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List of symbols 
 (  matrix of stoichiometric coefficients 

 surface or interfacial area (  

 Affinity of reaction  (  

 activity of species  

 stoichiometric coefficient between component  and species ; matrix 
element of  

 magnetic flux density 

 ) column vector of molar amounts of components  

 molar amount of component   

 number of added constraints in a matrix of stoichiometric coefficients, 

 electric field  

 Helmholtz free energy  

 Faraday constant  

 Gibbs free energy  

 free energy function (other than ) matching system specific constraints 
 

 free energy function as calculated by a free energy minimiser  

 modified minimised free energy function in a free energy minimiser  
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 thermodynamic work coefficient  

 thermodynamic work coefficient  for a species  as pure phase (such 
as surface energy ) 
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 thermodynamic work coordinate   

 molar contribution to the thermodynamic work coordinate  by species  
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 molar magnetic susceptibility of   

 

Subscript and superscript related terminology (  is a generic Roman or Greek 
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 where  can be also be ,  or . Partial molar quantity corresponding to 
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in the preceding list) 

,  change in  due to processes that are internal to the system or those 
that are interactions with its surroundings respectively  

 part or value of the quantity  related to the part  or  only 
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1. Introduction 

Computational methods in chemical equilibrium thermodynamics have found nu-
merous application areas in diverse fields such as pyrolysis and combustion, met-
allurgy, petrochemistry, the pulp and paper industry, the study of advanced inor-
ganic materials, environmental science and biochemistry (Alberty, 2003; 
Gmehling, Kolbe, Kleiber, & Rarey, 2012; Hack, 2008; Jäntschi & Bolboacǎ, 2014; 
Kangas, 2015; Letcher, 2004). This is not surprising considering the general ap-
plicability of thermodynamic relations, theoretical and data development over a 
century and finally the rapid improvements in computational methods during the 
last few decades. Also a large number of computer codes and programmes have 
been developed for accurate handling of thermochemical systems and effective, 
robust and practical determination of the equilibrium state based on the minimisa-
tion of the Gibbs free energy of the system.  

As many of the cases of interest are not in actual equilibrium, there is a need for 
methods that extend the application area of chemical equilibrium solvers to non-
equilibrium systems. Likewise there is a need for efficient computational methods 
for thermochemical systems that are described by parameters other than those 
most commonly associated with Gibbs energy, namely temperature, pressure and 
fixed elemental (and charge) balances.  

The purpose of this work has been to explore, develop and collect a systematic 
set of computational methods that can be used with a standard Gibbs energy 
minimiser for solving advanced thermochemical problems. The actual calculations 
have been made using the ChemSheet or ChemApp software (Koukkari, Penttilä, 
Hack, & Petersen, 2000), but the presentation has aimed to be generic and appli-
cable with other thermochemical codes that allow the user to define thermodynam-
ic data and the stoichiometries of the constituent species in the system. The algo-
rithmic functioning of those codes, such as finding the global free energy minimum 
reliably and computationally efficiently in systems containing multiple components 
(dozens, if required), and potentially multiple non-ideal mixture phases has not 
been considered a part of this work. The idea has been to extract as much as 
possible useful information regarding the system by applying the regular bulk 
thermodynamic data (assumed well established) by involving as few additional 
assumptions or parameters as possible.   

The first version of this work published in Paper I, used the term Constrained 
Free Energy (CFE) method as a descriptions of the extensions done to standard 
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Gibbs energy minimisation models. In Paper V, additional constraints and energy 
terms were treated in more systematic fashion applying the term Constrained and 
Extended Free Energy Minimisation.     



 

13 

2. Thermodynamic basis 

In this work it is assumed that the system considered is either isotropic, having the 
same values for T, chemical potentials, P and other work-coefficients throughout 
the system, or that it can be divided into a finite number of such  parts. If not ex-
plicitly stated otherwise, the model equations are written for one isotropic part. The 
presentation of the thermodynamic theory in this chapter aims to be sufficient for 
understanding the concepts presented in the work, not complete in other respects. 

 Definitions 2.1

A computational system in chemistry can be divided from one hand to phases and 
their constituent species, and from the other hand to components that form the 
species according to their stoichiometries. While the same definitions are also 
understood to apply for real systems, there is some level of abstraction with each 
of them. With phases regarding their assumed uniformity, with components re-
garding the time scale used to study and what processes can be considered in 
equilibrium within it. Different kinds of speciations within a mixture phase and 
related excess energy models can be used to derive within practical accuracy 
same actual measurable properties of the system.  
  

2.1.1 Phase 

A phase in thermodynamics is typically defined as a region of a system with a 
uniform composition, temperature and physical state (Clarke, Hastie, Kihlborg, 
Metselaar, & Thackeray, 1994; Pitzer, 1995; Prigogine, Defay, & Everett, 1954). In 
his work, Guggenheim stated that systems with for example compositional gradi-
ents should be considered to be composed of infinite number of infinitesimal 
phases (Guggenheim, 1967). In this work, it has been assumed the system can, 
with sufficient accuracy, be divided to a finite number of such parts with phases of 
uniform composition within each part. In a computational system, a predefined set 
of possible phases exists from which the free energy minimiser selects the ones 
leading to the free energy minimum.       
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2.1.2 Component 

The number of independent components in a thermochemical system refers to the 
number of substances constituting the system amounts of which can be inde-
pendently set. In this work, the definition used by e.g. Pitzer (1995) is followed 
where the word component always refers to such independent components. In 
free energy minimiser programmes and related databases the stoichiometry of the 
various species or constituents is given in terms of some basic building blocks, 
most often elements and electrical charge that are typically denoted as ‘compo-
nents’ or ‘system components’. In most cases their number would equal the num-
ber thermodynamic components referred above. In some cases when, for exam-
ple, the number of species present is less than the number of such ‘system com-
ponents’, the stoichiometries would need to be redefined  within the calculation 
routine (Eriksson & Hack, 1990) to correspond to the proper thermodynamic num-
ber of components.   

2.1.3 Species 

Each phase of the system is considered to be made of one or more species, or 
constituents (the two words are used interchangeably in this work, though in some 
texts difference is made between the two (Hillert, 2007)). They are typically mo-
lecular entities that can be transferred from one phase to another (though for ex-
ample with charged species this is not necessarily true). In a computational sys-
tem each phase definition contains one (when the phase has fixed stoichiometry) 
or more species (with their typically temperature- and pressure-dependent stand-
ard state chemical potentials) that may be present in the phase. This speciation 
together with the corresponding non-ideality model defines the equilibrium ther-
modynamic properties of the computational system. 

 Minimum free energy as an equilibrium condition 2.2

The change in internal energy of a system can be given (Haase, 1990)  by the 
Eq. (1) 

 (1) 

while the corresponding Euler form for internal energy is 

 (2) 

where  is the generalised work coefficient with intensive character and  is the 
corresponding generalised work coordinate with extensive character. Example 
cases have been listed in Table 1. While the expression of the generalised work 
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[Eq. (1)] has been adapted from the comprehensive treatment of Haase (1990), 
the nomenclature mostly follows Alberty (2001). 
 
Table 1. Common examples of thermodynamic work coefficients and coordinates 

 
work coefficient  work coordinate  

 (pressure)  (volume) 
 (surface energy)  (surface area) 
(electric potential)  (charge) 
 (electric field)  (electric dipole moment) 

 (magnetic flux density)  (magnetic moment) 
 
 

For the internal energy , the natural variables are ,  and , meaning that if  
is known as a function of those extensive variables, all the other thermodynamic 
properties of the system can be derived (Alberty, 2001).  

Common definitions (Haase, 1990) for enthalpy , Helmoholtz  and Gibbs 
 free energy are given by (Eqs. (3)-(5)) 

 (3) 

 (4) 

 (5) 

In this work the extensive work coordinates  are divided into partial molar contri-
butions from each species following Eq.(6) 

 (6) 

so that 

 (7) 

For the practical applicability with a Gibbs energy minimiser, in the present work it 
has been further assumed that the partial molar properties expressed by Eq. (6) 
are not functions of phase composition.  

Energy function expressions on molar basis are given by Eqs. (8)-(10) 

 (8) 
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 (9) 

 (10) 

Based on the first law of thermodynamics the change in internal energy of a 
system can also be stated as 

 

 
(11) 

Changes in (molar) amounts of substances have been divided here to those due 
to mass transfer between the system and the surroundings and those due to 
chemical reactions within the system. 

 (12) 

Likewise, the entropy change in the system can be divided into those caused by 
internal processes  and those caused by interactions of the system and its 
surroundings   

 (13) 

with 

 (14) 

so that 

 (15) 

and 

 (16) 

According to one of the formulations of the second law of thermodynamics 
(Kondepudi & Prigogine, 1998), internal processes in any system always increase 
the entropy, so any internal changes in the system always increase the value 
given by expressions (17)-(20) towards its maximum value. 

 (17) 
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 (18) 

 (19) 

 (20) 

For a closed system with constant temperature and  (including ) the require-
ment that  leads to , with constant temperature and   (such as ) 
is the corresponding condition . For an adiabatic system, . 

 Systems with constant work coordinates 2.3

In cases in which some of the work coordinates (and not the corresponding work 
coefficients) are constant, a corresponding free energy function can be defined 
(Alberty, 2001) 

 (21) 

where the summation is over the constant values of hl  so that 

 (22) 

or 

 (23) 

when temperature and pressure and each of the  and s are kept constant in a 
closed system. A corresponding molar free energy,  in this work1 that includes 
a contribution to the work coordinate amount specific to the species  can be de-
fined as  

 
(24) 

Eq. (24) applied to pure phase gives the standard state free energy with the ad-
ditional work coordinate contribution as 

                                                           
1 Here the superscript  is used to denote a specific phase or part of the system in which the 

work coefficient of interest applies. When superscripts   and  are used, the species that 
 and  or   and  refer to are the same in different parts or phases of the system.   
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 (25) 

For simplicity, the Eqs. (24) and (25) are written for the case where only one 
work coordinate  is kept constant. In the constrained equilibrium, i.e., the mini-
mum of , the chemical potential is still, as a state variable, the quantity that is 
phase independent, i.e., equal throughout the system. 

 (26) 

In terms of activities the chemical potential can be expressed as:  

 (27) 

 Systems with constant chemical potentials 2.4

With regard to systems in chemical equilibrium, Eq. (22) can be written in terms of 
independent variables, so that the species in the system are replaced by compo-
nents, whose number is less than the number of species assuming chemical reac-
tions or mass transfer between phases are taking place.  

 (28) 

The chemical potential of a component  in this work has been denoted by the 
symbol , and its molar amount by  to make them easier to distinguish from the 
chemical potential  and molar amount of a species . 

A suitable free energy function when some component chemical potentials are 
kept at a constant value by material bath is given by 

 (29) 

where the summation is over the non-constant values of   

 
(30) 

with Eq. (23) following, so that when temperature, work coordinates  and each of 
the  and  are kept constant,  is minimised. 

Mathematically Eqs. (21) and (29) represent Legendre transforms of the free 
energy function to a new one with a new set of independent variables (Alberty, 
2001). The transforms allow solving of the equilibrium state and all its thermody-
namic functions specified by the natural variables, where the natural variables can 
be freely chosen from the conjugate pairs of molar amounts and chemical poten-
tials; temperature and entropy as well as work coordinates and work coefficients. 
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 Systems with other than work coordinate constraints 2.5

If other constraints (e.g. due to slow reaction rates) that are not related to an addi-
tional work term  apply to the system, the form of the energy functions [Eqs. 
(2)-(5)] is not altered. The free energy corresponding to any specific composition 
remains unchanged. However, the possible states of the system are reduced and 
the equilibrium is generally shifted to some state with higher free energy than 
without the constraint. When the states of the system are constrained by a relation 
or relations that can be expressed as linear combinations of amounts of species, 
the effective number of components in the system is increased, as was first noted 
by J. W. Gibbs, who called these kinds of constraints “passive resistances”(Gibbs, 
1876; Koukkari, Pajarre, & Hack, 2008).  
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3. Use of a free energy minimiser 

 Traditional problem statement 3.1

The problems to be solved with a typical free energy minimiser are of the type: 
Find the minimum of function : 

 (31) 

subject to constraints 

 (32) 

and 

 (33) 

where matrix element  of matrix  is the stoichiometric coefficient between 
component  and species , vector element  the molar amount of species  and 
vector element  the (fixed) molar amount of component  in the system. The  in 
Eq. (31) is the free energy of the system, either   (Gibbs energy) or  as defined 
by Eq. (5) or (21), depending on whether additional work co-ordinate constraints 
have been applied. When  equals , the molar quantity  equals the chemical 
potential .  

In the minimum free energy ( ) state, the derivatives of the Lagrangian function 
(Smith & Missen, 1991) 

 (34) 

(where  is a vector of Lagrange multipliers) with respect to molar amounts and 
individual Lagrange multipliers must be zero, so that 

 (35) 

The chemical potential or molar Gibbs energy of a species in the calculation is 
expressed in the following or equivalent form: 
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 (36) 

Most often the activities are calculated based on activity coefficients on a mole 
fraction based scale  

 (37) 

so that the standard state value  in Eq. (36) refers to the chemical potential 
of the pure substance in given conditions, but also other activity scales are used. 
The activity coefficients  for a free energy minimiser are given as functions of 
phase composition, temperature, and possibly pressure. The pressure dependen-
cy of  is formally given by 

 (38) 

For gaseous species the ideal gas law is often applied leading to  

 (39) 

while for condensed phases the pressure dependency is often ignored, effectively 
assuming that  is small enough that it can be considered zero. 

The Lagrange multiplier for a component can be equated with its chemical po-
tential as 

 (40) 

both when  equals  and when it equals . Eq. (35) can also be applied to spe-
cies that are not present in the equilibrium, allowing the calculation of molar free 
energy for a species that is not present in the equilibrium state and for which Eq. 
(36) is not directly applicable (Eriksson, 1975). 
  Equilibrium solvers typically allow solving of problems where the equilibrium 
chemical potential of certain species is fixed while the corresponding feed amount 
is allowed to vary. After redefining system stoichiometry so that the species of 
interest equals one of the system components, the problem equals the one de-
scribed by Eq. (29). Computationally it can be solved (Cheluget, Missen, & Smith, 
1987; Norval, Phillips, Missen, & Smith, 1991) by normal numerical routines by 
noting that (here summation index  goes over the components whose chemical 
potentials are held constant) 

 
(41) 
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This means that the correct free energy function is minimised if the standard 
state values of those species containing the components with fixed chemicals 
potential are adjusted according to Eq. (42)  

 (42) 

Additionally the mass balance constraints (33) related to components  need to 
be relaxed (the components are removed from matrix . 

 Additional work coefficients 3.2

 In most cases with chemical equilibrium problems, the thermodynamic data is 
not given as a function of any other work coefficients than pressure, that is, any 
other work coefficients are assumed to be zero. According to the Eqs. (10) and 
(20) the Gibbs energy is also the minimised free energy function for non-zero 
constant values of . The Gibbs energy is then given by (from Eqs. (1) and (5)) 

 (43) 

 (44) 

while the change in chemical potential is given by 

 (45) 

and therefore standard state value corresponding to constant non-zero  is 

 (46) 

In order to avoid handling vector components separately it is assumed for Eq. 
(46) that  can be replaced with  (  and  are either scalars or they 
are aligned).  

As an example, for a ferromagnetic material as a pure phase when the magnet-
isation is assumed to be constant  

 (47) 

and for paramagnetic material, if magnetisation is directly proportional to the ex-
ternal field 

 (48) 

The chemical potential for a mixture phase is then given by 

 (49) 
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The practical applicability of Eq. (49) is greatest when the dependency of the 
activity coefficients on  can be ignored.  

 Addition of new components to computational systems 3.3

The addition of a new component/constraint to a computational system adds a 
new row to matrix  and new elements to the vectors ,  and  in Eq. (34). The 
resulting Lagrangian function  is identical to one defined for a system with the 
original components, but with adjusted free energy function  defined by 

 

 

(50) 

so that the adjusted free energy function is one where the molar contributions 
have been augmented by the factor  

 (51) 

while the free energy function includes an additional term 

 (52) 

The minimum energy condition corresponding to Eq. (35), together with the origi-
nal mass balance constraints, is now  

 (53) 

The quantity on the left side of Eq. (53), marked with  in (51), replaces the 
original chemical potential expression (  as the quantity that must be 
equal in phases and parts of the system that are in equilibrium with each other, 
that is, it is the chemical potential in the system. The comma in  is used to 
denote, that the standard state value may have been adjusted from the value used 
in the unconstrained system if new work coordinate has been applied, in concur-
rence with Eq. (24) 

    (54) 

Here is the work coefficient for pure species  in phase or system part . In 
the example cases discussed in this work, it is zero except with surface energy-
related calculations, where it equals the surface energy of the pure substance (it 
can also be applied to the case of an external magnetic field as an alternative to a 
fiel- related new component (section 4.5)). 

Comparing Eq. (53) with Eq. (27) we have, for cases where the constraint can 
be equated with a fixed work co-ordinate, the equality   
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 (55) 

For the practical applicability with Gibbs energy minimisers, it is also required 
here that  is not a function of . Therefore, it is assumed that  can be fac-
tored into two parts, separating the possible dependency on  from the depend-
ency on .  

 (56) 

(Subscript  omitted from the equation for clarity as a continuously repeating ele-
ment) Provided that Eq. (56) is valid, the stoichiometric coefficient  can be 
defined by 

 (57) 

and the corresponding work coefficient as  

 (58) 

In Eqs. (57)-(58),  is a normalisation constant with the same units as  and 
an arbitrary yet fixed numerical value. 

Formally then, if a work coordinate related stoichiometric coefficient can be de-
duced on physical basis, the min( ) procedure can incorporate such factors in a 
multiphase calculation. According to Eq. (55) the respective component potentials 
become solved as additional Lagrange multipliers within the minimisation. 

If the applied constraint cannot be equated with a work co-ordinate, the corre-
sponding term does not enter Eq. (5), so for example for the case of system with a 
constant temperature, (external) pressure and a non-work constraint the Gibbs 
energy remains 

 (59) 

In terms of original components the minimised free energy nevertheless has an 
additional term as expressed by Eq. (50). With a molar free energy defined as  

  (60) 

we have from Eq. (53) an equality that is also valid for rate constrained sys-
tems. 

 (61) 
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 Applying additional components for calculations with 3.4
additional non-zero constant work coefficients  

In principle, the application of Eq. (46) to adjusted standard state values is suffi-
cient for calculations when the value of new work coefficient instead of the corre-
sponding work coordinate is specified (it is assumed here that the activity coeffi-
cients are not explicit functions of ). However, one often wants to perform re-
peated calculations with many different values of  while the databases used and 
free energy minimiser programmes do not necessarily readily support this. An 
alternative is to define a new component for the stoichiometry of the relevant spe-
cies and adjust the chemical potential of that component.  

From Eqs. (41) and (46)  

 (62) 

As before, it is assumed here that  can be factored to two parts, separat-
ing the possible dependency on  from the dependency on   as shown by Eq. 
(63) (If this is not possible, more than one added component with fixed potentials 
should be applied in the model system) 

 (63) 

so that 

 (64) 

Applying Eqs. (62) and (64) one can again set a definition for the stoichiometric 
coefficient 

 (65) 

The value of the corresponding chemical potential is consequently given by  

 (66) 

If  is not a function of , the preceding Eqs. simplify to 
 

 (67) 

 (68) 



 

27 

4. Application examples and results 

A collection of various example systems and their properties are presented in 
Table 2. Given are the minimised Free energy functions (  or ), work coeffi-
cients and coordinates, the adjusted standard state values for pure phases as 
given by Eqs. (54) (for systems with constant work coordinates) or (46) (for a case 
of constant work coefficient and the equipotential between species of same stoi-
chiometry2 in different phases or parts of the system (typically called chemical 
potential). Also given are the expressions for the stoichiometric coefficients related 
to the new constraints and the constraint equations.  

Example systems where the applied constraint and the corresponding chemical 
potential do not form a work coefficient and coordinate pair are listed in Table 3. 
Given are the formulas for stoichiometric coefficients related to the constraining 
components and the chemical potentials of those components. The coefficients 
and chemical potentials are largely analogous to the work coefficients and coordi-
nates of the previous examples.   
  

                                                           
2 ‘Same stoichiometry’ refers to here to the regular components of the system, excluding the 

added component related to the new constraint and/or work coordinate. Amounts of those  
components used to limit chemical reactions in the system are still required to be same.  
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Table 2. Applications of the free energy method (2 pages) 
 

System Minimised free energy  or 
 

Work coeffi-
cient 

Work  
coordinate 

Generic 
(constant work coordinate )    

Generic  
(constant work coefficient )  

Surface 
  

surface energy 
(contribution from 
individual layer) 

 

area 

Donnan equilibrium 
  

electrochemical 
potential difference 

 

charge 

Constrained volume 
  

(osmotic) pressure 
difference 

 

Magnetised 
 

 

magnetic flux 
density 

 

magnetic moment 

 

  



 

29 

Table 2. Applications of the free energy method (2 pages) 
 

Adjusted standard state  Equipotential (between 
species of the same stoichi-
ometry in different phases 

or parts of a system) 

Stoichiometric 
coefficient 

Constraint 

  

 

chemical potential 

 

when 

 

 

 
 

chemical potential 

not required not applicable 

 

(for the topmost surface layer) 

 

   

  

 

 

 

(electro)chemical potential 

  

 

( in a single species 
system) 

  

 

 

(  assumed  to be 
independent  of 

pressure) 

 

 

 

 

 

 

when 

 

not applicable 
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Table 3. Example system with additional components that are not directly linked to 
a work coordinate. 

 

System Stoichiometric coefficient for 

the constraint 

component chemical potential 

Spherical nanopar-

ticle 
 

(geometric constraint) 

 

surface energy  normalisation 

constant 

Reaction extent or 

affinity constrained 

system 

 

extent of reaction r 

 

affinity of reaction r 

 

 
In these cases when the component amount is constrained, the minimised free 

energy function is the Gibbs energy of the system as defined by equation (59).The 
energy and entropy terms (and therefore chemical potentials) may still contain 
added work coefficient-dependent terms (as they do in the nanoparticle case).  

 

 Surface and interfacial energy 4.1

The model application for surface and interfacial systems has been discussed in 
detail in Papers II and IV. Paper II describes a monolayer model of a liquid sur-
face, where the single surface layer is modelled as a separate phase, whose con-
stituents interact only with each other. In Paper IV a multilayer model that includes 
non-ideal interactions between different layers is developed for metal-oxide sur-
face, and tested for liquid-liquid metal alloy interfaces.  

In a system with a liquid-vapour surface or liquid-liquid interface the derivative 
of the free energy with respect to interfacial area is the surface or interfacial ener-
gy 

 (69) 

In the current work the surface or interface has been modelled with a finite 
number, one or more, individual monomolecular layers. With the simplifying as-
sumption that the molar surface areas of individual constituents are independent 
from system composition 
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 (70) 

the contribution of an individual interfacial layer k can be included in the free ener-
gy equation as  

 (71) 

with the following relations based on Eqs. (57) and (58).  

 (72) 

 (73) 

where the normalisation constant  has the units of . For the bulk 
phase(s) the molar surface/interfacial areas  are zero, as there is no surface 
area associated with them. The interfacial energy contribution of an individual 
layer is denoted by while the physical interfacial energy given by summation 
over all   layers. 

 (74) 

The  in Eq. (71) is the molar free energy of constituent  on the layer , as 
stated in Eq. (24). For the bulk phases in the models described in both Papers II 
and IV, it was assumed that the direct energetic effects related to the surface were 
restricted to the top most atomic or molecular layer of the surface. With that con-
vention applied, following Eqs. (27) and (54) the chemical potential was expressed 
on the layer closest to the surface by equation (superscripts  and  denote the 
surface layer and bulk respectively) 

 (75) 

and on other interfacial layers by (superscript  denotes the interfacial layer) 

 (76) 

The molar free energies for the surface and interfacial species, as defined by 
Eq. (24), were in Papers II and IV defined implicitly via excess energies using the 
Redlich-Kister model. In Paper IV the excess energies were evaluated considering 
both the compositions of the individual layer in question and its nearest neigh-
bours using the equation  
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(77) 

for the excess free energy for an individual layer where   and  
are composition dependent interaction energies within layer  and between it and 
its nearest neighbours and  is a geometric parameter expressing the factor of 
nearest neighbours of a species that are in one of the adjacent layers in an com-
positionally uniform system. For the derivation of thermodynamically consistent 
relations it was necessary for the multilayer system to add further constraint(s) that 
kept the composition of the interfacial layer closest to the bulk equal to that of the 
bulk, the interfacial energy contribution of the additional constraints approaching 
zero with an increasing number of layers. Example results for calculations in metal 
alloy and metal-oxygen systems are shown in Fig. 1.  

Figure 1. Surface tension in Ag-Au-Cu metal alloys system (left) and iron-oxygen 
system (right). The model and experimental data for Ag-Au-Cu alloy as presented 
in Paper II and for Fe-O system as in Paper IV.  

In the surface monolayer model the assumption of no interactions between the 
surface layer and the bulk make the model elegantly simple as a mathematical 
construction. It is also obvious that is not physically reasonable to assume it to be 
strictly accurate. However, as a practical tool it has found wide use (Egry, Ricci, 
Novakovic, & Ozawa, 2010; Tanaka, Hack, Iida, & Hara, 1996) and has been 
shown to work reasonably accurately for especially metallic systems. The analogy 
of the surface ‘phase’ in a monolayer model to regular bulk phase equilibria has 
also been explored by Kang (2015a, 2015b). Additional assumptions, which are 
validated only insofar as the resulting model gives reasonable predictions com-
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pared with experimental data, are needed for the monolayer or multilayer excess 
energies.  

 Volume-constrained system  4.2

In a system in which the volume of part of the system is constrained, an additional 
pressure component affecting its chemical potential applies to that part. For 
straightforward application of the current method, it is necessary that the partial 
molar volumes are not functions of phase composition, although they could be 
functions of pressure. In the ion-exchange system of Paper III, a constraint on the 
water volume is an essential feature of the model. Only the molar volume of the 
water itself (assumed to be incompressible) is considered. The free energy from 
Eq. (21) can then be stated as  

 (78) 

where the last term is constant. The stoichiometric coefficient related to the con-
straining component is directly proportional to the molar volume.  

 (79) 

The osmotic pressure difference is consequently obtained as 

 (80) 

In principle it could be expected to be possible to predict, e.g., the swelling be-
haviour of fibres (application area in Paper III) applying the calculated osmotic 
pressure together with the modelled charge state and a model for the fibre wall 
elasticity, but even a semi quantitative model has been found to be elusive.  

 Nanoparticles with a combined area and volume 4.3
constraint 

A model for small-scale systems can have volume and surface that area inter-
linked. Considering the simplest case of a spherical particle, the changes in vol-
ume and area are connected by the equation 

 (81) 

Therefore, the balance equation for surface area related to molar area and vol-
ume can be written as 

 (82) 
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If the change in total volume (and therefore radius) is relatively small, the value 
in brackets in Eq. (82) can be taken as a constant similarly to molar volumes and 
areas in the previous sections. In Paper V a model for a melting nanoparticle was 
developed based on the idea that the limiting phase transition would be the for-
mation of a liquid surface on a solid core. 

The Euler equation for internal energy of a fully solid or liquid particle is given 
following Eq. (2) 

 (83) 

where  denotes the physical state (solid or liquid) and  is used to emphasise 
that the standard state value is the one based on the external pressure of the 
system. The minimised free energy when there is no external constraint on the 
surface energy or surface area3 is given by     

 (84) 

Correspondingly, the standard states for the core and the second layer can be 
given by 

 (85) 

and for the solid surface by  

 (86) 

and for a liquid surface on a solid core 

 (87) 

The ratio of the area of the interface between the first and second atomic lay-
ers, , and the surface area,  in Eq. (87) can be estimated based on liquid 
metal molar area and volume by  

 (88) 

The chemical potential of the component ,  is the chemical potential of 
the macroscopic unconstrained substance  in the system. With the definitions 
used, it is given for one chemical component fully solid or liquid system by Eq. (89) 
(superscript  refers to either a solid or liquid state). 

 (89) 

                                                           
3 The added constraint in the stoichiometry in Table 4 (or equation (82)) is really for particle 

sphericity and the assumption that the number of spherical particles is not changed. 
While not discussed here, with orientation dependencies ignored, the spherical form is 
the one corresponding to minimum energy.   
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The differences in chemical potential in the particle and a macroscopic phase in 
a same state can be related to the differences in vapour pressures. The familiar 
Kelvin equation directly follows from Eq. (89). 

 (90) 

The graphs in Fig. 2 for melting of tin and silver nanoparticles have been calcu-
lated assuming that the interfacial energy between the solid and liquid follows the 
perfect wetting condition (Eustathopoulos, 1983) and applying the experimental 
solid and liquid surface energies, molar volumes and free energies of melting as 
referenced in Paper V. 

  

Figure 2. Melting temperature of metallic nanoparticles. From Paper V.  

In Fig. 2. the model calculations are compared with experimental data from lit-
erature for Sn (left) and Ag (right). While a reasonably good match between the 
basic model (solid curve) and the experimental data was found with Sn, an 
agreement with Ag data could be reached only assuming (following Sim & Lee  
(2014)) that the effective solid surface energy (taking into account as adjustable 
correction factor the effect of surface strain and anisotropic nature particle sur-
face)) was higher by a factor of 1.17 than the tabulated one.  

It was noted in Paper V that the model used closely matches the one for which 
the melting point of the particle is calculated based on equal chemical potential 
(not free energy) such as the one used in e.g. Lee et al. (2007), Sim & Lee (2014) 
and Sopousek et al. (2014).  

 Donnan equilibrium 4.4

Ion-exchange model with Donnan equilibrium was described in detail in Papers I 
and III with comparison to lab results. Process simulation work based on the 
thermodynamic this model has been published several papers and presentations 
(Kalliola, Pajarre, Koukkari, Hakala, & Kukkamäki, 2012; Kangas, Pajarre, Nappa, 
& Koukkari, 2012; Koukkari et al., 2007; Pajarre, Koukkari, & Penttilä, 2008).  
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For a system in which the electrochemical Donnan equilibrium is present, a new 
component needs to be defined for the electrical charge for each additional sub-
volume present. The related new constraint equation is 

 (91) 

The potential difference in a Donnan equilibrium system is caused by electrical-
ly charged species that are not freely mobile. The electrical work related to them 
can be stated (taking into account Eq. (91)) as 

 (92) 

A Donnan equilibrium free energy problem requires at least two additional com-
ponents related to the charged species: at least one constraining the immobile 
species, the amount of which in the pulp suspension models was a fixed quantity 
(bound, carboxylic or sulfonic acid groups), and whose chemical potential was 
without practical interest, and one for the overall charge balance. Based on Eq. 
(92), the work term common to all the charged species is    

   (93) 

Setting  the Donnan potential difference is obtained as 

 (94) 

The equipotential, commonly called the electrochemical potential, that is same 
in both aqueous phases for mobile ions is following Eq. (27) given by 

 (95) 

The  in Eq. (95), rather than merely the ‘chemical’ part it ( , is the 
chemical potential of the species  as defined by Eq. (1) and other fundamental 
relationships in thermodynamics. As pointed out by for example, Guggenheim 
(1967), the ‘chemical’ and ‘electrical’ parts of it are not experimentally measurable 
and have questionable meaning as physical entities. For the purposes of computa-
tional thermodynamics it is useful to define individual ion activities and activity 
coefficients that are compatible with well-definable and measurable activities and 
activity coefficients of neutral combinations of them. The models used by the au-
thors have in common that the aqueous solution has been modelled applying the 
Pitzer non-ideality model (Harvie, Møller, & Weare, 1984) while the multicompo-
nent model has also included solid precipitates, and when applicable, a gas phase 
exchanging carbon dioxide with the solution. The specifics of the individual ion 
activity coefficients and the corresponding implicit pH scale have been discussed 
e.g. by Harvie et al. (1984).     

An example of the Donnan theory applied to a laboratory system is presented in 
Fig. 3. All the calculation results for each pH are from a single multi-component 
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equilibrium calculation, just as the various metal amounts were determined from a 
single sample.  

 

Figure 3. Experimental and modelled concentrations in an aqueous solution in a 
multicomponent and multiphase system with ion exchange, complexation and 
precipitation. Adapted from Paper III.  

The Donnan equilibrium model application for pulp suspensions has been found 
to be valuable to predict the chemical phenomena and process behaviour in pulp-
ing, bleaching and paper machines (Kalliola et al., 2012; Kuitunen, 2014), while 
the assumed non-specific nature of ion-exchange interactions is known to face 
limitations with di- and multivalent ions, especially in systems with high ionic 
strengths (Kangas et al., 2012; Sundman, Persson, & Öhman, 2010; Sundman, 
2008). 

 

 Systems with an external magnetic field 4.5

The chemical system for a free energy minimiser can be defined either following 
Eq. (46) and modifying the standard states for the given field strength (without 
defining any additional components), or by applying one or more additional com-
ponents whose chemical potentials are set following Eq. (66) based on the field 
strength-dependent magnetisation properties of the substance. The second meth-
od has been found by the authors to be more readily applicable to calculations that 
are repeated with multiple field strengths. The applicable equations in this case 
are 
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 (96) 

for the stoichiometric coefficient, and   

 (97) 

when the molar magnetic moment can be factorised (Eq. (98)) 

 (98) 

Example cases of equilibrium in external magnetic field were discussed in Paper 
V.  

 
Figure 4. Left: Effect of magnetic field on the equilibrium phase diagram in the Fe-
C system. Right; Equilibrium hydrogen pressure and magnetic moment as a func-
tion of magnetic field strength with a LaCo5-H system. Experimental data points 
shown with a smoothed fit together with a model curve for both equilibrium pres-
sure and magnetisation based on measured magnetic moment and pressure val-
ues respectively. Adapted from Paper V.  

 Constrained reaction extents and mass transfer 4.6

In a system where a single reaction of the form 

 (I) 

or 

 (99) 

where  equals  for products and   for reactants, the extent of the reaction 
is defined as  

 (100) 

In a system with multiple possible reactions, it is in general impossible to define 
the change in the extent of any individual reaction  based on the change in 
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system composition unless the other linearly independent reactions forming a 
basis spanning the reaction space are first defined. When they are, the equation 
(101) for  can be solved 

 (101) 

where  is the vector of changes of molar amounts of the  constituents in the 
system,  a vector of changes in extents of the specified reactions, and  a 

matrix of stoichiometric coefficients of the reaction vectors spanning the 
reaction space.  

For an equilibrium system, the matrix equation  

 (102) 

where  is an  matrix of stoichiometric coefficients between the  constitu-
ents and  components (  that forms a link between the system 
stoichiometry and the reactions allowed by it (Alberty, 1989, 1991; Keck & 
Gillespie, 1971; Keck, 1990; Koukkari & Pajarre, 2006; Smith & Missen, 1991). 
Any kinetic restrictions in the possible reactions that cause the system to develop 
towards some other state than full equilibrium will lead to a new matrix equation 

 (103) 

where  is an  matrix (  made of the reduced reaction set and  
is the corresponding  matrix ( , where  is the 
number of added constraints) of stoichiometric coefficients for the new augmented 
matrix of stoichiometric coefficients.  

Each linearly independent restriction on the set of reactions allowed to freely 
equilibrate corresponds to an additional stoichiometric constraint, or a row in the  
matrix that is linearly independent of the existing component balances or previous-
ly defined reaction kinetic constraints. A practical way of defining a restricted reac-
tion in a multispecies constrained equilibrium system is by Eq. (104) 

 (104) 

where  is a matrix element in the augmented matrix , where the th 
row defines the constraint related to the reaction and  the change in the 
value of the corresponding element in the augmented component vector. The 
matrix form corresponding to Eq. (104) is 

 (105) 

where  is the  submatrix forming the lower part of .   
If the number of restricted reactions (constraints) defined equals , so that no 

unrestricted linearly independent reactions remain,  in Eq. (105) can be re-
placed with , and   with , where the first  components of the  
vector equal zero, and the last  components are the same as in .  
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 (106) 

As matrix  has linearly independent rows it is invertible. Matrix  contains 
in its columns coefficients for reaction like transformations for the set of species, 
so that in each transformation the amount of one of the components is increased 
by one, while the amounts of other components are kept constant. In matrix form 
this can be stated as. 

 (107) 

Multiplying the Eq. (106) by  one obtains 

 (108) 

The first  transformations are not allowed as they violate the normal compo-
nent balances, and the corresponding values in the change of advancement vec-
tor  are zero, while the remaining reactions are the constrained ones defined by 
Eq. (105), so that the last  columns of matrix  equal matrix  and the last 

 values of  equal vector  in Eq. (105). The definition in Eq. (105) thus 
becomes equivalent to the one in Eq. (101). 

As a schematic example, one can consider a system with the following species 
, , ,  and .  and , so that it is possible to define a 

maximum of three independent constrained reactions using the formalism of Eq. 
(104) corresponding to, for example to the following  matrix where the first two 
rows refer to the elements  and  and the last three to the added constraints: 

 (109) 

The constraints set here are of arbitrary nature for the schematic example alt-
hough the first and third of them are fairly intuitive (both restricting the amount of 
an individual species). By inspection or by linear algebra one can derive 

 (110) 

where the last three columns give in the traditional reaction equation format the 
following three rate constrained reactions compatible with both Eqs. (101) and 
(105). 
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(II) 

(III) 

(IV) 

However, the three reaction constraints given by matrix (109) are also unam-
biguously defined individually, while the reaction equation format (II-IV) is properly 
defined only for a full set of independent equilibrium or non-equilibrium reactions.  

With the reaction equations defined by the added components, many of the 
mathematical relationships defined in earlier sections can also be applied. The 
affinity of a restricted reaction , , in a constrained equilibrium system is directly 
related to the chemical potential of the corresponding component.  

 (111) 

where  is the amount of any of the components  in the system. For any 
chemical reaction that is not one of those defined by Eq. (104), the affinity is ob-
tained as a linear combination of them and equilibrium reactions  

 

 

(112) 

where  is the stoichiometric coefficient between the reaction  and component 
.  

It is possible that in a system where the extent of one or more reactions are 
constrained, the modelled time behaviour of the system approaches a state where 
the affinity or affinities are zero without the state in question being the actual equi-
librium state of the system. Such a state would be a local, but not global free en-
ergy minimum of the system with respect to the specified reaction extents. Provid-
ed that the applied reaction rates give a sufficiently accurate description of the real 
reactions taking place in the system, such a local minimum state corresponds to a 
real long term metastable state. In such cases constrained chemical potential 
(affinity) could not be reasonably used as an alternative to constrained reaction 
extent for specifying the state of the system.        

Corresponding to Eq. (53) it is possible to form a relationship between chemical 
potentials in a rate constrained system 

 (113) 

By setting the affinity (corresponding to the component chemical potential ) to 
a constant value, it can be used to calculate restricted equilibrium states with a 
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fixed affinity (deviation from equilibrium), or when affinity is set to zero, equilibrium 
(in respect to the specified reaction) without redefining the system stoichiometry. A 
standard state value for species for a system with given ,  and  could be 
defined following Eq. (29) by relation (114) 

 (114) 

but typically applying the fixed chemical potential condition via the added compo-
nent is more practical.  

Reaction constrained free energy models have been presented for e.g., indus-
trial production of precipitated calcium carbonate (PCC) (Koukkari, Pajarre, & 
Blomberg, 2011) high temperature oxidation of TiCl4 to TiO2 (Koukkari et al., 
2008), calcination of TiO2 from an oxyhydrate slurry (Koukkari & Pajarre, 2006) 
and in studies of biomass gasification (Kangas, Hannula, Koukkari, & Hupa, 2014; 
Kangas, Koukkari, & Hupa, 2014; Kangas, 2015; Yakaboylu, Harinck, Smit, & de 
Jong, 2015). Application of the current model to NO emissions was also presented 
in Paper V.   

The fundamental guiding principle of work related to reaction constraints has 
been to strive towards a model containing only the necessary amount of kinetic 
complexity while applying the constrained equilibrium thermodynamics as much as 
possible. Highly complex reaction kinetic models have been criticised in the area 
of gas phase chemistry on the basis that because of uncertainties related to mod-
elling parameters, the increased complexity is unlikely to bring additional value to 
the results (Keck, 2008). With multiphase processes and kinetics the uncertainties 
will probably tend to be even greater. Therefore, it has been considered valid in 
the work regarding reaction-constrained systems to aim at system descriptions 
that capture the most essential parts of the rate-dependent processes with only a 
few constrained reactions. Such descriptions are of course only an approximation 
of the physical system; shortcomings of the approach are probably more likely to 
become apparent when behaviour of complex systems is studied over moderate 
temperatures and short time intervals (Kangas, 2015).   

From the computational point of view, a mass transfer process between two 
phases is a reaction where the species  in phase  is transformed to same spe-
cies (or a species of equal stoichiometry) in another phase. Therefore, the reaction 
rate and affinity equations derived earlier apply equally to such mass transfer 
processes. As a specific example one can consider metallurgical paraequilibrium 
were new phases are formed with the same alloy composition as the parent phase 
but substitutional element like carbon can equilibriate between them. The resulting 
constraints are of the form (Pelton, Koukkari, Pajarre, & Eriksson, 2014)  

 (115) 

where  is the mole ratio of iron (or other reference metal chosen for the sys-
tem) and metal  in the parent phase. 
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5. Conclusions 

The topic of this work has been to extend the application area of traditional Gibbs 
energy minimisers for systems of theoretical and practical interest. The aim has 
been to develop, within the possibilities offered by the minimisers, as generic as 
possible methods for both increased understanding the thermodynamic relation-
ships in the systems and for easier future application of the method for systems 
that are not handled in present work  

The application area of standard Gibbs energy minimisers has been extended, 
for the most part using existing published phase models with supplementary data 
and stoichiometry definitions.  

Chemical problems worked with have included reaction rate constrained sys-
tems, surface and interfacial tension in molten systems, Donnan equilibrium as a 
part of multiphase model, and systems affected by external magnetic fields.  

The greatest practical success has been achieved with the models that com-
bine reaction kinetics with partial thermodynamic equilibrium calculation and ion 
exchange models based on Donnan equilibrium, that both have been applied with 
success in real-life industrial design and development work with multicomponent, 
multiphase systems. Applied to liquid surface energies the method has been suc-
cessful in handling systems with multiple components and complex non-
equilibrium data. 
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6. Discussion 

Thermodynamic data for bulk phases in this work has been generally accepted 
as it has been found in literature or databases. The charge parameterization re-
quired for the Donnan model for pulp systems could be set based on titration ex-
periment independent of the ion exchange model itself. Effects of adjusting the 
interaction or interfacial energies for better fit have been discussed with nanoparti-
cles (section 4.3) and with surface tension model in section 3.1 of Paper IV.  

A fundamental guiding principle of the modelling work has been to keep the 
number of parameters not directly related to known bulk thermodynamics as low 
as possible. This has been done both to avoid overparametrised models with 
seemingly good fits but little predictive power and to keep the models easier to 
work with and results clearer to interpret.  

The surface and interfacial energy models have required 1-2 geometric pa-
rameters for the excess energies. Same parameter values have been used for 
similar systems. The Donnan model requires an estimate of the bound aqueous 
volume, which could be tied to the measurable water retention value. The model 
results are not very sensitive to exact value chosen and (regarding pulp suspen-
sions) in the work by the author, co-authors and other researches, quite similar 
values have been used. The models with reaction kinetics require literature-
derived or fitted rate equation for each constrained linearly independent reaction. 
The benefit of applying the Constrained Free Energy method is naturally greatest 
here when the number of reactions proceeding to equilibrium is great and the 
multiphase chemistry of the system is complex, while the number of kinetic con-
straints required for modelling the time development for sufficient accuracy is 
small. Need for more complex handling of reaction kinetics will generally increase 
when studies are done over moderate temperatures (especially not in aque-
ous/liquid solutions) over and short time intervals as noted in section 4.6. For 
systems in a magnetic field, the magnetisation as a function of field strength had 
to be known or be fitted to the model.      

Restrictions on the applicability of the present method include the assumption 
that the stoichiometric coefficients between species and components are constant 
when calculating the equilibrium for a specified set of conditions; especially, that 
they are not functions of system or phase composition. This applies for example to 
the molar surface or interfacial areas in the interfacial models. This is expected to 
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be less of a problem with the metallic or oxide systems discussed in Papers II and 
IV than for example aqueous solutions. The requirement for constant stoichio-
metric coefficients also makes it necessary that the possible dependency of the 
molar contributions to work coordinates from the work coefficients can be separat-
ed by factorization from any dependency from identity of the species themselves. 
These are requirements related to the software tools applied.   

Additional assumptions are applied to keep the models structurally simple. As 
discussed in section 4.1, for the surface monolayer model the assumption of no 
interactions between the surface layer and the bulk is made, making the model 
surface layer formally equivalent to a proper phase. Thermodynamics of systems 
where this is not an applicable approximation are discussed in Paper IV with a 
more complex model where the similar assumption is then made only for the layer 
closest to the bulk in a multilayer model. Implicit assumption in the ion-exchange 
models presented is that the non-specific Donnan equilibrium concept is sufficient 
to describe the interactions between the bound and solute ions with acceptable 
accuracy. As noted in section 4.4, this is not necessarily always true even with 
pulp suspensions. Inclusion of specific interactions to the model via complexation 
would be straightforward in theory, but has not been applied by the author due to 
increased complexity of the parameterisation. Again, regarding reaction rate con-
strained systems the model construction in practice has started with the equilibri-
um system with reaction rate constraints and equations added only up to the level 
where sufficient accuracy compared to experimental results has been obtained. 
Considering the large uncertainties in the known reaction kinetic parameters, this 
approach of minimum kinetics is regarded justified (with the limitations mentioned 
earlier).  
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