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Abstract

The maximum and the equilibrium numbers of vortex lines are measured in a rotating cylindrical container as
a function of its rotation velocity X. We find that a slow cool-down through the superfluid transition at constant rotation
produces a state with the equilibrium number of lines, N

%2
(X). In decelerating rotation, when vortex lines annihilate, the

state is obtained which includes the maximum possible number of lines, N
.!9

(X). At low velocities N
.!9

(X) exceeds N
%2

(X)
and the surplus N

.!9
!N

%2
is stabilized by an annihilation energy barrier, which during further deceleration ultimately

vanishes in an instability. At high velocities extrinsic effects, such as a misalignment between the container and rotation
axes, remove the annihilation barrier and cause N

.!9
to equal N

%2
. Our analysis concludes that the lowest annihilation

barrier is provided by the bending of the peripheral vortex lines at one end of the container and not by collective
instability in the peripheral shape of the vortex array. ( 1998 Elsevier Science B.V. All rights reserved.
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1. Introduction

In measurements on superfluid 3He one gener-
ally finds that critical superflow velocities are high
and quantized vortices are not easily created in
a smooth-walled container [1—3]. The number of
vortex lines in a rotating container depends on how
a particular rotating state has been prepared. It
then becomes experimentally important to be able
to identify distinct and easily created rotating states

with a well-defined number of vortex lines. Three
types of states are the most useful: (1) The vortex-
free counterflow state is obtained upon accelerating
the superfluid to rotation up to velocities which do
not exceed a critical value. (2) The state of lowest
energy in rotation, the equilibrium vortex state, can
experimentally be achieved in two different ways, as
will be explained in this report. (3) The maximum
number of vortex lines at the annihilation threshold
is found during decelerating rotation when the sur-
plus of lines is continuously removed via annihila-
tion. The maximum number turns out to exceed the
equilibrium number at low X and to equal it at
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higher values of X. The vortex-free counterflow
state in 3He-B has been described in Ref. [4], for
instance, while the last two states are the subject of
this report.

In the equilibrium state, rotating superfluid he-
lium is threaded with an array of rectilinear quan-
tized vortex lines. The lines are parallel to the
rotation axis and distributed evenly in the trans-
verse plane. Their areal density is n

7
"2 X/i, where

X is the angular velocity and i the superfluid cir-
culation [5]. As a result, the average superfluid
velocity field �M

4
undergoes, similar to the normal

component, solid-body rotation and �M
4
"�

/
"

X]r. Typically the size of the container is large
compared to the line spacing (n~1@2

7
&0.1 mm at

X&1 rad/s), so that the rotating superfluid can be
regarded as a continuous medium and described by
a vorticity field x"curl �M

4
"2X"n

7
ixL [6].

Surface effects give rise to an annular vortex-free
region along the lateral wall which is ideally of
constant width parallel to X [7,8]. As a result, the
total line number is given by

N"p(R!d )2 n
7
KN

0
(1!2d/R), (1)

in a cylinder of radius R and with a symmetry axis
zK E X. Here N

0
"pR2n

7
is the maximum possible

number of lines in the continuum limit and d is the
width of the annular vortex-free layer at the periph-
ery (d@R), which in general depends on the rota-
tional history. Here we report measurements on the
minimum width d

.*/
(X) which corresponds to the

maximum vortex number N
.!9

(X).
A vortex-free region, or more generally the exist-

ence of a deficit in the line density (n(n
7
) next to

the lateral wall, entails a macroscopic counterflow
with the velocity v"vN

4
!v

/
. Since the total circula-

tion is Ni, the counterflow velocity in cylindrical
geometry is

v(r)"vN
4
!v

/
"

Ni
2pr

!rXK2X(y!d), (2)

where y"R!r. A peculiarity of the rotating cy-
linder, with its axis parallel to X (“parallel-wall
geometry”), is the existence of an energy barrier
which prevents a straight vortex line from crossing
the vortex-free counterflow region. Here we use the
continuum approach: The vortex array and the

vortex-free region are expected to be separated by
a well-defined border line. This situation is possible
only when the intervortex distance r

7
@d

.*/
. As

d
.*/

Pr
7
, the width d(X) loses its transparent geo-

metrical meaning, but we still continue using it as
a first-order correction to define the deficit in the
vortex number.

The annihilation energy barrier is a result from
the competition of two radial forces acting on the
vortex line: the Magnus force from the counterflow
and the attraction to the wall from the image vor-
tex. At constant N, these two forces have different
X-dependences and the barrier vanishes at finite
counterflow velocity v(0)"2 Xd

.*/
, where d

.*/
K

r
7
. During decelerating rotation the annihilation

threshold corresponds to the situation when the
barrier vanishes and the state in Eq. (1), with
N"N

.!9
and d"d

.*/
, becomes unstable. When

this instability is reached, peripheral lines are free
to cross the counterflow annulus and to annihilate
at the wall. This reduces the total energy. Thus
N

.!9
, with N

.!9
)N

0
, is the maximally possible

metastable vortex number. The minimum limit is
generally given by N

%2
, the equilibrium vortex line

number, below which annihilation is not energeti-
cally favourable. During slow deceleration the line
number N is therefore bracketed between N

%2
and

N
.!9

, or equivalently, the width of the counterflow
region between d

.*/
and d

%2
.

The width of the vortex-free counterflow annulus
controls the nucleation and annihilation of vortices
during acceleration or deceleration, respectively.
A lot of work has been spent on studying vortex
nucleation in the helium superfluids, whereas anni-
hilation has been more in the background. Prob-
ably this is due to the oversimplified assumption
that annihilation is a mirror process of nucleation.
As we shall see here, this is not the case. We show
that annihilation cannot be deduced from data
obtained for nucleation and demonstrate that
a measurement of the annihilation threshold during
deceleration provides information on the proper-
ties of quantized vortex lines, such as their energy
and circulation. A brief report on the annihilation
threshold in 3He-A can be found in Ref. [9]. These
are the first quantitative measurements on annihi-
lation in the rotating 3He superfluids. Compared to
4He-II, in 3He superfluids metastability is prominent,
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owing to large energy barriers which cannot be
overcome by thermal activation or quantum tun-
neling at millikelvin temperatures. Instead a barrier
ultimately vanishes in an instability as function of
an external bias, which in our case is the rotation
velocity X. During deceleration this instability is
the annihilation threshold, which occurs at the
critical velocity X

.*/
(N), the minimum velocity at

which N vortex lines can still be sustained in the
container.

2. Vortex-line energy

Except for their core structure, vortices in 3He-B
are similar to those in 4He-II. Their energy e

7
per

unit length is written in the form [5]:

e
7
"

o
4
i2

4p Aln
r
7

m(¹, P)
#dB. (3)

Here o
4
is the density of the superfluid component.

The logarithmic term arises from the hy-
drodynamic kinetic energy : 1

2
o
4
v2
4

d2r of the super-
flow, which circulates around the vortex core with
the local velocity v

4
"i/(2pr). For the upper cut-off

and the intervortex distance in the vortex lattice
we use the Wigner—Seitz unit-cell radius: r

7
"

Ji/2pX. The lower cut-off is chosen to be the
superfluid coherence length m(¹, P)+m

0
/

J1!¹/¹
#
. With m

0
"J7f(3)/20 +v

F
/(2pk

B
¹

#
)&

20—50 nm and 0.94)¹/¹
#
)0.98, we have

m&0.08—0.34 lm in the region of our measure-
ments. Other contributions to the energy are col-
lected in the d term. It arises from the vortex core
and has been calculated in Ref. [10] for 3He-B
using Ginzburg—Landau theory. The result gives
d"!3e

#
/(20p), where at 18 bar the axisymmetric

A-phase core has e
#
+0.32 and the nonaxisymmet-

ric double core e
#
+0.53. Thus the contribution

from d is small compared to the logarithmic term
ln(r

7
/m(¹, P))+8. An alternative parameterization

of the energy in Eq. (3) is in terms of the effective
core radius r

#
, so that d"ln(m(¹,P)/r

#
). Then

e
7
"

o
4
i2

4p
ln

r
7

r
#

. (4)

The smallness of d implies that to a good approxi-
mation r

#
Km(¹, P) in 3He-B.

The equilibrium state in rotation, in other words
the width d

%2
of the counterflow annulus, is derived

from free-energy considerations, i.e. from the bal-
ance between the sum of the vortex line energies
and the kinetic energy of the vortex-free counter-
flow [7,8,11,12]:

d
eq
"r

7A
1

2
ln

r
7

r
#
B

1@2
. (5)

For different superfluids, this width is a few times
the intervortex distance r

7
(Table 1).

3. Annihilation barrier for rectilinear vortex

In an isotropic superfluid with counterflow, the
energy of a rectilinear vortex line per unit length is
a function of its distance y from the wall:

e
7
(y)"

o
4
i2

4p
ln

2y

r
#

#o
4
iP

y

0

v(y@) dy@. (6)

Here the first term is the energy of the straight
vortex line in the fluid at rest, taking into account
its image in the wall. The second term is due to the
interaction of the velocity field of the vortex with
the velocity field of the counterflow. The energy of
this interaction is proportional to the total flow
through the area between the line and the wall [13].
If d is much less than the radius of the container, the
counterflow velocity is given by Eq. (2). Then
Eq. (6) can be rewritten as [11]

e
7
(y)"

o
4
i2

4p
ln

2y

r
#

#o
4
iX(y2!2dy). (7)

The derivative

de
7

dy
"

o
4
i2

4py
#o

4
2iX(y!d). (8)

is the radial force on the vortex.
The condition de

7
/dy"0 determines two ex-

trema of the energy profile:

y
B
"1

2
(d$Jd2!r2

7
). (9)

The energy profile has a maximum at y"y
~

and
a minimum at y"y

`
, if d'r

7
. For d(r

7
, there
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Table 1
Comparison of vortices and their expected properties in different superfluids. The columns list the superfluid, the vortex line structure
(VL type), circulation i, length scale m

L
characterizing the structure of the vortex core (which we use to approximate r

#
), the logarithmic

factor ln(r
7
/r

#
), the width of the vortex-free layer d

%2
/r

7
, and the height of the energy barrier in the equilibrium state, given in Eq. (20).

X"0.3 rad/s has been used. The entries in the column for the VL type denote: (SV)—singular-core-vortex, (CV) — singularity-free dipole-
unlocked continuous-core structure, and (LV) — singularity-free dipole-locked continuous vortex

Superfluid VL type i (mm2/s) m
L

(lm) ln(r
7
/r

#
) d

%2
/r

7
e
B

(]o
4
i2/4p)

4He-II SV 0.100 10~4 13 2.5 5
3He-B SV 0.067 0.05 8 2.0 2
3He-A SV 0.067 10 5 1.6 1
3He-A CV 0.134 10 3 1.2 0.6
3He-A LV 0.134 100 2 1 0.3

are no extrema. Thus the annihilation barrier van-
ishes, when d"r

7
, which defines the point of

absolute instability with respect to annihilation,

d
*/45

Kr
7
"C

i
2pXD

1@2
. (10)

The corresponding vortex number is given by re-
placing d with r

7
in Eq. (1),

N
*/45

"N
0
!2JN

0
. (11)

In the case of the equilibrium vortex-free region
(d"d

%2
), the energy of a line at the edge of the

vortex array (y"d) is equal to that when the vortex
is close to the wall (y&r

#
@r

7
) and the energy

e
7
K0. This is checked by using for d the value

d
%2

from Eq. (5). Then the energy maximum is close
to the wall at

y
~
"

r2
7

4d
%2

@r
7
. (12)

The energy at y
~

determines the annihilation bar-
rier E

B
"[e

7
(y

~
)!e

7
(d)]¸, where ¸ is the length of

the vortex line. Close to the equilibrium state it is
given by

E
B
"e

B
¸K

o
4
i2

4p
¸ ln

r2
7

2d
%2

r
#

K

o
4
i2

4p
¸

2d2
%2
!r2

7
ln(2d

%2
/r

7
)

r2
7

. (13)

This model of the annihilation barrier of a rectilin-
ear vortex line has been generalized to anisotropic

3He-A in Ref. [9]. It was established there that
there should be no influence on the annihilation
threshold from the anisotropy in the usual equilib-
rium textures of an infinitely long cylinder.

Finally, we note that numerical calculations with
discrete line numbers have been performed in Ref.
[14]. It was shown there that at small line numbers
(N)20) metastable states exist with a vortex
deficit from N

0
, which is significantly smaller

(N
0
!N

*/45
)2) than that predicted by Eq. (11) in

the continuum model. But it should be noted that
the energy barriers involved in stabilizing such
states are several orders of magnitude smaller than
the annihilation barrier in Eq. (13). They are caused
by the shear energy within the vortex array and are
probably difficult to observe in practice due to the
inevitable noise in the rotation drive. At X&
1 rad/s the rotation noise is *X&$3]
10~3 rad/s for our rotating cryostat. This means
that the barrier height is randomly modulated
by &5%.

4. Annihilation via line bending

For better results, a more realistic model should
be used for the calculation of the barrier height
than that of a rectilinear vortex line. To reduce its
annihilation barrier, an outermost vortex might not
annihilate as a rectilinear line, but by bending at
one end towards the lateral wall (Fig. 1). The process
begins from the top (or the bottom) of the con-
tainer: The end of the vortex line moves across the
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Fig. 1. Schematic illustration of vortex line bending for the
calculation of the single-vortex annihilation barrier: The annihi-
lation process starts when the upper end of the outermost vortex
line terminates in the corner of the sample cylinder on the lateral
wall.

vortex-free counterflow region towards the lateral
wall, whereby its length and energy increase. Once
it is attached to the lateral wall, the annihilation of
the vortex can proceed without the barrier (except-
ing pinning due to surface roughness, which is not
considered here). One may expect that the energy of
the curved line reaches a maximum when its end
passes the corner of the container. The extra energy
at this instant we equate with the annihilation
barrier. To determine it, we start from the energy
expression of the curved vortex.

Let us assume that the shape of the vortex is
given by a function u(z) (Fig. 1), where u"d!y
measures the lateral distance between the peri-
pheral vortex and the edge of the vortex bundle, y is
the distance from the container wall, and d the
width of the vortex-free annulus. Our theory is
asymptotic in the sense that the displacement u(z),
as well as d, are large compared to the intervortex
distance r

7
and that the logarithm ln(r

7
/r

#
) has a

large value.

The energy of the curved vortex in the counter-
flow is given by [13]

EMu(z)N"
o
4
i2

4p

]ln
r
0

r
#
P

z0

0
S1#A

du

dzB
2

dz!z
0

o
4
i2

4p

]ln
r
7

r
#

#o
4
iP

z0

0
P

u(z)

0

v(u@) du@ dz. (14)

Here the first two terms give the energy difference
between the curved and straight vortex filaments of
length z

0
. The upper cut-off r

0
in the logarithm of

the first term is of the order of the average radius
of curvature ud, which is assumed to be larger than
r
7
. The third term is the interaction energy of the

curved vortex and the counterflow velocity field,
which is set equal to v(u)"2 Xu. The energy may
now be written in the form

EMu(z)N"
o
4
i2

4p

]ln
r
0

r
#
P

z0

0
CS1#A

du

dzB
2
!

ln r
7
/r

#
ln r

0
/r

#
D dz

#o
4
iXP

z0

0

u(z)2 dz. (15)

By varying with respect to u(z) we get the differen-
tial equation

C1#A
du

dzB
2

D
~3@2 d2u

dz2
!

2u

j2
"0. (16)

Here a new length scale appears which coincides
with the bending length introduction in Section 6:

j2"
1

2
r2
7

ln
r
0

r
#

Kd2
%2

. (17)

Eq. (16) is the balance between the line-tension
force, inversely proportional to the radius of cur-
vature, and the Magnus force, proportional to the
counterflow velocity. Since the latter is not con-
stant, the shape of the vortex is not circular [12].
The first integration of Eq. (16) is straightforward
yielding

1

J1#(du/dz)2
"cos a!

u2

j2
. (18)
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The left side is the cosine of the slope angle along
the curve u(z) and a is the boundary value of this
angle at the point where the vortex line joins the
vortex bundle (contact angle). The latter can be
found by minimization of the energy with respect to
the position of the contact point at z"0 (Ref. [13]).
This yields

cos a"
ln(r

7
/r

#
)

ln(r
0
/r

#
)
(1. (19)

However, since r
0

and r
7

differ by a logarithmic
factor, within the approximation of logarithmic ac-
curacy cos a+1. The maximum displacement cor-
responds to u(z

0
)"j+d

%2
, which is the case when

the end of the vortex is normal to the lateral wall.
When this first happens the VL feels the attraction
to both the top (or bottom) and lateral walls. In
practice, we may neglect this complication since
(1) a real corner will be rounded with a radius of
curvatureZr

7
and (2) any correction will affect

only some segment of the curved vortex such that it
can be incorporated into an effective cut-off r

0
.

By changing the integration variable in Eq. (15)
from z to u and by using the value of du/dz from
Eq. (18), one can calculate the extremal energy
which is equal to the barrier height

E
B
"

o
4
i2

4p
ln

r
0
r
#
P

z0

0
CS1#A

du

dzB
2
!1#

u2

j2D dz

"

o
4
i2

4p
ln

r
0
r
#
P

j

0
A

j2
j2!u2

!1#
u2

j2B
]

(j2!u2) du

Jj4!(j2!u2)2
"

o
4
i2

4p

]ln
r
0
r
#

1

j2P
j

0

J2j2u2!u4 du,

E
B
"

1

3
(2J2!1)

o
4
i2j
4p

ln
r
0
r
#

. (20)

Thus, we find that by bending one end of the line,
the barrier height of the rectilinear vortex in
Eq. (13) is reduced by the factor d

%2
/¸. When d de-

creases below d
%2

, this restricts r
0

and the upper
integration limit, since now d(j. Therefore, the
barrier height decreases. In the end it must vanish

when d&r
0
&r

7
, like in Eq. (10) for rectilinear

vortex lines. However, the present estimate is not
applicable in this limit, since we assumed dAr

7
.

5. Annihilation via collective deformation of vortex
array

In the two previous sections we have considered
single-vortex annihilation processes where one
outermost vortex is removed from the vortex array,
neglecting interactions within the array. To exam-
ine this assumption we consider the other extreme,
strong interactions between the annihilating vortex
and other vortices, such that it remains part of the
array. Then the shape of the vortex bundle as
a whole deforms to form a bulge or finger, which
ultimately touches the container wall. At that mo-
ment one or several vortices can reconnect to the
wall and annihilation proceeds at no extra cost of
energy. To form the bulge is energetically costly.
We consider this process in two dimensions, when
the vortex lines remain rectilinear and parallel to
the rotation axis.

The deformation of the edge of the bundle is des-
cribed by the displacement u(x) towards the vor-
tex-free region (Fig. 2). In the Fourier presentation

u(x)"RP u(k) exp(ixk) dk, (21)

where R is the container radius. The energy of such
a deformation (per unit length) was calculated in
Ref. [15] (see Eqs. (5.10) and (5.22)—(5.24) therein)
while considering edge waves along the boundary
of the bundle

e
D
"po

4
R2X2P

2Du(k)D2
k(1#coth kd)

dk. (22)

One should minimize this energy subject to the
condition that the maximal displacement, or the
length of the bulge,

u
.
"u(0)"RPu(k) dk, (23)

is kept fixed. This can be done by varying the
functional

GMu(k)N"e
D
Mu(k)N!ku

.
(24)
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Fig. 2. Illustration of a deformation in the peripheral shape of
the vortex array for the calculation of the annihilation barrier in
a collective process: A bulge is formed at the edge of the vortex
bundle, which is shown here in the plane transverse to the
rotation axis X. The annihilation barrier vanishes when the
bulge extends all the way across the vortex-free counterflow
region.

with respect to u(k). Here k is a Lagrange multiplier.
As we shall see, the large wave numbers kA1/d
are most important. Then one may assume that
coth kd+1 in Eq. (22). Variation of G and deter-
mination of k from the normalization condition
(23) yield

u(k)&u
.

kr2
7

R
. (25)

Finally, the energy of the bulge is

e
D
&o

4
i2u2

.Pk dk. (26)

The integral over k is divergent at large k and
a natural cut-off of this divergence is the inverse
intervortex distance 1/r

7
. The energy of the barrier

is determined by the condition that the bulge
touches the wall: u

.
&d. Then

e
B
&o

4
i2

d2

r2
7

. (27)

On comparing this result with Eq. (13), the barrier
height of a single vortex line, we see that the differ-
ence is the smaller large-distance cut-off in the
logarithm in the latter case (r

7
instead of 2y

~
in

Eq. (13)). This conclusion is expected to stand, even
if we would compare to a more realistic three-

dimensional model of the collective annihilation
instability. We can further conclude that single-
vortex annihilation in Eq. (20), when an outermost
vortex bends at one end across the vortex-free an-
nulus to the lateral wall, provides the lowest esti-
mate for the barrier height,

E
B
K

1

3
(2J2!1)

o
4
i2

2p

d3
%2
r2
7

. (28)

6. Misalignment of axes

So far we have considered the annihilation bar-
rier in an ideal cylindrical container. In practice the
barrier height is most sensitive to the alignment of
the lateral walls with respect to the rotation axis or
the rounding of the cylinder corners. These proper-
ties of the container are limited by the precision in
machining and orienting the container. For defi-
niteness we consider here the case that the con-
tainer and rotation axes are tilted with respect to
each other by a small angle h (Fig. 3). This
nonideality influences annihilation at high vel-
ocities, when the vortex spacing r

7
, which deter-

mines the width of the vortex-free region in the
decelerated state, is comparable with the wall de-
flection *R"¸ sin h. At low velocities and small
vortex numbers, *R@d, the misalignment can be
disregarded, and the energy barrier is given by
Eq. (28). Thus, a cross-over is expected at an inter-
mediate velocity Xs, which we want to determine as
a function of *R.

The line distribution at an inclined wall has been
investigated for large tilting angles in 4He-II [12].
As shown in Fig. 3, the peripheral vortices are then
bent from parallel to X to normal to the surface.
The bending takes place over a bending length
j(h)&d

%2
. In this case no metastability in N(X) is

expected or observed, and the vortex number main-
tains its equilibrium value during deceleration.

In the present measurements, the misalignment
of the lateral walls corresponds to the small angle
limit of Ref. [12] where the bending length is
j"d

%2
. The equilibrium counterflow is thus

established within the peripheral annulus where the
lines are bent (Fig. 3). At the lateral wall the vortex
spacing is large, since r

z
"r

7
/sin h. In a container of
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Fig. 3. Schematic illustration of vortex line distribution in the
rotating cylinder. The shaded area represents the vortex bundle
with rectilinear lines parallel to the rotation axis X. The white
area represents the region with macroscopic counterflow. (Left)
In the ideal case no vortex lines cross the counterflow annulus,
the annihilation barrier is nonzero, and vanishes during deceler-
ation for the outermost vortex line in an instability, when X is
reduced to the value X

.*/
, which corresponds to the condition

dPd
*/45

&r
7

in Eq. (10). (Right) In any practical experiment,
X and the cylinder axis are inclined by some small angle h.
Peripheral vortex lines may then connect to the lateral wall, if
X*Xs. In this situation there is no annihilation barrier:
N

.!9
"N

%2
and d"d

%2
.

finite height ¸, this leads to a transition from a low
velocity state, when r

z
'¸ and the spacing

(r
7
'¸ sin h) is too large for the peripheral vortices

to terminate at the lateral wall, to a high velocity
state, where the peripheral vortices become bent.
The cross-over velocity Xs can be obtained in the
equilibrium state by setting r

;
"¸ or

r
7
(Xs)"*R"¸ sin h,

Xs"
i

2p(*R)2
. (29)

In practice *R[0.1 mm is hard to achieve, which
translates to a cross-over in the range Xs[1 rad/s.

The condition *R"r
7
(Xs) thus marks the limit-

ing X when the outermost vortex line intersects the
upper corner of the container in Fig. 3. At higher
velocities the peripheral vortices are bent in the
equilibrium state. Thus there exists some minimum
width d'd

%2
beyond which the array only includes

rectilinear lines. In the limiting case the outermost

straight vortex line is at distance d#r
7

from the
wall, which has to be approximately equal to
*R#j. Thus we obtain dK*R#d

%2
!r

7
which,

when inserted into Eq. (1), gives

NKN
0A1!2

*R

R
!2

d
%2
!r

7
R B. (30)

Eq. (30) provides in the (N, X) diagram the limit
below which all lines have to be rectilinear while
above it the peripheral lines may be bent.

The case of high velocities, when d
.*/

Kd
%2

, will
be referred to as annihilation by extrinsic mecha-
nisms. In contrast, at low velocities, the ideal insta-
bility limit d

.*/
Kr

7
we ascribe to annihilation by

intrinsic mechanisms. For the discussion of the ex-
perimental results it is useful to note that Eq. (30)
marks the limit below which extrinsic effects cannot
contribute to annihilation. We will also make use of
the expression

N"

2pR2

i
(X!bJX), (31)

where b"2dJX/R, by comparison with Eq. (1).
The value of b, which measures the ratio d/r

7
, char-

acterizes the annihilation mechanism.
Table 1 summarizes, for different types of vor-

tices in helium superfluids, the numerical values of
the quantities which control annihilation. The esti-
mates describe the continuum limit, where the rela-
tive accuracy in the energy terms is considered to be
proportional to the inverse of the logarithm
ln(r

7
/r

#
).

Numerical calculations of discrete line configura-
tions (N"1—200) in Ref. [14] show that this limita-
tion (dE/E[1/ln(r

7
/r

#
)) affects the total energy Ne

7
.

In a calculation of d
%2

or the equilibrium line num-
ber, our error in the relative vortex deficit *N/NJ

1/JN (or d
%2

/r
7
) will be of order 1/[JN ln (r

7
/r

#
)],

and thus smaller than the resolution of our
measurements. However, in calculating the annihi-
lation barrier e

B
the relative accuracy is again

&1/ln(r
7
/r

#
), which may not be a small number. It

is only the steep dependence of the barrier on d that
makes our prediction of the instability reasonable:
d
*/45

+r
7
.
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Fig. 4. NMR absorption spectra of 3He-B, recorded at
X

3%&
"1.2 rad/s. with different number N of vortex lines in the

container. The heights of both the Larmor peak at sin2b"0 and
the counterflow peak at sin2b"0.8 change sensitively with N.

7. NMR measurement of vortices

NMR has proven to be the most versatile
method to detect and identify vortices in superfluid
3He. Here we make use of its high sensitivity —
single vortex resolution in 3He-B — to measure
N

%2
(X) and N

.!9
(X). In 3He-B vortices do not give

a direct NMR absorption signal. Instead the
measurement is based on the change in the NMR
line shape at constant ¹ and X, when the number of
vortex lines changes (Fig. 4). The underlying prin-
ciples have been explained in Ref. [1].

We measure the cw NMR signal at constant
frequency ( f

0
"380 kHz) by sweeping the magnetic

field about the Larmor value (H
0
"2pf

0
/c"

11.8 mT). Traditionally, the NMR absorption
spectra are converted to show the line shape as
a function of frequency. In 3He-B the NMR ab-
sorption is shifted to a frequency given by [16]

fKf
0
#

f 2
B

2f
0

sin2 b. (32)

Here f
B
(¹, P) is the characteristic B-phase response

frequency and b the angle of the order parameter
axis nL with respect to the applied field H. Different
order parameter interaction terms determine the
distribution of the orientations of nL (r) over the
cross-section of the cylindrical container. The ex-
ternal field attempts to align nL parallel to itself,
while the well-developed counterflow attempts to
fix the value of b at sin2 b"0.80 in an axially
oriented field. Therefore b is smoothly distributed
over the cylinder radius from b(0)"0 at the axis to
b(R)+63.4° (or p!63.4°, see Ref. [4]) at the pe-
riphery. This is known as the cylindrically symmet-
ric “flare-out” nL texture. The NMR absorption
spectrum is a direct image of the nL texture via
Eq. (32).

At larger counterflow velocities the NMR line
shape has two absorption peaks (Fig. 4). The center
of the cylinder contributes a sharp peak close to the
Larmor edge at f

0
while the counterflow annulus

gives rise to a somewhat broader peak at
sin2 bK0.80. It should be remembered that the
integrated absorption under the NMR line is pro-
portional to the B-phase susceptibility s

B
(¹, P) and

independent of the nL (r) texture. Therefore, the ab-

sorption is shifted between the two absorption
maxima, if either the counterflow velocity or the
number of vortex lines is changed. A spectrum of
the rotating equilibrium state with vortex lines does
not markedly differ from one measured in the sta-
tionary state (X"0) and has no counterflow max-
imum. The change in the line shape allows different
procedures to be worked out for determining N for
a sample which has been decelerated to the annihi-
lation threshold X

.*/
(N) and has an unknown num-

ber of lines. These procedures rely on the fact that
a given number of lines, created by one way or
another, will be preserved even if X is changed,
unless the velocity is reduced below the annihila-
tion threshold X

.*/
(N) or increased above the criti-

cal velocity.
Our 3He sample container is a cylinder with

radius RK2.5 mm and height¸K7 mm [1,2]. It is
made of fused quartz with a surface roughness
[1 lm. With 3He-B in this container, vortices are
not formed spontaneously during acceleration up
to 3 rad/s at 18 bar and 2 rad/s at 2 bar in the
temperature range of the present measurements
(0.94)¹/¹

#
)0.98) [1]. Finally, we note that the

frequency shift of the counterflow peak depends on
the characteristic frequency f

B
(¹, P), which is

known from earlier measurements. Thus the posi-
tion of the counterflow peak is used as an in situ
thermometer.
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Fig. 5. Calibration measurements of vortex number vs. peak
height ratio for the twin-peaked NMR line shapes in Fig. 4. The
number of vortex lines N is plotted as a function of the ratio of
the Larmor and counterflow peak heights, h

L!3
/h

#&
, at two differ-

ent reference velocities X
3%&

.

8. Measuring procedures

In the present measurements vortices have been
formed by three different methods: (1) by cooling
through the superfluid transition in rotation, (2) by
increasing X above the critical velocity of vortex
formation in the superfluid state, and (3) by irra-
diating counterflow at constant X with thermal
neutrons. In principle all three methods can be used
to create a specified number of vortex lines, but
depending on the situation, the experimental res-
olution may restrict the precision which can be
obtained. We have used the third method to create
a sample with a known number of vortex lines.

An accurately counted number of vortex lines
can be created by irradiating counterflow with ther-
mal neutrons at low neutron flux and at rotation
velocities, which are below the spontaneous critical
velocity [17,18]. In the irradiation process, the
sample is rotated at constant X such that the
counterflow velocity exceeds the threshold for neu-
tron-mediated vortex formation. This is of order
1 rad/s [17]. In conditions where the threshold
velocity is not substantially exceeded, a neutron
absorption event gives rise to a single vortex line
which is detected as a downward step of distinct
size in the counterflow peak height. After the de-
sired number of vortex lines has been collected, the
neutron source is removed. By collecting samples
with varying numbers of vortex lines and recording
the corresponding height of the counterflow peak
at a given value of X and ¹, one can calibrate the
peak height as function of vortex number N. Two
calibrations are shown in Fig. 5, which turn out to
be linear in the temperature range 0.90 ¹

#
(¹(

¹
#
, with a small number of vortex lines, N(0.3 N

0
.

Experimentally the annihilation threshold
X

.*/
(N) is a most expedient quantity: In 3He super-

fluids it can be measured accurately and, if the
relation between X

.*/
and N is known, it provides

a simple means to determine the number of lines in
an unknown sample. In 3He-B this becomes useful
if no separate calibration of peak height versus
N exists. The measuring routine for X

.*/
(N) is then

the following: Some reference velocity X
3%&

is chosen
at which the counterflow peak height is most sensi-
tive to changes in N (X

3%&
+1 rad/s). The process is

started by recording several NMR spectra for later

comparison the reference velocity. Next X is re-
duced to some lower value X

&
where it is kept

constant for a few minutes. It is then raised back to
X

3%&
, where the spectrum is remeasured and com-

pared to the original reference spectrum. This op-
eration is repeated in a sequence of decreasing
X

&
(with *X

&
*20 mrad/s), such that the annihila-

tion threshold velocity X
.*/

(N) becomes bracketed
between two consecutive values of X

&
. When

X
&
drops below X

.*/
(N), then the counterflow peak

height starts increasing, since vortex lines are anni-
hilated on decelerating to X

&
. This is most conve-

niently noticed by plotting the peak height,
measured at X

3%&
, as a function of X

&
: The height

remains constant, when X
&
'X

.*/
, and in-

creases, when X
&
(X

.*/
, so that X

.*/
(N) can be

determined quite accurately ($5!10 mrad/s) by
interpolation.

9. Experimental results

Measurements of the annihilation threshold
N

.!9
(X) are shown in Fig. 6 as a function of X for

two pressures 2.0 and 18.0 bar at ¹"0.94!0.98
¹

#
. The data lie systematically below the maximum

limit N
0
+560 X (dashed line), where N

0
"pR2n

7
is calculated with R"2.45 mm and i"
0.0665 mm2/s. The deviation from the N

0
(X) line

emphasizes the existence of a vortex deficit in the
decelerated state. A fit to Eq. (31) produces the
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Fig. 6. Annihilation threshold in 3He-B: The measured max-
imum number of vortex lines N

.!9
is plotted as a function of the

minimum velocity X
.*/

at which they can be sustained in the
rotating container. The dashed line N

0
"560 X is the limit of

solid body rotation in the continuum limit. The thin solid curve

N
*/45

"N
0
!2JN

0
shows where the annihilation barrier van-

ishes according to Eq. (11). The thick solid curve N
%2
"

N
0
(1!b/JX) corresponds to the equilibrium state. The

dash—dotted curve shows where annihilation takes place because
of extrinsic effects in Eq. (30) and gives the minimum limit
N

.*/
(X) above or on which the measured data points have to lie

in the decelerated state.

Fig. 7. Measurement of the equilibrium state: The number of
vortex lines, N

%2
, plotted as a function of the velocity X

T#
, which

was used in cooling slowly from the normal to the superfluid
state. Dashed line: N

0
"560 X

T#
. The solid line N

%2
"N

0
(X

T#
!

bJX
T#

) reproduces the equilibrium state result from Fig. 6.

thick solid curve. The data points follow this equi-
librium state curve, except at low X where they fall
between the two lines: N

0
(X) and N

%2
(X). The devi-

ation from either curve is larger than the experi-
mental scatter.

The justification for associating the solid curve
with the equilibrium state is the following: The data
at high X(N'40) were fit separately to Eq. (31),
yielding R"2.45$0.10 mm and b"0.18$0.02.
From these two parameters we obtain d/r

7
"

2.2$0.2. By comparing with Table 1 we find that
this result describes well the expected width of the
counterflow annulus in the equilibrium state. If, on
the other hand, we do not treat R as a free para-
meter but keep its value fixed at the nominal radius
R"2.50 mm, then a good fit requires the circula-
tion quantum i

0
to have the value 0.070$0.004

mm2/s (instead of i
0
"h/(2m

3
)"0.067 mm2/s).

The analysis thus supports the conclusion from
before (Section 6) that at large X and small r

7
the

annihilation barrier is removed and the annihila-
tion of vortex lines starts from the equilibrium
state: d

.*/
"d

%2
.

The barrier-dominated regime at low velocities
and the barrier-free regime at high velocities corre-
spond to annihilation by intrinsic and extrinsic
mechanisms, respectively. From the cross-over
velocity XsK0.18 rad/s we deduce, using Eq. (29),
a wall deflection *RK0.25 mm, equivalent to an
inclination by hK2°. This seems like a realistic
estimate of the precision to which the cylinder and
rotation axes can be expected to have been parallel
in the experimental set-up.

The dash—dotted curve in Fig. 6 represents
Eq. (30), with d

%2
"2.2r

7
and *R/R"0.10. This

curve establishes the minimum boundary for the
annihilation threshold from extrinsic sources. Be-
low it all vortex lines are rectilinear, while above it
the peripheral vortices may be bent and end at the
lateral wall. Above the cross-over Xs the data
points follow the equilibrium state behaviour, in
the cross-over regime they are on the minimum
curve Eq. (30), and below Xs they fall above the
curve when a nonzero annihilation barrier devel-
ops. The thin solid curve denotes the instability line
according to Eq. (11). It fits the data at the lowest
velocities (X)0.1 rad/s), which suggests that the
annihilation barrier is fully operative in this range.

The measurements in Figs. 7 and 8 concern the
definition of the equilibrium state and agree with
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Fig. 8. Measurement of the annihilation barrier in the equilib-
rium state: The annihilation threshold X

.*/
has been measured

for rotating states which were created by cooling slowly through
¹

#
at the velocity X

T#
. The solid curve is a guide for the eye in the

regime of the nonzero annihilation barrier, when X
T#
(Xs,

while the dashed line represents the barrier-free case, X
T#
"X

.*/
.

1 In the measurements of Fig. 7 the magnetic field was swept
to zero before the superfluid transition was traversed, in order to
secure a second order transition directly from the normal to the
B phase. (Our residual field is below 0.1 mT.) It is interesting to
note that after a similar cool-down, but in a magnetic field of
11.8 mT at 18 bar and 0.20 rad/s, no vortices at all were present
in the B-phase. The reason is the first-order APB transition
which intervenes in a nonzero magnetic field below ¹

#
, before

the B phase is reached. The interaction of the moving A—B
interface with vortex lines in the rotating state is described in
Ref. [19]. In the previously mentioned experiment at 0.20 rad/s
dipole-unlocked singly-quantized vortex lines with a singular
core are formed at ¹

#
on cooling into the A phase, but during

further cooling these are swept aside to the walls by the A—B
phase front when it moves through the container. Behind the
A—B interface in the B phase no vortices are formed at such
a low velocity as 0.2 rad/s.

the earlier conclusions. In Fig. 7 the number of
lines N(X

T#
) has been measured after a slow cool-

down through ¹
#
, while rotating at the velocity

X
T#

. These data fall over the whole range of X
T#

,
within the combined experimental uncertainties of
the two measurements, on the fitted equilibrium
state dependence from Fig. 6. This agreement sug-
gests an important, although expected implication:
A slow cool-down at constant rotation X

T#
through ¹

#
leads to the minimum energy state, if

the transition approaches one of second order in
adiabatic conditions.1 Experimentally this is the

most rigorous definition of an equilibrium vortex
state. With increased cooling rate one first intro-
duces aberrations from the equilibrium order para-
meter texture and only at much higher rates are
changes in the vortex number expected.

In Fig. 8 the annihilation threshold is given in
terms of the minimum velocity X

.*/
for states

which have been prepared by cooling through ¹
#
at

the velocity X
T#

. Consequently, here the number of
lines at the annihilation threshold X

.*/
equals that

of the equilibrium state at X
T#

. Again we find that
at large X values above the cross-over velocity
Xs the data fall on the line X

.*/
"X

T#
, while at low

X in the regime of the nonzero annihilation barrier
X

.*/
(X

T#
.

It should be pointed out that the annihilation
behavior in Fig. 6 is general: The specificity of the
container intervenes only through the value of Xs.
A similar behavior was observed in experiments
with 4He-II in Ref. [11]. There the equilibrium
state was created by disturbing the system mechan-
ically and a disagreement with Eq. (31) was ob-
served only at low velocity. This deviation must
have been caused by the appearance of an annihila-
tion barrier at low X in a similar fashion as seen in
Fig. 6. Accurate alignment of the lateral walls is
obviously critical in this respect. Conversely,
to study the properties of the equilibrium state in
superfluids, one may deliberately incline the
container axis to suppress the intrinsic annihila-
tion barrier. In superconductors the vortex spacing
is small, &0.1 lm, and highly polished surfaces or
cleaved crystals are required, together with an
accurate alignment of the magnetic field, for
the so-called “Bean—Livingston” barrier to be
observed.

10. Conclusions

As a laboratory model system, superfluid 3He is
close to ideal: It does not suffer from external bulk
imperfections and, owing to the long characteristic
length scales of its order parameter textures, it is
relatively insensitive to roughness and defects on
the walls of the container. Therefore it is experi-
mentally possible to study the intrinsic nucleation
and annihilation properties of vortices. Here we
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Table 2
Comparison between theoretical and experimental values of the b parameter in Eq. (31) at the annihilation threshold, which measures
the vortex deficit in the decelerated state, for three different types of vortex structures, in the extrinsic and intrinsic annihilation regimes.
The results for the CV and SV structures in 3He-A are from Ref. [9]. General agreement is good: the hierarchy in the values of b

%2
is

obeyed, and the dependence on quantization number in b
*/45

JJi is observed. The latter is the more sensitive parameter with respect
to i

Superfluid VL type b
%2

(theory) b
%2

(exp.) b
*/45

(theory) b
*/45

(exp.)

3He-B SV 0.165 0.18$0.02 0.083 0.08$0.03
3He-A CV 0.140 0.16$0.01 0.117 0.14$0.01
3He-A SV 0.132 0.14$0.03 0.083 0.08$0.03

have established the following results:

1. A slow cool-down at constant rotation from the
normal to the superfluid phase gives the equilib-
rium number of vortex lines. If the cross-over
velocity Xs is known, then at high velocities,
X*Xs, deceleration to the annihilation
threshold also provides a means for defining
experimentally the equilibrium number of
vortex lines.

2. In decelerating rotation the annihilation of vor-
tex lines starts at the annihilation threshold, via
intrinsic mechanisms at low rotation velocities,
which are below the cross-over velocity Xs, or
via extrinsic mechanisms above Xs. We find that
this happens both in 3He-A and B before the
peripheral circle of vortex lines approaches with-
in one-half of the intervortex distance from the
lateral wall. Thus there exists always a vortex
deficit, albeit small, from perfect solid-body ro-
tation. In Table 2 we compare the values of b,
measured here for 3He-B and in Ref. [9] for
3He-A, to the values given in Table 1. The over-
all agreement is good and apparently only lim-
ited by the measuring resolution, although it
involves an interpretation of the A-phase annihi-
lation results [9] which is not rigorous.

3. At low rotation velocity the annihilation thre-
shold is associated with the instability where the
annihilation energy barrier vanishes. At the in-
stability the vortex line number is larger than in
the equilibrium state, it depends on the number
of circulation quanta per vortex, and the relative
width of the vortex-free counterflow annulus
approaches d

*/45
/r

7
K1.

4. At high rotation velocity extrinsic annihilation
takes over, if for no other reason then because of
the experimentally unavoidable nonzero inclina-
tion of the lateral container wall with respect to
the rotation axis. In the extrinsic regime the
vortex line number in the decelerated state is
indistinguishable from that in the equilibrium
state: d

%2
/r

7
"[1

2
ln (r

7
/r

#
)]1@2. Thus, if one wants

to secure and study the equilibrium state, the
simplest approach is to tilt the container relative
to the rotation axis by a small angle.

5. The measurements show that in both 3He-A and
B phases annihilation proceeds in units of indi-
vidual vortex lines (or at most in bunches of
a few lines, which is our resolution limit in the
A phase). Thus it appears to be always the outer-
most line, which is deflected by random fluctu-
ations closest to the lateral wall, that annihilates
first during deceleration. The same is inferred
from our theoretical analysis: Single-vortex an-
nihilation is associated with a lower energy bar-
rier than one which results from a collective
deformation of the vortex bundle. More recent
numerical calculations with discrete vortex lines
have shown that annihilation proceeds in events
of 2—5 vortex lines, which annihilate simulta-
neously during deceleration [20]. In all these
considerations surface pinning has been neglect-
ed. This may well be justified for superfluid 3He
in particular, where the slow vortex mode, the
exponentially damped approach of the vortex
array towards its equilibrium state, has been
found to display a behavior consistent with the
weak pinning limit [21,22]. For these reasons it
appears that neutron-star-like glitches are not
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expected in the spin down of superfluid 3He, in
contrast to earlier claims of observations of large
discontinuities in the deceleration of 4He-II
[23].
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