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Abstract — We propose a novel method for blind

separation of statistically independent sources. The

objective function used in the separation is based on

the fact that the joint characteristic function factors

to a product of the characteristic functions of the in-

dependent marginals. New algorithm for minimizing

the above criterion is derived as well. It estimates

the separating matrix by ensuring that the sources

are pairwise independent. The theoretical character-

istic functions in the objective function are replaced

by their empirical counterparts. Simulation studies

demonstrating the reliable performance of the pro-

posed method in separating many different types of

sources are presented. In particular, distributions of-

ten encountered in wireless communication applica-

tions are employed in the examples.

I. Introduction

This paper introduces a novel approach to the Blind Source
Separation (BSS). It is an Independent Component Analysis
(ICA) method that assumes that the source signals are sta-
tistically independent. We propose a method that exploits an
alternative definition of the independence expressed in terms
of characteristic functions: the joint characteristic function
may be factored to a product of the characteristic functions
of the independent marginals. A novel algorithm for mini-
mizing the criterion based on this factorization is proposed as
well.

Conventionally, the factorization of the cumulative distri-
bution function (cdf) is used as a starting point in deriv-
ing ICA algorithms. In such approach, cdfs F1 and F2 con-
sist of independent components if and only if F (x1, x2) =
F1(x1)F (x2) for all pairs (x1, x2). Naturally this factoriza-
tion holds for m components. A similar factorization holds
for probability density functions (pdf) if the components are
assumed to be (absolutely) continuous. Many widely used
ICA algorithms are based on the factorization of cdf either
explicitly (see e.g. [1]) or implicitly through derived contrast
functions [8, 2, 5]. In practice such algorithms [6, 4, 9] may
fail in separating certain type of sources encountered in many
key application areas, as it is demonstrated in [7], even though
these sources are separable in theory.

In this paper, the factorization of the characteristic func-
tion is used as an objective function (contrast) in blind sep-
aration. This approach has significant benefits. First, the
source separation may be performed using the definition of
independence directly as a criterion. Moreover, characteristic
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function always exists and consequently the method has the
potential to separate wider class of source distributions than
conventional methods. In the process of estimating the sep-
arating matrix, the characteristic functions in the definition
are just replaced by empirical characteristic functions. We
also introduce a BSS algorithm that minimizes the proposed
objective function by processing the sources pairwise. This
is justified since it is enough for the separated sources to be
pairwise independent. The algorithm employs a Jacobi type
of processing.

This paper is organized as follows. Section II describes
briefly the ICA model. In Section III, the definition of inde-
pendence is given in terms of characteristic functions, and the
estimation is briefly discussed. An objective function which
employs characteristic functions is derived in Section IV. An
algorithm for finding the independent source signals is pro-
posed in Section V. Examples illustrating the reliable perfor-
mance of the proposed method are presented in Section VI.
In the simulation studies, we consider skewed source distribu-
tions such as Rayleigh that occur frequently in telecommuni-
cations and biomedical applications. Conventional methods
using fixed zero-memory nonlinearities perform poorly in sep-
arating such sources. Finally, Section VII concludes the paper.

II. ICA system model

The model considered here is the classical noise-free ICA
model with instantaneous mixing

x = As, (1)

where the sources s = [s1, s2, . . . , sm]T are mutually indepen-
dent real random variables and Am×m is an unknown invert-
ible mixing matrix. Using Skitovich-Darmois theorem it is
easy to show [5] that the model (1) admits a unique solution
up to scaling and permutation indeterminacy

y = Wx (2)

such that WA = ΛP , where Λ diagonal scaling matrix and P
is permutation matrix. At most one source is allowed to be
Gaussian to ensure the identifiability. The goal of a ICA/BSS
method is to find a separating matrix W such that the recov-
ered sources are as independent as possible.

III. Characteristic functions and independence

The independence condition for the components of a m-
dimensional random vector x may be written using character-
istic functions as follows

ψx(t) =

mY

k=1

ψek (tk) (3)



for all t = (t1, t2, . . . , tm)T ∈ Rm, where ψ is the correspond-
ing m-dimensional characteristic function defined as

ψx(t) , E{ei<t,x>},

where < ·, ·> denotes the standard vector inner product, and
ψek , i = 1, . . . ,m, is the characteristic function of the k:th
marginal. By denoting the k:th standard unit vector by ek =
(0, . . . , 1, . . . , 0) with 1 at k:th position, the marginals can be
written as ψ(tkek) in terms of the joint characteristic function.

The characteristic functions used in the factorization may
be estimated from data by means of empirical characteristic
function ψ̂n. For n samples, it is defined as follows

ψ̂n(t) , 1

n

nX

l=1

ei<t,xl>,

where xl is the l:th sample (l = 1, ..., n). At every fixed point
the estimator converges both in the mean square and almost
sure sense [11]. By substituting the theoretical characteristic
functions in the expression (3) by their empirical counterparts
we may directly measure the independence from data sample
instead of using indirect approximations of independence.

Some methods for measuring independence that utilizes the
characteristic function decomposition (3) can be found (see
[11], Section 3.7 and references therein) from statistical liter-
ature. It seems that these methods are highly complicated
and do not fit well to the signal separation problem at hand.
Instead, we propose a much simpler method which is easy to
minimize and gives excellent results in simulations.

IV. ICA criterion for pairwise independence

In finding statistically independent components, it suffices
that all signals are pairwise independent. Then matrix W in
expression (2) is a separating matrix [5]. If it is further as-
sumed that the sources have finite variances and a prewhiten-
ing step [2] is applied, the matrix W will be orthogonal. This
allows for developing an ICA algorithm that employs Jacobi
type of orthogonal optimization and pairwise processing [5, 3].

We may construct a two dimensional objective function Cx

(to be defined later) that uses differences,

∆x(tt1,t2) , ψx(tt1,t2)− ψx(t1e1)ψx(t2e2),

as an instance of (3) in chosen points tt1,t2 = (t1, t2)
T . Since

characteristic function has the property that ψ(0) = 1, it is
reasonable to require that the vector components t1 and t2
are non-zero. In other words, a zero in vector t ignores the
corresponding component of the random vector in the expres-
sion (3). We call vectors containing any zeros trivial. Due
to the scaling indeterminacy in the model (1), all non-trivial
points can been seen to be theoretically equivalent in the sense
that if the above difference ∆x(tt1,t2) vanishes for (possibly
dependent) variables in a point tt1,t2 , then for every other
point there exists a mixing and scaled sources such that the
difference also vanishes. This may be shown as follows. Let
us take any two non-trivial vectors (points) t and u. Denote
the component-wise product by ¯, and let x̃ = u−1 ¯ t ¯ x,
where u−1 is a vector such that the product u¯u−1 equals a

vector of ones 1. Now

∆x(t) = ψx(t)−
mY

k=1

ψx(tkek)

= ψ<t,x>(1)−
mY

k=1

ψ<tkek,x>(1)

= ψ<1,t¯x>(1)−
mY

k=1

ψ<ek,t¯x>(1)

= ψ<u,u−1¯t¯x>(1)−
mY

k=1

ψ<ukek,u−1¯t¯x>(1)

= ψx̃(u)−
mY

k=1

ψx̃(ukek)

= ∆x̃(u),

where we used the identity ψx(t) = ψ<t,x>(1) that can easily
be derived from the definition. Multiplying x̃ with a matrix
A scaled column wise by uk, k = 1, . . . ,m, results to the same
variable as multiplying x with the original matrix A (scaling
indeterminacy). Therefore, we have no way of determining the
points where the difference vanishes for dependent variables.
Thus we may choose any non-trivial point.

If x and y are independent random variables, then
ψx,y(t, t) = ψx+y(t) and ψx,y(t,−t) = ψx−y(t). This moti-
vates us to use the points tt,t and tt,−t into our objective
function. Since ψ(−t) = ψ(t)∗, where ’∗’ denotes complex
conjugation, we may use a real valued objective function by
further including the points t−t,−t and t−t,t. The proposed
objective function for pairwise independence is now defined as

Cx ,∆x(tt,t)∆x(t−t,−t) + ∆x(tt,−t)∆x(t−t,t)

=
ą
ψ(tt,t)− ψe1(t)ψe2(t)

ćą
ψ(t−t,−t)− ψe1(−t)ψe2(−t)

ć

+
ą
ψ(tt,−t)− ψe1(t)ψe2(−t)

ćą
ψ(t−t,t)− ψe1(−t)ψe2(t)

ć

=|ψ(tt,t)− ψe1(t)ψe2(t)|2 + |ψ(tt,−t)− ψe1(t)ψe2(−t)|2

=|∆x(tt,t)|2 + |∆x(tt,−t)|2.
(4)

This function is always non-negative, and for independent ran-
dom variables it equals zero. By using the Euler’s formula and
common trigonometric equalities we get

∆x(t) =ψ(tt,s)− ψe1(t)ψe2(s)

=E{cos(tx1) cos(sx2)} − E{sin(tx1) sin(sx2)}
+iE{sin(tx1) cos(sx2)}+ iE{cos(tx1) sin(sx2)}
−E{cos(tx1)}E{cos(sx2)}+ E{sin(tx1)}E{sin(sx2)}
−iE{sin(tx1)}E{cos(sx2)} − iE{cos(tx1)}E{sin(sx2)}
=

ą
E{cos(tx1) cos(sx2)} − E{cos(tx1)}E{cos(sx2)}

ć

−ą
E{sin(tx1) sin(sx2)} − E{sin(tx1)}E{sin(sx2)}

ć

+i
ą
E{sin(tx1) cos(sx2)} − E{sin(tx1)}E{cos(sx2)}

ć

+i
ą
E{cos(tx1) sin(sx2)} − E{cos(tx1)}E{sin(sx2)}

ć
.

Therefore the objective function in (4) can be reformulated to



a real valued form

Cx =Real{∆x(tt,t)}2 + Imag{∆x(tt,t)}2

+Real{∆x(tt,−t)}2 + Imag{∆x(tt,−t)}2

=2
ą
E{cos(tx1) cos(tx2)} − E{cos(tx1)}E{cos(tx2)}

ć2

+2
ą
E{sin(tx1) sin(tx2)} − E{sin(tx1)}E{sin(tx2)}

ć2

+2
ą
E{sin(tx1) cos(tx2)} − E{sin(tx1)}E{cos(tx2)}

ć2

+2
ą
E{cos(tx1) sin(tx2)} − E{cos(tx1)}E{sin(tx2)}

ć2
.

(5)

In the process of estimating the separating matrix, the the-
oretical characteristic functions in the above expression are
replaced by empirical characteristic functions. Let x1l and x2l

denote the l:th observation of random variables x1 and x2 and
let the sample size be n. If we choose t = 1 in (5) and multiply
by n4, the objective function may be estimated from data by

Ĉx , 2
ą
n

nX

l=1

cos(x1l) cos(x2l)−
nX

l=1

cos(x1l)

nX

l=1

cos(x2l)
ć2

+ 2
ą
n

nX

l=1

sin(x1l) sin(x2l)−
nX

l=1

sin(x1l)

nX

l=1

sin(x2l)
ć2

+ 2
ą
n

nX

l=1

sin(x1l) cos(x2l)−
nX

l=1

sin(x1l)

nX

l=1

cos(x2l)
ć2

+ 2
ą
n

nX

l=1

cos(x1l) sin(x2l)−
nX

l=1

cos(x1l)

nX

l=1

sin(x2l)
ć2
.

(6)

V. Algorithm

Any 2× 2 real orthogonal matrix W (plane rotation) may

be described by W (θ) =
ą cos(θ) sin(θ)
− sin(θ) cos(θ)

ć
. We need to find the

angle θ̂, 0 ≤ θ̂ < π/2, such that the equation (6) is minimized.

Let y(θ) =
ą
y1(θ), y2(θ)

ćT
= W (θ)x. Now y1(θ + π

2
) = y2(θ)

and y2(θ + π
2
) = −y1(θ). Therefore, due to the symmetries

in the equation (6), the objective criterion Cy(θ) is π
2
-periodic

continuous function of θ. So far we have not been able to show
this in general case, but it seems that the criterion Cy(θ) has
only a single minimum and maximum on the interval [0, π/2),
and that it is even with respect to the minimum, and convex
between the minimum and the maximum. Therefore, we em-
ploy a simple golden section search [10] for fast and accurate
minimization.

The algorithm can be summarized as follows.

1. Initialization. Compute a whitening matrix, and trans-
form data accordingly.

2. Sweep. For all pairs 1 ≤ i < j ≤ m, do

(a) Compute the givens angle θ̂ij minimizing the ex-
pression (6) for the pair of marginals yi and yj .

(b) If θ̂ij > θ̂min, rotate the pair accordingly.

3. If no pair has been rotated rotated in previous sweep,
end. Otherwise go to 2 for another sweep.

The constant θ̂min above is a threshold value that controls
the accuracy of the optimization. It defines the minimum
rotation angle that is considered to be significant in finding
the separating matrix. In our experiments, we have used the
value θ̂min = 0.1/

√
n following the guidelines given by Cardoso

[3].

VI. Simulation examples

In our first simulation separation of six Rayleigh(1) dis-
tributed sources is performed. Rayleigh distribution is skewed,
and it is commonly used in wireless communications to de-
scribe channel fading. The kurtosis of a Rayleigh source
is different from the kurtosis of Gaussian, thus the sources
should be separable with the commonly used algorithms that
exploit kurtosis in the separation. We varied the sample
(signal) length, and calculated the Signal to Inference Ratio
(SIR), SIR(dB)=−10 log10(MSE), where the Mean Square Er-
ror (MSE) was calculated with respect to the original signals
with the permutation and scaling difference eliminated. The
proposed algorithm is compared to the widely used JADE al-
gorithm [4] in Figure 1, where for each sample length the mean
of the SIR values averaged over 500 Monte Carlo runs are pre-
sented. The mixing matrix was randomly generated for each
realization
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Figure 1: The varying sample length versus mean SIR
value of six Rayleigh(1) distributed sources.

It can be seen that the proposed method reliably separates
the sources at relatively small sample sizes whereas JADE
barely can make the separation with maximum (5000) signal
length tested. This simulation may be compared with the re-
sult presented in [7], where a simulation with the same sources
of length 5000 were tested. In that study, JADE had the best
performance among the following commonly used algorithms
[6, 4, 9].

The second example demonstrates the performance of the
algorithm for relatively small sample sizes. Two Rayleigh(1)
signals of only two hundred samples were mixed with a ran-
domly generated matrix A. The SIR value histograms of 10001
Monte Carlo runs for the proposed method and for the JADE
algorithm are presented in Figure 2. The histograms indicate
that the characteristic function based method rarely fails in
separation whereas the separation obtained by JADE for this
type of skewed sources is often unsuccessful. To visualize the
quality of the separation, the signals of a typical run are also
presented. The original signals together with the mixtures are
shown in Figure 3. Both signals were centered and normal-
ized before plotting. The centered and normalized separation
results together with the error signals are shown in Figure 4
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Figure 2: Histograms of obtained SIR values using the
proposed method and JADE for a two signal mixing.

and in Figure 5. The presented separation result was chosen
such that the obtained SIR values (21.1/21.9 for ECF-ICA and
10.4/10.7 for JADE) are close to the median SIR values for
each method and source computed over the whole simulation,
as can be seen from Figure 2. In our opinion, a separation can
be considered successful when the SIR values are over 15.

In the third example we separate a mixture of a sub-
Gaussian (sine wave), super-Gaussian (Laplace(0, 1/

√
2)),

and a Gaussian(0,1) signals. Again 500 Monte Carlo runs
were performed for the same signals lengths as in the first ex-
ample. The medians of the SIR value for each signal are pre-
sented in Figures 6,7, and 8 again for the proposed method
and JADE. It can be seen that the performance of the algo-
rithms is roughly the same, and they can make the separation
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Figure 3: From the top: the two original signals, and the
two mixtures. All signals are centered and normalized.
Original signals should be compared to the separation
results given in Figure 4 and in Figure 5.
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Figure 4: From the top: the JADE separation results,
and the corresponding error signals. It can been seen
that the structure of original source signals is preserved,
but the error remains large.

already with very small sample sizes.

VII. Conclusion

We have proposed a new characteristic function based ap-
proach to blind source separation. The method assumes that
sources are statistically independent and minimizes a crite-
rion that follows directly from the definition of independence
in terms of factorization of the characteristic functions. An
algorithm employing the novel criterion and Jacobi type of
pairwise processing for estimating the separating matrix is
developed as well. Such approach may be used because it suf-
fices that the sources are pairwise independent. The simula-
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Figure 5: From the top: the ECF-ICA separation results,
and the corresponding error signals. It can be seen that
the separation is successful, and that there is almost no
error.
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Figure 6: The varying sample length versus median SIR
value for the sinusoidal source signal.
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Figure 7: The varying sample length versus median SIR
value for the Gaussian(0,1) source signal.

tion studies demonstrate that the proposed method can sepa-
rate wide variety of source distributions (sub-Gaussian, super-
Gaussian and skewed distributions) using relatively small sam-
ple size. The method has a reliable performance even in the
cases where the commonly used methods fail. In the simula-
tion examples source distributions that are often encountered
telecommunications applications are used.
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