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Backward Wave Region and Negative Material
Parameters of a Structure Formed by Lattices of
Wires and Split-Ring Resonators
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Abstract—A structure formed by combined lattices of infinitely  long time ago in [5] and were studied again recently in the
long wires and split-ring resonators is studied. A dispersion equa- |ow-frequency region [6], [7]. At these low frequencies the
tion is derived and then used to calculate the effective permittivity negative permittivity is due to the lattice of wires according to

and permeability in the frequency band where the lattice can be .
homogenized. The backward wave region in which both the effec- the models of [S]-[7] (for waves propagating normally to the

tive perm|tt|v|ty and permeab“ity are negative is ana|yzedl Some WireS W|th the eleCtI’iC fleld polarized along these Wil’eS). These
open and controversial questions are discussed. It is shown that results were combined in [2], [10]-[12] to form a simple model

previous experimental results confirming the existence of back- predicting simultaneously negativeand . within the resonant
ward waves in such a structure can be in deed explained in terms of band of a SRR. In [10] this prediction has been qualitatively

negative material parameters. However, these parameters are not fi db ical simulati ing the MAEIA cod
quasi-static and thus the known analytical formulas for the effec- CONIMeA Dy numerical simufations using the coae.

tive material parameters of this structure, which have been widely Dispersion curves obtained numerically contain the passband
used and discussed in the literature, were not correct, and it was within the SRR resonant band (due to the presence of the SRR

the reason of some objections to the authors of that experiment.  |attice). This passband can also be predicted by the analytical
Index Terms—Analytical formula, backward wave, homogeniza- Model. However, the numerical dispersion data obtained in
tion, left-handed media, negative permeability, negative permit- [10] have not been used to extract the material parameters. The
tivity, negative refraction, split ring resonators, Veselago media.  experimental observation of the negative refraction of a wave
in such a structure is reported in [8]. The phenomenon of the
negative refraction was predicted in [1] for media with< 0
andp < 0, and according to this theory they correspond to
ETAMATERIALS with negative permittivity and {he packward wave region (where the Poynting vector of the
negative permeability, which were first suggested i@igenwave is opposite to the wave vector).
[1], have attracted much attention recently. A metamaterial poes the experimental observation of [8] mean that the struc-
that has simultaneously negative permittivityand negative e suggested in [2] can be described throughd which are
permeability,. within a certain frequency band at microwave)sth negative within the SRR resonant band? Based on [8] one
frequencies has been introduced recently [2]. This structgn only assert that the negative refraction region necessarily
consists of two lattices: a lattice of infinitely long parallel wiresgyists within this frequency band that can be explained in terms
and a lattice of relatively small (compared to the wavelengh hackward-waves. Backward waves in a lattice correspond to
A in the host medium) particles which are calleplit-ring negative dispersion, i.e., the group velocity (the derivative of
resonators(SRRs). In [3] and [4] two analytical models ofihe eigenfrequency with respect to the wavenumber) is in the
SRR (similar to each other) have been developed for thgosite direction of the phase velocity. Negative dispersion for
resonant permeability at microwave frequencies. Lattices Qfjattice is quite common in high frequency bandéd & T,
wires at low frequencies (when the lattice peridds smaller \yherek — 27/ is the wavenumber in the host medium). How-
than A/2) were considered as homogenuous dielectric mediger, at low frequencies:¢ < ) negative dispersion is an ab-
normal phenomenon. In [2], [8], and [10] the lattice at low fre-
guencies was treated as a continuous medium and the concept
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u considered there are the transversal component of the permé~=or the second question, one must be very careful in the ho-
ability tensorp; = pyy = .. (there are two orthogonal SRRsmogenization of the complex structure studied in [2], [8] and
in each unit cell of the structure studied in [8]). If one considef40]. In fact, the results of [8] can not be interpreted quanti-
only the propagation in the transversal plane (i.e.ythe plane tatively in terms of the permittivity and permeability used in
in our case), one can neglect the spatial dispersion in the wjigg, [4], [6], [8], and [10]. This has been revealed in [14]. In
lattice and consider it as a medium with negative permittivitthe present paper, we develop an analytical model for a struc-
[5]. In the case of perfectly conducting wires one has [5] ture similar to the one studied in [8] (i.e., formed by combined
lattices of infinitely long wires and split-ring resonators). The

W2 model allows the structure to be homogenized and its valid fre-
e=1-— _g (1) quency domain to be identified. A self-consistent dispersion
w equation is derived and then used to calculate correctly the effec-

wherew, is the analog of the plasma frequency. In [4], [G]Five permittivity and permegbility in the frequency b_and where
and [12], the following frequency dependencies of the effethe lattice can be homogenized. For the third question, the low-

tive medium parameters were suggested for their structure wiEfluency backward wave region is analyzed and itis found that
both the SRRs and the wires are made of real metal both effective permittivity and permeability are negative in it.
Our results have shown that the homogenization is allowed

only over part of the resonant band of the SRR scatterers and

2 2
=l p % (2) the homogenization is forbidden in a subband inside the SRR
w? — wZ — jyw resonant band (even though the frequencies of this subband are
) Wi, — Wi, @) low and the spatial dispersion exists there).
=1-——5—
/ w? — W, — jyw
wherew,,,, is the analog of the resonant frequency of a magnetic Il. SRR WITH IDENTICAL RINGS

plasmaw. is the electronic resonant frequency and is the

magnetic resonant frequency (i.e., the resonant frequency of thehe SRR particle considered in [3] and [4] is a pair of two
magnetic polarizaibility for an individual SRR). These formulagoplanar broken rings. Since the two loops are not identical the
correspond to the conventional quasi-static model for the pealytical model for this particle is rather cumbersome (SRR
mittivity and permeability, i.e., the electromagnetic interactiomodels more complete than those suggested in [3] and [4] have
between the SSRs and wires is neglected. In the present papeén developed in [15] and [16]). It is not correct that the SRR
we take into account this interaction. We consider the losslgsgrticle can be described simply as a resonant magnetic scat-

case [corresponding tp = 0, w. = 0in (2) and (3)]. terer [16]. The structure considered in [8] (if homogenized) has
In the present paper, we also discuss the following three quesbe described through three material parameterg:and
tions: (the magnetoelectric coupling parameter). It was shown in [16]

« How crucial is the electromagnetic interaction between tiieat a SRR is actually a bianisotropic particle and the role of
SRRs and the wires when calculating the material parafpanisotropy is destructive for negative refraction.
eters of the whole structure? The bianisotropy is not the only disadvantage of this SRR par-
« How to find the frequency region within the resonant banticle. Another disadvantage is its resonant electric polarizability
of SRR scatterers in which the homogenization of thie., the polarization produced by the electric field), which was
whole structure is allowed? also ignored in [3] and [4]. Electric polarizability resonance
« Which is the correspondence between two bands: baeccurs at frequencies very close to the resonant frequency of
ward-wave region and the band in which the permittivitthe magnetic polarizability [15]. If the SRRs are madéosky
and permeability are both negative? metal, the resonant electric polarizability will lead to a dramatic
The first question has been considered briefly in [13]. It wascrease in the resistive loss. The resonant electric polarizability
indicated that the structure considered in [8] was fortunatefyso makes the analytical modeling of the whole structure very
built so that each SRR is located exactly at the center of two awmplicated.
jacent wires and thus there is no quasi-static interaction betwee modified SRR which does not possess bianisotropy was
the wire lattice and the SRR lattice (i.e., the magnetic fields prproposed in [16]. This SRR also consists of two loops but they
duced by the two adjacent equivalent line currents cancel outa¢ identical and parallel to each other (located on both sides of
the center where the SRR is located). If one considargly, as a dielectric plate in practice). Fig. 1 shows two kinds of SRR.
guasistatic parameters (as was done in [13]), the absence ofTthe left one is the SRR considered in [3] and [4]. The right is
quasi-static interaction should lead to the following result: thbe SRR introduced in [16] and the one considered in the present
effective permittivity of the structure is identical to the effectivgpaper. It has been mentioned in [16] that the magnetic resonant
permittivity of the lattice of wires and the effective permeabilitfrequency of their SRR is lower than that of the SRR considered
of the structure is identical to the effective permeability of thim [3] and [4] (for the same size). This is because the mutual ca-
lattice of SRRs. However, we will show in the present paper thphacitanceC,,,,; between the two parallel broken rings is now
this is not correct since the electromagnetic interaction betwettie capacitance of a conventional parallel-plate capacitor and is
the wires and the SRRs in such a structure is not quasistatic g@mnificantly higher than the mutual capacitance of two coplanar
local) and will dramatically influence the effective permittivity.split rings considered in [4]. This fact is illustrated in Fig. 1(b):
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the charges at the tips of the split arms) at the split gaps of rings
! 1 and 2 satisfy the following equations [17]

070 + Iy Zus =EF + €Y (6)
I, 70+ I Zpuy =EF + EY (7

whereZ,, is the mutual impedance of the two broken rings.

It is clear from (6) and (7) that there are two eigenmodes of
currents in the SRR. The first mode (excited by the local mag-
netic field) corresponds té, = I, when the electric dipole
moment of the SRR is zero and the magnetic dipole moment
m = mz IS twice the magnetic moment of a single ring (see
Fig. 1). The second mode (excited by the local electric field)

@ (b)
Fig. 1. (a) coplanar SRR and (b) parallel SRR. The concept of the mutl@d)rresponds td;, = —I, when the magnetic moment is zero

capacitance is illustrated by indicating the charges in the polarized rings. and the electric dipole momept = pyo of the SRR is twice

the electric dipole moment of a single ring. The electric reso-

if the upper half of ring 1 is charged positively the negative irrant frequency (at which the electric polarizability resonates) is
duced charges appear in the upper half of ring 2. The same silways higher than the magnetic resonant frequency [17]. If the
ation happens for the SRR shown in Fig. 1(a), but not so effetistanceh between the two parallel broken rings is very small,
tively since the strips are coplanar and weakly interacted.  The relative difference of these two resonant frequencies may

There is one more advantage that was not mentioned in [Bceed 50% [17], and we assume that the electric polarizability
for the SRR of two parallel broken rings. The resonances of the SSR is negligible within the frequency band of the mag-
the electric and magnetic polarizabilities of this particle do nawetic resonance. Note thiats also the thickness of the dielectric
overlap in frequency. Actually, particle suggested in [16] is layer between the two parallel broken rings in Fig. 1, the rings
special case of the bi-helix particle introduced (with the aim #@re assumed to be perfectly conducting with infinitesimal thick-
create novel low-reflective shields) and studied in [17]. Unlikeess.
the SRR considered in [16] this bi-helix particle contains four Therefore, unlike the SSR considered in [3] and [4], the SSR
stems orthogonal to the loop planes. Note that the theory of [1Slggested in [16] is appropriate for creating artificial magnetic
remains valid even if the length of these stems becomes zer#esonance (no resonant electric properties within the frequency

Both rings 1 and 2 [see Fig. 1(b)] have the same radiaisd band of interest). This is the reason why we choose the SSR
areaS = wr2. The impedance, for each broken ring can be shown in the right part of Fig. 1 to study in the present paper.

calculated by An analytical model for an individual SRR particle is simpler
than the one considered in [17] due to the absence of the stems.
Zo = 1 1 The model used in this section is quasistatic since it refers to an
Yiing  Yspiit isolated particle of small size (with respect to the wavelength).

] ) ) ~Assume that the SRR shown in Fig. 1 is excited by magnetic
whereYiy, is the admittance for the corresponding closed ringg| f7loc. Also assume that the dielectric plate separating the
and Yspyie is the admittance for the split (associated with thgyo parallel rings has the same permittivity as the background
capacitance between the two broken ends). The magnetizafigddium (then we can avoid the influence of the dielectric plate
arises due to the magnetic field orthogonal to the ring plane (i.@ich can be very strong if there is a mismatch in the permit-
thexy plane in Fig. 1). Resonant electric polarization is causggity). If the nonuniformity of the azimuthal current distribution

by they component of the external local electric fidl>*. The  in both rings and SRRs can be neglected, the magnetic polariz-
= component of£!°° has no influence over the resonant polarapility can be written as

ization and can be neglected [18]. Thus, voltages (electromotive

forces)eH and£F will be induced in each loop by the external m 211108

local electric and magnetic fields, respectively, [17], [18] mm = Hloe = Hloc (8)
EM = —jwpgSH " (4) wherel = I; = I,. From (6) and (4) it follows that

and gl B —jwSpgH*

I= = . 9
ZO + Zmut ZO + Zmut ( )

E _ 4TJ{(kT)Z0 1+ J Eloc (5)
— gnAi(kr) N (Yeing + Yepiit) /7 Calculating the total impedance of the loop by taking into
account the mutual coupling of the loops (as it was done in [15]
where J; is the derivative (with respect to the argument ) cnd [16] for SRR of coplanar rings), we obtain
the Bessel function, andl; is one of the so-called King's
coefficients known in the theory of loop antennas (see, e.g.,

. 1
[18]). Then the induced currents » (due to the changing of Zior = Zo + Zmue = Jw(L + Lunue) + + Ry

jwctot
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Here, R, is the radiation resistance of the whole partidieis Then the lattice can be considered as a set of two-dimensional

the ring inductance (2-D) grids parallel to ther-y plane and orthogonal to the
39 propagation direction. Each grid contains magnetic and electric
L = por <10g 2 2) polarizations. The magnetic moments as well as the currents
w

are tangential to the grid plane, and each grid can be considered
wherew is the width of the strip from which the ring is madeas a sheet of surface magnetic momafit = My, and a
of, andL,,. is the mutual inductance of the two parallel coaxiggurface electric curredt = Jx, or surface electric polarization

rings: P = J/jw (x0, yo are unit vectors of Cartesian axes). Similar
) situation holds for the wave propagation along theaxis.
Lot = floT [(1 + ﬁ) logé _ 2} Then one haM = Mz, andJ = Jxo, and the electric and
4 3 magnetic polarizations for each 2-D grid (parallel to the

where¢ = h/2r. The total capacitancé,., attributed to the plane) is again tangential to the grid and orthogonal to the

split can be calculated (taking into account the capacitive mutpjPPagation d.irection. The wire lattice and the SRR lattice have
coupling; cf. [15] and [16]) as half of the mutual capacitancik'€ Same periods along theand > axes and are denoted &s

formed by the two parallel rings andd, respectively. The period of the SRR lattice along the
axis is denoted as. Fig. 1 shows the two orthogonal sets of
Chot = Crmut _ Gocwnr SRRs separated with each otherd)2 along thex axis. This
2 2h separation plays no role in our model since we do not consider
In this formula, the capacitance of the split is neglected sincelf¢ electromagnetic interaction between these two orthogonal
is small as compared 16,,,.:. sets of magnetic dipoles. When the wave propagates along the
From (8) and (9) we obtain z axis ory axis, one of the two sets of SRRs is not excited and
5 e the interaction is completely absent.
Qo = 2“0;9 (10) In the caseb = d such a structure behaves (within the
(L + L) (% — 1) — j% frequency band where the homogenization is possible) like a
uniaxial magneto-dielectric medium with relative axial permit-
where tivity e.... (mainly due to the presence of the wires) and relative
) 1 transversal permeability,, = p.. = p: (mainly due to the
Wo = m (11) srR particles). This indicates that in order to find the effective

o _ ~_material parameters of the whole structure we can consider
In a similar way one can show that the electric pOlarlzabllltMmy the case of the normal propagation (a|ong2t|fwy axis)_

resonates at the frequeney (see also [17]) Note that the transversal permittivity and the axial perme-
) 1 ability of the structure are equal to those of the background
YI= "~ 77 medium. For simplicity we assume this background medium is
Ct0t<L Lmut)
vacuum.
andwp < wi. We will see that the SRRs strongly interact with the wires
We will also use the following result of (10) at each frequency. Their interaction is not quasi-static and in-
LI w? fluences the propagation constant starting from zero frequency.
Re < 1 > _ (L + Linut) (F - 1) (12) In this way it influences the material parameters of the whole
Gmm 211352 ) structure.
The radiation resistande,. can be found from the following
condition [21]-[23] IV. DISPERSIONEQUATION
I ( 1 > _ k3 (13) Let the wave propagate along theaxis with propagation
o 67 /10 factorg (to be determined). Consider the whole structure as a set

of parallel 2-D grids which are parallel to the— y plane and
denote the surface magnetic momeMs$r.) and the surface
currentsJ(n.) at those grids numbered.. Then we choose an
arbitrary SRR in the grid wit, = 0 as the reference particle
and an arbitrarily chosen wire (in the same grid) as the reference
The structure we study in the present paper is similar vare.
the one studied experimentally in [8], however, instead of When we evaluate the magnetic momenbf the reference
the coplanar SRRs we use the parallel SRRs (as describe@RR (which is related to the surface magnetic monménby
Sectionll). m = Mab), we take into account its electromagnetic interac-
When the wave propagates along thaxis the electric field tion with all the other SRRs following the work of [23] where
excites thexr—directed currentl,, ,, in the wire numbered a simple model of 3-D dipole lattice was suggested. As to the
(ny, n.) (for the reference wire we hawve, = n. = 0). The influence of the wires to the reference SRR, we can replace
magnetic field excites those SRRs which are parallel to tleach grid of wires with a sheet of curresitn.) because of
x-z plane. Their magnetic moments are parallel toghexis. the absence of the a quasi-static interaction between SRRs and

In the dispersion equation for a lattic®, cancels out and does
not influence the result.

IIl. THE STRUCTURE
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wires. This gives the well-known plane-wave approximation déctor of a 2-D grid of dipoles with periods, b. In [23], the
the electromagnetic interaction in lattices (see [23] and the refesed-form expression faris given for the case = b
erences cited there).

1 <cos kas

When we evaluate the currehbf the reference wire (which G = -
is related to the surface electric current by= Jb), we take 2

into account its interaction with all the other wires followinqNhere the numbes is approximately equal td/1.4380 —
the work of [19] where a simple model of doubly-periodic wir 6954. Relation (23) is very accurate for the cabg> a, and
lattice was suggested. The influence of the SRR lattice on Che casel — a its error is still quite small [23] '

reference wire is taken into account under the plane-wave aPThe responses of the reference SRR and the reference wire to
proximation and the reciprocity principle is satisfied. the local fields can be written as
a

Each sheet of electric or magnetic polarization produces

kas

— sin kas)

plane wave [20]. Sincd/ (n.) and.J(n) satisfy m =a,,,, H'° (24)
. loc

M(n.) =Me~/"- (14) 1=" (25)
J(n,) =Je in=Pd (15) w

. ) ) whereZ,, is given by [19]
we can write the following relations for the-component of the

electric field (produced by all the sheets of magnetic moment 7 - kn 1_ 27 o kro " (26)
M and acting on the reference wire) and frecomponent of Yy 8 7

the magnetic field (produced by all the sheets of curreand ] ) ] ] )

acting on the reference SRR) wherer is the effective radius of the wire:{ = w/4 if made

from a strip with widthw).
M _ JOM i saikin.|d To obtain the dispersion equation we substitute (20), (22),
By =) sign(n.) = —e /MM (16) 50y (53) (18, and (19) into (24) and (25). Sinee— Mab

oo

n::‘” and = .Jb we obtain the following system of equations
J . .
H! = Z sign(n )—e_]":'sd_]k‘"zld. a7 3
y = 1 k .B.J
n,=—oo 2 M - —J =]— (27)
Amm, 6’/T,U0 ab
Both series can be analytically carried out and we easily obtain J(Zy —Cy) =—wBM (28)
/ M sin Ad
pM__ WM sSmpd 18) Wwhere
” 2 coskd — cos3d (18) hd
g _JJ sin Bd P ( sin N q)
H, 9 coskd — cos Bd’ (19) 2abn \ cos kd — cos 3d
The local electric field acting on the reference wire is the suad
of EM and the contribution of the wires 1 singd
Elor, — EJU + C I = EJU + C bJ (20) o 2 cos kd — cos ,Bd

hereC:. (the int tion factor of the wire latti det The parameteB describes the interaction between the currents
Vr;l]i:és ir71“[(19]e interaction factor of the wire lattice) was de €1ih the wires and the magnetic moments of the SRR& not a

guasi-static parameter even at low frequencies since it does not
—in sin kd kb < kb ) ,kbl approach zero at zero frequency. Its presence in the dispersion

Y= oh | cos kd — cos 3d +—(log - +7) +Ji5 |- equation strongly influences the result for the propagation con-

(21) stantg at all frequencies.
Heren is the wave impedance of the host material ang= Relations (13) and (26) lead to the cancellation of the imag-
0.5772 is the Euler constant. inary part at the left-hand side of (27) and the real part at the
The local magnetic field acting on the reference SRR is theft-hand side of (28). Thus, system of (27) and (28) gives the
sum ofHé” and the contribution of the SRR particles following real-valued dispersion equation:
He® = H! + Cym = H] + CyabM 22 1 2B?
y =Myt Cam =0y Cas @2 (m(zy) — Im(C)) [Re ( ) - A] S
Amm, a
where C,; (the interaction factor of the lattice of magnetic
dipoles) is given by [23] It can be rewritten as the following quadratic equation with re-
wg = w sin kd spect tocos [d:
Cq = +7 + . (23)
2abn 6mpo - 2abn cos kd — cos Bd 2ab 1
o . ) ) . |—Re ( ) — q] (cos kd — cos 3d) sin kd
A similar relation has been given in [23] for a lattice of electrig w7 mm

dipoles (the only difference as compared to (23) is the factor 1 log:
1?). Hereq denotes the real part of the dimensionless interaction + T 8 27rg

) sin? kd —cos®> Bd+1=0. (29)
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Fig. 2. (a) Front view of the lattice of SRRs (shown as disks; their magnetic dipoles are indicated with arrows) and straight wires. (b) Top viespagaimpr
is in they-z plane.
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Fig. 3. Dispersion plot of the structure fof = 2a = 2b = 16 mm
(thick lines). Thin lines coincide with the dispersion plot of host medium anﬁrst example In the second example we choose b = d =
correspond to the wave polarizatith= E,y,, H = H,.x,. e ’

8 mm. In the third example, we chooge= b = d = 4 mm.

There are two roots; , for the dispersion (29) at each fre Fig. 3 gives the dispersion curve in a form commonly used in
1,2 . ~the literature of photonic crystals (see, e.g., [25]). It represents
quency. One of them is exactly equalidthe wavenumber in ! . P Ic cry ( g., [25) P

; the dependence of the eigenfrequencies on the normalized prop-

o . . ) %\r@ation factofd /= over the first Brillouin zone( < § < w/d)
izationE = Eyy, andH = H,xo. This wave excites neither for the case wherl = 2a = 2b = 16 mm. Straight lines corre-

wires norSRdeand dr? es not mtg;}act ‘IN't.h th%structure. Arc]jo%%rond to noninteracting waves. Curved lines correspond to in-
Eoﬁc;)[rresp%r]\issi»;(:hte (ian\;\é?;itmt w%%:nvir?litchriz ﬁ”ﬁ‘ég;t | teracting waves. The only difference of this curve as compared
our_dissggéion curves we keep bgoth solutions of (29) Mo the well-known plot for the wire medium (see, e.g., [19] and

: [24]) is the miniband at about 6 GHz, in which the group ve-
locity is opposite with respect te, (our choice of3 as that
belonging to the first Brillouin zone fixes the positive direction

As numerical examples we choose the following parameteskthe phase velocity along theaxis).

for the structure shown in Fig. 2: the size of SRR patrticle (outer In this narrow frequency band, wave propagation is prohib-
diameter of the rings) i$) = 3.8 mm, the width of the strip ited in the lattice of wires. Therefore, the miniband is due to the
(forming the rings) isv = 1 mm, the radius of wire cross sectiorpresence of SRRs and the resonant magnetization of the SRR
isro = 0.2 mm, the distance between the rings (which is choskhattice.
so that the resonance of,,, is at 6 GHz) ish = 0.84 mm. The resonant passband becomes wider if the pefiak-
Lattice periodst = b = 8 mm andd = 16 mm are chosen in our creases. From Fig. 4 one can see the dependence of the prop-

V. DISPERSIONCURVES
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1 ; ; T

’ ' VI. HOMOGENIZATION
-— Re(Bd/n) Let us try to consider the structure (inthe case b = d)asa
0.5 1 uniaxial magnetodielectric medium. Then the interacting wave
\ (propagating along theaxis withE = E,x¢, H = H,y,) also
0 o satisfies the following constitutive equations:
AN
~ bulk
S _05; _ II‘ T e e Dm :EOELIJ +Pm bUIk: E(]eszz
=1 T f By =poHy + M,)"" = popeHy.
\
I \i : — Im(Bd/n) 1 Define the following ratio:
f bulk
-1.51 L’ E o= njl\:;cbuu{ _ l (sz 1) & (30)
| y n (ue—1) Hy
2 t ; b : ; : whereE, and H, are the field components averaged over the
5.6 5.8 6 6.2 6.4 6.6 cubic cella x a x a. P! andM"'* are the bulk electric and
Frequency, GHz magnetic polarizations related with the surface curternd
surface magnetic polarization
Fig. 5. Real (thin solid line) and imaginary (dashed line) parts of normalized
propagation factor versus frequency for= ¢ = b = 8 mm. Thick line bulk __ i Jbulk — K
corresponds to the propagation of wave with polarizalbe= E,y,, H = z - jwd y 4
H,x, in host material.
From Maxwell's equations we easily obtain
agation factor on the frequency in the vicinity of the SRR reso- E, T
nance for the case = b = d = 8 mm. "~ " e (31)
The backward-wave region corresponds to the frequencies - . .
5.980-6.045 GHz, whereas the resonant frequenBe0f, .. ) Substituting (21) and (26) into (28), we obtain
given by (11) is 6.000 GHzRe(a,,.,) becomes negative at n.J nB
6.000 GHz. Thus, within the backward-wave baRea,,.) (w) oM~ j(Zy — Cy)
is mainly negative. The group velocity of the backward wave is 7 sin Bd
relatively small (it approximately equals3 - 10~>¢, wherec is = rsinhd 1 Fblog 22 (cos kd — cos fd)| (32)
the speed of light). o
In order to understand whether it is possible to homogeniEeom (30) and (31) it follows that
the structure at the frequencies when the backward-wave region (ern — 1)
exists, we studied for both propagating and decaying modes. a= 6”—1 /ﬂ. (33)
Fig. 5 shows the frequency dependence of both the real and (e =1) V €oa

imaginary parts of the normalized propagation fagtdy~ for  In the above equatiori(w) is already known from the disper-
the casen = b = d = 8 mm. Itis clear that outside the SRR ressjon curve and = w, /oo = w/e.

onant band the eigenmodes of the structure are the same as thoggjuating the propagation factgito the valuev, /eofige. . fir,
of the wire medium [19]. The thick straight line corresponds t@e obtain
the noninteracting wave.

2

From Fig. 5 one can see that the eigenmodes within the fre- e = 2/3 . (34)
guency band 5.92-5.98 GHz are complex. The lower limit of the k2era
backward wave region (5.980-6.045 GHz) is the upper limit &ubstituting this expression fo; into (33), we obtain
the complex-mode band. Complex modes cannot existin contin-

K . } 232 (w) cf

uous media. These modes are known for electromagnetic crys 2 T Ga@@
tals with different geometries (see, e.g., [19], [22]). These are €ra(W) = g B (35)
decaying modes though the real part of the propagation factor is ka(w)

Ref = 7 /d. The existence of this real part gfreflects the fact After e, is found, we then evaluate, through [cf. (35) and
that the directions of the currents in the wires are alternatiqga)]
along the propagation axis (two adjacent currents have oppo-

site directions and this can be interpreted as the phasesshift I+ f)i((“;))

between them due to the real part of the complex propagation p(w) = 15 o - (36)
+ Beraw)

factor). ’

Therefore, the homogenization is possible within one (the We have taken into account the nonlocal interaction in the
upper) half of the SRR resonant band but impossible within astructure in (35) and (36) though the effective permittivity and
other (the lower) half of the SRR resonant band (though fpermeability are introduced as the parameters reldBndd
these frequencies the structure periods are much smaller thaih E, H at the same point. Therefore, unlike (2) and (3), our
the wavelength in the background medium). material parameters are not quasi-static.
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15 tivity and permeability are negative. Note that this coincidence
is only approximate in our model. Probably this small difference
10} 1 between the band of backward waves and the band of negative
@ --- & e and p results from approximations that are inherent to this
% 5| Complex mode band — K| | model - o _ _
= \ Also we have indicated in Fig. 7 the point at which per-
8 mittivity and permeability are equal (at about 6.005 GHz). At
.%‘ 0 - (.—-—-—-""7 this frequency, the medium is impedance-matched with the free
= /,—"' space (this is useful for some applications) and the values,of
w5l L | andy, are not very high (the homogenization is then allowed).
= yal As a main result, one can see from Fig. 7 that the permit-
)/ tivity does not follow (within the resonant band) the law (even
-10¢ / 1 qualitatively) suggested in [2], [8], and [10]. It is the frequency
! dependence of the permittivity is nonmonotonous (from Fig. 7
-15 : W : . L \ L one sees that,, decreases over 5.96-6.09 and increases after

6 1 2 3 4 5 6 7 8 9 6090GHzas the frequency increases).

In the theory of continuous media, one can prove that both
the permittivity and permeability must grow as the frequency
Fig. 6. Axial permittivity (dashed line) and the transversal permeability (SOliicreaseS in the lossless case [26] In our case, the permeabi”ty
line) for the cases = b = d = 8 mm. . . .

grows everywhere as the frequency increases (until the first spa-
tial resonance of the lattice, i.é:¢ = = when it loses the phys-

Frequency, GHz

1

ical meaning). Thus, the frequency behavior of the permeability
0.8+ is normal. However, the permittivity grows as the frequency in-
0.6l --- € creases only at the frequencies when the magnetization of SRR
g —u is small and the interaction of the SRRs and wires is negligible.
b 0.4 Within the band of the backward wave the permittivity decreases
g 0.2} \ as the frequency increases. Therefore, the homogenization pro-
I 0 ‘\‘ cedure we have developed is not completely consistent with the
= R theory of [26]. The reason for this disagreement is that the mate-
§ 0.2} N rial parameters considered in [26] are quasi-static (i.e., the polar-
§ 0.4L ization of the medium at a given point is determined by the field
at this point) while our model takes into account the nonlocal in-
-0.6 1 teraction of the SRR lattice and the wire lattice. We found that
0.8l the visible difference between the quasi-static model and our
‘ ‘ model is within the SRR resonant band. However, the influence

of the nonlocal interaction is revealed in the permittivity of the
wire lattice disturbed by the presence of the SRRs.

The lattice of infinite wires is spatially dispersive at all fre-
Fig. 7. Axial permittivity (dashed line) and the transversal permeability (soliguencies since the wires are longer than any possible wave
line) for the case: = b = d = 8 mm within the SRR resonant band. length. When the wave propagates strictly in the plane orthog-

onal to the axis of the wires one can still neglect the spatial dis-

Frequency dependencies of bath, and;, are shown in persionsince all parameters are independent of teordinate.
Fig. 6 for the cas@ = b = d = 8 mm. Outside the resonantThus, the problem is 2-D and possible to be homogenized [5].
band of the SRR particles the frequency dependence of the gaewever, if there is a lattice of scatterers with which the wires
mittivity repeats the known result for wire media (treated as ariiteract, the situation becomes quite different (even for propa-
ficial dielectric media) [5]. The permeability is practically equagiation orthogonal to the wires). Here the problem is not 2-D and
to the unity outside the resonant band of SRRs. Within the coithe wire currentis influenced by all the SRR particles positioned
plex-mode band the homogenization is forbidden [21], [22] ar&dong its infinite length. It results in the abnormal frequency be-
this frequency region is removed in this figure (beth andy, havior of the effective permittivity of the structure.
calculated through (35) and (34) are complex within this band).

Let us consider the resonant frequency behavior of the mate-
rial parameters in details. Fig. 7 shows the same curves as those
in Fig. 6, however, in another scale starting from the upper limit In the present paper, we have developed an analytical model
of the complex-mode band. From Fig. 7 one sees that the plar a structure similar to the one for which the negative re-
mittivity and permeability are both negative between 5.970 affichiction at microwave frequencies was first observed (formed
6.020 GHz. From Fig. 4 it follows that the backward wave progsy combined lattices of infinitely long wires and split-ring res-
agates between 5.980 and 6.045 GHz. Thus, the backward-wamators) [8]. We have derived a self-consistent dispersion equa-
region almost coincides with the region where both the permtten and studied the dispersion properties of the lattice. The ex-

-1 : . ‘ . l . ‘
58 585 59 595 6 605 61 615 62 625 63
Frequency, GHz
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