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Chapter 1

Introduction

Physics is a mathematical science, and the power of mathematically
formulated theories is perhaps the main source of its tremendous suc-
cess. That rigorous background allows applying bright ideas to findings
in seemingly very different systems, such as the celebrated Higgs boson
in the Standard model of particle physics describing the entire Universe,
and the Higgs modes in superfluid 3He in a sophisticated laboratory in-
stallation. Such connections allow those studying one system to learn from
findings in the other: in this work we motivate the search for further Higgs
bosons by using similar structures in superfluid 3He as an example and
guideline. On the other hand, theoretical understanding of physics can
lead us through long-lasting doubt and a series of difficulties on its own.
After decades of searches since the original theoretical prediction in late
1970’s, we discovered half-quantum vortices in superfluid 3He, while with-
out solid understanding of the system the seemingly hopeless quest would
perhaps have ended long ago. As a logical continuation on this basis, it is
not surprising that analogies between different systems are actively looked
for and then exploited in approaching the more complicated one via the
simple or approachable one. In so-called quantum simulations the Hamil-
tonian of one system is implemented in another system. We simulated
exotic, field-theory-originating objects called Q-balls using a magnon Bose-
Einstein condensate in superfluid 3He. This thesis is an expedition to these
topics, where most of the time the concept we are building on is a Bose-
Einstein condensate of magnetic quasiparticles.

Bose-Einstein condensation (BEC) as a theoretical concept dates back
to the 1920’s, when it was introduced by a collaboration of Indian physicist
Satyendra Nath Bose and Albert Einstein. They predicted that at a very
low temperature, close to the absolute zero, a macroscopic fraction of atoms
of given bosonic matter would condense to populate the lowest energy state
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in the system, forming a new phase of matter. Nevertheless, experimental
realisation of such condensates in the original form in a weakly-interacting
system, requiring sophisticated modern techniques, was not conceivable
in those days. The superfluidity of 4He, which realises condensation in a
strongly-interacting system, was reported in 1938 [4, 5], while the conden-
sate density was measured a few decades later [6, 7]. First successful ex-
periments on a weakly-interacting system were conducted on dilute atomic
gases using optical methods in the 1990’s [8], an achievement rewarded
with the Nobel prize 2001 [9]. Since that breakthrough, research efforts
in the field have been expanded significantly, resulting in exotic discover-
ies, such as systems transforming continuously from a strongly interacting
superfluid-like state to a weakly interacting BEC-like state [10].

In a BEC, the condensed particles can be actual particles, as in the case
of atomic gases, or they can particle-like excitations called quasiparticles,
such as photons, exciton-polaritons, or magnons [11–13]. This thesis deals
with magnon BECs in the bulk B phase superfluid 3He. These magnons
are excitations of magnetisation, that is, quanta of transverse spin waves.
In general Bose-Einstein condensation of quasiparticles is a versatile field
of physics, and it keeps extending the limits of accessible macroscopic co-
herent phenomena. Just recently, for instance, the formation of a magnon
BEC and related supercurrents were demonstrated at room temperature
in a ferrimagnetic film [14]. Quasiparticle condensates provide a platform
for experimental studies of elusive systems via analogies, extending the
recent efforts of quantum simulations in atomic BECs [15, 16].

A major part of the research efforts discussed in this thesis are concen-
trated on understanding the physics of magnon BECs in superfluid 3He,
and especially on using the condensate in probing and engineering other,
even more sophisticated phenomena: The condensate can be trapped mak-
ing use of a combination of the spatial distribution of the superfluid order
parameter and a magnetic field. The spectrum and relaxation properties
of the magnon BEC provides a sensitive tool for probing details such as
other spin-wave modes, one of which is the light Higgs mode. The trap-
ping potential itself is also versatile, because it yields under the pres-
sure of magnons. One may therefore create self-trapped, even propagating
magnon BEC solitons, which we call Q-balls to highlight the connection to
high-energy physics and cosmology.

The bulk phases of superfluid helium are quantitatively well under-
stood allowing for studies of emergent phenomena such as the magnon
BEC. On the other hand this means that fundamental discoveries in these
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phases are becoming increasingly difficult. One route in the future is to use
microscopic devices allowing for local probing of the superfluid. Another di-
rection is the engineered microscopic confinement of the superfluid, which
allows stabilisation of new superfluid phases. The last topic of this thesis
is vortices in the recently discovered polar phase of superfluid 3He. While
the basic experimental techniques remain the same — we use the same
rotating cryostat, and the measurements are based on similar magnetic
methods — the physics of this phase especially under applied rotation pro-
vides plenty of opportunities for new experimental discoveries.

Our main motivation for rotating a sample of polar phase has been the
search for half-quantum vortices. A superfluid cannot rotate as a solid
body, but under applied rotation instead mimics solid-body rotation by
forming a lattice of linear defects — quantised vortices — through the su-
perfluid, which trap the superfluid circulation. Each of such vortices car-
ries a certain amount of circulation, which usually is an integer multiple
of the circulation quantum. A half-quantum vortex is a curious exception
to this rule. Their formation is possible by utilising the non-trivial topol-
ogy of the underlying material, a topic directly related to the 2016 Nobel
prize in physics [17]. In 3He the detailed structure which is incorporated
with half-quantum vortices is related to the spin degrees of freedom in the
system. In the A phase, despite extensive searches, half-quantum vortices
have not been resolved, and this turned out to be because they are energet-
ically unfavourable [18–24]. In the polar phase half-quantum vortices are
stable, and in this thesis I explain how we have observed them. In the fu-
ture, half-quantum vortices might provide a platform for studies of isolated
vortex-core-bound Majorana modes [25–27], exotic “solitary” particles that
have recently drawn plenty of attention [28].

Organization of the overview
This dissertation begins with a short introduction to superfluidity of 3He
and Bose-Einstein condensation of magnons, followed by an overview of
the basic techniques applied in conducting the experiments. The published
results are then over-viewed and summarised, emphasising basic back-
ground understanding especially where the actual published papers are
brief due to limitations of space and scope. The chosen points of view also
reflect the contribution of the author. In most of the topics discussed in the
text the understanding has advanced since the publication of the papers
that make this dissertation. Such advances are briefly mentioned in some
cases, but the actual results will be published separately.
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The research presented in this thesis focuses on two main subjects. The
larger part of the thesis contains results on magnon BECs. Their basic
properties such as spectra and intrinsic relaxation mechanisms are dis-
cussed first, followed by a discussion of decay to the light Higgs mode and
other magnon modes. The effect of large magnon densities in modifying the
trapping potential, leading to self-trapping and the formation of propagat-
ing Q-ball solitons, concludes the BEC-related topics in this dissertation.
The results and measurements from paper VII, on the discovery of half-
quantum vortices, are discussed in a separate chapter. Technical details of
the applied numerical methods are collected in the Appendix.

1.1 Superfluidity of 3He
The list of fascinating applications of helium is relatively short outside low
temperature research. That is not surprising, considering that at room
temperature the two stable isotopes, 4He and 3He, are both practically in-
ert mono-atomic gases. At room temperature and ambient pressure their
behaviour is for most purposes described by the ideal gas theory. In certain
uses such as welding and diving, 4He is used precisely because it is an inert
gas. In others, e.g., filling balloons it is used simply because it is light. In
some medical applications, such as magnetic lung imaging, 3He is used as a
contrast medium. At the opposite end of the temperature scale, helium is a
central ingredient of the nuclear fusion reaction in stars, bombs, and fusion
reactors, but the complexity of these phenomena has little to do with the
intrinsic properties of helium itself. For practical purposes all helium from
natural sources on the Earth is 4He, the concentration of 3He in them is a
few parts per million. Large quantities of 3He are collected from degrading
nuclear warheads.

At low temperatures, in contrast, the helium isotopes behave in a com-
plex, most interesting way, and helium research has been one of the shini-
est frontiers of quantum physics and condensed matter research for more
than half a century. Both isotopes liquefy only below 5 K and stay liquid
down to the absolute zero, owing to large zero point energy — a property
unique among all known liquids. They can only be solidified by applying
pressure of roughly 30 bar. Below 2 K the behaviour of the isotopes is
largely determined by the two different quantum statistics that they fol-
low: 4He, a boson having an even number of nucleons, tends to occupy the
very lowest energy states available in the system. At a transition tempera-
ture of about 2 K 4He experiences a superfluid transition. A superfluid has



1.1. Superfluidity of 3He 5

numerous unusual properties such as ability to flow with no dissipation.
Atoms of 3He, in contrast, cannot occupy a single quantum state due to the
Pauli exclusion principle.

3He also turns into a superfluid, but only at a temperature around
1 mK. This transition temperature is known as the critical temperature
Tc. The mechanism, as described by the celebrated BCS theory, is pairing
of fermionic 3He-atoms into bosonic Cooper pairs which can then form a su-
perfluid. Superfluid 3He is a complex macroscopic quantum system which
is mostly well understood in quantitative detail. It shares many properties
with and provides analogies for theories and phenomena in other fields of
physics, some of them as exotic as particle physics and cosmology [29].

The pairing of 3He atoms into Cooper pairs happens owing to a weak
attractive interaction between them. Unlike in superconductors, where the
attraction is due to the electron-phonon coupling, in 3He the attraction is
provided by Van der Waals forces and the spin-fluctuation exchange mech-
anism. The spin-fluctuation mechanism favours pairing with odd angular
momentum while the l = 0 state is excluded by hard repulsion of the atoms
at small distances, leading to a spin-triplet p-wave state (l = S = 1) [30].
The resulting order parameter is a 3×3 complex matrix. It allows for mul-
tiple different superfluid phases, and three of them are stable in bulk (see
the phase diagram, Fig. 1.1): B phase where the Cooper pairs are formed
in all three allowed spin states, A phase where sz = ±1, and so-called A1
phase in a very narrow range of temperatures.

With properly engineered nanostructured confinement one may sta-
bilise also other phases of superfluid 3He [29, 31, 32]. The polar phase
can be accessed by confining superfluid 3He within a specially engineered
material made of long solid strands parallel to each other, called nafen [33].
The nuclear magnetic resonance properties of the new phase in many cases
similar to those of the bulk A phase, which simplifies experimental stud-
ies. They are described in the last chapter of this thesis. This introduction
provides an account of the B-phase properties; where A phase is discussed
the relevant details about it are explained.

Superfluid properties of 3He-B are conveniently described in terms of
an order parameter. In the bulk liquid and external magnetic field the
order parameter A is a 3×3 complex matrix with elements

Ak j =ΔkλRλ j(n̂,θ)eiΦ, (1.1)
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A1

Fig. 1.1 Superfluid phases of 3He: At 1 bar pressure 3He liquefies at 3.2 K. At
a given temperature below the superfluid transition temperature Tc, the stable
superfuid phase is determined by the magnetic field H and by pressure p. The B
phase covers most of the H = 0 surface below the pressure-dependent Tc. Increas-
ing the magnetic field above 0.34 T makes the A phase stable at zero pressure and
down to zero temperature. The A1 phase is only seen when H > 0, in a narrow
temperature range close to Tc.

where Δkλ is the superfluid energy gap tensor, Φ the phase of the order
parameter, and Rλ j(n̂,θ) a rotation matrix which performs rotation by θ

around unit vector n̂. Anisotropy of the gap increases with the magnetic
field. The polar angle of n̂ with respect to the magnetic field is denoted
with βn. In bulk of the liquid, the equilibrium value of the Leggett angle is
θ = arccos(−1/4), fixed by the spin-orbit interaction.

The spatial variation of the order parameter is called texture, and it is
usually expressed in terms of the rotation matrix Rλ j(n̂,θ) that arises as
a signature of the broken symmetry SO(3)L,S of the B phase. That is, in
the B phase the isotropy of the spin and orbital momentum distributions
is broken so that the relative orientation of the two has long-range order.
The rotation matrix gives the distribution of the orientation l̂ of the orbital
anisotropy axis with respect to the magnetic field:

ĥR = l̂, (1.2)
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ĥ is a unit vector along the magnetic field. The polar angle of l̂, βL, is
connected to βn as follows

βL = arccos
(
−1

4
+ 5cos2βn

4

)
. (1.3)

The equilibrium texture is determined by a competition of several con-
tributions, each of which try to orient the texture in a certain fashion:
field anisotropy energy favours l̂ ∥ ĥ, orienting effect of the walls l̂ ⊥ walls
(βn ≈ 63◦), and gradient energy objects variation of the l̂ field in space.
The length scale of spatial variation allowed by the gradient energy is the
magnetic healing length, which in 3He-B in the conditions considered in
this work is ξH ∼ 1 mm. Magnons also have a contribution to the textu-
ral free energy through the spin-orbit interaction, which results in self-
modification of the textural trapping potential favouring l̂ ∥ ĥ. Rotating
the superfluid adds a few more contributions. The equilibrium texture has
been calculated numerically in this thesis by minimising the textural free
energy in a finite-element model in one, two, or three dimensions, depend-
ing on the symmetries available [34, 35]. The numerical methods are de-
scribed in detail in the Appendix.

1.2 Spin waves
On top of the equilibrium distribution of the 3×3 complex order parameter
matrix, there is a rich spectrum of 18 different collective modes (Fig. 1.2).
There are 14 massive (gapped) Higgs modes, and four massless Nambu-
Goldstone modes [30]. Each mode has a relativistic spectrum ω2(k) =ω2

0 +
(c k)2, with a mode-specific wave velocity c, and a gap ω0. That is, the
energy of the k = 0 mode, called a gap in condensed matter theory, is equiv-
alent to the rest mass of a particle in the relativistic picture. Three of
the Nambu-Goldstone modes are spin waves corresponding to oscillations
of the rotation matrix R (see paper V): There are two branches of trans-
verse spin waves that correspond to the oscillations of n̂, called acoustic
[low ω(k)] and optical [high ω(k)] magnons. In zero magnetic field their
frequencies coincide. The third branch, oscillations of θ, corresponds to
longitudinal spin waves. The longitudinal spin wave velocity is denoted
with C and the transverse with c. An example of the spin-wave spectra
is presented in Fig. 1.3. The spin-wave velocities are anisotropic with re-
spect to modes travelling either perpendicular or parallel to l̂, c⊥ �= c∥ and
C⊥ �= C∥. For waves propagating transverse to l̂, the spin wave spectrum
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Fig. 1.2 Illustration of collective-mode spectra in 3He-B in zero magnetic field:
From top to bottom there are six separate branches. Three red lines show heavy
Higgs modes: four degenerate pair breaking modes with the gap 2Δ, five imagi-
nary squashing modes with the gap

�
12/5Δ, five real squashing modes with the

gap
�

8/5Δ. Nambu-Goldstone modes include a sound mode (propagating oscilla-
tions of Φ) a spin-wave mode which corresponds to propagating oscillations of θ,
two spin-wave modes which corresponds to propagating oscillations of n̂. These
modes are gapless at the high energy scale and have different propagation veloci-
ties c of the order of Fermi velocity vF ∼ 30m/s.

becomes

ωopt = ωL

2
+
√(ωL

2

)2 + (c⊥k)2, (1.4)

ωac = −ωL

2
+
√(ωL

2

)2 + (c⊥k)2, (1.5)

ωlong =
√
Ω2

B + (C⊥k)2. (1.6)

Here ωL = 2π fL = |γ|H is the Larmor frequency, ΩB is the Leggett frequency
in the B phase, which characterises the spin-orbit torque, and γ = −32.4 ·
106 Hz/T is the gyromagnetic ratio of 3He. The spin oscillations are purely
transverse or longitudinal when ΩB 	 ωL or n̂ ∥ H, otherwise the modes
are mixed.

The magnon BEC referred to throughout this thesis is formed by the
optical magnons. The spectroscopy method used in probing the spin waves
is not sensitive to acoustic magnons with large k because the NMR coils
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Fig. 1.3 Frequencies of the three spin-wave modes in 3He-B as a function of
wave vector k in uniform texture of vector n̂ aligned with the magnetic field. Lar-
mor gap |γ|H opens in the spectrum of optical magnons in the external magnetic
field H. Longitudinal magnons gain a mass (gap) due to spin-orbit interaction. For
all modes the spectrum depends on the angle between k and orbital anisotropy
axis l̂.

are much larger than their wavelength. That is why acoustic magnons
can be observed only indirectly. The experimental setup used in this thesis
contains transverse pick-up coils that couple only to transverse modes, that
is, longitudinal modes can only be observed indirectly as well.

1.3 Trapped magnon BEC
Bose-Einstein condensation of optical magnons (from here on simply magnon
BEC) in 3He-B is manifested by spontaneous phase coherence of the pre-
cessing magnetisation, supported by spin supercurrents. The supercur-
rents flow without dissipation and are therefore able to unify the preces-
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sion frequency within the condensate. Magnon BEC can be excited with
in-resonance or out-of-resonance radio-frequency (RF) pumping, or even by
noise [36, 37]. Like other quasiparticle condensates, and also the atomic
BECs, magnon condensates are not strictly in thermal equilibrium due
to decay mechanisms. However, thermalisation time within the conden-
sate is short compared to its life time, which is seconds or even minutes
at low temperatures. The condensate is in a quasi equilibrium to a good
approximation. The condensation temperature is relatively high and usu-
ally above Tc [37], because the magnon mass in typical conditions is small,
∼ 10−4 ·mHe, and magnon density large, � 1012 1/cm3. Therefore the practi-
cal limit for observing trapped magnon BECs in 3He is set by the life time,
which decreases when temperature increases.

First state of spontaneously coherent precession in superfluid 3He –
the so-called Homogeneously Precessing Domain (HPD) – was observed
[38] and identified [39] in 1984. Below 0.4 Tc the HPD relaxes rapidly
due to so-called Suhl instability [40, 41]. Another precessing state, known
as the Persistent Induction Signal (or Persistently Precessing Domain) has
been observed below 0.3 Tc [42–44]. Both states were later interpreted
as magnon BECs formed correspondingly in bulk and in the textural trap
[45]. In the experiments discussed in this thesis magnons are trapped in a
potential minimum using a magnetic field and the order parameter distri-
bution (Fig. 1.4). The number of magnons can be increased by RF pumping.
Otherwise the number of magnons is constantly decreasing due to slow dis-
sipation.

Trapped magnon BECs in 3He-B are conveniently described by a linear
Schrödinger equation,

−iħ∂ψ
∂t

=− ħ2

2m
∇2ψ+Uψ . (1.7)

Here m = ħωL
2c2 is magnon mass, which is in general anisotropic due to the

anisotropy of the spin-wave velocity. For simplicity, the anisotropy of the
magnon mass is not taken into account and we use m ≡ m⊥ = ħωL

2c2
⊥

uni-

formly. This limitation turns out to be not substantial in our case, as dis-
cussed in more detail in the Appendix in section 6.1. Another simplifica-
tion is that the spin-wave Schrödinger equation (1.7) is derived assuming
sin2βn ≈ 0, and a more general form should be used for instance when de-
scribing high-energy states that span near the container walls [35, 46, 47].
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Fig. 1.4 Condensation of optical magnons: Top part of the quartz-glass sample
container, potential profiles for magnon condensate (blue lines), coherently pre-
cessing magnon BEC magnetisation, and corresponding wave functions for small
number of magnons (red lines). In the radial direction potential minimum is
formed by both magnetic and textural energies, UH and Utext. In the axial di-
rection the minimum is formed by the magnetic energy alone. Green arrows illus-
trate the spatial distribution of the order parameter orbital anisotropy axis l̂ in
the absence of magnons. The pinch coil position defines z = 0, which corresponds
also to the common axis of the NMR coils. The potentials and wave functions are
drawn for Imin = 2 A, p = 0.5 bar and fL = 826 kHz.

We use the cylindrical coordinate system, r≡ rr̂+φφ̂φφ+zẑ. Potential U(r)
comes from the space dependence of the local Larmor frequency ωL(r) =
|γH(r)|, and from the interaction between spin and orbital fields:

U(r)=UH +Utext =ħωL(r)+ħ4Ω2
B

5ωL
sin2(βL(r)/2) , (1.8)

The wave function ψ is normalised to the number of magnons,

NM =
∫

|ψ|2dV , (1.9)

and it can be expressed in terms of observables, phase αM and tipping
angle βM of the precessing magnetisation:

ψ(r)=
√

2χH
γħ sin(βM(r)/2) exp(iωt+ iαM(r)) . (1.10)
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Here χ is the spin susceptibility. The frequency of precession ω plays the
role of chemical potential of the magnon BEC. The transverse magnetisa-
tion is given by

M⊥ = χH
∫

sinβMdV . (1.11)

Once the potential is known, one can solve for the eigenstates numeri-
cally (see Appendix and Ref. [48]). In most cases in our traps the spectrum
is approximately harmonic at low magnon density,

ωnφnrnz =ωL(r = 0, z = 0)+ωr(|nφ|+nr +1)+ωz(nz +1/2), (1.12)

where nφ, nr and nz are azimuthal, radial and axial quantum numbers, re-
spectively, and the oscillator frequencies are labelled ωr and ωz. The centre
of the coil system is naturally chosen as the reference point where U(r, z)=
0 (see Fig. 1.4), and therefore the condensate energy is conveniently mea-
sured in frequency shift Δ f =Δω/2π from the Larmor frequency at r, z = 0:
f = fL(r, z = 0)+Δ f . Only even states are visible (and excited), and in the
chosen notation nr takes only even values. The relevant quantum numbers
are therefore:

nφ = 0 nr = 0,2,4, . . . , nz = 0,2,4, . . . . (1.13)
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Chapter 2

Experimental techniques

2.1 Rotating cryostat
The first ROTA cryostat, designed specifically for studies of superfluid 3He
in rotation, was constructed during late 1970’s and early 80’s, and it be-
came operational in 1982. Since then numerous technical enhancements
have been implemented. Using the current setup superfluid 3He can be
cooled down to temperatures below 140 μK while rotating it at Ω=3 rad/s.
The cooling proceeds in several stages, in order from the warmest to the
coldest: liquid 4He bath, 4He evaporation stage, dilution refrigerator, and
adiabatic nuclear demagnetisation stage. During rotation the dilution re-
frigerator is operated in single-cycle mode making use of a charcoal ad-
sorption pump to pump the still chamber, which allows disconnecting all
mechanical pumps from the rotating platform. Heat leaks towards the
coldest stage are minimised with sophisticated heat exchangers, radiation
shields, actively-damped air suspension of the whole cryostat, carefully
balanced rotating part etc. The rotating system is divided to two parts:
lower part that contains the cooling stages and some electronics, and the
upper carousel above it containing electronic devices (Fig. 2.1). The up-
per carousel is mechanically disconnected from the lower one. Detailed
description of the cryostat can be found in Refs [49–51], and the operat-
ing principles of the dilution refrigerator and the demagnetisation stage in
Ref. [52].
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a
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d
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Fig. 2.1 ROTA cryostat and supporting structures: The low temperature sys-
tems are inside the large blue Dewar (a), which is connected to the lower rotating
platform (b). The lower platform contains only devices which do not produce me-
chanical vibrations, such as preamplifiers and dilution machine control electron-
ics. The cryostat can be rotated on air bearings located at the axis of the cryostat
(c). Rotation requires disconnecting the dilution machine tubing (d), used in con-
tinuous operation when the cryostat is not rotating. The whole lower platform
structure is suspended on active air dampers (e). The lower part of the cryostat is
mechanically disconnected from the co-rotating upper platform (f), which contains
devices such as power supplies, signal generators, and lock-in amplifiers.
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2.2 Ultra-low-temperature setups
The superfluid is constrained in a container which is designed for each
specific experiment, and then replaced or modified. The container is at-
tached to the nuclear stage via a sintered silver surface. The sintered
silver layer has a very large surface area of several tens of square me-
ters providing good thermal connection between the fluid, which fills the
container, and the nuclear stage. In usual operation the nuclear stage
can be cooled down to temperatures much below the temperature of 3He,
which remains slightly above 100 μK due to heat leaks to the sample. The
sample container is surrounded by coils for nuclear magnetic resonance
measurements. These coils in our case are oriented so that their axis is
perpendicular to the magnetic field. The magnetic field is created with a
high-homogeneity magnet, ΔH/H ≈ 10−4, which is suspended around the
sample container.

In the experiments discussed in this report, we make use of two setups.
The magnon BEC measurements were executed in setup 1 (Fig. 1.4), where
the 3He sample is contained in a cylindrical quartz tube whose inner diam-
eter is 5.85 mm and length 150 mm. Most of the experiments were con-
ducted in the temperature range 0.13–0.20 Tc at pressures ranging from
0 bar to 29 bar. The basic experimental principles of ultra-low temperature
measurements are explained in the context of this setup, but the ideas are
directly applicable to the other setup as well. The second setup, used solely
for measurements in the polar phase, is made of Stycast 1266 epoxy and
contains two separate volumes filled with nafen for stabilisation of the po-
lar phase. The details of setup 2 are described in section 4.1.

Temperature is measured using a quartz tuning fork of the type ECS-
.327-8-14X [53, 54], which is located at the bottom of the container. The
fork resonance frequency is ≈ 33 kHz. The thermometer fork is sensitive
to the local density of normal fluid, the resonance width being approxi-
mately proportional to the local thermal quasiparticle density. The reso-
nance width Δ ff is therefore exponential in temperature below 0.25Tc,

Δ ff =Δ f i
f +aexp

(
− Δ

kBT

)
, (2.1)

where kB is the Boltzmann constant, Δ f i
f is the intrinsic width of the reso-

nance, and the gap Δ is taken from the trivial strong-coupling theory [55].
The fork thermometer is secondary, meaning parameter a must be cali-
brated against some primary thermometer. This is not an easy task as
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in the ultra-low temperature limit all thermal connections become weak
due to vanishing thermal conductivity at especially surfaces between dif-
ferent materials. In setup 1 the original temperature calibration was done
against a 3He melting pressure thermometer, and extended to the desired
temperature range using the know temperature dependence of the B-phase
Leggett frequency, measured from the known bulk B-phase NMR response
as explained in the next section. This procedure is detailed in Ref. [56].
Two different calibration attempts yielded a1 ≈ 11500 Hz and a2 ≈ 8500 Hz
for p = 0.5 bar. The former value is used in the analysis presented in this
dissertation, and error estimates of the fork temperature are based on the
difference of a1 and a2. At very low temperatures the intrinsic width of the
fork resonance, Δ f i

f ∼ 10 mHz, also plays a role and must be subtracted,
as explained in section 3.2. In setup 2 the temperature calibration was
estimated based on the measured bulk B-phase NMR response only.

2.3 Nuclear magnetic resonance
The traditional method for studying 3He is nuclear magnetic resonance
spectroscopy (NMR). Along the length of the sample container, there are
two pairs of NMR coils connected to two independent NMR-spectrometer
tank circuits, which are used for both excitation and signal pick-up. The
signal from NMR pick-up coils is, as described in more detail in Ref. [50],
amplified by a cold preamplifier and a room temperature preamplifier, mixed
down by a lock-in amplifier, and recorded to a digital oscilloscope. In the
experiments described here we use the top spectrometer, which has a rela-
tively low Q-value of about 130, allowing measurements several kHz away
from the resonance. The top spectrometer is located 1 cm below the sample
container top. The resonance frequency of the top spectrometer has been
varied between different cooldowns, in the early measurements it was first
856 kHz and then 826 kHz. We later modified the system so that the fre-
quency, and correspondingly the main magnetic field, could be adjusted in
8 steps roughly equally spaced between 550 kHz and 833 kHz by changing
the attached capacitance in the resonance circuit using a set of relays. Il-
lustration of the geometry of the top coil system, examples of the trapping
potential, and corresponding magnon wavefunctions are drawn in Fig. 1.4.
The bottom spectrometer is located 11 cm below the cell top, is made of
superconducting wire, and therefore has a higher Q-value of roughly 7900.
Between the spectrometers there is a barrier magnet that produces a large
magnetic field, which can be used to create a slab of A phase between the
two spectrometers. The experimental setup, as used in papers I – VI and
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VIII, is described in more detail in papers III and IV.

The NMR line of 3He in the normal state is at the local Larmor fre-
quency, 2π fL =ωL = |γ|H. The resonance can be measured by sweeping the
magnitude of the main magnetic field across the resonance while applying
radio-frequency (RF) pumping to the system through the transverse NMR
coils at a fixed amplitude and frequency fRF. The frequency is usually set
according to the resonance frequency of the pick-up circuit. The response
of the system is recorded using a lock-in amplifier, which splits it into two
orthogonal components, absorption and dispersion.

The normal phase line shape corresponds to the distribution of the mag-
netic field within the sensitive range of the pick-up coils. We use the nor-
mal state response to reconstruct a model for the magnetic field profile as a
function of the main solenoid and pinch coil currents. The pinch coil is used
to create a magnetic field minimum (see Fig. 1.4) on top of the main NMR
field, providing the magnetic part of the trap for the magnon BEC. Fitting
the model field to experimental data is important, because the static-field
coils are superconducting and therefore produce screening effects in addi-
tion to the field produced by the macroscopic current driven through them.
The main NMR field is calculated from known geometry of the coil system
and tuned according to the measured field magnitude. The pinch coil field
is then calculated including the surrounding main field solenoid as a super-
conducting shield [57], while the pinch coil radius and the shield radius are
treated as fitting parameters within ranges allowed by known dimensions
of these structures. The model is fitted according to measured normal-state
line position and shape as a function of the current in the pinch coil Imin.

The magnon BEC measurements were carried out at H < 40 mT and
pressures up to 29 bar. Cooling down from the normal liquid in these con-
ditions, one enters the B phase of superfluid 3He either directly or through
a narrow A phase region. The NMR line in the B phase is non-uniformly
shifted from the Larmor frequency. The frequency shift is determined by

ω≈ωL + Ω2
B

2ωL
sin2βn. (2.2)

Here we assumed that ΩB 	 ωL. The Leggett frequency ΩB(T,P) has a
known temperature dependence, and the line position can therefore be
used as a thermometer, assuming the distribution of βn is known. In a
usual flare-out texture (see Fig. 1.4) βn(r = 0) = 0◦, and at the container
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wall βn(r = R) = 63◦. Therefore the furthest-shifted edge of the NMR line
is a good measure of the Leggett frequency.

In experiments, where we sweep the magnetic field magnitude instead
of fRF, the obtained spectrum can be transformed into a shift in the fre-
quency space according to

f − fRF

fRF
≈ HL −H

HL
. (2.3)

Here we assumed that the shifts from the Larmor field HL = ωRF/|γ| are
small, like those of our magnon condensates. For a derivation and a more
general formula, cf. Ref [58].

By RF pumping, one can excite and observe the spectrum of trapped
magnon states in the potential provided by the texture and the magnetic
field. The magnon condensate can be created either by pulse or continuous
wave (CW) RF excitation. That corresponds to either fixing the number of
magnons or the chemical potential. In pulsed NMR, frequency and dura-
tion of the pulse can be chosen to excite the target state directly. Alterna-
tively, it is possible to pump a higher-energy state in the spectrum and, if
amplitude of the pulse is large, magnons quickly relax to the ground state
in ∼ 0.1 s and form the condensate there. Thereafter the energy contained
in the magnon condensate decays, number of magnons continuously de-
creases, and the free induction signal from the precessing magnetisation
relaxes (see Fig.2.2). The changing frequency and amplitude of the signal
can be extracted as a function of time by windowed Fourier transformation
of the recorded oscilloscope data, that is, by Fourier transformation in a
set of narrow and partially overlapping time windows. In continuous wave
NMR the RF excitation is continuously applied directly to the target state,
in a similar fashion as in the spectroscopy of the bulk line.
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Fig. 2.2 Decay of the magnon condensate after the radio-frequency pumping is
switched off at t = 0: The signal recorded from the NMR pick-up coils is analysed
using Fourier transformation applied in a set of narrow and partially overlapping
time windows. The time window size is 0.5 s and step between consecutive win-
dows is 50 ms. The spectral amplitudes are shown in the in the main panel with
the colour coding. The two states populated by the RF pumping are seen as the
sharp peaks. Magnons are pumped to the level (nr = 2,nz = 0) at t < 0, but the
ground state is simultaneously populated owing to the decay of magnons from the
excited state. At t > 0 both states decay and the frequency of precession increases
as the trap responds to the decreasing magnon population. The insert shows the
amplitudes of the two peaks, extracted from the main figure by tracing each of the
two maxima in time, and fits to exponential decay with time constant τ.
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Chapter 3

Magnon BECs

A trapped magnon BEC provides a versatile tool for nuclear magnetic
resonance measurements. The trapping potential is created by the combi-
nation of external magnetic field and superfluid order parameter distribu-
tion, allowing for direct and independent control of the trap via the field,
while the connection to the order parameter makes the BEC a sensitive
probe of the state of the superfluid. In in this chapter we study the spec-
trum and the relaxation properties of magnon BECs, both experimentally
and numerically. We identify and analyse several relaxation mechanisms,
including decay into other spin wave modes, gapless acoustic magnons and
light Higgs modes. The temperature dependent spin diffusion relaxation
makes it possible to use the magnon BEC as a thermometer. At large
magnon densities the magnon BEC is able to modify the order parame-
ter part of its trapping potential. Increasing magnon density corresponds
to increasing modification of the trap. We discuss how this process of self-
trapping leads from the original harmonic trap to the formation of a box
potential when number of magnons increases. Combined with a magnetic
field maximum in the radial direction, this effect leads to Q-ball formation
where the magnon BEC propagates in space and the trapping potential
conforms the movement.

3.1 Spectrum
The magnon spectrum can be recorded either using CW NMR (see Fig. 3.1),
or by a pulsed measurement. In a CW measurement the magnon reso-
nances are seen as peaks in the recorded absorption. The spectrum con-
tains a set of peaks corresponding to the ground state and excited levels in
the combined trapping potential of the texture and the magnetic field. The
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magnetic contribution is most prominent in the z-direction and can be var-
ied by changing the current in the pinch coil. The textural contribution is
strongest in the radial part of the trapping potential, and in the ideal case
of z-uniform texture has no contribution in the z-profile of the trap. There-
fore the radial and axial parts of the spectrum are easily distinguished by
measuring the spectrum vs. the pinch coil current (Fig. 3.2). The frequency
spacing of radial sates is approximately equal. The same applies to the set
of axial states. This means that the combined three dimensional trapping
potential of the texture and the magnetic field is approximately harmonic
with low magnon densities. The spectrum is sensitive to changes in the
order parameter texture, and can for instance be used in detecting changes
due to the presence of vortices.

sweep direction
dispersion
absorption

f - fL (kHz)

N
M

R
 si

gn
al

 (a
rb

. u
n.

)

(2,0)
(4,0)

(28,0)

(0,0)

(6,0)

6 5 4 3 2 1  

(0,2)
(0,4)

(0,6)

(0,0)
(2,0)

(2,2)
(2,4) (2,6)

(4,0)

(4,2)
(4,4)

2 01 8 6 4  

radial states
axial states

T = 0.21 Tc
P = 0.5 bar
fL = 826 kHz
Imin = 250 mA

 0

0

Fig. 3.1 Continuous-wave NMR measurement of the magnon spectrum (paper
III): Peaks in the measured absorption correspond to magnon resonances in the
sample. The approximately equally-spaced resonance peaks are labelled with the
harmonic quantum numbers (nr,nz). The sweep direction is chosen to minimise
the self-trapping effect, details of which are discussed in section 3.5.

The harmonic approximation can be used in extracting the anisotropic
spin wave velocities in good agreement with the theoretical expectation,
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as detailed in paper V. It is also useful in simplifying the interpretation
of the spectra, and in using the magnon BEC as an instrument for, e.g.,
in-situ thermometry at the zero temperature limit in superfluid 3He. This
is discussed in detail in section 3.3. On the other hand, the harmonic ap-
proximation cannot be used to accurately reconstruct the order parame-
ter texture, while using a numerical approach it is possible to calculate
the textural trap accurately without any fitting parameters. Perhaps most
importantly, the harmonic approximation is not useful in describing the
self-trapping of magnon BECs — an effect which becomes important when
the magnon density is large. I therefore constructed a numerical descrip-
tion of the order parameter texture and the magnon wave functions, which
has been used side-by-side with other approaches in analysing the magnon
BEC experiments.

We can solve for the trapping potential numerically in a full three di-
mensional model as a function of all relevant textural parameters (see sec-
tion 6.2 in the Appendix) and the pinch coil current. The spectrum can be
also calculated numerically (section 6.1). The result is drawn as a func-
tion of the current in the pinch coil in Fig. 3.2. Here we consider the limit
where number of magnons is zero and hence the texture independent of the
magnon number. Experimentally this is realised by applying very small
pulses so that the condensate frequency does not change during the decay
within accuracy of the measurement, or in a CW measurement (Fig. 3.1) by
sweeping through the spectrum in the direction of increasing frequency so
that the filling of each state is minimised. The comparison shows that the
model texture, containing no fitting parameters, and magnetic field, fitted
to the normal state response, are in a good agreement with the experimen-
tal data. As mentioned in section 1.3, in the calculation the anisotropy
of the magnon mass is not taken into account, that is, we use the radial
mass for the z-calculation as well. The resulting error in the z-profiles
of the wavefunctions and corresponding frequencies is acceptable, because
the ground state relaxation properties in most of the experimental regime
where ωr < ωz (Imin � 3.3A), and the Q-ball formation (two main uses of
the model) are dominated by the radial part of the wavefunction.

3.2 Relaxation in Bulk
Our studies of magnon BEC relaxation started from the simplest case of
the condensate in a bulk trap. This allowed us to further use the con-
densate in studying relaxation effects due to vortices and surfaces, and
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Fig. 3.2 Frequencies of the lowest-lying energy levels in the magnon trap at
zero rotation (Ω = 0 rad/s) as a function of the current Imin in the coil creating
minimum of the polarising field (p = 0.5 bar and fL = 826 kHz). Measurements
(symbols) are compared to the calculations (lines) of the eigenstates of the model
trapping potential. The quantum numbers are labelled with (nr,nz). The measure-
ments were done at T = 0.15Tc but the texture and, thus, the trapping potential
is temperature-independent below 0.2Tc.

dynamics and interactions of propagating magnon BECs. In the bulk case
we have identified two relaxation mechanisms, non-hydrodynamic spin dif-
fusion (spin transport) in the normal component of the liquid [59–61] and
radiation damping [62], that is, losses in the measurement circuitry. Both
effects are discussed in detail in papers III and IV.

After a small exciting pulse, the relaxation of the signal from the pickup
coils is perfectly exponential, AM(t) ∝ exp(−t/τM) (Fig. 3.3a). In general
the textural trap is flexible; the condensate wave function and frequency
are changing as a function of decreasing number of magnons. This effect is
seen in that the relaxation rate, as measured by change of the condensate
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frequency τfreq, is roughly half of τM . The reason is that when the number
of magnons is changing, the trap profile changes in a systematic way, and
consequentially f (NM)|0

NM
∼ M2

⊥(NM). This self-modification of the trap is
studied in detail in section 3.5. Here we discuss the end part of the relax-
ation where complications due to changes in the wave function profile can
be neglected. In the general case signal picked up by the coils is propor-
tional to the time derivative of the magnetic flux through the coils, and has
to be evaluated numerically (see Appendix and Ref. [57]). Equations below
are written taking the trap flexibility into account.

For simultaneous exponential decay processes the decay rates are addi-
tive,

τ−1
M = τ−1

SD +τ−1
RD, (3.1)

where τSD is relaxation rate due to spin diffusion alone and τRD is that due
to radiation damping. Radiation damping is caused by losses in the pick-up
circuitry, to which the precessing magnetisation is coupled via the pick-up
coils. The energy carried by the magnon BEC is almost entirely Zeeman
energy,

EZ =
∫

dVħωL|ψ|2. (3.2)

Resistive losses for an AC signal in a resonator circuit follow

dE/dt =−V 2
s /(2R), (3.3)

where Vs is the induced voltage on the pick-up coil due to the precessing
magnetisation and R is the active impedance of the resonance circuit. Con-
verting to relaxation of magnetisation, one obtains

τ−1
RD = V 2

s

2RM⊥
dM⊥
dE

. (3.4)

Here dM⊥
dE is calculated assuming the relaxation follows a sequence of quasi-

equilibrium states with a definite E(M⊥) dependence.

The relaxation rate measurements were conducted in the regime where
βM � 5◦. In this range the changes in the texture are small and have little
effect on the wave function profiles. Assuming the texture is fully rigid we
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get E ≈ ħωLNM ∝ M2
⊥. Given Vs ∝ M⊥, the relaxation rate becomes M⊥-

independent, i.e., the relaxation is exponential. It should be noted that the
radiation damping increases with the increase of the quality factor Q ∝ 1/R
in the tank circuit resonance. The magnetic flux through the pick-up coil,
and thus the induced voltage Vs, depends on the profile of the magnon den-
sity in the condensate, but since the trapping potential is almost tempera-
ture independent in the studied temperature range the radiation damping
is also temperature independent. This allows for independent measure-
ment of the radiation damping by tuning the measurement in and out of
resonance of the tank circuit by changing the static magnetic field magni-
tude.

As shown in papers III and IV, the non-hydrodynamic spin diffusion
results in exponential relaxation with time constant

τ−1
SD = ω2

Lχ

γ2
M⊥dM⊥

dE

[∫
(∇βM)iDi j(∇βM) jdV

]
. (3.5)

Here the transverse spin diffusion tensor D can be evaluated as described
in the appendix of paper IV. At temperatures below 0.25 Tc

τ−1
SD ∝

√
Δ

T
exp

(
−Δ

T

)
. (3.6)

In this range, the width of the thermometer fork resonance obeys Eq. (2.1),
and the relaxation rate is therefore approximately linear in the fork width.
In the zero magnons limit for a harmonic oscillator, Eq. (3.5) reduces to
(Di j ≡ 0 for i �= j)

τ−1
SD = 65

96
ωL

ξ2
DΩ

2
B

(2Dxxωr +Dzzωz). (3.7)

Note that in 3He-B Dxx �= Dzz in general. In extracting the diffusion co-
efficient from the experiments we have however assumed D = Dxx = Dzz
for simplicity, which allows finding D by fitting Eq. (3.7) to the measured
relaxation rate directly.

Experimentally we separate the contributions of spin diffusion and ra-
diation damping utilising their different temperature and frequency de-
pendencies. An example is shown in Fig. 3.3. We fit the temperature de-
pendence of spin diffusion to Eq. (3.6), and radiation damping with the
Lorentzian shape of the tank circuit resonance. As argued below, no extra
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relaxation mechanisms are detected within the accuracy of the measure-
ment.
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Fig. 3.3 Relaxation rate of the magnon BEC. (a) In relaxation measurements
the amplitude (circles) and the frequency (squares) of the precessing signal decay
exponentially (fitted lines). (b) The relaxation rate 1/τM (symbols) is linear in
the measured temperature range as a function of thermal quasiparticle density
[∝ exp(−Δ/kBT)], measured by the fork width ( fL = 826 kHz). The temperature
dependence is explained by the non-hydrodynamic spin diffusion. The extrapo-
lated zero-temperature relaxation, which corresponds to the intrinsic width of the
thermometer fork Δ f i

f , is caused by the radiation damping. (c) The relaxation rate
vs. the precession frequency (circles) shows the effect of the temperature indepen-
dent radiation damping (here Imin = 0.25A). The solid line is a fit to the square of
the Lorentzian response curve of the NMR pick-up resonance circuit, where the
height of the peak determines the value of the radiation damping and the offset in
the wings is due to the spin diffusion.

First, the measured temperature dependence corresponds to spin diffu-
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sion, and further analysis has revealed that even the square-root correc-
tion to the exponential law at higher temperatures (Eq. 3.6) agrees with
experimental data. On the two cooldowns of the cryostat during the course
of these measurements, the measured widths of the fork resonance in vac-
uum were 12 and 17 mHz at T = 12−13mK, which serve as an independent
measure of the fork width at zero temperature. The acoustic emission,
which in principle increases the fork width in helium at zero temperature,
is assumed negligible [63, 64]. The extrapolation of the temperature depen-
dence of 1/τM in Fig. 3.3b reaches 1/τRD value at fork width 9 mHz. In the
absence of additional relaxation mechanisms this point corresponds to zero
spin diffusion, and thereby zero temperature. In the worst case, assuming
Δ f i

f = 17mHz, the unexplained zero-temperature damping of the magnon
BEC amounts to about 25% of the observed radiation damping (which is a
small contribution to begin with), while assuming Δ f i

f = 9mHz there is no
unexplained damping.

Second, comparing the experimental results with calculated relaxation
as a function of the condensate geometry controlled by varying the pinch
coil current reveals satisfying agreement (Fig. 3.4). The calculated Imin
dependence of radiation damping, and the total relaxation is in good agree-
ment with the experimental observation. One should however note that at
large pinch coil currents, Imin > 3A, where the z-profile of the wave func-
tions contributes significantly to the spin diffusion rate, the agreement is
partially a coincidence: we use fitted D, and therefore the anisotropy of
the spin diffusion coefficient is not included in the calculation. Point-wise
extracted values of the magnitude of the spin diffusion tensor are qualita-
tively in line with the theory, but quantitatively the picture is more com-
plicated than we presented in paper III: We originally followed Ref. [61] in
calculating the spin diffusion coefficient, but this reference only discusses
calculating Dzz. The theory line plotted in Fig. 5 in paper III is Dzz, and
this line shown also in Fig. 3.4 for comparison. For Imin = 0.25 A, ωz 	ωr,
and using Eq. 3.7 it is seen that it would be more appropriate to compare
the measured D with theoretical Dxx. The theory yields Dxx ≈ 2×Dzz (see
Ref. [59] and the Appendix of paper IV), and correspondingly the agree-
ment with the measured diffusion coefficient is less convincing than we
originally claimed. The above disagreement becomes even more obvious
when considering our preliminary analysis of the relaxation of excited lev-
els in the trap, which allows determining the components of D indepen-
dently and indicates that experimentally Dxx < Dzz.

There can be at least a few reasons to the observed disagreement with
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Fig. 3.4 (Left) Relaxation rate of the magnon condensate as a function of the cur-
rent Imin in the pinch coil (circles) at T = 0.14Tc. Independent measurements of
the radiation damping are shown with squares. Lines show the calculated depen-
dencies for the radiation damping (scale is fitted), for the spin diffusion with the
fitted diffusion coefficient as shown in the right panel, and the total relaxation.
(Right) The temperature dependence of the spin diffusion coefficient D extracted
from the measurements in Fig. 3.3 at Imin = 0.25A (circles), earlier measurements
and corresponding theoretical lines at higher temperatures [60] (black squares
and lines), and the theoretical values of Dzz (coloured solid lines) and Dxx (dash
line) [60, 61]. The uncertainty of the temperature measurement is shown by the
bars for the p = 0.5 bar data.

the theory. The temperature calibration contains some uncertainty, as dis-
cussed in section 2.2. This effect combined with the error due to the de-
termination of the the intrinsic width of the fork resonance is shown in
Fig. 3.4. The estimated inaccuracy of the temperature measurement is
roughly of the same order of magnitude as the disagreement between the-
oretical and experimental values of the diffusion tensor. This, neverthe-
less, does not explain the observation that Dxx < Dzz in the experiment,
while the theory indicates that the opposite should be the case. To re-
solve the disagreement, one may have to reconsider the whole concept
of non-hydrodynamic spin diffusion in the ballistic temperature regime
(T � 0.25 Tc), where D is suppressed exponentially due to the Leggett-
Rice effect. As explained in Refs. [56, 65], using the local gradients of spin
as in Eq. (3.5) is appropriate only if the characteristic length scale of the
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Landau molecular field, lm ∼ vF /ω ≈ 0.1 mm (vF is the Fermi velocity), is
much smaller than the characteristic distances over which the spin distri-
bution is changing. This condition is barely satisfied in our experiments as
the condensate radius is about 0.4 mm.

3.3 Magnon BEC as a thermometer
Thermometry in the zero-temperature limit is difficult. Direct, reliable
methods for measuring the temperature of a sample of superfluid 3He at
the lowest temperatures one can reach — down to 0.1 Tc — have tradition-
ally required immersing physical probes, vibrating objects such as quartz
tuning forks or vibrating wires into the superfluid itself. That is, a melt-
ing pressure thermometer can be used down to 0.4 mK [66] (about 0.4 Tc
at zero pressure). While platinum NMR and noise thermometry can be
used to much lower temperatures, ensuring a proper thermal connection
from such an external system to the superfluid is difficult, because at very
low temperatures the superfluid decouples thermally from its surroundings
owing to the increasing Kapitza resistance.

On the basis of our measurements of the magnon BEC relaxation we
propose that the condensate can be used as a non-invasive in-situ ther-
mometer, as discussed in paper IV. This method requires no direct contact
to the superfluid, only a magnetic field and pick-up coils next to the sam-
ple. In a harmonic trap created by the combination of the texture and a
magnetic field one can apply Eq. (3.7) directly: after measuring the ra-
diation damping and performing spectroscopy of bound states in the trap,
chosen component of the diffusion tensor can be determined by a relaxation
measurement. Alternatively, measuring also the relaxation rates of a few
excited levels allows fitting both Dxx and Dzz. For a calibration, D can be
converted to temperature using any known thermometer.

Alternatively, one can use the theoretical spin diffusion coefficient, and
convert relaxation measurements similar to those in Fig. 3.2 to temper-
ature using only theoretical value of the spin diffusion tensor and mea-
sured spectra of the magnon BEC. The difference of the obtained tempera-
ture and the temperature determined from the fork in our measurements
is roughly 10−2T/Tc in the temperature range covered. The agreement
is reasonable given the limitations in the theoretical description of spin
transport in the ballistic regime outlined above, and the uncertainty of the
fork temperature measurement. Moreover, in our setup there is a substan-
tial separation between the condensate and the thermometer fork, which
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is why some temperature gradient may develop owing to heat leaks into
the container and diffusive scattering of thermal quasiparticles from the
container walls.

As a proof of concept for an independent temperature measurement, we
used the magnon BEC in detecting the heat pulse generated by friction in
a non-equilibrium B→A phase transition. The transition can be induced
by, starting from uniform B phase, ramping current to the barrier magnet
to create a slab of A phase in the middle of the sample container tube.
We have also measured the elevated temperature of the upper part of the
sample in stable state after the A phase slab was created, allowing us to
estimate the thermal resistance of the A phase layer. As detailed in paper
IV, comparing these observations with similar measurements reported in
the literature reveals good agreement.

3.4 Light Higgs modes and acoustic magnons
In superfluids the order parameter, which describes spontaneous symme-
try breaking, is an analogue of the Higgs field in the Standard Model of par-
ticle physics. Oscillations of the order parameter field amplitude are called
Higgs modes, and oscillations of its orientation are Nambu-Goldstone modes.
The Higgs boson, discovered at Large Hadron Collider at CERN, is rela-
tively light with mass of 125 GeV, as compared with the scale of the electro-
weak interaction. In the little Higgs extension of the Standard model
it is proposed that the observed light Higgs boson is actually a Nambu-
Goldstone boson, its small mass being due to a hidden symmetry break
with smaller characteristic energy (mass), and further “heavy” Higgs bosons
are still to be discovered (see e.g. [67–69] and references therein). We show
in paper VI that such light Higgs exists in superfluid 3He-B, where one of
three Nambu-Goldstone spin-wave modes, the longitudinal mode, acquires
a small mass due to the spin-orbit interaction. In this section I explain how
we observed parametric decay of the magnon BEC to pairs of light Higgs
modes and also pairs of acoustic magnons. The formation of a light Higgs
from a Nambu-Goldstone mode observed in 3He-B emphasises the possibil-
ity that such scenario can be realised also in other systems where a viola-
tion of a hidden symmetry is possible, including extensions of the Standard
Model. While the search for resonant production of pairs of heavier Higgs
bosons reported by the ATLAS collaboration [70] has not succeeded yet, our
results support the basic physical idea behind this effort.

We have so far only studied magnon BEC relaxation in the low-amplitude
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limit, where the relaxation is now well understood. Increasing the ampli-
tude opens other relaxation channels: we have found that above a thresh-
old amplitude the relaxation becomes an order of magnitude faster. The
explanation is that the condensate of optical magnons parametricly excites
the two other spin wave modes, acoustic magnons and longitudinal oscilla-
tions, light Higgs modes, as shown in detail in paper VI and demonstrated
in Fig. 3.6. In superfluid 3He the connection between the modes is provided
by the superfluid order parameter, while the parametric decay of optical
magnons to other spin waves in magnetic systems in general is known as
the Suhl instability [71].

Due to momentum conservation, the parametric decay of optical magnons
with small k in the BEC produces both pairs of acoustic magnons and pairs
of Higgs modes of almost opposite momentum (see Fig. 3.5 b). The thresh-
old frequency for parametric production of pairs of light Higgs modes is set
by twice the Leggett frequency, that is, the mass of two light Higgs modes.
Measured as a function of the optical magnon frequency, the threshold am-
plitude clearly drops when crossing ω = 2ΩB where the pair production
of the Higgs modes becomes possible (Fig. 3.6). Acoustic magnons in our
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sample have resonances whose frequency spacing is determined by the di-
mensions of the sample container:

δ fN = 1�
N(1+N)

c̃
4R

. (3.8)

where c̃ is the harmonic mean spin-wave velocity as defined in the Ap-
pendix of paper VI, N = 1/2 corresponds to parametric excitation, and R
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the sample container radius. These resonances are seen in the experiment
as periodic variations of the threshold amplitude. The frequency spacing
of the measured variations corresponds to Eq. (3.8) in a range of pressures
(see Fig. 3.6e). We believe that the life time of acoustic magnons can be
extracted with careful analysis of the fast part of the relaxation, but that
remains a task for the future.

Direct non-parametric decay of the magnon BEC into the other spin
waves is allowed in the presence of quantised vortices, created by rotat-
ing the sample. At low temperatures, the B-phase vortices have a broken-
symmetry core which couples to oscillations of the order parameter and
relaxes the requirements of momentum conservation. In the experiments
we have observed additional exponential relaxation of the magnon BEC at
all amplitudes, and the frequency dependence of the additional relaxation
shows peaks with the frequency spacing of Eq. 3.8 (paper VI), correspond-
ing to direct emission of acoustic magnons (N = 1). Our preliminary analy-
sis suggests that the direct decay of optical magnons into light Higgs modes
can be extracted from these measurements as well, and thereby all possible
decay paths from optical to other spin wave modes have been observed.

3.5 Self-trapping, Q-balls
The concept of Q-balls originates from theoretical high energy physics, and
it has been used in speculations in cosmology as well. These macroscopic
objects, made of bosonic matter, are self-bound non-topological solitons: a
Q-ball is trapped in a potential which conforms its movement and, hence,
allows it to propagate in space without dispersing. Such soliton waves
are stable owing to conservation of an additive quantum number, which
is noted as charge Q [72, 73]. In the language of field theories, the self-
localised charge is denoted with field φ, and the trapping is provided by a
neutral field ζ. For a derivation of these fields in the context of the magnon
BEC, cf. the Appendix of paper VIII.

Identifying Q-balls travelling in the Universe would provide an impor-
tant test for certain supersymmetric extensions of the Standard Model, Q-
balls might have participated in baryogenesis in the early Universe and for-
mation of boson stars, and the dark matter may consist of Q-balls [74–80].
Finding unambiguous experimental evidence of their existence has turned
out to be difficult. As we show in paper VIII, the magnon BEC provides
a laboratory realisation of a long-lived, propagating Q-ball in three dimen-
sions, thus experimentally confirming the concept. Whether the gained un-
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derstanding will be useful in the cosmological context remains to be seen;
traditionally 3He has strong connections to high energy physics and cos-
mology [29]. Even if the original ideas in high energy physics and cos-
mology remain speculative, Q-balls may open a new research direction
in condensed matter physics, for instance in the context of both atomic
and other quasiparticle Bose-Einstein condensates [11–13, 81, 82]. This is
what happened with so-called Kibble-Zurek mechanism of defect formation
which also originates from cosmology, but was found to be an important
phenomenon in superfluids, superconductors, and BECs [83–85].

Let us begin by studying the mechanism behind the self-trapping ef-
fect in the magnon BEC. In paper I we describe an experiment where the
ground state magnon BEC is supported by in-resonance CW excitation, and
we record the total transverse magnetisation (see Fig. 3.7). The pinch coil
was not used in this experiment, and ωz/2π≈ 25 Hz, that is, the z trapping
is very shallow. The l̂(r)-texture is modified by the precessing magnetisa-
tion due to the contribution of magnons to the textural free energy:

FD = ħ
ωL

|ψ(r)|2 4
5
Ω2

B sin2(βL(r)/2) , (3.9)

Magnons orient vector l̂ along the magnetic field, reducing the potential
U(r) in Eq. (1.8). Precession frequency ω therefore depends on the NMR
signal amplitude: When the number of magnons decreases due to relax-
ation, signal amplitude decreases and frequency increases. This deter-
mines the way in which the magnon condensate is grown in a CW NMR
experiment (Fig. 3.7). Magnons are created when the frequency ω of the
applied RF field is swept down and crosses the ground state level ω00.
With increasing NM, the trap becomes wider radially and the energy of
the trapped state decreases (Fig. 3.8). When the pumping is turned off,
the magnon BEC relaxes following the same sequence of states in reverse
order.

We have simulated the self-trapped magnon condensate in a one-dimen-
sional cylindrically-symmetric approximation for the trapping potential and
the wave functions. That is, the trap in z-direction is assumed so shal-
low that within the span of the pick-up coils the BEC wave function does
not change. We further assume that the condensate follows a sequence
of quasi-equilibrium states, so that the equilibrium texture and the wave-
functions can be calculated self-consistently at each NM with a fixed point
iteration. The numerical methodology is described in more detail in the
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Fig. 3.7 Magnon BEC in the ground state in a flexible trap (paper I): In the
experiment, the magnon condensate is created by sweeping CW excitation down
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red dots, and other details of the numerical simulation are presented in Fig. 3.8.
(Insert) In the asymptotic limit of large magnon number, M⊥ ∝ Δ f −1.75, which
corresponds to the condensate in a box.

Appendix and Refs. [35, 48]. The calculations are in reasonable agree-
ment with the experiment considering the z-homogeneous approximation
and that we use no fitting parameters. The observed difference can be at-
tributed to the experimental uncertainty in determining the normalisation
for M⊥, and to the fact that the spatially non-uniform NMR pick-up coil
sensitivity is not taken into account in the calculations.

When the number of magnons in the textural trap increases, they mod-
ify the profile of the trap and increase its size. The trap gradually trans-
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state (purple line). The slope that corresponds to the box trap (p = 1/5) is shown
for comparison.

forms from the initial harmonic one to a box with walls almost impene-
trable for magnons (see Fig. 3.8). The resulting texture-free cavity filled
by the magnon condensate wave function is a bosonic analogue of the MIT
bag, in which a hadron, a proton for instance, is seen as a cavity of false
vacuum surrounded by true vacuum, and the free quarks constituting the
hadron are confined in the ground or excited state in this blob (see Fig. 3.9,
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paper II, and Ref. [86]). As discussed in papers I and II, the magnon con-
densation may also take place on an excited level. The radii of the ground
state and radially excited condensates, according to numerical simulations
and an analytic approximation of a particle in a box, follow the power law
where radius ∝ N

p
M where p ∼ 1/5, which corresponds to M⊥ ∝ Δ f p with

p = −1.75. Asymptotically this power law is valid also in the experiment
(Fig. 3.7 inset). On the other hand, for a small number of magnons ex-
panding the condensate frequency in powers of NM yields ω(NM = 0)−
ω(NM) ∝ M2

⊥, and this dependence is also observed in the simulations for
M⊥ < 0.6·10−3MHPD. That explains why the relaxation rate of frequency is
twice larger than that of M⊥, as mentioned in section 3.2.

magnons repel the texture

and form bubble free of texture
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MIT bag model:

free quarks repel QCD vacuum
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within which quarks are confined
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Fig. 3.9 Q-ball in 3He-B as MIT hadron bag. (right) Quarks in a false vacuum
void of the QCD field. In the simplified MIT bag model of hadrons, the quark
confinement takes place only within the QCD vacuum field, but the quarks can
can freely move in the false vacuum void of the QCD field. (left) Magnon Q-ball
(field φ in the language of high energy physics) in a box void of the confining field
ζ (the texture) .

We have shown that the self-trapped magnon BEC is able to strongly
modify the textural confinement, and therefore resembles a Q-ball. A true
Q-ball can propagate in space, forcing the confining potential to conform
its movement. In the following paragraphs we show how, if placed on a
tilted surface, the magnon BEC propagates between the centre and the
periphery of the sample container. Such configuration is achieved with the
help of the pinch coil, which produces a minimum in the z-direction, but
simultaneously also a maximum in the radial direction. This maximum
becomes important when the pinch coil current is increased to about 0.5 A.
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Applying a larger current increases the magnon density by compressing
the magnon BEC in the z-direction. In the experiments we have mostly
used Imin = 3 A.

In this configuration with a high initial number of magnons after a
strong RF pulse, we have observed reproducible decay signals of non-monot-
onously evolving amplitude and initial frequency below the Larmor fre-
quency on the sample container axis, that is, below minimum of the origi-
nal trapping potential (Fig. 3.10). Decay signals obtained at different tem-
peratures become the same after time re-scaling, demonstrating that the
relaxation follows the same well defined sequence of states independent of
relaxation rate and details of the initial state (see Extended Data Figure 2
in paper VIII).

We have simulated the Q-balls in a full three dimensional model for
the texture, magnetic field, and magnon BEC wavefunctions. The assump-
tion that the time evolution follows a sequence of quasi-equilibrium states
is still justified, because the sequence of states is decay-rate and initial-
state independent in the experiments. The simulation starts from zero
magnons, and every increase in magnon number thereafter is calculated
with a fixed-point iteration, using the previous quasi equilibrium state as
the initial guess. The number of magnons is then decreased step-wise in
a similar fashion, starting from the largest number of magnons and end-
ing at zero. This way the simulated sequence of states corresponds to the
experiment, where number of magnons is constantly decreasing after the
excitation pulse. The time evolution is calculated using the known energy
decay rate (section 3.2). Finally, the signal in the pick-up coils is found by
integration of the flux that the precessing magnetisation produces through
the pick-up coils. The signal turns out to be non-monotonous, like in the
experiment. The simulation is compared with the experiment in Fig. 3.10
and interpreted in Fig. 3.11.

The above observations allow characterising the magnon BEC as a Q-
ball in a spontaneous broken-symmetry trap: With a sufficiently large
number of magnons the textural trap is strongly suppressed, forming the
box potential and revealing the magnetic potential maximum. The Q-ball
self-localises in the periphery of the sample container. At this side loca-
tion the Q-ball’s frequency is below the original trap minimum. In the
simulation the Q-ball falls deeper in the peripheral minimum than in ex-
periments, and hence its frequency is lower. This is probably due to insuf-
ficient rigidity of the model texture in the boundary region: The boundary
condition which prefers βn ≈ 63◦ at the wall eventually yields under the
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Q-balls illustrated in Fig. 3.11.

increasing pressure of the BEC when number of magnons is large. To our
best knowledge, the boundary energy coefficient has not been measured
directly in these conditions. Measuring the texture profile at small (zero)
magnon density, for instance, only indicates that the boundary energy is
large enough to guarantee the βn ≈ 63◦ requirement in the usual textures.
Detailed experimental analysis of the surface energies, fitting the Q-ball
simulations to the measurements, remains a task for future studies.

The soliton nature of the propagating Q-ball is manifested in the fol-
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Fig. 3.11 Propagating magnon Q-ball (p = 0.5 bar, fL = 826 kHz, Imin = 3 A):
(a & c) The peripheral (red line) and central Q-balls (green line), as marked in
Fig 3.10, are plotted in terms of βM at z = 0 along the direction of Q-ball move-
ment, labelled x′. The NMR coils’ axis is labelled x. Solid line is used where the
condensate frequency (dotted blue line) is above the corresponding total potential
U (solid blue line) , and dash line where it is below. The magnetic potential UH
is drawn with solid black line. (b) Intermediate state during the motion from the
periphery to the centre (light blue line), the Q-ball frequency crosses the zero-
magnons trap minimum, f − fL = 0 kHz. (d & f) The wave functions of the periph-
eral and central Q-balls (red and green surfaces) where Q-ball frequency is above
the potential (blue surface) are plotted in the z = 0 plane to illustrate the broken
azimuthal symmetry of the peripheral state. (e) Top view of the sample container,
the NMR coils, and the two Q-balls (as plotted in d & f) reveals the time evolution
of the Q-ball position and size.
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lowing way: The peripheral Q-ball decays exponentially until at some crit-
ical magnon number it quickly propagates to the centre and simultane-
ously changes shape. Thereafter the exponential decay continues roughly
at three times slower rate. The non-monotonic evolution of the NMR sig-
nal amplitude is a signature of the propagation: The peripheral Q-ball is
strongly localised, that is, compressed due to pressure of the surrounding
texture. The central Q-ball spreads wider (see Fig. 3.11e), and therefore
produces a larger signal for a given number of magnons. The number of
magnons decays relatively slowly, and therefore the fast propagation to the
centre is seen as a sudden increase in the signal amplitude. The propaga-
tion velocity is roughly 0.2 cm in 0.5 s (0.4 cm/s) for the maximum of the
wave function. The increase in the wave function extent also explains the
different relaxation rates of the peripheral and central Q-balls: the spin
diffusion rate (see Eq. 3.5) is larger for the peaked peripheral state.

The distribution and rigidity of the textural trap can be controlled by
vortices in the rotating sample. Increased rigidity in the vortex state allows
us to create coexisting spatially separated Q-balls, one on the periphery
and and one in the centre (see supplementary discussion in paper VIII).
We have also created coexisting Q-balls in a configuration where a free
surface of the superfluid is lowered to the vicinity of the NMR coils and
magnetic field z-minimum, creating another trap against the free surface.
In the preliminary analysis we see pronounced population oscillations be-
tween the two coexisting condensates at the frequency determined by their
frequency difference, that is, AC Josephson effect. Further preliminary re-
sults show that when brought close enough to one another, the Q-balls will
collapse to a common trap, thereby allowing for studies of Q-ball collisions
in 3D, and possibly providing a quantum simulation of a Penrose-type wave
function collapse [87].
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Chapter 4

Half-quantum Vortices

The main motivation for studies of superfluid 3He in rotation has over
the years been gaining a systematic, controllable access to quantised vor-
tices. When being rotated, a superfluid does not rotate uniformly as a solid
body, but forms an array of quantised vortices. A vortex is a topologically
protected line-like defect, which traps a certain amount of circulating cur-
rent, usually an integer multiple νκ of the circulation quantum κ= 2πħ/M,
M being the mass of the circulating particles and ν the number of quanta
trapped by the vortex. The basic requirement is that the order parame-
ter has to be single valued on any path around the vortex, leading to 2π
multiples of phase change. The corresponding flow is given by vs = ħ

M∇Φ.
In their simplest form — such as those created in superfluid 4He or single
component BECs — quantised vortices carry a single quantum of circula-
tion and have a hard core of the order of the coherence length ξ. The flow
around a vortex increases towards the core ∝ 1/r, where r is distance from
the core. Inside the core the order parameter is suppressed, and it vanishes
on a line in the centre, which is why the core is called singular. The sup-
pression of the order parameter starts approximately where the flow would
exceed the critical velocity.

The complexity of the order parameter in superfluid 3He allows for
a variety of topologically protected structures including multiple types of
vortices. The ROTA cryostat has been used in discoveries of many exotic
vortices in superfluid 3He [29], such as quantized vortices with sponta-
neous asymmetry in the vortex core [88] and combined spin-mass vortices
with a soliton tail [89] in the B phase, and continuous vortex-skyrmions
in 3He-A [90]. The existence of so-called half-quantum vortices (HQVs)
was predicted in 1976 [18], but they have remained elusive in 3He despite
extensive searches [19–22]. A half-quantum vortex overcomes the usual
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one-quantum limitation for the strength of the circulating current by util-
ising the spin degrees of freedom. The attempts to stabilise and identify
HQVs, carried out in 3He-A, failed because in 3He-A the spin-orbit inter-
action makes HQVs unfavourable [23, 24]. Recently interest in HQVs has
increased further since predictions that the HQV core contains unpaired
Majorana modes [25–27].

In paper VII we show how half-quantum vortices can be stabilised and
observed in the polar phase of superfluid helium-3, where the spin-orbit in-
teraction favours their formation [91]. Other systems where half-quantum
vortices have been observed include grain boundaries of d-wave cuprate su-
perconductors [92], chiral superconductor rings [93], and Bose condensates
[94, 95]. In those systems, nevertheless, the physics of core-bound Ma-
jorana modes cannot be studied because in bosonic systems there are no
fermionic excitations, and in superconducting systems only half-quantum
fluxes, containing no vortex cores in the first place, have been studied.

4.1 Experiments in the polar phase
The polar phase of superfluid 3He can be stabilised by confining the liquid
within nafen [33], a commercially produced solid nanomaterial consisting
of long strands all ordered in the same direction ẑ (Fig.4.2a). The globally
anisotropic confinement distorts quasiparticle scattering uni-axially and
thereby leads to stabilisation of this otherwise energetically unfavourable
pairing state of superfluid 3He [96–99]. The polar phase measurements
have been conducted using a specially designed sample container (setup
2, see Fig. 4.1). The container was built in the P.L. Kapitza institute
in Moscow by Prof. Vladimir Dmitriev’s group. The sample container is
placed inside a NMR magnet assembly, which allows rotating the magnetic
field in the plane perpendicular to the NMR coils’ axis. The nafen strands
are oriented along the axis around which the cryostat can be rotated. Ex-
citation and signal pick-up is performed with a single pair of copper-wire
coils, which are part of a tuned tank circuit with a Q-value of 150.

Before filling the sample container with 3He, the container walls and
nafen strands have to be preplated with a few atomic layers of 4He in order
to suppress the paramagnetic signal from solid 3He otherwise formed on
all surfaces [33]. The paramagnetic signal is very large as compared to
the polar phase signal and makes the desired measurements impossible.
In practice finding the correct coverage usually requires several attempts
of trial and error. Starting from a conservative estimate of the surface
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Fig. 4.1 Experimental setup 2, designed for measurements in the polar phase:
(a) Schematic illustration of the sample: The cubic container made from epoxy
(light blue) is filled with the nafen material (blue cube). The nafen strands are ori-
ented along the vertical ẑ direction, their thickness is d1 ≈ 9nm, and their average
separation d2 ≈ 35nm. The space between strands (94% of the sample volume) is
filled with liquid 3He. The sample is surrounded by rectangular NMR coils made
of copper wire (brown). The magnetic field H can be applied in any direction in the
plane transverse to the NMR coil axis (green disk). Orientation of H is specified by
the angle μ measured from the direction of the orbital anisotropy vector m̂, which
is pinned along the nafen strands. (b) Photograph of the ultra-low-temperature
part of the setup: It includes two nafen samples of different densities, of which
the upper one with higher density is used in this work. The thermometer fork is
located in a bulk volume, connected to the nafen volume via the cylindrical tube on
the right. The sample can be rotated around its vertical axis with angular velocity
Ω, together with the whole refrigerator.

area of the sintered connection to the nuclear stage and other surfaces, we
added 4He step-wise, using the normal state NMR amplitude relaxation
time t1 as an indicator of changes. This relaxation time is very short for
the solid 3He layer, fractions of a second, and increases to some tens of
seconds near the transition temperature in normal liquid 3He. Should the
amount of 4He become (slightly) too large, it will travel to the coldest parts
in the sample container, to the sinter. The only immediate effect is that
the thermal connection to the nuclear stage becomes weaker, which may be
a severe issue for pursuing the very lowest temperatures. If needed, one
can decrease the concentration of 4He in the mixture, after pumping it out
from the container, by repeatedly feeding it through a charcoal trap placed
at the temperature of liquid helium-4 [100].

Results presented here were obtained at 7.1 bar pressure and magnetic
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field 12 mT. The corresponding NMR frequency is ωL/2π = 374 kHz. At
this pressure we have measured the transition temperature to polar phase
Tc = (0.9±0.03)Tbulk

c = 1.55 mK, which is slightly lower than that reported
in [33] for the same nominal nafen density. In paper VII we wrote that the
difference is probably due to variations of the actual density of the nafen
and inaccuracies of the temperature measurement. More recent results in-
dicate that the transition temperature depends on the 4He coverage even
when the paramagnetic signal is fully suppressed. Additionally, the non-
uniform distribution of 4He (possible if the 4He layer is completely solid),
results in spread of Tc and the Leggett frequency within the sample, which
increases the NMR line width. As our later measurements with increased
coverage showed, slightly sub-optimal coverage in the first set of experi-
ments is not important for the results presented below.

Temperature is measured from the NMR spectrum of bulk B phase,
using the known B-phase Leggett frequency (see section 2.3). The bulk
response is picked up by the NMR coils from the narrow gaps around the
nafen sample and, hence, the distribution of the βn angle in these vol-
umes is not known precisely. We assume that the maximum of βn in these
volumes is approximately 63◦ as set by the vertical walls (parallel to the
applied field) of the sample container. The bulk B-phase line is clearly vis-
ible at temperatures above 0.85 Tc. At lower temperatures the bulk line
becomes so wide that the signal disappears in the noise. Below 0.85 Tc
we therefore resort to the position of the NMR line in the polar phase in
the axial field. We convert the position to temperature using the model
suggested in Ref. [33] (Eq. (4)), 2ωLδω = KΩA, where parameters K = 1.2
and Tc = 0.9 Tbulk

c are found by comparison to the bulk B-phase tempera-
ture at T > 0.85 Tc, and ΩA is the known A-phase Leggett frequency scaled
according to Eq. (5) in Ref. [33].

As a secondary thermometer we have used a quartz tuning fork located
in bulk 3He in a volume connected by a sintered heat exchanger to the
nuclear demagnetisation refrigerator. At higher temperatures the fork is
calibrated from NMR. At the lowest temperatures one can also use the on-
set of the ballistic regime as an approximate reference point [101]. The
cross-section of the tines in the fork we used is 0.4×0.3 mm2 and the on-
set takes place at approximately 0.28Tc [102]. This yields for the lowest
temperature reached in the experiments (0.19±0.05)Tc, while the lowest
temperature according to the main NMR line position is (0.2±0.04)Tc.
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4.2 NMR in the polar phase
In the polar phase, the order parameter has the form

Aμ j =ΔeiΦd̂μm̂ j. (4.1)

Here Δ is the maximum gap in the anisotropic quasiparticle energy spec-
trum, Φ is the superfluid phase, d̂ is the unit vector of spin anisotropy,
and m̂ is that of orbital anisotropy. Magnetic field H > 3mT fixes d̂ =
îcosα+ ĵsinα, where î and ĵ are mutually orthogonal unit vectors in the
plane normal to H. In the nafen m̂ is pinned parallel to the strands, m̂ ∥ ẑ.
Due to the spin-orbit interaction Fso ∝ (d̂ ·m̂)2, orientation of d̂ is governed
by the sine-Gordon equation

2((ξ∗D)2/sin2μ)∇2α= sin2α, (4.2)

where the magnetic field orientation with respect to ẑ is given by tipping
angle μ. The dipole length in the polar phase is defined following the no-
tation of Ref. [103], ξ∗D = √

K1/2gd, which is smaller by
�

2 than that in
e.g. Ref. [55], hence the asterisk. We can use bulk values from Ref. [55] to
estimate ξ∗D : bending energy parameter K1 scales according to K1 ∝ 1/Tc
with respect to its bulk value (see Ref. [104]), and ignoring the additional
scattering due to the nafen one can use the bulk value for gd. This way we
obtain ξ∗D = 17 μm.

The order parameter in the polar phase allows for three different types
of vortices: single-quantum vortices (SQV), spin-current vortices (SCV),
and HQVs (Fig. 4.2). SQVs are usual phase vortices, where ν = 1, associ-
ated with one quantum of mass circulation. In an SCV α→α+2π on a path
around the core. Thus, it carries quantized circulation of spin current, cre-
ated by reorientation of the d̂-field. For a HQV ν= 1/2, and it carries only
half a quantum κ/2 of mass circulation. The resulting apparent phase jump
by π is simultaneously compensated by the change α → α+π. That is, d̂
reverses direction on a path around the HQV core, which makes the order
parameter single valued.

Reorientation of d̂ outside of SCV and HQV cores is governed by well-
known solitonic solutions of Eq. (4.2): For a soliton with sinα(x =±∞) = 0
and α′(x = ±∞) = 0, where x is distance on an axis perpendicular to the
soliton layer centred at x = 0, we find

α(x)= 2arctan
(
exp(xsinμ/ξ∗D)

)
. (4.3)
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(HQV)(SQV)

Single-quantum vortex Spin-current vortex
(SCV)

Φ

Fig. 4.2 (paper VII) Vortex types in the polar phase of superfluid 3He. The order
parameter phase Φ, shown by the background colour, is wound by 2π around the
core of a SQV and by π around a HQV. The spin vector d̂ is locked to the plane
(small green disks) perpendicular to the magnetic field H. Within this plane d̂
rotates by π around the HQV core and by 2π around the SCV core. Minimisation
of the spin-orbit interaction energy leads to d̂-solitons between pairs of HQVs with
opposite orientations of d̂ at the soliton edges (blue dash lines). Similar solitons
also terminate at both sides of SCVs. The nafen strands, the m̂-field, and the
vortex cores are orthogonal to the plane of the picture. The SQV and HQV have
hard cores (red discs) of the size of coherence length ∼ 40nm, while the SCV has
only a soft core (blue disc) of much larger size ∼ 10−3 cm.

The SCV becomes a termination line of two and HQV of one π-soliton in the
d̂-field (Fig. 4.3). As seen from Eq. (4.3), the soliton width is ∼ ξ∗D /sinμ. In
the absence of magnetic field or when the field is oriented along the nafen
strands (μ= 0), Eq. (4.2) is not applicable. In this case vector d̂ is oriented
in the plane perpendicular to the strands, d̂ ⊥ m̂. The spin-orbit energy
Fso is invariantly at the minimum for any d̂ orientation in that plane, and
solitons are not created.

We can distinguish experimentally between possible vortices in the po-
lar phase based on their NMR spectra. The spin-orbit coupling provides a
torque acting on the precessing magnetisation in NMR experiments, which
leads to a shift of the precession frequency from the Larmor value ωL =
|γ|H. The sample regions where spin-orbit energy is at minimum form the
main peak in the NMR spectrum at the frequency ωmain with the shift

Δωmain =ωmain −ωL = Ω2
P

2ωL
cos2μ. (4.4)

Here ΩP(T, p) is the temperature and pressure dependent Leggett frequency
in the polar phase.

Single quantum vortices have a hard core, and produce no detectable
signature in the NMR spectrum. HQVs and SCVs are associated with a
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0 π
Φ

Fig. 4.3 A pair of HQVs (green pillars) in the polar phase of superfluid 3He in
transverse magnetic field (blue arrows), connected by a soliton in the d̂-field. The
d̂ field is illustrated with red arrows. The π winding of d̂ on a path around a
HQV core is in the opposite direction for the two vortices. The soliton width is
determined by the spin-orbit interaction and is of the order of ξ∗D /sinμ, while the
inter-vortex separation ∼ 100 μm is set by the rotation velocity applied during the
transition through Tc. The order parameter phase is illustrated by the background
colour. The cuts where d̂→−d̂ and the superfluid phase jumps by π are seen as a
sharp background colour change.

soliton, which is produces a specific NMR response: Within the soliton the
spin-orbit energy is not at minimum, and it therefore provides a trapping
potential for standing spin waves. Excitation of these spin waves is seen as
a satellite peak in the NMR spectrum at the frequency ωsat,

Δωsat =ωsat −ωL = Ω2
P

2ωL
(cos2μ−λsin2μ) . (4.5)

Here λ(μ) is specific to the type of the topological object. For an infinite
planar d̂-soliton one has λ = 1. In this case one finds Δωsat(μ = π/2) =
−Δωmain(μ= 0). For a d̂-soliton, separating two HQVs, the signal is modi-
fied due to finite-size effects and also due to the Aharonov-Bohm effect for
spin waves scattered on HQV cores. As a result, we expect λ< 1. This effect
is accounted for numerically as described in the supplementary material of
paper VII.
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4.3 Observing HQVs
In a sample, rotating with angular velocity Ω, the lowest-energy state is
achieved when superfluid mimics solid-body rotation with an array of rec-
tilinear vortex lines, oriented along the rotation direction, with density
nv = 2Ω/(νκ). We approached the lowest-energy state in superfluid 3He
by slowly cooling the sample in rotation from above Tc to the polar phase.
We expect that when cooldown proceeds in zero field or when the field is
oriented along the nafen strands, HQVs are created as they have lower
energy per unit circulation than SQVs (see the supplementary material
of paper VII). In the transverse magnetic field each pair of HQVs would
be connected by a soliton which increases the combined energy of such
a structure above that of an SQV, and therefore creation of SQVs is ex-
pected. Our preliminary results indicate that SCVs can be created during
cooldown when strong time-dependent magnetic field is applied to generate
a random distribution of vector d̂, as suggested in [105]. Detailed analysis
of those experiments is beyond the scope of this work.

In the experiment when the magnetic field is oriented transverse to the
nafen strands during the cooldown, we observe only the bulk NMR line
of the polar phase, which is consistent with the creation of SQVs. When
we apply no magnetic field or, alternatively, orient the field along the nafen
strands during cooldown, and then turn the field to the transverse direction
below Tc, a satellite in the NMR spectrum is observed, Fig. 4.4 a. This
satellite is produced by d̂-solitons connecting pairs of HQVs. The satellite
line position and amplitude, and the main line position are found by fitting
Lorentzian lines to the dispersion signal (see Fig. 4.5 a), which contains
less noise than the absorption.

The frequency of the satellite line conforms expectations for a d̂-soliton.
In Fig. 4.4 the frequency shift −Δωsat(μ=π/2) is compared to Δωmain(μ= 0)
as a function of temperature. They are seen to closely match each other and
we find λ(μ= π/2) = 0.93±0.07. Deviation from ideal soliton value λ= 1 is
expected to increase with decreasing field angle μ due to growing soliton
width. This is qualitatively seen in Fig. 4.5. The most probable reason
for quantitative disagreement with the theoretical calculation of λ comes
from the fact that calculations assume ideally homogeneous polar phase
with uniform anisotropy axis m̂, while in reality confining nafen matrix
and therefore also the m̂-field has some disorder [106]. As a result, the
spin-orbit interaction energy fluctuates within the soliton, which affects
the energy of the bound spin-wave state. For a crude estimate the scale
of that effect, we can calculate the change in the satellite line position at
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Fig. 4.4 NMR response of the polar phase with HQVs produced by cooldown
at Ω = 2.75 rad/s. (a) Normalised NMR spectrum measured in transverse field
μ = π/2 (blue thick line) shows the HQV satellite at the negative frequency shift
Δωsat and the main line at zero frequency shift. In the axial field μ = 0 (red thin
line) only the main line at positive shift Δωmain is seen. This spectrum is not
sensitive to presence of vortices. (b) Temperature dependencies of the satellite
position in the transverse field |Δωsat(μ = π/2)| (blue circles) and the main line
position in the axial field Δωmain(μ = 0) (red squares) closely match as expected
for a satellite produced due to solitons connecting HQVs. The example error bars
show full width at half maximum of non-Lorentzian main line as an estimate of
possible systematic error.

μ = π/2 due to the change in the spin orbit energy, assuming the nafen
disorder corresponds to ∼ 10◦ average tilt of the strands (and m̂) from the
vertical orientation (see Refs [107, 108]). Based on Fig. 1d in Ref. [106]
such average tilt seems possible. The result is λ(μ= π/2) ∼ 0.95, assuming
the main line position is not affected by the disorder. We conclude that the
observed satellite signal is due to d̂-solitons.

We further need to verify that the observed solitons are terminated at
HQVs and are not related to other structures like spin vortices. For this
purpose, we have measured the relative satellite peak intensity Isat ver-
sus the angular velocity Ω of rotation during the cooldown (Fig. 4.6a).
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For solitons of the ξ∗D width, which separate vortex pairs, the expected
relative satellite intensity from an equilibrium configuration of HQVs is
Isat = (nv/2) gsLξ∗D . The average soliton length decreases as vortex den-
sity increases, L = n−1/2

v . Factor gs ∼ 1, which is evaluated numerically in
the appendix of paper VII, depends on the distribution of the trapped spin
wave within the soliton and on the exact arrangement of vortices in the lat-
tice. For very low vortex density and long solitons L →∞ one has gs → 2.
As a result, one expects Isat ≈Ω1/2, as indeed seen in Fig. 4.6a. Comparing
the measurements with the theoretical prediction for Isat in case of soli-
tons terminated at HQVs shows good quantitative agreement, considering
absence of fitting parameters and simplicity of the model, which assumes
uniform polar phase and perfectly uniform distribution of HQVs.

Once created, the HQV configuration freezes due to strong pinning: Af-
ter stopping the rotation the satellite in the NMR spectrum remains un-
changed for days, while the maximum Magnus force, pulling vortices to-
wards sample boundary for annihilation, exceeds the soliton tension by a
factor of 103. That is, the soliton tension alone cannot move the vortices.
In the analysis we have therefore assumed that the distance between vor-
tex pairs, defining the soliton length, is independent of the angle μ, i.e.,
that the tension of the soliton is not able to overcome the pinning of HQV
hard cores of the size of coherence length ξ ∼ 40nm on the nafen strands
of d1 ∼ 10nm diameter. In rough terms the pinning can be understood
as nafen strands replacing a part of the vortex core pinned around them,
which reduces loss of condensation energy in the core. The pinning force
(per unit length) can be estimated in as follows: the volume of one strand is
πd2

1, and the condensation energy change therefore N0Δ
2 ×πd2

1 (N0 is the
density of states at the Fermi surface). Dividing this by the displacement
required to move the vortex core outside the pinning site, ∼ d1, yields the
pinning force ∼ 4 ·10−5dyn/cm. This estimate is comparable to the maxi-
mum Magnus force (also ∼ 4 ·10−5dyn/cm), and therefore an improvement
in the pinning force calculation will be desirable in the future.

A remarkable feature seen in Fig. 4.6a is that the satellite appears in
the zero-field cooldowns in the absence of rotation as well. We account
this phenomenon to the Kibble-Zurek mechanism (KZ) of vortex (defect)
formation during the crossing of the 2nd order phase transition to the polar
phase [83, 110, 111]. In the earlier observations of vortex creation by the
KZ mechanism in superfluid 3He-B [84, 85] initially formed vortices rapidly
decay, and working out the initial vortex density can be laborious [112]. In
our case initially formed defects freeze, owing to the strong pinning.
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Fig. 4.5 Dependence of the NMR response of HQVs on the direction of the mag-
netic field at T = 0.43Tc, Ω= 1.75 rad/s. (a) Lorentzian fits (thick black line) of the
satellite line in the normalised NMR dispersion (red line). For clarity, the lines
have been shifted vertically. Values of μ are marked above the lines. Similar fits
were used in extracting the satellite line intensity in Fig. 4.6. (b) Positions of the
HQV satellite Δωsat (blue circles) and of the main line Δωmain (red squares) in
the NMR spectrum as a function of the field tilt angle μ. Leggett frequency ΩP is
determined from a separate measurement at μ = 0. The red and blue solid lines
show theoretical expectation based (Eqs. (4.4) and (4.5)), respectively, for λ= 1. (c)
Measured frequencies from the panel (b) are converted to λ using Eqs. (4.4) and
(4.5) (symbols). As expected, the deviation from the infinitely-long soliton value
λ= 1 increases towards small μ. The result qualitatively agrees with calculations
for the uniform polar phase (solid line) using theoretical value of ξ∗D = 17μm (see
paper VII). In both panels error bars show full width at half maximum of the
spectral lines. The most probable reason for quantitative disagreement with the
theoretical calculation of λ comes from the fact that calculations assume ideally
homogeneous polar phase with uniform anisotropy axis m̂ while in reality con-
fining nafen matrix has some disorder [106]. As a result, spin-orbit interaction
energy fluctuates within the soliton, which affects the energy of the bound spin-
wave state.
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Fig. 4.6 (paper VII) (a) After cooldown in zero field (red circles) the satellite
intensity Isat follows expected dependence for HQVs Isat ∝Ω−1/2. The solid line
is theoretical prediction for the equilibrium array of HQVs ignoring Kibble-Zurek
vortices and with no fitted parameters. For cooldowns in the transverse field (cyan
squares) formation of HQVs is suppressed. Residual intensity is attributed to the
possible formation of soliton sheets terminating at the sample walls. The cooldown
rate here is τ−1

Q = 5 ·10−6 s−1. (b) For cooldowns at Ω= 0 rad/s the satellite inten-
sity (symbols) follows dependence Isat ∝ τ−1/4

Q expected for vortices created by the
Kibble-Zurek mechanism. The solid line is theoretical expectation with parame-
ters taken from earlier measurements in the B phase [109]. In all cases spectra are
measured at μ=π/2, and Isat is determined as the area of the satellite normalised
to the total area of the spectrum.

The KZ mechanism is expected to create various order-parameter de-
fects including vortices of all possible types. The scale for the inter-vortex
distance is set by the KZ length lKZ = ξ0(τQ /τ0)1/4 [83, 110, 111]. Here
τ−1

Q = −d(T/Tc)
dt

∣∣∣
T=Tc

is the cooldown rate at Tc, ξ0 is the zero-temperature
coherence length, and the order-parameter relaxation time τ0 ∼ 1ns. For
HQVs the inter-vortex distance sets the length of the interconnecting soli-
tons and thus the amplitude of the satellite signal. The resulting depen-
dence Isat ∝ lKZ ∝ τ−1/4

Q is indeed observed in the experiment, Fig. 4.6b.
The magnitude of the signal corresponds to the averaged soliton length of
1.4 lKZ, as has been measured also in the B phase of 3He [111]. In the
analysis of the velocity dependence in Fig. 4.6a we have assumed that the
density of HQVs created by rotation is additive with that of the KZ-created
vortices. Our preliminary results on the KZ mechanism in the presence
of bias (rotation) justifies that assumption: The satellite intensity follows
Isat ∝�

nv. Therefore in the presence of bias, summing the created vortex
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Fig. 4.7 After a slow cooldown (τ−1
Q = 5·10−6 s−1, red circles) and a fast cooldown

(τ−1
Q ≈ ·10−3 s−1, cyan circles) in zero field the satellite intensity Isat shows a com-

bined effect from HQVs created by the KZ mechanism and rotation: The solid lines
correspond to Eq. 4.6, with common I0 fitted to all the data. The values of IKZ are
fitted to each of the two data sets separately. The fitted slope I0 corresponds to
80% of the theoretical slope (which is plotted in Fig.4.6a). In all cases spectra are
measured at μ=π/2, T ≈ 0.4Tc (temperature calibration for this measurement set
is only preliminary), and Isat is determined as the area of the satellite normalised
to the total area of the spectrum.

densities, we get

Isat =
√

I2
KZ + I2

Ω
=
√

IKZ + I2
0Ω, (4.6)

where IKZ is the satellite intensity due to the KZ mechanism in the absence
of rotation, and IΩ = I0

�
Ω the satellite intensity due to vortices created by

rotation alone. We have measured the coefficient I0 for cooldowns where
there are only a few KZ vortices, and cooldowns where plenty of KZ vortices
are created (Fig. 4.7). The fitted I0 is independent of the density of vortices
created by the KZ mechanism, and we conclude that the two processes are
independent. SCVs created during cooldown by applying a strong time-
dependent magnetic field seem also not to interact with HQVs created by
rotation. Detailed analysis of that effect is out of the scope of this work.
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Chapter 5

Summary and conclusions

A scientific expedition between fundamental principles and the details
of nature is often a momentarily disorienting effort with all the theoretical,
experimental, and practical complications involved. Therefore, with the
experience gained, constructing a smoothed presentation of the collected
results and understanding is in general very useful, especially for docu-
mentary and educational purposes. In this dissertation I have explained
and summarised the results we collected and published during my years as
a graduate student in the ROTA group of Low Temperature Laboratory in
Aalto University. In the very beginning of my scientific career, when I was
to choose between different research assistant positions, I chose superfluid
physics much based on the promised diversity and intriguing connections
to fields such as cosmology. These expectations were more than fulfilled: in
this thesis we have studied half-quantum vortices, Higgs bosons, Q-balls,
and a few other emergent phenomena in superfluid 3He. I have also been
involved, although not described in this thesis, in studies of surface-bound
and vortex-core-bound Majorana modes, and vortex dynamics.

The larger part of this thesis is devoted to Bose-Einstein condensation
of magnon quasiparticles. A trapped BEC provides a versatile tool in nu-
clear magnetic resonance measurements. The trapping potential is created
by combination of the external magnetic field and the superfluid order pa-
rameter distribution, allowing direct independent control of the trap via
the field, while the connection to the order parameter makes the BEC a
sensitive probe of the state of the superfluid. In papers III-V we study
the spectrum and basic relaxation properties of magnon BECs, both exper-
imentally and numerically. We construct a three-dimensional numerical
model of the order parameter distribution and magnetic field. Beside char-
acterising the magnon condensate, the experiments have been carried out
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to extract basic superfluid parameters such as spin wave velocity and spin
diffusion rates. Based on the gained understanding, we propose that it is
possible to use the BEC as a sensitive in-situ thermometer which does not
require immersing instruments in the superfluid.

In paper VI the relaxation properties of a magnon BEC in superfluid
3He-B are studied in further detail. We show that, when the density of
magnons in the condensate is large, the BEC can parametrically decay into
other spin wave modes: gapless acoustic magnons and light Higgs modes.
This is the first measurement where acoustic magnons have been observed
in the B phase. The observed longitudinal Higgs mode is light, meaning
that that its mass (gap) is due to spin-orbit interaction and, hence, a few
orders of magnitude smaller that the gap energy scale of the other Higgs
modes in the system. Owing to the analogy between superfluid 3He and
the Standard model of particle physics, this picture motivates a search for
further, heavier Higgs bosons at the Large Hadron Collider.

The magnon BEC is able to modify its trapping potential through the
interaction with the orbital texture, which arises from the spin-orbit in-
teraction. Increasing magnon density leads to increasing modification of
the trap. In papers I-II we show how this process of self-trapping trans-
forms the original harmonic trap to a box potential when the number of
magnons increases. We also discuss the similarities the box confinement
has with the MIT bag model of hadrons — protons made of quarks, for in-
stance. Combined with a magnetic field maximum the self-trapping effect
leads to Q-ball formation, as we show in paper VIII: Large initial magnon
density in this configuration reveals the magnetic potential maximum, and
the magnon BEC becomes localised in a self-created peripheral trap close
to the sample container wall. While the number of magnons decreases,
this peripheral broken-symmetry trap gradually transforms back into the
original one accompanied by motion of the magnon Q-ball. This motion
manifests the soliton nature of a true Q-ball.

Another major topic in this thesis, the discovery of half-quantum vor-
tices, is perhaps the most important single result presented in this thesis.
The topic is not directly related to magnon BECs, but similar nuclear mag-
netic resonance methods were applied also here. A superfluid reacts to ap-
plied rotation by creation of quantised vortices, and the circulation around
a quantum vortex is quantised. Therefore the smallest non-zero circulation
allowed is usually equal to one quantum of circulation. In the recently-
discovered polar phase of superfluid helium-3, as we show in paper VII,
it is however possible to stabilise vortices carrying only half a quantum
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of mass circulation — a discovery which culminates a search which began
already in 1970’s. We identified the vortices based on the NMR signature
of solitons that form in the spin part of the order parameter field and ter-
minate at HQVs. Based on theoretical expectations it is believed that the
cores of half-quantum vortices in 2 dimensional geometry contain isolated
Majorana modes. These modes have gathered plenty of attention recently
due to, e.g., possible quantum computing applications.

In addition to the publications that make this dissertation, we have
pursued further advances in many of the discussed research directions. We
have material ready for a few more publications, in particular related to AC
Josephson effect and other interactions between two magnon Q-balls, the
recently identified direct decay channel of the magnon BEC to light Higgs
modes, and the interplay of different vortex types in the polar phase. The
polar phase measurements continue, and will hopefully eventually shed
light to vortex dynamics in the polar phase in general, as well as to the
detailed consequences of the disordered nafen confinement. In the long
run the main experiment is moving towards locally sensitive probes, with
SQUID-based NMR and nano- or micro-mechanical resonators, in an at-
tempt to probe topologically non-trivial bound fermion states and dynamics
of individual vortices.
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Chapter 6

Appendix: Numerical methods

This appendix contains a detailed description of the methods used in
the numerical simulations. Most of the methods have already been ex-
plained in my previous works in some form [35, 48, 57], but the text has
been updated where further developments have occurred. Most impor-
tantly the three dimensional texture calculation has been implemented af-
ter my Master’s thesis, and these improvements are explained here. The
notation is not precisely the same as in the main text, mainly to make
reading the heavy expressions easier. The notation is explained in detail to
avoid confusion.

6.1 BEC eigenvalues and -vectors
In the case of a magnon Q-ball in the sample periphery, for instance, the
eigenfunctions of the potential cannot be solved using a separable approx-
imation since the potential is truly a function of all the three coordinates.
Thus, we need to solve the full three dimensional spin wave Schrödinger
equation (which for historical reasons is written in the form given in Ref.
[23]),

(
−48

65
ξ2

D∇2 +U
)

S+ = ES+. (6.1)

Here ξ2
D is the dipolar length and |S+|2 gives the quantum-mechanical

probability density of a magnon in corresponding static energy state. That
is, the magnon mass is here written in terms of ξD , which in the notation

of Ref. [23] is defined as ξ2
D = 65c2

⊥
32ω2

L
. In our calculations we used theoretical
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value of ξD taken from Ref. [55], where in the corresponding units the def-

inition reads ξ2
D = 60c2

⊥
32ω2

L
. This difference went unnoticed originally, but the

resulting error is small as compared with the other uncertainties involved.
In general one should use m∥ = ħωL

2c2
∥

for solving the z-part of the wave func-

tions (see paper V). The resulting error in the z profiles of the wavefunc-
tions and corresponding frequencies is acceptable, because the ground state
relaxation properties in most of the experimental regime where ωr < ωz
(Imin lesssim3.3A), and the Q-ball formation (two main uses of the model)
are dominated by the radial part of the wavefunction.

In Eq. (6.1) E is dimensionless. The precession frequency ω is related
to E as

E = 2ωL

Ω2
B

(ω−ωL). (6.2)

The potential U is also in these units. For numerical purposes it is very
handy to denote

sin2(βM(r)/2)= 1
2

(1−cosβM(r))= 1
2

(A|S+|)2, (6.3)

that is, the number of magnons (or perpendicular magnetisation) is now
parametrised in A, and the eigenvalue calculation itself does not contain
the total number of magnons at all. Later we write the textural free energy
that is related to magnon density also using this parameter. The connection
to the magnon density wave function is then

|ψ|2 = 2χH
γħ (A|S+|)2. (6.4)

The discretisation of the Laplace operator in multiple dimensions is
done using second order difference approximation for the derivatives. In
cylindrical coordinates the Laplace operator reads

Δ≡∇2 = 1
r

∂

∂r

(
r
∂

∂r

)
+ 1

r2
∂2

∂φ2 + ∂2

∂z2 (6.5)

Therefore, for instance, using symmetric central difference formulas for
both first and second derivatives in the radial discretisation we get
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Δr �=0S+(rn) =
(

1
h2

r
− 1

2hrrn−1

)
S+(rn−1)− 2

h2
r
S+(rn) (6.6)

+
(

1
h2

r
+ 1

2hrrn+1

)
S+(rn+1)+O (h2

r),

where the radius has been discretised with steps of hr, and r �= 0 de-
notes that the z-axis is excluded and will be treated separately.

In the plane perpendicular to the z-axis the discretisation that excludes
the origin can be written using the Kronecker product as

Δr �=0⊗φ S+
h =

[
Δφ⊗

(
INr ·diag

(
1
rh

))
+ INφ

⊗Δr �=0

]
S+

h , (6.7)

where Δr �=0 and Δφ are the discretisation matrices in radial and azimuthal
directions, respectively, INr and INφ

are identity matrices of sizes Nr and
Nφ, and S+

h is the discretised eigenstate. Origin and the boundary are
excluded from the r-discretisation:

rh = hr,2hr, ...,R−hr (6.8)

where R is the radius of the cylindrical volume considered and Nr + 1 =
R/hr is the number of discretisation points in the radial direction. We use
the von Neumann boundary condition ∂rS+(R) = 0 on the outer boundary,
which corresponds to zero spin flow through the boundary. In general nth
order boundary conditions can be derived by calculating the nth degree
polynomial expansion of the function at the boundary point (which is not
included in the grid explicitly). The inner boundary needs no adjustments
at this point since the origin will be added to the discretisation grid. In the
azimuthal direction we apply periodic boundary condition, which is eas-
ily implemented by explicitly writing (copying) first and last discretisation
points as neighbours. Such a discretisation grid is called cell-centred, the
discretisation points being

φh = hφ

2
,
3hφ

2
, ...,2π− hφ

2
(6.9)

where Nφ = 2π/hφ is the number of discretisation points in the azimuthal
direction. The discretisation grid is illustrated in Fig. 6.1. In the sim-
ulations we in most cases approximated the sample container radius as
R = 3 mm (the measured diameter is 5.85 mm).
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Fig. 6.1 Discretisation grid in the r-φ-plane used in the eigenvalues calculation.
This is an example drawn for Nr = 3, Nφ = 8, and sample container radius R =
3 mm.

The origin can be added to S+
h as one additional point, which has two

effects on Δr �=0⊗φ: the difference approximations in the radial direction at
the first ring of discretisation points outside the origin can be written us-
ing this point (see Fig. 6.1). The value of the Laplace operator at the origin
must also be calculated correctly, which we do using an average of the sur-
rounding discretisation points:

Δr=0⊗φ S+
h (r = 0)= 4

h2
r

[∑
rh=hr S+

h

Nφ
−S+

h (r = 0)

]
. (6.10)

This is a straightforward generalisation of the centred finite difference for-
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mula in two dimensions. We have now the discretisation matrix in a plane,
denoted as Δr⊗φ.

Constructing the z-discretisation Δz is straightforward: One should
choose a long enough z-segment so that the wave functions of interest go
to zero well before the end of the segment owing to the trap shape. Then it
is appropriate to use Dirichlet boundary conditions S+(z = zmax) = S+(z =
zmin)= 0. The full three dimensional discretisation matrix becomes then

Δh S+
h = (

Δz ⊗ INr ·Nφ+1 + INz ⊗Δr⊗φ
)

S+
h . (6.11)

We can now write the discretised spin wave equation

(
−48

65
ξ2

DΔh +diag(Uh)
)

S+
h = EhS+

h , (6.12)

where Uh is a vector which contains the potential of Eq. (6.1). Equation
(6.12) can be solved approximately for the low-energy states with the Lanc-
zos method. We use implementation provided by Matlab. The resulting
partial spectrum contains states ordered according to their energy. We are
in most cases interested in the ground state, which is easy to identify. Ex-
cited states must be identified according to the wavefunctions by compar-
ing them e.g. in the least squares sense, say, to the approximate spectrum
calculated using a separable approximation of the potential.

In certain cases when the potential is axially symmetric but has r-
and z-dependence, the calculations can be simplified by using a two di-
mensional discretisation. The two dimensional discretisation can be con-
structed easily: There is no need to touch the z-discretisation Δz. We can
use the r-discretisation, including the origin by placing a von Neumann
boundary condition there (derivative must be zero due to symmetry). Let
us denote this r-discretisation with Δ̃r. Applying the Kronecker product
yields the two dimensional discretisation:

Δ2D S+
h =

[
Δz ⊗

(
INr ·diag

(
1
rh

))
+ INz ⊗ Δ̃r

]
S+

h . (6.13)

6.2 Order parameter texture
The rotation matrix in the order parameter (1.1) can be expressed as

Rλ j(n̂,θ)= cosθδλ j + (1−cosθ)n̂λn̂ j −ελ jk sinθn̂k. (6.14)
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Here ελi j is the Levi-Civita tensor. Minimisation of the dipolar energy fixes
θ = arccos(−1/4). Different textures are described by the distribution of
vector n̂. We parametrise it in terms of Euler angles α(r) and β(r) by:

n̂(r)=−sinβ(r)cosα(r) r̂+sinβ(r)sinα(r) φ̂̂φ̂φ+cosβ(r) ẑ (6.15)

The equilibrium distribution of n̂ can be found by minimising the total free
energy of the system.

6.2.1 Free energy contributions
The free energy includes several contributions. Let us follow the notation
of References [34, 55]. At zero rotation there are three effects: In the bulk
the field anisotropy energy is due to the static external field H,

FDH =−a
∫

dV (n̂ ·H)2. (6.16)

Spatial variations are restricted by the gradient energy, which has a bulk
part

FG =
∫

dV
(
λG1

∂Rλi

∂ri

∂Rλ j

∂r j
+λG2

∂Rλ j

∂ri

∂Rλ j

∂ri

)
, (6.17)

and a surface term

FSG =
∫

S
dSλSGRλ j

∂Rλi

∂ri
, (6.18)

where S is the surface of the sample. Here repeated indices denote sum-
mation: aibi ≡∑

i aibi. The bulk term can be written in terms of the com-
ponents of the n̂-vector

FG =
∫

dV
{

5
4
λG1

[
(n̂λ∂i n̂i + n̂i∂i n̂λ)−

�
15ελi j∂i n̂ j

]2 +λG2(∂i n̂ j)2
}

.

(6.19)
Note that the above expression differs from Eq. (28) in Ref. [23] by the
following terms (assuming ∂zn̂≡ 0):

δFG =λG1
sin(2β)

2r

(
∂β

∂φ

∂α

∂r
+
(
1− ∂α

∂φ

)
∂β

∂r

)
(6.20)



6.2. Order parameter texture 67

These extra terms reduce to a constant under integration supposing ∂φn̂≡
0 and β(r = R)= constant, which is why they are neglected in Ref. [23]. The
free energy contribution of the walls of the container is

FSH =−d
∫

S
dS(H ·R · ŝ)2, (6.21)

where ŝ is the unit normal vector of the surface.

In addition to these terms that in our case always contribute to the to-
tal free energy F, there are three more contributions that are relevant in
certain cases. If the system is rotated, vortices usually appear. If vortex
number is yet to reach the equilibrium, energy related to the global coun-
terflow field has to be taken into account. It has the form

FHV =−λHV

∫
dV (H ·R ·v)2. (6.22)

The counterflow velocity field is defined as v= vn−vs, where vn and vs are
the normal and superfluid velocity fields, respectively. Vortices also have a
local core-related contribution of the form

FLH = λLH

2Ω

∫
dV

(H ·R ·ωs)2

|ωs|
, (6.23)

where ωs = 〈∇×vs〉, and Ω is the rotation velocity. Magnons contribute
through the spin-orbit interaction,

FSO ≡ FD = χΩ2
B

2γ2

∫
dV sin2(βn)(A|S+|)2, (6.24)

where ΩB = 2πνB the Leggett frequency.

The total free energy is the sum of terms above,

F = FDH +FG +FSG +FSH +FHV +FLH +FSO. (6.25)

Phenomenological parameters a, λG1, λG2, λSG , λHV , and λLH are either
derived from the hydrostatic theory [55] or treated as fitting parameters.
In many cases the latter applies especially to parameters λHV and λLH .
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6.2.2 Numerical minimisation
The task of finding a minimum of the free energy is a problem of vari-
ational calculus. Our approach is based on a input grid containing the
discretised texture in Euler angles. The free energy integrals are calcu-
lated using Gaussian quadratures within a second grid, the “quadrature
grid” (see Fig. 6.2), into which all the parameters are interpolated with tri-
linear interpolation. Spatial derivatives are calculated by differentiating
the interpolant. The total free energy is then analytically differentiated
w.r.t. the input parameter grid, that is, the Euler angles at each discreti-
sation point, which makes it possible to use a gradient-based minimisation
algorithm. The approach was originally designed and implemented in one
dimension by Juha Kopu, see Ref. [34]. For maximal efficiency the scheme
is implemented using Fortran programming language. The calculation of
free energy involves summing contributions over a large grid, in which par-
allel computation is very useful. That can be implemented using e.g. the
OpenMP interface.

We discretise the cylindrical volume using the discretisation grid simi-
lar to the one described in section 6.1 (see Fig. 6.1). The cylindrical outer
boundary at r = R is included in the grid (unlike in section 6.1), because the
boundary condition for the texture is set by the boundary energy, Eq. (6.21).
In certain cases the interpolation can be performed directly in terms of the
Euler angles, but such approach cannot be used in general due to an effect
known as the gimbal lock.

Let us consider the problem of linear interpolation of the rotation ma-
trix R. Suppose we want to interpolate in one dimension between two
points in space, x1 and x2. Consider the case in which β(x1)≈ 0 and β(x2) �=
0. If we now make a linear interpolation in terms of the Euler angles to
x1 < x < x2 we get

α(x)= (1− x)α(x1)+ xα(x2)
x2 − x1

, (6.26)

which is clearly not physical. The components of the n̂-vector, parametrised
by α(x), should not depend on α(x1) when β(x1)→ 0.

This property of the Euler angles is known as the gimbal lock. It is re-
lated to the fact that it is not possible to construct a continuous mapping
of a sphere into a plane, a well-known problem in the field of 3D rotations.
The name is due to the loss of one degree of freedom that a gyroscope ex-
periences when two of its three gimbals meet. Since correct description for
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the case of β≈ 0 is a central requirement in the modelling of the Q-ball of
magnons, we need a different approach.

The gimbal lock can be avoided completely if the interpolation is per-
formed in terms of components of the n̂-vector. We use trilinear interpola-
tion (note that there is a mistake in the indices in [35]),

nλ(ri < r < ri+1 , φ j <φ<φ j+1 , zη < z < zη+1)≈
1

(ri+1−ri)(φ j+1−φ j)(zη+1−zη)×{
(z− zη)

[
n̂λ(ri,φ j, zη+1)(ri+1 − r)(φ j+1 −φ) +
n̂λ(ri+1,φ j, zη+1)(r− ri)(φ j+1 −φ) +
n̂λ(ri,φ j+1, zη+1)(ri+1 − r)(φ−φ j) +
n̂λ(ri+1,φ j+1, zη+1)(r− ri)(φ−φ j)

]+
(zη+1 − z)

[
n̂λ(ri,φ j, zη)(ri+1 − r)(φ j+1 −φ) +
n̂λ(ri+1,φ j, zη)(r− ri)(φ j+1 −φ) +
n̂λ(ri,φ j+1, zη)(ri+1 − r)(φ−φ j) +
n̂λ(ri+1,φ j+1, zη)(r− ri+1)(φ−φ j)

] }
,

(6.27)

where (ri,φ j, zη), (ri+1,φ j, zη), (ri,φ j+1, zη), etc. are the corners of a
cube, whose projection in the the (r,φ)-plane is shown in Fig. 6.2. Index λ

indicates r, φ or z component. The result is well defined except for cases
in which the norm of nλ(r,φ, z) becomes small, which can be the case if the
n̂-vector changes very rapidly or even discontinuously. Assuming it does
not, the nλ, (r,φ, z)-vector can be renormalised to unity, which is equivalent
to interpolating the magnitude separately:

n̂λ(r,φ, z)= nλ(r,φ, z)
|n| . (6.28)

We also need the gradients of n̂ in order to evaluate the free energy density.
The trilinear interpolant can be directly differentiated w.r.t. r, φ, and z for
calculating the gradients of n̂.

The integrals are calculated using three-dimensional eight-point Gaus-
sian quadratures
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∫ri+1

ri

∫φ j+1

φ j

∫zη+1

zη
r dr dφdz F(n̂,∇n̂)≈ (6.29)

1
(ri+1 − ri)(φ j+1 −φ j)(zη+1 − zη)

∑
ν,k,ς

rνF(n̂,∇n̂)

with the sum running over the nodes

rν = ri + ri+1

2
±
�

3
3

(ri+1 − ri), (6.30)

φk = φ j +φ j+1

2
±
�

3
3

(φ j+1 −φ j), (6.31)

zς = zη+ zη+1

2
±
�

3
3

(zη+1 − zη). (6.32)

Scalar functions, such as the magnitude of the wavefunction S+, can be
interpolated using the formula (6.27). The total free energy integral is then
calculated summing the integral (6.29) over all the discretisation blocks.

The z-axis requires a special treatment. With the usual symmetric
flare-out textures the β at r = 0 can be fixed to zero while α there is a
dummy parameter, which is as a workaround of the gimbal lock problem in
the special case of the z-axis. Due to bending energy the optimal α(r = 0)
is determined by the value of α at the next grid point. This is reasonable
only in the special case of β(r = 0) = 0, otherwise the n̂-vector would point
into multiple directions. In our case such approach fails when the n̂-vector
at r = 0 is not parallel to the z-axis, which is encountered in the calculation
of magnon Q-balls. We parametrise n̂-vector at the z-axis separately us-
ing Cartesian base vectors. A transformation into cylindrical coordinates
is applied before the interpolation.

The implementation of the 3D free-energy code can be tested in the
axisymmetric z-uniform case against the one dimensional texture code.
The two implementations have been compared for cases involving differ-
ent amounts of vortices, counterflow, and magnons. In all about 15 test
runs the grid-point-wise relative disagreement of the two in components
of the free energy of Eq. (6.25) was smaller than 10−3, which is acceptable
considering the different numerical approaches utilised in the two imple-
mentations.
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(ν,k) = (−,+) (ν,k) = (+,+)
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Fig. 6.2 Positioning of the grid points and the quadrature points in the r-φ
plane: The shaded area is one of the four blocks to which the grid point (ri,φ j)
contributes. Grid point (ri,φ j) contributes to a total of 16 quadrature points in
this plane. In 3D each grid point therefore contributes to a total of 64 quadrature
points, and the shaded area corresponds to one block of integration volume above
and another below the plotted plane .

6.2.3 Minimisation algorithm

Nonlinear minimisation problems with complicated objective functions and
more than 103 dimensions can be very difficult to solve. Based on previ-
ous experience with the one dimensional texture implementation, we know
that the truncated Newton method performs reasonably well on this spe-
cific problem. It is also known to perform well on very large nonlinear
problems in general.

Applying the truncated Newton method requires derivatives of the ob-
jective function with respect to the parameters. For efficiency it is impor-
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tant to write the derivatives analytically. We can apply the chain rule to
get

∂F
∂βi jη

= ∑
blocks

∑
ν,k,ς

∑
λ∈{r,φ,z}

⎡
⎣ ∂n̂λ

∂βi jη

∂F
∂n̂λ

+ ∑
μ∈{r,φ,z}

∂
∂n̂λ

∂μ

∂βi jη

∂F

∂
∂n̂λ

∂μ

⎤
⎦ , (6.33)

where the first sum runs over the eight blocks to which the grid point
(ri,φ j, zη) contributes and

∂n̂λ

∂βi jη
≡ ∂n̂λ(rν,φk, zς)

∂β(ri,φ j, zη)
. (6.34)

Similar formula applies for ∂F
∂αi j

.

The interpolated components of n̂ have relatively complicated deriva-
tives with respect to the grid points due to the fact that the interpolation of
the n̂-vector must be re-normalised. For example, in the block illustrated
in Fig. 6.2 one gets

∂n̂(νkζ)
z

∂βi jη
= ∂n(νkζ)

z

∂βi jη

(n(νkζ)
x )2 + (n(νkζ)

y )2

|n|3 −n(νkζ)
z

∂n(νkζ)
x

∂βi jη
n(i j)

x + ∂n(νkζ)
y

∂βi jν
n(νkζ)

y

|n|3 , (6.35)

where we use the notation

n̂(νkζ)
z ≡ n̂z(rν,φk, zζ). (6.36)

All the derivatives of the type ∂n(νkζ)
z

∂βi jη
can be calculated differentiating Eq. (6.27).
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6.3 Calculation of the signal amplitude
In experiments the signal is produced by the coherently precessing mag-
netisation which induces an electromotive force (voltage) in the NMR pick-
up coils. The amplitude of the induced voltage is proportional to the time
derivative of flux ΦB through the coils [57], which for sinusoidal flux time
dependence is proportional to the maximum of the flux. Thus, in order to
find the amplitude of the induced voltage Up one has to maximise the flux
over the phase of precession αM of the condensate:

AUp =Λ′max
αM

ΦB(αM), (6.37)

where Λ′ is a proportionality coefficient. The flux has the form

ΦB(αM)=
∫

V
d3s

[
N(1)

NMR

∫
S(1)

RF

Hdipole(αM ,r) ·dS+N(2)
NMR

∫
S(2)

RF

Hdipole(αM ,r) ·dS

]
,

(6.38)
where S(1)

RF and S(2)
RF denote the surfaces of the two NMR pick-up coils. The

corresponding winding numbers are denoted with N(1,2)
NMR. The distance of

S(1)
RF and S(2)

RF from the z axis is set according to the centre of the finite-
thickness coils of the experimental setup. The field of a point dipole has
the form

Hdipole = 3
r(r ·m)

s5 − m
s3 , (6.39)

in which r is the position of observer and m the magnetic moment. Con-
stant flux due to the static axial component of magnetisation produces no
induced voltage, and we only need to consider the precessing transverse
component of the magnetisation density

m⊥ = χBH sinβM (x̂cos(αM)+ ŷsin(αM)) (6.40)

The integral (6.38) can be calculated using the Monte-Carlo technique [57].

The amplitude of the actual measured signal can in principle be cal-
culated from AUp using electrical properties of the amplifier circuit [58],
but in practice uncontrolled changes in the cold preamplifier amplification
over long periods of time in the experiments make such efforts difficult.
For example, the temperature of the preamplifier is continuously changing
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due to change of helium level in the Dewar. The magnitude of the signal
amplitude is therefore treated as a fitting parameter.
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