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Abstract
In this Thesis, electron transport through single tunnel junction embedded in a dissipative environment was studied both in normal and superconducting state. High-voltage
asymptotics of the current-voltage (IV ) characteristics for small normal tunnel junctions
and carbon nanotubes were studied experimentally. Power-law voltage tails of IV curve
were detected when approaching the linear law V = IR + e/2C at large voltages with the
offset depending of the junction capacitance C.
The effect of environment is in fact a result of Johnson-Nyquist noise in the electric
circuit. In our low temperature measurements, the power-law tails at high voltages are
connected only with the quantum part of Johnson-Nyquist noise. Thus, detection of
these tails in a good agreement with the quantum theory of environment is a rather
unique verification of quantum zero-point fluctuations in macroscopic systems.
Our experimental conditions included the case of strong tunneling when the junction
resistance RT was less than the quantum resistance RK . The strong-tunneling corrections
to the environmental modes at high voltages can be simply incorporated by including the
junction resistance RT into the effective electric circuit for calculation of the quantum
noise.
In the superconducting state, our experiments for the first time clearly confirm the existence of the dissipative phase transition in a single Josephson junction. In the transition,
dissipation destroys the quantum mechanical band structure and restores the classical
Josephson behavior of dynamics governed by the classical phase difference ϕ.
The observed phase diagram differed from that expected originally. The agreement
with theory was achieved by taking into account that the position of the measured phase
boundary is governed not only by intrinsic junction parameters, but also by the accuracy
of voltage measurement. Our work is a strong demonstration of quantum effects in a
single Josephson junction, especially, of the Josephson phase delocalization and the band
picture of phase motion.
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1

Introduction

This Thesis reports experimental studies on ultrasmall single tunnel junctions, both
superconducting and normal. We have performed detailed measurements on the effect of
external dissipation on transport of Cooper pairs and normal electrons in single tunnel
junctions. Ohmic damping which is inversely proportional to the parallel resistance R
is obtained using high-resistance chromium strips as measurement leads. In the case of
superconducting Josephson junction, weak damping (R−1 < Rq−1 ≈ (6.5 kΩ)−1 ) reveals
the quantum mechanical band structure of phase of the superconducting order parameter.
The band structure of Josephson junction is analogous to energy bands of Bloch electrons
in solids, phase difference and quasicharge (ϕ, Q) playing the roles of coordinate and
crystal momentum (x, p) of the Bloch electron. The motion of ϕ along the energy band
causes a resistive zero-bias anomaly in current-voltage characteristics. As damping is
increased, dissipation destroys the quantum mechanical band structure and restores the
classical Josephson behavior of dynamics governed by the classical phase difference ϕ.
Normal tunnel junctions are investigated in the high voltage regime, where the resistive Cr leads turn into transmission lines with distributed resistance, inductance and
capacitance. The Johnson-Nyquist noise in these leads affects the tunneling rate of electrons through the junction. The tunneling current can be calculated using well-established
theory [P(E)-theory] and quantitative agreement with the measurement is found.
The experiments were carried out in the Low Temperature Laboratory during the
period 1996-1999. Publications P1-P4 describe measurements on single Josephson junctions, which reveal the dissipative phase transition. This is the first systematic study
covering the whole phase diagram. Publications P5-P6 deal with experiments on normal
single junctions with emphasis on the effect of environment (i.e. measurement leads) on
the current-voltage characteristics at large voltages. The same theoretical framework is
employed also for transport in carbon nanotubes in P7. Some other fields of electron
transport in mesoscopic scale are studied in publications P8-P10. In these publications,
the sample has two tunnel junctions in series forming a so-called single electron transistor. In publication P8 the transistor is built of carbon nanotube, whereas in publications
P9 and P10 the charge noise of two conventional metallic single electron transistors is
investigated.

1.1

Coulomb blockade in normal tunnel junctions

A tunnel junction is formed between two metallic electrodes separated by a thin layer
of oxide insulator, as illustrated in Fig. 1. At low enough temperatures, kB T  e2 /2C,
and in highly resistive circuit the electrons are localized on the junction capacitance C
because once one electron has tunneled through the junction the others are blocked by
2

a)

b)

Figure 1: a) An overlap tunnel junction and, b) its symbol.

the energy barrier given by e2 /2C. Here Ec = e2 /2C is the electrostatic charging energy
of the capacitor C charged by an elementary charge e. The first evidence of charging
effects were obtained already in the 1960’s on granular films [1, 2, 3]. On these systems, a
decrease of DC conductance at low bias voltages was observed. However, since the system
consisted of irregular grains, no direct information about single junction properties was
obtained. After the advent of modern lithographic techniques, ultra-small single tunnel
junctions can be fabricated routinely. In these junctions C can be made as small as 10−15
F and the charging energy Ec corresponds to temperature of the order of 1 Kelvin. This
has resulted in extensive theoretical and experimental studies on the effect of Coulomb
blockade of tunneling since mid-1980’s. (See e.g. [4], [5] and [6] for further references).
Lithography allows us to contact a mesoscopic tunnel junction (size 100 × 100 nm2 )
to macroscopic measuring setups. Thus, the microscopic quantum-mechanical processes
in the junction can be observed and controlled in a simple way. However, one must be
careful since the macroscopic environment influences the behavior of the junction and
thus the outcome of the measurements.
Let us now contact the single tunnel junction to a voltage source. In ideal voltage
bias the tunneled charge is immediately removed from the junction and the only energy
scale involved is eV , the work done by the voltage source. This results in a linear currentvoltage relationship without Coulomb blockade. On the other hand, by adding a large
resistor R in series with the voltage source we are slowly charging the junction capacitance
with time constant RC until its voltage exceeds the charging energy (V > e/2C). At this
point an electron can tunnel through the junction changing the capacitor charge by e and
the process of slow charging continues (see the energy diagram of Fig. 2). This results in
an offset in current-voltage characteristics given by e/2C. It is also worth to notice that
the charging process involves correlation of subsequent tunneling events occurring with a
fundamental frequency of fs = I/e, also known as single-electron tunneling oscillations.
Two limiting cases of ideal voltage and current biases corresponding to environmental
3
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Figure 2: Upper: Energy diagram for a normal tunnel junction. At the degeneracy points
two charge states (parabolas) have equal energy and tunneling between them is possible.
Dashed line shows the adiabatic motion of the charge q̇ = I for a current biased junction,
with tunneling of a single electron at −e/2, e/2, etc. The lower graph shows the junction
voltage defined as V = dE/dQ. In the current biased case, for voltages V < e/2C the
junction does not conduct, q̇=0.

impedances Z(ω) = 0 and Z(ω) = R → ∞ are depicted in Fig. 3 in the limit of large
tunneling resistance RT of the junction. As the above discussion reveals, already a simple
resistive environment strongly influences the current-voltage characteristics. In reality,
the environment consists also of stray capacitances and inductances of the measurement
leads. These components become more important at higher voltages across the junction.
It was realized quite early [7] that the stray capacitance of the leads effectively shunts
the junction already at the distance of a few tens of microns. This is why in subsequent
experiments the junctions were surrounded by on-chip high-resistance thin film resistors
(see e.g. [8]).
In usual perturbation theory [4, 9], one assumes that the tunneling resistance RT is
much larger than the quantum of resistance RK = h/e2 = 25.8 kΩ. This is to say that
the charging energy Ec is much larger than the scale of quantum fluctuations given by
∼ ~/RT C. However, our samples are in the strong tunneling regime, where RT ∼ RK or
even smaller. A question arises, is there a simple way to account for strong tunneling in
the current-voltage curves of a single tunnel junction?
The effect of environmental fluctuations on the current-voltage characteristics on a
4

Current I

e

a)

b)

Z(ω)
U
e/2C Voltage V

Figure 3: Ideal current-voltage characteristics for the circuit depicted in the inset. a)
Dashed line: voltage bias Z(ω) → 0, b) dotted line: current bias Z(ω) = R → ∞.
Solid curve shows a realistic curve with smoothing caused by finite temperature and finite
impedance Z.

single normal tunnel junction as well as strong tunneling effects have been studied in
Chapter 3 of this Thesis.
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Figure 4: Two lowest energy bands of a Josephson junction with EJ  Ec . Supercurrent
is realized as 2e-periodic motion along the lowest energy band. At low temperatures and
currents, Zener tunneling across the gap ∆1 is small. At small Q, the band is given by
E(Q) = Q2 /2C, and the width of the band is ∆ ≈ e2 /2C.

1.2

Superconducting tunnel junctions

In Josephson junctions we must consider tunneling of Cooper pairs. At the same time
quasiparticle tunneling is reduced due to opening of the superconducting gap. Neglecting
quasiparticles the Hamiltonian gets a simple form [10]
Q2
− EJ cos(ϕ),
(1)
H=
2C
where charge of the capacitor Q and phase difference of the condensate wave functions
ϕ are conjugate variables analogous to the familiar pair coordinate - momentum for a
particle [11]. Similarly, Eq. 1 determines the motion of a fictitious phase particle in a
washboard potential with 2e-periodic energy eigenvalues En (Q) as a function of Q, also
called quasicharge, Fig. 4 [7].
As already discussed in the context of current-biased normal tunnel junction, the
current through the junction is blocked as long as the junction voltage is small. Remembering the uncertainty principle between phase and quasicharge, in this regime of
Coulomb blockade for Cooper pair tunneling the quasicharge is fixed and phase difference
fluctuates strongly. At finite currents, however, so-called Bloch oscillations occur with
frequency fB = I/2e as the quasicharge travels along the lowest energy band as shown in
Fig. 4.
An important requirement for the existence of Bloch energy bands is that the damping
parameter should be low, αs = Rq /R < 1, where R = Z(0) is the low frequency resistive
part of the environmental impedance. Low damping allows quantum fluctuations (macroscopic quantum tunneling) of phase difference which are necessary for the energy bands
to exist. On the other hand, large damping kills the fluctuations and locks the phase into
one potential well of the washboard potential. This corresponds to a classical Josephson
6

behavior with supercurrent at zero voltage (for review, see [12]).
In our experiments, the effect of damping on the characteristics of a single Josephson junction is studied. We have mapped the transition between classical and quantum
regimes briefly discussed above. This so-called dissipative phase transition is the topic of
Chapter 4.
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Figure 5: Schematic diagram of a single electron tunneling transistor (SET). An island is
connected to the source and drain via tunnel junctions CL and CR . The gate is operated
using a small capacitor Cg .

1.3

Multiple junction circuits

The effect of electromagnetic environment on electron tunneling can be substantially
reduced by adding several junctions in series. The simplest example, the so-called single electron tunneling transistor (SET), consists of two junctions separating an island
from the external leads (Fig. 5). Network analysis [13] shows that the effect of external
impedance Z(ω) is reduced by a factor of 1/N 2 for N similar junctions in series. Thus,
the environment for circuits consisting of several tunnel junctions can be regarded as a
low impedance one.
If the capacitances CL , CR , and Cg are small enough and the tunneling resistance RT
is large, the number of electrons n in the island is quantized due to Coulomb blockade at
low temperatures. The relevant energy is again the charging energy Ec = (ne − Qg )2 /2C,
where C is the total capacitance of the island and Qg = Cg Vg is the gate charge. In
the tunneling process, increasing the island charge from n to n + 1, the charging energy
changes
1 Qg e2
∆Ec (n, Qg ) = (n + −
) .
(2)
2
e C
The energy difference and subsequently the tunneling rate across the transistor can thus
be varied using a voltage source connected to the gate capacitance. This results in an
e-periodic IV -curve as a function of Qg . The dependence of IV curve on Qg is used
in electrometry to detect ultrasmall variations of electric charge. The best charge noise
√
reported so far is 8·10−6 e/ Hz at 10 Hz corresponding to roughly 30 ~ [14].
At low frequencies, the major problem in applying SET transistors in electrometry
8

is 1/f noise, which is caused by background charge variations due to trapping centers
both in the vicinity of the island as well as in the tunnel barriers themselves. The effect
of sample fabrication on 1/f noise was studied in P9, where two different substrates for
SETs were compared. However, within our resolution no contribution could be assigned
to the lithographic process.
Another source of noise could be fluctuations in tunnel resistance RT . This was investigated in P10, where a bias reversal scheme was applied to average out the fluctuations
in RT . Compared with simple dc biasing we could deduce that the noise in the studied
devices was true background noise and no contribution due to tunnel resistance was seen.
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2

Experimental setup

This chapter is divided into two parts. In the first section the sample fabrication process consisting of lithography and metallization is discussed. The latter section describes
the low-noise electrical measurement setup as well as cooling of the samples.

2.1

Sample fabrication

Nowadays, the suspended bridge technique developed by Dolan [15] is commonly used
in nanofabrication. Using this technique, several layers of metals can be evaporated in an
aligned fashion during the same vacuum cycle. The tunnel junction is formed by oxidizing
the sample between two subsequent metallizations.
First of all, a (100) silicon wafer was covered by a bilayer resist. The more sensitive
bottom layer (PMMA/MAA) provided the large undercut needed in the suspended bridge
technique. Secondly, a thin layer of PMMA was spun on top in order to pattern narrow
features (∼ 100 nm). Table 1 summarizes the used recipes.
Table 1: Most of the samples were fabricated using the following recipe.
wafer

4-inch oxidized silicon wafer

bottom layer

5.5 weight-% P(MMA/MAA) in acetic acid 2200 rpm (300 nm)
bake 1.5 hours at 160 ◦ C

top layer

3 weight-% PMMA in chlorobenzene

7000 rpm (140 nm)

bake 8 hours at 160 ◦ C
electron beam exposure at 40 kV
1st developer

methyl ethyl ketone : ethanol (1:1)

15 s at 17 ◦ C

2nd developer

methyl isobutyl ketone

60 s at 17 ◦ C

rinse

isopropanol

ultrasonic bath

The patterning was accomplished by using electron beam lithography (See e.g. [16] for
references). For that purpose we used a converted scanning electron microscope (JEOL
JSM-6400) with NPGS pattern generation software by JC Nabity Lithography Systems,
Inc. [17]. The accelerating voltage was 40 kV and the beam currents were 6 pA and 100
nA for writing narrowest lines and soldering pads, respectively. The minimum line width
obtained was limited to about 50 nm due to the thickness of the resist. Using a thinner
resist, line widths as small as 20 nm were obtained.
10

After patterning, the sample chip (about 4×8 mm2 , containing 1-3 samples) was developed during 10-15 s in solution of methyl ethyl ketone and ethanol followed by roughly
60 s in methyl isobutyl ketone. Finally, the chip was rinsed in isopropanol. The developers
used in this work differ from the commonly used ones [16], however they seemed to work
well providing the necessary undercut structure for our purposes.
The evaporation of metal was done in Edwards 306 vacuum coater in a base pressure
of 2 · 10−6 mbar. In order to fabricate superconducting tunnel junctions and resistive
environment, three different evaporations were needed. Initially, a thin layer of chromium
(8–14 nm) was evaporated at a normal angle. Chromium was chosen, because it has
relatively large resistivity and it is easy to evaporate using electron gun. However, too thin
Cr layers (less than 6–7 nm) are grainy producing a resistive zero-bias anomaly (Coulomb
blockade) in current-voltage characteristics at low temperatures. In order to produce
linear current-voltage characteristics, layers thicker than 6–7 nm have to be evaporated.
The most resistive Ohmic leads fabricated were of the order of 21 kΩ/µm corresponding
to thickness below 10 nm. Usually our 100 nm wide Cr leads had a resistivity of the order
of 4–6 kΩ/µm.
After the Cr evaporation the sample was tilted 20 degrees and aluminum (10–20 nm)
was thermally evaporated. Because of its favorable properties aluminum is a common
choice for superconducting metal. It is easy to evaporate, it can be easily oxidized, and
it has a uniform tunnel oxide. Also aluminum has a small grain size compared to the
dimensions of our lines (50–100 nm). The critical temperature is Tc ≈ 1.6 K meaning
that temperatures of order 100 mK are needed to measure the quantum properties of our
samples.
The first aluminum layer was oxidized by letting about 0.05 mbar of oxygen into the
vacuum chamber of the evaporator for about 5 minutes. After oxidation the sample was
tilted to -20 degrees and a second electrode was evaporated on top of the first one forming
a tunnel junction. Finally, the remaining resist was lifted off in acetone.
As a result of the fabrication process, a single aluminum tunnel junction is connected
via high-resistance Cr leads to the soldering pads. Due to the three angle evaporation,
each Cr line in the chip has two aluminum satellites on both sides. The tunnel junction
is formed between two of these satellites as seen in a scanning electron micrograph of our
sample Fig. 6. However, using careful dosage during patterning, the satellites of the Cr
lead sections of the sample were evaporated on the sidewalls of the resist and thus removed
during lift-off. Otherwise the Al satellites would have shunted the Cr leads destroying the
high-resistance environment needed in the measurements.
11
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Figure 6: Upper: SEM image of shunted tunnel junction. White arrow shows the position
of the overlap junction. The narrow horizontal line is the Cr shunt. Lower: Schematic
diagram of the tunnel junction in resistive Cr environment.

2.2

Measurement setup

The samples were attached at the bottom of the mixing chamber of a small plastic
dilution refrigerator capable of reaching a base temperature of about 60 mK [18] (see
Fig. 7 for the measurement setup). A superconducting 0.5 Tesla magnet was installed
outside the vacuum chamber in order to drive the samples into normal state. The cryostat could be cooled from room temperature down to its base temperature within 4 – 5
hours. The sample holder (SH in Fig. 7) at the bottom of the mixing chamber had 12
Thermocoax cables (40 cm long) to bias and measure the sample. These cables also quite
effectively filter out the noise from the room temperature electronics [19]. It is important
to notice that the sample itself with the resistive Cr leads acts as an effective filter at high
frequencies as discussed in Chapter 3.
In the holder, the sample chip was situated in a tight copper enclosure to shield the
sample from 4 K radiation of the vacuum chamber. From the sample holder the wires
were fed via 1 kΩ resistors, thermalized at 1 K 4 He pot of the cryostat. This was also
thought to attenuate high-frequency noise from the room temperature electronics.
A home-made [20] preamplifier box (PA) consisting of two instrumentation amplifiers
was attached just outside the cryostat body in order to record the voltages across the
sample and across a 1 MΩ biasing resistor. This type of preamplifier has also been used
12

by Delsing et al. [21]. The preamplifier box included also a symmetrizer to obtain a
symmetric bias (+V /2, −V /2) over the sample. The bias came from a simple op-amp
voltage adder which summed DC and AC components provided by two Hewlett-Packard
HP33120A function generators.
The voltages were read using HP34401A multimeters (DC part) as well as Stanford
SR830 DSP lock-in amplifiers (AC part). The read-out devices as well as the function
generators were computer controlled via GPIB bus and the measurement sequence was
automated using home-made LabView programs. Typically, using 20 Hz AC excitation
and 1 mHz DC sweep due to 1 s integration time in multimeters and lock-in amplifiers,
a measurement of a single current-voltage characteristics lasted approximately 17 minutes. However, by streamlining the LabView measurement program and accepting poorer
accuracy (smaller integration time) the data acquisition can be made 3-4 times faster.
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Figure 7: Measurement setup.

The best way to measure the cooling performance of the dilution refrigerator and thus
the base temperature of the sample is to attach an on-chip thermometer in the sample
holder. A primary Coulomb blockade thermometer [22] can be fabricated using the same
process as in the making of the sample. The results yielded a base temperature of 60 mK.
The Coulomb blockade thermometer was utilized to calibrate the usual carbon resistor
14

thermometer used in the actual measurements.
Thermalization of the single electron devices becomes a severe problem at low temperatures. The Joule heating due to current in Cr leads must be transferred to the mixing
chamber via the substrate (Fig. 8). The electron-phonon coupling Rel−ph in the metal itself
is the bottleneck at temperatures in sub-Kelvin range (see [23] and references therein).
Kapitza resistance RKapitza between the phonons in the metal and in the substrate is
estimated to be negligible at these temperatures [24].
Aluminum pad / lead
Cromium lead
electrons
Rel-ph
lattice
RKapitza
Si substrate at Tm

Figure 8: Thermal model of the circuit. Electrons in the chromium leads are coupled to
the phonons in the Cr lattice which is in contact with the substrate via Kapitza resistance.

It has been shown [24] that the heat transfer P out of the electron system obeys
P = ΣΩV (T 5 − T05 ),

(3)

where ΩV is the volume of the shunt and Σ ∼ 1 nW/K5 /µm3 is the parameter for electronphonon coupling. The temperature of the silicon substrate T0 is assumed to equal the
base temperature of the mixing chamber. In Fig. 9, we have equated formula (3) to the
dissipated power Rs I 2 due to the bias current. Doing so, we also assume that the junction
does not conduct, i.e. all the current flows through the Cr shunt.
These results suggest that already at relatively low currents the electrons in the Cr
shunt (ρ ∼ 1 kΩ/µm) are heated up well above the practical base temperature of 100 mK.
However, the normal metal - superconductor interface between Cr leads and the junction
should provide perfect thermal insulation of Josephson junction against hot electrons in
the shunt. Thus, despite of finite temperature and possible subgap states in the superconductor, we expect that the temperature of the Josephson junction itself is close to
that of the substrate. This is confirmed in P2, where we failed to fit the heating model
to measured IV curves.
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Figure 9: Temperature of the electron system as a function of bias current.

3

Quantum fluctuations in normal tunnel junctions
at large voltages

3.1

Effect of environment

In the quantum description of tunnel junction embedded in an environment [13, 25]
the junction degrees of freedom Q and ϕ are coupled to the environmental degrees of
freedom, which are represented by an ensemble of harmonic oscillators [26]. These can
be viewed as LC-circuits which in the classical limit describe correctly the relaxation of
charge according to total impedance Z(ω). Here
Z
e t
dt0 V (t0 )
(4)
ϕ(t) =
~ −∞
where V = Q/C is the voltage across the junction. This definition becomes more transparent for a Josephson junction where it describes the phase difference of the superconducting
condensates (e is replaced by 2e).
As usual, a Hamiltonian is formed and the tunneling rates are calculated in the limit
RT  RK using the Golden rule. The current-voltage characteristics is given by the
difference between forward and backward tunneling rates as
I = e[Γ+ (V ) − Γ− (V )] .

(5)

Integration over the environmental degrees of freedom yields for the tunneling rate [13]
1
Γ (V ) = 2
e RT
+

Z

∞

−∞

dE

Z

∞

−∞
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dE 0 f (E)[1 − f (E 0 )]

×

Z

∞

−∞



dt
it
0
exp
(E − E + eV ) heiϕ(t) e−iϕ(0) i ,
2π~
~

(6)

and the backward tunneling rate Γ− (V ) = Γ+ (−V ). Here f (E) is the Fermi distribution,
and ϕ(t) is the fluctuation of the phase difference due to fluctuating voltage V across
the junction, which is treated as a quantum-mechanical operator. The averaging h...i is
performed over possible states of quantum environment. If the phase does not fluctuate,
R
the integral dt in Eq. (6) yields the energy delta-function δ(E − E 0 + eV ), and Eq. (6)
reduces to the usual expression for an ohmic tunnel junction. But taking into account the
phase fluctuations, Eq. (6) yields (see Eq. (56) in Ref. [13]):
Z ∞
1
E
+

 P (eV − E) .
Γ (V ) = 2
dE
(7)
e RT −∞
1 − exp − kBET
Here

1
P (E) =
2π~

∞



iEt
dt exp J(t) +
,
~
−∞

Z

and
J(t) = h[ϕ(t) − ϕ(0)]ϕ(0)i = 2

Z

∞

−∞

dω ReZ(ω) e−iωt − 1
ω RK 1 − e−β~ω

(8)

(9)

is the phase-correlation function where β = 1/kB T . Equation (7) includes now all the
ingredients to calculate the current-voltage characteristics for a single tunnel junction
affected by the environment which is determined as impedance Z(ω) in Eq. (9).
The asymptotic behavior at V → ∞ is calculated in Ref. [27]:
d2 I
2 ReZ(eV /~)
=
.
(10)
dV 2
RT RK
V
The result does not depend on temperature because eV  kB T . The total impedance
of the circuit may be presented as Z −1 (ω) = Y0 (ω) − iωC, where the admittance Y0 (ω)
refers to the whole circuit except for the capacitive channel C of the tunnel junction. At
high frequencies (voltages) one has:
e2 RK ReY0 (eV /~)
d2 I
≈
.
dV 2
2π 2 C 2 RT
V3

(11)

Now integrating twice from V to ∞ we obtain the IV curve
I=

i
1 h
e
V −
+ Vt (V ) ,
RT
2C

(12)

where the “tail” voltage is
e2 RK
Vt = 2 2
2π C

Z
V

∞

dV1

Z

∞

V1
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dV2

ReY0 (eV2 /~)
.
V23

(13)

RT ,C

R,CR

R,CR

Figure 10: High-frequency model for the measurement setup (see Fig. 6). Cr leads are
considered as transmission lines with total capacitance CR and resistance R.

As seen in Eq. (10) the IV curve at high voltages scans the high-frequency impedance
and does not depend on temperature. Thus, only the quantum noise of environment
affects the high-voltage behavior. This is manifested by proportionality of high-voltage
tails to the quantum resistance RK . However, the derived asymptotic behavior starts at
voltages V > πkB T /e making the observation of asymptotic tails possible only at low
temperatures where other masking nonlinear corrections to the junction conductance at
required voltages still remain small. Also at large currents the heating of metal by hot
electrons (as discussed in Section 2.2) must be taken into account.

3.2

Realistic models for environments

In the case of ohmic environment, Y0 = R−1 and the tail voltage is inversely proportional to applied voltage V as
Vt =

RK  e 2 1
.
R 2πC V

(14)

In a more realistic model the resistors should be considered as transmission lines with
distributed resistance, capacitance, and inductance. The admittance of a double transmission line shown in Fig. 10 (drawn without inductive elements) is
1
YL (ω) =
2

r

p
iωCR
cot iωCR (R − iωL),
R − iωL

(15)

where R, L, and CR are the total resistance, inductance, and capacitance of an individual
transmission line. At low frequency (ω  1/RCR , R/L), the admittance becomes purely
ohmic, i.e., it behaves as a lumped ohmic resistor: YL ≈ 1/2R.
p
For a low-resistance transmission line with R  L/CR , the resistance may be neglected, and in the high-frequency limit the double transmission line behaves, nevertheless,
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Figure 11: Impedance of transmission line as a function of frequency (voltage) for experimental leads R = 100 kΩ and CR = 1 fF (long dashes) and for reference low-impedance
line ZL ∼ 300 Ω (short dashes). The bar shows the fitting range ∼ 1-10 mV. The roll-off
frequencies between DC, lossy RC-line and lossless LC-line regimes are 1/RCR ∼ 1010 Hz
and (R/ZL )2 (1/RCR ) ∼ 1015 Hz.

p
as an ohmic resistor with a real impedance 2 L/CR (the energy is lost via radiation along
an infinite transmission line). Then the voltage tail is ∝ 1/V as for a lumped resistor:
RK
Vt =
2

r

CR  e 2 1
.
L 2πC V

(16)

p
For the high-resistance line with R  L/CR one may neglect the inductance, and the
√
voltage tail decreases more slowly, as 1/ V :
a1/2
V 1/2 r
1
RK CR  e 3/2
=
.
RC
C
3π 3/2

Vt =
a1/2

(17)

Irrespective of the magnitude of the dissipative component, at very high frequency ω 
R/L (high voltage V  (~/e)R/L) the (double) transmission line becomes again ohmic
p
with the real impedance ZL ≈ 2 L/CR which is much smaller than R if the line is
long (since R is proportional to the line length, but L/CR is not). However, if R is
large enough, this happens for voltages too high to be relevant in the experiments. The
frequency (voltage) dependence of environmental impedance Z is depicted in Fig. 11.
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3.3

Horizon model

Alternatively, the voltage tail can be presented as a voltage dependent correction to
the junction capacitance:


1
e
V −
(18)
I=
RT
2C̃(V )
where the voltage dependent capacitance C̃ becomes


2C
C̃(V ) = C 1 +
Vt (V ) .
e

(19)

This so-called “horizon model” [28, 29] represents the effect of the environment as due
to stray capacitance of leads described by transmission lines. The relevant stray capacitance originates from the length of the transmission line over which an electromagnetic
signal from the junction travels during the uncertainty time τV = ~/eV . This length
is called the “horizon” length vph τV , where vph is the velocity of the signal propagation.
Indeed, the effective voltage dependent capacitance incorporating the effect of the voltage
tail (see Eq. (19)) can be presented as
C̃ = C + cR vph τV ,

(20)

where cR = CR /L is the capacitance per unit length and L is the length of the transmission
line.
The horizon model was used [28, 29] for lossless (low-resistance) transmission lines
where it turns out that
r
1
CR h
C̃ = C + 2
(21)
2π
L eV
√
and vph = 1/ cR l is of the order of the light velocity (here l = L/L is the inductance per
unit length). But the model works also for lossy (high-resistance) lines where we have
r
2
hCR
C̃ = C + 3/2
.
(22)
3π
ReV
p
p
Comparing Eq. (22) with Eq. (20) one sees that vph ∼ ω/cR r ∼ eV /~cR r, and is of
the order of the phase velocity along the transmission line (here r = R/L). For a lossy
line the group velocity of electromagnetic wave is frequency(voltage)-dependent and much
less than the speed of light. Thus the horizon picture presents a good qualitative picture
of the effect of environment on the high-voltage asymptotics.

3.4
3.4.1

Results
Normal single tunnel junctions

An estimation shows (see caption of Fig. 11) that for the voltage interval studied
by us both the leads and the shunt are in the high-voltage regime where they must be
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considered as transmission lines. The shunt and leads made from Cr behave as lossy lines
√
and produce an asymptotic square-root law (1/ V -tails). The lines for Al leads and the
junction itself are lossless and contribute to the circuit noise as pure ohmic elements (the
√
1/V -tail). Thus, both 1/V - and 1/ V -tails are present simultaneously in our fitting in
high voltage regime (V > kB T /e, e/C) which is based on the formula


1
e
V
A1 A1/2
I=
+
V −
+
+ √
+ gV 3 .
(23)
Rs RT
2C
V
V
By introducing a cubic term gV 3 into the fit we take into account the nonlinearity in RT
at large voltages. Even at large voltages (∼10 mV) the strength of the cubic background
does not exceed the total contribution from the power law tails. This makes it possible
to resolve the power law dependence of the tail. The values of parameters A1 and A1/2
expected from the theory are:
(i) Unshunted junction with low impedance Al leads
r !
 e 2
1
CR
+
,
A1 = R K
2πC
RT
L
A1/2 = 0 .

(24)

(ii) Shunted [unshunted] junction with resistive Cr leads
RK  e 2
A1 =
,
RT 2πC
r
RK CR  e 3/2
1
A1/2 = 3[2] 3/2
.
3π
RC
C

(25)

The coefficients A1 include the strong tunneling corrections due to finite RT ∼ RK
by treating RT like any lumped Ohmic element with 1/V -tail. The justification of this is
presented in P5. The factors 2 and 3 in Eq. (25) appear because four leads are equivalent
to two double transmission lines shown in Fig. 10. Thus the total number of double
transmission lines is 2 and 3 for the unshunted and the shunted case, respectively. Note
that the shunt is considered as two separate sections with resistance Rs /2 each. The shunt
resistance Rs is known whereas RT and the capacitance C as well as the parameter A1
or A1/2 are fitted to the IV curve. In the case of lossless Al line (i) the parameter A1 is
p
fitted freely since it depends not only on RT , but also on the admittance CR /L. In the
case of Cr leads (ii) A1 is fixed by RT and C, and the parameter A1/2 is fitted.
In the fabrication process the parameters (electron dose) are equal both for the shunt
and the leads. This means that the capacitance and resistance per unit length are equal
for Cr shunts and leads. The capacitance per unit length may be estimated from that
of a prolate ellipsoid [30]. Using typical values we get cR = 100 aF/µm for our Cr
environment. The fit results are compared to theoretical estimates in Table II. Using
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the estimated capacitance and the measured resistivity 4 kΩ/µm, one obtains for the
p
attenuation coefficient ωrcR /2 ∼ 0.57 µm−1 at 1 mV (ω = 1.6 · 1012 rad/s). Hence,
even though our Cr resistors are rather short, they can be viewed practically as infinite.
The Al leads must be characterized by the microstrip impedance [31]
p
l/cR =

Z0
ln(8h/w) ≡ Z0ef f ,
√
2π ef f

(26)

where Z0 is the free-space impedance of 377 Ω, ef f ∼ 6 is the effective dielectric constant
for our silicon substrate, h ∼ 600 µm is the distance from the ground plane, and w ∼ 200
nm is the width of the strip. This yields an impedance of 260 Ω.
For presentation, it is convenient to subtract off the linear part I = V /Rtot with
−1
Rtot = RT−1 + Rs−1 . Thus we can plot the “excess” current


1
e
A1 A1/2
3
Ie = V /Rtot − I + gV =
−
− √
(27)
RT 2C
V
V
as a function of voltage V > kB T /e.
Figure 12 shows an example of an Ie vs. V -curve measured on a junction with r = 4
kΩ/µm Cr leads (sample 3). The best fit is obtained with the lossy RC-line formula of
√
Eq. (17) with 1/ V -tail. This yields cR = 210 aF/µm for the specific capacitance of the
Cr leads, deviating by a factor of two from the estimated value of 100 aF/µm. The results
√
on 1/ V -tails were found to be independent of temperature in the range 0.1 - 1 K. This
is in agreement with theory, according to which the tails depend only on the quantum
part of Johnson-Nyquist noise.
Figure 13 shows an Ie vs. V -curve of unshunted sample 2 with thick aluminum leads.
p
As expected, the lossless transmission line formula (24) fits with impedance L/CR ≈
570 Ω. This number agrees with Wahlgren et al. [28] who calculated Renv = 440 Ω from
the low-voltage data of a similar unshunted single tunnel junction.
√
The ratio between the tails A1 /V and A1/2 / V is plotted in the inset of Figure 12.
√
Even though the magnitude A1/2 / V is always larger than A1 /V , their relative magnitude
depends on the tunnel resistance RT . In the strong tunneling regime RT < RK , A1 /V
becomes more dominant than in the samples with larger RT . This means that one must
take strong tunneling effect into account when investigating the high voltage tails, and for
this it is sufficient to include the ohmic tunneling resistance RT into the effective circuit
for calculation of the Johnson-Nyquist noise.
Table 2 summarizes the fit results by showing the fitted RT , C, and the parameter
p
RK CR /RC proportional to the fitting parameter A1/2 . The theoretical value is obtained from calculated value of capacitance per unit length. The reference sample with
p
lossless Al leads is characterized by the dimensionless impedance RK CR /L comparable
to RK /Z0ef f .
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Figure 12: Reduced “excess” current Ie vs. voltage V for sample 3 with tunneling resistance RT = 11.1 kΩ and a resistive 0.1 × 10 µm2 Cr shunt (Rs = 22.4 kΩ). Solid line
illustrates a fit using lossy RC transmission line formulas of Eq. (25). The inset shows the
√
ratio A1 /V : A1/2 / V between two tail contributions arising from tunnel junction and
transmission line. The number denotes the sample.

Figure 13: “Excess” current vs. voltage for an unshunted full Al sample with tunneling
resistance RT = 76.0 kΩ. The fit has been made using lossless transmission line formulas
in Eq. (24).
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p
Table 2: Fit results. RT and C are fitted to the data. Parameters RK CR /RC and
p
RK CR /L are calculated from the fitting parameters A1/2 and A1 , respectively. These
are compared with theoretical estimates (see text).
sample RT (kΩ) C(fF)

p

RK CR /RC

fit

theory

Rs (kΩ) description

1

4.3

1.1

1.11

0.77

∞

Cr leads only, r = 4 kΩ/µm

3

11.1

1.0

1.16

0.80

22

Cr shunt/leads, r = 4kΩ/µm

4

18.4

0.1

3.84
4.15
p
sample RT (kΩ) C(fF) RK CR /L

4.2

Cr shunt/leads, r = 1.5kΩ/µm

Rs

description

∞

Al leads only

2

3.4.2

76.0

0.7

fit

RK /Z0ef f

45.3

99

Nanotubes at large tunneling voltages

As well as metallic samples, the quantum theory of environment can be used to
characterize materials with lower carrier concentration like carbon nanotubes [33], where
the basic charged excitations are plasmons. IV curves are measured by positioning the
nanotube in contact with gold electrodes using a manipulation based on atomic force
microscope (AFM) as described in P8. This method produces a double junction geometry,
i.e. the nanotube acts as a SET island, and a comparison to the environmental theory at
high voltages is valid only if the horizon length as described in section 3.3 is less than the
length of the nanotube. For our samples, with length about 1 µm, this condition means
that the junctions at both ends of the nanotube become independent at voltages larger
than a few millivolts. In reality, the junctions are independent already at smaller voltages
due to dissipation which attenuates plasmons strongly.
The measurements in P7 reveal a 1/V type of high voltage tail corresponding to a
resistive environmental impedance of 1.3 – 7.7 kΩ. Relating the value to inductance of
Eq. (16) we get lZ = 0.1 – 4.2 nH/µm. The large inductance is due to the large kinetic
inductance of low carrier density nanotube.
At low voltages, both Luttinger liquid model (see P7 and references therein) and the
quantum theory of environment give the same power law behavior I ∝ V α+1 . Here the
exponent can be related to impedance Z by α = 2Re{Z}/RK . This yields an inductance
lα = 0.2 – 1.7 nH/µm ≈ lZ . With the large value of inductance the nanotubes provide an
excellent high-impedance environment for a normal junction at high frequencies.
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Figure 14: Energy bands for Josephson junction: a) EJ  Ec , b) EJ  Ec .

4
4.1

Dissipative phase transition
Band structure of Josephson junction

As already mentioned in Chapter 1, quantum-mechanical tunneling of the phase
difference ϕ causes energy bands to form in the cos ϕ potential. The limits of weak and
strong Josephson coupling are shown in Fig. 14. Analogous to the Bloch electrons, these
bands are periodic as a function of quasicharge Q with the period of 2e. If EJ /Ec  1,
that corresponds to the tight-binding limit in the solid state theory, then the lowest band
is located near ~ωp /2 and given by
E(Q) = E(Q + 2e) = ∆[1 − cos(πQ/e)]

(28)

with the band half-width [7]
16
∆= √
8π



EJ
2Ec

1/4

" 
1/2 #
8EJ
~ωp exp −
,
Ec

(29)

√
where ωp = 8EJ Ec /~ is the plasma frequency. For a small Q  e we may approximate
E(Q) = Q2 /2C ∗ as in the limit of EJ /Ec  1 discussed in Chapter 1. Here the effective
capacitance C ∗ = e2 /π 2 ∆ can exceed the geometric capacitance C essentially.
Now let us shunt the Josephson junction by an Ohmic element Rs . Neglecting interband transitions, the junction dynamics is governed by the band energy E(Q):
dQ
V
1 ∂E
= I−
=I−
dt
Rs
Rs ∂Q
dϕ
2e
=
V
dt
~
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(30)

A stationary solution to Eq. (30) yields Ohm’s law V = Rs I at small current bias I <
e/Rs C ∗ corresponding to fixed quasicharge Q < e. Here we have used the approximation
E(Q) = Q2 /2C ∗ for the energy band. Physically, all the current flows through the shunt
resistor and the Josephson channel is blocked.
However, with increasing current bias the quasicharge approaches the Brillouin-zone
boundary (Q = ±e). Then another regime of phase motion sets in [7]: The phase performs
¯ where I¯ = I − V̄ /Rs is the
Bloch oscillations, with Eq. (30) leading to the period 2e/I,
time average of the current through the junction. In this regime dissipation is suppressed,
corresponding to a decreasing resistance V /I.
Thus, at small current bias the resistance must have a bump of width δI = e/Rs C ∗
(δV = e/C ∗ ), and the shunted Josephson junction behaves as an ohmic resistor with
resistance Rs . At larger currents I  e/Rs C ∗ , however, the junction has a tendency to
become superconducting again. This behavior is a direct outcome of the band picture
for the phase motion, as was shown in Ref. [7]. Therefore, a blockade bump in the RI
curve of a Josephson junction is a clear manifestation of phase delocalization and the
band picture.
The bump on the RI curve at small bias looks similar to the bump due to the Coulomb
blockade of single-electron tunneling and, moreover, is governed by a similar effective
Coulomb energy e2 /2C ∗ . On the other hand, in the model which we are discussing here,
there is no single-electron tunneling at all if the resistance is dominated by the shunt
resistance Rs (quasiparticle resistance Rqp  Rs ). In fact, we deal with the Coulomb
blockade indeed, but it is the Cooper-pair current channel that is blocked [32]. However,
in an unshunted junction with R = Rqp the additional Coulomb blockade of single-electron
tunneling can increase the zero-bias resistance well above Rqp .

4.2

Effect of dissipation

The theory as summarized in the previous section would indicate that any Josephson
junction must have a blockade bump at zero bias. However, we must take into account an
important effect of the environment: suppression of the quantum tunneling by dissipation
[5, 34, 35]. This decreases the band half-width which now in the limit EJ  Ec is given
by
 αs

∆ 1−αs
˜
.
(31)
∆=∆
~ωp
˜ vanishes at
Here αs = Rq /Rs is the dissipation parameter. The renormalized energy ∆
αs = 1 where the band disappears. The phase is trapped in some well of the washboard
potential and the junction is superconducting down to the lowest current bias. Consequently, the phase line separating insulator from superconductor is the αs = 1 line,
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Figure 15: Resistance vs. current for two samples showing different behavior: a) Sample
3 with RT = 3.7 kΩ and Rs = 11 kΩ, b) sample 5 with RT = 12.4 kΩ and Rs = 22 kΩ.

independent of the energy ratio EJ /EC (the dashed vertical line on the phase diagram in
Fig. 16).
Figure 15 shows two different types of RI curves on both sides of the the dissipative
phase transition. On the left, no resistance bump at zero bias is observable, whereas on
the right a clear bump is visible.

4.3

Experimental phase diagram

The phase diagram, in which the Josephson junction under weak dissipation remains
insulating even in the limit of EJ /EC → ∞, is difficult to confirm because very slow
delocalization of phase leads to exceedingly small voltages. Experimentally, insulating
behavior can be observed only if the voltage of the bump, the effective Coulomb gap
˜
e/C ∗ ∼ ∆/e,
exceeds the minimum voltage Vmin detectable in our measurements. Therefore, it is reasonable to assume that our measured DPT corresponds not to the condition
˜ = 0, but to ∆
˜ ∼ eVmin . Together with Eqs. (29) and (31), the latter condition yields
∆
the crossover from the superconductor to the insulator behavior at
EJ
1
=
EC
8



16
ln √ + (1 − αs ) ln ωp τs
8π

2

.

(32)

Here τs = ~/eVmin is the phase slip time for the minimum detectable voltage Vmin . This
is the time necessary for a phase change by 2π, i.e., for the phase motion between two
wells. In our case, Vmin is about 0.5 µV which corresponds to τs ≈ 2 · 10−9 s. The
curve obtained from Eq. (32) using ωp = 2 · 1011 Hz is displayed in Fig. 16. Within
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our quite large statistical uncertainty, Eq. (32) agrees with the experimental crossover
between superconductor- and blockade-types of RI curves.







"
!



#
$










 











Figure 16: Phase diagram of shunted Josephson junction. The phase boundary lies between insulator-like (open symbols, I) and superconductor-like samples (solid symbols,
S). Unshunted samples (squares) are collected at Rq /Rs = 0. The solid lines are the theoretical phase boundaries calculated using Eq. (7) with ωp = 2 · 1011 1/s and τs = 2 · 10−9
s (lower) and τs = 2 · 10−8 s (upper).

According to Ref. [7], thermal fluctuations are also able to “wash out” the blockade
bump if thermal energy kB T is of the order of or larger than e2 /C ∗ . In this case, the
crossover is given by Eq. (32) again, but with τs replaced by ~/kB T which is about 5
times less than τs at our minimum temperature of 50 mK. Since the crossover depends
logarithmically on τs , small uncertainties in τs do not shift its position essentially when
compared with our experimental uncertainty. In fact, since the numerical factors in the
conditions kB T ∼ e2 /C ∗ and Vmin ∼ e/C ∗ are not known, it is difficult to judge which
one of these restrictions is stronger.
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Table 3: Measured shunted junctions. RT is deduced from the slope of the normal state
IV -curve at high bias voltage. (The effect of parallel shunt Rs is subtracted.) C is
calculated from the high bias offset voltage using Voffset =

e
Rs
2C Rs +RT

. The value of Rs is

estimated from the known wire resistivity.
sample RT (kΩ) C(fF) Rs (kΩ) EJ /Ec

5

1

9.7

1.6

75

1.3

2

4.5

2.0

31

3.1

3

3.7

3.2

11

6.2

4

3.4

5.7

11

12.4

5

12.4

1.7

22

0.95

6

8.1

2.1

10

1.7

7

5.9

2.0

8.6

2.5

8

21

0.8

4.2

0.25

9

12

0.7

6.9

0.4

Summary

In this Thesis, electron transport through single tunnel junction embedded in a dissipative environment was studied both in normal and superconducting state. High-voltage
asymptotics of the IV curves for small normal tunnel junctions and carbon nanotubes
were studied experimentally. Power-law voltage tails of IV curve were detected when
approaching the linear law V = IR + e/2C at large voltages. The data were in a good
agreement with theoretical predictions of the quantum theory of environment (the phasecorrelation theory). Despite some numerical-factor discrepancy for high-resistance Cr
leads which may be ascribed to inaccuracy of our effective circuit, the voltage tail was
observed to grow with increasing lead admittance as predicted by the quantum theory.
Voltage tails of the form 1/V , typical for low-resistance leads, were experimentally
studied and discussed also by Wahlgren et al. within the horizon picture [28]. In addition,
√
we detected slower voltage tails 1/ V using high-resistance chromium leads. It was
shown that the horizon model provides a good qualitative picture also for this type of
environment, but only if one takes into account that the high-resistance leads behave
as lossy transmission lines in which the electromagnetic signal travels with a frequencydependent velocity that is much less than the velocity of light.
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The effect of environment is in fact a result of Johnson-Nyquist noise in the electric
circuit. It is important that the power-law tails at high voltages are connected only with
the quantum part of Johnson-Nyquist noise. For the high-voltage tails the condition is
kB T  eV /π which was well satisfied in our experimental studies. Thus, detection of
these tails in a good agreement with theory is a rather unique verification of quantum
zero-point fluctuations in macroscopic systems.
Our experimental conditions included the case of strong tunneling when the junction
resistance RT was less than the quantum resistance RK . The strong-tunneling corrections
to the environmental modes at high voltages can be simply incorporated by including the
junction resistance RT into the effective electric circuit for calculation of the quantum
noise.
In the superconducting state, our experiments for the first time clearly confirm the
existence of the dissipative phase transition in a single Josephson junction, though the
observed phase diagram was quite different from that expected originally. The agreement
with theory was achieved by taking into account that the position of the measured phase
boundary is governed not only by intrinsic junction parameters, but also by the accuracy
of voltage measurement. Our work is a strong demonstration of quantum effects in a
single Josephson junction, especially, of the Josephson phase delocalization and the band
picture of phase motion.
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slow approach to the linear behavior above the Coulomb gap. As expected on the basis
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of the quantum theory of environment, better fits are obtained using 1/ V than 1/V
dependence for the asymptote. The results agree with the horizon picture if frequencydependent phase velocity is employed in order to determine the extent of the surroundings
seen by the junction.
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The influence of electron-beam writing on the creation of charge trapping centers
causing 1/f noise is investigated. Two single electron transistors were compared: one
where the SET is on silicon wafer covered by a layer of Si3 N4 , and another in which the
Si was etched away from below. However, the background charge noise was found to be
√
10−3 e/ Hz at 10 Hz independent of the choice for substrate.
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P10. P. Hakonen, M. Kiviranta, J. Penttilä, and M. Paalanen, Noise Measurements
on Single Electron Transistors Using Bias Switching Read-out, The European Physical
Journal Applied Physics, 11, 227 (2000).
The paper describes a simple bias reversal technique for single electron transistors to
remove fluctuations of tunneling resistance from the read-out signal at low frequencies.
The gain of the device is kept constant under bias reversal by using asymmetric junction
capacitances. In our Al/AlOx /Al devices with 1.2 µm island size and 100×100 nm2 tunnel
√
junctions, the noise at 10 Hz is 6·10−4 e/ Hz, independent of the bias modulation.
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