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Abstract

This work presents a discussion of how to utilise well known methods from the field of experimental

design in the flowsheet synthesis of energy systems. The work is based on an earlier work, where a

methodology for improving large scale energy systems using a combination of simulation, experimental

design and mathematical programming was presented. The methodology is suitable for synthesis of large

scale and complex problems with few degrees of freedom. A conceptual bio-fuel indirectly fired micro-

turbine is used to illustrate how a simulation model and experimental design can be used to build an

optimisation model of an energy system, and how this model performs compared to a model, where all the
units are modelled in detail. The new methodology has a good potential for reducing the optimisation

problem and subsequently for solving more complex problems than the traditional methods are able to

solve. For the example problem presented in this work, the developed model performs at least as well as the

MINLP model with all units modelled in detail. However, as the degrees of freedom of the system increase,

the value of the new methodology decreases, since more computational effort is needed to obtain a rep-

resentative regression model.
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Nomenclature

A, B, C, K factors
a, b, c high level for factors A, B and C respectively
n number of replications of an experiment
p pressure (bar)
R2 the fraction of the variance in the data that is explained by a regression
T temperature (�C)
y response variable or binary variable

Greek symbols
bn the nth regression model coefficient
gel electrical efficiency

Superscript
k number of factors
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1. Introduction

The problem of flowsheet synthesis of energy systems is to find the optimal configuration of a
flowsheet and its operating conditions. This is a difficult and challenging task. The work presented
in this article is based on the earlier work [1], where a methodology for improving large scale
energy systems using a combination of simulation, experimental design and mathematical pro-
gramming was introduced. The current article gives a more detailed description of some classical
symmetrical experimental designs and a discussion about how these can be utilised in the earlier
developed methodology is also presented. This is illustrated using a conceptual bio-fuel indirectly
fired microturbine process. The developed optimisation model is compared to a more traditional
model where all the units are modelled in detail, as in the work by Bruno et al. [2] and by
Manninen [3]. The comparison shows that the model developed using the new methodology
performs very well compared to the detailed model.

Mathematical programming has proved to be well suited for solving flowsheet synthesis
problems, and mixed-integer non-linear programming (MINLP) models have been developed
extensively for many years. A good example related to the flowsheet synthesis of power plants is
the work by Bruno et al. [2], where a rigorous MINLP model for structural and parametric
optimisation of utility plant was developed. By using their formulations it is possible to solve some
power plant synthesis problems of practical size. An overview of the optimisation techniques for
process system engineering can be found in the work by Biegler and Grossmann [4]. However, in
order to get a realistic model of the system, often non-linearities and combinatorial complexities
will be included in the models. For many problems, this will often result in models for which no
efficient optimisation algorithm exist. One alternative is to improve the algorithms. Regarding the
non-linearities, most efficient algorithms require that the functions are convex in order to guar-
antee a global optimum solution. Much work has been done to improve these algorithms, for
instance Westerlund et al. [5] developed a MINLP algorithm, where global optimum can be
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guaranteed for models including pseudo-convex functions. Examples of global optimisation
algorithms are the algorithms developed by Ryoo and Sahinidis [6] and by Adjiman et al. [7],
which are both based on branch-and-bound strategies. Unfortunately these algorithms are still
not efficient enough to solve many flowsheet synthesis problem of sizes relevant to cases in the
industry. Another approach is to avoid the problems by trying to reduce the problem. In their
work Manninen and Zhu [8] tried to reduce the MINLP problem size by using thermodynamic
analysis. The problem was reduced by giving tighter bounds on the variables as well as reducing
the size of the superstructure. Similar ideas were presented by Hostrup et al. [9] where the focus
was on the synthesis of flowsheets for chemical processes. This paper is based on the work by
Tveit [1], where the mathematical problem size was reduced by using a regression model of the
behaviour of the system. The regression model of the system’s behaviour is made based on the
simulation model and experimental design. This simplified model is then used in a mathematical
programming model including a superstructure and cost functions. The methodology is suitable
for synthesis of large scale and complex problems with few degrees of freedom. The purpose of the
work presented in this article is to develop this methodology further and to illustrate using an
example how the methodology compares with a more traditional model, where all units included
in the system are modelled in detail.
2. Illustrative example

A conceptual bio-fuel indirectly fired microturbine is used to illustrate how a simulation model
and experimental design can be used to build an optimisation model of an energy system and how
this model performs compared to a model where all the units are modelled in detail. The example
was chosen so that it contains both linear and non-linear relations.

The basic principle of the bio-fuel indirectly fired microturbine is that air is compressed and
then heated by the flue gas from a bio-fuel powered burner. The air is then expanded to atmo-
spheric pressure while producing work that is converted to electricity. The air is still hotter than
the environment and part of the air is used as the required combustion air in the burner. The flue
gas is cooled further down by heating water for heating purposes. Similar ideas have been
developed by for instance by Eidensten et al. [10]. A simulation model of the process can be seen
in Fig. 1 and more details about the simulation model can be found in the report by Tveit [11]. In
this case the electricity output should be about 200–250 kW. This is achieved by keeping the air
flow through the turbine fixed at 1.0 kg/s. 1 The fuel is wood with a heating value of 9.1 MJ/kg.
The water content of the fuel is 55 wt.%. The purpose of this work is to demonstrate the use of
experimental design combined with simulations and mathematical programming, and not to give
a through description of an indirectly fired microturbine. Several important factors regarding the
indirectly fired gas turbine process, for instance the design of the heat exchanger and pressure
losses, are thus not discussed here.

The simulation model was developed for a project which goal is to design a better heat ex-
changer which allows higher temperatures. It should be noted at this point that the operating
1 Wel (p ¼ 5 bar, T ¼ 900 �C)¼ 180 kW and Wel (p ¼ 10 bar, T ¼ 1050 �C)¼ 253 kW.



Fig. 1. Bio-fuel indirectly fired microturbine; compressor (1), expander (2), generator (3), burner (4), gas–gas heat

exchanger (5), gas–water heat exchanger (6) and splitter (7).
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temperatures for the microturbine used in this paper are therefore higher than what is econom-
ically feasible today, and that the prices are restricted to only the relevant components, excluding
for instance installation costs. However, the purpose of the study is to show how to help decision
makers choose the correct pair of compressor and expander for the process to achieve a desired
electrical efficiency of the system. This results in a model, where both parametrical (temperature
and pressure) and structural (choice of compressor/expander pair) must be considered. The dif-
ferent compressors and expanders can operate at different pressures and temperatures as shown
below:

• Compressor/expander alternative 1;
� Operating conditions: p ¼ 5 . . . 7 bar and T ¼ 700 . . . 970 �C
� Cost: 1000 a

• Compressor/expander alternative 2;
� Operating conditions: p ¼ 5 . . . 8 bar and T ¼ 700 . . . 1000 �C
� Cost: 1200 a
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• Compressor/expander alternative 3;
� Operating conditions: p ¼ 7 . . . 10 bar and T ¼ 700 . . . 1050 �C
� Cost: 2000 a

where p is the pressure after the compressor and T is the temperature before the expander. The
task of the optimisation model is to minimise the costs of the system given a specific electrical
efficiency. In this case the electrical efficiency depends on the temperature and pressure before the
expander.

The first step is to build a traditional MINLP-model, where all units in the system is modelled
in detail. However, the MINLP-model will not be as detailed as the simulation model. The model
consists of sets of units and streams, their connections and the mass and energy balances for each
unit. The compressor and expander are modelled using an ideal gas model with relative pressure
and isentropic efficiencies. The composition of the flue gas is fixed and the adiabatic combustion
temperature is calculated using the lower heating value of the fuel. The discontinuities due to the
upper and lower bounds’ dependence on the choice of compressor/expander pair are modelled
using big-M-formulations. The model consists of 89 equations and 119 variables, of which three
are discrete. The full mathematical formulation of the model can be found in the report by
Tveit [11].

The next step is to build an MINLP-model using the new methodology. The discontinuities
related to the choice of compressor/expander pair will be modelled in the same way as in the
traditional MINLP-model. The main task will be to develop a regression model where the elec-
trical efficiency is related to the pressure after the compressor, p, and the temperature, T , before
the expander.
gel ¼ f ðT ; pÞ ð1Þ

where p is the pressure after the compressor and T is the temperature before the expander. To be
able to compare and evaluate the regression models developed using the factorial design and the
hybrid composite design, 100 simulation runs were made. For more complex problems this kind
of data would not be available, and it is presented here only as an illustration.
2.1. Experimental designs

A crucial step in the methodology is to generate the regression model based on a series of
simulation runs. The simulation runs should be chosen in such a way that the time it takes to
complete the runs is as short as possible, but so that the regression model will be a reliable model
of the system. In the case where it is possible to use a symmetrical design, the 2k factorial design is
a well known and mature technique in experimental design. A good introduction can be found in
the book by Montgomery [12] or in the book by Dougherty [13]. In the 2k factorial design, the
effect of k factors are investigated. All factors are at two different levels (high and low). The factors
are varied together, instead of one at the time. This makes it possible to investigate the individual
effects of the factors as well as the effect of the interaction between the factors. The 23 design has
three factors, labelled A, B and C. A geometrical interpretation of the design is shown in Fig. 2(a).

The lower-case letters in the figure correspond to the combinations, where at least one of the
factors is at high level. (1) corresponds to the case where all factors are at the low level. The point
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Fig. 2. Examples of two designs (a) The 23 factorial design-three factors A, B and C all at two levels (high and low).

(b) The face-centred composite design-three factors.
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ac would for example mean that the factors A and C are both at high level and the factor B is at
low level. The actual high and low values are arbitrary. For instance in the example below the
pressure, p, has 10 bar as the high value and 5 bar as the low. Similarly the temperature, T , has
low and high values of 900 and 1050 �C respectively. Letting A ¼ p and B ¼ T , the point ab would
then be ðp; T Þ ¼ ð10 bar; 1050 �CÞ.

It is usual in relation to the 2k design to use effect contrasts. The effect of a factor is defined to be
the change in response produced by a change in the level of the factor, i.e. for the effect A in a 22

factorial design, the effects that the factors B and C have on the response are not studied, and
subsequently B and C are said not to be included. Any contrast, ½K�, can be found by expanding
the expression given in Equation (2).
½K� ¼ ða� 1Þðb� 1Þ � � � ðl� 1Þ ð2Þ
using a minus sign if the factor is included in the effect and a plus sign otherwise. Having found
the contrast any average effect, K, can be found using the expression
K ¼ ½K�
2ðk	1Þn

ð3Þ
where n is the number of replications of the experiment. Returning to the 23 factorial design, the
contrast for K ¼ AC is given by
½AC� ¼ ða	 1Þðbþ 1Þðc	 1Þ ¼ abc	 abþ ac	 a	 bcþ b	 cþ ð1Þ ð4Þ

The average effect, AC, is then given by
AC ¼ ½AC�
22n

ð5Þ
When the effects are calculated, a regression model can be built. For the 22-factorial experiment
the regression model can be written as:
y ¼ b0 þ b1x1 þ b2x2 þ b12x1x2 þ � ð6Þ
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where y is the response, x1 and x2 are coded variables that can take values between )1 and 1 and �
is the error. For example x1 is defined as
x1 ¼
A	 Alow þ Ahigh	Alow

2

� �

Alow þ Ahigh	Alow

2

� � ð7Þ
The first coefficient, b0, is the average of the response for the observations. The other coefficients
are the half of the relevant effect, e.g. b12 ¼ AB

2
.

For example; using a 22 factorial design for developing a regression model of the effect of
pressure and temperature on the electrical efficiency of the process shown in Fig. 1 yields the
regression model shown in Eq. (8).
gelðp;T Þ¼ 0:2655þ0:0108 � p	7:5

2:5

� �
þ0:0352 � T 	975

75

� �
þ0:0052 � p	7:5

2:5

� �
� T 	975

75

� �

ð8Þ

where the expressions ðp	7:5

2:5
Þ and ðT	975

75
Þ correspond to the coded variables x1 and x2 respectively.

The pressure, p, varies between 5 and 10 bar and the temperature, T , between 900 and 1050 �C. In
this case the error of the regression model at the simulated values is zero. For a more rigorous
estimation of the error-function (�), more data is needed.

The 2k design assumes that the factor effects are linear, even if the interaction terms can model
curvature to a certain degree, i.e. twisting the plane. One test of linearity is possible if a centre-

point is added to the 2k-factorial design. A comparison between the 100 simulated data points and
the points calculated using the regression model in Eq. (8) gives an R2-value of 0.983. The dif-
ference between the centre-point and the average of the factorial points is 0.0085 (i.e. 3.2%), thus
indicating a slight curvature. If a linear model is sufficient then the difference of the response
between the centre point and the average of the response at the factorial point is small. In the case
where the curvature cannot be modelled accurately enough by Eq. (6), one alternative is the
second-order response model. A second-order response surface model for the example can be
formulated as
yðx1; x2Þ ¼ b0 þ b1 � x1 þ b2 � x2 þ b12 � x1x2 þ b11 � x21 þ b22 � x22 ð9Þ
The 2k-factorial design does not produce enough data to fit the parameters in Eq. (9), so more
data is needed. There are many different ways of obtaining more data. In the illustrative example
in this work the feasible operating point of the system is a square limited by the variables’ upper
and lower bounds, this means that the region of interest is a square and the face-centred central
composite design can be used. Fig. 2(b) shows a graphical interpretation of the design. In this case
the domain is 2-dimensional, and the design can be extended without generating an excessive
amount of simulation runs. The resulting hybrid composite design has 9 points including a centre
point. The resulting regression model is shown in Eq. (10).
gelðp; T Þ ¼ 	1:153� 10	1 	 5:596� 10	3 � p þ 3:130� 10	4 � T þ 2:357� 10	5 � pT
	 8:673� 10	4 � p2 ð10Þ
where b22 is equal to 0.
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The purpose of the experimental design stage is to reduce the amount of simulation runs and
still get good regression models. However, the bio-fuel indirectly fired microturbine was chosen to
be simple enough to allow a comparison between the models developed using experimental design
methods with a large amount of data points from the simulation model as well as with a model
developed using this generous amount of data. In this case the number of simulated data points is
100. A comparison between the 100 simulated data points and the points calculated using the
regression model in Eq. (10) gives an R2-value of 0.996. The second order response surface with
the coefficients fitted using the 100 data points has an R2-value of 0.999. The closer the R2-value
is to unity, the better the variance in the data is explained by the model. The model is shown in
Eq. (11).
Fig. 3

compl

900, 9

900 �C
gelðp; T Þ ¼ 	9:544� 10	2 	 2:386� 10	3 � p þ 2:684� 10	4 � T þ 2:736� 10	5 � pT
	 1:351� 10	3 � p2 ð11Þ
The difference between the values calculated using Eq. (8) and the simulation runs is in the range
of )3.2% and 0.0%. The average difference is )1.9% and the standard deviation 0.01. The similar
ranges for Eqs. (10) and (11) are ½	1:7%; 1:0%� and ½	1:1%;	0:1%� respectively. The average
difference for Eq. (10) is )0.5% with a standard deviation of 0.006. For Eq. (11) the average
difference is )0.6% with a standard deviation of 0.002.

Of the two models developed using the experimental designs, Eq. (10) is the best model and will
be used in the MINLP model. This is due to the non-linearity behaviour of the system. It can be
seen that since the function being modelled is concave, the model (Eq. (8)) is in fact an under-
estimation of the function. This kind of information is generally not available, and decisions
about the best model must be based on information about curvature and similar indications of the
system’s behaviour. In general linear models are preferred in mathematical programming models,
since the resulting optimisation models are easier to solve. However, if, as in this case, the
behavior of the system is inherently non-linear, a non-linear model might be preferable.
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Now that the regression model is developed, the MINLP model can be formulated. The
MINLP model based on the regression model consists of 19 equations and 14 variables, of which
3 are binary. The full mathematical formulation of the model can be found in the report by Tveit
[11].

Fig. 3 shows a comparison of the contour plots of the electrical efficiency as a function of
pressure and temperature between the regression model (Eq. (10)) and the MINLP model where
all units are modelled in detail.
3. Results and discussion

The two MINLP models are implemented in the General Algebraic Modeling System (GAMS)
by GAMS Development Corporation, and solved using the MINLP solver DICOPT by the group
of Prof. Ignacio Grossmann at Carnegie Mellon University. The LP solver was OSL from IBM
and the NLP solver was MINOS5 developed by the Systems Optimization Laboratory at Stanford
University. The models were solved on a SGI Origin 2000 with 560 GB of RAM and 128 MIPS
R12000 processors. The two models were solved repeatedly minimising the costs while gradually
changing the electrical efficiency from 0.23 to 0.31. The results are shown in Fig. 4. The solving
time for the full MINLP was reported by GAMS to be 0.010 and 0.000 s for the regression based
model. As can be seen from the figure, the difference between the two results is small. There are
only two narrow regions in the shift to and from the second alternative where the two models give
different results. For gel ¼ 0:266 . . . 0:268 the regression based model gives 1200 a as minimum
costs, while the full MINLP model gives 1000 a. For gel ¼ 0:284 . . . 0:286 the regression based
model gives 1200 a as minimum costs, while the full model gives 2000 a. Even if the results are
quite similar, there is a considerable difference in the size and numerical complexity of the models.
In general it is not trivial to compare the computational effort needed to solve two optimisation
models. However, a good rule of thumb is that the more variables (in particularly integer/binary
variables) and non-linearities the more complicated the problem. The MINLP model, where all
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the units are modelled in detail, has about 4.5 times more equations and 8.5 times more variables
than the MINLP model based on the regression model. In addition to this, the full model has 75
non-zero non-linear entries in the problem matrix, compared to only two for the MINLP model
based on the regression model. It should be noted that the number of simulations needed to get a
good regression model will increase with the necessary number of independent variables. For
example for a 2k-factorial design the number of simulations increases exponentially with the
number of independent variables. Based on the above, it can be concluded that in this case the
MINLP model developed using the new methodology considerably reduces the size of the opti-
misation problem. Thus, the new methodology has a good potential for reducing the optimisation
problem and subsequently for solving more complex energy system flowsheet synthesis problems
than the traditional methods. However, as the degrees of freedom of the system increase, the value
of the new methodology decreases, since more computational effort is needed to obtain a rep-
resentative regression model.
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