different sides of an omega nihility

slab is equal to that of a perfect magnetic (R+z = +1) or perfect electric

conductor (R−z = −1).

In the case of non-reciprocal Tellegen medium (κt = Ka = Va = 0), the

eigenwaves have arbitrary polarization and propagate in both directions

along the symmetry axis with the same propagation constant β+z = β−z =

k0
√
εtμt − χ2

t [7, 51, 60, 61]. Distinguishing feature of a uniaxial Tellegen

medium is non-orthogonality of the electric and magnetic fields of waves

propagating along its axis. The angle between the electric and magnetic

fields depends on the Tellegen parameter χt [60,61]. In particular, one can

tune the Tellegen parameter in such a way that the electric and magnetic

fields of the propagating wave oscillate in two different planes crossed at

an angle of 45◦ [see illustration in Fig. 3.9(d)]. An alternative scenario

is possible: The electric field has elliptical polarization, while the mag-

netic field is linearly polarized. A uniaxial Tellegen slab exhibits polar-

ization plane rotation in reflection, which is a non-reciprocal effect [46].

Tellegen slabs with active elements can be used as isolators [62]. In

the extreme case of lossless Tellegen nihility, no waves can travel in the

medium along its axis since the propagation constant turns purely imag-

inary β+z = β−z = −jk0χt. The wave impedance of the medium tends to

56



Spatial dispersion

infinity in this case.

In an artificial moving medium (χt = κt = Ka = 0), waves of arbi-

trary polarization can propagate. The propagation constants of an artifi-

cial moving medium are β+z = k0(
√
εtμt − Va) and β−z = k0(

√
εtμt + Va)

for waves travelling inside the medium along the +z and −z directions,

respectively [7, 35, 51, 60]. The difference between the propagation con-

stants for waves travelling in opposite directions is a non-reciprocal ef-

fect. Figure 3.9(e) illustrates wave propagation in such a medium when

Va <
√
εtμt. The impedance of an artificial moving medium does not de-

pend on the coupling parameter Va and is equal to η = η0
√
μt/εt. The

case of artificial moving nihility arouses particular interest. In this case,

along the +z direction only backward waves of arbitrary polarization can

propagate (β+z = −k0Va if Va > 0), while in the opposite direction the

eigenwaves are ordinary forward waves (β−z = k0Va if Va > 0) as shown

in Fig. 3.9(f). Such behaviour resembles chiral nihility, however, a non-

reciprocal moving nihility medium operates with any polarization of prop-

agating radiation and possesses asymmetric operation from different di-

rections. Thus, an artificial moving nihility medium has a unique feature:

For the illumination coming from the opposite directions the composite

behaves either as an ordinary medium or as a Veselago medium [63]. In

paper [62] it was shown that a single-layer composite of artificial moving

inclusions can be tuned in such a way that from one side it is transparent

for incoming radiation (vacuum behaviour), while from the opposite side

it fully transmits incident waves, changing their phase (Veselago medium

behaviour).

To summarize, studies and realizations of bi-anisotropic materials open

up new and unique possibilities for creation of exotic light-matter inter-

action effects. Most of analytical studies were completed in the 1990-s

during so-called “bi-anisotropy” boom. However, as it can be seen by an-

alyzing modern scientific publications, only recently bi-anisotropic effects

became widely exploited in various practical applications in the field of

complex artificial materials and metamaterials (see e.g., Publication VI

and [64–66]).
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4. Metamaterials and role of spatial
dispersion

The field of metamaterials has significantly expanded over the last two

decades and includes such directions as negative-index materials, sub-

wavelength focusing, invisibility cloak, wire media, metasurfaces, etc.

The present section provides a brief overview of these research directions

with the emphasis on the role of spatial dispersion for realization of the

corresponding phenomena and functionalities.

4.1 Negative refraction

Let us consider a classical problem of reflection and transmission of plane

waves at an infinite interface between two media with refractive indices

n1 and n2, as shown in Fig. 4.1(a). Assuming TE (transverse electric)

polarization, the electric field of the incident, reflected, and transmit-

ted waves at the interface (x = 0) are given by Ei = ej(ωt−ki sin θiz), Er =

ej(ωt−kr sin θrz), and Et = ej(ωt−kt sin θtz), respectively. Since the tangential

fields in the two media at the interface must be continuous (Ei + Er =

Et), the arguments in the exponential functions must be equal, mean-

(a) (b)

Figure 4.1. Two possible scenarios of wave refraction at an interface between two media.
(a) Ordinary refraction. (b) Negative refraction.
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ing that the tangential wavevectors of the three plane waves are equal:

ki sin θiz = kr sin θrz = kt sin θtz. These conditions result in well-known

laws of reflection θi = θr (since ki = kr) and refraction ki sin θi = kt sin θt.

Usually it is silently assumed that no other plane waves can propagate

in this case. However, as it was, probably, for the first time noticed by

Leonid Mandelshtam [67], there can exist one more propagating plane

wave in the second medium with the refractive index n2. Indeed, math-

ematically condition ki sin θi = kt sin θt does not change if angle θt is re-

placed by angle π − θt. Physically, this solution corresponds to a plane

wave whose wavevector kt is directed at the angle π − θt (or equivalently

at −θt) from the +x-direction [see Fig. 4.1(b); the usual wave refracted at

+θt is not shown for clarity]. Such wave refraction appears unusual since

wave oscillations propagate from a source-free region towards the source.

However, this scenario is possible, because the direction of wavevector kt

defines only the phase velocity direction vph = ktω/k
2
t and not the en-

ergy propagation direction. The latter one is defined by the group veloc-

ity vgr = ∇kω(kt) (here ∇k is the gradient of the angular frequency ω as

a function of the wave vector kt) and is directed away from the interface.

Such unusual refraction at a negative angle −θt is called negative refrac-

tion. This phenomenon occurs if the phase and group velocities of waves

propagating in the second medium are oppositely directed [68].

A possibility of existence of media with oppositely directed phase and

group velocities of wave propagation was theoretically predicted in [69,

70]. It was shown that a material with specifically chosen non-unit per-

mittivity and permeability (described by the Lorentz-Drude model) can

exhibit anomalous dispersion dω(k)/dk < 0 and, hence, negative group

velocity in a certain frequency range. In this range, both permittivity ε(ω)

and permeability μ(ω) are negative. Thus, already in 1940-s and 1950-s,

negative refraction phenomenon was known and well understood, even

though it was not experimentally confirmed. After several years, in 1968,

Victor Veselago published his famous theoretical review paper about sub-

stances with both negative permittivity and permeability in which he

envisaged such exotic phenomena as negative refraction and planar-slab

lensing [63]. The media with such double-negative properties were subse-

quently named backward or left-handed. These names are related to the

physical properties of the media. As it can be derived from the Maxwell

equations for plane waves in form ejωt−jk·r

k×E = ωμH, k×H = −ωεE, (4.1)
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if simultaneously �{ε} < 0 and �{μ} < 0, electromagnetic waves can prop-

agate in such medium and the Poynting vector S is oppositely directed

with respect to the wavevector:

S =
1

2
�(E×H∗) =

|E|2
2ω�{μ}k =

|H|2
2ω�{ε}k. (4.2)

In this case, vectors E, H, and k form a left-handed basis of vectors. An

alternative way to achieve backward wave propagation using chiral ma-

terials was proposed in the early 80-s [55].

Nevertheless, for several decades the exciting research direction about

negative refraction slowly developed due to the absence of natural mate-

rials with required electric and magnetic properties. Natural substances

with negative permittivity (ionosphere at radio frequencies and metals at

optical frequencies where the real part of the permittivity dominates over

the imaginary part) were known. However, to achieve negative-refraction

response, one should ensure that both permittivity and permeability be-

come negative in a single material in the same frequency range. Fulfil-

ment of the latter condition became possible with the developments of ar-

tificial composite materials with engineered effective permittivity [71,72]

and permeability [19, 20]. Such materials behave as electric plasma and

an artificial magnetic medium (with the Lorentz-type response) in the de-

sired frequency range, respectively. By combining the electric plasma and

artificial magnetic materials in a single composite material and tuning

its response, one can realize negative refraction phenomenon. This idea

was proposed in [1] and experimentally verified in [2]. Note that this

idea closely resembles the one proposed back in the 1950-s [69, 70]. Fig-

ure 4.2 illustrates the double-negative material formed by straight metal-

lic wires (representing a wire medium with negative permittivity) and

double split-ring resonators (representing an artificial magnetic medium

with negative permeability).

It is important to note that the negative permeability regime in this case

is a manifestation of spatial dispersion of the second order, as it was dis-

cussed in Section 3.3. Naturally, negative refractive index can be achieved

also in media with spatial dispersion of the first order, namely, chiral ni-

hility media [6, 57] as it was discussed in Section 3.10. Realization of

negative-index media without spatial dispersion effects is possible but

requires the use of ferromagnetic materials which are available only at

relatively low frequencies.
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Figure 4.2. Illustration of the first double-negative metamaterial.

4.2 Sub-wavelength focusing and transformation optics

In the early 2000-s, it was realized that artificial composite materials with

independently tunable electric and magnetic responses can find multiple

important applications. In particular, a planar slab of thickness ds made

of a negative-index material with the refractive index n = ε/ε0 = μ/μ0 =

−1 and firstly proposed in [63] can be used as a perfect lens with sub-

wavelength resolution (breaking the established diffraction limit) [73].

Conceptually, such a lens in free space focuses all propagating waves from

a point source in phase into one point at a distance 2ds from the source be-

hind the slab [63] [see Fig. 4.3(a)]. The focusing occurs for any location

of the source. Reflections at the slab interfaces are zero since its wave

impedance is equal to that of free space η0 for all propagating modes. At

the same time, all evanescent waves radiated from the source decay in

free space but grow in the negative-index slab in the same way [73] as

shown in Fig. 4.3(b). Thus, both propagating and evanescent fields at the

(a) (b)

Figure 4.3. Concept of a perfect lens. (a) Focusing of propagating modes. (b) Focusing
and amplification of evanescent modes.
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image are exactly the same (in the amplitude and phase) as those of the

original source. In this case the imaging is perfect and not limited by the

diffraction limit. It should be noted that in a realistic scenario when the

negative-index slab of a finite size possesses some dissipation loss and its

material parameters are not precisely tuned, the effect of sub-wavelength

focusing can be significantly compromized [29,74].

Another exciting applications of artificial materials with designed per-

mittivity and permeability are various devices engineered based on trans-

formation optics. The basic idea of transformation optics is the invari-

ance of the Maxwell equations with respect to coordinate transforma-

tions (a particular case, spatial inversion transformation, was discussed

in Section 3.8). Figure 4.4 illustrates this idea. Let us consider a part of

Figure 4.4. Concept of transformation optics. The shaded region denotes the absence of
space in the electromagnetic sense.

space in the original coordinate system xyz filled with a material with

permittivity εor(x, y, z) and permeability μor(x, y, z) (see the left side of

the figure). One can transform the coordinate system xyz into a new

arbitrary system x′y′z′, for example, as it is shown on the right side of

Fig. 4.4 (the shaded region in the middle denotes the absence of space in

the electromagnetic sense). According to the invariance of the Maxwell

equations, all the electromagnetic fields inside the space in the trans-

formed coordinate system are the same as those in the original system,

i.e., E′(x′, y′, z′) = E(x, y, z) 	= E′(x, y, z) (here the electric field E is consid-

ered as an example). On the other hand, the material parameters such as

permittivity and permeability change under the transformation according

to a known law (i.e., εtr(x, y, z) 	= εor(x, y, z)). The main appealing feature

of coordinate transformation is that both parts of space shown in Fig. 4.4

behave equivalently under external illumination. In other words, excited

by external sources, both parts of space will scatter the same electromag-

62



Metamaterials and role of spatial dispersion

netic fields (note that inside the two parts of space the fields are very

different). This conclusion has several important implications. First, elec-

tromagnetic objects with complex (anisotropic and inhomogeneous) mate-

rial properties may be substituted in some cases by objects of different

shape with different material parameters which are easier to implement

in practice. Secondly, one can exploit the “empty” region/regions (shown

in Fig. 4.4) appeared under coordinate transformation (these regions can

be also at the surface of the object) by placing inside some arbitrary ob-

jects scattering from which should be eliminated. Alternatively, the same

approach is applicable for cancelling scattering from arbitrary inhomo-

geneities: The inhomogeneities should be covered by an object with spe-

cific material properties which under inverse coordinate transformation

should represent an object with the properties of free space. These ideas

were formulated, probably, for the first time in 1961 in [75].

Interestingly, the general principle of coordinate transformations in elec-

tromagnetics was understood even earlier by Albert Einstein. He cor-

rectly calculated ray bending of light from stars passing near the Sun on

the way to the Earth. The light bending occurs due to the fact that mas-

sive objects like the Sun curve the space-time around them (in this curved

space light propagates by a straight line and the Maxwell equations are

satisfied). Thus, observing star light from the Earth during solar eclipse,

it falsely appears that the Sun is surrounded by a transparent shell made

of a inhomogeneous material (in fact, this effect cannot be noticed with

the naked eye).

In 2006, when it was already demonstrated that metamaterials can ex-

hibit almost arbitrarily electromagnetic response, John Pendry and Ulf

Leonhardt independently proposed the idea of electromagnetic invisibil-

ity cloak [76, 77]. Apparently, they were not aware of the earlier work

about the similar idea [75]. The idea of the invisibility cloak is to place

an object to be hidden inside the “empty” regions discussed above. As it

was shown in these works, the invisibility cloak material must have inho-

mogeneous non-unity permeability. Hence, realization of such magnetic

response requires spatially dispersive materials (ferromagnetic materi-

als are available only at low frequencies). Experimental demonstrations

of an invisibility cloak based on the second-order and first-order spatial

dispersion effects were reported [5,78]. Subsequently, based on the trans-

formation optics, various exotic devices have been proposed (see a review

in [79]).
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4.3 Wire media

Spatial dispersion often plays the crucial role in artificial wire media, de-

spite the fact that such media usually do not exhibit magnetic response.

A simple wire medium represents a two-dimensional periodical array of

infinitely long parallel metal wires embedded in a host medium with per-

mittivity εh (see illustration in Fig. 4.5). The axes of the wires are along

the z-direction, the wire radius is rw, and the periodicity in the yz-plane

is aw. The wire media were first studied in [71, 72] as artificial electric

plasmas with tunable plasma frequency whose effective permittivity can

be smaller than unity (important for antenna lenses applications) or even

negative. The latter case did not attract much interest (no propagating

waves are allowed in such plasma) until a double-negative metamate-

rial incorporating a wire medium was proposed in year 2000 [1] (wave

propagation is allowed in such material). In earlier works [71, 72], it was

assumed that for arbitrary propagation direction under the assumption

rw < aw � λ, the wire medium can be modelled as a uniaxial dielectric

with the local permittivity dyadic ε = εzzzz+ εh(xx+ yy), where the axial

component of permittivity is the function of the frequency only:

εzz(ω) = εh

(
1− k2p

εhω2/c2

)
. (4.3)

Here c is the speed of light and kp is the plasma wavenumber. For wire

media with very thin PEC (perfect electric conductor) wires with rw <

0.1aw, the wavenumber is given by [80]:

k2p =
2π/a2w

ln

(
aw

2πrw

)
+ 0.5275

. (4.4)

In year 2003, it was demonstrated that this local model of permittivity

is applicable only for the case of transverse wave propagation, i.e., when

Figure 4.5. Illustration of a wire medium.
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kz = 0 (kz is the z-component of the wavevector) [81]. In the general case

of wave propagation, even in the very large wavelength limit λ � aw, the

axial permittivity εzz cannot be described locally and strongly depends on

the wavevector k:

εzz(ω, kz) = εh

(
1− k2p

εhω2/c2 − k2z

)
. (4.5)

For the axial propagation k = kz, the axial component of permittivity

tends to infinity, physically meaning that the axially propagating waves

are transverse (Ez = Hz = 0). Thus, the wire medium is, probably,

the only class of metamaterials, and materials in general, which exhibits

strong spatial dispersion even in the very large wavelength limit (as dis-

cussed in Section 3.2, spatial dispersion in metamaterials with dipole in-

clusions is negligible when the wavelength is much larger than the char-

acteristic period). Strong spatial dispersion in an electrically dense wire

medium appears due to the electrically long length of the wires in the

axial direction.

As it was shown in [82], the effect of strong spatial dispersion does not

always occur in wire media and can be neglected under special conditions.

In particular, for wire media operating in the near infrared and visible fre-

quency regions, spatial dispersion effect is nearly completely suppressed

due to the high kinetic inductance of metal nanowires. For some appli-

cations of wire media spatial dispersion can be disadvantageous, e.g., fre-

quency filtering of wave beams. On the other hand, spatial dispersion in

microwave wire media leads to new exciting applications such as canal-

ization of wave beams and far-field super-resolution imaging (see a review

paper [83]).

4.4 Bragg scattering and electromagnetic crystals

In the previous sections, materials whose electromagnetic response can

be described by some effective parameters were considered. Homogeniza-

tion of material properties not always can be performed. Materials with

electrically large periodicity (typically larger than half of the wavelength)

represent a separate big class of media with unique properties. A brief

description of such materials is given in the present section.

It is known that a natural crystal (highly ordered microscopic structure

forming a three-dimensional lattice) illuminated by electromagnetic radi-

ation with the wavelength comparable to atomic spacings diffracts some
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(a) (b)

Figure 4.6. Bragg scattering from periodical structures. (a) Scattering from a natural
crystal. (b) Scattering from an electromagnetic crystal.

part of the radiation [84] [see Fig. 4.6(a)]. Under the Bragg condition,

i.e., when the radiation wavelength is λ = 2D cos θi/m (D is the lattice

periodicity, m is a positive integer number, and θi is the incidence angle),

the scattered waves from each plane of atoms in the lattice interfere con-

structively, yielding maximized specular reflection. Thus, depending on

the wavelength of incident radiation and the incident angle, electromag-

netic waves can penetrate the lattice or be totally reflected. The latter case

corresponds to the so-called electromagnetic stop-band. Lattices with dif-

ferent scattering properties (shape and size of atoms) can have different

stop-band characteristics.

Since the lattice periodicity of most natural crystals is of the order of

0.1 nm, the Bragg scattering occurs from them only for radiation of very

low wavelengths, such as X-rays. In nature, Bragg scattering can be ob-

served also for optical radiation of the ultraviolet (opal crystal) and visible

(moth eye) spectra. It is important to note that electromagnetic properties

of crystals cannot be characterized by usual means such as effective mate-

rial parameters ε and μ at frequencies when D ≥ λ/2. Indeed, scattering

response (for any excitation) of a medium described by given effective ma-

terial properties must be uniquely determined by them. However, due to

diffraction phenomena, material parameters of crystals can be introduced

only for particular excitation, and for any other excitation the parameters

will be modified. Thus, natural crystals exhibit strong spatial dispersion

in the specific frequency range.

At this point, it is convenient to classify all electromagnetic volumet-

ric materials with respect to significance of spatial dispersion effects they

exhibit. Figure 4.7 schematically displays this classification for different

ratios between the lattice periodicity D and the operating wavelength λ.
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Figure 4.7. Classification of three-dimensional materials with respect to the presence of
spatial dispersion effects they exhibit.

When D/λ is on the order of 0.01 and smaller, the material can be con-

sidered as homogeneous and described by local permittivity ε(ω). Perme-

ability μ(ω) and the bi-anisotropic parameter χ(ω) are essential only for

non-reciprocal media. Spatial dispersion effects (chirality and omega cou-

plings) are weak, non-resonant effects observable only in large compared

to the wavelength samples. The examples of the homogeneous materials

are the majority of natural crystals at optical and lower frequencies and

amorphous natural materials (assuming that D in this case is the aver-

aged periodicity). Materials with 0.01 < D/λ < 0.5 can be described ei-

ther by formally local parameters such as permittivity ε(ω), permeability

μ(ω), reciprocal κ(ω), and non-reciprocal χ(ω) bi-anisotropic tensors (bi-

anisotropic metamaterials), or by strongly non-local permittivity ε(k, ω)

(wire media). Periodic materials with D/λ > 0.5 are not described by ma-

terial parameters (e.g., natural crystals at X-radiation or artificial electro-

magnetic crystals at lower frequencies discussed below).

Is it possible, by analogy with metamaterials, to extend the idea of Bragg

scattering to the optical frequencies? For simplicity, let us consider a one-

dimensional scenario (along the z-axis). Let us virtually construct a lat-

tice whose each period includes two layers of dielectric materials with dif-

ferent refractive indices [see Fig. 4.6(b)]. Such a period represents a dis-

continuity from which incident radiation would be scattered (analogously

to planes of atoms in natural crystals). The physics of scattering from this

crystal is the same as that of natural crystals. By adjusting the thickness

of the dielectric layers and their refractive indices, one can tune the oper-

ating frequency of this crystal. Such an artificial one-dimensional crystal

is also called a dielectric mirror. It is of great importance for various ap-

plications in modern optics and nanophotonics. At the operating optical
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frequency, the mirror fully reflects incident light with record high reflec-

tion efficiency unattainable with metallic mirrors (typically 98 − 99.9%).

Likewise, artificial crystals can also have a three-dimensional structure.

Probably, first theoretical works predicting exciting electromagnetic pro-

perties of artificial crystals were published in the 1970-s [85, 86]. In

year 1987, two experimental papers reported two important effects in

three-dimensional artificial crystals: an unprecedented spatial concen-

tration of the electromagnetic field and inhibited spontaneous emission

of quantum emitters placed in a crystal [87, 88]. Artificial crystals op-

erating at optical and lower frequency spectra were called photonic and

electromagnetic crystals, respectively. At present time, photonic crystals

is a relatively well-studied field resulted in a myriad of applications for

nanophotonics such as thin-film optics (gratings, lenses, coatings, and

mirrors), optical fibers, near-field confinement and guiding of light, and

negative refraction (see a review [89]).

4.5 Metasurfaces

Unique properties of metamaterials have lead to numerous applications

in applied physics, filling the gaps of electromagnetic response of natural

materials, alloys, and chemical compounds. Nevertheless, manufacturing

of volumetric metamaterials is often a serious challenge even with the

present-day technologies, especially when it comes to three-dimensional

optical metamaterials. Since most metamaterial applications imply wave

propagation through electrically thick volumes, there are significant dis-

sipation losses that can severely distort the device operation. On the other

hand, small thickness of metamaterial-based devices can be critical, e.g.,

for nanophotonics and microwave applications. Finally, designing a vol-

umetric metamaterial, one must often engineer proper electromagnetic

response (e.g., polarizability tensors of the inclusions) in all three dimen-

sions.

Fortunately, it is not always necessary to design a bulk metamaterial

and analogous response can be achieved with an electrically thin coun-

terpart representing a single-layer metamaterial, the so-called metasur-

face. This fact can be proven based on the generalized Huygens’ princi-

ple [90, 91]. Let us consider a volume V filled with arbitrary sources of

electromagnetic radiation, electric and virtual magnetic charges qi and

currents Ji [see the left side of Fig. 4.8(a)]. These sources create electric
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(a)

(b)

(c)

Figure 4.8. (a) Illustration of the Huygens’ principle applied to scattering from volu-
metric electromagnetic sources. (b) Application of the Huygens’ principle to
the concept of metamaterials. Electromagnetic response from any volumet-
ric material (or metamaterial) in principal can be always reproduced with a
two-dimensional layer of electric and magnetic currents of arbitrary shape.
(c) Diffraction of electromagnetic waves on periodic planar structures.

field E and magnetic induction B in the area outside the volume. Ac-

cording to the Huygens’ principle, this system of scatterers can be always

replaced by an arbitrarily thin layer of specific electric JeV and magnetic

JmV currents enclosing the volume V . The thickness of the layer can be

electrically small but non-zero since magnetic currents can be generated

only via loops of electric currents with finite thickness. Importantly, the

equivalent currents JeV and magnetic JmV (surface currents if the layer

thickness is electrically negligible) scatter electromagnetic fields only out-

wards of volume V and these fields are the same as those created by the

original system of sources, i.e., E and B [see the right side Fig. 4.8(a)].

Such system of currents, which scatter only into one side are called Huy-

gens’ surfaces or Huygens’ sources. This concept possesses important im-

plication to the metamaterials paradigm. Let us consider an arbitrary
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volumetric metamaterial sample [shown in the left side of Fig. 4.8(b)] ex-

cited by an arbitrary external wave with the wavevector ki. The external

wave induces some charges qi and currents Ji in the inclusions of the

sample which re-radiate secondary fields Eout and Bout into space out-

side volume V which encloses the sample. According to the previously

described principle, one can replace the bulky metamaterial sample with

the induced polarization charges and currents by equivalent surface cur-

rents JeV and JmV which would scatter the same fields Eout and Bout

outside volume V . Next, knowing these equivalent currents, one can in

principle determine appropriate topologies of meta-atoms (placed at the

surface of volume V ) which under excitation by the external wave with

ki would generate the same currents JeV and JmV [see the right side of

Fig. 4.8(b)]. Such an arrangement of meta-atoms, namely metasurface,

would possess identical electromagnetic response to that of the original

metamaterial sample for the given excitation ki. For other excitations, the

metasurface generally would not imitate the bulky sample. Thus, one can

conclude that in the cases when specific electromagnetic response is re-

quired for particular excitation, volumetric metamaterials can be replaced

by electrically thin and in general curved metasurfaces. During the last

decade, planar metasurface devices have successfully substituted their

bulky counterparts for various applications: negative refraction [92], scat-

tering cancellation cloaking [93], reciprocal [94] and non-reciprocal [62]

optical activity, absorption [54], multi-channel surfaces [95], general re-

flection and transmission control ( [58,96–99] and Publications III, IV, V,

VI, and VII), etc.

It is important to discuss the place of metasurfaces in the framework

of general periodic artificial electrically-thin structures. All planar peri-

odic structures are characterized by the spatial period D (in the surface

plane) which determines if they exhibit diffraction effects. Let us con-

sider a two-dimensional planar periodic structure illuminated by a plane

wave at an angle θi as shown in Fig. 4.8(c). The structure is located be-

tween two media with refractive indices n1 and n2. Calculating the optical

length difference between two rays (which pass through the structure at

two points separated by D) accumulated during their propagation, one

can find the condition of diffraction maximum in the first medium at an

angle θr (or, alternatively, in the second medium at an angle θt). These

classical diffraction conditions for reflection and transmission scenarios
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read:

n1D(sin θi − sin θr) = mrλ0, D(n1 sin θi − n2 sin θt) = mtλ0, (4.6)

where λ0 is the wavelength in vacuum, mr and mt are some integer num-

bers defining the diffraction orders. As it is seen from these conditions,

diffraction occurs only when the period D is comparable with or larger

than the wavelengths in both media. Assuming for simplicity that n1 =

n2 = 1, relations (4.6) can be written as

D

λ0
=

mr,t

sin θi − sin θr,t
. (4.7)

From this relation, two well-known implications follow. First, for nor-

mally incident waves (θi = 0◦) diffraction occurs only if the periodicity of

the structure is D ≥ λ0 (mr,t/ sin θr,t ≥ 1 for any mr,t 	= 0). Second, for other

incident angles (θi 	= 0◦) diffraction may appear if D ≥ λ0/2. These two

important conditions are often used, for example, in the antenna theory

where the periodicity is chosen based on them to avoid diffraction modes

(lobes).

It is convenient to classify different periodical structures into several

groups based on the distance between adjacent inclusions/elements, d,

and type of electromagnetic response (resonant or non-resonant). For clar-

ity, only uniform structures (D = d) are considered. Figure 4.9 illustrates

the classification of different types of periodical planar structures with

typical topologies of each type.

The first group of periodical structures is formed by dense two-dimensio-

nal arrays of electrically long conducting wires. Such structures usually

are designed for achieving full reflection regime and are used as light-

weight reflectors and screens in various microwave applications (e.g., me-

shes in microwave ovens). To ensure high reflection level, the periodicity

of the wire arrays usually is made small compared to the wavelength in

free space d � λ/2. An incident wave with electric field oscillating along

the wires induces the electric current in them which radiate symmetri-

cally (forward and backward) waves with the phase opposite to that of the

incident wave. Therefore, in the forward direction the scattered and inci-

dent waves interfere destructively, resulting in low transmission. Proba-

bly, the first study on dense arrays of wires appeared in 1898 [100]. Being

a two-dimensional analogue of wire medium, dense arrays of wires also

exhibit effects of strong spatial dispersion [101]. Dense arrays of wires

are non-resonant structures and, due to sub-wavelength distance between

the wires, can be homogenized in the plane.
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The second group of periodical planar structures is commonly referred

to as frequency-selective surfaces or FSS [102]. These structures are usu-

ally formed by periodically arranged patches (on a dielectric substrate) or

slots (in a metal sheet) of various shapes [102] (see illustration in Fig. 4.9).

In contrast to inductive arrays of wires which usually operate at non-

resonant frequencies, FSSs are resonant structures (resonance of single

inclusions) due to the presence of both inductive and capacitive proper-

ties (because of the gaps in the direction of the electric field between ad-

jacent elements). Hence, FSSs can be designed to resonate at frequencies

where the element size is comparable to the half-wavelength. Due to the

intermediate sizes of the elements (λ/2 ≤ d < λ), FSSs do not have diffrac-

tion lobes (for the specified incidence angle) and cannot be homogenized

to a continuous impedance sheet. FSSs are widely used as microwave re-

flection/transmission filters and low-profile antennas. Non-uniform non-

periodic FSSs elements called reflectarrays and transmitarrays are used

mainly as antenna arrays (see more discussions in Section 6.3).

In the end of the twentieth century, two important periodical structures

were proposed based on the so-called Jerusalem crosses [103, 104]. They

comprise the third group in the present classification. These structures

with sub-wavelength inclusions (can be homogenized) resonate due to the

capacitive coupling between adjacent elements (so-called distributed res-

onance). According to classification in some literature [102], these struc-

tures can be referred as FSSs with sub-wavelength inclusions. So-called

Figure 4.9. Classification of different types of periodical planar structures with typical
topologies of each type. The red and green regions denote non-resonant and
resonant types of structures, respectively. The FSSs with the periodicity
λ/2 < D < λ are inhomogenizable for oblique excitations.
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mushroom-type high-impedance surfaces (HIS) introduced in [105] can

be attributed to the same type of resonant periodic structures. Typi-

cally, sizes of their elements are very small compared to the wavelength

(d ∼ λ/10) due to additional inductance caused by a dielectric slab cov-

ered with a ground plane. Mushroom-type surfaces possess a stop-band

for propagating surface waves, and therefore, can be considered as a kind

of a two-dimensional electromagnetic crystal.

Diffraction gratings [106] (see illustration in Fig. 4.9) representing the

forth group in the present classification have the longest history: Prob-

ably the first grating was made in 1785 using strung hairs between two

finely threaded screws [107]. In contrast to the previous groups of pe-

riodic structures, gratings are intentionally designed to reflect/transmit

incident waves mostly into a diffraction mode, therefore, their periodicity

is always comparable to or larger than the wavelength d > λ/2. Grat-

ings which diffract incident energy towards only one direction are called

blazed gratings (e.g., [108]). Usually gratings are designed for the optical

range and represent a two-dimensional version of photonic crystals (see

discussion in Section 4.4).

Metasurfaces are homogenizable (λ/30 < d < λ/2) single-layer compos-

ites of inclusions which can be referred to both first (non-resonant) and

third (resonant) groups in the present classification. Recently, metasur-

face concept has been extended to non-uniform structures, yielding the

so-called metasurface-inspired diffraction gratings [92]. The distinctive

feature of such gratings is the sub-wavelength distance between the ele-

ments over one period (d < λ/2, while D > λ/2). In this case, the grating

can be described by the surface averaged impedance.

Metasurfaces can exhibit spatial dispersion effects of the first (bi-anisot-

ropy) and second (artificial magnetism) orders. Thus, on the one hand, the

recently proposed concept of metasurfaces resembles and combines previ-

ously known planar structures (wire arrays, FSS with sub-wavelength el-

ements, reflect- and transmitarrays, mushroom-type surfaces), while, on

the other hand, it generalizes the theory of periodical structures and en-

ables novel previously unattainable devices: wavefront transformers [98],

non-reciprocal sheets [62], shadow-free mirrors and absorbers (Publica-

tions III, IV, and V), cascaded antennas [53], 100%-efficient ( [96,109,110],

Publication VII) and multi-channel [95] gratings, etc.
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4.6 Homogenization models of metasurfaces

There exist different homogenization models of metasurfaces [111–113].

As an example, let us consider a model based on collective polarizabil-

ity tensors (dyadics) [94]. The advantage of this model is that, by fixing

the required scattering response from a metasurface, one can find all the

polarizability components of individual meta-atoms which ensure this re-

sponse. Interactions between meta-atoms are taken into account. Knowl-

edge of the required polarizabilities of a meta-atom gives us good insight

about its possible structure and the composition of the metasurface. Pre-

cise tuning of the meta-atom dimensions can be performed using vari-

ous numerical techniques (e.g., Publication I). The homogenization model

works best for uniform arrays (see another homogenization model applied

to non-uniform arrays in Publication VI).

Let us assume that a planar periodic uniform metasurface of infinite

size (the orientation of the metasurface plane is defined by the normal

unit vector n) is illuminated by a plane wave with the wavevector ki from

one of its sides, as shown in Fig. 4.10 (metasurface is in a homogeneous

medium with the impedance η). As it was discussed earlier, the scattered

Figure 4.10. Scattering from a uniform metasurface illuminated normally by a plane
wave.

fields from a metasurface are completely determined by equivalent sur-

face averaged electric Je and magnetic Jm current densities (note that

they are not volumetric currents) induced in the metasurface. Infinitely

large sheets of electric and magnetic surface currents scatter two plane

waves in the backward and forward directions with respect to the inci-

dence. The corresponding electric fields of these two plane waves are given

by [94]

Eb = −η

2
Je ± 1

2
n× Jm, Ef = −η

2
Je ∓ 1

2
n× Jm, (4.8)

where the top and bottom signs denote the cases when ki ↑↓ n and ki ↑↑ n,

respectively. The averaged currents can be expressed through the induced

74



Metamaterials and role of spatial dispersion

electric p and magnetic m dipole moments of a single inclusion as Je =

jωp/S and Jm = jωm/S, where S is the unit-cell area.

Taking into account that the reflected wave is the back-scattered wave

and the transmitted wave is the sum of the incident and forward-scattered

waves, the corresponding electric fields in terms of the dipole moments

read

Er = − jω

2S
(ηp∓ n×m), Et = Ei − jω

2S
(ηp± n×m), (4.9)

where Er, Et, and Ei are the electric fields of the reflected, transmit-

ted, and incident waves, respectively. The induced dipole moments in the

metasurface inclusions can be expressed [similarly to (3.21)] in terms of

the so-called collective polarizability dyadics and incident fields [94]:

p = α̂ee ·Ei + α̂em ·Hi,

m = α̂mm ·Hi + α̂me ·Ei.
(4.10)

Here, the hats mark the collective polarizability dyadics which take into

account the interactions between the inclusions and can be expressed in

terms of the individual polarizability dyadics. To simplify the analysis,

let us assume that the metasurface possesses uniaxial symmetry along

the normal vector n. In this case, the polarizability dyadics can be de-

composed onto symmetric (“co” terms) and antisymmetric (“cross” terms)

parts:
α̂ee = α̂co

eeIt + α̂cr
eeJ t, α̂mm = α̂co

mmIt + α̂cr
mmJ t

α̂em = α̂co
emIt + α̂cr

emJ t, α̂me = α̂co
meIt + α̂cr

meJ t.
(4.11)

By substituting (4.10) and (4.11) in (4.9), one can obtain the expressions

for the reflected and transmitted fields in terms of the collective polariz-

abilities:

Er = − jω

2S

{[
ηα̂co

ee ± α̂cr
em ± α̂cr

me −
1

η
α̂co
mm

]
It

+

[
ηα̂cr

ee ∓ α̂co
em ∓ α̂co

me −
1

η
α̂cr
mm

]
J t

}
·Ei,

(4.12)

Et =

{[
1− jω

2S

(
ηα̂co

ee ± α̂cr
em ∓ α̂cr

me +
1

η
α̂co
mm

)]
It

− jω

2S

[
ηα̂cr

ee ∓ α̂co
em ± α̂co

me +
1

η
α̂cr
mm

]
J t

}
·Ei.

(4.13)

These expressions obtained in [94] provide a straightforward way for the

analysis of metasurfaces formed by general bi-anisotropic inclusions (re-

ciprocal and non-reciprocal). One important implication of these equa-

tions is that the zero-reflection regime is not achievable with metasur-

faces possessing solely electric or magnetic properties. To eliminate re-
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flection, the metasurface should have either balanced electric and mag-

netic response (so-called Huygens’ condition ηα̂co
ee = α̂co

mm/η) or proper bi-

anisotropic response [so that all the expressions in the square brackets

of (4.12) become zero]. Other important implications of expressions (4.12)

and (4.13) are summarized in Table 4.1. They became subjects of a series

of publications [53,54,58,62,94].

Electromagnetic response Possible realizations Required collective

polarizabilities

Polarization rotation in

reflection (Er = a0Jt ·Ei,

where a0 is a complex

coefficient and

0 < |a0| ≤ 1)

1) Metasurface with non-

reciprocal uniaxial Telle-

gen inclusions [62]

α̂co
em = α̂co

me �= 0

2) Non-reciprocal materi-

als such as magnetized

plasmas and ferrites [46]

ηα̂cr
ee − α̂cr

mm/η �= 0

Polarization rotation in

transmission

(Et = a0Jt ·Ei)

1) Metasurface with recip-

rocal uniaxial chiral inclu-

sions [94] (optical activity)

α̂co
em = −α̂co

me �= 0

2) Non-reciprocal materi-

als such as magnetized

plasmas and ferrites (the

Faraday effect)

ηα̂cr
ee + α̂cr

mm/η �= 0

Reflection asymmetry for

illuminations from oppo-

site sides (E+
r �= E−r )

Metasurface with recipro-

cal uniaxial omega inclu-

sions [58]

α̂cr
em = α̂cr

me �= 0

Transmission asymmetry

for illuminations from op-

posite sides (E+
t �= E−t )

Metasurface with non-

reciprocal uniaxial artifi-

cial moving inclusions [62]

α̂cr
em = −α̂cr

me �= 0

Table 4.1. Typical response of bi-anisotropic uniaxial metasurfaces for plane-wave illu-
mination.

Besides the presented above homogenization model of metasurfaces there

are two other widely known models advantageous for some particular

cases. One of them, based on the equivalent impedance matrix, is es-

pecially powerful for description of non-uniform metasurfaces as well as

metasurfaces containing a ground plane. This model is presented in detail

in Section 6.3. Another homogenization model is based on the macroscopic

surface susceptibility tensors. It relates the surface averaged polarization

densities in the metasurface plane (PS = p/S and MS = m/(μ0S)) to

electric Eav and magnetic Hav fields averaged over the two sides of the
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metasurface [112,113]:

PS = ε0φee ·Eav +
√
μ0ε0 φem ·Hav,

MS = φmm ·Hav +

√
ε0
μ0

φme ·Eav,
(4.14)

where φ denotes macroscopic surface-averaged susceptibilities. After some

derivations, the susceptibilities can be expressed in terms of the collective

polarizabilities [defined by (4.10)]:

φee =
1

ε0
(Δp)

−1 ·
[
α̂ee +

jω

2η0
α̂em · (S It − α̂mm

jω

2η0
)−1 · α̂me

]
,

φem =
1√
μ0ε0

(Δp)
−1 ·

[
α̂em +

jω

2η0
α̂em · (S It − α̂mm

jω

2η0
)−1 · α̂mm

]
,

φme =
1√
μ0ε0

(Δm)−1 ·
[
α̂me +

jωη0
2

α̂me · (S It − α̂ee
jωη0
2

)−1 · α̂ee

]
,

φmm =
1

μ0
(Δm)−1 ·

[
α̂mm +

jωη0
2

α̂me · (S It − α̂ee
jωη0
2

)−1 · α̂em

]
,

(4.15)

where

Δp = S It − α̂ee
jωη0
2

+
ω2

4
α̂em · (S It − α̂mm

jω

2η0
)−1 · α̂me,

Δm = S It − α̂mm
jω

2η0
+

ω2

4
α̂me · (S It − α̂ee

jωη0
2

)−1 · α̂em.

(4.16)

The main advantage of the homogenization model based on the macro-

scopic surface susceptibility tensors is that, knowing the required tensors

for some specific electromagnetic response, one can immediately see if the

metasurface inclusions must be lossy (�{φij} < 0) or possess some gain

(�{φij} > 0).

Although bi-anisotropy phenomena have been known and studied for a

long time, there is just a few studies on bi-anisotropic metasurfaces (spa-

tial dispersion effects of the first order). The main objective of the present

dissertation is to explore what exotic and unique functionalities are avail-

able using metasurfaces with general bi-anisotropic response. The syn-

thesis of novel spatially dispersive metasurfaces (bi-anisotropic as well as

strongly non-local) is also presented.
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Results





5. Single bi-anisotropic inclusions

Electromagnetic properties of a metamaterial are determined by prop-

erties and spatial arrangement of its individual constituents. This idea

underlies the very concept of metamaterials. Therefore, most studies on

electromagnetic artificial materials and devices require engineering indi-

vidual inclusions with prescribed properties (e.g., polarizabilities).

The relations between the macroscopic properties of a composite mate-

rial and the microscopic properties of its constituents were discussed in

Section 3.5. Expressions (3.19) describe these relations for materials with

dilute concentrations of inclusions. If the inclusions concentration is not

low so that the interaction between the inclusions should be taken into

account, the macroscopic and microscopic quantities can be related us-

ing one of the approximate mixing rules. Probably, the simplest, while

effective, rule is the so-called Maxwell Garnett approach [114, 115]. Ex-

tension of this approach to general bi-anisotropic materials can be found,

e.g., in [116,117].

When the required polarizabilities of individual inclusions are known,

one can estimate what inclusions topology and material can be used to

ensure the required microscopic response. In some simple cases, it is pos-

sible to roughly determine the dimensions and material characteristics of

the inclusions based on known theoretical models. However, in most cases

of bi-anisotropic inclusions, the correspondence between their polarizabil-

ities and internal structure can be set up only with the use of numerical

and semi-analytical techniques.

5.1 Polarizabilities extraction techniques

It is convenient to classify all approaches for polarizability retrieval of a

single scatterer into two groups: Fully analytical and semi-analytical ap-
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proaches. Probably, the most universal approximate technique belonging

to the first group is one which models a scatterer as an effective circuit

consisting of reactive and resistive lumped elements [118, 119]. Natu-

rally, if the scatterer is anisotropic, the effective circuit schematic depends

on the incidence direction and polarization. Although this technique is

usually applicable only for scatterers with sub-wavelength dimensions, it

adequately models spatial dispersion effects of the first and second or-

ders. Another fully analytical approach applicable for dielectric spherical

scatterers with arbitrary sizes and refractive indices relies on the spher-

ical harmonic expansion theory formulated by Mie in 1908 [120]. Subse-

quently, this theory was extended to scatterers of arbitrary shapes [121].

Recently, the extended Mie theory has been used by many researchers

to study the multipolar behaviour of scatterers of different shapes, e.g.

[122, 123]. These techniques are semi-analytical because they imply the

knowledge of scattered fields from the scatterer under specific illumina-

tion (these fields are commonly determined using full-wave simulations).

Writing the scattered fields in terms of vector spherical harmonics, multi-

polar moments of an arbitrary scatterer can be calculated. However, this

approach implies computationally heavy integrations of scattered fields

over the sphere surrounding the scatterer that complicates the implemen-

tation of the method. Furthermore, it appears problematic to use such

methods for extracting polarizabilities from experimentally measured re-

sponse of the inclusion.

Alternatively, polarizability retrieval can be performed if the induced

currents and charges in the scatterer are known (e.g., based on simple

theoretical models or full-wave simulations) under specific illumination.

Such semi-analytical approach is rigorous and applicable beyond the long-

wavelength approximation [124, 125]1. The disadvantage of this method

is expressed in the fact that it requires relatively complicated integration

over the charge volume of the scatterer and for different scatterers differ-

ent volumetric integrals should be calculated.

A separate class of methods constitutes polarizability extraction tech-

niques for a scatterer located inside a uniform periodic array or a waveg-

uide [59, 126–128]. Such techniques retrieve the polarizability tensors

based on the known coupling coefficients in periodic arrays or waveg-

uides and numerically calculated (or measured) scattering coefficients. It

should be noted that the relations between the scattering coefficients from

1Publications on this method appeared after Publication I.
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the array and polarizabilities of the individual scatterers are not trivial

and in most cases are just approximate.

5.1.1 Author’s contribution

Since by definition metamaterials are composed of scatterers with sub-

wavelength dimensions, the electric and magnetic dipolar moments are

the most significant and important moments in the Mie expansion for

such scatterers. This assumption allows one to dramatically simplify the

scattering-based polarizability retrieval and propose a straightforward

semi-analytical method for extracting polarizability tensors of an arbi-

trary small scatterer from its response in the far zone. This technique

for the polarizability extraction is based on the assumption that in the

far zone the contributions to the scattered fields from electric and mag-

netic dipoles dominate over those from higher-order multipole moments

of the scatterer. The validity of this assumption can be tested by numer-

ical evaluation of the scattering pattern or, experimentally, by repeating

the measurements with several orientations of the scatterer. It should

be noted that for the needs of designing metasurfaces and metamaterials

the knowledge of higher-order polarizabilities is usually not required (the

plane-wave reflection and transmission coefficients from regular metasur-

faces as well as the effective parameters of metamaterials are defined by

dipolar responses of their inclusions).

In contrast to the approach based on spherical harmonic expansion [122,

123] which requires knowledge of scattered fields at all points on a sphere

surrounding the scatterer, the far-field approach allows one to determine

all 36 polarizability components by probing scattered fields only in 6 spe-

cific directions using 6 specific wave illuminations. Alternatively, to ex-

tract one specific polarizability component of the scatterer, the method

implies determination of the scattered fields only in two special directions

for two wave illuminations. This feature significantly simplifies the real-

ization of the method in full-wave simulations. Furthermore, the discrete

and minimal number of directions in which the scattered fields must be

probed allows one to utilize the method also experimentally.

The basic idea of the polarizability retrieval technique based on the

scattered far-field is the following. To determine one specific polariz-

ability component of an arbitrary bi-anisotropic scatterer (let us consider

α11
ee , where numerical indices 1, 2, and 3 represent the projections on the

x, y, and z axes, respectively), it should be illuminated by two incident
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Figure 5.1. An arbitrary bi-anisotropic scatterer illuminated by two plane waves from
opposite sides. Here E+

i = E−i = Ei.

plane waves (equivalent to a single standing wave), e.g., as illustrated in

Fig. 5.1. According to (3.21), component α11
ee can be expressed in terms of

the induced dipole moments in the scatterer:

α11
ee =

1

2Ei
(p+1 + p−1 ), (5.1)

where p+1 and p−1 stand for the induced electric dipole moments (the x

components) under excitation by the plane waves propagating along the

+z and −z directions, respectively.

Under the assumption of electrically small size of the scatterer, the in-

duced dipole moments can be expressed in terms of the scattered fields in

the far zone [14]:

Esc =
k2

4πε0rsc
e−jkrsc

[
(nsc × p)× nsc − 1

cμ0
nsc ×m

]
, (5.2)

where nsc is the unit vector in the direction of observation of the scattered

field and rsc is the distance between the scatterer and the observation

point. In the considered example, the x component of the electric dipole

moment can be found,

p±1 =
2πε0rsce

jkrsc

k2
(+zE

±
sc1 + −zE±sc1), (5.3)

where notation +zE
−
sc1 denotes the x component of the scattered field in the

+z direction if the scatterer is illuminated by the incident wave propagat-

ing towards the −z direction. The scattered fields can be calculated using

full-wave simulations or measured. By combining (5.1) and (5.3), one can

calculate the polarizability component α11
ee of the scatterer. Analogously,

other polarizability components can be retrieved.

The presented polarizability retrieval method applicable for arbitrary,

electrically small bi-anisotropic scatterers is the subject of Publication I.
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For more detail on the method as well as its implementation for polariz-

ability retrieval of two bi-anisotropic scatterers (reciprocal and non-recip-

rocal), the reader is referred to the full text of the publication.

5.2 Purely bi-anisotropic scatterers

As it was discussed in Section 3.5, spatial dispersion effects of the first

(bi-anisotropy) and the second (artificial magnetism) orders in a medium

can be enhanced through elaborate engineering of the inclusions. For ex-

ample, arrays of chiral inclusions with balanced electric and magnetic

properties exhibit equally strong bi-anisotropic properties compared to

the electric and magnetic responses (see more detail in Section 6.2.1).

Furthermore, by precise engineering, one can synthesize a metamate-

rial whose bi-anisotropic properties (indirect polarization response or cou-

pling) are more pronounced than electric and magnetic ones [6] (direct

polarization response); see also Section 3.10. Although these conclusions

are correct for composite materials, they are not necessary applicable to

the individual constituents. Indeed, as is seen from expressions (3.19) for

dilute inclusion concentrations, maximized indirect polarization coupling

of a medium (κ 	= 0, εs = μ = 0) does not imply that its inclusions exhibit

maximal indirect coupling. On the contrary, as it follows from the expres-

sions, both direct and indirect coupling effects in the individual inclusions

exist in this case and can be of the same order (αee 	= 0, αmm 	= 0, αem 	= 0).

Thus, the scenario of individual scatterers with maximized indirect polar-

ization coupling is not trivial and deserves a separate study.

Some fundamental restrictions on the attainable values of the polar-

izabilities of individual scatterers are well known. The time-symmetry

restrictions are dictated by the Onsager-Casimir principle [see (3.46)].

For all passive scatterers the imaginary part of the six-dyadic α − α
† is

positive-definite (see e.g., [10]), where the six-dyadic α is formed by the

four polarizabilities as

¯̄α =

⎡⎣ ¯̄αee ¯̄αem

¯̄αme ¯̄αmm

⎤⎦ . (5.4)

The causality requirement leads to Kramers-Kronig relations for the po-

larizabilities and to sum rules [10].

Classical constraints on the polarizabilities of an arbitrary scatterer do

not impose an explicit limitation on the relative strength of the indirect
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polarization coupling compared to the direct ones. Assuming that an in-

cident wave excites polarization in a scatterer which is described by four

main polarizability components αee, αmm, αem, and αme (approximately

correct for a number of classical scatterers such as uniaxial helices, split-

ring resonators, and omega inclusions), the tensor polarizability quanti-

ties can be replaced by scalar ones. Since the components αem and αme are

related through (3.46), it is convenient to describe the strength of direct

and indirect polarization couplings by the products αeeαmm and αemαme,

respectively. It should be noted that the passivity limitation on the imag-

inary part of the six-dyadic α − α
† for the case of scalar polarizabilities

leads to the condition �{αemαme} < �{αeeαmm} [46]. Nevertheless, the

real parts, or the absolute values, of these products are not restricted by

the passivity.

Based on known results [46, 118, 129], it is expected that the indirect

coupling effects cannot be stronger than the direct ones. For example,

in [129], the following constraint was reported:

|αemαme| ≤ |αeeαmm|. (5.5)

However, this limitation exists only under the assumption that the scat-

terer is modeled as a single-resonant RLC circuit. In such a scatterer,

both induced electric and magnetic dipole moments are formed by the

same current distribution and have nearly the same frequency dispersion

close to the fundamental resonance.

5.2.1 Author’s contribution

As it was demonstrated in Publication II, if a scatterer possesses multi-

resonance behaviour (the electric and magnetic dipole moments resonate

at different frequencies and are formed by different current distributions),

inequality (5.5) generally does not hold. In order to maximize the indirect

coupling and suppress the direct polarization effects in the scatterer, it

was proposed to push the idea of multi-mode scatterers to the limit by de-

signing a nanodimer whose two constituents have electric polarizabilities

of the opposite signs. An example of such nanodimer is shown in Fig. 5.2.

It consists of two closely spaced, deeply sub-wavelength dielectric spheres

with the relative permittivity ε1 and ε2 and equal radii.

Despite the fact that dimer scatterers have been intensively studied in

the past (see e.g., [130]), their potentials for enhancing bi-anisotropic cou-

pling as compared to the direct ones appear not to be realized. Commonly,
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Figure 5.2. Illustration of a nanodimer.

previous works were devoted to designing dimers that have no excited

electric dipole moment under illumination of an incident plane wave (e.g.,

to realize scattering cancellation cloaking:

p = ¯̄αee · Ei + ¯̄αem · Hi ≈ 0. (5.6)

However, this condition is drastically different from the goal to minimize

the direct coupling. Indeed, Eq. (5.6) implies that the indirect coupling

should be of the same order as the direct ones.

A notion of “purely bi-anisotropic scatterer” implies a unique scenario

when the magnetic polarization of the scatterer is generated predomi-

nantly by external electric field and vice versa:

p ≈ ¯̄αem · Hi, m ≈ ¯̄αme · Ei. (5.7)

Properly choosing the materials and the dimensions of the nanodimer

spheres, one can ensure that the electric polarizabilities of the spheres

have equal amplitudes and opposite signs, resulting in nearly zero total

electric polarization coupling of the nanodimer (αee ≈ 0). On the other

hand, this configuration of the opposite electric dipoles forms an electric

quadrupole moment and a magnetic dipole moment [which, according to

(5.7), corresponds to the non-zero indirect coupling coefficient αme].

Importantly, under illumination by an external magnetic field, predom-

inantly electric dipole moment is induced in the nanodimer, according

to (5.7). The external magnetic field due to the Faraday law creates cir-

culation of the electric field around the center of the dimer. Due to the

opposite electric polarizabilities of the nanodimer spheres, this circulat-

ing external electric field excites non-circulating electric dipoles directed

along the same direction. Therefore, the total magnetic response at excita-

tion by magnetic fields is almost completely suppressed, and the scatterer

radiates as a pure electric dipole (electric quadrupole moment is also very

small).

Using polarizability retrieval approach discussed in Section 5.1.1, the

polarizability of the designed nanodimer were determined, revealing that

in a very wide frequency range the magneto-electric coupling coefficient
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(αme) is at least one order of magnitude stronger than both electric and

magnetic ones (αee and αmm), so that the limitation (5.5) is largely ex-

ceeded (more than 27 times). The unique property of pure bi-anisotropic

response implies several exciting consequences. For example, such a nan-

odimer has an equivalent response (along its axis) to that of Kerker’s mag-

netoelectric sphere with ε = μ [131]. In this regime, the backscattering

from the dimer is zero for any polarization of the incident wave. Moreover,

the forward scattered wave has always the same polarization as that of

the incident wave. Another interesting property of purely bi-anisotropic

scatterers is predominantly lateral scattering for specific illuminations.

In this case the scatterer radiates very weakly in the forward and back-

ward directions, while scattering along the lateral directions is relatively

strong. This effect can find important applications in nanophotonics for

engineering optical forces.

It should be noted that the designed nanodimer can be used also as

an inclusion in various metasurfaces. Positioned in a two-dimensional or

three-dimensional periodical array, the nanodimer will no longer exhibit

purely bi-anisotropic response due to the interaction between the array

elements. However, the effective (collective) direct polarizabilities α̂ee and

α̂mm are still smaller than the indirect ones α̂em and α̂me (the relations

between the effective and individual polarizabilities for arbitrary dipolar

particles were derived in [94]). Such a combination of the effective po-

larizabilities is unique and especially necessary for metasurface designs

which require |α̂eeα̂mm| 	= |α̂emα̂me|. In particular, a metasurface formed of

properly tuned nanodimers can asymmetrically reflect incident radiation

from opposite sides with +1 and −1 reflection coefficients, mimicking an

electric wall and a magnetic wall in a single-layer device. In contrast, a

metasurface made of usual wire omega inclusions reflects incident radia-

tion with ±j reflection coefficients from the opposite sides.

The results outlined in this section as well as additional results on

purely bi-anisotropic dimers with dimensions comparable to the wave-

length can be found in Publication II.
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6. Spatially dispersive metasurfaces
and their applications

As it was discussed above, spatial dispersion effects play an important

role in artificial composite materials. Using intelligently engineered metal-

lic or dielectric inclusions, one can achieve magnetic properties without

any magnetic materials. Moreover, it is possible to attain various bi-

anisotropic effects which are several orders of magnitudes stronger than

those observed in natural materials. Although the first designed metasur-

faces incorporated only electrically polarized elements [100], it was sub-

sequently realized that extending their functionalities requires the use of

magnetically polarized inclusions. For example, to create low-reflective

metasurfaces for manipulation of transmitted waves, one should ensure

proper magnetic polarization properties of their inclusions [132,133] (see

also Section 4.6). As is seen from (4.12) and (4.13) as well as from Ta-

ble 4.1, bi-anisotropic effects significantly expand the design freedom and

functionalities available with metasurfaces. As it will be shown in Sec-

tion 6.3.1, some important applications require bi-anisotropy of a specific

kind. The present section is devoted to various novel and unique applica-

tions of spatially dispersive metasurfaces. Obviously, the described exam-

ples do not embrace all of the possible applications of such metasurfaces,

and there is much more to be discovered in this field.

6.1 Shadow-free gradient reflectors

Reflectors are natural or artificial structures which fully reflect incident

electromagnetic radiation of specific frequency towards some direction.

Conventional mirrors, known since the dawn of civilization, obey the sim-

ple law of reflection: The reflection angle is equal to the incidence angle.

If the mirror surface can be engineered to enable general control over

the phase of the reflected wave (gradient surface), it is possible to change
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the direction of the reflected energy flow at will [92]. Developments in

the field of antennas enabled creation of reflectarrays [134], layers with

any desired phase of reflection at microwaves. Conceptually, reflectarrays

are conventional mirrors, modified by some additional phase-shifting ele-

ments positioned close to fully reflecting surfaces.

Most known reflectors, from microwave parabolic dish antennas to op-

tical mirrors and gratings, incorporate a metal back surface (a ground

plane). Such surface is an essential element which ensures zero trans-

mission and high level of reflection. On the other hand, the presence

of a metal ground plane forbids transmission at all practically impor-

tant frequencies (casting a “shadow” from the device) and limits appli-

cation possibilities. One can envision several unique devices enabled with

shadow-free reflectors. At microwaves, being practically transparent for

infrared and visible radiation, such reflectors have a clear potential for

breakthroughs in the design of antennas for various applications, in par-

ticular for satellites and for radio astronomy. For example, a shadow-free

reflector can work as a large parabolic reflector for radio waves, while be-

ing deposited on solar-cell panels of a satellite, not disturbing the panel

operation [see Fig. 6.1(a)]. Such compact deployment would save room on

the spacecraft. In radio astronomy as well as in satellite technologies, it

(a)

(b)

Figure 6.1. Applications of shadow-free reflectors. (a) Deposition of the reflector antenna
onto a solar panel of a satellite. The reflector is transparent for visible light
and does not disturb operation of the solar panel. (b) Cascading different
shadow-free reflectors in a stack. Each reflector performs a particular func-
tionality at specific frequency and practically does not interact with other
reflectors.
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will become possible to realize multi-frequency or multi-beam antennas

using a parallel stack of shadow-free reflectors, each tuned to emulate a

parabolic dish antenna at different frequency and, if needed, with a dif-

ferent focal point [see Fig. 6.1(b)].

Clearly, such shadow-free gradient reflectors possess electromagnetic

properties which are not available in natural materials, and potential re-

alizations require the use of metamaterials or metasurfaces. The last few

years have witnessed remarkable progress in the development of gradi-

ent metasurfaces capable of general control over the reflected and trans-

mitted wavefronts. However, while metasurfaces tailoring wavefronts in

transmission [92, 132, 133] usually consist of sub-wavelength inclusions

and are transparent (to some extent) outside of the operating frequency

band, most metasurfaces manipulating reflection are metal-backed and

create reflections over the entire frequency range, see e.g., [135–137].

6.1.1 Author’s contribution

Design of a shadow-free gradient reflector must lack a ground plane. In

this case, the full-reflection regime can be achieved with a two-dimensional

array of sub-wavelength resonant meta-atoms. Due to sub-wavelength

distances between the adjacent inclusions, their induced dipole moments

(a discrete array of such dipole moments) can effectively model a sheet of

continuous electric and magnetic currents. Through adjustments of the

inclusions geometries it is possible to change the distribution of the effec-

tive current and tune the desired reflection properties of the metasurface.

To control the wavefront of reflection, the inclusions in the array should

be engineered in such a way that they re-radiate waves in the backward

direction with different phases Eb = ejΦr(x)Ei (varying along the x coor-

dinate), while in the forward direction they scatter waves with the same

phase, opposite to that of the incident plane wave Ef = −Ei (to destruc-

tively interfere with the incident wave, yielding zero transmission behind

the metasurface). This feature of controllable asymmetric scattering dra-

matically distinguishes shadow-free reflectors from other reflectors uti-

lizing a ground plane [135–137]. Figure 6.2 illustrates the asymmetric

scattering property by the example of a gradient metasurface with linear

phase variations over the x coordinate. In this example, the metasurface

reflects normally incident plane waves at an angle of 45◦.

Let us explore all possible scenarios for realization of a shadow-free re-

flector using general reciprocal bi-anisotropic metasurfaces. Assuming
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Figure 6.2. Field distribution of the incident wave and waves scattered from a gradi-
ent metasurface. The metasurface reflects normally incident radiation at an
angle of 45◦. The forward scattered waves from each inclusion have identi-
cal phases and opposite to the phase of the incident wave, which yields zero
transmission. In the backward direction the inclusions radiate with discrete
phase shifts from 0 to 5π/3, exhibiting anomalous reflection.

that the metasurface is locally uniform (each unit element of the meta-

surface is designed under the assumption that it is located in a uniform

periodical array of identical elements), one can write scattered fields from

the metasurface at some arbitrary point. According to (4.8) and (4.10), the

electric fields of the backward Eb and forward Ef (local fields) scattered

plane waves from the metasurface illuminated by an incident plane wave

are given by

Eb = − jω

2S

(
ηα̂co

ee + 2α̂cr
em − 1

η
α̂co
mm

)
Ei,

Ef = − jω

2S

(
ηα̂co

ee +
1

η
α̂co
mm

)
Ei.

(6.1)

Here the metasurface is polarized only under illumination by waves of one

specific polarization. As is seen from the equations, asymmetric scatter-

ing properties in the backward and forward directions cannot be accom-

plished if the metasurface inclusions possess solely electric or magnetic

response. It should be noted that, in principle, the asymmetric scatter-

ing can be achieved by exploiting an array of anisotropic inclusions with

zero α̂cr
em and non-zero α̂co

ee and α̂co
mm polarizabilities such as simple elec-

tric and magnetic dipoles. However, the design of such an array becomes

very challenging since the inclusions of these two types must operate in

the metasurface at non-resonant frequencies [58] and be adjusted indi-

vidually and very precisely, taking into account their mutual interactions.

One can overcome these difficulties by exploiting inclusions with strong

bi-anisotropic coupling of the omega type α̂cr
em 	= 0. Such inclusions at

the resonance create the same forward-scattered fields (Ef = const), while

different electromagnetic coupling strength α̂cr
em ensures the desired dif-
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ferences in reflection properties of different inclusions.

The reader is referred to Publication III for the design as well as ex-

perimental testing of two shadow-free gradient reflectors (with linear and

quadratic phase profiles). An optical implementation of shadow-free re-

flectors is the subject of Publication IV.

6.2 “Invisible” absorbers

Total absorption of electromagnetic radiation requires elimination of all

wave propagation channels: reflection, transmission, and scattering. It is

known that incident electromagnetic energy can be nearly fully absorbed

in thin layers, but only in a narrow frequency band [138,139]. The maxi-

mal absorption bandwidth of any passive layer obeys a fundamental lim-

itation (as follows from the causality principle) and is proportional to the

layer thickness [140]. On the other hand, apparently it has not been no-

ticed before that there is no such fundamental limitation on the frequency

range in which the reflection from a thin resonant absorbing layer can be

made negligible. Conceptually, it is possible to realize a thin layer which

fully absorbs the incident power in a narrow frequency band and allows

the wave to freely pass through at other frequencies, thus, producing no

reflections at all (within the band where the layer remains electrically

thin and the inclusions forming the absorber remain electrically small).

The existence of such a structure does not contradict known fundamental

limitations. Obviously, exploitation of the opportunity to design a reso-

nant absorber, which is transparent outside of the absorption band, could

open up a number of novel possibilities in applications, for example, in

ultra-thin filters for wave trapping, selective multi-frequency bolometers

and sensors. Such an all-frequencies-matched resonant absorber would

be “invisible” from the illuminated sides, still acting as a band-stop filter

in transmission.

In fact, most of the known designs of thin absorbers contain a continuous

metal ground plane (a mirror) behind the absorbing layer (e.g., [138,139]).

The mirror obviously produces nearly full reflection outside of the absorp-

tion band. Although this feature is crucial for some applications, it for-

bids designing resonant absorbers which are transparent outside of the

absorption band. The use of a ground plane can be avoided in absorbers

based on arrays of subwavelength Huygens’ elements (Huygens’ metasur-

faces, see Section 4.5) that possess the appropriate level of dissipative
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loss. Such Huygens’ elements scatter secondary waves only in the for-

ward direction (without reflection) which destructively interfere with the

incident wave, yielding zero transmission. Some topologies of Huygens’

inclusions were introduced in [131, 141, 142]. Subsequently, Huygens’ in-

clusions of different topologies have been used as structural elements in

sheets to control transmission wavefronts [132, 133, 143]. Recently, there

have been proposed several topologies of absorbers based on cut wire ar-

rays separated by a dielectric layer (see e.g., [144, 145]). However, in

all these structures the Huygens’ balance between the electric and mag-

netic responses (which is necessary for cancellation of the reflected waves)

holds only inside a narrow-frequency band for which the dimensions have

been optimized. Outside of this band, reflections appear due to prevailing

excitation of either electric or magnetic modes. Figure 6.3(a) illustrates

this scenario by plotting electric and magnetic polarizability of individual

inclusions of typical absorbers versus frequency. Here the polarizabili-

ties are modeled using the conventional Lorentz dispersion model, which,

near the resonance, qualitatively describes electric and magnetic dipolar

responses of the inclusions of an arbitrary shape. The physical reason

for inevitable reflections appearing outside the resonance is that different

resonant modes exhibit different frequency dispersions. Thus, within this

scenario it is impossible to realize a resonant absorber which is reflection-

less over a wide frequency range.
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Figure 6.3. (a) Illustration of the absorption regime in a metasurface with unit cells con-
taining electrically and magnetically polarizable inclusions resonating at the
same frequency ωe = ωm and having different frequency dispersions. Red
and blue lines depict, respectively, normalized electric and magnetic polar-
izabilities. Solid and dashed lines show the real and imaginary parts of the
polarizabilities, respectively. Frequency where full absorption regime occurs
is ωa. More detail about the calculation parameters for the Lorentz dispersion
model are given in Publication V. (b) Individual normalized polarizabilities
of the designed double-turn helical inclusions. Frequency dispersions of all
the polarizabilities are nearly the same in a wide frequency range.
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6.2.1 Author’s contribution

To ensure the Huygens’ balance between the electric and magnetic dipole

moments induced in the metasurface over a wide frequency range (to can-

cel reflection), one can exploit inclusions designed in such a manner that

their both electric and magnetic polarizations are created by excitation of

the same resonant mode. The induced current distribution of this reso-

nant mode should be such that both electric and magnetic moments are

excited and can be tuned to the desired balance. These properties are

inherent for bi-anisotropic elements such as chiral or omega wire inclu-

sions. Therefore, the presence of spatial dispersion effects in the meta-

surface are important for realizing “invisible” absorbers. Examining ex-

pressions (4.12) and (4.13), however, manifests that the requirements of

total symmetric (from both sides) absorption in a uniaxial metasurface

Er = Et = 0 can be satisfied only if all bi-anisotropic effects (reciprocal

and non-reciprocal) are suppressed. In order to surmount this obstacle,

one can use bi-anisotropic inclusions on the level of the unit cell but ar-

ranging the inclusions in the array so that the bi-anisotropy is compen-

sated on the level of the entire array. Such scenario can be achieved in

an array of alternating bi-anisotropic inclusions of two sorts which dif-

fer only by the sign of the electromagnetic coupling parameter (a racemic

array). Therefore, combination of them yields overall bi-anisotropy com-

pensation. Figure 6.4 depicts an example of the metasurface which con-

sists of bi-anisotropic resonant inclusions (smooth chiral helices) with the

opposite handedness and balanced electric and magnetic responses. The

balanced properties can be ensured simply by proper choosing the helix di-

mensions. The loss factors of the electric and magnetic polarizabilities of

Figure 6.4. Arrangement of the double-turn helical inclusions in the array. Blue and red
colors denote right- and left-handed helices, respectively.
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the helices are identical because both polarizabilities depend on the sum

of the radiation resistances of a small electric dipole and a small mag-

netic dipole excited in the helix [118]. Thus, the electric and magnetic

polarizabilities of the inclusions have nearly identical dispersions and the

proposed array of the inclusions acts as a Huygens’ surface in a very wide

frequency range (the upper bound is the frequency where the higher-order

resonance occurs in the helices). The individual polarizabilities of the de-

signed helices retrieved using the technique reported in Publication I are

plotted in Fig. 6.3(b). The non-zero electromagnetic polarizability αem of a

single helix is compensated in the array of the left- and right-handed he-

lices. The full-absorption regime is accomplished in the metasurface due

to a proper level of dissipative loss in the helical inclusions (helices are

made of a nichrome alloy).

More detail on theoretical and experimental characterization of “invisi-

ble” absorbing metasurfaces can be found in Publication V.

6.3 Exact synthesis of metasurfaces for wavefront control

Control of light by tailored light-matter interaction is a key aspect of op-

tics. Refractive optics provides a broad range of functionalities, utiliz-

ing phase accumulation due to light propagation through bulky optical

components such as conventional lenses and waveplates. For many ap-

plications, however, it is preferable to have flat optical components which

operate based on diffraction. Engineering high-efficiency components is a

non-trivial task and requires appropriate analytical and numerical tech-

niques. For the simplest reflection scenario, for which an incident plane

wave should be diffracted (steered) into a desired reflection direction, high

performance can be achieved with blazed gratings [106]. Typically, they

consist of grooves patterned on a metal surface and provide up to 80%–

99.6% of reflection efficiency into the n = −1 diffraction order (Littrow

configuration), which corresponds to reflection in the direction of inci-

dence (retroreflection) [108]. However, high-efficiency diffraction has not

been obtained under conditions where the incident and anomalously re-

flected beams include an angle approaching 90◦.

Metasurfaces can impart arbitrary phase profiles on an incident beam,

enabling a number of devices (e.g., holograms, complex lenses, beam split-

ters, etc.). Planar metasurfaces can be fabricated along the lines of stan-

dard microelectronics. This is an advantage compared to conventional
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grooved gratings, which require more demanding fabrication processes

[146]. However, it was very recently reported [96, 110, 147] that known

metasurface designs can efficiently operate only for moderate angular sep-

arations between the incident and reflected beams (not exceeding approx-

imately the angle of 45◦). For larger separations, inevitable parasitic re-

flections into undesired directions appear, reducing efficiency. This draw-

back is related to the approach used for the metasurface design which ap-

proximates the metasurface as locally uniform. Gradient reflecting meta-

surfaces considered in Section 6.1.1 were also designed based on this ap-

proach.

Likewise, known structures for wavefront manipulation in transmission

regime, such as blazed gratings [148] and metasurfaces [132, 133], suffer

from parasitic reflections, especially for high separation angles between

the incident and refracted beams. Thus, there is a strong need in find-

ing a methodology of designing gradient metasurfaces capable of ideal

control of reflected and transmitted wavefronts. The main subject of the

present section is an exact synthesis technique of such metasurfaces (off-

resonance operation of metasurfaces is not considered). It is assumed here

that a metasurface is illuminated by a given plane wave and it is designed

in such a way that all the energy is reflected (or refracted) as a plane wave

at a given angle without energy loss.

Let us consider in detail the conventional approach for the design of

wave-reflecting metasurface gratings (gradient reflectors). It requires that

the local reflection coefficient rl(x) (the ratio between the tangential com-

ponents of the reflected and incident electric fields at a specific point on

the metasurface, defined by the coordinate x) equals unity at each point

and its phase changes linearly versus x [92,135]

rl(x) = 1 · ejk0(sin θi−sin θr)x = ejΦr(x), (6.2)

where θi and θr are the angles of incidence and reflection with respect to

the surface normal, and Φr is the phase of the local reflection coefficient.

Here, TE polarization of the incident wave is assumed, as illustrated in

Fig. 6.5(a). Next, in the traditional design procedure, the locally uniform

surface (on the sub-wavelength scale) approximation is used. This means

that each unit element of the metasurface is designed under the assump-

tion that it is located in a uniform periodical array of identical elements.

Such a uniform array generates only specular reflection. Therefore, the
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(a) (b)

Figure 6.5. Illustration of gradient metasurfaces for (a) anomalous reflection and (b)
anomalous refraction.

total tangential fields Etan and Htan at the uniform array are given by

Etan = Eie
−jk0 sin θix + Ere

−jk0 sin θrx,

Htan = 1/η0(Ei cos θie
−jk0 sin θix − Er cos θie

−jk0 sin θrx).
(6.3)

After designing each unit element under this assumption, the final non-

uniform metasurface is constructed. The surface impedance Zs of such a

metasurface, determined as Etan = Zsn ×Htan (n is the normal vector to

the metasurface plane pointing towards the source), reads

Zs = j
η0

cos θi
cot[Φr(x)/2]. (6.4)

Here, it was taken into account that the local reflection coefficient is unity

at each point, i.e. Er = Ei. This impedance is imaginary for all co-

ordinates x and, therefore, can be realized using passive lossless struc-

tures. By calculating the local reflection coefficient from this impedance

as rl = (Zs − η0)/(Zs + η0), one can fulfil expression (6.2). The amplitude

of the reflection coefficient is unity everywhere, while the phase changes

by 2π over each period Dx = λ/| sin θi − sin θr|. Although such a scenario

provides the required phase variations, it does not take into account the

impedance matching of the incident and reflected waves, which results in

parasitic reflections. Without proper understanding of the physical prop-

erties of metasurfaces for wavefront manipulation of reflected and trans-

mitted radiation it is not possible to create 100%-efficient structures with

desired properties.

6.3.1 Author’s contribution

Reflection scenario

The level of the parasitic reflections occurring due to the mismatch be-

tween the incident and reflected waves can be calculated. According to

(6.3), the metasurface is designed assuming that the impedances of both
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incident Zi and reflected Zr waves are equal to η0/ cos θi. However, for

perfect anomalous reflection (at an angle θr), the total fields at the meta-

surface should obey

Etan = Eie
−jk0 sin θix + Ere

−jk0 sin θrx,

Htan = 1/η0(Ei cos θie
−jk0 sin θix − Er cos θre

−jk0 sin θrx),
(6.5)

and the impedances of the corresponding waves are Zi = η0/ cos θi and

Zr = η0/ cos θr. It is clear that the conventional design procedure of gradi-

ent metasurfaces fails to provide high efficiency: The metasurfaces are not

properly designed to compensate the mismatch between the impedance of

the input (incident plane wave) and output (reflected plane wave). This

mismatch inevitably results in parasitic reflections (specular reflection

and reflection into other diffraction modes). In this case, the amount of

power delivered into the desired θr direction normalized to the incident

power (the efficiency of the metasurface) can be easily calculated as

ζ = 1−
(
Zr − Zi

Zr + Zi

)2

=
4 cos θi cos θr

(cos θi + cos θr)2
. (6.6)

This expression for the efficiency is applicable only for lossless metasur-

face gratings. Figure 6.6 shows the ultimate maximum efficiency of con-

ventional lossless metasurface gratings dictated by (6.6) when the inci-

dence angle is fixed to θi = 0◦. It should be noted that the metasurface

gratings proposed in Publications III and IV were designed based on the

conventional approach and their efficiencies are also limited by (6.6).

To overcome the theoretical limit (6.6) on the efficiency of anomalous re-

flection, one should consider the appropriate boundary condition at the

metasurface (6.5). In this case the required surface impedance Zs =

Etan/Htan can be written as

Zs =
η0√

cos θi cos θr

√
cos θr +

√
cos θi e

jΦr(x)√
cos θi −

√
cos θr e

jΦr(x)
. (6.7)
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Figure 6.6. Theoretical bound on the efficiency of conventional metasurface reflective
gratings when the incidence angle is θi = 0◦.
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The same expression was independently obtained in [147]. Interestingly,

this impedance is a complex number meaning that in some regions of the

metasurface the z-component of the total Poynting vector (normal to the

surface) must be positive, and in others it should be negative. The same

fundamental property was found in blazed gratings [149]. It should be

stressed that this behaviour of the Poynting vector does not imply that

the metasurface cannot be passive and lossless. On the contrary, a prop-

erly tuned metasurface with strongly non-local response (strong spatial

dispersion) can emulate such an impedance surface: The power which

passes through the input surface in the “lossy” regions is not absorbed

but it is reradiated from the “active” regions. This conclusion was firstly

reported in Publication VI. Similar conclusion was independently sug-

gested by the authors of [110] who proposed theoretical realization of the

gradient reflector in form of a bi-anisotropic metasurface supporting two

evanescent waves on the side opposite to the illuminated one. The inter-

ference of these two evanescent waves allows one to achieve the required

oscillations of the Poynting vector without utilizing active elements. An-

other solution for realizing anomalous reflection with unitary efficiency

was proposed based on bi-anisotropic metasurfaces with one individual

scatterer per unit cell [150].

Probably, the first practical realization of the gradient reflector diffract-

ing incident waves at an arbitrary angle with 100%-efficiency was re-

ported in [96]. The required complex surface impedance dictated by (6.7)

was implemented at microwaves using the concept of leaky-wave antenna

arrays exhibiting strong spatial dispersion. The designed leaky-wave me-

tasurface represents an array of metal strips with different lengths sepa-

rated from a ground plane by a dielectric spacer. An incident wave illumi-

nating the metasurface is coupled into a surface wave propagating along

the interface which in turn, due to the proper phase tuning, is coupled into

a reflected plane wave radiated from the metasurface at the designed an-

gle. Naturally, such a metasurface cannot be characterized with local pa-

rameters and possesses strong spatial dispersion. Publication VII reports

on design and implementation of the leaky-wave metasurface grating in

the near-infrared frequency range. In principle, perfect anomalous reflec-

tion can be obtained also in metasurface gratings without a ground plane

such as ones presented in Publications III and IV. However, in this case

proper and not trivial engineering of evanescent fields at the metasurface

plane is necessary.
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For practical realization of metasurface gratings the operational band-

width is an important issue. It should be noted that the bandwidth is

determined not only by the resonant properties of the metasurface in-

clusions but also by the grating phase gradient. Bandwidth of gratings

designed based on non-linear gradient with impedance (6.7) is smaller

than that of conventional gratings with impedance (6.4) [96]. Moreover,

it is expected that gratings designed for higher deflection angles possess

narrower bandwidths due to stronger non-local response.

Refraction scenario

Analogously to the reflection scenario, metasurfaces for wavefront manip-

ulation in transmission designed under the assumption of locally uniform

surface [92, 132, 133] also suffer from parasitic energy channelling into

undesired propagating modes. The efficiency limit in this case is similar

to (6.6) where θr should be replaced with θt [151].

Let us consider a metasurface diffracting an incident plane wave in me-

dium 1 (with the wavenumber k1 and the electric field vector Ei) into a sin-

gle refracted (transmitted) plane wave in medium 2 (with the wavenum-

ber k2 and the electric field vector Et). The geometry of the problem is

shown in Fig. 6.5(b). The tangential fields at the illuminated side Etan1

and Htan1 and the opposite side Etan2 and Htan2 (at z = 0) read

Etan1 = Eie
−jk1 sin θix, n×Htan1 = Ei

1

η1
cos θie

−jk1 sin θix,

Etan2 = Ete
−jk2 sin θtx, n×Htan2 = Et

1

η2
cos θte

−jk2 sin θtx,

(6.8)

where η1 and η2 are the wave impedances of media 1 and 2, respectively.

The energy conservation imposes the requirement of continuity of the

normal component of the total Poynting vector at each point of the meta-

surface
1

2
Re(Etan1 ×H∗

tan1) =
1

2
Re(Etan2 ×H∗

tan2), (6.9)

which implies the following relation for the electric field amplitudes in the

two media:

Et = Ei

√
cos θi
cos θt

√
η2
η1

. (6.10)

To understand the required physical properties the metasurface, let us

model it using an equivalent T -circuit shown in Fig. 6.7. The tangential

fields at both interfaces are related to the Z-parameters of the circuit as

follows:
Etan1 = Z11n×Htan1 + Z12(−n×Htan2),

Etan2 = Z21n×Htan1 + Z22(−n×Htan2).
(6.11)
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Spatially dispersive metasurfaces and their applications

Looking for a solution where all the Z-parameters are purely imagi-

nary Zij = jXij (a lossless metasurface) and substituting the field values

from (6.8) and (6.10) into (6.11), one can obtain the following equations

for the X-parameters:

X11 =
η1

cos θi
cotΦt(x), X22 =

η2
cos θt

cotΦt(x),

X12 = X21 =

√
η1η2√

cos θi cos θt

1

sinΦt(x)
,

(6.12)

where Φt(x) = k1 sin θix−k2 sin θtx. Formulas (6.12) are in complete agree-

ment with the results of [109], obtained using the generalized scattering

parameters approach.

Knowing the Z-parameters of a metasurface, one can determine suitable

topologies of constitutive elements (the unit-cell structures) which will

realize the desired functionality of 100%-efficient refraction. The meta-

surface modeled by (6.12) is reciprocal since X12 = X21. The required

physical properties of such metasurfaces can be understood from the cor-

responding equivalent T -circuit shown in Fig. 6.7. The circuit is asymmet-

ric, because X11 	= X22 (which is equivalent to Z11 	= Z22). This structure

of the Z-matrix can be realized only with a bi-anisotropic metasurface of

the omega type (weak spatial dispersion), see a discussion in [152, 153].

Possible appropriate topologies include arrays of Ω-shaped inclusions, ar-

rays of split rings, double arrays of patches (patches on the opposite sides

of the substrate must be different to ensure proper magnetoelectric cou-

pling), etc. Probably the first experimental realizations of ideal refracting

metasurfaces were reported very recently [154, 155]. In both works, the

metasurface comprised inclusions with the omega bi-anisotropic coupling.

Z11 Z12
Z12=Z21
Z22 Z21

Etan1 Etan2
nxHtan1 nxHtan2– –

Figure 6.7. Equivalent T -circuit of a reciprocal metasurface for the considered case of TE
polarization.
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7. Conclusions

The present dissertation is devoted to an important field of applied elec-

tromagnetics: Spatially dispersive metasurfaces. This subject merges

such areas of physics as metamaterials, bi-anisotropic media, antenna

arrays, and diffraction gratings. Due to the multidisciplinary nature of

the subject, phenomena and devices resulting from it may carry signifi-

cant implications for applied electromagnetics from microwaves to optical

frequencies (moreover, for all wave processes, i.e., mechanical, acoustic,

quantum, etc.). Frequency-selective metasurfaces proposed in Publica-

tions III and V have a clear potential for various applications in telecom-

munications and space industry. It is expected that such metasurfaces

can be designed for fabrication with standard printed-circuit-board tech-

nology suitable for mass production. The metasurfaces can be cascaded

one behind the other, replacing entire complexes of different conventional

antennas.

Findings reported in Publications VI and VII are only the first essential

steps towards realization of surfaces for general wavefront manipulations.

Although the presented synthesis approach was applied to a plane-wave-

to-plane-wave diffraction scenario, it can be extended to scenarios of com-

plex wave transformations: focusing lenses, beam splitters, filters, holo-

grams, etc. Due to the maximal possible efficiency (100% in the absence of

dissipation loss), such novel structures will outperform the conventional

counterparts. Interestingly, the presence of spatial dispersion effects in

these structures is a necessary condition.

In conclusion, it is important to note that the subject of spatially dis-

persive metasurfaces is not limited to the studies conducted within the

present dissertation. There remains much to be done, which is always the

case in this fascinating enigmatic world, world of Physics.

102



Bibliography

[1] D. R. Smith and N. Kroll, “Negative refractive index in left-handed mate-
rials,” Physical Review Letters, vol. 85, pp. 2933–2936, Oct. 2000.

[2] R. A. Shelby, D. R. Smith, and S. Schultz, “Experimental verification of a
negative index of refraction,” Science, vol. 292, pp. 77–79, Apr. 2001.

[3] N. Engheta and R. W. Ziolkowski, Metamaterials: Physics and Engineering
Explorations. Piscataway: John Wiley & Sons, IEEE Press, 2006.

[4] F. Capolino, Metamaterials Handbook. Boca Raton: CRC Press, 2009.

[5] D. Schurig, J. J. Mock, B. J. Justice, S. A. Cummer, J. B. Pendry, A. F.
Starr, and D. R. Smith, “Metamaterial electromagnetic cloak at microwave
frequencies,” Science, vol. 314, pp. 977–980, Nov. 2006.

[6] S. Tretyakov, I. Nefedov, A. Sihvola, S. Maslovski, and C. Simovski, “Waves
and energy in chiral nihility,” Journal of Electromagnetic Waves and Ap-
plications, vol. 17, pp. 695–706, Jan. 2003.

[7] Y. Ra’di, V. S. Asadchy, and S. A. Tretyakov, “Nihility in non-reciprocal
bianisotropic media,” EPJ Applied Metamaterials, vol. 2, p. 6, 2015.

[8] M. Kuwata-Gonokami, N. Saito, Y. Ino, M. Kauranen, K. Jefimovs, T. Val-
lius, J. Turunen, and Y. Svirko, “Giant optical activity in quasi-two-
dimensional planar nanostructures,” Physical Review Letters, vol. 95,
p. 227401, Nov. 2005.

[9] D. V. Sivukhin, General Course of Physics: Optics. Moscow: Nauka, 1980.

[10] A. Serdyukov, I. Semchenko, S. Tretyakov, and A. Sihvola, Electromagnet-
ics of Bi-Anisotropic Materials - Theory and Application, vol. 11. Amster-
dam: Gordon and Breach Science Publishers, 2001.

[11] S. I. Maslovski, Electrodymanics of composite materials with pronounced
spatial dispersion. PhD thesis, Peter the Great St. Petersburg Polytechnic
University, Saint Petersburg, 2004.

[12] M. A. Bunge, Causality the Place of the Causal Principle in Modern Sci-
ence. New York: Dover Publications, 3rd ed., 1959.

[13] R. P. Feynman, Feynman Lectures on Physics. Volume 2: Mainly Electro-
magnetism and Matter. Massachusetts: Addison-Wesley, 1964.

103



Bibliography

[14] L. D. Landau, E. M. Lifshits, and L. P. Pitaevskii, Electrodynamics of Con-
tinuous Media, vol. 8. Oxford: Pergamon press, 2nd ed., 1984.

[15] B. V. Bokut and A. N. Serdyukov, “On the phenomenological theory of nat-
ural optical activity,” Soviet physics – JETP, vol. 34, pp. 962–964, 1972.

[16] V. M. Agranovich and V. L. Ginzburg, Spatial Dispersion in Crystal Optics
and the Theory of Excitons. New York: Interscience, 1966.

[17] F. I. Fedorov, Theory of Gyrotropy. Minsk: Nauka i Technika, 1976.

[18] E. J. Post, Formal Structure of Electromagnetics. Amsterdam: North-
Holland Publishing Company, 1962.

[19] M. V. Kostin and V. V. Shevchenko, “Artificial magnetics based on double
circular elements,” in Proc. Bianisotropics’ 94, (Perigueux, France), pp. 49–
56, 1994.

[20] J. B. Pendry, A. J. Holden, D. J. Robbins, and W. J. Stewart, “Magnetism
from conductors and enhanced nonlinear phenomena,” IEEE Transactions
on Microwave Theory and Techniques, vol. 47, pp. 2075–2084, Nov. 1999.

[21] S. A. Tretyakov, “Electromagnetic metamaterials: Past, present, and fu-
ture,” (Oxford, United Kingdom), Sept. 2015.

[22] A. H. Sihvola, Electromagnetic Mixing Formulas and Applications. No. 47,
London: Iet, 1999.

[23] D. L. Jaggard, A. R. Mickelson, and C. H. Papas, “On electromagnetic
waves in chiral media,” Applied Physics, vol. 18, pp. 211–216, Feb. 1979.

[24] C. R. Simovski, S. A. Tretyakov, A. A. Sochava, B. Sauviac, F. Mariotte, and
T. G. Kharina, “Antenna model for conductive omega particles,” Journal
of Electromagnetic Waves and Applications, vol. 11, pp. 1509–1530, Jan.
1997.

[25] A. A. Sochava, C. R. Simovski, and S. A. Tretyakov, “Chiral Effects and
Eigenwaves in Bi-Anisotropic Omega Structures,” in Advances in Com-
plex Electromagnetic Materials (A. Priou, A. Sihvola, S. Tretyakov, and
A. Vinogradov, eds.), no. 28 in NATO ASI Series, pp. 85–102, Springer
Netherlands, 1997.

[26] Y. Zhao, M. A. Belkin, and A. Alù, “Twisted optical metamaterials for pla-
narized ultrathin broadband circular polarizers,” Nature Communications,
vol. 3, p. 870, May 2012.

[27] E. Plum, V. A. Fedotov, and N. I. Zheludev, “Extrinsic electromagnetic chi-
rality in metamaterials,” Journal of Optics A: Pure and Applied Optics,
vol. 11, no. 7, p. 074009, 2009.

[28] A. Balmakou, M. Podalov, S. Khakhomov, D. Stavenga, and I. Semchenko,
“Ground-plane-less bidirectional terahertz absorber based on omega res-
onators,” Optics Letters, vol. 40, pp. 2084–2087, May 2015.

[29] S. A. Tretyakov, “A personal view on the origins and developments of the
metamaterial concept,” Journal of Optics, vol. 19, no. 1, p. 013002, 2017.

104



Bibliography

[30] T. Kodera, D. L. Sounas, and C. Caloz, “Artificial Faraday rotation us-
ing a ring metamaterial structure without static magnetic field,” Applied
Physics Letters, vol. 99, no. 3, p. 031114, 2011.

[31] T. Kodera, D. L. Sounas, and C. Caloz, “Nonreciprocal magnetless CRLH
leaky-wave antenna based on a ring metamaterial structure,” IEEE An-
tennas and Wireless Propagation Letters, vol. 10, pp. 1551–1554, 2011.

[32] A. M. Mahmoud, A. R. Davoyan, and N. Engheta, “All-passive nonrecipro-
cal metastructure,” Nature Communications, vol. 6, p. 8359, Sept. 2015.

[33] B. D. Tellegen, “The gyrator, a new electric network element,” Philips Re-
search Reports, vol. 3, no. 2, pp. 81–101, 1948.

[34] A. H. Sihvola and I. V. Lindell, “Material effects in bi-anisotropic electro-
magnetics,” IEICE Transactions on Electronics, vol. E78-C, pp. 1383–1390,
Oct. 1995.

[35] S. A. Tretyakov, “Nonreciprocal composite with the material relations of
the transparent absorbing boundary,” Microwave and Optical Technology
Letters, vol. 19, pp. 365–368, Dec. 1998.

[36] S. A. Tretyakov, S. I. Maslovski, I. S. Nefedov, A. J. Viitanen, P. A. Belov,
and A. Sanmartin, “Artificial Tellegen particle,” Electromagnetics, vol. 23,
pp. 665–680, Jan. 2003.

[37] M. Mirmoosa, Y. Ra’di, V. Asadchy, C. Simovski, and S. Tretyakov, “Polariz-
abilities of nonreciprocal bianisotropic particles,” Physical Review Applied,
vol. 1, p. 034005, Apr. 2014.

[38] I. V. Lindell, Methods for Electromagnetic Field Analysis. Oxford: Claren-
don Press, 1992.

[39] J. A. Kong, Electromagnetic Wave Theory. New York: Wiley, 1986.

[40] V. H. Rumsey, “Reaction concept in electromagnetic theory,” Physical Re-
view, vol. 94, pp. 1483–1491, June 1954.

[41] C. Caloz and S. Tretyakov, “Nonreciprocal metamaterials: A global per-
spective,” in 2016 10th International Congress on Advanced Electromag-
netic Materials in Microwaves and Optics (Metamaterials’ 2016), pp. 76–
78, Sept. 2016.

[42] L. Onsager, “Reciprocal relations in irreversible processes. I.,” Physical Re-
view, vol. 37, pp. 405–426, Feb. 1931.

[43] L. Onsager, “Reciprocal relations in irreversible processes. II.,” Physical
Review, vol. 38, pp. 2265–2279, Dec. 1931.

[44] H. B. G. Casimir, “On Onsager’s principle of microscopic reversibility,” Re-
views of Modern Physics, vol. 17, pp. 343–350, Apr. 1945.

[45] L. D. Landau and E. M. Lifshitz, Statistical Physics, part 1 (Course of The-
oretical Physics). Oxford: Elsevier, 2013.

[46] I. Lindell, A. Sihvola, S. Tretyakov, and A. Viitanen, Electromagnetic
Waves in Chiral and Bi-Isotropic Media. Boston: Artech House, 1994.

105



Bibliography

[47] S. A. Tretyakov and A. A. Sochava, “Eigenwaves in uniaxial chiral omega
media,” Microwave and Optical Technology Letters, vol. 6, pp. 701–705,
Sept. 1993.

[48] S. A. Tretyakov and A. A. Sochava, “Proposed composite material for
nonreflecting shields and antenna radomes,” Electronics Letters, vol. 29,
pp. 1048–1049, June 1993.

[49] A. Lakhtakia, “An electromagnetic trinity from “negative permittivity” and
“negative permeability”,” International Journal of Infrared and Millimeter
Waves, vol. 23, pp. 813–818, June 2002.

[50] Y. Radi and S. A. Tretyakov, “Electromagnetic phenomena in omega
nihility media,” in Proc. of The Sixth International Congress on Ad-
vanced Electromagnetic Materials in Microwaves and Optics (Metamate-
rials’ 2012), St. Petersburg, Russia, pp. 764–766, 2012.

[51] V. S. Asadchy, Y. Ra’di, and S. A. Tretyakov, “Extreme electromagnetic
properties with bianisotropic nihility,” in 2015 9th International Congress
on Advanced Electromagnetic Materials in Microwaves and Optics (Meta-
materials’ 2015), pp. 19–21, Sept. 2015.

[52] I. Liberal and N. Engheta, “Near-zero refractive index photonics,” Nature
Photonics, vol. 11, pp. 149–158, Mar. 2017.

[53] A. A. Elsakka, V. S. Asadchy, I. A. Faniayeu, S. N. Tcvetkova, and S. A.
Tretyakov, “Multifunctional cascaded metamaterials: Integrated trans-
mitarrays,” IEEE Transactions on Antennas and Propagation, vol. 64,
pp. 4266–4276, Oct. 2016.

[54] Y. Ra’di, V. S. Asadchy, and S. A. Tretyakov, “Total absorption of electro-
magnetic waves in ultimately thin layers,” IEEE Transactions on Antennas
and Propagation, vol. 61, pp. 4606–4614, Sept. 2013.

[55] B. V. Bokut’, V. V. Gvozdev, and A. N. Serdyukov, “Peculiar waves in nat-
urally gyrotropic media,” Journal of Applied Spectroscopy, vol. 34, no. 4,
pp. 460–465, 1981.

[56] S. Tretyakov, A. Sihvola, and L. Jylhä, “Backward-wave regime and nega-
tive refraction in chiral composites,” Photonics and Nanostructures - Fun-
damentals and Applications, vol. 3, pp. 107–115, Dec. 2005.

[57] J. B. Pendry, “A chiral route to negative refraction,” Science, vol. 306,
pp. 1353–1355, Nov. 2004.

[58] Y. Ra’di, V. S. Asadchy, and S. A. Tretyakov, “Tailoring reflections from
thin composite metamirrors,” IEEE Transactions on Antennas and Propa-
gation, vol. 62, pp. 3749–3760, July 2014.

[59] M. Yazdi, M. Albooyeh, R. Alaee, V. Asadchy, N. Komjani, C. Rockstuhl,
C. R. Simovski, and S. Tretyakov, “A bianisotropic metasurface with reso-
nant asymmetric absorption,” IEEE Transactions on Antennas and Propa-
gation, vol. 63, pp. 3004–3015, July 2015.

[60] V. S. Asadchy, “Wave propagation in metamaterial slabs with bi-
anisotropic inclusions,” Master’s thesis, Francisk Skorina Gomel State
University, Gomel, Belarus, 2013.

106



Bibliography

[61] V. V. Fisanov, “Nonreciprocity displays in a bi-isotropic Tellegen medium,”
Proceedings of TUSUR University, vol. 2, no. 26, pp. 96–99, 2012.

[62] Y. Ra’di, V. S. Asadchy, and S. A. Tretyakov, “One-way transparent sheets,”
Physical Review B, vol. 89, p. 075109, Feb. 2014.

[63] V. G. Veselago, “The electrodynamics of substances with simultaneously
negative values of ε and μ,” Soviet Physics Uspekhi, vol. 10, no. 4, p. 509,
1968.

[64] J. K. Gansel, M. Thiel, M. S. Rill, M. Decker, K. Bade, V. Saile, G. v. Frey-
mann, S. Linden, and M. Wegener, “Gold helix photonic metamaterial as
broadband circular polarizer,” Science, vol. 325, pp. 1513–1515, Sept. 2009.

[65] C. Pfeiffer, C. Zhang, V. Ray, L. J. Guo, and A. Grbic, “High performance
bianisotropic metasurfaces: Asymmetric transmission of light,” Physical
Review Letters, vol. 113, p. 023902, July 2014.

[66] A. Epstein and G. V. Eleftheriades, “Arbitrary power-conserving field
transformations with passive lossless omega-type bianisotropic metasur-
faces,” IEEE Transactions on Antennas and Propagation, vol. 64, pp. 3880–
3895, Sept. 2016.

[67] L. I. Mandelshtam, “Lectures on Some Problems of the Theory of Oscilla-
tions (1944),” in Complete Collection of Works, vol. 5, pp. 428–467, Moscow:
Academy of Sciences, 1950.

[68] L. I. Mandelshtam, “Group velocity in a crystal lattice,” Journal of Experi-
mental and Theoretical Physics, vol. 15, no. 475, p. 18, 1945.

[69] D. V. Sivukhin, “The energy of electromagneticwaves in dispersive media,”
Optika i Spektroskopiya, vol. 3, pp. 308–312, 1957.

[70] V. E. Pafomov, “Transition radiation and Cerenkov radiation,” Soviet
Physics – JETP, vol. 9, p. 1321, 1959.

[71] W. Rotman, “Plasma simulation by artificial dielectrics and parallel-plate
media,” IRE Transactions on Antennas and Propagation, vol. 10, pp. 82–
95, Jan. 1962.

[72] J. B. Pendry, A. J. Holden, W. J. Stewart, and I. Youngs, “Extremely low
frequency plasmons in metallic mesostructures,” Physical Review Letters,
vol. 76, pp. 4773–4776, June 1996.

[73] J. B. Pendry, “Negative refraction makes a perfect lens,” Physical Review
Letters, vol. 85, pp. 3966–3969, Oct. 2000.

[74] A. E. Culhaoglu, A. V. Osipov, and P. Russer, “Imaging by a double nega-
tive metamaterial slab excited with an arbitrarily oriented dipole,” Radio
Science, vol. 49, pp. 68–79, Jan. 2014.

[75] L. S. Dolin, “To the possibility of comparison of three-dimensional electro-
magnetic systems with nonuniform anisotropic filling,” Izvestiya Vysshikh
Uchebnykh Zavedeniı̆. Radiofizika, vol. 4, no. 5, pp. 964–967, 1961.

[76] J. B. Pendry, D. Schurig, and D. R. Smith, “Controlling electromagnetic
fields,” Science, vol. 312, pp. 1780–1782, June 2006.

107



Bibliography

[77] U. Leonhardt, “Optical conformal mapping,” Science, vol. 312, pp. 1777–
1780, June 2006.

[78] K. Guven, E. Saenz, R. Gonzalo, E. Ozbay, and S. Tretyakov, “Electromag-
netic cloaking with canonical spiral inclusions,” New Journal of Physics,
vol. 10, no. 11, p. 115037, 2008.

[79] D. H. Werner and D.-H. Kwon, Transformation Electromagnetics and
Metamaterials. London: Springer, 2015.

[80] P. A. Belov, S. A. Tretyakov, and A. J. Viitanen, “Dispersion and reflection
properties of artificial media formed by regular lattices of ideally conduct-
ing wires,” Journal of Electromagnetic Waves and Applications, vol. 16,
pp. 1153–1170, Jan. 2002.

[81] P. A. Belov, R. Marqués, S. I. Maslovski, I. S. Nefedov, M. Silveirinha, C. R.
Simovski, and S. A. Tretyakov, “Strong spatial dispersion in wire media
in the very large wavelength limit,” Physical Review B, vol. 67, p. 113103,
Mar. 2003.

[82] S. I. Maslovski and M. G. Silveirinha, “Nonlocal permittivity from a qua-
sistatic model for a class of wire media,” Physical Review B, vol. 80,
p. 245101, Dec. 2009.

[83] C. R. Simovski, P. A. Belov, A. V. Atrashchenko, and Y. S. Kivshar, “Wire
metamaterials: Physics and applications,” Advanced Materials, vol. 24,
pp. 4229–4248, Aug. 2012.

[84] W. H. Bragg and W. L. Bragg, “The reflection of x-rays by crystals,” Pro-
ceedings of the Royal Society of London. Series A, Containing Papers of a
Mathematical and Physical Character, vol. 88, no. 605, pp. 428–438, 1913.

[85] V. P. Bykov, “Spontaneous emission in a periodic structure,” Soviet Journal
of Experimental and Theoretical Physics, vol. 35, p. 269, 1972.

[86] V. P. Bykov, “Spontaneous emission from a medium with a band spectrum,”
Soviet Journal of Quantum Electronics, vol. 4, no. 7, p. 861, 1975.

[87] E. Yablonovitch, “Inhibited spontaneous emission in solid-state physics
and electronics,” Physical Review Letters, vol. 58, pp. 2059–2062, May
1987.

[88] S. John, “Strong localization of photons in certain disordered dielectric su-
perlattices,” Physical Review Letters, vol. 58, pp. 2486–2489, June 1987.

[89] K. Busch, G. von Freymann, S. Linden, S. F. Mingaleev, L. Tkeshelashvili,
and M. Wegener, “Periodic nanostructures for photonics,” Physics Reports,
vol. 444, pp. 101–202, June 2007.

[90] C. Huygens, Traité de la Lumière. Leiden: Pieter van der Aa, 1690.

[91] I. V. Lindell, S. A. Tretyakov, and K. I. Nikoskinen, “Extended electro-
magnetic continuity condition and generalized Huygens’ principle,” Elec-
tromagnetics, vol. 20, no. 3, pp. 233–242, 2000.

[92] N. Yu, P. Genevet, M. A. Kats, F. Aieta, J.-P. Tetienne, F. Capasso, and
Z. Gaburro, “Light propagation with phase discontinuities: Generalized
laws of reflection and refraction,” Science, vol. 334, pp. 333–337, Oct. 2011.

108



Bibliography

[93] A. Alù, “Mantle cloak: Invisibility induced by a surface,” Physical Review
B, vol. 80, p. 245115, Dec. 2009.

[94] T. Niemi, A. O. Karilainen, and S. A. Tretyakov, “Synthesis of polarization
transformers,” IEEE Transactions on Antennas and Propagation, vol. 61,
pp. 3102–3111, June 2013.

[95] V. S. Asadchy, A. Díaz-Rubio, A. Elsakka, M. Albooyeh, and S. A.
Tretyakov, “Perfect multi-channel flat reflectors,” arXiv:1610.04780
[physics], 2016.

[96] A. Díaz-Rubio, V. Asadchy, A. Elsakka, and S. Tretyakov, “From the gen-
eralized reflection law to the realization of perfect anomalous reflectors,”
Science Advances, vol. 3, p. e1602714, Aug. 2017.

[97] C. L. Holloway, E. F. Kuester, J. A. Gordon, J. O’Hara, J. Booth, and D. R.
Smith, “An overview of the theory and applications of metasurfaces: The
two-dimensional equivalents of metamaterials,” IEEE Antennas and Prop-
agation Magazine, vol. 54, pp. 10–35, Apr. 2012.

[98] N. Yu and F. Capasso, “Flat optics with designer metasurfaces,” Nature
Materials, vol. 13, pp. 139–150, Feb. 2014.

[99] S. B. Glybovski, S. A. Tretyakov, P. A. Belov, Y. S. Kivshar, and C. R.
Simovski, “Metasurfaces: From microwaves to visible,” Physics Reports,
vol. 634, pp. 1–72, May 2016.

[100] H. Lamb, “On the reflection and transmission of electric waves by a metal-
lic grating,” Proceedings of the London Mathematical Society, vol. 1, no. 1,
pp. 523–546, 1897.

[101] M. I. Kontorovich, V. Y. Petrunkin, N. A. Yesepkina, and M. I. Astrakhan,
“The coefficient of reflection of a plane electromagnetic wave from a plane
wire mesh,” Radio Engineering and Electronic Physics, vol. 7, no. 2,
pp. 222–231, 1962.

[102] B. A. Munk, Frequency Selective Surfaces: Theory and Design. New York:
John Wiley and Sons, 2000.

[103] I. Anderson, “On the theory of self-resonant grids,” The Bell System Tech-
nical Journal, vol. 54, pp. 1725–1731, Dec. 1975.

[104] F.-R. Yang, K.-P. Ma, Y. Qian, and T. Itoh, “A novel TEM waveguide using
uniplanar compact photonic-bandgap (UC-PBG) structure,” IEEE Trans-
actions on Microwave Theory and Techniques, vol. 47, pp. 2092–2098, Nov.
1999.

[105] D. Sievenpiper, L. Zhang, R. F. J. Broas, N. G. Alexopolous, and
E. Yablonovitch, “High-impedance electromagnetic surfaces with a forbid-
den frequency band,” IEEE Transactions on Microwave Theory and Tech-
niques, vol. 47, pp. 2059–2074, Nov. 1999.

[106] C. A. Palmer and E. G. Loewen, Diffraction Grating Handbook. New York:
Newport Corporation, 2005.

[107] F. Hopkinson and D. Rittenhouse, “An optical problem, proposed by Mr.
Hopkinson, and solved by Mr. Rittenhouse,” Transactions of the American
Philosophical Society, vol. 2, pp. 201–206, 1786.

109



Bibliography

[108] N. Destouches, A. V. Tishchenko, J. C. Pommier, S. Reynaud, O. Parriaux,
S. Tonchev, and M. A. Ahmed, “99% efficiency measured in the -1st order of
a resonant grating,” Optics Express, vol. 13, pp. 3230–3235, May 2005.

[109] J. P. S. Wong, A. Epstein, and G. V. Eleftheriades, “Reflectionless wide-
angle refracting metasurfaces,” IEEE Antennas and Wireless Propagation
Letters, vol. 15, pp. 1293–1296, 2016.

[110] A. Epstein and G. V. Eleftheriades, “Synthesis of passive lossless meta-
surfaces using auxiliary fields for reflectionless beam splitting and perfect
reflection,” Physical Review Letters, vol. 117, p. 256103, Dec. 2016.

[111] S. Tretyakov, Analytical Modeling in Applied Electromagnetics. Boston:
Artech House, 2003.

[112] E. F. Kuester, M. A. Mohamed, M. Piket-May, and C. L. Holloway, “Aver-
aged transition conditions for electromagnetic fields at a metafilm,” IEEE
Transactions on Antennas and Propagation, vol. 51, pp. 2641–2651, Oct.
2003.

[113] K. Achouri, M. A. Salem, and C. Caloz, “General metasurface synthe-
sis based on susceptibility tensors,” IEEE Transactions on Antennas and
Propagation, vol. 63, pp. 2977–2991, July 2015.

[114] L. S. Rayleigh, “LVI. On the influence of obstacles arranged in rectangular
order upon the properties of a medium,” Philosophical Magazine Series 5,
vol. 34, pp. 481–502, Dec. 1892.

[115] J. C. M. Garnett, “Colours in metal glasses and in metallic films,” Philo-
sophical Transactions of the Royal Society of London Series A, vol. 203,
pp. 385–420, Jan. 1904.

[116] W. S. Weiglhofer, A. Lakhtakia, and J. C. Monzon, “Maxwell-garnett model
for composites of electrically small uniaxial objects,” Microwave and Opti-
cal Technology Letters, vol. 6, pp. 681–684, Sept. 1993.

[117] S. A. Tretyakov and F. Mariotte, “Maxwell Garnett modeling of uniaxial
chiral composites with bianisotropic inclusions,” Journal of Electromag-
netic Waves and Applications, vol. 9, pp. 1011–1025, Jan. 1995.

[118] S. A. Tretyakov, F. Mariotte, C. R. Simovski, T. G. Kharina, and J. P. Heliot,
“Analytical antenna model for chiral scatterers: Comparison with numer-
ical and experimental data,” IEEE Transactions on Antennas and Propa-
gation, vol. 44, pp. 1006–1014, July 1996.

[119] R. Marques, F. Mesa, J. Martel, and F. Medina, “Comparative analysis of
edge- and broadside- coupled split ring resonators for metamaterial design
- theory and experiments,” IEEE Transactions on Antennas and Propaga-
tion, vol. 51, pp. 2572–2581, Oct. 2003.

[120] G. Mie, “Beiträge zur optik trüber medien, speziell kolloidaler metallösun-
gen,” Annalen der physik, vol. 330, no. 3, pp. 377–445, 1908.

[121] P. C. Waterman, “Symmetry, unitarity, and geometry in electromagnetic
scattering,” Physical Review D, vol. 3, pp. 825–839, Feb. 1971.

110



Bibliography

[122] S. Mühlig, C. Menzel, C. Rockstuhl, and F. Lederer, “Multipole analysis of
meta-atoms,” Metamaterials, vol. 5, pp. 64–73, June 2011.

[123] F. B. Arango and A. F. Koenderink, “Polarizability tensor retrieval for mag-
netic and plasmonic antenna design,” New Journal of Physics, vol. 15,
no. 7, p. 073023, 2013.

[124] M. Yazdi and N. Komjani, “Polarizability calculation of arbitrary individ-
ual scatterers, scatterers in arrays, and substrated scatterers,” Journal of
the Optical Society of America B, vol. 33, pp. 491–500, Mar. 2016.

[125] R. Alaee, C. Rockstuhl, and I. Fernandez-Corbaton, “An electromag-
netic multipole expansion beyond the long-wavelength approximation,”
arXiv:1701.00755 [physics], Jan. 2017.

[126] A. J. Bahr and K. R. Clausing, “An approximate model for artificial chi-
ral material,” IEEE Transactions on Antennas and Propagation, vol. 42,
pp. 1592–1599, Dec. 1994.

[127] T. D. Karamanos, A. I. Dimitriadis, and K. N. V, “Polarizability matrix ex-
traction of a bianisotropic metamaterial from the scattering parameters of
normally incident plane waves,” Advanced Electromagnetics, vol. 1, pp. 64–
70, Nov. 2012.

[128] X. X. Liu, Y. Zhao, and A. Alù, “Polarizability tensor retrieval for subwave-
length particles of arbitrary shape,” IEEE Transactions on Antennas and
Propagation, vol. 64, pp. 2301–2310, June 2016.

[129] I. Sersic, C. Tuambilangana, T. Kampfrath, and A. F. Koenderink, “Mag-
netoelectric point scattering theory for metamaterial scatterers,” Physical
Review B, vol. 83, p. 245102, June 2011.

[130] P. Grahn, A. Shevchenko, and M. Kaivola, “Electric dipole-free interaction
of visible light with pairs of subwavelength-size silver particles,” Physical
Review B, vol. 86, p. 035419, July 2012.

[131] M. Kerker, D.-S. Wang, and C. L. Giles, “Electromagnetic scattering by
magnetic spheres,” Journal of the Optical Society of America, vol. 73,
pp. 765–767, June 1983.

[132] F. Monticone, N. M. Estakhri, and A. Alù, “Full control of nanoscale opti-
cal transmission with a composite metascreen,” Physical Review Letters,
vol. 110, p. 203903, May 2013.

[133] C. Pfeiffer and A. Grbic, “Metamaterial Huygens’ surfaces: Tailoring
wave fronts with reflectionless sheets,” Physical Review Letters, vol. 110,
p. 197401, May 2013.

[134] J. Huang and J. A. Encinar, Reflectarray Antennas. Piscataway: IEEE
Press, 2008.

[135] S. Sun, K.-Y. Yang, C.-M. Wang, T.-K. Juan, W. T. Chen, C. Y. Liao, Q. He,
S. Xiao, W.-T. Kung, G.-Y. Guo, L. Zhou, and D. P. Tsai, “High-efficiency
broadband anomalous reflection by gradient meta-surfaces,” Nano Letters,
vol. 12, pp. 6223–6229, Dec. 2012.

111



Bibliography

[136] A. Pors and S. I. Bozhevolnyi, “Plasmonic metasurfaces for efficient phase
control in reflection,” Optics Express, vol. 21, pp. 27438–27451, Nov. 2013.

[137] M. Kim, A. M. Wong, and G. V. Eleftheriades, “Optical Huygens’ metasur-
faces with independent control of the magnitude and phase of the local
reflection coefficients,” Physical Review X, vol. 4, p. 041042, Dec. 2014.

[138] N. I. Landy, S. Sajuyigbe, J. J. Mock, D. R. Smith, and W. J. Padilla, “Perfect
metamaterial absorber,” Physical Review Letters, vol. 100, p. 207402, May
2008.

[139] M. Diem, T. Koschny, and C. M. Soukoulis, “Wide-angle perfect ab-
sorber/thermal emitter in the terahertz regime,” Physical Review B,
vol. 79, p. 033101, Jan. 2009.

[140] K. N. Rozanov, “Ultimate thickness to bandwidth ratio of radar absorbers,”
IEEE Transactions on Antennas and Propagation, vol. 48, pp. 1230–1234,
Aug. 2000.

[141] E. Saenz, I. Semchenko, S. Khakhomov, K. Guven, R. Gonzalo, E. Ozbay,
and S. Tretyakov, “Modeling of spirals with equal dielectric, magnetic, and
chiral susceptibilities,” Electromagnetics, vol. 28, pp. 476–493, Sept. 2008.

[142] I. V. Semchenko, S. A. Khakhomov, and A. L. Samofalov, “Helices of optimal
shape for nonreflecting covering,” The European Physical Journal Applied
Physics, vol. 49, p. 33002, Mar. 2010.

[143] M. Decker, I. Staude, M. Falkner, J. Dominguez, D. N. Neshev, I. Brener,
T. Pertsch, and Y. S. Kivshar, “High-efficiency dielectric Huygens’ sur-
faces,” Advanced Optical Materials, vol. 3, pp. 813–820, June 2015.

[144] H. Tao, N. I. Landy, C. M. Bingham, X. Zhang, R. D. Averitt, and W. J.
Padilla, “A metamaterial absorber for the terahertz regime: Design, fabri-
cation and characterization,” Optics Express, vol. 16, pp. 7181–7188, May
2008.

[145] G. R. Keiser, A. C. Strikwerda, K. Fan, V. Young, X. Zhang, and R. D.
Averitt, “Decoupling crossover in asymmetric broadside coupled split-ring
resonators at terahertz frequencies,” Physical Review B, vol. 88, p. 024101,
July 2013.

[146] A. L. Kitt, J. P. Rolland, and A. N. Vamivakas, “Visible metasurfaces
and ruled diffraction gratings: A comparison,” Optical Materials Express,
vol. 5, pp. 2895–2901, Dec. 2015.

[147] N. Mohammadi Estakhri and A. Alù, “Wave-front transformation with gra-
dient metasurfaces,” Physical Review X, vol. 6, p. 041008, Oct. 2016.

[148] M. Neviere, “Electromagnetic study of transmission gratings,” Applied Op-
tics, vol. 30, pp. 4540–4547, Nov. 1991.

[149] E. Popov, L. Tsonev, and D. Maystre, “Gratings – general properties of the
Littrow mounting and energy flow distribution,” Journal of Modern Optics,
vol. 37, pp. 367–377, Mar. 1990.

[150] Y. Ra’di, D. L. Sounas, and A. Alù, “Metagratings: Beyond the limits
of graded metasurfaces for wave front control,” Physical Review Letters,
vol. 119, p. 067404, Aug. 2017.

112



Bibliography

[151] M. Selvanayagam and G. V. Eleftheriades, “Discontinuous electromagnetic
fields using orthogonal electric and magnetic currents for wavefront ma-
nipulation,” Optics Express, vol. 21, pp. 14409–14429, June 2013.

[152] J. Vehmas, S. Hrabar, and S. Tretyakov, “Omega transmission lines with
applications to effective medium models of metamaterials,” Journal of Ap-
plied Physics, vol. 115, p. 134905, Apr. 2014.

[153] M. Albooyeh, R. Alaee, C. Rockstuhl, and C. Simovski, “Revisiting
substrate-induced bianisotropy in metasurfaces,” Physical Review B,
vol. 91, p. 195304, May 2015.

[154] M. Chen, E. Abdo-Sánchez, A. Epstein, and G. V. Eleftheriades, “Ex-
perimental verification of reflectionless wide-angle refraction via a bian-
isotropic Huygens’ metasurface,” arXiv:1703.06669 [physics], Mar. 2017.

[155] G. Lavigne, K. Achouri, C. Caloz, V. Asadchy, and S. Tretyakov, “Perfectly
refractive metasurface using bianisotropy,” arXiv:1704.01641 [physics],
Mar. 2017.

——————————— Publications

113



na ot detoved si noitatressid tneserp ehT  
:scitengamortcele deilppa fo dlefi tnatropmi  

.secafrusatem evisrepsid yllaitapS  
lanoisnemid-owt a tneserper secafrusateM  
snoisulcni htgnelevaw-bus fo tnemegnarra  

tnedicni etalupinam ot dereenigne  
debircserp a ni noitaidar citengamortcele  

evisrepsid yllaitaps fo tcejbus ehT .noihsaf  
scisyhp fo saera hcus segrem secafrusatem  

-ib ,slairetamatem sa gnireenigne dna
dna ,syarra annetna ,aidem ciportosina  

eht ot euD .sgnitarg noitcarffid  
,tcejbus eht fo erutan yranilpicsiditlum  

yam ti morf gnitluser secived dna anemonehp  
deilppa rof snoitacilpmi tnacfiingis yrrac  

lacitpo ot sevaworcim morf scitengamortcele  
ngised stneserp noitatressid ehT .seicneuqerf  

yllaitaps lareves fo atad tnemerusaem dna  
eerf-wodahS :secafrusatem evisrepsid  

na sa llew sa rebrosba dna rotcefler tneidarg  
 .gnitarg gnitcefler ylsuolamona lacitpo

-o
tl

a
A

D
D

 
9

41
/

 7
10

2

 +e
jffh

a*GM
FTSH

9  NBSI 4-9557-06-259-879  )detnirp( 
 NBSI 7-8557-06-259-879  )fdp( 

 L-NSSI  4394-9971
 NSSI 4394-9971  )detnirp( 
 NSSI 2494-9971  )fdp( 

 
ytisrevinU otlaA  

gnireenignE lacirtcelE fo loohcS  
gnireenigneonaN dna scinortcelE fo tnemtrapeD  

 if.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 y
hc

da
s

A 
ra

tk
i

V
 s

ec
af

ru
sa

te
m 

ev
is

re
ps

id
 y

ll
ai

ta
pS

 y
ti

sr
ev

i
n

U 
otl

a
A

 7102

 gnireenigneonaN dna scinortcelE fo tnemtrapeD

evisrepsid yllaitapS  
 secafrusatem

 yhcdasA ratkiV

 LAROTCOD
 SNOITATRESSID


	Aalto_DD_2017_149_Asadchy_verkkoversio

