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This thesis deals with proof of concept experiments made at cryogenic temperatures on
carbon nanotubes, graphene, and nanomechanical resonators. The work also addresses
self assembly of molecules on graphene. The main emphasis of the thesis is on charge
detection with carbon nanotube devices.

Single electron transistors and quantum dots are the most sensitive charge detectors
available at present. Their operation is based on Coulomb blockade, which causes the
conductance of the device to be sensitive on subelectron changes in external charge. We
tudied how coupling between single electron tunneling and mechanical oscillation in a sus-
pended single-walled nanotube quantum dot affects the charge sensitivity and found that
mechanically induced conductance changes of the nanotube can improve its sensitivity as
an electrometer. The result is comparable to the state of the art radio frequency single
electron transistors, but at audio frequencies, where high sensitivities are harder to reach.
In second carbon nanotube experiment, we coupled a multiwalled nanotube with super-
conducting electrodes and proximity induced superconductivity directly to a microwave
transmission line. The device was found to work as a sensitive wideband electrometer.

The study on mechanical resonators concentrates on nonlinear properties of single-
walled carbon nanotube resonators and on readout of doubly clamped aluminium beam
resonators. We found that because of the strong coupling between mechanical motion
and single electron tunneling in carbon nanotubes, third order conservative Duffing non-
linearity can be compensated out, causing the conservative fifth order term to dominate
high amplitude mechanical motion. In the study of metallic beam resonators coupled to
LC-circuits, we found that the sensitivity of the readout can be improved via focused ion
beam processing that facilitates devices with gate capacitances that are larger than in
previous devices used for similar purpose.

The final part of the thesis deals with two experiments in graphene. A graphene flake
coupled to superconducting electrodes was operated as a cryogenic thermometer. The
proximity induced supercurrent of the sample could also be used for probing inelastic
electron-electron interaction in graphene. The interaction strength was found to be two
orders of magnitude larger than expected for comparable two-dimensional metallic sys-
tems. In the second experiment, we studied self organization of cobalt phthalocyanine
(CoPc) molecules on graphene. Results suggest that CoPc/graphene/hexagonal boron ni-
tride systems are suitable for creating graphene with controlled doping and superimposed
molecule-scale periodic potential.
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Tämä väitöskirja koostuu matalissa lämpötiloissa hiilinanoputkilla, grefeenilla ja nano-
mekaanisilla resonaattoreilla tehdyistä kokeista. Tarkastelemme myös molekyylien itse-
järjestäytymistä grafeenin pinnalla. Väitöskirjan pääpaino on hiilinanoputkilla tehdyissä
varauksen havainnointimittauksissa.

Yksielektronitransistorit ja kvanttipisteet ovat herkimpiä tunnettuja varausmittarei-
ta. Niiden toiminta perustuu Coulombin saartoon, jonka seurauksena laitteen johtavuus
on herkkä sen ympäristössä tapahtuville elektronin murto-osaa vastaaville muutoksille.
Tutkimme kuinka ripustetuille yksiseinämäisille nanoputkille tyypillinen voimakas kyt-
keytyminen elektronien tunneloitumisen ja mekaanisen liikkeen välillä vaikuttaa niiden
varausherkkyytteen. Tarkastelumme osoittaa, että mekaanisesta värähtelystä aiheutuvat
muutokset ripustetun nanoputkikvanttipisteen johtavuudessa voivat parantaa varausherk-
kyyttä. Tulos vastaa parhaiden metallisten radiotaajuusyksielektronitransistorien herk-
kyyttä. Toisessa nanoputkikokeessa tutkimme kuinka suprajohtavilla kontakteilla varus-
tettu moniseinämäinen hiilinanoputki toimii varausmittarina, kun se kytketään suoraan
aaltojohtimeen. Näytämme, että suprajohtavan läheisilmiön vaikutuksesta, nanoputki toi-
mii herkkänä laajakaistaisena varausmittarina.

Kokeet mekaanisilla resonaattoreilla keskittyvät yksiseinämäisten nanoputkien epäli-
neaarisiin ominaisuuksiin ja päistäripustettujen alumiininanolankojen värähtelyn mittaa-
miseen. Havaitsimme, että tunneloitumisen ja mekaanisen liikkeen välinen kytkentä mah-
dollistaa nanoputkien kuutiollisen konservatiivisen epälineaarisuuskäytöksen minimoin-
nin, jonka seurauksena suuren amplitudin liike rajoittuu viidennen asteen konservatii-
visen epälineaarisuuden vaikutuksesta. Kokeessa, jossa tarkastelimme alumiininanolanko-
jen kytkeytimistä liikettä mittaavaan LC-piiriin, havaitsimme lukuherkkyyden paranevan,
kun näytteet valmistetaan kohdistetun ionisuihkun avulla.

Väitöskirjassa esitetään myös kaksi grafeenilla tehtyä koetta. Toisessa osoitimme, että
suprajohtavan läheisilmiön ansiosta grafeenia voidaan käyttää lämpömittarina kryogeeni-
sissa olosuhteissa. Tutkimme samalla laitteella epäelastista elektroni-elektroni vuorovai-
kutusta grafeenissa suprajohtavuutta käyttäen. Vuorovaikutuksen havaittiin olevan kaksi
kertaluokkaa voimakkaampi, kuin vastaavalle kaksiulotteiselle systeemille oli odotettu. Lo-
puksi, tutkimme koboltti ftalosyaninimolekyylien itsejärjestäytymistä grafeenin pinnalla.
Tulokset osoittavat, että boorinitridin pinnalla olevalle grafeenille järjestäytyneet mole-
kyylit mahdollistavat grafeenin altistamisen kontrolloidulle periodiselle potentiaalille tai
seostamisen epäpuhtauksilla.
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1. Introduction

The main content of this thesis deals with low temperature experiments on

carbon nanotube and graphene devices concentrating on their electrical and

mechanical properties. Carbon nanotubes and graphene are both relatively

recently discovered low dimensional nanocarbon materials [1–5]. Graphene

consist of a hexagonal two-dimensional carbon atom lattice whereas single-

walled carbon nanotubes are one-dimensional cylindrical molecules with the

same hexagonal carbon atom structure. Both of the materials provide excep-

tionally rich templates for experiments in various fields of fundamental physics.

Research has resulted in interesting discoveries in the field of low dimensional

materials during last three decades as well as to some real life applications.

The hype around nanotubes results largely from their potential use as com-

ponents in electronics. Even though individual devices with outstanding prop-

erties have been fabricated, large part of the initially expected applications

have reached only proof of concept level. Major reason to this is the diffi-

culty of producing substrates with specific type of tubes having controlled

orientation and density. Recently, expectations have increased on that carbon

nanotubes could eventually enable mass production of transistors with higher

operation frequencies, lower energy consumption and shorter channel lengths

than silicon technology [6]. This is because scalable fabrication techniques

have started to reach the maturity to take fully advantage of the intrinsic

properties of semiconducting carbon nanotubes [7–10].

Research on graphene production methods has largely benefited from the

lessons learned from carbon nanotubes and has progressed relatively fast.

Large scale CVD production of polycrystalline graphene on copper was dis-

covered in a few years after the material itself was found [11]. Currently poly-

crystalline films with crystal size in the millimeter range can be produced [12].

More recently, also a method that is able to produce wafer scale single crystal

graphene was introduced [13]. Despite the advancements in large scale pro-

9



Introduction

duction, there are still major obstacles to overcome [14]. Current methods are

suffering from the required mechanical transfer of graphene to an insulating

substrate which easily causes imperfections to the transferred graphene. This

is why the research community is still largely relying on exfoliated graphene.

In addition to the possible use as components in electronics, nanotubes and

graphene can be harnessed to work as sensors. Because of the nature of the

chemical bonding between carbon atoms and the lightness of the material,

they can be used as sensitive probes to their environment. Nanomechanical

resonators in general have been pushing limits of existing sensing technologies.

In particular carbon nanotube resonators have on several occasions proven to

yield unprecedented sensitivities for both mass [15–17], and force [18].

Nanotubes can also work as sensitive charge detectors in special conditions.

Clamping of nanotube between metal electrodes naturally forms tunnel bar-

riers to the contact interfaces. In the process, the electron dispersion relation

becomes quantized and the device acts as a quantum dot. Quantization be-

comes relevant at low temperatures where the electrical characteristics of the

device become extremely sensitive to variation of charge in its close vicinity.

Nanotubes have been on several occasions operated as charge detectors being

able to sense changes corresponding to the fraction 1/106 of the charge of an

electron.

Main content of this thesis deals with proof of concept experiments on car-

bon nanotube, graphene and nanomechanical devices operated as sensors. We

study how existing charge sensing methods can be improved by taking advan-

tage of superconductivity and mechanical motion. We also address operation

of superconducting graphene device as thermometer as well as capacitive read-

out of nanomechanical beam resonators. In addition, we explore self organi-

zation of molecules on graphene surface.

This thesis is organized as follows. Relevant background information and

theory of the electrical properties of graphene and single-walled carbon nan-

otubes are discussed in Chapter 2. Theory of doubly clamped nanomechan-

ical devices and coupling between the mechanical motion and single electron

tunneling in suspended carbon nanotube devices are discussed in Chapter 3.

Chapter 4 deals with operation of carbon nanotube devices as charge sensors.

Results from the publications of this thesis are discussed in each chapter.

Overview of all of the sample fabrication techniques used in this thesis is

given in Appendix A.

10



2. Nanocarbons

Carbon nanotubes and graphene have drawn significant amount of scientific

interest since they were brought to the awareness of general public in 1991

and 2004, respectively [1–5]. The research is largely driven by their electri-

cal properties which are briefly introduced in this chapter along with some

representative measurement and simulation results from Publications II, IV,

and V. The unique material characteristics originate from the atomic structure

of graphene. Two-dimensional hexagonal lattice of graphene is formed from

a single layer of sp2 hybridized carbon atoms which bond to the closest three

neighbors with σ-bonds while the fourth valence electron is on the π-orbital.

When a graphene sheet is rolled up in to a seamless cylinder, a one-dimensional

single-walled carbon nanotube (SWNT) is formed, see Figure 2.1.

Figure 2.1. Two-dimensional graphene is the mother of other sp2 bonded high crystallinity
carbon nanomaterials. Zero-dimensional fullerenes are formed by adding pen-
tagons to the graphene lattice which causes the carbon sheet to close up in to a
ball. One-dimensional carbon nanotubes are rolled up graphene sheets whereas
three-dimensional graphite is formed from stacked graphene sheets. Reprinted
by permission from Macmillan Publishers Ltd: Nature Materials [19], ©2007.

11



Nanocarbons

2.1 Band structure

Discussion in this chapter is based upon Ref. [20]. When a graphene sheet is

wrapped in to a seamless carbon nanotube the rolling direction of the graphene

lattice is defined by chiral vector n�a1+m�a2, which points along the circumfer-

ential direction of the SWNT and defines its chirality. Here �a1 and �a2 are the

lattice vectors of graphene and (n, m) are non-negative integers. The electrical

properties of graphene and carbon nanotubes can be well described by taking

into account only the electron dispersion of π-electrons.

The electron dispersion relation of SWNT can be derived from the electron

dispersion relation of graphene

Eg (k) =
ε2p ± tω (k)
1 ± sω (k) ,

given by the nearest neighbor tight binding calculation. Here ε2p, t, and s are

constants given by the model and the + sign gives the bonding π state and

the − sign the anti-bonding π∗ state of graphene. The function ω (k) writes
out as

ω (k) =

√
1 + 4 cos

√
3kxa

2 cos kya

2 + 4 cos2 kya

2 ,

where a = 2.46 Å is the lattice constant of graphene and
(
kx, ky

)
are reciprocal

space coordinates.

The dispersion relation of graphene is plotted in Figure 2.2(a) within the

first Brillouin zone. There the lower half is the π band and the upper the

π∗ band. Because bands meet at the high symmetry K-points, which are

often called Dirac points, graphene is a zero-gap semiconductor. Around the

high symmetry points the dispersion relation is well approximated with a

cone relation Ẽg (k) = ±√
3/2 · |t| a

∣∣k − Kγ

∣∣, where γ = A, B refers to two

inequivalent Dirac points that are present.

Electron dispersion relation of a SWNT is acquired from the dispersion re-

lation of graphene by so called zone folding method. Reciprocal vector K1

pointing along the circumferential direction of the SWNT is quantized due to

the rolling up of the graphene sheet. The only real reciprocal lattice vector K2

pointing along the tube axis is continuous assuming that the tube is infinitely

long. Allowed 1-D bands due to circumferential quantization are written out

as

Ej = Eg

(
k

K2

|K2| + jK1

)
, (2.1)

where k ∈ (−π/T, π/T
)
and j ∈ {0, 1, . . . , N − 1}. T is the length of the

translation vector that points perpendicular to the chiral vector and defines

the unit cell of the tube with it. N is the number of hexagons in the unit cell.
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Nanocarbons

(a) (b) (c)

Figure 2.2. (a) Quantized bands of a high symmetry (n, m) = (12, 0) zigzag carbon nan-
otube are plotted on top of the π and π∗ bands of graphene within the first
Brillouin zone. The same 1D electronic dispersion relations of the tube are
shown in (b). Since some of the bands cross the K-point, no gap is formed.
Dots in (a) show the joining points of the curves at k = ±π/T . DOS for the
same CNT is shown in (c). High density van Hove singularities appear to the
points where dE/ dk = 0. In the plots ε2p = 0, t = −3.033 eV, and s = 0.129.

Vectors in the parentheses of Equation 2.1 form a set of so called quantization

lines in the reciprocal space. As can be seen from values that j can take, the

number of the 1-D bands increases along with the unit cell size of the SWNT.

Depending on the chirality of the carbon nanotube it can be either metallic

or semiconducting. 1-D electron dispersion curves meet at the Fermi level

and the specific SWNT is metallic if a quantization line passes through a

Dirac point of graphene. Otherwise an energy gap opens up and the SWNT

is semiconducting. To first approximation, type of SWNT can be classified

using the indices (n, m) of the chiral vector and by calculating

m − n = 3o + p, (2.2)

where o is an integer and p ∈ {−1, 0, 1} [21]. If p = 0, the tube is metallic.

Equation 2.2 implies that zigzag nanotubes (m = 0) with n = 3o are metal-

lic. Quantized bands of a n = 12 zigzag carbon nanotube calculated from

Equation 2.1 are plotted on top of the dispersion relation of graphene within

the first Brillouin zone in Figure 2.2(a). The same 1-D electron energy dis-

persion curves and the corresponding density of states (DOS) are shown in

Figures 2.2(b) and 2.2(c), respectively. There is a finite number of states at

the Fermi-level located at E = 0 revealing the metallic nature of this SWNT.

For semiconducting SWNTs (sSWNTs), quantization lines lie between the K-

points and the distance β |K1| from the K-point to the closest line is always

one-third
(
β = 1/3

)
of the separation |K1| = 2/dt of two lines [21]. Here

13
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dt = a/π · √
n2 + m2 + nm is the diameter of the SWNT. The gap size is thus

approximated by

Egap ≈ 2 |K1|
3

dẼg (k)
d
(∣∣k − Kγ

∣∣) = 2 |t| a√
3dt

≈ 0.8 eV
dt [nm]

.

Calculations with π-orbitals predict that one third of the SWNTs are metal-

lic and the remaining two thirds semiconducting. Further tight binding cal-

culations however show that the large curvature of small diameter SWNTs,

dt < 0.7 nm, leads to a hybridization of the σ∗ and the π∗ orbitals. This

shifts the K-points from their original locations without affecting the degener-

acy of the bands. The shift happens along longitudinal wave vectors for high

symmetry armchair n = m nanotubes and they stay metallic whereas other

n − m = 3o nanotubes acquire a small band gap on the order of meV.

The lowest lying energy bands are typically doubly degenerate. The degen-

eracy is caused by a pair of quantization lines of which one is close to Dirac

point KA and another KB. The situation is demonstrated in Figure 2.3. 1D

bands are located on the opposite sides of the inequivalent Dirac points mean-

ing that one of the electrons has negative and another positive group velocity(∇Eg
) · K1/� along the circumferential direction. Electrons on these orbitally

degenerate bands thus circle around the nanotube axis in opposite directions.

The four-fold degeneracy caused by spin and orbital degeneracy of lowest

lying bands can be broken for example by applying a magnetic field parallel

to the tube axis. This modifies the orbital quantization condition and changes

the energy gap size to opposite directions for electrons at inequivalent Dirac

cones. Another fundamental source of symmetry breaking is the spin-orbit

interaction which is relatively small in graphene because of symmetry reasons

but for SWNTs however becomes relevant due to the curvature of the tube. [22]

K1

E

KA-point

KB-point

K2

Figure 2.3. Conduction and valence bands of graphene meet at two inequivalent Dirac
points: KA and KB. From the negative/positive energy slope along K1 at the
red/blue conduction band one can conclude that the group velocity along the
circumferential direction of the SWNT has opposite sign on the two bands.
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2.2 Graphene band engineering

The zero band gap of graphene is limiting its direct use in transistor ap-

plications which require more distinct on/off switching of current. Several

approaches have been proposed and experimentally tested for inducing an

energy gap in to the band structure of graphene e.g. quantum confinement

in graphene nanoribbons [23–25], bilayer graphene in certain conditions [26],

strained graphene [27], and chemically modified graphene [28, 29]. Periodic

potential or a lattice of void areas on graphene will also strongly modify the

energy-momentum relation [30–32]. To this end, we studied in Publication V

molecular self assembly of cobalt phthalocyanine (CoPc) molecules, see Fig-

ure 2.4(d), on graphene using scanning tunneling microscopy (STM).

Details of the sample preparation are given in Ref. [33]. Hexagonal boron ni-

tride (h-BN) was exfoliated on a Si/SiO2 substrate after which CVD graphene

was transferred on to the chip. Part of the transferred graphene was resting

on SiO2 and part on h-BN flakes. Representative STM images of graphene on

SiO2 and h-BN prior to the molecule deposition as well as the corresponding

height distributions are shown in Figures 2.4 (a), (b), and (c), respectively.

Graphene on SiO2 appears more corrugated than graphene on h-BN consis-

tent with previously reported experiments [34, 35]. The characteristic Moiré

pattern arising from missalignment between the h-BN and graphene lattices

is seen on the graphene/h-BN sample.

Figure 2.4. (a,b) STM images from graphene on SiO2 and h-BN before the deposition of
molecules. Scale bars are 2 nm. (c) Height distributions of STM images shown
in panels a and b. (d) Structure of the cobalt phthalocyanine molecule. (e,f)
STM images from CoPc on graphene/SiO2 and graphene/h-BN. (g) Domain
boundary formation at the step edge of underlying h-BN. Scale bars in panels
e-g are 10 nm. Reprinted with permission from [36], ©2013 American Chemical
Society.
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Approximately half a monolayer of CoPc was evaporated on to the sample

in UHV conditions after which the sample was inserted back in to the low

temperature STM housed within the same vacuum system. STM images of

the CoPc molecules on graphene/SiO2 and graphene/h-BN surfaces are shown

in Figures 2.4 (e) and (f), respectively. CoPc forms close packed square lattice

with domain size limited by the surface corrugation of graphene on SiO2.

Several different orientations appear in the 50×50 nm2 image. CoPc molecules

arrange in to square lattice also on graphene/h-BN but now the domain size

seems to be limited only by the step edges of the underlying substrate and

residual contamination of the surface. A representative STM image from a

step edge in h-BN after molecule evaporation is shown in Figure 2.4 (g). The

CoPc square lattice orientation changes at the edge.

Interaction between the CoPc molecules and the substrate was studied by

measuring dI/dV spectra as a function of bias over 100 molecules. It was

found that all of the orbital energies shift randomly up or down between

neighboring atoms suggesting that there is molecule to molecule varying charge

transfer between the CoPc molecules and the substrate. The energy variation

was smaller on graphene/h-BN than on graphene/SiO2. Because of the short

length scale, the variation is likely caused by local geometric disorder in the

molecular layer. These results suggest that CoPc/graphene/h-BN systems are

suitable for engineering graphene samples with periodic potential landscapes

or controlled doping.

2.3 Charge transport

Ohm’s law states that the resistance of a conductor of length L with cross

section of W × W is R = ρL/W 2, where ρ is the resistivity of the material.

It thus predicts zero resistance when the length of the wire approaches zero.

This, however, does not hold, when the size of the device is reduced to a regime

where the interference of electron wave functions becomes relevant. Thus, the

resistivity ρ and conductivity σ are no longer independent of the dimensions

of the specimen. Systems like these are called mesoscopic.

When the length L of sample having one spin-degenerate 1D channel is

brought below the momentum and phase relaxation lengths, Lm and Lϕ re-

spectively, the sample becomes ballistic and the maximum conductance is

limited to the conductance quantum G0 = 2e2/h = 77.5 μS. Because of the

orbital degeneracy, the ideal conductance of any SWNT sample is G = 2G0

and the minimum achievable resistance equals 6.45 kΩ. For an imperfect sam-
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ple with scattering centers, the total conductance of the SWNT channel is

given by the Landauer formula G = G0
∑

i Ti, where Ti ∈ [0, 1] is average

probability of transmission through each of the subbands i [37].

Even though short SWNT channels are often ballistic, the devices reach

rarely the intrinsic conductance due to imperfect contacts that can result for

example from contamination at the contact interface or from weak wetting

interaction of the metal. Careful sample fabrication and metal selection are

thus important. With Pd for example, the wetting interaction is strong and

4e2/h limit has been reached [38, 39]. Also Cr, Ti, Pd, Mo, Re, Rh, Au, and

Pt make good side contacts to SWNTs [39–46].

Several metals can form stable carbides and presence of such bonding at the

SWNT-metal interface naturally alters the contact properties [47, 48]. Total

contact resistance 2Rc, that is in series with the tube, increases dramatically as

the contact length of a side contact decreases below hundred nanometers [46,

49]. In contrast, SWNTs bonded from ends with Mo carbides show constant

Rc independent of the electrode size [9]. This is crucial for potential logic

transistor applications where channel and contact lengths below 10 nm are

needed for outperforming Si technology [6].

Conductance properties of a semiconducting SWNT field effect transistor

with long contacts are in many cases dictated by changes in contact properties

rather than conductance changes in the SWNT channel itself [46, 50]. Contact

resistance values depend strongly on the height of Schottky barriers which

are formed at the metal-sSWNT interfaces. The height of the barriers are

determined for electron, n-type, and hole, p-type, transport by

φn
SB = φM − φNT + Egap

2 and φp
SB = φNT + Egap

2 − φM, (2.3)

which give the energy separation between the metal Fermi level and the con-

duction and valence bands, respectively [51]. Here φM is the work function of

the contact metal, φNT the work function of SWNT, and Egap the energy gap.

Different energies relevant to the Schottky barrier formation are diagrammat-

ically presented in Figure 2.5(a).

The larger φM is, the higher/lower the Schottky barrier for electron/hole

conduction becomes [51]. The situation for large φM is demonstrated in Fig-

ures 2.5(b) and (c). Holes can pass to the SWNT channel over relatively small

φp
SB whereas electrons face a much larger barrier φn

SB when entering the nan-

otube. The height of the Schottky barrier is also sensitive to environmental

variables through the work function of the metal as well as to the diameter of

the tube through the energy gap size [50, 52, 53].
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(a) (b) (c)

Figure 2.5. (a) Relevant energy scales regarding Schottky barrier formation are shown.
When the Fermi level of the contact metal lies close to the valence band of the
SWNT, p-type conductance is expected. (b) The electrons need to pass over
a much higher energy barrier at gate voltage |VG| than (c) holes at − |VG| in
order to enter the device.

2.4 Carbon nanotube quantum dots

Quantum dot (QD) is generally a small man-made structure with such a small

volume that the electron energy states within the dot become quantized. When

a short carbon nanotube segment is clamped between metal electrodes, natural

tunnel barriers are formed at the SWNT-metal interfaces creating a QD. The

tunnel barriers at the contact interfaces fix the charge Q in the clamped SWNT

segment when the device is cooled to low enough temperature.

2.4.1 Size quantization

When the length of SWNT device is brought below the phase coherence length,

L < Lϕ, electron waves begin to interfere with each other and the longitudinal

wave vector kK2/ |K2| in Equation 2.1 becomes quantized. With hard wall

boundary conditions, allowed k values are

ki = i
π

L
, i ∈ {1, 2, . . .} ,

since i = 0 does not yield a non-zero wave function. The solution is equivalent

to the requirement that the length of the device is a multiple of half wave

lengths L = iλ/2. For a typical sample length of L ∼ 300 nm the longitudinal

level spacing, ki+1 −ki ∝ 1/L, is much smaller than the spacing resulting from

the circumferential confinement which scales as |K1| ∝ 1/dt.

Figure 2.6 shows a diagrammatic representation of the lowest lying 1D bands

of sSWNT with an energy gap centered at k = 0. Longitudinal quantization

of the bands gives levels with energies {E1, E2, E3 . . .}. Each 0D level is four-

fold degenerate because of the spin and orbital degeneracy of valence and

conduction bands. This is demonstrated by four electrons filling the lowest

energy level of the conduction band. The level spacing is increasing along with
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Figure 2.6. A diagrammatic representation of discrete k values and the resulting energy
quantization due to finite length of a sSWNT device. The allowed longitudinal
wave vectors and energies are plotted on the lowest lying 1D bands of the tube.
Overlapping blue and red bands in the inset reflect the orbital degeneracy.
Together with spin degeneracy, levels are four fold degenerate and are often
called shells.

i because of the nonlinear dispersion relation and the equal spacing between

the allowed k values. The level spacing of SWNTs can be estimated similarly as

the energy gap size of sSWNTs. Linearized dispersion relation E (k) ≈ ±�vFk

close to the Dirac points gives

ΔE ≈ E (ki+1) − E (ki) =
�vFπ

L
≈ 1.7 eV

L [nm] , (2.4)

where we have set vF = 8 · 105 m/s [40]. A typical sample length of L = 300

nm gives ΔE ≈ 5.5 meV which can be already observed in liquid helium

temperature.

2.4.2 Constant interaction model

Consider electrically equivalent circuit diagram of a SWNT QD shown in Fig-

ure 2.7. The SWNT interacts with its environment through resistances RS

and RD and capacitors CS and CD to the source and drain electrodes, respec-

tively. The third electrode, the gate, is purely capacitively coupled to the

device through CG. Transport properties of the device are controlled with the

gate and source-drain voltages VG and VSD = VS − VD, respectively.

Basic electrical properties of a SWNT QD can be described by a simple

constant interaction model [54]. It is based on two assumptions. First, the

Coulomb interaction of an electron in the dot with all other electrons inside and

outside the QD can be described by a single capacitance CΣ = CS +CD +CG.

Second, the quantized energy spectrum of the QD is independent of the number

of electrons N in the dot. The total energy of a SWNT QD with N electrons
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RS RD

CS CDCG

VG

VS VD

VQD
Q

Figure 2.7. A SWNT QD is electrically coupled to its environment through source and
drain resistances RS and RD and capacitors CS and CD, respectively. The gate
electrode is capacitively coupled to the nanotube through CG.

can be written in the constant interaction model as

U (N) =
[− |e| (N − N0) + CSVS + CDVD + CGVG

]2
2CΣ

+
N∑

i=1
E (ki, B) ,

where N0 is the number of electrons with no applied voltages [55]. The first

part of the equation describes the electrostatic potential energy of the QD.

The latter term sums energies Ei ≡ E (ki, B) of occupied single particle states

and gives the chemical potential of the QD. Magnetic field B is included since

it can alter the SWNT band structure.

The electron number dependent part of the electrostatic energy is plotted

in Figure 2.8 as a function of the gate charge. Here we have set VS = VD = 0

and the internal energy level structure of the QD has been neglected. Electron

number N can fluctuate only at the points noted with the black dots, where it

is allowed to change between N and N +1 enabling charge transport through

the device electron by electron. These bias points are called charge degeneracy

points.

When transport measurements are considered it is convenient to use elec-

trochemical potential μ as a measure of energy. It is defined as the minimum

energy needed for adding one electron to the QD. For the Nth addition it is

given by the change in total energy

μ (N) = U (N) − U (N − 1) ,

which yields

μ (N) = EC

(
N − N0 − 1

2

)
− EC

|e| (CSVS + CDVD + CGVG) + EN ,

where EC = e2/CΣ is the charging energy of the QD. When N is the topmost

filled electron level, the level spacing of the QD, called addition energy, is given

by

Eadd = Δμ (N) = μ (N + 1) − μ (N)

= EC +ΔEN .
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Figure 2.8. The electron number N dependent part of the electrostatic energy forms from
a series of parabolas when plotted as a function of the gate charge. Here
VS = VD = 0 and the internal energy level structure is neglected. The electron
number is fixed except at the charge degeneracy points that are noted with the
black dots. At these bias points the electron number can fluctuate between N

and N + 1.

The addition energy thus equals the sum of charging energy and the energy

separation ΔEN ≡ EN+1 − EN between the consecutive single particle levels.

For a spin and orbital degenerate SWNT QD, ΔEN is nonzero for the first

electron added on to a shell whereas following three additions require only the

charging energy EC. SWNTs thus have a distinct four-fold periodic addition

energy sequence.

2.4.3 Incoherent tunneling

At its simplest, the bias conditions for on and off states of the charge transport

through a QD can be deduced from changes in the free energy [56, 57]

F = 1
2
∑

i

QiVi +
∑

j

Ej − W

of the system when an electron tunnel in or out of the island. The first term

sums over all of the charged conductors, including the island, and gives the

total electrostatic energy. The second term gives the chemical energy of the

system and the summation is taken over energies of occupied electron levels.

Third term subtracts the total work W done by the voltage sources. The free

energy changes ΔF ±e
S,D associated to different tunneling events become

ΔF ±e
S = e

CΣ

[
±e

2 ± (N − N0) e ± CSVS ± CDVD ± CGVG

]
∓ eVS ± EN+1

ΔF ±e
D = e

CΣ

[
±e

2 ± (N − N0) e ± CSVS ± CDVD ± CGVG

]
∓ eVD ± EN+1.

(2.5)

Here e = − |e|, + denotes the transition of the dot occupation from N to N+1

electrons, and − the transition from N + 1 to N electrons through the source
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S or drain D junction. If a tunneling event decreases the free electrostatic

energy of the system ΔF ±
S,D ≤ 0, the particular charge transfer process is

allowed. When electrons are tunneling through QD single electron at a time,

the dot occupation repeats N → N + 1 → N → . . . cycle. The current thus

flows if both ΔF +e
S and ΔF −e

D or ΔF +e
D and ΔF −e

S are negative for some N .

Figure 2.9 shows a stability diagram of current flow through a QD at low

temperature. The white zero current area around zero bias is comprised of

several Coulomb diamonds from which every fourth diamond is larger due to

the assumed four-fold degeneracy of energy levels. It is seen from the figure

that sweeping the gate voltage with fixed source-drain bias causes the conduc-

tance to oscillate between zero in Coulomb blockade and non-zero outside the

blockade. This oscillation forms the basis of sensitive charge detection with

quantum dots and single electron transistors (SETs).

To study conductance oscillation further, we concentrate on the classical

Coulomb blockade regime where many levels are excited by thermal fluctua-

tion ΔE � kBT � EC and the device works as a SET. In this case, incoher-

ent sequential tunneling characteristics arising from electrostatic effects can

be described within the framework of so called orthodox theory of Coulomb

blockade [58]. It is adequate in catching the essential features that are used

for charge detection. The tunneling rates for + and − transitions are the

following:

Γ±e
S,D = 1

RS,De2

−ΔF ±e
S,D

1 − eΔF ±e
S,D/kBT

,

where RS,D is the tunnel resistance and ΔF ±e
S,D the free energy change given

in Equation 2.5 with ΔEN = 0. The probabilities ρ (N) of having N electrons

Figure 2.9. On/off stability diagram of a QD. The device is in Coulomb blockade within
the diamonds while outside a current can flow through the device. Diamonds
are in groups of four due to the assumed four-fold periodic level spacing that
SWNT QDs can ideally have. Adding the first electron to a shell requires ΔE

in addition to the charging energy and yields a larger diamond.
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in the island are calculated from the steady state master equation

ρ (N)
[
Γ+e

S + Γ+e
D

]
= ρ (N + 1)

[
Γ−e

S + Γ−e
D

]
,

which tells that the number of electrons entering the island with initially N

electrons must equal the number of electron leaving the island with N+1 elec-

trons. Probabilities need to also fulfill normalization requirement
∑∞

−∞ ρ (N) =

1 and the boundary conditions limN→±∞ ρ (N) = 0. Current through SET

with N electrons in the island is given by the total charge transfer through

the source contact e
[
Γ+e

S (N) − Γ−e
S (N)

]
scaled by the probability of having

N electrons in the island. Here the − transition is from N to N − 1 and the

current flow from S to D is set positive. The total current reads

I (VS, VD, VG) = e
∞∑

−∞
ρ (N)

[
Γ+e

S (N) − Γ−e
S (N)

]
.

Numerically calculated stability diagram is shown in Figure 2.10(a) for a set

of SWNT device parameters found in our experiments. Source-drain current

can flow single electron at a time, denoted by SET in the figure, once large

enough bias voltage is provided to overcome the blockade. When the bias is

further increased, tunneling can take place two electrons at a time. Few of the

double electron tunneling regimes are denoted by DET in the figure.

In Figure 2.10(b) the source-drain current is plotted as a function of gate

voltage with a small bias. A set of sharp Coulomb blockade oscillations is

seen. Since the peak spacing corresponds to a change by one elementary

charge at the gate, it is evident that the device can be used for detecting sub-

single-electron changes of background charge. Carbon nanotube samples are

-1 -0.5 0 0.5 1
0

5

10

15
(b)(a)

CB

SET

SET

DET

DET

Figure 2.10. a) Simulated stability diagram shows orthodox Coulomb blockade behavior,
ΔE = 0 and kBT � EC. The flow of current is fully Coulomb blocked
within the white diamond shaped regions denoted with CB around zero VSD.
Single electron tunneling and double electron tunneling regimes are denoted
with SET and DET. b) The source-drain current plotted as a function of
gate voltage with VSD = 1 mV shows a series of sharp current peaks. The
simulation parameters are T = 4.2 K, N0 = 0, CS = 3.4 aF, CD = 7.2 aF,
CG = 0.34 aF, C0 = 0, and RS = RD = 15.6 kΩ.

23



Nanocarbons

in typical experimental conditions in the quantum Coulomb blockade regime

kBT � ΔE < EC. The peak shapes are virtually the same as in the clas-

sical regime even though tunneling now takes place through a single level at

small bias [59]. In contrast to the classical regime, the peak heights vary in

the quantum regime because of different coupling between the levels in the

electrodes and in the dot.

In order to be able to experimentally detect single electron tunneling phe-

nomena, certain conditions need to be fulfilled. First, thermal energy kBT

needs to be smaller than the charging energy EC ensuring that the Coulomb

energy is the dominant energy scale of the system. Second, for the single

electron levels to be resolved, the states need to have long enough lifetime i.e.

the tunnel barriers have to be sufficiently opaque for the electron number to

be well defined within the QD. Sufficient localization is provided by tunnel

resistances larger than the quantum resistance.

2.4.4 Coherent resonant tunneling

When the contacts become more transparent the confinement of the electrons

in the dot decreases and the level width hΓ is said to be lifetime broadened.

For hΓ � EC, the device is in closed QD regime and Coulomb blockade domi-

nates the transport characteristics. When the contact transparencies increase

hΓ ≤ EC, higher-order tunneling processes become possible even though the

charging effect is still important. Cotunneling and Kondo effect are possible

in the intermediate transparency regime [60, 61]. Figure 2.11 shows a typical

small bias conductance measurement at 4.2 K from a sample which is in the

Figure 2.11. The conductance peak spacing of the device shows a four-fold periodic addi-
tion energy sequence which is expected to be found from a sample having a
single SWNT bridging source and drain electrodes. Background conductance
stays high also when the device is biased off from charge degeneracy points
due to relatively high transparency of the contacts. Data were measured with
VSD = 1 mV at 4.2 K. See Figure 3.1 for details of the sample.
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intermediate regime. Even though the conductance in the valleys does not

reach zero, the four-fold degenerate energy level structure is still visible.

As the tunnel barriers become even more transparent hΓ  EC, the electron

number in the SWNT QD is not well defined any more. The device is said to be

in the open QD regime, it can act as a coherent waveguide and the transport

properties are defined by quantum interference between propagating charge

carrier waves [40, 42, 62]. Energy difference between the on and off states is

set by phase change of 2π, which the propagating waves need to experience

over a round trip through the device for maximum transmission. Fabry-Perot

resonance peak position in source-drain voltage is thus given by

2L · eΔVSD

�

1
vF

= 2π ⇔ eΔVSD = �vF π

L

The latter equation is the same as the estimate of the level spacing for metallic

SWNTs in Equation 2.4.

2.5 Superconducting devices

The systems studied in Publication II and Publication IV are multiwalled car-

bon nanotube (MWNT) and graphene devices where the nanocarbon is con-

tacted with superconducting titanium-aluminium bilayer electrodes. These

kind of devices are called superconductor-normal-superconductor (SNS) junc-

tions. The normal nanoconductor acts as so called weak link between the

superconducting electrodes and can carry small proximity induced lossless

electrical current across the device.

2.5.1 Josephson effect

The weak links bridging two superconductors follow in general relations pre-

dicted by Brian Josephson already in 1962 [63]. According to dc Josephson

relation, a zero voltage supercurrent can flow between two superconducting

elements separated by thin oxide barrier as

IJ = IC sinϕ. (2.6)

Here ϕ is the difference of the phases of the macroscopic order parameters

of the two superconducting electrodes and IC is the critical current i.e. the

maximum supercurrent that the junction can support in ideal environment

before a finite voltage starts to build up over the device. The dc relation

can vary significantly from its ideal sinusoidal form depending on the type
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and state of the junction. The ac Josephson relation stating the dissipative

dynamics of ϕ reads

ϕ̇ = 2π

Φ0
VJ (2.7)

and is universal holding for all junction types. Here VJ is voltage over the

junction and Φ0 = h/2e is the superconducting flux quantum. Equations 2.6

and 2.7 imply that in the presence of static bias voltage the current oscillates

at an angular frequency ωJ = 2πVJ/Φ0 with an amplitude IC.

Josephson effect and proximity-induced supercurrents have been studied in

variety of device layouts including multiwalled carbon nanotubes [64–69] as

well as in single-walled nanotubes [45, 70–80], and graphene [44, 81]. A short

carbon nanotube segment can provide switching currents Isw in the order of

nanoamperes whereas switching currents in graphene devices can be two orders

of magnitude higher. Here Isw is defined as the current at which the junction

switches from the zero resistance state to the resistive state when bias current

is increased starting from zero. Isw is typically smaller than IC due to the

sensitivity of the junction to environmental noise.

An illustrative analog relating the dynamics of the junction to classical elec-

tronics can be found by taking the time derivative of the junction current

İJ = ϕ̇ × IC cosϕ and by substituting the time derivative of the phase to ac

Josephson relation

VJ =
Φ0

2πIC cosϕ
İJ. (2.8)

Comparison of Equation 2.8 to the conventional inductor equation V = L ×
İ implies that the junction behaves as an inductor having a characteristic

nonlinear inductance of

LJ =
Φ0

2πIC cosϕ

which becomes LJ0 = Φ0/ (2πIC) at the zero phase difference.
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2.5.2 RCSJ-model

In Publication II, we studied superconducting IV -characteristics of a MWNT

clamped between superconducting Ti-Al bilayer electrodes having metal thick-

nesses of 10 nm and 70 nm, respectively. The length of the CNT between the

contacts was 250 nm. It turned out that the simple resistively and capacitively

shunted junction (RCSJ) model was able to semiquantitatively reproduce the

junction response under dc and ac bias. The lumped element schematic of the

model is shown in Figure 2.12. The reduced junction represented by the cross

is shunted by a resistor R and capacitor C. The resistor reflects the losses in

finite voltage regime without affecting the lossless zero bias supercurrent. The

capacitor C models the physical capacitance of the circuit.

Summing up currents in different branches of the circuit according to Kir-

choff’s law gives a balance equation

C
�

2e
ϕ̈ + 1

R

�

2e
ϕ̇ + 1

Z0

∫ dω

2π

−ω2

jω + 1
Z0CK

�ϕ (ω)
2e

ejωt + IC sinϕ =

IDC + 2
Z0

∫ dω

2π

jω

jω + 1
Z0CK

Vin (ω) ejωt. (2.9)

Here we have denoted ϕ (ω) =
∫

ϕ (t) e−jωt dt and Vin (ω) =
∫

Vin (t) e−jωt dt.

Angular cutoff frequency 1/Z0CK is high even for large coupling capacitance

values, e.g. 1/Z0CK = 2π · 32 GHz for CK = 100 fF. This is higher than

the angular frequency of the incoming wave ωin ≈ 2π · 700 MHz or even the

Josephson angular frequency ωmax
J ≈ 2π · 14 GHz at the maximum junction

voltage of V max
J = 30 μV allowing to approximate

−ω2

jω + 1
Z0CK

≈ −ω2Z0CK,

jω

jω + 1
Z0CK

≈ jωZ0CK.

Z0

R IC C IDC

Vin

Vin
CK

Figure 2.12. Schematic of RCSJ-model of Josephson junction under dc and ac bias. The re-
duced Josephson junction having response depicted by Equations 2.6 and 2.7
is presented by the cross. It is shunted by resistor R producing losses at fi-
nite voltages. The shunting capacitor C represents the physical capacitance
of the junction. Coupling capacitor of the microwave line is denoted by CK.
Reprinted from [82], with the permission of AIP Publishing.
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Substituting these approximations to Equation 2.9 yields

(C + CK)
�

2e
ϕ̈ + 1

R

�

2e
ϕ̇ + IC sinϕ = IDC + 2CKV̇in (t) . (2.10)

Setting Vin = VMW cosωint, ω2
p = � (C + CK) /2eIC, Ω = ωin/ωp, τ = ωpt, and

Q = ωpR (C + CK), one may write the above equation in the form

d2ϕ

dτ2 + 1
Q

dϕ

dτ
+ sinϕ = j0 − j1 sinΩτ,

where we have defined j0 = IDC/IC and j1 = IMW/IC with IMW = CKωinVMW.

Setting ξ1 = ϕ and ξ2 = dξ1/ dτ , the problem is reduced to solving a pair of

first order differential equations

dξ2
dτ + 1

Q
ξ2 + sin ξ1 = j0 − j1 sinΩτ (2.11)

dξ1
dτ = ξ2.

Measured and simulated IV -curves are shown in Figure 2.13. Lumped ele-

ment values that were found to give best agreement between the measurement

and numerical simulation are C + CK = 125 fF, R = 3.9 kΩ, and IC = 5.7

nA. In order to get better agreement between the measured and simulated

IV -characteristics, current noise was added to Equation 2.11 by including

Gaussian white current noise with standard deviation of 0.125 · IC at each

time step of the simulation. The added noise nearly equals Johnson-Nyquist

noise generated by resistor R at 50 mK on
[
2πR (CK + C)

]−1 bandwidth.
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Figure 2.13. IV characteristics of the sample under strong microwave irradiation. Mea-
sured and simulated data are plotted using red and black color, respectively.
Equivalent microwave current amplitudes IMW/IC are 0, 1.1, 1.4, and 1.9 in
(a), (b), (c), and (d), respectively. Reprinted from [82], with the permission
of AIP Publishing.
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2.5.3 Superconducting graphene junction as thermometer

In SNS junctions critical current depends strongly on temperature. In Publi-

cation IV, we studied how well a diffusive superconducting graphene sample

works as a thermometer in cryogenic conditions. The sample layout, sketched

in Figure 2.14, allowed us also to probe the low energy inelastic interaction in

graphene due to the direct dependence of the supercurrent [83]

IS (ϕ) ∝
∫
dε jS (ε, ϕ)

[
1 − 2f (ε)

]

on the electron energy distribution function f (ε). Here jS (ε, ϕ) is spectral

supercurrent that incorporates information on the sub-gap energy states and

transport parameters of the junction materials. The sample consists of a

graphene sheet contacted with three electrodes labeled as SL, SR, and SC.

The 1.7-μm-long section between electrodes SL and SC, Region 1, is used for

local heating and the shorter 0.4-μm-long section between SC and SR, Region

2, serves as thermometer.

The magnitude of the supercurrent is sensitive to inelastic relaxation inside

graphene providing a means to determine the strength of the relaxation. The

low-energy inelastic scattering due to electron-acoustic phonon scattering or

electron-electron scattering governs the energy relaxation of the device at small

bias voltages at low temperature. We estimate that at the temperatures that

the measurements were made, the electron-phonon interaction was negligible

and the relaxation was dominated by inelastic electron-electron interaction.

Figure 2.14. Sample consists of graphene, denoted with G, clamped with three titanium-
aluminium bilayer electrodes having metal thicknesses of 10 nm and 50 nm,
respectively. The longer segment between superconducting electrodes SL and
SC was used for applying heating voltage to the sample whereas the critical
current of the shorter segment between SC and SR was used as a thermometer.
Reprinted figure with permission from [84] ©2011 by the American Physical
Society.
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First, the magnitude of the critical current of the short section was calibrated

over the relevant temperature range by measuring critical current as a func-

tion of the bath temperature. The temperature dependence of both switching

and retrapping current is plotted in Figure 2.15(a). These data allowed us to

find parameters for a microscopic theory describing the supercurrent in the

junction. In our second measurement, a heating voltage was applied between

electrodes SL and SC, Region 1, and the switching current in the thermome-

ter junction was again recorded. Measurement data and extracted electron

temperature are shown in Figure 2.15(b).

(a) (b)

Figure 2.15. (a) Switching current, blue solid line, and retrapping current, red dashed
line, of the short graphene section are plotted as a function of the cryostat
temperature. Inset shows upward swept IV -curves measured at different
temperatures. (b) Switching current, blue circles, and retrapping current,
red crosses, plotted as a function of the voltage over electrodes SL and SC.
Extracted electron temperature is depicted using green triangles. Reprinted
figure with permission from [84] ©2011 by the American Physical Society.

The central contact only partly interrupts the graphene allowing electrons

to leak from the heater to the thermometer section. How much energy leaks

from the heated junction depends strongly on the electron-electron relaxation

in the junction. By modeling the relaxation in the dirty limit, we can test the

form of the collision integral and obtain its prefactor Ke−e which is two orders

of magnitude larger than we initially estimated for a regular metallic system

based on the sample parameters. This implies that the electron-electron in-

teraction in graphene is much stronger than in comparable two-dimensional

diffusive systems. In Figure 2.16, we plot the extracted Ke−e as a function

of the normal state resistance together with linear and quadratic fits. As

expected from theory, the data fall close to the quadratic dependence. The

corresponding scattering times are τe−e = 0.1 . . . 1 ps at T = 500 mK.
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Figure 2.16. Prefactor Ke−e describing inelastic electron-electron relaxation in graphene
plotted as a function of the normal state resistance of the sample. The ex-
tracted values are 100 times larger than estimated from sample parameters.
We have assumed Ke−e → 0 when RN → 0. Our data support the quadratic
behavior. Reprinted figure with permission from [84] ©2011 by the American
Physical Society.
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3. Nanomechanical resonators

The basic theory of doubly clamped nanomechanical resonators and suspended

QDs is reviewed in this chapter. Relevant simulation and measurement results

are shown from the mechanical SWNT resonator studied in Publication I as

well as from conventional metallic aluminium beam resonators studied in Pub-

lication III.

3.1 Physical properties of carbon nanotubes

In addition to intriguing electrical properties, the mechanical robustness of

the sp2 bonds makes physical characteristics of SWNTs also exceptional. In

general, Young’s modulus is a measure of stiffness of elastic materials and it is

used to predict deformation under external forces. The higher the value is, the

stiffer the material. Young’s modulus is 70 GPa for amorphous aluminium,

435 GPa for sapphire, 1250 GPa for diamond, and 1250 GPa for SWNTs [85–

88]. Material with large Young’s modulus can potentially provide a resonator

with a large spring constant due to direct proportionality between these two

variables [20].

The molecular nature of SWNTs makes them also naturally low mass den-

sity, 1350 kg/m3, elements with well defined physical shape. The small mass

of the resonator helps to achieve extreme sensitivity for variations in the envi-

ronment of the device. SWNT resonators have been for example operated as

sensitive mass detectors reaching a resolution of 1.7 yg and as force detectors

with a sensitivity of 12 zN/
√
Hz [15–18]. Combination of light weight and

high spring constant give large mechanical resonance frequencies reaching 10

GHz regime for doubly clamped SWNT devices [89]. Despite the high oper-

ation frequencies, quality factors stay large due to the high crystallinity and

cleanliness of chemical-vapor-deposition-grown SWNTs [90]

Properties of a SWNT resonator depend also on the geometric details of the
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sample beside the intrinsic characteristics of the material under real experi-

mental conditions. Details of the geometry cannot be exactly controlled and

they unavoidably contain random variation. For example slight curvature of

a CNT lying on a substrate can lead to compressive stress after the sample is

suspended by etching away the supporting sacrificial layer [91]. The chemical

vapor deposition (CVD) growth process of SWNTs on top of prefabricated

contact electrodes may also lead to a resonator having compressive stress or

in other extreme, to a resonator having large tensile stress.

3.2 Doubly clamped beam

We studied nanomechanical beam resonators in Publications I and III. Static

and dynamic properties of a mechanical beam resonator can be evaluated using

the classical Euler-Bernoulli beam theory, nice analysis for doubly clamped

beam resonators can be found from Refs. 92 and 93. At its simplest, the

analysis reduces to the text book problem of driven simple harmonic oscillator

(SHO) with damping.

A simple harmonic oscillator, obeying Hooke’s law and experiencing a linear

elastic damping force follows the equation of motion of a small-amplitude,

linearly-damped harmonic oscillator

mẍ + Γẋ + kx = F0eiωDt, (3.1)

where x is the oscillation amplitude of the longitudinal center point of the beam

resonator, m the effective mode mass of the resonator, Γ the effective damping

rate, k the effective spring constant, and F0eiωDt the driving force. Problem

is a linear, second-order differential equation, and the complete solution can

be found as a sum of the complete solution of the homogeneous equation and

an individual solution of the inhomogeneous equation.

For the homogeneous solution, we set F0eiωDt = 0 and substitute the Ansatz

x = ert (r ∈ C), in to Equation 3.1. This gives the general transient solution

of

x = e− Γ
2m

t

⎛
⎝C1e

i

√
k
m

−( Γ
2m)

2
t + C2e

−i

√
k
m

−( Γ
2m)

2
t

⎞
⎠ k, (3.2)

where coefficients C1, C2 ∈ C are constants. Because E ∝ x2, the energy of

the oscillator is exponentially dissipated with a time constant τ = m/Γ. Since

the angular frequency of oscillation is ω0 =
√

k/m at Γ = 0, the quality factor

QM of the mechanical oscillation reads ω0/τ−1 = ω0m/Γ. For our devices

QM > 103, which implies that k/m − (
Γ/2m

)2 �= 0 and the angular frequency
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ω1 ≡ ω0

√
1 − 1/4Q2

M in the exponential terms of Equation 3.2 is real valued.

The resonator oscillates at the natural angular frequency ω1 ≈ ω0 and the

oscillator is said to be underdamped.

A particular solution to Equation 3.1 can be found using the Ansatz x =

x0ei(ωDt−φ). Direct substitution yields

x0 =
F0/m√(

ω2
0 − ω2

D

)2
+
(
ω0ωD/QM

)2
(3.3)

for the amplitude and

tan (φ) = ω0ωD

QM
(
ω2

0 − ω2
D

)

for the phase. Assuming that the driving force has the form Re
[
F0eiωDt

]
=

F0 cos (ωDt), the complete solution is sum of the real parts of the above solu-

tions

x = x0 cos (ωDt − φ) + e
− ω0

2QM
t [

D1 cos (ω1t) + D2 sin (ω1t)
]
,

where coefficients D1 and D2 are determined by the initial conditions. In

steady state the transient term fades away and the resonator oscillates at the

frequency of the applied sinusoidal force with amplitude x0. The mechanical

oscillation lags the applied force by phase φ.

3.3 Actuation

We studied mechanical properties of a doubly clamped SWNT resonator in Pub-

lication I. The resonator geometry is schematically shown in Figure 3.1. The

global back gate with applied voltage

VG (t) = VG0 + δV (t) = VG0 + δVG cosωDt

introduces a force

F = 1
2
dCG

dx

(
VG − VQD

)2
= 1

2
dCG

dx
V 2

G

(
1 − Q (t) + CSVS + CDVD + CGVG

CΣVG

)2

along the x-axis due to capacitive coupling between the resonator and the

gate electrode. Here VG0 and δV (t) are the applied static and dynamic gate

voltages, respectively. The derivation of this force can be found in the sup-

porting info of Publication I. Typically, the currents are in the nA-regime

implying that the average charge transfer rate of the SWNT QD is ∼ 6 GHz.

This is much higher than the resonance frequency of our resonator allowing to
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W

hG

VG0 + δV (t)

Source Drain

Gate

x

yz
x(t) = x0 cos(ωDt − φ)

SiO2

Figure 3.1. Mechanical SWNT resonator is suspended across source and drain electrodes
with height hG = 220 nm. The suspended length L may be larger than the
trench width W = 300 nm depending on the orientation of the CNT with
respect to the electrodes. The displacement of the resonator is given by x(t) =
x0 cos(ωDt − φ).

make an adiabatic approximation replacing Q(t) with
〈
Q(t)

〉
. We have also∣∣∣VQD/VG

∣∣∣ � 1, where VQD = (
〈
Q (t)

〉
+ CSVS + CDVD + CGVG)/CΣ, allowing

to simplify the force at practical bias conditions in to

F ≈ 1
2
dCG

dx
V 2

G

(
1 − 2

〈
Q (t)

〉
+ CSVS + CDVD + CGVG

CΣVG

)
. (3.4)

Appearance of
〈
Q(t)

〉
in the driving force has important implications on the

mechanical characteristics of the resonator [94, 95]. Expanding Equation 3.4

to lowest order in x and plugging the expansion to Equation 3.1 yields

mẍ+Γẋ+ kx ≈ 1
2
dCG

dx
V 2

G + 1
2
d2CG

dx2 V 2
Gx −

(
dCG

dx

)2
V 2

G
CGCΣ

∂
〈
Q (t)

〉
∂VG

x. (3.5)

The first term on the right side of above equation gives the main contribution

to the oscillating driving force. The second term gives rise to the standard

electrostatic softening of the spring constant. With our SWNT sample this

term dominates the tension induced effects and the f0 vs. VG0 curve plotted

in Figure 3.2 shows a downward parabolic shape. The third term gives rise

to Coulomb-blockade-induced softening of the spring constant, producing a

decrease of the resonance frequency every time that VG is swept over a charge

degeneracy point as seen in the inset of Figure 3.2.

Single electron tunneling causes also linear damping of the mechanical mo-

tion. The oscillation makes the gate charge to oscillate and thus the chemi-

cal potential of the SWNT also oscillates [96]. Consider the situation where

VSD = 0 and a single particle level is aligned with the Fermi level of the leads.

Now when mechanical motion pulls the single particle level below the Fermi

level of the leads, an electron can tunnel in to the island. The electron can

tunnel out only when the energy level is lifted above the Fermi level of the

leads. Mechanical oscillation thus pumps energy to tunneling electrons. This

excess energy is further dissipated in to the leads.
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Figure 3.2. Measurement of resonance frequency f0 versus gate bias VG0 from a SWNT
resonator. The data show a downward tuning of frequency response when the
gate voltage is varied from zero as predicted by Equation 3.5. The electro-
static softening allows the resonance frequency to be tuned down by 18 MHz
from approximately 280 MHz across the covered VG0 range. The inset displays
the transconductance of the device against drive frequency and gate voltage
measured over a single charge degeneracy point. A signal from the mechanical
resonance is seen as a faint curve imposed on to the Coulomb-effect-induced
variation. The measurement is made around a charge degeneracy that is lo-
cated at VG0 = Vdeg ≈ −11.5 V using VSD = 0.25 mV. Data were measured at
T ≈ 50 mK. Reprinted with permission from [97], ©2015 American Chemical
Society.

In general, relation 1/Qtot = 1/Qint + 1/QSET holds between the total,

intrinsic, and tunneling induced quality factors Qtot, Qint, and QSET, respec-

tively, when single electron tunneling is taken into account and Γtot  ω0/2π

applies for the total tunneling rate Γtot. The larger the term 1/QSET ∝
1/Γtot ×∂ 〈N〉 /∂VG is, the stronger the damping. Because of the step function

shape of 〈N〉, the linear damping rate becomes largest at the charge degen-

eracy points where ∂ 〈N〉 /∂VG has its maximum value. Transparent contacts

and large bias voltage VSD decrease 1/Γtot and ∂ 〈N〉 /∂VG and thus increase

the overall quality factor, see Figure 3.3

3.4 Detection

3.4.1 Rectification

Probably most straightforward detection method for sensing mechanical os-

cillation of SWNTs is the rectification technique that uses the nonlinear con-

ductance characteristics of the SWNT QD for rectifying the high frequency
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oscillation in to an electrical dc-signal [94]. In the Coulomb blockade regime,

the conductance of the QD is determined by its average charge
〈
Q (t)

〉
. This

charge can be changed by varying the product of gate voltage VG and gate

capacitance CG. The corresponding source-drain current is thus to a good

approximation a function of the product CGVG. Hence, if the current in the

static regime is given by I (t) = I
(
VG (t)

)
, the average direct current in the

mechanical resonance regime is found from the time average

ISD ≡ 〈I〉 = 1
T

∫ T

0
dt I

(
VG (t)CG

(
x (t)

)
/CG (0)

)
. (3.6)

For larger amplitudes, the gate induced charge traverses the entire Coulomb

peak causing the detector to become nonlinear. Using the full integral ex-

pression in Equation 3.6 is then necessary for explaining the measured line

shapes at large drive. In the limit of small vibration amplitudes, expanding

the above expression in x gives a mechanical contribution to the dc-current

∝
〈
x2
〉
. Therefore, by applying voltage bias and measuring the output current

while sweeping the drive frequency across the mechanical resonance frequency,

we record a line shape proportional to the oscillation amplitude squared.

Figure 3.3 shows a representative response curve measured at a bias point

where single electron tunneling induced effects on the mechanical Q-value have

been minimized by making the average electron number in the island slowly

varying over VG. We extract QM = 268000 for this particular curve by fitting

the squared SHO response function.

fD [MHz]

I S
D
[n
A
]

262.42
0

0.25

0.5
QM = 268000

Figure 3.3. By fitting the squared SHO response function, see Equation 3.3, to the res-
onance response data, QM = 268000 is obtained. Data were measured at 50
mK with VSD = 0.45 mV at low resistance gate bias point with drive power
−97 dBm. This high Q-values are occasionally found from in-situ grown clean
SWNT resonators. The background current has been extracted from the data.
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3.4.2 Capacitive readout

In the capacitive readout scheme of mechanical resonators, the motion is

coupled to a LC-circuit capacitance. In the schematic of Figure 3.4, the

displacement-dependent gate capacitance CG (x) is in parallel with the static

LC capacitance C [98–101]. The displacement of the resonator therefore

changes the total capacitance Ctot = C + CG (x) of the circuit and thus also

the electrical angular resonance frequency ωLC = 1/
√

LCtot. The coupling

strength of the resonator to the LC-circuit is determined by how much the

electrical angular resonance frequency ωLC = 2πfLC is changed by the dis-

placement x induced capacitance change

g = ∂ωLC

∂x
= ωLC

2Ctot

∂CG

∂x
.

The strength of the coupling is therefore set by the ratio that the mechanical

motion is capable on changing the total capacitance x0
(
∂CG/∂x

)
/Ctot.

Because carbon nanotubes have quite small physical size, they couple capac-

itively only weakly to their environment and the capacitive readout scheme is

not well suited for reading out mechanical motion of SWNT resonators. We

studied in Publication III aluminium beam resonators that posses orders of

magnitude larger physical dimensions than SWNTs and have several orders

of magnitude larger gate capacitances. The doubly clamped beam resonators

were side coupled to LC-circuits through gates electrodes. The air gap between

the resonator and gate electrode was made as small as possible by releasing

the resonator from the gate with focused ion beam (FIB) processing, see Fig-

ure 3.4. Gap widths in the order of 10 nm maximize the gate capacitance

participation ratio and give coupling of g ≈ 2π × 1 MHz/nm. This compares

well to the other reported works on beam resonator [102, 103].

Because of the good coupling, we were able to measure thermally induced

CG(x(t))C

LV
in

Vin
Z0

1 μm

15 nm

Figure 3.4. Equivalent circuit of capacitive readout scheme for nanomechanical beam res-
onators. The time varying gate capacitance is coupled parallel to the static
LC capacitance. The gate capacitance is formed between the doubly clamped
beam resonator and the gate electrode. Air gap between the resonator and
gate electrode is made as small as possible, here ∼ 15 nm, by means of focused
ion beam processing in order to maximize the gate capacitance with respect to
the LC capacitance.
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mechanical vibrations down to the base temperature of the dilution cryostat of

26 mK. Our measurement were made in reflection measurement configuration

where the device is irradiated at the resonance frequency of the LC-circuit

and the reflected signal is read with a spectrum analyzer. The Lorentzian

peaks arising from the thermally activated mechanical motion are seen in the

reflected power spectra at the sideband frequencies ωin ± ω0, see insets of

Figure 3.5 [104].

The area A under the resonance peak is directly proportional to the energy

of the mechanical oscillation. Peak area plotted as a function of the cryostat

temperature is shown in Figure 3.5. Values follow nicely a straight line down

to the lowest temperatures. Assumption that the resonator is thermalized at

the highest temperatures A = kBT = n�ω0 allows to calibrate the peak area

and deduce the number of quanta of the mechanical motion also at the lowest

temperatures giving n ≈ 20 at 26 mK.

Figure 3.5. The total energy of the thermally driven mechanical oscillation is plotted as
a function of the cryostat temperature. Data points follow a straight line
down to the lowest temperature of 26 mK where we obtain a low number of
quanta n ≈ 20. Insets show sideband power spectra measured at two different
temperatures. The red lines are Lorentzian fits to the data. The data were
measured from a sample having 9.3 μm long beam, 309 × 155 nm2 beam cross
section, 20 nm vacuum gap, and 27 MHz resonance frequency. Reprinted with
permission from [105], ©2010 American Chemical Society.
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3.5 Nonlinear equation of motion

We studied nonlinear properties of a SWNT resonator in Publication I. The

sample is the same as the one discussed in Chapter 3.3. Carbon nanotube

resonator follows Hooke’s law only at the smallest oscillation amplitudes in

reality. When the oscillation amplitude becomes of the same order as the

thickness of the mechanical resonator, the mechanics can no longer be ex-

plained by simple harmonic oscillator description and the equation of motion

becomes nonlinear.

The most prominent nonlinear effects are the ones which can be explained

by adding a cubic Duffing term αx3 to Equation 3.1. This term is also called

the cubic spring constant because it changes the linear spring constant at large

displacement amplitudes according to
(
k/m + αx2

)
x. Explaining frequency

response of SWNT and graphene resonators may also require taking into ac-

count the nonlinear damping βx2ẋ [106]. The contribution from this term

becomes significant also at large displacements as can be anticipated from the

overall damping term
(
γ + βx2

)
ẋ, where γ = Γ/m.

The most common source of Duffing nonlinearity is probably the oscillation

induced stretching of the resonator at large amplitudes [107]. This can be, in

principle, observed in all resonators which follow the Euler-Bernoulli equation.

Here the geometric stretching causes the linear tension force to contribute

nonlinearly to the dynamics. The strong coupling between the single electron

tunneling and mechanical oscillation in SWNT resonators is also seen in the

Duffing term. The experimental realization in Ref. 96 have shown that relation

αSET ∝ ∂2ΔkSET

∂V 2
G

(3.7)

holds between the SET-induced spring constant change and Duffing term.

Equation states that the single-electron-tunneling-induced Duffing parameter

is directly proportional to the curvature of the spring constant vs. gate voltage

and thus on the curvature of the resonance frequency. In fact, the αSET

term dominates in SWNT resonators allowing the overall Duffing parameter

to be tuned from a region where it completely dominates the dynamics of

the device to a region where the cubic nonlinearity becomes negligible [108].

These compensated bias conditions offer thus possibility to bring the next in

line higher order nonlinear term visible.

Nonlinear terms with even powers do not cause forcing on the oscillation fre-

quency of the resonator, e.g. the second order nonlinear term x2 mixes signal

to DC and to twice the operation frequency [109]. Only odd orders of non-

linearities mix signal back to the operation frequency band and therefore ηx5
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is the next relevant term contributing to the high amplitude spring constant.

The equation of motion is thus modified to a form

ẍ + γẋ + βx2ẋ + ω2
0x + αx3 + ηx5 = fac cosωDt, (3.8)

where γ is the linear damping coefficient, β the constant of third order non-

linear damping term, α Duffing parameter, and η the fifth order nonlinearity

parameter. There is no analytical solution to Equation 3.8. By using the

Ansatz x = x0 cos (ωDt − φ) and trigonometric identities we can solve the

stationary state amplitude

x2
0 =

f2
ac[

ω2
0 − ω2

D + 3α
4 x2

0 +
5η
8 x4

0

]2
+ ω2

D

[
γ + β

4 x2
0

]2 , (3.9)

and the phase

tanφ =
ωD[γ + β

4 x2
0]

ω2
D − ω2

0 − 3α
4 x2

0 − 5η
8 x4

0
(3.10)

in implicit form for oscillation at angular frequency ωD.

In Figures 3.6(a)-(h), the solid and dash dotted lines result from fitting the

model parameters γ, β, α, and η to a set of data measured at 50 mK from

SWNT resonator biased to a point corresponding approximately to αSET = 0.

A total of 24 different powers corresponding to drive voltages in the interval

9 μV < Vac < 126 μV were fitted with the same parameter set of γ = 3.45 ×
10−5ω0, α = −1.38 × 10−4ω2

0 (nm)−2, β = 5.64 × 10−5ω0 (nm)−2, η = 5.18 ×
10−5ω2

0 (nm)−4, with ω0 = 2π × 270.9 × 106 Hz.

The fitting was done by solving numerically Equations 3.9 and 3.10 and then

calculating the integral in Equation 3.6. Considering first the low drive data,

panels (a)-(c), the mechanical response produces the typical shark fin type

Duffing response. The resonance curve turns to lower frequencies the higher

the amplitude is. Thus, the negative Duffing constant α was determined to

reproduce the backbone curve. For higher drives in panels (f)-(h) the reso-

nance curve turns from the softening Duffing behavior to hardening. This is

reproduced by adding fifth order nonlinearity that dominates the response at

the higher amplitudes. The linear damping coefficient γ was chosen to repro-

duce the width of the resonances, while the nonlinear damping coefficient β

was fitted to obtain agreement with the observed width of the hysteresis. For

more details see Supplementary information of Publication I.

Measured resonance curves show saturation of current at the highest oscilla-

tion amplitudes. This is because the mechanically induced charge oscillation

starts to traverse over the maximum of the Coulomb peak and instead of

increasing, the average current starts to drop. The actual simulated oscilla-
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tion amplitudes shown in Figure 3.6 (i) for each of the response curves are

monotonically increasing.
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Figure 3.6. Measured dc-currents ISD as function of drive frequency fD at a αSET ≈ 0 bias
point. Panels (a)-(h) correspond to increasing drive powers Vac. Solid blue
lines are the calculated currents based on the model for upwards frequency
sweeps while dashed red lines correspond to calculated downward frequency
sweeps. Panels (a)-(c) show softening behavior indicative of a negative Duffing
constant. At higher drives the response is dominated by a stiffening fifth order
nonlinearity; panels (f)-(h). Current saturation occurs at large amplitudes
as the dot chemical potential traverses the degeneracy point during the large
amplitude vibrations; panels (f)-(h). (i) Oscillation amplitude x0 in nm as
function of drive frequency corresponding to all measured curves, not only
the ones in (a)-(h). Blue solid lines correspond to upward frequency sweeps
while red dashed lines to downward sweeps. Although the current saturates,
the amplitudes are still monotonically increasing with higher drive. Reprinted
with permission from [97], ©2015 American Chemical Society.
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4. Carbon nanotube charge detectors

Basic theory of charge detection with Coulomb blockade devices as well as

with suspended SWNT QDs is reviewed in this chapter. We study the audio

and radio frequency operation limits and present relevant measurement results

from Publications I and II.

4.1 Charge sensitivity

In general, Coulomb blockade makes the conductance of a SET and QD ex-

tremely sensitive to the gate charge around charge degeneracy points. Fig-

ure 4.1(a) shows a simulated source-drain vs. gate charge CGVG/ |e| curve
over a gate period corresponding to few electrons. In voltage-bias configura-

tion, gate voltage changes corresponding to sub-single-electron variations of

the external charge cause a measurable change in ISD as schematically shown

in Figure 4.1(b). This behavior forms the basis of sensitive electrometers de-

signed and fabricated using SETs. [110]
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Figure 4.1. (a) Sensitivity of SETs and and QDs to external charge is based on the sharp
Coulomb peaks in the conductance vs. gate charge CGVG/ |e| characteristics.
The conductance peaks lie on a range corresponding to changes at the external
charge which are just a fraction of elementary charge. (b) Changes in the
external charge with sub-single-electron amplitude cause measurable variation
in the source-drain current.

45



Carbon nanotube charge detectors

Charge sensitivity δQ is defined as the charge noise ΔQ of the system per

measurement bandwidth B

δQ = ΔQ/
√

B.

For a SET, this charge noise induces current or voltage noise of

√
SA = δQ

∣∣∣∣∣∂ASD

∂Q

∣∣∣∣∣ .
where A denotes the measured quantity, either voltage or current, SA is the

noise spectral density and ASD is the source-drain current or voltage, respec-

tively. For a given dB signal-to-noise ratio (SNR) this becomes

δQ = Δqrms√
B · 10SNR/20

. (4.1)

Here Δqrms is the root mean square gate charge variation caused by a known

reference signal with frequency fR on the gate. Sensitivities are given in units

of e/
√
Hz.

4.1.1 Noise

Charge sensitivity is ultimately set by dominant noise sources of the system

and the signal amplitude that is determined by the transconductance of the de-

vice. The relevant noise sources vary depending on the operation temperature,

frequency regime, and details of the measurement setup. In our experiments,

thermal electronic noise, also called Johnson-Nyquist noise, is minimized by

cooling down the sample in a dilution refrigerator. In addition to lowering the

temperature, the noise coming from higher temperature stages of the cryo-

stat needs to be carefully attenuated. The spectral density of thermal noise

reads VT =
√
4kBTBR for a resistor R held at temperature T . Here B is the

bandwidth of the measurement.

Sensitivity in the low frequency charge sensing experiments is limited by the

1/fα-noise where α ∼ 1 . . . 2. In general, the 1/f2 dependent noise spectra

arises from two-level fluctuators (TLF) which have Lorentzian power spectral

density. The 1/f spectrum is often presented as a sum of Lorentzians caused

by independent TLFs with a wide range of relaxation times [111]. Typically

1/fα noise is considered to result from manufacturing artifacts. In case of

nanotube QDs, the main sources are charge trapping centers in close vicinity

of the island and fluctuation of the tunnel resistance. The noise arising from

trapped charges in the substrate can be minimized by physically separating

the island from the substrate [112, 113].
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In the radio frequency regime, the 1/fα noise becomes irrelevant and noise

caused by the sample starts to be dominated by shot noise if the temperature

is low enough. Shot noise originates from the fact that electrical current is

carried by individual electrons having a discrete charge and has white spectral

density of ISH =
√
2 |e| ISDB. Thermal noise and shot noise are intrinsic noise

sources that can not be completely eliminated.

In addition to intrinsic noise in the measurement, amplification of measure-

ment signals unavoidably degrades the signal to noise ratio. The performance

of amplifiers is characterized by input noise, often defined as equivalent noise

temperature, that is added to the signal before amplification. In our high

frequency experiments, propagation of the amplifier back action noise to the

device under test is prevented by cascaded circulators shunted with a 50 Ω

resistor.

4.2 Mechanical-oscillation-induced sensitivity enhancement

We studied in Publication I how mechanical-oscillation-induced change in the

conductance G affects charge sensitivity of suspended SWNT QD at low fre-

quencies. Carbon nanotube QDs and metallic SETs have relatively high overall

resistances often in the order of 105 Ω or higher. The high resistance of the

device combined with stray capacitance of the measurement circuitry result in

a long RC time constant which limits the available frequency range typically

below 10 kHz. Charge sensing experiments in this measurement scheme are

thus normally conducted with probe frequencies below 100 Hz.

The measurement arrangement is shown in Figure 4.2 and sample details in

Figure 3.1. The device is current biased and two AC signals are fed to the gate

CG(x)
VG0

fR

fD

V-amp.

VS VD

CS CD

Spectrum
analyzer

SWNT
ISD

+

Figure 4.2. Measurement setup for charge sensitivity under mechanical vibration. Me-
chanical motion is induced by driving the gate with a frequency fD. The
current-voltage characteristics at resonance is probed at a readout frequency
fR � fD. Using a spectrum analyzer, the charge sensitivity δQ is determined
from the signal-to-noise ratio at the reference frequency fR at which a known
Δqrms signal is fed to the gate. Reprinted with permission from [97], ©2015
American Chemical Society.
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electrode. High frequency fD = ωD/2π drive signal actuates the mechanical

oscillation while low frequency fR reference signal is used for calibrating the

charge sensitivity. DC characteristics are determined by reading the voltage

over the sample with a digital voltmeter while charge sensitivity is determined

from the frequency spectra recorded with a spectrum analyzer around the

reference frequency.

To understand the motivation of the experiment, consider a linear res-

onator where only the resonant frequency f0 depends on gate voltage. Defin-

ing the detuning δf = fD − f0, G can be written as G
(
VG0, δf (VG0)

)
=

G
(
VG0, fD − f0 (VG0)

)
, which gives

dG

dVG
= ∂G

∂VG
− ∂G

∂ (δf)
∂f0

∂VG
.

The slope thus acquires a vibrational contribution, the latter term, which can

become significant with sharp resonance peaks having large ∂G/∂ (δf). Fig-

ure 4.3 shows the source-drain conductance of our resonator device measured

along the horizontal line of the inset of Figure 3.2. The slope of the large scale

background variation arising from standard Coulomb blockade is given by the

first term of the above equation. The inset of Figure 4.3 displays the conduc-

tance around a mechanically induced feature. The overall slope dG/dVG is

increase due to the oscillation which results in an enhanced overall transducer

gain ∂VSD/∂VG. Mechanically oscillating QD can thus give larger signal for a

small gate variation than what pure Coulomb peak alone.

The best mechanical-oscillation-enhanced results were reached by biasing the

sample in current bias configuration to such a point, where the dominating
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Figure 4.3. Conductance along the horizontal line of the inset in Figure 3.2 shows the
mechanical-oscillation-induced conductance variation on both sides of the
Coulomb peak. The inset reveals that the slope ∂G/∂VG0 can be significantly
increased by the mechanical motion which leads to enhanced transducer gain.
Reprinted with permission from [97], ©2015 American Chemical Society.

48



Carbon nanotube charge detectors

charge-transport-induced cubic nonlinearity is nearly canceled out and me-

chanical characteristics are defined by the fifth order conservative term. This

point is denoted by the vertical line in the inset of Figure 3.2. We can see from

the measured lineshape in Figure 4.4(a) that the left side of the peak provides

significant
∣∣∂G/∂ (δf)

∣∣.
Figure 4.4(b) shows results of a current biased charge sensitivity measure-

ment at fR = 10 Hz when fD is swept upwards. Blue dots denote the signal

amplitude at fR while the noise floor is represented by green dots. To ob-

tain the charge sensitivity in Figure 4.4(c), the SNR is calculated for each

data pair of the signal (blue dot) and noise power (green dot) and plugged

in to Equation 4.1. From Figure 4.4(c) it is seen how, despite the increase

in noise, the driving of the mechanical motion enhances the charge sensitivity

from δQ = 10 μe/
√
Hz approximately by a factor of two down to sensitivity

of δQ = 4.5 μe/
√
Hz at f0 = 271.12 MHz.

In a conventional SET measurement, the best sensitivity is acquired on a
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Figure 4.4. (a) Measured lineshape showing nonlinear hysteretic response. We have sub-
tracted the constant background. Here offset from the charge degeneracy is
ΔVG0 = 23 mV, ISD = 3 nA, and the rms rf-excitation voltage is 71 μV
at the sample. (b) Signal amplitude (blue dots) at the reference frequency
fR = 10 Hz and the corresponding noise floor (green dots) measured on an up-
ward frequency sweep. There is a small offset between (a) and (b) because the
curves were not measured simultaneously. (c) Charge sensitivity δQ. The best
sensitivity is reached by biasing the sample to the left slope of the nonlinear
resonance peak. Enhancement of the charge sensitivity is more modest than
at 1273 Hz, 1/2 opposed to 1/6. Reprinted with permission from [97], ©2015
American Chemical Society.
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bias point where Coulomb effect gives the largest ∂ISD/∂VG. Determining

the SNR at the maximum conductance slope of the Coulomb peak gives a

charge sensitivity of δQ = 7.6 μe/
√
Hz at fR = 10 Hz, which is worse than at

the optimal mechanically enhanced read-out conditions. The transducer gain

dependence of the sensitivity implies that the output noise does not solely

arise from the noise sources that couple to the island charge in the same way

as the reference signal.

To enhance the sensitivity further, the easiest way is to exploit 1/fα noise

dependence and increase the operation frequency fR. Maximum operation

frequency is limited by the RC filter capacitors and the sample resistance which

together set the cut-off frequency of the circuitry to around two kHz. Again,

despite the increase in noise, the driving of the mechanical motion enhances

the charge sensitivity from δQ = 6 μe/
√
Hz approximately by a factor of six

down to the best sensitivity of δQ = 0.97 μe/
√
Hz at fR ∼ 1.3 kHz. This is

even better than what has been reached before with carbon nanotube devices

and of the same order that has been reached with metallic SETs in the radio

frequency regime [114, 115].

4.3 Radio frequency operation

Radio frequency single electron transistors (rf-SETs) are operated at the radio

frequency range of the electromagnetic radiation spectrum where the noise

limit is ultimately set by the shot noise [115, 116]. As schematically shown

in Figure 4.5(a), the SET impedance is matched to the 50 Ω transmission

line impedance using a LC-circuit. In this configuration, SET controls the

overall impedance of the circuit ZL (ZSET, L, C) and thus adjusts the reflection

coefficient

Γ = ZL − Z0

ZL + Z0.

Typically, a carrier signal with angular frequency ωin in the 100 MHz range

is fed to the source electrode of the device through series of attenuators and

filters which eliminate Johnson noise coming from stages of the cryostat that

are at higher temperature than the sample. At the same time the gate is

excited with a probe signal with frequency Ω in the MHz range causing the

load impedance to oscillate. This mixes part of the carrier signal to side band

frequencies ωin ± Ω. The reflected power is read using a spectrum analyzer

and δQ is directly deduced from the sideband height to noise floor ratio. In

sideband measurements it is usually assumed that information from both of

the sidebands can be used causing division of Equation 4.1 by
√
2.
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(a) (b)

Figure 4.5. (a) Radio frequency operation of SET charge detectors is traditionally imple-
mented via matching the high sample impedance to the 50 Ω measurement line
by using a LC-circuit as an impedance transformer. As a drawback, the oper-
ation bandwidth is limited by the loaded Q-factor of the tank circuit. (b) One
can avoid the bandwidth limitation by using a superconducting SET which has
low impedance while it is at the same time charge sensitive. In this scheme
no impedance matching is required and the bandwidth is ultimately limited by
noise thermalization requirements and the cold preamplifier.

We studied in Publication II a superconducting MWNT device that provides

a mesoscopic component which is at the same time moderate-impedance and

charge-sensitive. The electrical characteristics of the device were discussed in

Chapter 2.5.2. The low impedance nature of such devices makes it possible

to avoid LC-matching circuits between the sample and the 50 Ω measuring

setup. Differential conductance as a function of gate voltage is plotted in

Figure 4.6(a) while a small amplitude microwave signal was fed to the source

of the sample. It is notable that the low frequency conductance of the device

reaches 50 Ω which is denoted with the red horizontal line in the figure.

The schematic of the readout scheme is shown in Figure 4.5(b). The load

impedance is now determined by the gate charge and DC and AC bias con-

ditions. Impedance ZL will grow with increasing bias current and carrier

amplitude due to increased phase diffusion. The main advantage of the direct

reflection measurement is the increased operation bandwidth which is ulti-

mately limited by the noise thermalization requirements e.g. by filters and

circulators and due to preamplifier band width restriction for low noise. In

rf-SET configuration the bandwidth is limited by the loaded Q-factor of the

impedance transformer.

The best sensitivity is found in the regime where ωin � ωJ = 2eVSD/�

thus allowing to average Equation 2.10 for time periods longer than 1/ωJ but

shorted than 1/ωin which gives

(C + CK)
�

2e
ϕ̈ + ISD (VSD, IC) = IDC + 2CKV̇in (t) .

Here ISD (VSD, IC) denotes the DC IV -curve of the junction.

The carrier amplitude IMW = 2ωinCKVMW is small and can be treated in

the linear response regime. Writing IC (t) = IC + δIC cosΩt and VSD (t) =
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Figure 4.6. (a) Differential conductance measured with zero bias against VG with and
without microwaves are plotted with black and blue curves, respectively. Note
that the resistance of the sample can be still tuned to 50 Ω (red line) with the
used microwave excitation of −120 dBm. (b) Reflection measurement of the
charge sensitivity at gate voltage point where Isw ≈ 1.3 nA yields a sensitivity
of 3.1 × 10−5 e/

√
Hz at Ω = 470 Hz. Carrier power of −120 dBm was used for

this measurement. Reprinted from [82], with the permission of AIP Publishing.

VSD + �δϕ̇/2e, where δϕ is small correction to the phase, yields

(C + CK)
�

2e
δϕ̈ + ∂ISD (VSD, IC)

∂VSD

�δϕ̇

2e
= 2CKV̇in (t) .

Note that Ω is the frequency of the gate excitation that causes the modula-

tion of the critical current. Above equation depicts that the junction can be

effectively treated as a resistor with resistance
(
∂ISD/VSD

)−1 at the bias condi-

tions that give the best sensitivity. In this approximation the load impedance

becomes ZL =
[
1/ (−iωCK) + 1/

(−iωC + ∂ISD/∂VSD
)]−1

. In the first order

approximation the signal reflected from the sample becomes

ΓVin ≈ Γ (δIC = 0)VMW cosωint+Γ1VMW
{
cos

[
(ωin − Ω) t

]
+ cos

[
(ωin +Ω) t

]}
,

where the coefficient giving the sideband amplitude reads

Γ1 = − Z0Z2
L

(ZL + Z0)2
∂2ISD

∂VSD∂IC
δIC. (4.2)

The studied sample, having a maximum switching current of Isw = 2.6

nA, gives the best sensitivity when it is current biased close to the switching

point, where it has finite source-drain voltage due to phase diffusion. The

measured frequency spectrum shown in Figure 4.6(b) gives a sensitivity of

δQ = 3.1 × 10−5 e/
√
Hz. Furthermore, calculating device sensitivity from

stability diagram measurements using Equation 4.2 reproduces the optimal

bias conditions and the achieved sensitivity relatively well.
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The main scientific contributions of this thesis are the charge sensing experi-

ments with suspended and superconducting carbon nanotube devices as well

as the study on nonlinear mechanics of a single-walled carbon nanotube res-

onator.

In Publication I, we studied how mechanical resonance can be used for im-

proving the charge sensitivity of a carbon nanotube quantum dot. Driving

the mechanical motion far into the nonlinear regime causes relatively large

change in the low frequency conductance of the device. Because of the strong

coupling between charge tunneling and mechanical motion, transducer gain

can be increased by forcing the resonator to oscillate. We find sensitivities of

4.5 μe/
√
Hz at 10 Hz and 0.97 μe/

√
Hz at ∼ 1.3 kHz. For comparison, record

charge sensitivity of metallic rf-SETs is δQ = 0.9 μe/
√
Hz measured at 1.5

MHz using a carrier frequency of 345 MHz [115]. With a SWNT in the rf-SET

configuration, the record is 2.3 μe/
√
Hz at 10 MHz using a carrier frequency

of 754.2 MHz [114].

In Publication II, we demonstrated that using a superconducting nanotube

sample with switching current in the nA regime, it is possible to construct

an rf-electrometer that provides a charge sensitivity of 31 μe/
√
Hz at 470 Hz

using a carrier frequency of 700 MHz. Because no matching circuit was used,

the operation bandwidth is in this scheme ultimately limited limited by the

noise thermalization requirements and the bandwidth of the preamplifier.

Publication III deals with capacitive readout of FIB processed nanomechan-

ical beam resonators. Because of the strong coupling of the mechanical motion

to the resonance frequency of the LC-circuit, we were able to measure ther-

mally induced mechanical vibrations down to 26 mK, and we obtained a low

number of approximately 20 phonons at the equilibrium bath temperature.

The FIB fabrication technique was first implemented in Publication III and

later on used in other experiments as well. Massel et al. demonstrated mi-
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crowave amplification with nanomechanical resonators as well as cooling down

a nanomechanical resonator close to the motional quantum ground state down

to 1.8 thermal quanta using electrical cooling via cavity [99, 100].

Publication IV deals with the use of superconducting graphene device as a

thermometer at cryogenic conditions. Our device geometry was designed in

such a way that it allowed us to study inelastic energy relaxation in graphene.

We argue that in our experimental conditions electron-electron interaction is

the dominant relaxation channel and estimate the scattering time of 0.1 ps to

1 ps at 500 mK to be one to two orders of magnitude smaller than predicted

for regular metallic two-dimensional diffusive systems.

In Publication V, we studied molecular self assembly of cobalt phthalo-

cyanine molecules, on CVD graphene using scanning tunneling microscopy

and spectroscopy. Molecules form a square lattice on graphene/SiO2 and on

graphene/h-BN substrates. However, on SiO2 the domain size is limited by

surface corrugation, whereas on h-BN it seems to be limited only by the size

of the terraces of the h-BN flakes. As the periodic potential modulation on

graphene is expected to modify the band structure of graphene, our results

suggest that CoPc/graphene/h-BN systems are suitable for the study of con-

trolling the electronic properties of graphene with periodic potential landscape.

Concerning the future of low temperature SWNT research, a new direction

was opened up by the recent realization that superconducting MoRe alloy can

sustain in-situ CVD growth of SWNTs. This gives access to superconducting

high crystallinity nanomechanical resonators with embedded QDs, and it fa-

cilitates coupling of suspended SWNTs in to superconducting circuits such as

high-Q cavities and qubits [44, 45, 117–120]. New approaches can be pursued

on the readout of the mechanical motion at high frequencies. One route to

detection of SWNT oscillation at zero point motion level could be via coupling

of the oscillation to a LC-circuit in optomechanical setting via the Josephson

inductance of the junction [121, 122].

In general, the future of graphene and SWNTs looks bright. Especially,

with SWNTs we are witnessing exciting times. At the risk of sounding like

a broken record, the fabrication techniques have now progressed to a level

where applications taking advantage of the intrinsic properties of the tubes

are expected within the next decade. All the pieces seem to be available and

waiting for the industry and research community to put the puzzle together.
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A. Sample fabrication

A.1 Graphene synthesis

Graphene sample measured in Publication IV was produced by means of stan-

dard exfoliation method using a strip of dicing tape [4]. A piece of graphite

was placed to one end of the tape and exfoliated in to thinner pieces by re-

peatedly applying the other end of the tape on to the graphite flake. Once a

decent amount of thin graphite was accumulated on to the tape it was pressed

against a Si++/SiO2 substrate with pre-patterned gold markers and peeled

off. The substrate was scanned through for thinnest graphite flakes using op-

tical microscope, see Figure 1.1(a). Raman spectroscopy was used for checking

whether the flakes were monolayer or not [123].

Graphene of the samples measured in Publication V was produced by means

of low pressure chemical vapor deposition (LPCVD) growth on copper [11].

The 25 μm thick 99.9999 % copper foil from Alfa Aesar was cleaned with 20 %

acetic acid from oxides and rinsed with acetone. The copper film was annealed

2.5 μm

(a) (b)

4.5 μm

monolayer

bilayer

Figure 1.1. (a) Graphene is visible in optical microscope image when placed on a Si/SiO2

substrate with appropriate oxide thickness, here 250 nm. The representative
mechanically exfoliated flake is formed of monolayer and bilayer regimes. (b)
Single layer of CVD grown graphene covers the whole area of the copper film.
Occasional thicker regimes are seen as dark spots in the SEM image.
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at 1050 ◦C for 60 minutes in 300 sccm of Ar and 11 sccm of H2 mixture at

0.66 mbar in order to stabilize the crystal structure of the film.

The actual growth step followed the idea of two stage growth reported by

Li et al. in Ref. [124]. The growth was initiated at the lowest possible pres-

sure of 0.160 to 0.170 mbar with 22 sccm of CH4 and 11 sccm of H2 in order

to minimize the amount of nucleation sites. After 5 minutes, the pressure

was gradually increased to 1.85 mbar to fully cover the catalyst surface with

graphene. Exemplary scanning electron microscope (SEM) image of the pro-

duced CVD graphene on copper is shown in Figure 1.1(b). Single layer of

graphene covers the whole surface shown in the image. Darker spots on the

film have thicker than monolayer coverage.

A.2 Carbon nanotube synthesis

Multi-walled carbon nanotubes used in Publication II were grown via plasma-

enhanced CVD growth process by the group of S. Iijima. Prior to CNT de-

position, a Si++/SiO2 substrate with pre-patterned gold markers was ashed

for 30 min in order to remove any organic contamination from the marker

fabrication step. Single drop of solution with MWNTs in 1,2-dichloroethane

was applied on the substrate and let settle for ∼ 5 s before spin drying at 4000

rpm. Thick CNTs dissolve well in 1,2-dichloroethane and sonication treatment

was not needed. Deposited tubes were located with FE-SEM Zeiss supra 40

using acceleration voltage of 1 kV. SEM image of the MWNT used for the

experiment is shown in Figure 1.2(a). Electron beam exposure time was kept

as short as possible in order to minimize contamination and defect formation.

SWNT studied in Publication I was produced by CVD growth in atmospheric

pressure at 875 ◦C using standard methane growth procedure [125; 126]. This

(a) (b)

200 nm5 μm

Figure 1.2. (a) The MWNT used in Publication II spans vertically the whole SEM image.
L-shaped structures are pre-patterned Ti/Au markers needed for alignment in
the subsequent lithography step. (b) Exemplary SEM image of a CVD grown
CNT bridging a pre-patterned Nb/Pt electrode pair.
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was done in a conventional home-made CVD reactor [127; 128]. The catalyst

solution consists of 50 mg of alumina (Evonik AEROXIDE® Alu-C), 66.7 mg

of Fe(NO3)3·9H2O, and 16.7 mg of MoO2(acac)2 mixed into 50 ml of IPA.

Samples with Fe/Mo/alumina catalyst were loaded in to the hot oven under

gas flow of 600 sccm Ar and 240 sccm H2. After a 5 min settling period from

loading, 120 sccm of CH4 was flown through the oven for 15 min. The sample

holder was extracted from the hot region after one minute from stopping the

CH4 flow. The time period that samples are in the hot oven is minimized

whenever pre-metallized substrates are used to constrain graining of the metal

and degradation of the catalyst due to H2 annealing [128; 129].

A.3 Top down

Samples studied in Publication II and Publication IV were fabricated with

standard EBL procedure after the graphene or MWNT was located with re-

spect to the pre-patterned Ti/Au marker structure, see Figure 1.2(a). Outline

of the sample fabrication process is shown in Figure 1.3. First, substrate was

baked at 180 ◦C for 30 s to remove any water from the surface. 10 % copoly-

mer in ethyl lactate and 3 % PMMA in anisole were spun at 4000 rpm and

baked at 180 ◦C for 90 s. The substrate was inserted to the SEM just after

the second baking step. JEOL 6400 scanning electron microscope equipped

with a beam blanker and NPGS lithography software was used for aligning

the pattern with respect to the graphene/MWNT and for exposing the resist.

Pattern was developed in 1:3 MIBK:IPA solution for 30 s and the process

was stopped by immersion to IPA for 30 s. Nitrogen gun was used for dry-

ing. Right before inserting the sample to the load lock of the UHV e-beam

evaporator, sample was baked at 100 ◦C on a hot plate for 60 s to evaporate

any liquids from the pattern. Adhesion layer, 10 nm of Ti, and 50 to 70 nm

Si++

SiO2

Copolymer

PMMA

EBL and resist
development

resist stack on
CNT or graphene

evaporate
Ti and Al 

lift off in
acetone 

Figure 1.3. Sample fabrication in Publication II and Publication IV followed well estab-
lished EBL procedures. Substrate with graphene/MWNT was spincoated with
copolymer/PMMA resist stack and patterned at 20 kV electron beam. Devel-
opment in MIBK:IPA solution was followed by Ti/Al e-beam evaporation in
UHV conditions. Double layer resist ensured clean liftoff in hot acetone.

67



Sample fabrication

of Al were deposited. Lift-off was made in a 60 ◦C acetone bath on a hot

plate. Typically 30 min immersion was enough for clean liftoff. Finally, the

sample was immersed in 1,2-dichloroethane to dissolve as much resist residues

as possible [130].

A.4 Bottom up

The sample studied in Publication I was produced by chemical vapor depo-

sition of single-walled carbon nanotube on pre-fabricated electrodes. Outline

of the process is shown in Figure 1.4. Si++/SiO2 wafers with 267 nm thermal

SiO2 were sputter coated with 200 nm of Nb followed by 20 nm of Pt and

diced in to 6.5 × 6.5 mm2 pieces. One drop of 6 % 950 K PMMA in anisole

was applied on to the substrate and let settle for 10 s. Then the resist was

spincoated at 3000 rpm for 60 s and baked for 90 s on a 180 ◦C hotplate. This

gave resist thickness of ∼ 500 nm.

The final device structure was patterned by EBL followed by evaporation

of 70 nm of Al similarly as described in Chapter A.3. The Al pattern was

used as a hard mask for ion beam etching (IBE) of the Pt layer. After milling

through the Pt, the remaining Nb was removed by reactive ion etching (RIE)

in CF4:CHF3:Ar:O2 plasma. In addition, the substrate was cleaned in situ

with O2 plasma in order to remove the polymers that had formed during the

RIE processing. As a final step of the electrode fabrication, the remaining Al

mask was removed by immersing the substrate to a room temperature aqueous

Nb
Pt

PMMA Al Al

sputter Nb/Pt
on SiO2

Si++

SiO2

develop PMMA and
evaporate Al 

lift off Al and
ion beam etch Pt 

H3PO4 etch Al

deposit PMMA and
do EBL

reactive ion etch Nb

Copolymer

apply catalyst CVD growth of  SWNTs

Figure 1.4. Schematic of the sample fabrication process used in Publication I. Highly
doped Si substrate served as a back gate and it was separated from the electrode
structure by thermal SiO2 layer. A 70 nm thick hard Al mask was fabricated
on the sputtered Nb/Pt bilayer with EBL and e-beam evaporation. Pt layer
was removed with IBE before etching the Nb away with RIE. The remaining Al
mask was removed by etching with phosphoric acid. Prior to the CVD growth,
catalyst islands were deposited close to the gaps between electrode pairs.
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20 % phosphoric acid H3PO4 bath for 20 min.

Catalyst islands for the SWNT CVD growth were deposited on top of the

Nb/Pt electrodes 3 μm away from the trenches using copolymer/PMMA mask.

The catalyst solution was refreshed before every deposition by 15 min stirring,

60 min sonication, and again 2 min stirring. One drop was applied on to the

substrate and let settle for 35 s before spin drying at 4000 rpm. This was

done twice. Then the sample was baked on hotplate for 5 min at 100 ◦C

in order to enhance catalyst sticking. The resist was lifted off by immersion

in to stirred 60 ◦C acetone for 2.5 min. The substrate was held in vertical

position to prevent the lifted off catalyst from redepositing on to the sample.

Finally, the resist residue was removed by soaking the sample in 50 ◦C stirred

dichloromethane for 30 min [130]. As a final step, SWNTs were grown over

the trenches in the Nb/Pt electrode structure as described in Chapter A.2.

A.5 Metallic beam resonators

Main steps of the sample fabrication process that was used for making the

devices studied in Publication IV are shown in Figure 1.5(a). (1) First a T-

shaped aluminium structure was patterned on a highly resistive Si wafer using

similar EBL process as the one described in Chapter A.3. (2) The resonator

that was still intact with the gate electrode was released from the substrate

with a SF6 RIE step. (3) The gate electrode and the resonator were separated

using dual beam microscope Helios Nanolab from FEI. After carefully aligning

the electron and Ga beams the line cut was made with 30 kV Ga beam with a

single-pass. (4) Vacuum gaps starting from 10 nm were made for beam lengths

ranging from 0.5 μm to 10 μm. Exemplary SEM image of resulting doubly

clamped Al resonator is shown in Figure 1.5(b).

500 nm

(a) (b)

Figure 1.5. (a) Fabrication steps of aluminium beam resonators used in Publication IV
consist of (1) EBL patterning and e-beam evaporation of the Al structures
and (2)-(3) from releasing the beam via RIE and FIB etching. Reprinted with
permission from [105], ©2010 American Chemical Society. (b) An exemplary
image of a fabricated doubly clamped resonator with a narrow air gap.
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