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Due to the exponential increase in computational power ever since the invention of the
computer, the use of tensors has become a more viable way to approach problems in-
volving many variables. However, the efficient treatment of high-dimensional problems
still requires special techniques such as tensor decompositions and utilizing sparsity.

The first part of this dissertation considers the properties of symmetric meet and join
tensors arising in lattice theory, which can be understood as generalizations of meet
and join matrices such as classically studied GCD and LCM matrices, respectively.
New low-parametric tensor decompositions are developed for general classes of lattice-
theoretic tensors in both polyadic and tensor-train formats. The compressed repre-
sentations endowed by these decompositions enable numerical computations involving
high dimensionality and order, and the efficient application of tensor eigenvalue solu-
tion algorithms is studied for tensors belonging to these classes.

The second part of this dissertation considers the application of sparse grid collo-
cation algorithms for the solution of parameter-dependent partial differential equa-
tions involving high dimensionality. We consider as applications a class of stochastic
eigenvalue problems and a parameter-dependent complete electrode model of electri-
cal impedance tomography. A novel basis selection technique based on the maximum
volume principle is introduced for multivariate polynomial interpolation over arbitrary
node configurations.

1

 sdrowyeK ,noitacolloc laimonylop ,dirg esraps ,ecittalimes ,eulavnegie rosnet ,niart-rosnet  
 noitalopretni etairavitlum

 )detnirp( NBSI  4-0257-06-259-879  )fdp( NBSI  8-9157-06-259-879

 L-NSSI  4394-9971  )detnirp( NSSI  4394-9971  )fdp( NSSI  2494-9971

 rehsilbup fo noitacoL  iknisleH  gnitnirp fo noitacoL  iknisleH  raeY  7102

 segaP  081  nru :NBSI:NRU/fi.nru//:ptth  8-9157-06-259-879





 ämletsiviiT
  otlaA 67000 ,00011 LP ,otsipoily-otlaA  if.otlaa.www

 äjikeT
 ajoinraaK aseV

 imin najriksötiäV
nesimonylop nävätnydöyh ajolih ajovrah aj teetnekarirosnet tesitteeroetalih tavraH  

 aiskullevos nämletenemoitaakollok

 ajisiakluJ  uluokaekrok nedieteitsureP

 ökkiskY  sotial nisyylanaimeetsys aj nakiitametaM

 ajraS seires noitacilbup ytisrevinU otlaA  SNOITATRESSID LAROTCOD  031 /  7102

 alasumiktuT  akkiitametaM

 mvp neskutiojrikisäK  7102.50.51  äviäpsötiäV  7102.80.20

 äviäpsimätnöym navulusiakluJ  7102.60.62  ileiK  itnalgnE

 aifargonoM  ajriksötiävilekkitrA  ajriksötiäveessE

 ämletsiviiT

Tensorien soveltamisesta on tullut varteenotettava tapa lähestyä usean muuttujan on-

gelmia johtuen laskennallisen tehon eksponentiaalisesta kasvusta tietokoneen keksi-

misestä lähtien. Korkeaulotteisten ongelmien tehokas käsittely vaatii kuitenkin edel-

leen erityisiä tekniikoita kuten tensorihajotelmien soveltamista ja harvojen rakentei-

den hyödyntämistä.

Väitöskirjan ensimmäinen osio käsittelee symmetristen hilateoreettisten tensorien o-

minaisuuksia, jotka ovat hilateoreettisten matriisien kuten perinteisesti tutkittujen

GCD- ja LCM-matriisien yleistyksiä. Väitöskirjassa kehitetään uusi vähäparametri-

nen tensorihajotelmaesitys yleiselle luokalle hilateoreettisia tensoreja sekä polyadi-

sessa että tensoriketju-muodossa. Näiden hajotelmien tuottamat tiiviit esitysmuodot

mahdollistavat numeeristen laskutoimitusten suorittamisen korkean asteen ja ulot-

tuvuuden omaavilla tensoreilla, ja työssä tarkastellaan tensoriominaisarvojen ratkai-

sualgoritmien tehokasta soveltamista kyseiseen luokkaan kuuluville tensoreille.

Väitöskirjan toinen osio käsittelee harvoja tensorihiloja hyödyntävien kollokaatioalgo-

ritmien soveltamista korkeaulotteisiin parametririippuviin osittaisdifferentiaaliyhtä-

löihin. Sovelluksina tarkastellaan erästä stokastisten ominaisarvo-ongelmien luokkaa

ja sähköisen impedanssitomografian parametririippuvaa täydellistä elektrodimallia.

Työssä esitellään myös uusi determinantin maksimointiin perustuva tekniikka usean

muuttujan polynomisen interpolaation toteuttamiseen mielivaltaisten pistejoukkojen

yli.
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1. Introduction

Tensors (or multidimensional arrays, i.e., hypermatrices) have been stud-

ied ever since Cayley [14] introduced higher-order matrices in 1845 and

studied their determinants. Tensor decompositions have played a vital

role in the treatment of tensors since the beginning, already appearing

in Cayley’s work, and subsequently quantified in 1927 by Hitchcock [35],

who introduced the concept of the tensor rank. Tensors became a compu-

tational asset when Tucker [68] laid the foundation for the computational

treatment of tensor decompositions.

Matrices may be regarded as a special, lower-order case of tensors. Ma-

trices are well understood and the field of linear algebra that studies their

properies is regarded by some as “complete” with very few mysteries re-

maining to unfold. However, the same cannot be said for tensors: The de-

composition theory regarding tensors is still largely under development

and software libraries akin to BLAS or LAPACK—which contribute im-

mensely to the utility of matrices in numerical computations—do not ex-

ist for tensors despite the best efforts of the tensor community. The de-

velopment of such software libraries is the stated long term goal of the

numerical multilinear algebra community [24]. The fact that tensors are

in so many ways dissimilar to matrices makes tensors a fascinating re-

search subject in their own right in contemporary numerical multilinear

algebra.

On the other hand, tensor products arise in contexts where, for example,

one needs to extend univariate finite-rank linear operators—such as inter-

polation or quadrature operators—to multivariate settings. This process,

called tensorization, is conceptually simple, but combining lower-order op-

erators into higher-order operators is extremely costly. A tensor product

9



Introduction

of d operators, each one having cost O(n), has a combined cost of O(nd).

This exponential dependence on d is called the curse of dimensionality1

and it is the fundamental reason for the intractability of numerical com-

putations with multivariate operators.

The overarching theme of this dissertation are the methods which are

needed to overcome the curse of dimensionality. This dissertation consists

of two distinct parts:

1. The first part of this dissertation (Publications I–III) considers the

low-parametric representation of symmetric tensors arising in lat-

tice theory. Several classes of eigenvalue problems are considered

for these classes of tensors, some new bounds for the associated

eigenvalues are presented, and the sharpness of these bounds is

assessed in numerical experiments.

2. The second part of this dissertation (Publications IV–VI) consid-

ers the practical applications of sparse grid collocation methods to

problems involving parameter-dependent partial differential equa-

tions. Some new developments on the polynomial collocation method

via the interpolation approach over arbitrary collocation node con-

figurations are presented as well.

This document is organized as follows. The basic definitions of tensors,

tensor decompositions, and tensor eigenvalue problems are presented in

Section 2. The class of lattice-theoretic tensors that are under consider-

ation in Publications I–III is discussed in Section 3, and the polynomial

collocation method based on sparse grids related to the author’s work in

Publications IV–VI is reviewed in Section 4. The contents of Publica-

tions I–VI are summarized in Section 5, and the articles themselves are

presented at the end of this dissertation.

1This term was introduced in 1961 by Bellman [7].
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2. Tensors, tensor decompositions, and
tensor eigenvalues

Throughout this dissertation, the term tensor is used to refer to a multi-

dimensional array A. We denote the elements of the tensor A by

Ai1,...,id for i1, . . . , id ∈ {1, . . . , n},

where d is the order and n is the dimension of the tensor, and the elements

themselves belong to either R or C depending on the context. In addition,

if the elements of the tensor A are invariant under any permutation of

its indices, i.e., Ai1,...,id = Aiσ(1),...,iσ(d)
for any permutation σ of {1, . . . , d},

then we call the tensor A symmetric (or supersymmetric). For example,

this requirement is satisfied in the case d = 3 by having

Ai,j,k = Ai,k,j = Aj,i,k = Aj,k,i = Ak,i,j = Ak,j,i.

In practice, one immediately finds that the treatment of tensors as simple

multidimensional arrays is highly inefficient since it requires the storage

of nd elements invoking the curse of dimensionality.

2.1 Tensor decompositions

Matrices, i.e., second order tensors, benefit from a wealth of readily avail-

able and well-documented decomposition theory. For low-rank matrices

A ∈ Rn×n, or matrices which are sufficiently well approximated by low-

rank matrices, one can attempt to find a skeleton decomposition with

U, V ∈ Rn×r such that

A � UV �, i.e., Ai,j �
r∑

k=1

Ui,kVj,k, i, j ∈ {1, . . . , n},

where r ≤ n. In other words, one attempts to reduce the storage of alto-

gether n2 elements into 2nr, where the compression obtained using this

11
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representation is an improvement over the original matrix if, e.g., r < n/2.

In practice, finding sparse or otherwise structured component matrices U

and V plays a key role in reducing the overall storage complexity of matrix

A.

The aim of a tensor decomposition is to separate the indices and, ulti-

mately, a good choice of decomposition may be used to reduce the storage

complexity of the tensor in a manner similar to the skeleton decomposi-

tion of matrices. A compressed representation also has several advan-

tages such as speeding up standard linear algebraic operations carried

out by using the tensor. Perhaps the most famous application of this ap-

proach is Strassen’s algorithm [67], where the complexity of matrix multi-

plication is reduced by passing onto a compressed block matrix form that

saves one matrix multiplication per block compared to schoolbook matrix

multiplication. For square matrices with dimension n, this reduces the

schoolbook matrix multiplication algorithm with complexity n3 into an al-

gorithm with complexity O(n2.8074).

One extensively studied tensor decomposition is the polyadic decompo-

sition.

Definition 1 (Polyadic decomposition). The r-term polyadic decomposi-

tion of an n-dimensional order d tensor A with complex entries is given

by

Ai1,i2,...,id =
r∑

k=1

ckB
(1)
i1,k

B
(2)
i2,k

· · ·B(d)
id,k

, i1, i2, . . . , id ∈ {1, 2, . . . , n},

where c1, c2, . . . , cr are scalar coefficients and B(1), B(2), . . . , B(d) are n × r

matrices called the polyadic factors. The decomposition can be written

equivalently as a linear combination of rank-1 tensors

A =

r∑
k=1

ckb
(1)
k ⊗ b

(2)
k ⊗ · · · ⊗ b

(d)
k ,

where the column vectors are defined as b
(s)
k = B

(s)
:,k and the Segre outer

product of vectors v1, . . . , vd ∈ Cn is defined elementwise by (v1 ⊗ · · · ⊗
vd)i1,...,id = v1i1 · · · vdid , i1, . . . , id ∈ {1, . . . , n}.

If the number of terms r is minimal, then the polyadic decomposition is

called the canonical polyadic decomposition or CP-decomposition and the

number r is the CP-rank of tensor A denoted by rankCPA.

12
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Example 2. Let us derive a polyadic decomposition for the 2×2×2 tensor

A = [A:,:,1 | A:,:,2] =

⎡⎣ 1 2 0 0

0 0 3 0

⎤⎦ .
Now since the nonzero elements are A1,1,1 = 1, A1,2,1 = 2, and A2,1,2 = 3,

we can write the tensor as a linear combination of rank-1 tensors

A =

⎡⎣1
0

⎤⎦⊗
⎡⎣1
0

⎤⎦⊗
⎡⎣1
0

⎤⎦+ 2

⎡⎣1
0

⎤⎦⊗
⎡⎣0
1

⎤⎦⊗
⎡⎣1
0

⎤⎦+ 3

⎡⎣0
1

⎤⎦⊗
⎡⎣1
0

⎤⎦⊗
⎡⎣0
1

⎤⎦
producing a 3-term polyadic decomposition of tensor A.

However, this is not the best possible decomposition for tensor A in

terms of rank. In fact, there exists at least one rank-2 decomposition

given by ⎡⎣0
1

⎤⎦⊗
⎡⎣1
0

⎤⎦⊗
⎡⎣0
3

⎤⎦+
⎡⎣1
0

⎤⎦⊗
⎡⎣1
2

⎤⎦⊗
⎡⎣1
0

⎤⎦ ,
which is, in fact, optimal, i.e., a CP-decomposition.

Example 2 illustrates the fundamental problem of determining the CP-

rank: The problem of identifying the basis producing the shortest length

polyadic decomposition is nontrivial and generally NP-hard [31].

The polyadic decomposition can be used to represent a tensor in dnr

parameters, but finding a suitable decomposition can be challenging in

practice. Either a polyadic decomposition has to be known analytically

or one resorts to using iterative methods such as ALS (see, e.g., the sur-

veys [19, 40] for detailed accounts on this algorithm) to attempt determin-

ing a decomposition numerically. Unfortunately, the convergence proper-

ties of ALS are not very well understood and its usage requires access to

all tensor elements in order to form the numerical decomposition, which

is very restricting in practice. Other types of tensor decompositions have

been proposed that, while requiring more parameters to represent the

tensor, are easier to construct and provide ways to avoid accessing all nd

elements of the tensor in the construction of an approximate decomposi-

tion.

One such tensor decomposition, the tensor-train decomposition, was pro-

posed by Oseledets [58] and it is supported by a number of desirable qual-

ities from an algorithmic viewpoint: The decomposition can always be

formed numerically via an algorithmic sequence of operations, there ex-

ists a cross-approximation technique that avoids accessing all nd elements

13
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of the n-dimensional order d tensor in the construction of the tensor-train

decomposition [57, 62], and if the decomposition possesses a sufficiently

low rank, many operations in linear algebra—such as summation, mode

contractions against vectors or low-rank tensors, or dot products with

other tensors—can be reduced into only polynomial complexity within the

tensor-train framework compared to exponential complexity when work-

ing with full arrays. The tensor-train decomposition may be seen as a

parametric extension of the polyadic format and it is defined as follows.

Definition 3 (Tensor-train decomposition). An n-dimensional order d ten-

sor A with complex entries is said to have a tensor-train decomposition or

TT-decomposition if

Ai1,i2,...,id = G1(i1)G2(i2) · · ·Gd(id), i1, . . . , id ∈ {1, . . . , n},

where G1(i1) ∈ C1×r1 , Gd(id) ∈ Crd−1×1, and Gk(ik) ∈ Crk−1×rk for k ∈
{2, . . . , d − 1} with compression ranks r1, r2, . . . , rd−1 ∈ Z+. The factors

(Gk)
d
k=1 are called the TT-cores and they may be regarded as third order

tensors by identifying (Gk)j,i,� = Gk(i)j,�.

Example 4. A well-known result [59, Theorem 2] states that the TT-

decomposition of any tensor A given elementwise by Ai1,...,id = w1(i1) +

. . . + wd(id), where wk are arbitrary functions of one variable, has com-

pression ranks rk = 2 for k ∈ {1, . . . , d− 1}. It is easy to see that

Ai1,...,id =
[
w1(i1) 1

]⎡⎣ 1 0

w2(i2) 1

⎤⎦ · · ·
⎡⎣ 1 0

wd−1(id−1) 1

⎤⎦⎡⎣ 1

wd(id)

⎤⎦ ,
where the matrix factors are the rank-2 TT-cores of tensor A.

The optimal compression ranks are achievable and they are equal to the

ranks of the unfolding matrices Ak ∈ Cnk×nd−k defined elementwise as

(Ak)(i1,...,ik),(ik+1,...,id) = Ai1,...,id ,

where the multi-indices (i1, . . . , ik) ∈ {1, . . . , n}k enumerate the rows and

the multi-indices (ik+1, . . . , id) ∈ {1, . . . , n}d−k enumerate the columns of

the matrix Ak. Establishing the lower bound rk ≥ rankAk is trivial, which

can be seen as follows. Assume the converse: The tensor A has a TT-

decomposition given by

Ai1,...,id = G1(i1) · · ·Gd(id), Gk(ik) ∈ Crk−1×rk , k ∈ {1, 2, . . . , d},

14
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where r0 = rd = 1 and rk < rankAk for some k. The unfolding matrix Ak

can therefore be written as

Ak = UV,

where the matrices U ∈ Cnk×rk and V ∈ Crk×nd−k are defined by set-

ting U(i1,...,ik),: = G1(i1) · · ·Gk(ik) and V:,(ik+1,...,id) = Gk+1(ik+1) · · ·Gd(id),

respectively. Then

min{rankU, rankV } ≤ min{nk, rk, n
d−k} ≤ rk < rankAk = rank(UV )

≤ min{rankU, rankV },

which is a contradiction. Thus rk ≥ rankAk.

The fact that there exists a TT-decomposition with compression ranks

rk = rankAk is the nontrivial part of the argument and is proven by con-

struction in [58]. This motivates the definition of the TT-rank by setting

rankTTA := max
1≤k≤d−1

rankAk.

The TT-rank and CP-rank are related to each other by an embedding.

Let tensor A have a CP-decomposition given by

Ai1,...,id =
r∑

k=1

ckB
(1)
i1,k

B
(2)
i2,k

· · ·B(d)
id,k

, i1, i2, . . . , id ∈ {1, 2, . . . , n},

as in Definition 1. Then one finds a TT-decomposition of A given by

Ai1,...,id =
r∑

α1,...,αd−1=1

cα1B
(1)
i1,α1

· δα1,α2B
(2)
i2,α2

· · · δαd−2,αd−1
B

(d−1)
id−1,αd−1

·B(d)
id,αd−1

,

where the TT-cores can now be defined by setting G1(i1)1,α1 = cα1B
(1)
i1,α1

,

Gd(id)αd−1,1 = B
(d)
id,αd−1

, and Gk(ik)αk−1,αk
= δαk−1,αk

B
(k)
ik,αk

, respectively, for

all αk ∈ {1, . . . , r} and ik ∈ {1, . . . , n}, k ∈ {1, . . . , d}. In particular, this

embedding implies that

rankTTA ≤ rankCPA,

which provides a convenient way to determine a lower bound for the CP-

rank in case one is able to determine the TT-rank.

In addition to the polyadic and TT-decomposition, there exist many other

tensor decompositions that are studied in concurrent literature such as

the Tucker decomposition and the Hierarchical Tucker decomposition. In

this dissertation, only the polyadic and tensor-train decompositions are

considered and the interested reader is referred to [28, 29, 30, 40] for de-

tails on various of other types of tensor decompositions that are used in

contemporary literature.
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2.2 Tensor eigenvalue problems

Symmetric tensors have become a center of attention of the numerical

multilinear algebra community in recent years. There have been signifi-

cant advances in recent research surrounding symmetric tensors: In their

seminal 2008 paper, Comon et al. [18] bridged the gap between the sym-

metric tensor rank and polynomial varieties, which enabled the use of the

Alexander–Hirschowitz theorem [1] to derive so-called generic ranks for

symmetric tensors. It is also the only form of tensors where significant

mathematical theory has been established on the optimal rank-1 approx-

imation problem [39, 46]. Nowadays it is known that the optimal rank-1

approximation problem is related to the Z-eigenvalue problem of tensors.

Before giving the definitions of tensor eigenvalues, we establish some

notation. Let A be an n-dimensional order d symmetric tensor and x ∈ Rn

a vector and define the shorthand notations for the vectors Axd−1, x[d−1] ∈
Rn defined elementwise by setting

(Axd−1)i =
n∑

i2,...,id=1

Ai,i2,...,idxi2 · · ·xid and (x[d−1])i = xd−1
i

for i ∈ {1, . . . , n}. Then the Z-eigenvalue problem of tensors is defined as

follows.

Definition 5 (Z-eigenvalue problem). Let A be an n-dimensional tensor

of order d. The number λ ∈ R is called a Z-eigenvalue of A and x ∈ Rn\{0}
is the corresponding Z-eigenvector if

Axd−1 = λx and ‖x‖ = 1.

It is known [39, 46, 61] that the pair (λ, x) ∈ R×(Rn\{0}) corresponding

to the largest Z-eigenpair in absolute value of the tensor A can be used to

construct the optimal symmetric rank-1 approximation of the tensor A in

the Frobenius norm via

min
B symmetric
rankCPB=1

‖A−B‖F = ‖A− λx⊗d‖F ,

where x⊗d := x⊗ · · · ⊗ x is the d-fold Segre outer product of the associated

Z-eigenvector x. The study of these forms led to the modern form of tensor

eigenvalues, which was developed simultaneously by Qi [61] and Lim [47].
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Definition 6 (H-eigenvalue problem). Let A be an an n-dimensional ten-

sor of order d. The number λ ∈ R is called an H-eigenvalue of A and

x ∈ Rn \ {0} is the corresponding H-eigenvector if

Axd−1 = λx[d−1].

The generalized eigenvalue problem was introduced in [15].

Definition 7 (Generalized eigenvalue problem). Let both A and B be n-

dimensional tensors of order d. Then λ ∈ R is called a B-eigenvalue of A

and x ∈ Rn \ {0} is the corresponding B-eigenvector if

Axd−1 = λBxd−1.

Several algorithms have been proposed for the solution of tensor eigen-

value problems in recent years. Generalizations of the matrix power

method have been developed for Z-eigenvalues in [39] and subsequently

for H-eigenvalues in [53]. The shifted power method (S-S-HOPM) was de-

veloped for Z-eigenvalues in [41], and its generalization to B-eigenvalues

(GEAP) appeared in [42]. We also mention the polynomial optimization

approach developed in [22]. We refer to these works for detailed descrip-

tions of the algorithms.
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3. Lattice-theoretic tensors

The first part of this dissertation (Publications I–III) considers proper-

ties of symmetric tensors arising in lattice theory such as GCD and LCM

tensors. In addition, we consider the generalized eigenvalue problem for

meet and join matrices in Publication II.

3.1 GCD and LCM tensors

Recall that the greatest common divisor (GCD) and least common multi-

ple (LCM) are defined for x, y ∈ Z+ by setting

gcd(x, y) := max{z ∈ Z+ : z|x and z|y},
lcm(x, y) := min{z ∈ Z+ : x|z and y|z},

where | denotes the ordinary divisibility relation of positive integers.

The classical theory surrounding lattice-theoretic matrices can be re-

garded as starting with Smith [63], who in 1876 studied the properties

of the n × n matrix A given elementwise by Ai,j = gcd(i, j). Since then,

the eigenvalues [4, 36], inverse matrix [11], decompositions and positive

definiteness [8, 60], and determinant [34] of GCD and LCM matrices have

been studied extensively.

The notion of GCD and LCM matrices can be immediately generalized

to higher-order tensors. Let S = {x1, . . . , xn} ⊂ Z+ be such that xi|xj
only if i ≤ j and let f : Z+ → C be an arithmetic function. Then the

n-dimensional order d GCD tensor with respect to f may be defined as

((Sd)f )i1,...,id = f(gcd(xi1 , . . . , xid)), i1, . . . , id ∈ {1, . . . , n},
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and the n-dimensional order d LCM tensor with respect to f is given by

([Sd]f )i1,...,id = f(lcm(xi1 , . . . , xid)), i1, . . . , id ∈ {1, . . . , n}.

3.2 Meet and join tensors

GCD and LCM tensors can be seen as special cases of more general classes

of meet and join tensors. Let (P,
) be a nonempty poset equipped with

a partial order relation 
.2 Then we denote the greatest lower bound of

x, y ∈ P by

x ∧ y := sup{z ∈ P : z 
 x and z 
 y},

which is called the meet of x and y if it exists, and their least upper bound

by

x ∨ y := inf{z ∈ P : x 
 z and y 
 z},

which is called the join of x and y if it exists. The triplet (P,
,∧) is called a

meet semilattice if x ∧ y exists for all x, y ∈ P . Similarly, (P,
,∨) is called

a join semilattice if x ∨ y exists for all x, y ∈ P . If the poset (P,
,∧,∨)
is both a meet and a join semilattice, then it is called a lattice. In this

dissertation, it is always assumed that any two elements x, y ∈ P are

separated by at most a finite number of elements subject to the partial

ordering 
, i.e., the interval

{z ∈ P : x 
 z 
 y}

is finite for all x, y ∈ P . In this case the poset (P,
) is called locally finite.

Let (P,
,∧) be a meet semilattice, S = {x1, x2, . . . , xn} a finite subset of

P such that xi 
 xj only if i ≤ j, and f a complex-valued function on P .

The n-dimensional order d tensor (Sd)f , where

((Sd)f )i1,...,id = f(xi1 ∧ · · · ∧ xid), i1, . . . , id ∈ {1, 2, . . . , n},

is called the order d meet tensor on S with respect to f . Similarly, if (P,

,∨) is a join semilattice, then the n-dimensional order d tensor [Sd]f , where

([Sd]f )i1,...,id = f(xi1 ∨ · · · ∨ xid), i1, . . . , id ∈ {1, 2, . . . , n},

is called the order d join tensor on S with respect to f .

2A relation which is reflexive, transitive, and antisymmetric.
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It follows from these definitions by setting (P,
) = (Z+, |) and

x ∧ y = gcd(x, y) and x ∨ y = lcm(x, y), x, y ∈ Z+,

that GCD tensors are a special case of meet tensors and LCM tensors are

a special case of join tensors.

The case d = 2 corresponding to meet and join matrices has been stud-

ied extensively in the literature, see, e.g., [33, 38, 43, 44]. The focus of

the lattice-theoretic community has been shifting to tensors in recent lit-

erature as well: Hyperdeterminants of GCD tensors [32] and meet ten-

sors [48, 69] have gained attention in particular.

A major part of the appeal of locally finite posets (P,
) is the fact that

one can define the Möbius function on P inductively by setting

μP (x, y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1 if x = y,

−∑x�z≺y μP (x, z) if x ≺ y,

0 otherwise

for all x, y ∈ P . Then for any functions f, g : P ×P → C satisfying f(x, y) =

0 = g(x, y) whenever x �
 y, the Möbius inversion theorem (cf., e.g., [66,

Propositions 3.7.1–2]) yields

f(x, y) =
∑

x�z�y

g(x, z) if and only if g(x, y) =
∑

x�z�y

f(x, z)μP (z, y)

for all x, y ∈ P . Möbius inversion has been used successfully in the deriva-

tion of explicit LDLT factorizations for meet and join matrices [9], and re-

cently its use was pioneered by Ilmonen [37] in the derivation of polyadic

decompositions of meet tensors on meet closed sets.

The decomposition theory established in [37] covers, e.g., the represen-

tation of GCD tensors but not, say, LCM tensors which are generally not

closed with respect to the join (in this case LCM) operation over S. This

is the impetus behind the development of the structure-theoretic results

presented in Publication III. We give the main result of the aforemen-

tioned paper below and proceed to present some examples of its use.

Theorem 8 (Publication III). Let (P,
,∨) be a locally finite join semilat-

tice, S = {x1, . . . , xn} a finite subset of P ordered such that xi 
 xj only if

i ≤ j, and f a complex-valued function on P . Let S∨d = {xi1 ∨ · · ·∨xid : 1 ≤
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i1 ≤ · · · ≤ id ≤ n} = {y1, . . . , yr} be ordered such that yi 
 yj only if i ≤ j.

Then [Sd]f has a #S∨d-term polyadic decomposition given by

([Sd]f )i1,...,id =

r∑
k=1

ckEi1,k · · ·Eid,k,

where

ck =
∑

s:yk�ys

f(ys)μS∨d(yk, ys), k ∈ {1, . . . , r}.

Here μS∨d denotes the Möbius function of the poset (S∨d,
) and E is the

n× r matrix defined elementwise by setting

Ei,j =

⎧⎪⎨⎪⎩1, if xi 
 yj ,

0 otherwise
for i ∈ {1, . . . , n} and j ∈ {1, . . . , r}.

Moreover, the computation of the coefficient vector c = [c1, . . . , cr]
T can be

carried out by solving the matrix equation

Ec = y,

where y = [f(y1), . . . , f(yr)]
T and E is the r × r matrix defined elementwise

by setting

Ei,j =

⎧⎪⎨⎪⎩1, if yi 
 yj ,

0 otherwise
for i, j ∈ {1, . . . , r}.

Proof. See the proof of Theorem 3.1 in Publication III and the accompa-

nying remark.

Example 9 (LCM tensor). Consider the 3 × 3 × 3 LCM tensor defined

elementwise by setting Ai1,i2,i3 = lcm(i1, i2, i3), i.e.,

A = [A:,:,1|A:,:,2|A:,:,3] =

⎡⎢⎢⎣
1 2 3 2 2 6 3 6 3

2 2 6 2 2 6 6 6 6

3 6 3 6 6 6 3 6 3

⎤⎥⎥⎦ .
Since S = {1, 2, 3}, it follows that S∨3 = {1, 2, 3, 6} and the partial order

relation 
 is the ordinary divisibility relation | of positive integers. Fol-

lowing the notations of Theorem 8, we set f(x) = x and the divisibility

matrices are given by

E =

⎡⎢⎢⎣
1 1 1 1

0 1 0 1

0 0 1 1

⎤⎥⎥⎦ and E =

⎡⎢⎢⎢⎢⎢⎣
1 1 1 1

0 1 0 1

0 0 1 1

0 0 0 1

⎤⎥⎥⎥⎥⎥⎦ .
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The coefficients of the polyadic decomposition are obtained by solving

c = [c1, c2, c3, c4]
T from the equation

Ec = y,

where y = [1, 2, 3, 6]T. We find that

c = [2,−4,−3, 6]T,

which yields a 4-term polyadic decomposition

A =

4∑
i=1

ciE:,i ⊗ E:,i ⊗ E:,i.

Meet and join tensors as a class of symmetric tensors

From a computational point of view, the interest in lattice-theoretic ten-

sors stems from the fact that the complexity of the lattice structure can be

used to govern the complexity of its representation formulae. We remark

that the results of Publication III are applicable for symmetric tensors

A satisfying the additional condition

Ai1,...,id = Aj1,...,jd if {i1, . . . , id} = {j1, . . . , jd}. (3.1)

To illustrate how the decomposition theory of lattice-theoretic tensors

can be applied to symmetric tensors satisfying (3.1), we end this chapter

with the following example where the lattice structure can be recovered

from a tensor.

Example 10. Consider the 3× 3× 3 symmetric tensor

A = [A:,:,1|A:,:,2|A:,:,3] =

⎡⎢⎢⎣
1 4 5 4 4 7 5 7 5

4 4 7 4 2 6 7 6 6

5 7 5 7 6 6 5 6 3

⎤⎥⎥⎦ .
Let S = {x1, x2, x3} be given such that P := S∨3 = {x1, x2, x3, x1 ∨ x2, x1 ∨
x3, x2 ∨ x3, x1 ∨ x2 ∨ x3} and the partial order relation 
 is defined as in

the Hasse diagram in Figure 1. Define the function f on P by setting

f(x1) = 1, f(x2) = 2, f(x3) = 3,

f(x1 ∨ x2) = 4, f(x1 ∨ x3) = 5, f(x2 ∨ x3) = 6, f(x1 ∨ x2 ∨ x3) = 7.

Then one can easily verify that A = [S3]f .
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Following the notations of Theorem 8, we find that

E =

⎡⎢⎢⎣
1 0 0 1 1 0 1

0 1 0 1 0 1 1

0 0 1 0 1 1 1

⎤⎥⎥⎦ and E =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 1 1 0 1

0 1 0 1 0 1 1

0 0 1 0 1 1 1

0 0 0 1 0 0 1

0 0 0 0 1 0 1

0 0 0 0 0 1 1

0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The coefficients of the polyadic decomposition are obtained by solving

c = [c1, c2, c3, c4, c5, c6, c7]
T from the equation

Ec = y,

where y = [f(x1), f(x2), f(x3), f(x1 ∨ x2), f(x1 ∨ x3), f(x2 ∨ x3), f(x1 ∨ x2 ∨
x3)]

T = [1, 2, 3, 4, 5, 6, 7]T. We find that

c = [−1,−1,−1,−3,−2,−1, 7]T,

which yields a 7-term polyadic decomposition

A =

7∑
i=1

ciE:,i ⊗ E:,i ⊗ E:,i.
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Figure 1. Hasse diagram of the poset (P,�) in Example 10. The vertices denote the poset
elements and if x ≺ y, then x and y are connected by a line segment such that
y has higher altitude than x. The dashed line segments are used to indicate
that they are non-intersecting with non-dashed line segments.
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4. Polynomial collocation methods
based on sparse grids

The second part of this dissertation (Publications IV–VI) considers the

practical applications of sparse grid collocation methods to problems in-

volving parameter-dependent partial differential equations. Some new

developments on the collocation method via the interpolation approach

on arbitrary collocation node configurations are presented as well.

4.1 Problem setting

Let us consider the class of problems described by the ubiquitous model

P(u(x, y), y) = 0, x ∈ Dy and y ∈ Γ, (4.1)

subject to the boundary conditions

B(u(x, y), y) = 0, x ∈ ∂Dy and y ∈ Γ, (4.2)

where the model (4.1)–(4.2) depends on d parameters y = [y1, . . . , yd]
� that

range in a space of parameters Γ, Dy ⊂ Rm denotes a physical domain for

each y ∈ Γ, and u(·, y) ∈ Hy, where Hy is the solution space of uy : x �→
u(x, y) for fixed y ∈ Γ. The parameter space can be used to model various

properties of the system (4.1)–(4.2) such as the variations in the geometry

of the physical domain or in physical constants controlling the properties

of the system.

In order for the model (4.1)–(4.2) to be solvable for the unknown u, the

solution mapping uy ∈ Hy needs to be well-defined for all y ∈ Γ. If for

each fixed y0 ∈ Γ we possess the means to solve the system (4.1)–(4.2) for

x �→ uy0(x) over the physical domain Dy0 , then an approximate solution of

the system (4.1)–(4.2) can be obtained by introducing a sequence of pre-
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scribed nodes {y1, . . . , yn} ⊂ Γ and computing an ensemble of snapshot so-

lutions {uy1 , . . . , uyn}. In polynomial collocation, the individual solutions

are used to determine the coefficients of a polynomial approximation of

the problem (4.1)–(4.2) over the parameter space usually via interpola-

tion, pseudospectral projection onto a polynomial basis, or by regression.

The uncoupling of the physical variable x and the parameter y is the im-

petus behind the development of a number of high-order collocation meth-

ods developed for parameter-dependent PDEs in recent years [3, 54, 71,

73] as an alternative solution scheme to spectral Galerkin methods [25,

49, 72], where, instead of fixing an ensemble of realizations from the

parameter space, one fixes a polynomial basis instead. However, in the

Galerkin approach a new numerical solver needs to be developed for each

problem ad hoc, which is a highly nontrivial task. Collocative approaches,

however, are immediately applicable whenever a numerical solver is avail-

able for the system (4.1)–(4.2) for each realization of y0 ∈ Γ. Although this

typically results in solving a large number of individual FEM solutions,

such computation is an embarrassingly parallel task.

4.2 Solution methods

Polynomial collocation methods create an explicit polynomial approxima-

tion of the solution map Γ � y �→ uy ∈ Hy. Since the spatial variable x

plays no part in the construction of the polynomial mapping, we suppress

its notation in the sequel and denote u(y) ≡ uy.

Pseudospectral approximation and sparse grids

Let us consider the function u : Γ→ R over a parameter space of the form

Γ = Γ1 × · · · × Γd, where each Γk ⊂ R is an interval (not necessarily finite)

equipped with a weight function Wk : Γk → R+ that has finite moments for

all k ∈ {1, . . . , d}. Denote W (y) = W1(y1) · · ·Wd(yd) for y = (y1, . . . , yd) ∈ Γ.

For each pair (Γk,Wk), one can find a family of orthonormal polynomials

(φ
(k)
j )∞j=0 by using, e.g., the Gram–Schmidt orthogonalization procedure,

such that ∫
Γk

φ
(k)
i (yk)φ

(k)
j (yk)Wk(yk) dyk = δi,j for all i, j ≥ 0.
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In particular, the tensor product orthonormal polynomials (Φα)α∈Nd
0
=

(φ
(1)
α1 (y1) · · ·φ(d)

αd (yd))
∞
α1,...,αd=0 can be used to write the spectral expansion

u(y) ∼
∑
α∈Nd

0

ûαΦα(y), ûα =

∫
Γ1×···×Γd

u(y)Φα(y)W (y) dy,

for any function u that is square-integrable with respect to the measure

dμ(y) = W (y) dy.

In the pseudospectral approximation method (see, e.g., [49, 71, 72]) one

truncates the infinite sum to a finite number of terms producing a contin-

uous approximation

u(y) ≈
∑

|α|≤N

α∈Nd
0

ûαΦα(y),

where we denote multi-indices by α = (α1, . . . , αd) and define |α| = α1 +

. . . + αd. The expansion coefficients can be approximated by using an

integration rule∫
Γ1×···×Γd

f(y)W (y) dy ≈
P∑

j=1

wjf(y
(j)), wj ∈ R, y(j) ∈ Γ1 × · · · × Γd,

which yields an approximate solution of the form

u(y) ≈
∑

|α|≤N

α∈Zd
+

v̂αΦα(y), v̂α =

P∑
j=1

wju(y
(j))Φα(y

(j)).

The pseudospectral approximation method begs the question on how to

choose a good integration rule for multivariate functions. The product

format imposed on the parametric region, however, permits a neat ten-

sorization of univariate quadrature rules. For simplicity, let us make the

assumption that I := Γ1 = · · · = Γd and W := W1 = · · · = Wd.

Let (Qn)
∞
n=1 be a sequence of m(n)-point univariate quadrature rules

such that

Qnf =

m(n)∑
j=1

w
(n)
j f(y

(n)
j ) ≈

∫
I
f(y)W(y) dy,

where 1 =: m(1) ≤ m(2) ≤ · · · is a nondecreasing sequence of integers.

The immediate extension of this integration rule to the region Id ⊂ Rd

endowed with the weight function W (y) = W(y1) · · ·W(yd) follows by em-

ploying a tensorization of the form

d⊗
k=1

Qαk
f =

m(α1)∑
i1=1

· · ·
m(αd)∑
id=1

w
(α1)
i1

· · ·w(αd)
id

f(y
(α1)
i1

, . . . , y
(αd)
id

), (4.3)
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where αj ∈ Z+ for j ∈ {1, . . . , d}. This extension has very favorable ap-

proximation qualities in the theory of cubature rules [21], but it is set

back by the curse of dimensionality: A practical implementation requires

m(α1) · · ·m(αd) computations, which becomes intractable for even moder-

ate values of d.

One way to lessen the problem of dimensionality is to construct a se-

quence of lower-order tensor products that approximate the operator (4.3)

asymptotically. This approach has been discovered separately by sev-

eral authors and it has appeared in the literature under many names

such as Smolyak’s construction [64], hyperbolic crosses [2, 45], and sparse

grids [13, 74].

The underlying principle behind Smolyak’s construction is to introduce

a set of difference operators by defining

Δ1 = Q1 and Δj = Qj −Qj−1 for j ∈ Z+ \ {1}.

Then instead of using the full tensor product operator (4.3), one can use

the Smolyak operator [64]

Qk,d =
∑

|α|≤d+k

α∈Zd
+

Δ(1)
α1
⊗ · · · ⊗Δ(d)

αd
, k ≥ 0. (4.4)

In this form, the tensor products are distributed over operators with lower

levels of complexity than in (4.3) making the associated computations far

less computationally taxing.

The Smolyak operator has a number of useful characterizations. For

example, the formula (cf. [70])

Qk,d =
∑

max{d,k+1}≤|α|≤d+k

α∈Zd
+

(−1)d+k−|α|
(

d− 1

d+ k − |α|
)
(Q(1)

α1
⊗ · · · ⊗Q(d)

αd
) (4.5)

is useful in case computations based on the difference operators Δ
(k)
j are

prohibitively expensive.

Smolyak’s construction can be used to extend any finite-rank linear op-

erator to multiple variables and its approximation properties have been

considered, e.g., in [55, 56, 70].

Multivariate polynomial interpolation

By replacing the quadrature operators with interpolation operators in for-

mula (4.4) or (4.5), Smolyak’s construction can be used to create a multi-
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variate interpolating polynomial [6] and this approach has been utilized

in the context of polynomial collocation recently in, e.g., [10, 16, 54].

Part of the appeal of the interpolation approach is the fact that the for-

mulation of a highly structured grid of interpolation nodes—which possi-

bly has a high cost—is not strictly necessary to ensure accurate interpola-

tion. The interpolation approach in polynomial collocation has been stud-

ied over optimally chosen—and in some cases even arbitrary—collocation

nodes in [51, 75, 76] and can be seen as a rejection of the tensorization

approach.3

The aim of the interpolation approach to polynomial collocation is to

approximate the solution map Γ � y �→ u(y) ∈ Hy by an interpolating

polynomial Lnu(y) ≈ u(y) that solves the Lagrange interpolation problem

Lnu(yj) = u(yj), j ∈ {1, . . . , n},

on a finite set of mutually distinct collocation nodes {y1, . . . , yn} ⊂ Γ. This

amounts to solving a Vandermonde system

V Tc = y.

Here c = [c1, . . . , cn]
T are the unknown coefficients of the polynomial in-

terpolating function and y = [u(y1), . . . , u(yn)]
T are the snapshots of the

solution operator at the interpolation nodes. The multidimensional Van-

dermonde matrix is defined elementwise by setting

Vi,j = φi(yj), i, j ∈ {1, . . . , n},

for some polynomial basis B = (φj)
n
j=1 for which spanB ⊂ Πd

n−1, i.e., we

expect to find a solution in the space of all d-variate polynomials of total

degree at most n−1.4 The interpolating polynomial Lnu ∈ spanB can then

be written with respect to the basis B as

Lnu(y) =
n∑

i=1

ciφi(y).

In contemporary literature, the problem of choosing optimal nodal points

for interpolation accuracy has become a subject of active research [5, 12,

3The analogue of this strategy in the context of quadrature operators would be
to use multivariate Gaussian cubatures, but these are notoriously difficult to
generate for arbitrary and, in fact, most canonical domains [20, 23].
4This is ensured by Kergin interpolation [50].
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52, 65]. The use of the maximum volume principle [17, 27] has been sug-

gested in [5, 12, 65] for the construction of approximate, quasi-optimal

Fekete nodes in the setting where the polynomial basis remains fixed and

the optimal interpolation nodes need to be determined. The converse of

this problem is studied in Publication VI, where the application of the

computationally inexpensive MaxVol algorithm [26] is used to determine

polynomial bases over arbitrary sets of interpolation nodes in order to en-

sure stable and accurate interpolating polynomials.

32



5. Summaries of the articles

Publication I We adapt S-HOPM and GEAP algorithms for the solu-

tion of tensor eigenvalues for tensors given in tensor-train format. The

decomposition theory developed for meet tensors on meet closed sets in

the existing literature enables the efficient solution of tensor eigenvalue

problems for these tensors involving high order and dimensionality.

We find that a special class of meet tensors, GCD tensors defined on

S = {1, . . . , n}, can be stored using O(n lnn) parameters with n denoting

the dimension irrespective of tensor order d. In the case of join tensors,

the TT-DMRG-Cross algorithm is used to construct the tensor-train de-

composition numerically. For LCM tensors defined on S = {1, . . . , n}, it is

shown that the TT-rank is is given by

rankTT[Sd] = #{i1 · · · i
d/2� : 1 ≤ i1 ≤ · · · ≤ id ≤ n}.

This implies that the numerical TT-decomposition can be stored using

O(dnr2) parameters. Our numerical computations assess the sharpness

of existing theoretical bounds for GCD tensors and the generalized eigen-

values of GCD tensors with respect to LCM tensors are considered in nu-

merical experiments as well.

The author thanks Adj. Prof. Pentti Haukkanen for pointing out the rela-

tionship between Corollary 4.3 and the Dirichlet divisor problem, and for

observing that the error term O(n1/2) given in the original manuscript can

be improved to O(n131/416).

Publication II We investigate the eigenvalues of meet matrices with re-

spect to join matrices (and vice versa), a problem which was first intro-

duced in Publication I in the framework of GCD and LCM tensors. We find
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a global bound for the dominant and minimal eigenvalues of this prob-

lem. Moreover, we find stricter local bounds that make use of the lattice

structure and investigate the special case of eigenvalues of GCD matri-

ces with respect to LCM matrices separately. Numerical experiments are

conducted to demonstrate the local bounds for two lattices.

Publication III We return to the decomposition theory of join tensors

which was carried out numerically in Publication I. The lattice-theoretic

structure of the problem allows us to derive explicit representations in

both the polyadic and the tensor-train format and the explicit decom-

positions can be used to investigate the rank bounds of join tensors. A

condition is presented under which the obtained explicit decompositions

are optimal in terms of tensor rank. The compression provided by the ob-

tained decompositions and the growth rate of the dominant H-eigenvalues

of LCM tensors are considered in the numerical experiments.

Publication IV A new spectral inverse iteration algorithm based on the

stochastic Galerkin method is developed for a generalized stochastic ma-

trix eigenvalue problem of the form

Ayuy = μyBuy subject to (uy)�Buy = 1,

where the vector y = (y1, y2, . . .) contains as its elements mutually inde-

pendent random variables. The stochastic matrix y �→ Ay and determin-

istic mass matrix B are assumed to be symmetric and positive definite,

and the dependence of the stochastic matrix Ay on the random vector y is

assumed to be affine.

The algorithm is implemented using the stochastic Galerkin method to

solve a discretized eigenvalue problem for an elliptic operator with ran-

dom coefficients modeled using a truncated Karhunen–Loève expansion.

The quantities of interest are the expectation and variance of a stochas-

tic eigenvalue and eigenfunction, respectively, and the reference solu-

tions are computed using a sparse grid quadrature rule that is dimension-

adaptive with respect to the stochastic parameter space. We find that the

spectral inverse iteration method agrees well with the collocated refer-

ence solutions as well as theoretical predictions. In addition, it is notable

that the spectral inverse iteration method based on stochastic Galerkin
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method is highly efficient, taking only minutes of computation time to

attain results with a degree of accuracy that takes several days of compu-

tation via the collocative approach.

Publication V An inverse conducivity reconstruction problem is consid-

ered in a case where, in addition to the internal conductivity field, the goal

is to reconstruct the unknown domain shape, electrode positions, and the

contact resistances.

The problem is tackled by introducing a decomposed parameter space

Υ = Υσ × Υγ × ΥE × Υz � y = (yσ, yγ , yE , yz), where Υσ = [−1/2, 1/2]Nσ

corresponds to the conductivity, Υγ = [−1/2, 1/2]Nγ to the boundary shape,

ΥE = [−1/2, 1/2]M to the electrode positions, and Υz = [−1/2, 1/2]M to the

contact resistances with a total number of N = Nσ + Nγ + 2M param-

eters. A parameter-dependent complete electrode model is presented; it

accommodates the unknown measurement setting by relating the physi-

cal quantities to the aforementioned parameter space.

The parametric dependence of the forward solution map on the model

is approximated through pseudospectral projection onto a truncated, ten-

sor product Legendre polynomial basis in N -variables based on Smolyak–

Clenshaw–Curtis collocation nodes {y1, . . . , yP } ⊂ Υ. For these nodes

and given current patterns, the needed electrode potentials are numer-

ically solved by FEM. After this costly preprocessing step, the parameter-

dependent surrogate solution can be efficiently fitted to the data of noisy

electrode potential measurements with respect to the parameter vector y

by minimizing a nonquadratic Tikhonov functional.

The methodology is applied to both simulated and experimental data

and is capable of producing reasonable reconstructions of both the inter-

nal conductivity and the measurement setting.

Publication VI A typical scenario in multivariate polynomial interpo-

lation is defined by the question: Given a set of basis functions B, how

to find a good set of interpolation nodes? In this article, we investigate

the “dual” setting wherein the aforementioned roles are reversed: If the

nodes are fixed, how to choose a good set of basis functions for interpo-

lation? The error is estimated by using the Lebesgue constant and two

types of indicators are found for bounding the interpolation error:
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(i) Choosing a basis such that the minimal singular value of the asso-

ciated Vandermonde matrix is maximized.

(ii) Choosing a basis such that the corresponding Vandermonde volume

is maximized.

The effectiveness of these indicators is examined in numerical experi-

ments and they perform remarkably well in practice.
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