
This material is posted here with permission of the IEEE. Such permission of 
the IEEE does not in any way imply IEEE endorsement of any of Helsinki 
University of Technology's products or services. Internal or personal use of 
this material is permitted. However, permission to reprint/republish this 
material for advertising or promotional purposes or for creating new collective 
works for resale or redistribution must be obtained from the IEEE by writing to 
pubs-permissions@ieee.org. 
 
By choosing to view this document, you agree to all provisions of the copyright 
laws protecting it. 



Improved MIMO Performance with Non-Orthogonal Space-Time Block Codes

Olav Tirkkonen and Ari Hottinen
Nokia Research Center

P.O. Box 407
FIN-00045 NOKIA GROUP

Finland

Abstract— Transmission over Multiple Input Multiple Output
(MIMO) radio channels is considered. When multiple Rx anten-
nas are present, one may simultaneously increase the rate and im-
prove performance by optimizing transmit diversity, using non-
orthogonal space-time block codes. This improves the perfor-
mance of MIMO systems considerably, especially when the num-
ber of Tx and Rx antennas is small. As an example, we consider
a 2 Tx, 2 Rx system, and construct a2 � 2 non-orthogonal space-
time block code with symbol rate 2, which performs 2.5 dB better
than the corresponding BLAST system at BER10�3.

I. I NTRODUCTION

It is a remarkable fact that employing multiple antennas both at
the transmitter and receiver promises huge capacity increases
[1], [2]. Indeed, the capacity increases linearly with the mini-
mum ofNTx andNRx, the number of Tx and Rx antennas.

Methods to realize this capacity increase were suggested
in [1] (D-BLAST) and in [3] (V-BLAST). The basic idea of
the BLAST systems is to transmit a different data symbol
from each antenna during each symbol interval, and to use
interference cancelling methods to decorrelate the symbols,
based on the received signals from a multitude of uncorrelated
Rx antennas.

A different way to use a multiple Tx-antenna resource is to
create transmit diversity.The most effective methods for this are
various methods of space-time coding [4], [5], [6], [7].

The dominating view in the community has been that these
uses of the multiple Tx antenna resource are mutually exclu-
sive; for pure MIMO systems withNTx � NRx, BLAST mod-
ulation is used, and for systems withNTx > NRx space-time
coding is used at least partly. Combining space-time coding and
BLAST for NTx > NRx has been investigated in e.g. [8], [9],
[10]. The space-time coding part of BLAST-systems is usually
effected by a horizontally, vertically or diagonally concatenated
channel code. These are effective methods, whenNRx is large.
With smallNRx � NTx > 1, the transmit diversity capabilities
omitted by the BLAST modulation (and only partially tapped
by the concatenated channel codes) become important [11].
This leads to the idea that diversity and rate increase should
be incorporated simultaneously, in a well designed space-time
modulation. One way to do this is to use codes based upon uni-
tary constellations. These are capacity achieving [12], and thus
rate efficient, but simultaneously improve performance due to

transmit diversity. Generic unitary space-time modulations are
non-linear, however.

From decoding point of view, linearity is a desirable trait as
it enables the use of linear algebraic methods keeping decod-
ing complexity polynomic in the number of antennas and data
rate. Linear unitary space time modulations are nothing but
space-time block codes based on orthogonal designs [6], [7].
These have the unfortunate property that the achievable rate
falls off exponentially with the number of antennas, which is
a consequence of the incommensurability of linearity and uni-
tarity [13]. With complex modulation alphabets andNTx > 2,
it is impossible to reach symbol rate 1 [7], let alone the multiple
rates needed to fully exploit the MIMO channel capacity. This
impairs the achievable capacity if multiple receive antennas are
deployed [14], [11].

To increase the rate, keeping linearity, one has to sacrifice or-
thogonality. This leads to the concept of non-orthogonal space-
time codes [15], [16], [11], [17]1 The idea of non-orthogonal
space-time block codes is to increase the rate of a space-time
block code by partly relaxing the orthogonality requirement in
a controlled fashion. Explicit constructions for MIMO channels
were pioneered in [11].

In this paper, we investigate non-orthogonal space-time
block codes designed for a MIMO channel, MIMO-NOSTBC’s.
We shall simultaneously increase rate and aim for optimal per-
formance through increased Tx-diversity. We shall see that the
the non-orthogonal space-time block codes with multiple rates
presented in the literature [11] are deficient when it comes to
transmit diversity. This is due to singular points in the codeword
difference matrices. Here we make use of the full algebraic ma-
chinery developed for non-orthogonal space-time block codes
in [17]. Performance is optimized with possibly matrix val-
ued constellation rotations, which rotate away from the singu-
lar points. The design principles developed in these references,
combined with the well known design principles of space-time
codes in general [4], [5] make the problem of designing optimal
MIMO-NOSTBC schemes transparent.

1In [11], these codes were called linear dispersion codes. In [16] they were
called quasi-orthogonal codes.
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The performance benefits of MIMO-NOSTBC’s are is likely
to decrease with an increasing number of antennas. With in-
creasing numbers of Tx antennas, the scheme becomes fur-
ther removed from orthogonality, with more and more self-
interference. Also, the Rx diversity from the increased num-
ber of Rx antennas is already high, and it need not be improved
with additional Tx diversity. Indeed, for the number of antennas
going to infinity, a random space-time code is optimal, and the
easiest way to construct such a code is to let the random chan-
nels do the job. This is what happens in the BLAST schemes.

For low number of antennas, adding simultaneous Tx diver-
sity to MIMO schemes may improve performance significantly.
Here we consider a system with 2 Tx and 2 Rx antennas, and a
doubled data rate, i.e. four data symbols are transmitted in the
two symbol period duration of the code. Compared to VBLAST
at bit error rate10�3, the gain is 2.5 dB. Comparing to the
scheme in [11], the benefit of optimizing the Tx diversity is
1.5 dB.

II. SYSTEM MODEL

We investigate a communication system over Multiple In-
put, Multiple Output (MIMO) Rayleigh fading channels. For
concreteness, two Tx and two Rx antennas are employed. No
multipath is assumed. The channel realizations between the an-
tennas are denoted by the matrix

� =

�
�11 �12
�21 �22

�
; (1)

and the�ij are assumed uncorrelated. Furthermore, we assume
block fading; the�ij are constant for the duration of a block of
two symbol periods, and change arbitrarily from block to block,
subject to Rayleigh statistics.

A baseband description of the signaling goes as follows.
During each block of two symbol periods, four symbolszi; i =

1; : : : 4 are transmitted. The symbols are arranged in a2 � 2

matrix C. The rows ofC are transmitted during one symbol
period from the two Tx antennas, the columns are transmitted
from one antenna during two symbol periods. Thus the received
signal at the two Rx antennas during the two symbol periods of
the block turns out to be the matrix

r = C~� + noise : (2)

We assume full channel state information at the receiver and no
channel state information at the transmitter. As the number of
states is small, we use maximal likelihood (ML) decoding.

The performance of the optimal2� 2 non-orthogonal space-
time code with rate 2 is compared to the performance of rate

2 BLAST, which transmits two symbols during one symbol
period, i.e.

CBLAST =
�
z1 z2

�
; (3)

and ML decoding. We also compare to the performance of the
rate 1 orthogonal space-time block code of Alamouti [6],

CAla =

�
z1 z2
�z�2 z1

�
; (4)

received with two Rx antennas, and with the symbols in a
modulation constellation with double the number of bits.

III. N ON-ORTHOGONAL SPACE-TIME BLOCK CODES

The two essential features of space-time block codes based
on orthogonal designs [6], [7] are linearity and orthogonality
(unitarity). In [13] it was shown that these two properties do
not fit well together, which leads to stringent conditions on
the number of dimensions in an unitary design, i.e. on the
achievable symbol rate of the space-time block code. The
maximal rate of a square matrix embeddable2 unitary design
is3

Rmax =
dlog2NTxe+ 1

2dlog2 NTxe
; (5)

To increase the rate over this, orthogonality has to be sacrificed.
First we consider the consequences of requiring linearity of

the code. The code matrix can be expanded as

C =

KX
k=1

Ck(zk) ; (6)

whereCk areK matrices of dimensionsT � NTx that are
linear functions of the individual symbolszk and their complex
conjugates. The Hermitian square ofC is

CyC =

KX
k=1

Cy
kCk +

X
i<k

�
Cy
i Ck + Cy

kCi

�
(7)

If one requires unitarity in the sense of orthogonal designs, the
design rules are

Cy
kCk = jzkj

2 IN 8 k ; (8)

and
Cy
i Ck + Cy

kCi = 0 8 (i 6= k) ; (9)

with IN the NTx dimensional identity matrix. The former
condition requires each individual symbol to be encoded by an
unitary matrix.4 The latter, due to the linearity ofCk , leads to
the complexified Radon-Hurwitz equation, see [7], eventually
giving the constraint (5) on rates.
2One that can be constructed from a square matrix unitary design by cancel-

ing columns.
3The smallest integer larger or equal thanÆ is denoted bydÆe.
4Here we use the term “unitary” loosely, to indicate a matrix for which the

inverse isproportional toits hermitian conjugate.
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IV. SPACE-TIME CODE DESIGN CRITERIA

A. Rank, Determinant and Trace

Design criteria for space-time codes presented in the liter-
ature are formulated in terms of the codeword difference ma-
trix Dce. Minimizing the pairwise error probability of decid-
ing in favour ofCe when transmittingCc leads to the well
known rank [4] and determinant [5] criteria. Less known,
but paramount for designing non-orthogonal space-time block
codes, is the trace criterion [18]. This criterion is the following:

To optimize performance in Rayleigh fadingC should be
designed so that the eigenvalues ofDy D are as close as
possible to each otherand to T r

�
DyD

�
=N, and for which the

row-wise sum of the absolute values of the elements off the
main diagonal is as small as possible. Moreover,T r

�
DyD

�
plays the role of Euclidean distance between codeword pairs.

From the linearity of the codes investigated here, it follows
that the codeword difference matrix is linear in the symbol
differences�k = z

(c)
k � z

(e)
k ,

D(ce) =

KX
k=1

Ck(�k) �
KX
k=1

Dk : (10)

The matricesDk give the linear dependence ofD(ce) on �k.
The distance matrix (the hermitian square of the codeword
difference matrix), reads

DyD =
KX
k=1

j�kj
2 I +N (11)

with the non-orthogonality matrix

N =
X
i<k

Dy
iDk +Dy

kDi : (12)

B. Maximal Mutual Information (Minimal Non-Orthogonality)

The principle of maximizing the mutual information pro-
vided by a non-orthogonal space-time block code was sug-
gested in [11]. It is equivalent to the principle of minimal non-
orthogonality suggested in [15]. This means that the average
ratio ofN and

P
j�kj2 in (11) should be minimized, which

minimizes the inter-symbol-interference directly caused by the
non-orthogonality of the code.

C. Maximal Symbolwise Diversity

Consider the Euclidean distance squaredT r
�
DyD

�
. This

is a real valued positive semidefinite quadratic function of the
symbol differences�k (and their complex conjugates). In a
well designed code, the Euclidean distance is a monotonically
increasing function of the number of bit-errors in a codeword

pair. Preferably, the Euclidean distance squared is proportional
to a sum of the symbolwise Euclidean distances squared,j�kj2.

Next, from the linearity of the code it is clear that if the
code does not provide full diversity protection against one-
symbol errors, it cannot provide full diversity protection against
multiple-symbol errors.

This leads us to the requirement ofMaximal Symbolwise
Diversity (MSD) [15] i.e. that also in a non-orthogonal case,
the individual code matricesCk should be unitary matrices
with Cy

kCk = jzkj2 I . Thus (8) is fulfilled. For a maximal
symbolwise diversity code, the distance matrix isDyD =PK

k=1 j�kj2 I + N . Comparing to the design rules in [11],
MSD is a complex symbol version of the strictest (iii) of the
real symbol constraints in [11]. This rule requires unitarity
separately of the matricesAk andBk encoding respectively the
real and imaginary parts of a given symbolzk. MSD requires
unitarity from the full matrixCk, which poses an additional
constraint on the Radon-Hurwitz commutatorAy

kBk � By
kAk

of the coefficient matrices.
The trace criterion now lends itself to optimizing the code by

minimizing the effect ofN .
As an example, we considerNTx = 4; NRx = 1. The

maximal rate allowed by orthogonality is 3/4. To optimally
use the channel resource in this case, the symbol rate has to
equal the number of degrees of freedom in the channel, which
is min (NTx; NRx) = 1 for uncorrelated Rayleigh fading.
Schemes achieving this rate, with minimal non-orthogonality,
and correspondingly maximal mutual information, have been
designed in [15], [16]. ANTx = 3 code belonging to the same
equivalence class has been proposed in [11]. For a rate 1 code,
it is possible to design the4 � 4 matricesCk; k = 1; : : : ; 4

so that they have no overlapping matrix elements. From this it
follows thatN is traceless, and the two branches of the trace
criterion coalesce, namely that the eigenvalues ofDyD should
be as close as possible to each otherandto T r[DyD]. Thus the
trace criterion is fulfilled if the ratio of the Euclidean distance
squareTr[DyD] to the sum of the offdiagonal power inN is
minimized. This is achieved by codes of the form [15], [16],

C4�4 =

2
664

z1 z2 z3 z4
�z�2 z�1 �z�4 z�3
z3 z4 z1 z2
�z�4 z�3 �z�2 z�1

3
775 : (13)

These codes are deficient with respect to diversity. E.g. if
the same error is made inz1 andz3, and no error is made in
z2; z4, the distance matrix has rank 2, not 4. As shown in [17],
these singularities may be avoided by (possibly matrix valued)
constellation rotations, which prevent the same error to be made
in e.g.z1 andz3.
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D. Traceless Non-Orthogonality

Now investigate the distance matrix when the matricesCk

partly overlap. Maximal symbolwise diversity is required,
as explained in the previous Section. In this case, theCk

should be designed so that the non-orthogonality matrixN is
traceless [17]:

T rN = 0 : (14)

The reason for this is the following. Due to linearity,DyD is
a quadratic function of the symbol differences�k. This is true
for the non-orthogonal part ofDy D as well, and for the part of
the Euclidean distance arising from non-orthogonality, namely
T rN .

AsDyD is a Hermitian matrix, its diagonal elements are real.
The dominant diagonal terms in (11) are real. Thus the diagonal
elements ofN are real as well. The only possibility is that
they are some real combinations of two symbol differences, i.e.
Re[�k�l] and/or Im[�k�l].

In a generic complex modulation scheme, a number of�k:s
may be related by rotations in the complex plane. Now, ifN has
a trace, the value of the trace, and thus the Euclidean distance
changes by rotating�k, even if the other�l are averaged
over. This means that the Euclidean distance between a symbol
and its nearest neighbors differs from the distance between
an equivalent rotated symbol and its nearest neighbors. Thus
the modulation points are not homogeneously situated in the
multidimensional space-time code space, and the space-time
block code cannot be optimal.

E. Symbol-to-Symbol Homogeneity

Another principle which follows directly from requiring ho-
mogeneity in constellation space is symbol-to-symbol homo-
geneity [17], which means that all symbols should be coded
with similarly in relation to the others.

V. MIMO-NOSTBC WITH 2 TX, 2 RX, RATE 2

Now we want to design a code with symbol-rate 2, employ-
ing 2 Tx antennas, designed for reception with more than 2 Rx
antennas. The temporal length of the code is taken to be 2. Thus
the ensuing2�2 code comprises 4 symbols. Applying maximal
symbolwise diversity, minimal non-orthogonality and symbol-
to-symbol homogeneity, it is clear that the symbols should be
encoded in two orthogonally encoded pairs:

C(s1; s2; s3; s4) =

�
s1 s2
�s�2 s�1

�
+U

�
s3 s4
�s�4 s�3

�
V : (15)

Here, U and V are two2 � 2 unitary matrices. Requiring
traceless non-orthogonality leads to

detU = �1

(16)

V = I

or vice-versa. HereI is the two-dimensional identity matrix.
Isolating the negative sign of the determinant to a multiplying
matrix W = diag[1;�1], UW is an element in SU(2), the
group of special unitary2 � 2 matrices. This group is a three-
dimensional manifold. The rank and determinant criteria may
now be used to find the optimal rotation matricesUW within
this manifold.

In [11], the MIMO-NOSTBC code (15) with diagonal

UW =

�
e j�=4 0
0 e� j�=4

�
(17)

was proposed. It was shown that this code (and correspond-
ingly, all codes in the family satisfying (16) provide maximal
mutual information. The code with (17), however, is not trans-
mit diversity nor performance optimal. Consider an error event,
where the same error� is made inz1 andz4, and no error is
made inz2; z3. The product distance is

det
�
Dy
ceDce

�
= det

�
� e j�=4�

e� j�=4�� ��

�
= 0 : (18)

For this kind of error events, the transmit diversity protection
is only one. To improve on this, one may take an off-diagonal
matrixUW . The union bound of pairwise error probabilities is
minimized atEb=N0 = 10 dB with the choice

UW =

�
e j 7�=20 cos

�
9�
50

�
e j�=4 sin

�
9�
50

�
� e� j �=4 sin

�
9�
50

�
e� j 7�=20 cos

�
9�
50

�
�

(19)

Performance of these two rate 2 MIMO-NOSTBC schemes
for 2 Tx, 2 Rx antennas can be found in Figure 1. As the
space-time block codes are considered as modulation schemes,
performance is measured in BER, without concatenated coding.
The symbolszk were taken in QPSK, the channel is block
Rayleigh fading with block length 2, the receiver has perfect
channel state information, the transmitter none. Due to the
low number of bits, maximal likelihood detection was used for
all schemes. Alternatively, MMSE-OSIC detectors, or sphere
detectors, as suggested in [11], may be used.

The first plot, with legend “NOSTBC(HH)”, is the code
of [11] with diagonalUW (17). The second, with legend
“NOSTBC(OPT)”, has optimal, non-diagonalUW (19). The
different degree of transmit diversity of these schemes is clearly
visible. NOSTBC(OPT) has diversity degree 4, corresponding
to transmit diversity degree 2. On the contrary, NOSTB(HH)
has diversity degree 2, corresponding to no Tx diversity. Error
events of the kind (18) with no transmit diversity protection are
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Fig. 1. Uncoded BER performance of various MIMO schemes, re-
ceived with two Rx antennas. The continuous plot is the theoreti-
cal performance of MRC-combining of 4 channels.

frequent enough to significantly effect the performance already
at these comparatively lowEb=N0’s.

From the performance of NOSTBC(OPT) it should be noted
that not only can the rate be doubled by adding a second trans-
mit antenna, in addition one may enjoy improved performance.
The2�2 NOSTBC(OPT) scheme with rate 2 performs closely
to a completely orthogonal scheme with 4 Tx, 1 Rx, and rate 1
(the continuous line).

The MIMO-NOSTBC’s are compared to transmitting the
same data rate with BLAST, as well as using two 16QAM
symbols in the rate 1 Alamouti code, legend “16QAM STTD”.
The gain compared to BLAST with the same data rate grows
with SNR, at raw BER 0.1 % it is 2.5 dB. The gain compared
to 16-QAM Alamouti code is a constant shift of 0.7 dB. This is
the penalty from using the capacity deficient orthogonal scheme
when receiving with two antennas.

VI. CONCLUSION

We have considered a MIMO-NOSTBC scheme, where the
same antenna resource is simultaneously used for rate increase
and optimal Tx-diversity. Design methods for such codes are
considered, and it is shown how considerable improvement in
performance can be achieved by this scheme. These codes are
based on the rate increase promised by the increasing number
of independently codable degrees of freedom (the rank) in
uncorrelated MIMO channels. With channel correlations, or
with considerable differences in SNR’s between the Tx (or Rx)
antennas, the rank of the MIMO channel deteriorates rapidly.
In such situations, using an orthogonal scheme with higher
constellations would provide more robust performance.
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