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Preface

I started my career in the Low Temperature Laboratory of Aalto Univer-

sity in 2011 as a summer student in the Nano Theory group led by Tero

Heikkilä. Eventually the lab got integrated into the Department of Ap-

plied Physics. Regardless of the official affiliation of the building, I liked

the place so much that I eventually decided to stay also for my Master’s

and PhD research. This thesis is the manifestation of that research.

My PhD time was perhaps slightly unconventional and went less smoothly

than I had initially hoped due to my group disintegrating, me losing my

motivation completely several times and changing the topic of my re-

search in the middle of everything. However, in retrospect, the almost

seven years I spent in “the lab” was a positive experience and certainly

taught me a lot about not only physics, but also about human (or maybe

mostly my own) psychology.

My time in the lab was made pleasant and memorable by the people who

participated in my life during this time. I count myself fortunate to have

a long list of people to thank for their part.

The obvious place to start my thank-you list is of course my instructor

Prof. Tero Heikkilä. Over the years, Tero has taught me a lot about theo-

retical physics, pushed me forward when that was needed and was always

excited to see my new results and calculations. For all that, I am grateful.

The next person to thank is Prof. Jukka Pekola who acted as my su-

pervisor. Even though in the last few years we did not have very much

collaboration, I have come to think of Jukka as a top class physicist by

following his work from some distance.

Next I would like to thank other people who I have collaborated with

professionally. I am grateful to Prof. Yuli Nazarov who acted as my co-
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supervisor during my memorable visit to Delft and who made perhaps

bigger impression on me than he even knows. Other people who I am

thankful to for their professional collaboration are Dr. Matti Laakso, Dr.

Timo Hyart, M.Sc. Faluke Aikebaier and Dr. Hung Nguyen. For trusting

me with the responsibility of being a teaching assistant on their courses

I would like to thank Dr. Sorin Paraoanu and Dr. Vladimir Eltsov. For

acting as the leader of the lab for a good part of my time there, I want

to thank Prof. Pertti Hakonen. Also for providing me some role models

in theoretical physics and for occasional talks, I would like to thank two

people: Prof. Grigory Volovik whose work has fascinated me since I first

started in the lab, and Prof. Nikolai Kopnin, who passed away during my

PhD studies, but whose works I still often consult.

I would also like to thank Finnish Academy of Science and Letters and

Väisälä Foundation for financially supporting my research for three years.

Over the years, a very interesting culture among the less senior level

people in the lab was formed. I do not believe that most workplaces

have anything quite similar. For doing their part in creating this cul-

ture I have gathered a long list of friends in the lab that I would like

to thank next. To not make any enemies, the order of the following list

has been randomized using a verifiably secure hardware random number

generator. My gratitude goes to: Raphaël Khan for sharing the experi-

ence of being Tero’s student; Teemu Elo for being the only normal person

who I regularly interacted with; Pasi Lähteenmäki for being an unusu-

ally interesting person and Pasi’s car for taking us to lunch; Karthikeyan

Sampath Kumar for being the strange and friendly person he is; Xuefeng

Song for providing some entrepreneurial spirit to our community; Daniel

Cox for providing a constant distraction and thus delaying my graduation

by about two years; Jorge Tiago Santos for teaching me valuable lessons

about car maintenance; Sergey Danilin for introducing me to a new and

exciting hobby; Mika Oksanen for saving me the awful trouble of picking

my own computer parts; Antti Puska for showing me a different way of

life; Antti Vepsäläinen for being decent gaming company; Vladislav Za-

vyalov for never missing a sauna evening; Jere Mäkinen for his awful

sense of humor; Kuang Zhang and Joel Röntynen for satisfying my need

to discuss theoretical physics with someone in the lab; Matthias Brandt

for never being seen in a bad mood; Matti Tomi for his activity in all
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recreational matters; Rest of the “Finnish gang” of the lab for many coffee

breaks and sauna evenings: Petri Heikkinen, Samuli Autti, Tapio Riekki,

Niklas Hietala, Taneli Prittinen, Jukka-Pekka Kaikkonen; The following

people for being my officemates at some point and also for many discus-

sions: Kim Pöyhönen, Alex Westström, Shuo Mi, Zhenbing Tan, Antti

Laitinen and Pasi Häkkinen.

Also, separately, I would like to thank all the friends and acquintances

from Delft. Some names that spring to my mind are: Rafał Skolasiński,

Albert Franquet, Yanting Chen, Wouter Hordijk, José Arturo Celis Gil,

Sebastian Mueller.

And last, I of course want to thank my family: my mother Ulla Kauppila,

my father Jorma Kauppila, my sister Tanja and of course my girlfriend

Henna Rantatupa.

Madrid, Spain, January 29, 2017,

Ville J. Kauppila
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1. Introduction

Ever since the discovery of superconductivity in 1911 [1], it has been one

of the most intriguing puzzles in the field of condensed matter physics.

The best-known features of the superconducting materials are zero elec-

trical resistance and complete expulsion of the magnetic field inside the

material (both taking place at finite temperature). It is easy to under-

stand why these features were initially very problematic to explain for

the physicists.

However, the past hundred or so years has seen a lot of progress. First

came a phenomenological understanding of electromagnetic [2] and ther-

modynamic [3] properties of superconductors and then, eventually in 1957,

the first microscopic explanation for superconductivity [4]: The electrons

in the material are effectively attracted to each other (in conventional

superconductors this is because of the interaction with lattice phonons).

This leads them to form bound pairs ("Cooper pairs") that are not eas-

ily scattered by mechanisms causing resistance in non-superconducting

materials.

In the first decades after the initial discovery, all known superconduc-

tors required extremely low temperatures; mercury, lead, niobium, etc.,

that were discovered to be superconducting in the early days of the field

have critical temperatures of less than ten kelvin. However, there is really

no fundamental reason why some material with just the right microscopic

parameters could not be superconducting even at room temperature. Only

much later, in the 1980s, it was found that lanthanum barium copper ox-

ide had a critical temperature of 35K [5]. This finding started the era of

high-temperature superconductors. Nowadays we know many different

types of materials – most notably some cuprates and some iron pnictides

11



Introduction

– that have critical temperatures of more than 100 K. Most recently, it

was found that hydrogen sulfide under 150 gigapascals of pressure turns

superconducting at 203 K [6]

In the modern times, the study of superconductors has split into many

different subfields. The research subjects nowadays range from funda-

mental unexplored properties of superconductors such as collective Higgs

excitations to immediately practical properties like heat transport and

sensor applications.

In this thesis, I present an overview of my own research on two very

timely topics in superconductivity. The first topic is flat band supercon-

ductivity. The second is heat fluctuations and heat transport in supercon-

ducting nanostructures.

Flat band superconductor is a superconductor that has a flat energy

dispersion in the normal state. Why this is important for superconduc-

tivity is because the flat band implies high density of states close to the

Fermi level. Since superconductivity is a result of the electrons close to

the Fermi level forming Cooper pairs, this means that superconductivity

is expected to be somehow enhanced.

The increase of critical temperature is perhaps the most striking prop-

erty of flat band superconductor models I consider in this thesis. Other

peculiarities include abruptly changing entropy as a function of tempera-

ture in the normal state, strong localization of both superconducting con-

densate and normal state density of states and strong collective fluctua-

tions of the superconducting state. Some of these features are model and

material dependent while some are universal to a wider class of flat band

systems.

The study of heat currents and fluctuations in superconducting nanos-

tructures is a rather wide field. In this thesis, I focus on simple tunnel

structures made out of a normal metal in contact with a superconductor.

Practical applications for these type of devices include cooling devices,

bolometers, and interferometers.

This thesis is organized as follows. In Chapter 2, I give an introduction

to the topic of flat band superconductivity. I also give a review of one

of the flat-band models not discussed in the articles. In Chapter 3 we

discuss flat-band models based on Dirac materials – the main topic of this

thesis. I present an overview, and in some parts detailed calculations,

12



Introduction

of two such models: superconducting rhombohedral graphite (or, more

generally, Dirac semimetal surface) and strained Dirac material. Chapter

4 gives a brief overview of the second topic of this thesis: heat transport

and fluctuations in superconducting tunnel junctions. Chapter 5 briefly

describes the main results of all the articles included in this thesis.

I mostly leave discussion of mathematical methods and basic theoretical

concepts out of this thesis because they can also be found from existing

literature. For basics of theory of superconductivity and mathematical

methods of condensed matter physics good sources are [7, 8, 9]. For func-

tional integral formalism, which we use when studying fluctuation effects,

one can read for example [10, 11]. The theory of topology in condensed

matter systems, which is always in the background when discussing ex-

otic states of matter, is slightly less well documented, but some texts in

this category include [12, 13].

13
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2. Flat band superconductivity

2.1 What is a flat band?

In a translationally invariant electronic system, momentum of an electron

is a conserved quantity and it can be used as a label for different energy

eigenstates of the system. Conventional metallic materials are reason-

ably well described with a model with free electrons following the energy

dispersion from the free particle Schrödinger equation (here and below,

we use the units where h̄ = kB = e = 1),

εk =
|k|2
2m∗ − μ, (2.1)

where k is a d-dimensional momentum vector usually with d ∈ {1, 2, 3}
and m∗ is some effective mass of the electrons. The chemical potential,

μ, controls the total number of electrons in the system. At zero temper-

ature, the chemical potential becomes equal to the Fermi energy, εF and

all the states below this energy are occupied while the states above it are

unoccupied. The surface in the momentum space marking the boundary

between unoccupied and occupied states, i.e., the one that satisfies the

condition εk = 0, is the Fermi surface.

The spectrum (2.1) has the rather obvious property that for each Fermi

energy, the Fermi surface is a d− 1 dimensional manifold (except at εF =

0 where the Fermi “surface” is just one point). In three dimensions it

is a two-dimensional surface, in two dimensions it is a one-dimensional

line, etc. However, this does not need to hold more generally. In general,

a condensed matter system can have different types of spectra and the

topology and dimensionality of the Fermi surface can depend on the Fermi
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energy. Some counter-examples include:

• In ordinary insulators and superconductors, the low-energy spectrum

has a band gap. When Fermi energy is inside this band gap, there are

no states available and the Fermi surface is not even well-defined.

• In graphene — or more generally in many 2D semimetals — the low en-

ergy dispersion is given by εk = ±vF |k|− εF , where k is two-dimensional

and vF is an effective Fermi velocity. As εF → 0, the Fermi surface

shrinks from a one-dimensional line to a zero-dimensional point. This is

called the Dirac point.

• In topological insulators, the bulk has the same type of dispersion as

ordinary insulators, but the surface has a two-dimensional Dirac disper-

sion (similar to graphene), i.e. the Fermi surface is a zero-dimensional

point.

• 3D topological semimetals are similar to graphene, but in three dimen-

sions. In the bulk they have there-dimensional spectrum with zero-

dimensional Fermi surface (Weyl or Dirac point) or one-dimensional

Fermi surface (Dirac line). In both cases, the surface spectrum is a two-

dimensional with a one-dimensional Fermi surface (Fermi arc) in the

former case and either one-dimensional (drumhead) or two-dimensional

(flat band) Fermi surface in the latter case, depending on the symme-

tries of the model.

• In non-Fermi liquids the elementary excitations of the system are not

described by fermionic quasiparticles at all and the Fermi surface may

disappear completely [14, 15, 16, 17].

One possibility besides the usual d−1-dimensional Fermi surface is that

the Fermi surface has the same dimensionality as the full momentum

space. In this case, the part of the spectrum where this happens is called

a flat band.

A big part of why systems with a flat band spectrum might be interest-

ing is due to the fact that the density of states at the flat band formally
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diverges. This can be seen from the usual definition of the density of

states:

ν(ε) =

∫
dSε

1

|∇pεp| , (2.2)

where
∫
dSε is an integral over the constant-energy surface where ε = εp.

Since in the flat band, |∇pε| = 0, the expression diverges. This divergence

leads to an enhancement of interaction effects such as superconductivity.

In real materials as we consider below, the flat band is usually not per-

fectly flat. Typically a realistic flat band material has some finite dis-

persion inside the flat band with a bandwidth that is much smaller than

any other energy being considered. Often, as in the case of rhombohedral

graphite and strained Dirac materials considered below, there is some pa-

rameter that controls the bandwidth and by changing this parameter it

is possible to see a smooth transition between conventional and flat-band

like behaviour in observables calculated for the system. For rhombohe-

dral graphite this transition was analyzed in [18, 19] and for strained

Dirac materials in Publication II.

2.2 Flat bands in superconductors

A simple suggestion as to why flat normal-state spectrum is so interesting

property for a superconductor to have, we can look at the well-known BCS

theory formula for the critical temperature of a superconductor [7],

Tc ∝ ωDe
− 1

νg . (2.3)

Here ωD is the Debye energy, g is the superconducting coupling strength

and ν is the density of states at the Fermi level.

From Eq. (2.3) one can see that if the density of states is high, the crit-

ical temperature is at its maximum. This suggests that flat band with a

diverging density of states can help in reaching higher critical tempera-

tures.

While the argument above gives us an idea what happens to Tc in a flat

band material, it is not quite accurate. While the calculation of critical

temperature for flat-band materials is, in general, model dependent, a

good estimate with the correct scaling relation can be found by just con-

sidering the usual BCS gap equation with a generic flat-band spectrum.
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The equation is

1 =
gT

2V

∑
p

tanh

(√
ε2p+Δ2

2T

)
√
ε2p +Δ2

, (2.4)

where εk is the normal-state spectrum and we have assumed that Δ is

constant and momentum independent. g is the coupling constant of at-

tractive interaction with dimensions of energy times volume and V is the

system volume. Approximating the normal-state spectrum with a perfect

flat band for which εk = 0 for some region in the momentum space with

volume ΩFB and also assuming that most of the contribution to the inte-

gral comes from the flat band, we get at zero temperature

Δ =
gΩFB

2
. (2.5)

Equation (2.5) shows an important and rather generic feature of flat-band

superconductors: instead of being exponentially suppressed, as in conven-

tional metallic superconductors, the critical temperature scales linearly

with the attractive interaction coupling constant.

Other interesting feature of Eq. (2.5) is that it does not depend on the

Debye frequency at all, unlike the more conventional BCS formula (2.3).

This is because, in the BCS theory, the Debye frequency is introduced as a

cut-off in the self-consistency equation (2.4), but in the case of a flat band,

most of the contribution to the integral comes from zero energy and no cut-

off is needed. Outside this simplistic estimate, the cut-off can, however,

affect the superconducting gap. For example, if the cut-off is very large,

the contribution from higher energies outside the flat band can be non-

negligible.

Supercurrent in potential flat-band superconductors is also interesting.

In the standard BCS-theory, the supercurrent is proportional to the group

velocity of the electrons, IS ∝ vg = ∂pεp. However, in the flat band, we

have by definition vg ≈ 0, which would suggest that supercurrent is zero.

However, it was found in [20] and Publication II that in at least two flat

band models the supercurrent has also other contributions that make it

finite and proportional to the superconducting gap. Furthermore, it was

found in [21, 22] that in topologically non-trivial flat-band models, a non-

zero Chern number leads to finite supercurrent.

18



Flat band superconductivity

2.3 Khodel-Shaginyan flat band

Possibly the first model for a flat-band state and flat-band superconductiv-

ity was given by Khodel and Shaginyan [23]. Unlike in the other models

presented below, in K-S theory, the formation of the flat band is an inter-

action effect. I present below briefly, using a toy model, how a Khodel-

Shaginyan is formed and apply the toy model to the specific case of a

trigonal lattice tight-binding model.

The Khodel-Shaginyan model was more thoroughly considered in [24],

where it was shown that within the original Khodel-Shaginyan model,

the interaction will always lead to superconductivity. Later it was shown

that this is not necessarily the case if, in addition, the K-S Hamiltonian

is augmented with a type of spin exchange interaction [25]. In [26] it

was shown that the effect is highly enhanced in the vicinity of Van Hove

singularities. In [27] the Khodel-Shaginyan effect was found using nu-

merical calculations in the triangular tight-binding model – the same as

I consider below – with Hubbard interaction close to the Van Hove singu-

larities. This work shows that flat band can also form without the rather

artificial assumptions of the original Khodel-Shaginyan model.

The simplest toy model where one can illustrate the idea is described by

the following Hamiltonian:

HKS =
∑
s

∑
k

εka
†
k,sak,s + U

∑
k

a†k,↑ak,↑a
†
k,↓ak,↓. (2.6)

The interaction term in this Hamiltonian represents an infinitely long-

range electron-electron interaction and s ∈ {↑, ↓} is the spin index.

In the mean-field approximation, one can rewrite Hamiltonian (2.6) as

HKS ≈
∑
k

[∑
s

(εk + Un̄k)a
†
k,sak,s − Un̄2

k

]
. (2.7)

The mean-field value for the average occupation number n̄k = 〈a†k,sak,s〉 is

assumed to be the same for both spins, i.e. n̄k = n̄k,↑ = n̄k,↓, and is found

by minimizing the free energy of the system. At zero temperature, it is

given by

F = 〈H −
(
μ+

U

2

)
N〉

=
∑
k

[
2

(
εk − μ− U

2

)
n̄k + Un̄2

k

] (2.8)
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The extra factor of U/2 in the chemical potential is added to compensate

the renormalization of the chemical potential due to the interaction term.

Additional constraint for the optimization is that the occupation number

must be valid for fermionic particles, i.e., 0 < n̄k < 1.

In the case when U < 0, one can easily verify that the minimization of

(2.8) results in the usual Fermi distribution,

n̄k = θ(εk − μ). (2.9)

However, when U > 0, the minimization process yields

n̄k =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1, εk < μ− |U |
2

μ+U/2−εk
U , μ− |U |

2 < εk < μ+ |U |
2

0, εk > μ+ |U |
2

, (2.10)

i.e. for low momenta, the occupation number is equal to unity and for high

momenta it is zero, like in the usual Fermi distribution, but between these

two values the occupation number changes continuously. For the mean-

field quasiparticle energy in (2.7), this implies that in the finite range of

momenta that satisfies μ− |U |
2 < εk < μ+ |U |

2 , the energy is zero, i.e. there

is a flat band.

The flat-band formation shown in Eq. (2.10) can be seen as a competi-

tion between quantum statistics of fermions and interaction effects. For

strong enough (or long range enough) interactions start to dominate, it

becomes energetically favorable to smear the Fermi surface over a range

of momenta.

An estimate for the size of the flat band can be made for different cases

of the single particle spectrum εk. For a simple uniform Fermi surface, it

scales with the interaction strength and Fermi velocity, vF = |∇kεk|k=kF ,

as

Ap ∼ Ud

vF
, (2.11)

where d is the dimension. However, if the spectrum has a singularity

where |∇kεk|k=kF = 0, the flat band area can be greatly enhanced.

For definiteness, let us pick as a model the nearest-neighbor tight-binding

Hamiltonian on a triangular lattice. This model has van Hove singulari-

ties and was also studied using numerical techniques in [27]. The Hamil-

tonian is given by

H = −t
∑
x

a†x (ax+a1 + ax+a2 + ax+a3) + h.c.+ μ
∑
x

a†xax, (2.12)
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where ai are vectors connecting a site to its three neighbors on the right:

a1 = a(1, 0), a2 = a(1/2,
√
3/2), a3 = a(1/2,−√3/2), and a is the lattice con-

stant. μ is the chemical potential. In the momentum space, this Hamilto-

nian becomes

H =
∑
k

[
−2t

(
cos(akx) + 2 cos

(
akx
2

)
cos

(√
3aky
2

))
− μ

]
a†kak

≡
∑
k

(εk − μ)a†kak.
(2.13)

With chemical potential at μ = 0, the low-energy spectrum is similar

to the usual metallic case (with anisotropic Fermi surface), i.e. εk =

vF (k − kF ), where kF ∼ 1/a and vF ∼ at (the numerical factors in front

of these depend on the direction on the Fermi surface) which leads, when

the interactions are taken into account, to a flat band of the size estimated

in Eq. (2.11). However, when μ/t = 2, the model is doped to a van Hove

singularity of the spectrum and we can find for the flat band area:

Ap = 4

(∫ √U/t

0
d(akx)

∫ √((akx)2+U/t)/3

0
d(aky) +

∫ ∞
√

U/t
d(akx)

∫ √((akx)2+U/t)/3

√
((akx)2−U/t)/3

d(aky)

)

≈ 1

2
√
3

U

a2t

[
1 + ln

(
2π

√
2

3

t

U

)]
.

(2.14)

The flat band in the two cases μ = 0 and μ = 2t is shown in Fig. 2.1.

The first term in Eq. (2.14) comes from the center part of the star-shaped

flat band and the second term comes from the “arms” extending from one

van Hove singularity to another. Formula (2.14) shows that the flat band

area at the Van Hove singularity is essentially linear in the interaction

strength and verifies the intuitive picture relying on the vanishing of the

Fermi velocity at the singularity.

The above analysis serves as an example of how a Khodel-Shaginyan

flat-band emerges in one model system and suggests that the Khodel-

Shaginyan mechanism for a flat band formation is viable in materials

with van Hove singularities. Since in [27] it was also numerically shown

that the mechanism does not even need the rather artificial infinite range

interactions assumed here, it becomes interesting to find real materials

where such a flat band is formed. One prominent candidate is H3S which

was shown to be superconducting at 200K in high pressure with the su-

perconductivity likely being affected by van Hove singularities close to the

Fermi surface [28].
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Figure 2.1. Flat band in the triangular lattice model when the chemical potential

is at the Van Hove singularity (left) and at the charge neutrality point

(right) with U/t = 0.4.
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3. Flat bands in Dirac materials

In the discussion of different types of Fermi surfaces above we already

mentioned the possibility that, for certain type of dispersion, the Fermi

surface can shrink to one point with linear dispersion close to this point.

Depending on the degeneracy of this point, these materials are called ei-

ther Weyl or Dirac materials with Dirac materials referring to ones with

spin degeneracy.

In a Dirac material, the Hamiltonian for low energies is given by

HDirac = vσ · p̂. (3.1)

Here σ = (σx, σy) are the Pauli matrices and p̂ = (p̂x, p̂y) is the 2D mo-

mentum operator.

The best-known example of a real world material that has the 2D Dirac

energy spectrum (3.1) is graphene [29], but other examples include sur-

faces of topological insulators [13] and d-wave superconductors. Also 3D

equivalent of (3.1) can be found in 3D Weyl [30] and Dirac [31, 32, 33]

semi-metals.

The two Dirac-material based flat-band models treated in this thesis are

superconducting rhombohedral graphite, where many 2D Dirac Hamilto-

nians are coupled in a specific way to create a flat band at the surfaces,

and strained Dirac materials, where the standard Dirac Hamiltonian (3.1)

is augmented with an artificial magnetic field to introduce the flat band.

It should be noted that any material with the Dirac-type dispersion (3.1)

as such is not expected to be a very good superconductor. The reason for

this is ultimately rooted on the fact that the density of states of the Dirac

spectrum vanishes as ν ∝ ε at small energies. This causes Dirac materi-

als to have quantum critical behaviour; within the standard BCS model,

superconducting phase appears only when the attractive interaction be-
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tween the electrons is above some threshold value [34, 35]. It can also

be noted that recently this complication was experimentally overcome in

graphene [36, 37] by introducing dopands to graphene as theoretically

suggested before [38, 39]. In multi-layer graphene structures supercon-

ductivity has also been observed [40, 41].

It should also be noted that the argument that high density of states

from the flat band leads to enhanced interaction effects is not limited to

just superconductivity. It can also enhance the transition for example to

ferromagnetic, anti-ferromagnetic or charge-density wave states. Which

ordered state is preferred in a given real material realization of any of

the models we discuss below is a question that should ultimately be an-

swered by experiments or more involved numerical calculations based on

for example renormalization group methods.

In both models we consider below, the standard Dirac spectrum (3.1)

is changed to an approximate flat band, which in some way is the exact

opposite of the Dirac point – the density of states is infinite instead of

zero.

3.1 Superconducting rhombohedral graphite

Rhombohedral graphite is an example of a class of materials sometimes

referred to as topological semimetals with Dirac lines. What this means is

that the bulk of of the material has an energy spectrum with Dirac points

on a continuous line in the momentum space and the surface spectrum

with a flat band.

The discussion here focuses on rhombohedral graphite even though the

same model used below could in principle be realized also in other topo-

logical semimetals. So far, rhombohedral graphite has been the most re-

alistic realization of this model and there the flat band has, in fact, been

even experimentally verified [42].

Graphite is formed from individual graphene layers stacked together,

each described by the 2D Dirac Hamiltonian (3.1) with mass gap set to

zero. There are two stable ways to stack the graphene layers and the

choice of stacking crucially affects the electronic spectrum.

To illustrate the two stackings, let us label the two atoms in a single
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graphene unit cell by A and B.

In Bernal (or AB) graphite, the stacking is done so that the period of

the stacking in the horizontal direction is two layers. If above an A atom

there is a B atom, then there is again an A atom above it. The Bernal

stacking of graphite along with the nearest neighbor lines between atoms

is illustrated in Fig. 3.1a.

The second way to stack graphene layers, the rhombohedral (ABC) graphite,

is with the stacking period of three layers. If there is a B atom above an

A atom, then in the next layer there is an empty space (“C atom”). The

rhombohedral stacking of graphite along with the nearest neighbor lines

between atoms is illustrated in Fig. 3.1b.

Figure 3.1. Graphite with three layers stacked in a) Bernal and b) rhombohedral

configuration.
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3.1.1 Normal-state spectrum

The Hamiltonian for graphite can be derived by considering the nearest-

neighbor hoppings between individual graphene layers. For an N -layer

graphite in the rhombohedral configuration, the result is [43]

HRHG =

⎛
⎜⎜⎜⎜⎜⎜⎝

vσ · p γ1σ+ 0 . . .

γ1σ− vσ · p γ1σ+

0 γ1σ− vσ · p
... . . .

⎞
⎟⎟⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

N (3.2)

Here σ± are Pauli ladder matrices and γ1 is the strength of the lowest

order interlayer coupling.

This model for rhombohedral graphite can be solved analytically at low

energies with an ansatz [44, 19]

ψn =eiφ(n−1−N
2 )

×
⎡
⎣( p

pFB

)n−1
⎛
⎝ 1

vpεp
v2p2−γ2

1
eiφ

⎞
⎠A+ +

(
p

pFB

)N−n
⎛
⎝ vpεp

v2p2−γ2
1

eiφ

⎞
⎠A−

⎤
⎦ ,

(3.3)

where ε is the energy of the solution and A± are normalization coefficients

that do not depend on the layer index or momentum.

This ansatz describes a surface state wave function that is localized on

one type of a sublattice at one surface of the graphite stack and on the

other type of a sublattice on the other surface. An analytical expression

for the energy spectrum is then given by

ξp = γ1

(
p

pFB

)N

(3.4)

with pFB = γ1/v. In the limit N → ∞ the energy is zero for all momenta

p ∈ [−pFB, pFB], resulting in a flat band.

A more detailed analysis of this model with higher-order hoppings and

non-zero chemical potential was studied in [19].

3.1.2 Topology of the flat band state

The fact that rhombohedral graphite has a surface spectrum of the form

(3.4) can be seen as a consequence of the momentum space topology of

the model [45]. The bulk Hamiltonian in the limit of N → ∞ is given by
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[18, 46]

Hbulk =

⎛
⎝ 0 v(px − ipy)− γ1e

−iapz

v(px + ipy)− γ1e
iapz 0

⎞
⎠ , (3.5)

where a is the interlayer lattice constant and pz is the perpendicular mo-

mentum. The zeroes of the spectrum of this Hamiltonian form a spiral in

the momentum space given by⎧⎪⎨
⎪⎩
px = γ1

v cos(apz)

py = γ1
v sin(apz)

. (3.6)

For each given planar momenta (px, py), one can think of Hbulk as a 1D

Hamiltonian with pz being the only momentum. For (px, py) inside or

outside the spiral this 1D Hamiltonian describes an insulator. For an

insulator one can define a topological charge (see [12, 47] for further char-

acterization) as

N1 = − 1

4πi
Tr

∫
dpzσzH

−1
bulk∂pzHbulk. (3.7)

For (px, py) inside the spiral, a direct calculation yields N1 = 1 while for

(px, py) outside the spiral N1 = 0. In the latter case, the system is a normal

insulator and in the former case it is a topological insulator. Since topo-

logical insulators always have a zero energy surface state, we conclude

that for each (px, py) inside the spiral, i.e.
√
p2x + p2y < γ1, there is a zero

energy surface state. Together these states form a flat band.

3.1.3 Superconducting state

Superconducting state in the rhombohedral graphite can be easily studied

by constructing Bogoliubov-de Gennes equations from the normal state

Hamiltonian (3.2) and including a simple layer-dependent s-wave super-

conducting order parameter. The resulting BdG Hamiltonian can be writ-

ten as

HBdG =

⎛
⎝HRHG(p) Δ̂

Δ̂† −HRHG(p)

⎞
⎠ . (3.8)

Here Δ̂ = diag(Δ1,Δ2, ...,ΔN). This form follows from the fact that the

time-reversed partners of electrons at one sub-valley, say K, live in the

other valley, −K and Hholes
RHG(K,p) = H∗

RHG(−K,−p) = −HRHG(K,p). The
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analysis of this Hamiltonian was done in [19] and is similar to the anal-

ysis of the normal state. When flat-band states localized at the surfaces

contribute mostly to the superconductivity, the order parameter is also lo-

calized at the two surfaces, i.e. Δn = Δδn=1,N . With this, one can find a

spectrum for the superconducting surface state of the form

ε2p =

(
1− p2

p2FB

)2 (
ξ2p +Δ2

)
(3.9)

with ξp given in Eq. (3.4). This expression is valid for p � pFB and

becomes valid up to p = pFB as N →∞.

The expression (3.9) has the peculiar feature that even though it is a

superconducting spectrum, it is not gapped. This is due to the fact that

the states at p ≈ pFB penetrate into the bulk which is not superconducting

(Δ vanishes in the bulk). This feature of the spectrum – as we see below

and in Publication I – leads to large fluctuations of the order parameter

in this model.

As expected for a flat-band superconductor, the mean-field value of Δ

found from the self-consistency equation, and thus also the critical tem-

perature Tc, become linear functions of the superconducting coupling con-

stant,

Δ =
gp2FB

8π
, (3.10)

where g is the coupling constant of the attractive interaction per layer

with dimensions of (energy) × (length)2.

Further research done on this model has also shown that the supercur-

rent is finite, proportional to Δ and independent of the number of layers

as is expected from a surface superconductor [20]. Also experiments that

have suggested towards extremely high critical temperatures in various

graphite-based (possibly including rhombohedral graphite) samples have

been performed [48, 49, 50, 51, 52].

3.1.4 Collective modes and fluctuations

In the ground state of any (known) superconductor, the electrons in the

material are paired together to form bound bosonic pairs. These bosonic

pairs – Cooper pairs – then condense into their shared ground state.

In conventional theories of superconductivity – such as the BCS theory

which we have also used above for the superconducting rhombohedral
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graphite – the Cooper-pair condensate is a rather static actor. The fraction

of paired electrons is changed by the temperature and the condensate mo-

tion, supercurrent, can be accounted for by including phase modulation,

but all the Cooper pairs are always assumed to be on the same shared

ground state, which cannot be easily perturbed.

In Publication I we found that the above picture is radically changed in

superconducting rhombohedral graphite – and perhaps even more gener-

ally in flat-band superconductors based on topological semimetals. The

simplest way to see this is to consider the fluctuation effects using the

Ginzburg-Landau theory.

We start by writing down the partition function with two order param-

eters within the Ginzburg-Landau approximation. In the case of rhombo-

hedral graphite the two order parameters Δ1,2 are the Cooper-pair wave

functions on the two surfaces of the stack, but the calculations below also

work for any two component Ginzburg-Landau system (for example, a

multi-band superconductor). The partition function is

Z =

∫ ∏
i={1,2}

DΔiDΔ̄i exp(−SGL), (3.11)

where the action, to the fourth order in Δi, is given by

SGL =

∫
dr

[∑
i

(
α1|Δi|2 + α2|∇Δi|2 + β|Δi|4

)
+ γ(Δ1Δ

∗
2 +Δ2Δ

∗
1)

]
.

(3.12)

Here α1,2, β and γ are the Ginzburg-Landau coefficients that do not de-

pend on the index of Δi. The mean-field values for Δ1,2 are found by min-

imizing the action. Since the action is symmetric in the two components

of Δi, we assume that also the mean-field solution is the same for both

components. Then the result is Δ0 = −(α1 − γ)/(2β) for both components.

To find the fluctuation effects, we can then expand around this mean-field

value as Δi(x) = (Δ0 + δi(x))e
iφi(x). The result can be divided into four

decoupled parts as

SGL =SMF +

∫
dr

[(α2

2
(∇δH)2 − (α1 − γ)δ2H

)
+

(α2

2
(∇δL)

2 − (α1 − 2γ)δ2H

)

− α2

4β
(α1 − γ)(∇φH)2 −

(
γ(α1 − γ)

2β
φ2
L +

α2(α1 − γ)

4β
(∇φL)

2

)]
.

(3.13)

The four independent modes in (3.13) are the sum-of-amplitudes (Higgs)

mode, δH = δ1 + δ2, relative amplitude mode, δL = δ1 − δ2, sum-of-phases
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(Goldstone) mode, φH = φ1 + φ2 and relative phase (Leggett) mode, φL =

δ1 − δ2.

The action (3.13) applies very generally to any superconductor with a

two-component order parameter. Getting information about a specific

model requires relating the Ginzburg-Landau coefficients to microscopic

parameters of the model. For our case of rhombohedral graphite with sur-

face superconductivity this was done in Publication I. As an overview of

the results, for small fluctuations (at any temperature), the fluctuation

action was found to be

Sδ =
1

2

∑
q

−→
δΔ†

q

⎛
⎜⎜⎜⎜⎜⎝

−Wq +
V
gT Dq −Xq 0

Dq −W−q +
V
gT 0 −X−q

−Xq 0 −Wq +
V
gT Dq

0 −X−q Dq −W−q +
V
gT

⎞
⎟⎟⎟⎟⎟⎠
−→
δΔq.

(3.14)

Here the three different matrix elements are

Wq =
∑
p

ω̃pω̃p−q

(ω̃2
p +Δ2

0 + ξ2p)(ω̃
2
p−q +Δ2

0 + ξ2p−q)

Dq =
∑
p

Δ2
0

(ω̃2
p +Δ2

0 + ξ2p)(ω̃
2
p−q +Δ2

0 + ξ2p−q)

Xq =
∑
p

ξpξp−q

(ω̃2
p +Δ2

0 + ξ2p)(ω̃
2
p−q +Δ2

0 + ξ2p−q)
. (3.15)

Here ω̃p = (2n + 1)πT/(1 − |p|2/p2FB) with n being the Matsubara index.

The Ginzburg-Landau coefficients can be found by evaluating these ex-

pressions at Δ0 = 0 yielding

α1 =
p2FB

48πT 2

T − Tc

Tc
, α2 =

1

32πT 2
c

,

β =
p2FB

1920πT 4
c

, γ =
γ1p

2
FB

128πT 4
c N

5
,

(3.16)

where everywhere we have taken the N → ∞ limit of a large number of

layers except in γ which vanishes in this limit.

The effect of the fluctuation terms to various observables can be calcu-

lated from the fluctuation action. Perhaps the easiest thing to compute

that can be directly observed is the heat capacity. In the N →∞ limit we

have only two independent modes in action (3.13): the amplitude (Higgs)

mode and the phase (Goldstone) mode. Integrating out the amplitude

mode yields for the free energy

δFAmplitude = −T lnZ =
∑
k

ln

[
A

(
α2

2|k|2 − α1

)]
. (3.17)
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The heat capacity can be found from C = −T∂2
TF . After substituting the

microscopic coefficients it evaluates to

δCAmplitude =
Ap2FBTc

3π(Tc − T )
. (3.18)

This can be compared to some characteristic scale of the heat capacity of

the mean-field model. A natural reference point is the heat capacity jump

at the superconducting transition, given by

ΔC =
5

6π
Ap2FB. (3.19)

The temperature T ∗ at which these two contributions are equal can be

used to define the Ginzburg number. In our case it is given by

Gi =
Tc − T∗

Tc
=

2

5
. (3.20)

This number is high compared to the usual case of metallic 2D supercon-

ductors where Gi ∼ Tc/EF with EF being the Fermi energy.

The heat capacity outside the Ginzburg-Landau regime was considered

numerically in Publication I. The most important results are summarized

in Fig. 3.2. The fluctuation contribution from the amplitude mode was

found to be large even outside the Ginzburg-Landau regime all the way

down to low temperatures.

The main point of the these results is that at least in the model for sur-

face superconducting rhombohedral graphite – and perhaps even in some

more general cases – the conventional mean-field theory of superconduc-

tivity may not give a full picture of the relevant physics. However, there

are two caveats to this. First is that a finite number of layers gaps the

fermionic spectrum in superconducting rhombohedral graphite. Then it

would be expected that the heat capacity behaves similarly as in Fig. 3.2

above temperatures proportional to this gap and below that it would be

strongly suppressed. The second caveat is that higher order hoppings, as

considered in [19], adds a weak dispersion to the normal-state spectrum

of the rhombohedral graphite inside the flat band which might also affect

the fluctuation spectrum in the low-temperature limit.

Besides the amplitude mode, the other collective mode of the model is

the phase mode, which is not analyzed above. In the Ginzburg-Landau

limit, one can show that the amplitude mode always dominates the phase

mode because of the singular behaviour at T = Tc [53]. In general, the
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Figure 3.2. Specific heat contribution from the amplitude fluctuations and from

the mean-field calculation. For comparison the fluctuation contribu-

tion for a conventional BCS superconductor with typical parameters

is also shown.

phase mode of a superconductor is also coupled to the electromagnetic

field [54, 55], which makes its analysis more involved. We leave this for

future work.

The results here are derived for rhombohedral graphite. However, the

qualitative conclusions should be applicable to any topological semimetal

with a flat-band surface state with minor changes. These changes should

include, at minimum, changes of the microscopic parameters, but also

inclusion of different possible non-idealities that can be present in real

materials such as the higher order hopping terms in graphite.

Besides calculating fluctuation contributions to various observables, we

can also find the spectra of the four collective modes at the zero-temperature

limit from the general action (3.14).

In general, the single particle spectrum of some quantum field can be

found by finding the poles of the propagator whose inverse appears be-

tween the field variables in the action. In the present case, this translates
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to finding the four solutions to the equation

det

⎛
⎜⎜⎜⎜⎜⎝

−Wq +
βV
g Dq −Xq 0

Dq −W−q +
βV
g 0 −X−q

−Xq 0 −Wq +
βV
g Dq

0 −X−q Dq −W−q +
βV
g

⎞
⎟⎟⎟⎟⎟⎠ = 0. (3.21)

With the help of the self-consistency equation, these four equations be-

come

∑
p

[
ω̃pω̃p−q +Δ2

0 + ξpξp−q

(ω̃2
p +Δ2

0 + ξ2p)(ω̃
2
p−q +Δ2

0 + ξ2p−q)
− 1

ω̃2
p +Δ2

0 + ξ2p

]
= 0

∑
p

[
ω̃pω̃p−q −Δ2

0 + ξpξp−q

(ω̃2
p +Δ2

0 + ξ2p)(ω̃
2
p−q +Δ2

0 + ξ2p−q)
− 1

ω̃2
p +Δ2

0 + ξ2p

]
= 0

∑
p

[
ω̃pω̃p−q +Δ2

0 − ξpξp−q

(ω̃2
p +Δ2

0 + ξ2p)(ω̃
2
p−q +Δ2

0 + ξ2p−q)
− 1

ω̃2
p +Δ2

0 + ξ2p

]
= 0

∑
p

[
ω̃pω̃p−q −Δ2

0 − ξpξp−q

(ω̃2
p +Δ2

0 + ξ2p)(ω̃
2
p−q +Δ2

0 + ξ2p−q)
− 1

ω̃2
p +Δ2

0 + ξ2p

]
= 0.

(3.22)

The analysis of these equations is rather complicated, but in the end the

results we find are:

1. The first amplitude (Higgs) mode is gapped with a mass approximately

given by

EHiggs,q=0 ≈ 2εp,min, (3.23)

where εp,min is the gap of the Fermionic spectrum. In the limit N → ∞
the gap vanishes.

2. The first phase (Goldstone) mode is ungapped as is expected for a Gold-

stone mode.

3. The second phase (Leggett) mode is gapped with a mass given by

ELeggett,q=0 =
4Δ0

N

√
C1

C2
, (3.24)

where C1 = ln(γ1/(2Δ0)) and C2 = 1/(5 ln(γ1/Δ0))−ln 2−ln(ln(γ1/Δ0)/N).

The equation for the second amplitude mode does not, at least in the limit

N →∞, have a solution. Further analysis of this mode we leave for future

work.
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The large contribution to the specific heat fluctuations from the ampli-

tude mode can be traced back to the vanishing of the gap in the amplitude

mode spectrum (3.23) in the limit of large N , which, in turn, is due to van-

ishing of the gap of the fermionic branch of the spectrum. It is worth not-

ing, however, that in general vanishing of the gap of the fermionic branch

does not mean that the amplitude mode is also ungapped. For example, in

d- and p-wave superconductors and also in the A-phase of Helium-3, the

fermionic gap has nodes in it, but the bosonic amplitude mode still has a

mass gap [56, 57, 11].

3.2 Strained Dirac materials

The second model for flat-band superconductivity in Dirac materials con-

sidered in this thesis is ordinary Dirac material (such as graphene or topo-

logical insulator surface) under specific form of strain.

Strain models in Dirac materials in general, including the flat band

type of strain, were studied extensively in [58]. Later, in [59] it was

suggested that the strain-induced flat band is responsible for peculiar

interfacial superconductivity in topological insulator - normal insulator

sandwich structures [60, 61, 62]. These materials are all either non-

superconducting or have extremely low critical temperature, but yet it

was found that when stacked, much stronger superconducting state ap-

pears with critical temperature being highly sensitive to details of the

strain. Also, in [63] and [64], superconducting models for strained graphene

were considered.

3.2.1 Normal state with flat band

In the continuum limit, it can be shown using elasticity theory that the

presence of strain in graphene has the effect of an artificial vector poten-

tial. The x and y components of the vector potential are related to the

applied displacement field, ui, as [58]

Ax =
2

a
(uxx − uyy)

Ay = −4

a
uxy,

(3.25)
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where

uij =
∂iuj + ∂jui

2
. (3.26)

Here a is the lattice constant of graphene. The Hamiltonian of a Dirac

material in one of the two valleys is then the usual Dirac Hamiltonian

(3.1) with minimal substitution p→ p−A. In the other valley, the sign of

the vector potential in the minimal substitution is the opposite as required

by the time-reversal and spin symmetry of the full system [58].

The particular type of strain required to get a continuum of zero energy

states in the spectrum should be such that the strain component parallel

to the strain direction changes its sign when moving in the perpendicular

direction. To get a 2D flat band (instead of just 1D line of zero energies),

the strain should in addition be periodic. As a model, we can thus use the

vector potential of the form

Ay(x) =
β

L
cos

(
2πx

L

)
, (3.27)

where β characterizes the strength of the potential and L is the period

length. This can be realized for example by using a strain field of the form

uy(x) =
aβ

4π
sin(2πx/L). (3.28)

This form assumes that we are considering only the weak strain limit

where aβ/L � 1. With this vector potential, it is easy to show that for

small momenta and energies, the eigenfunctions of the Dirac equation

become of the form Ψ(x, y) = exp(ikyy)ψ±(x), where

ψ− =

⎛
⎝1

0

⎞
⎠ exp

[
−β sin(2πx/L)

2π

]

ψ+ =

⎛
⎝0

1

⎞
⎠ exp

[
β sin(2πx/L)

2π

] (3.29)

The spectrum is then given by

E = c|p|. (3.30)

where c = vF /I0(β/π) and In(x) is the nth modified Bessel function of

the first kind. This is the same type of Dirac spectrum as for graphene

without strain, but with a reduced Fermi speed. When β � π, c → 0 and

an effective flat band is formed.
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The behaviour of the wave functions and the spectrum can be under-

stood in terms of the well-known Su-Schrieffer-Heeger model [65]. If we

think of ky as just a parameter shifting the potential up or down in the

Hamiltonian, the model becomes the same as the SSH model with a pe-

riodically changing mass term. Whenever a sign change happens, there

must be a topological domain wall state with a zero energy, localized at the

sign change. Sign changes happen as long as ky < β/L. However, already

before this point the wave functions of the edge states within one period

start to overlap, and the edge state is effectively destroyed at ky ≈ β/(2L).

On the other hand, in the kx direction, the lowest energy band is approxi-

mately flat over all of the Brillouin zone with a bandwidth of ∼ c/L.

3.2.2 Superconducting state

The study of the possible superconducting state in strained flat-band Dirac

materials was done in Publication II. Here I summarize the theory.

In the presence of superconductivity, the eigenstates are solved from the

Bogoliubov-de Gennes equation given by

vFσ · p̂u(r) + σyA(x)u(r) + Δ(x)eiks·rv(r) = Eu(r)

−vFσ · p̂v(r)− σyA(x)v(r) + Δ∗(x)e−iks·ru(r) = Ev(r).
(3.31)

Here p̂ = (−i∂x,−i∂y) is the momentum operator, u and v are the elec-

tron and hole wave functions, respectively, and Δ(x) is the periodic or-

der parameter that needs to be solved from the self-consistency equation.

For nonvanishing supercurrent, we can transform the wave functions as

u(r) = u(r)eiks·r/2, v(r) = v(r)e−iks·r/2. This removes the phase factor from

the order parameter and transforms the rest of the equation to

vFσ · (p̂+ ks)u(r) + σyA(x)u(r) + Δ(x)v(r) = Eu(r)

−vFσ · (p̂− ks)v(r)− σyA(x)v(r) + Δ∗(x)u(r) = Ev(r).
(3.32)

A simple estimate for the magnitude of Δ can be obtained from the gen-

eral flat band Δ expression (2.5), and substituting for the approximate

size of the flat band ΩFB ∼ 2πβ/L2. The result is:

Δ ≈ gβ

2L2
, (3.33)

where L is the linear dimension of the system (g again being the super-

conducting coupling constant with units of (energy) × (length)2).
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A more detailed analysis of this model was carried out in Publication

II. To summarize, solving for Δ(x) yields a periodic order parameter that

is strongly localized at the same locations as the normal-state wave func-

tions. This is shown in Fig. 3.3. The order parameter is also, as expected

for a flat band superconductor, linear in the attractive coupling strength,

and depends only weakly on the cutoff energy. The model also has a quan-

tum critical point at g ≈ π2cL/β below which superconductivity is not

supported. Δ as a function of g is shown in Fig. 3.4. Also, the critical

supercurrent – as in the case of rhombohedral graphite model – is finite

and proportional to Δ.

Figure 3.3. Δ(x) of the strained flat-band Dirac material model as a function of

the position for β = 20 (blue), β = 30 (green) and β = 40 (red).

The superconducting Δ also has a weak cut-off momentum dependence

even in the flat-band limit. This comes from the fact that also states in

the linear part of the spectrum contribute to the superconductivity, but

their contribution is weaker than the flat-band contribution and does not

change the results qualitatively. The cut-off dependence was also dis-

cussed in Publication II.

3.2.3 Screening in a flat band

An interesting question also with potential implications to the supercon-

ductivity in flat bands is how the screening of charge behaves in these

materials. To be specific, I consider the static screening in the model of

strained flat band graphene.

The screening properties of electrons in a given model is usually encoded

in the polarization function defined as [10]

Π(q, ω) = −Tr
∑
n

∑
p

G(p+ q, ωn + ω)G(p, ωn), (3.34)
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Figure 3.4. a) Average of Δ(x) as a function of the electron-phonon coupling con-

stant in the strained flat band Dirac material model with β = 20

(blue), β = 30 (green) and β = 40 (red). b) Average of Δ(x) as a func-

tion of temperature for g/(vFL) = 0.02.

where G(p, ωn) = (H(p)− iωn)
−1 is the Matsubara Green’s function of the

system and ωn = (2n+1)πT are the Matsubara frequencies. The dielectric

function is then given, within the random phase approximation [10] by

ε(q, ω) = 1 + VqΠ(q, ω), (3.35)

where Vq is the Fourier transform of the Coulomb interaction potential.

The properties of the polarization function in graphene were studied in

[66, 67]. The main results are that the polarization function is constant

for q < 2kF and grows linearly as q →∞.

For the strained flat-band graphene, the energy below the bandwidth

of the flat band (i.e. the sub-flat-band) behaviour was considered in [68].

Since the sub-flat band Hamiltonian becomes simply the same as the orig-

inal graphene Hamiltonian but with renormalized Fermi velocity, also the

screening properties are the same up to a scaling constant.

An important special case of (3.34) is the static zero-wavelength limit

q = 0 and ω = 0. In that case, the expression for the polarization function

is considerably simplified. At zero temperature it becomes equal to minus
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the density of states at the Fermi level,

Π(0, 0) = −ν(εF ). (3.36)

An important quantity that can be calculated from this relation is the

screening length [10, 8] which is given by rS = 1/(2πν). For strained flat

band graphene the density of states is shown in Fig. 3.5.

Figure 3.5. Density of states in strained flat band graphene for different strain

strengths.

Inside the flat band, the density of states grows linearly until the band-

width of the flat band is reached and the density of states peaks. For large

strain strengths, the density of states effectively diverges at small Fermi

energies, which leads to a vanishing of the screening length. As a result,

we may expect the effective Coulomb interaction to be local, “on-site”, in

flat-band systems.

Similar results for the other flat-band model considered here, the rhom-

bohedral graphite, were found in [69]. Also there the screening length

vanishes at low Fermi energies.

39



Flat bands in Dirac materials

40



4. Heat transport and fluctuations in
superconducting tunnel structures

Another topic of this thesis is heat transport and fluctuations in super-

conductors. While flat-band superconductors discussed in Sec. 2-3 are

fundamentally new types of materials, the superconductors we study in

the context of heat transport are taken to be ordinary s-wave supercon-

ductors, whose properties are largely known.

The study of heat transport in superconductors is a topic that is directly

connected to practical applications. There are many practical devices –

both commercial and research purpose – that require an accurate under-

standing of how flows of heat behave in them.

The work in this thesis is mostly concerned with hybrid structures: su-

perconductor – normal metal – superconductor junction or the inverse of

that, normal metal – superconductor – normal metal junction.

4.1 Heat transport in Normal metal - Superconductor tunnel system

In a junction between a superconductor and a normal metal, the heat cur-

rent from the normal side to the superconducting side is in the tunneling

limit ideally, when both sides are in local equilibrium (possibly with differ-

ent temperatures from each other) and proximity effect or other nonideal

effects are not considered, given by a simple formula [70, 71, 72]

jQ =
1

R

∫
dε(ε− V )NS(ε)

[
f

(
ε− V

TN

)
− f

(
ε

TS

)]
. (4.1)

Here f(ε) is the Fermi function, NS = Re
[
|ε|/√ε2 −Δ2

]
is the (dimension-

less) density states of the superconductor, V is the voltage bias and R is

the tunnel resistance of the junction.

The heat current (4.1) has the interesting property that it changes sign
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at some voltage V ∼ Δ. This means that for small bias voltages, the

normal side of the junction cools down. This is the principle on which

superconducting SINIS (Superconductor - Insulator - Normal metal - In-

sulator - Superconductor) refrigerators are based on. The normal metal

is sandwiched between two superconducting leads and the normal island

cools down when the system is biased

The main differences that real SINIS cooler setups add to the picture

presented above are [72, 73]: 1) coupling of the electrons to the phonons,

2) proximity effect in the interface between the normal metal and the

superconductor and 3) nonequilibrium heating of the superconductor.

In the cooler setup, the nonequilibrium heating can be alleviated by

adding another piece of a normal metal to the system [72, 74]. This piece

then acts as a heat sink for the superconductor. By considering just one

half of a SINIS cooler, the problem reduces to an analysis of a NISIN

junction instead. This is illustrated in Fig. 4.1.

In Publication III, a realistic model for SINIS cooler in the presence of a

quasiparticle sink was considered. All the three effects mentioned above

were taken into account by using the Keldysh Green’s function technique

and calculating the non-equilibrium electron distribution functions and

proximity effect corrected spectral properties in the superconductor.

Figure 4.1. Illustration of the NISIN setup. The electrons in the two normal

metal reservoirs are assumed to be in equilibrium and the super-

conducting part is affected by the inverse proximity effect from the

reservoirs.

The Usadel equation approach is essentially based on writing down

the kinetic equations for the nonequilibrium Keldysh Green’s function of

42



Heat transport and fluctuations in superconducting tunnel structures

the system and taking the quasiclassical and strong impurity scattering

(“dirty”) limits. The resulting equations are [75, 76, 77]

∇(DT∇fT ) = 2
R
D
fT

∇(DL∇fL) = 0

D∇2θ = 2iΔcosh(θ)− 2iE sinh(θ)

, (4.2)

where fT and fL are the symmetric and antisymmetric parts of the elec-

tron distribution function f = 1
2(1− fL − fT ), D is the diffusion constant,

DL = cos2(Imθ) and DT = cosh2(Reθ) and R = −Im sinh(θ). θ is called the

pairing angle and it enters the equations from as a way to parametrize the

Green’s functions. Equation (4.2) is here written in the absence of phase

gradients in the superconductor. Equations (4.2) are accompanied with a

set of boundary conditions that fix the distribution functions to the Fermi-

Dirac ones at the boundaries and the pairing angle to tanh θ = Δ/E.

Solving Eqs. (4.2) in a quasi-1D NISIN junction was done in Publication

III. The findings included an optimal distance for the quasiparticle trap

from the normal metal to be cooled and minimum possible temperature

that can be achieved with such a setup.

One way to derive Eq. (4.1) is with the help of effective action formula-

tion of the tunnel system. This method also has the advantage that, as

presented below, it can be generalized to describe fluctuations in the sys-

tem. The theory is described by the generating functional for the energy

and charge currents through one tunnel junction [78]:

Z =

∫
Dχ

∫
Dξ

∫
DQ

∫
DE

exp

{
−

∫
dt

[
ξĖ + χQ̇− Seff (ξ, χ)

]}
.

(4.3)

Here the effective action describing the tunnel junction, in the tunneling

regime here for simplicity, is given by [79]

Seff =
1

8
gT

∫
dε

2π
Tr

[
{Ĝ1, Ĝ2} − 2

]
. (4.4)

Here Ĝ1,2 are the quasiclassical Keldysh Green’s functions on the two

sides of the barrier that depend on two auxiliary variables χ and ξ that are

used for generating moments of charge Q, and energy E, flowing through

the junction. gT is the tunneling conductance of the junction.

In general, generating functionals of the type (4.3) can be used to find

heat and charge currents as well as their noise and higher moments. This
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is done by derivating the action with respect to one of the auxiliary vari-

ables and evaluating the resulting expression at χ = ξ = 0. For example,

the charge current is given by I = ∂χSeff |χ=0.

For a two-junction NISIN setup, both of the junctions give a contribution

to the effective action. The total action, as derived in Publication V, can

be in the end written as

Seff =

∫
dε

[
(eχ(t)+ξ(t)ε − 1)γ+(ε, t)

+ (e−χ(t)−ξ(t)ε − 1)γ−(ε, t)
] (4.5)

with the two tunneling rates per energy given by

γ+(ε) =
GT

e2
NS(ε)(fL(ε) + fR(ε))(1− fI(ε)), (4.6)

γ−(ε) =
GT

e2
NS(ε)(2− fL(ε)− fR(ε))fI(ε). (4.7)

Here γ+ describes tunneling into the superconductor while γ− describes

tunneling out of the superconductor.

4.2 Temperature fluctuations in NISIN junction

When the superconducting island in the NISIN setup is small, its heat ca-

pacity also becomes small, and individual electrons tunneling into and out

from the island can bring enough heat to change the temperature of the

island substantially. Since the electron tunneling is a stochastic process,

the tunneling of the electrons leads to the fluctuations of the temperature

of the island. One can then study the probability of the island being in a

certain temperature.

When the individual tunneling events are uncorrelated, i.e. when one

tunneling event affects the state of the island so little that the effect of

this change to subsequent tunneling events is negligible, it follows from

the central limit theorem of stochastic calculus that the temperature dis-

tribution of the island must be Gaussian,

P (TS) ∝ exp

[
− C

2T 2
N

(TS − TN )2
]
, (4.8)

where TN is the temperature of the heat reservoir (i.e., the normal metal

part), and C is the heat capacity of the island. It is worth noting that when

the system is biased, formula (4.8) still applies but with a new effective
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equilibrium temperature replacing TN that essentially results from the

Joule heating of the island.

When the temperature is low, also the heat capacity of the island is

exponentially low and single tunneling events can change the state of the

island substantially. This situation, as well as more careful analysis of

the Gaussian regime, were studied in Publication V.

Apart from the NISIN setup, heat fluctuations in superconducting and

non-superconducting nanostructures have been studied extensively also

before [80]. Manifestly non-Gaussian parameter regime for the fluctua-

tions was found in a SINIS junction in [81, 82]. Large fluctuation effect in

a single-electron transistor was found and studied in [83].

The theory of fluctuations in superconducting islands is also applicable

to systems where quasiparticle poisoning effect is relevant. Fluctuating

number of quasiparticles in a superconductor also implies fluctuating par-

ity, which can block the current through the island in a Coulomb block-

aded system [71]. This is a major problem for example in superconducting

single-Cooper-pair transistors [84] and Majorana qubits [85, 86].
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5. Summary and outlook

This thesis includes several new contributions to the field of superconduc-

tivity. Publication I and Publication II are concerned with superconduc-

tivity in systems with flat-band electronic spectrum based on Dirac mate-

rials. Publication III and Publication V are concerned with heat transport

and fluctuations in superconducting nanostructures.

In Publication I we study fluctuations of the superconducting order pa-

rameter in a specific model of flat-band superconductivity. We find a large

contribution to the heat capacity of the model from the fluctuations of the

amplitude mode – i.e. variations in the magnitude of the order parame-

ter. We also find that at zero temperature, the amplitude (or the Higgs)

mode is ungapped unlike in conventional superconductors, where the gap

is large and leads to fluctuation effects being heavily suppressed. An im-

plication of these results is that at least in materials which are described

by the model we used (possibly, for example, superconducting rhombohe-

dral graphite or, more generally, topological semimetals with approximate

chiral symmetry), the conventional mean-field theory of superconductiv-

ity cannot be trusted to give an accurate description of the system, which

indicates that in these systems superconductivity is a strongly correlated

phenomenon.

In Publication II we study another model of flat-band superconductivity.

In this model, the flat band is formed due to a particular type of strain in

a Dirac material, such as graphene or topological insulator surface. We

consider BCS-type s-wave superconductivity in the model and describe

several features of the superconducting state. These include highly in-

homogenous superconducting order parameter, critical temperature that

increases linearly as a function of the superconducting coupling constant,
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peculiar two-peaked density of states and finite supercurrent. We also

make a rough estimate of the critical temperature for graphene under

strain described by the model and find an extremely high critical tem-

perature. The results are a clear indication that strain-induced super-

conductivity in Dirac systems is an extremely viable idea for novel high-

temperature superconducting materials.

In Publication III we study heat currents in a normal metal - supercon-

ductor - normal metal tunnel junction. The motivation for this research

comes from the fact that a normal metal - superconductor junction can act

as a refrigerator that cools the normal part of the junction. In the arti-

cle, we study non-equilibrium and proximity effects when another normal

metal is added to the junction to act as a heat sink. The main findings are

that the nonequilibrium and proximity effects cause the system to have

some optimal parameter regime when used as a refrigerator. If the super-

conducting part is too short and the contacts with the normal metals are

too transparent, the inverse proximity effect kills the superconductivity

and no cooling effect happens. If the distance to the heat sink is too long,

the cooling effect is weakened because of the poor heat conductance of the

superconductor, leading to overheating. When the contact resistance gets

higher, the minimum temperature reached in the setup can get lower even

though the heat current itself is lowered. However, for high enough con-

tact resistances, the minimum temperature is no longer determined by

the proximity and non-equilibrium heating effects and electron-phonon

coupling starts to play a role. The findings can be directly used in design

of a new generation of SINIS coolers.

In Publication IV we study an experimental realization of a SINIS cooler

with normal-metal quasiparticle traps. The normal metal part that is

cooled is a layer of copper that rests on top of superconducting aluminum

contacts with normal aluminum manganese layers below the aluminum,

forming the quasiparticle traps. The lowest temperature achieved with

the setup (starting from 300 mK) is 130 mK. The experimental results

are fitted with a simple phenomenological model with a locally changing

temperature to take into account the non-equilibrium effect.

In Publication V we study energy and particle number fluctuations in

the same NISIN tunnel junction model. We show that while at high tem-

peratures the fluctuations are clearly Gaussian – as is the normal situ-
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ation – at low temperatures they are non-Gaussian as a consequence of

the tunneling events of individual electrons to the superconducting island

becoming correlated with each other. While the non-Gaussianity of the

fluctuations at low temperatures is perhaps the most important concrete

result of the study, also the mathematical formalism used to find the re-

sults and especially the insight that Gaussianity of the fluctuations can be

seen as a consequence of the non-correlatedness of the tunneling events

are novel.

In addition to the results in the articles, I have also included in the

introductory part of this thesis some new results and calculations. Those

include the analysis of the Khodel-Shaginyan model in Section 2.3 and its

application to the triangular lattice model. Also the more comprehensive

analysis of the zero temperature collective modes as well as the two-band

Ginzburg-Landau theory of the superconducting rhombohedral graphite

model are previously unpublished.

To conclude, the study of flat-band superconductors is only at its infancy.

In the near future, one could hope to get a clear experimental verification

of the existence of a real flat-band superconductor material. Materials

that have already shown some promise in this regard are bulk graphite,

few-layer graphene, some topological insulator - insulator sandwich struc-

tures and pressurized H3S. Other plausible ideas that could be imagined

are stacks of topological insulator layers which have been shown to form a

nodal line semimetal with a flat-band surface state under right conditions

[87]. We can guess that if such a structure is made using topological insu-

lator material that is known to exhibit superconducting instability under

doping (such as Bi2Se3 [88] or Bi2Te3 [89]), a flat-band superconductivity

state would be formed on the surfaces of the stack.

Other challenges in the field of flat-band superconductivity include com-

ing up with new ways to create the flat band and also understanding how

superconductivity in the flat band differs from conventional superconduc-

tivity. In this thesis we have already discussed such unconventional prop-

erties as full or partial vanishing of the energy gap, which can lead to

strong fluctuation effects, and inhomogenous order parameter. If strong

fluctuation effects turn out to be a more general property of flat-band su-

perconductors, a complete rethinking of many things that are usually “ab-

stracted out” from the theories will be in order. Indeed, if a superconduc-
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tor can support excitations with an energy gap smaller than the Fermionic

gap, then these excitations, not the usual Fermionic quasiparticles, should

dominate the observables. On the other hand, it is also possible that the

fluctuation effects found in Publication I are, for some subtle reason, lim-

ited to the particular model used in the article and would be absent in real

materials described by more elaborate models.

The field of heat transport in nanostructures is already rather mature

and fundamental ideas are relatively well understood. The next big move

in the field could be to start abstracting out the microsopic nature of the

theories and start creating systematic ways and software libraries to eas-

ily analyse devices and structures consisting of a large number of different

kinds of junctions. This type of work would likely be useful for example in

the design of large scale rapid single flux quantum devices [90, 91].

Overall, both topics covered in this thesis continue to be extremely rele-

vant and interesting. The author certainly hopes that in the future, more

interest in the physics community will be directed especially towards flat-

band superconductors.
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