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Symbols

For the sake of clarity, in this thesis the units are given as they are in LAMMPS and/or
PCP-SAFT. Conversion to SI-units is provided underneath.

A [J] Helmholz free energy
M nuber of association sites in each molecule
N [mol] amount of substance
Na Avogadro's constant
Q [DÅ] quadrupole moment (1 DÅ = (1/299792458)*10-31 C*m2)
R [J/(mol*K)] molar gas constant
S [J/K] entropy
T [K] temperature
U [J] electrostatic interaction energy
V [cm3/mol] molar volume [1 cm3/mol = 10-6 m3/mol]
Xα mole fraction of molecules that are not bonded at a site α
d(T) [Å] temperature-dependent segment diameter (1 Å = 10-10 m)
g(r) radial distribution function
m number of segments
mi [kg] mass of atom i
k [J/K] Boltzmann constant
p [atm] pressure (1 atm = 101 325 Pa)
r [Å] radial distance between two segments
s scaling factor
t [s] time
u(r) [J] pair potential
v [m/s] velocity
x [Å] reduced radial distance around a segment (x=r/σ)
ε [J] dispersion energy, depth of pair potential
εbond, κ association parameters in SAFT-HR
η packing fraction
θi [º] angle  between  the  axis  of  molecule  i  and  the  centre-centre  

connection line
λ width of the potential well (in relation to σ) 
μ [D] dipole moment (1 D = (1/299792458)*10-21 C*m)
ρ [kg/m3] density
σ [Å] segment diameter
τ constant in SAFT-HR
φij [º] azimuthal angle between the axes of molecules i and j
Fi [N] force vector on atom i
ri location vector of atom i
rij centre-centre distance vector of two molecules i and j
ωi molecular orientation vector for molecule i
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Abbreviations

(2C)LJ (2-centre) Lennard-Jones fluid model 

AAD average absolute deviation

BACK Boublik-Alder-Chen-Kreglewski

BWR Benedict-Webb-Rubin

CFF91 consistent force field 91

CM5 charge model 5

COMPASS condensed-phase optimized molecular potentials for atomistic  
simulation studies

COSMO-RS conductor-like screening model for realistic solvents

CS Carnahan-Starling

HCB hard convex body

HR Huang-Radosz

LAMMPS large-scale atomic/molecular massively parallel simulator

NCBI National Center for Biotechnology Information

NIH National Institute of Health

N(V/P)(E/T) fixed amount of substance (N), volume (V) or pressure (P) and 
energy (E) or temperature (T) 

OPLS(-AA) optimized potentials for liquid simulations(-all atom)

OVITO open visualisation tool

(PC(P)-)SAFT (perturbed chain (polar)) statistical associating fluid theory

PPPM particle-particle particle-mesh

PR Peng-Robinson

PVT pressure-volume-temperature

RPT renormalised perturbation theory

(S)PHCT (simplified) perturbed hard chain theory

(S)RK (Soave-)Redlich-Kwong

TPT thermodynamic perturbation theory

vdW van der Waals

VLE vapour-liquid-equilibrium

VMD Visual Molecular Dynamics

cvff consistent valence force field
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1 Introduction
Predictive  thermodynamic  models  are  a  critically  important  tool  in  designing  and
developing chemical processes, process equipment and necessary solvents, entrainers and
other  auxiliary  molecules.  These  models  have  multiple,  often  conflicting  goals,  for
example  high  descriptive  accuracy  for  a  wide  range  of  molecules,  little  input  of
experimental  data  and  fast  and  efficient  computation.  Presently,  any  of  the  existing
methods,  including  COSMO-RS,  interpolating  group  contribution  models,  quantitative
structure-property relationships and equation of state models,  only fulfil  some of these
goals. Therefore, research on predictive thermodynamic models is going on actively.

The advantage of equation of state models is their ability to describe any thermodynamic
equilibrium property for a wide range of fluids,  with a  single model utilizing a single
parameter  set  and  low  computational  effort.  PCP-SAFT  is  part  of  the  SAFT  family
equations of state. It has been used successfully in chemical and energy engineering to
optimize existing and to develop new processes. The electrostatic sub models have been
identified as a weak point, as the coupling of molecular shape and the orientation of the
multipole moments is not taken into account.

The next step would be a fully predictive version of the PCP-SAFT equation of state, that
would  eliminate  the  need  for  experimental  data.  Improved  description  of  electrostatic
interactions would be essential for improving the predictive capabilities of the PCP-SAFT.
Improving  the  equation  would  allow  the  important  process  parameters,  e.g.  vapour
pressure and liquid volume,  to be predicted with higher  accuracy.  Improved prediction
accuracy  would  greatly  enhance  the  usefulness  of  the  equation  of  state  as  a  tool  for
chemical  and energy engineering  purposes,  as  costly and time consuming experiments
would no longer be necessary to calculate the desired thermodynamical properties with
acceptable accuracy.

The research question for this work is to find out, whether it is possible to use molecular
dynamics  simulations  to  obtain  effective  multipole  moments,  and  use  the  obtained
multipole  moments  to  improve  the  PCP-SAFT  equation  of  state.  Furthermore,  an
elementary  part  of  the  research  is  to  compare  the  results,  produced  by the  improved
equation of state model,  to experimental data of vapour pressure and liquid volume in
vapour-liquid equilibrium. This was done in order to check, whether the improved model
would indeed yield better results than previous models, that either use a simplified model
of the molecule shape, or use simplified multipole moments without taking into account
the effect of the direction of the multipole moment in relation to the shape of the molecule.

The goal of this work is to create an effective process for setting up a molecular dynamics
simulation,  that  would  yield  reliable  results  for  the  desired  electrostatic  interaction
energies. These results would then be used to determine effective multipole moments for
the PCP-SAFT equation of state. Finally, these effective multipole moments are then used
to better represent the electrostatic interactions in the studied fluid, and enable the model to
yield results more accurate to real-world experience.

This work was limited to  pure, non-associating organic compounds. Further research will
be  necessary  to  evaluate  the  validity  of  implementing  the  proposed  process  for  more
complex molecules or mixtures of more than one compound.
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The working scheme of  this  thesis  is  presented  in  Figure  1.  The ultimate  goal  of  the
research project, part of which is this thesis, is to develope a predictive version of the PCP-
SAFT equation of state. Achieving this goal requires a number of improvements to the
PCP-SAFT, one of which is the treatment of electrostatic interactions in the equation. The
goal of this thesis is to study, whether using effective multipole moments obtained using
molecular dynamics simulations could be a viable way to improve the electrostatics in
PCP-SAFT.

Figure 1: Flow chart describes the scope of the thesis and the ultimate goal of the related
research project
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2 State of the art and preliminary work

2.1 Introduction to predictive thermodynamic models
Predictive thermodynamic models are an important tool for chemical and energy engineers,
as they enable the user to improve old processes and design new ones with the necessary
thermodynamical data, reducing the need for costly and time consuming experiments in the
conceptual  phase.  For  industrial  and  research  purposes,  especially  models  of  phase
equilibria are of utmost importance. Many different classes of models have been developed
to fulfil  this  task,  all  of which have their  limitations.  Due to  their  several  advantages,
perhaps the most prominent group of models are equations of state. In this chapter, I will
present a short outlook on the history of equations of state, perturbation theories, theories
for associating fluids, and the current development phase and known limitations of PCP-
SAFT, the equation of state model studied in this work.

Equations of state are probably most prominently used in effort to correlate densities of
gases  and liquids  to  temperatures  and pressures.  They can  be  used  to  represent  phase
equilibria over extensive temperature and pressure ranges, while at the same time other
properties like thermal  and volumetric ones can  be calculated. In practical context,  the
equations  of  state  are  instrumental  for  pressure,  volume  and  temperature  related
calculations in chemical and energy engineering problems and especially in oil and gas
industry for phase equilibrium calculations. A successful pressure, volume and temperature
model based on a fitting equation of state can be helpful to determine e.g. the state of the
flow regime, the parameters for handling the reservoir fluids, piping and sizing. [1]

The model studied in this work is PCP-SAFT, part of the SAFT family of equations of
state.  Currently the PCP-SAFT is  very accurate  in  describing the pure component  and
mixture behaviour of numerous substances from relatively small amounts of experimental
data. However, currently the accuracy of the fitting is mainly dependent on the accuracy of
experimental data used. The applicability of PCP-SAFT would be greatly enhanced with
the introduction of a fully predictive version of the equation of state, which would yield
accurate predictions of substance and mixture properties without any experimental data,
thus eliminating the need for experimental data entirely.

This thesis is part of a larger effort to make PCP-SAFT fully predictive. A fully predictive
model  of  PCP-SAFT  with  acceptable  accuracy  would  considerably  improve  its
applicability in conceptual design phases of projects,  as no costly and time consuming
experiments would be needed. It would thus enable a comparative study of a wide variety
of possible substances, from which the most promising ones could then be selected for
further, more accurate tests.

One example of a possible use for the PCP-SAFT equation of state is presented in a paper
by Liebergesell  et  al.  [2] They write:  ”For  the  optimal  design  of  engine and injection
systems for  novel  fuels,  knowledge of  physical  properties  of  the  fuel  is  essential.  For
instance, vapour–liquid equilibria are of major importance: evaporation behaviour of fuels
is crucial for air–fuel mixture formation in an engine.” In their study they used PCP-SAFT
in combination with one-fluid mixing rules to correlate experimental data for promising
biofuel blends. They found that PCP-SAFT correctly predicts the mixture behaviour from
pure component data only. Other uses for the PCP-SAFT can be found in the design of
separation  and  reaction  processes  as  well  as  in  the  design  of  energy  technology
applications e.g. refrigeration.
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2.2 Equations of state
History of equations of states spans more than 100 years, back to J. D. van der Waals'
theory derived by the assumption of a finite volume occupied by the constituent molecules
presented in 1873. [3] Since, many variations on this theory have been proposed, notable
examples being Benedict-Webb-Rubin (BWR)  [4], (Soave-)Redlich-Kwong ((S)RK)  [5]
[6], Guggenheim [7], Carnahan-Starling (CS) [8], hard convex body (HCB) [9], perturbed
hard  chain  theory  (PHCT)  [10],  thermodynamic  perturbation  theory  (TPT)  [11] and
statistical associating fluid theory (SAFT) [12] [13]. Comprehensive reviews of equations
of state, that have been proposed in the literature with either an empirical, semi-empirical
or theoretical basis, can be found in the works of Martin [14], Gubbins [15], Tsonopoulos
and  Heidman  [16],  Han  et  al.  [17],  Anderko  [18],  Sandler  [19] and  Donohue  and
Economou  [1].  [20] Especially  the  emergence  of  increased  computation  capacity  and
improved quantum chemical models in the 1960s and 1970s paved the way for equations
of state research, and gave rise to a wave of new modifications.

Invariably,  equations  of  state  are  formed  by  combining  separate  contributions  from
repulsive  and attractive  interactions.  If  we consider  the  repulsion  term as  forming the
underlying basis of the equation of state, the interrelationships between various equations
of state can be summarized conveniently by an equation of state  tree,  as illustrated in

Figure 2: Tree of equation of state models. [20]
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Figure 2. In Figure 2, the tree grows from our knowledge of intermolecular interactions.
The main  branches  of  the  tree  represent  different  ways  of  representing  intermolecular
repulsion. We can identify branches representing the van der Waals, Carnahan-Starling,
HCB, PHCT, and TPT terms. The addition of a different attraction term to these branches
results  in a  different  equation of  state  capable of predicting phase equilibria.  Figure 2
illustrates  the  dichotomy  between  empirical  and  theoretical  equations  of  state.  The
empirical  equations of state stem almost  exclusively from the van der Waals repulsive
branch. In contrast, theoretical equations of state are formed from different branches that
represent alternative ways of accounting for the repulsion of non-spherical bodies. These
different repulsion branches converge to a common point, which represents the limiting
case of hard-sphere repulsion as described by the Carnahan-Starling equation. [20]

The  tree  diagram  illustrates  the  importance  of  the  Redlich-Kwong  equation  as  the
precursor for the development of empirical attraction terms. In contrast,  the PHCT and
SAFT equations of state are the precursors of many theoretical attraction terms. [20]

As  Figure  2  shows,  there  is  a  substantial  inter-relationship  between  various  different
equations of state. It is very rare for an equation of state to be  developed entirely from
scratch. Typically, new equations of state are proposed as modifications of existing ones, or
successful  components  of  one  or  more  equations  of  state  are  reused  to  form  a  new
equation. This component reuse is common to both empirical and theoretical equations of
state. [20] 

Most conventional engineering equations of state are variations on the original van der
Waals equation. They are based on the idea of a hard-sphere reference term to represent the
repulsive interactions and a mean-field term to account for the dispersion and any other
long-range  forces. Commonly used empirical equations of state (e.g. the Peng-Robinson
[21],  Redlich-Kwong,  and  modified  Benedict-Webb-Rubin  equations)  involve
improvements to the treatment of the hard-sphere contribution and/or the mean-field terms.
Such an approach is suitable for simple, nearly spherical molecules such as low-molecular-
mass  hydrocarbons  and  simple  inorganics  such  as  nitrogen  and  carbon  monoxide.
However, a hard-sphere reference is inappropriate for most fluids, which might contain
molecules that are highly non-spherical and associating. [22] 

Historically,  both  the  empirical  and  theoretical  hard-sphere attractive  term  have  been
applied successfully beyond the natural range of validity of the hard-sphere concept. This
success can be attributed in part to clever correlation rather than the capabilities of the
equation  of  state. However,  it  is  evident  that  the  quest  to  genuinely predict  the  phase
equilibria  of  large  molecules  will  rely increasingly  on  theoretically  based  models  that
account for the complexity of molecular interaction. Currently, either the SAFT or PHCT
approaches  appear  to  be promising  approaches  towards  this  goal. Some improvements
have been reported (Chiew et al. [23], Kiselev and Ely [24], Feng and Wang [25]). [20]

In general, equations of state can be classified as being a member of one or more of three
families:

1. Equations of State for Simple Molecules 

2. Equations of State for Chain Molecules

3. Equations of State for Associating Fluids. [20]

Later in this chapter I will present an introduction to the history of these families and their
derivation.
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2.2.1 Comparing equations of state with experiment
Experimental data provides the ultimate test of the accuracy of an equation of state. Thus,
integral part of this work is comparison of the results achieved using the equation of state
model to experimental data. However, there are several factors that make it difficult to
make absolute quantitative judgements about the relative merits of competing equations of
state  from  a  comparison  with  experimental  data. The  distinction  must  also  be  made
between correlation and genuine prediction. Nevertheless,  some useful general comments
about the accuracy of different categories of equations of state can be made. 

Before  doing  so,  it  is  instructive  to  identify  some  of  the  reasons  why  an  absolute
quantitative judgement is difficult:

1.  The  very  large  number  of  equations  of  state is  an  obvious  factor  that  makes  a
comprehensive comparative assessment of different equations of state difficult. [19] In this
context, it should be noted that the problem is compounded by the practice of equation of
state developers testing their equation of state against experimental data, but not offering
an  identical  comparison  with  other  equations  of  state.  Nonetheless,  the  close  inter-
relationship between the different equations of state allows some scope for a category by
category evaluation.

2.  The accuracy of equations of state is often dependent on highly optimized equation of
state parameters. These equations of state parameters are typically tuned to a particular
region of interest and breakdown outside this region. For example, an equation of state
tuned for atmospheric pressures is unlikely to predict high-pressure phenomena with equal
accuracy [26].

3. Comparison of the effectiveness of the equation of state for mixtures is hampered by the
additional uncertainties introduced by different mixture prescriptions, combining rules and
unlike interaction parameters.

4.  Users of equations of states often adopt a favourite equation of state with which they
become expert in using. This can result in considerable inertia to change that hinders the
evaluation of alternatives, particularly if the alternatives are more complicated. [20]

Partly because of the above factors, there are relatively few reports in the literature (Spear
et al.  [27];  Soave  [6];  Carnahan and Starling  [28];  Beret and Prausnitz  [10];  Peng and
Robinson [21]; Abbott [29]; Martin [14]; Elliott and Daubert [30]; Kim et al. [31]; Han et
al.  [17];  Mainwaring  et  al.  [32];  Sadus  [26];  Plackov  et  al.  [33];  Plohl  et  al.  [34])
comparing the predictive properties of two or more equations of state over the same range
of physical conditions and experimental data.  Equations of state are used frequently to
correlate experimental data rather than to provide genuine predictions. It is well known that
the  van  der  Waals  equation  cannot  be  used  to  accurately  correlate  the  vapour-liquid
coexistence of pure fluids. In contrast, the addition of further adjustable parameters and
temperature dependence to the attractive term used in the Redlich-Kwong, Soave-Redlich-
Kwong and Peng-Robinson equations of state result in accurate correlations (Abbott [29];
Han et al. [17]) of the vapour pressure. However, a large improvement in the prediction of
vapour pressures can be obtained (Plackov et al. [33]) by using either the Guggenheim or
Carnahan-Starling  van  der  Waals  (CSvdW)  equations  of  state.  The  predictions  of  the
Guggenheim and  CSvdW equations  cannot  compete  with  the  accuracy  obtained  from
empirical  correlations with cubic equations of state.  However,  their  improved accuracy
alone demonstrates clearly that the success of the cubic equations of state is due largely to
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the ability of the empirical improvements to compensate for the inadequacy of the van der
Waals repulsion term. [20]

Theoretical equations of state can also be used to correlate experimental data. For example,
the simplified PHCT (SPHCT) equation of state was correlated with experimental data for
the vapour-liquid coexistence of polyatomic molecules and n-alkanes. The results indicate
that  the  SPHCT provided  better  correlations  than  cubic  equations  of  state.  This  is  a
common finding for  other  multi-parameter  theoretical  equations  of  state.  However,  the
benefit of using a theoretical equation for correlation is moot because they are considerably
more complicated than cubic equations. The true value in using a theoretical equation is
their improved ability to predict phase equilibria rather than merely correlate data. [20]

At low pressures, either empirical or theoretical equations of state can be used to at least
qualitatively predict phase equilibria. In this region, the highly optimized parameters of
empirical parameters generally enable empirical equations to provide superior accuracy
than otherwise can be obtained from theoretical equations of state.  However, empirical
equations  will  almost  invariably  fail  to  predict  the  high-pressure  phase  behaviour  of
multicomponent mixtures Sadus [35]. For example, the results obtained by Sadus [26] [35]
for the high-pressure equilibria of binary mixtures predicted by either the Redlich-Kwong
and Peng-Robinson equations of state are not even qualitatively reliable. This failure can
be attributed unequivocally to the breakdown of the van der Waals repulsion term (c.f.
Figure 2) at  the moderate  to  high densities encountered at  high pressures.  In contrast,
theoretical equations using either the Carnahan-Starling or Guggenheim model of repulsion
can be used to obtain quantitatively accurate predictions at high pressures. [20]

2.3 Equations of state for simple molecules

2.3.1 Van der Waals equation of state
The van der Waals equation, and many modifications  which are available nowadays, are
special cases of a generic cubic equation that considers a repulsive and an attractive term,
which can be written as:     

p=
RT

V−b
−

a
V (V +d )+c (V −d )

(1)

Although in this equation, a, b, c and d can be constants or variable parameters, the van der
Waals equation is a particular case of Equation (1), with  a and  b having positive values,
and c=d=0: [36] 

                 p=
RT

V−b
−

a

V 2
(2)

     ( p+
a

V 2
)(V −b)=∑

1
3

mv2 (3)

where the parameter a is a measure of the attractive forces between the molecules, and the 
parameter b is the covolume occupied by the molecules (if the molecules are represented 
by m hard-spheres of diameter σ, then b=2πmσ3/3). [20] (As Valderrama [36] notes, 
although  Equation (2) is commonly cited as the original van der Waals equation of state, it
is in fact not included in his doctoral thesis. It seems, that van der Waals was not aware of 
unpublished works of his contemporary Ludwig Boltzmann and that Max Planck later 
summarized in a single equation the kinetic energy of the molecules and the absolute 
temperature. In his thesis van der Waals presents Equation (3), from which Equation (2) 
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has later been derived.) These parameters cannot be arbitrarily chosen but certain 
theoretical and empirical restrictions must be imposed [37], an aspect that van der Waals 
already commented on in his thesis and in other contributions. The parameters a and b 
were first calculated using pressure–volume–temperature data but were later related to 
critical properties applying the condition of continuity of the critical isotherm at the critical
point.  [36]

The van der Waals equation can be regarded as a “hard-sphere (repulsive) + attractive”
term  equation  of  state  composed  from  the  contribution  of  repulsive  and  attractive
intermolecular interactions, respectively. [20] Despite its mathematical simplicity, van der
Waals equation of state still  successfully predicts a first-order gas-liquid transition, and
models critical behaviour.  [38] It gives a qualitative description of the vapour and liquid
phases  and phase transitions  (Van Konynenburg and Scott,  1980  [39]),  but  it  is  rarely
sufficiently  accurate  for  critical  properties  and  phase  equilibria  calculations.  A simple
example  is  that  for  all  fluids,  the  critical  compressibility  predicted  by van  der  Waals
equation of state is 0.375, whereas the real value for different hydrocarbons varies from
0.24 to 0.29. [20]

The van der Waals equation has been superseded by a large number of other, more accurate
equations  of  state.  [20] Although the  van der  Waals  equation is  not  accurate  for  most
applications, it can be considered the major contribution to this field ever since the first
attempts to represent pressure–volume–temperature behaviour done by Boyle in the 17 th

century. [36]

2.3.2 Modification of the attractive term

Many  modifications  of  the  attractive  term  have  been  proposed.  Benedict  et  al.  [4]
suggested a multi-parameter equation of state, known as the Benedict-Webb-Rubin (BWR)
equation. However, the  BWR equation suffers from three major disadvantages. First, the
parameters for each compound must be determined separately by the reduction of plentiful,
accurate pressure-volume-temperature  (PVT) and vapour-liquid-equilibrium (VLE) data.
Secondly,  the  large  number  of  adjustable  parameters  makes  it  difficult  to  extend  to
mixtures. Thirdly,  its  analytical complexity results  in a relatively long computing time.
Today,  because  of  advances  in  computing  capabilities,  the  latter  disadvantage  has  lost
much of its significance but the other disadvantages remain.

Perhaps, the most important model for the modification of the van der Waals equation of
state is the Redlich-Kwong (RK) equation  [5]. It retains the van der Waals hard-sphere
term but a temperature dependence was introduced in the attractive term. [20]

Carnahan and Starling [28] used the Redlich-Kwong equation of state to compute the gas
phase enthalpies for a variety of substances, many of which are polar and/or not spherically
symmetric.  Their  results  showed  that  the  Redlich-Kwong  equation  is  a  significant
improvement  over  the  van  der  Waals  equation.  Abbott  [29] also  concluded  that  the
Redlich-Kwong equation performed relatively well for the simple fluids Ar, Kr, and Xe
(for which the acentric factor is equal to zero), but it did not perform well for complex
fluids with non-zero acentric factors. [20]

The  success  of  the  Redlich-Kwong  equation  has  been  the  impetus  for  many  further
empirical improvements. Soave [6] suggested replacing the term a/T1,5 with a more general
temperature-dependent term  a(T). To test the accuracy of Soave-Redlich-Kwong (SRK)
equation, the vapour pressures of a number of hydrocarbons were calculated and compared
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with experimental data  [6]. In contrast to the original Redlich-Kwong equation, Soave's
modification fitted the experimental curve well and was able to predict the phase behaviour
of mixtures in the critical region. [20]

In  1976,  Peng  and  Robinson  [21] redefined  a(T). Recognising  that  the  critical
compressibility factor of the Redlich-Kwong equation is overestimated, they proposed a
different  volume dependence.  The  Peng-Robinson (PR)  equation  slightly improves  the
prediction of liquid volumes. The Peng-Robinson equation performed as well as or better
than the Soave-Redlich-Kwong equation. [20]

The Peng-Robinson and Soave-Redlich-Kwong equations are widely used in industry. The
advantages of these equations are that they can accurately and easily represent the relation
among  temperature,  pressure,  and  phase  compositions  in  binary  and  multicomponent
systems. They only require the critical properties and acentric factor for the generalised
parameters, little computer time and lead to good phase equilibrium prediction. However,
the success of these modifications is restricted to the estimation of vapour pressure. The
calculated saturated liquid volumes are not improved and are invariably higher than the
measured data. [20]

The Peng-Robinson and Soave-Redlich-Kwong equations fulfil the requirements of both
simplicity and accuracy since they require little input information, except for the critical
properties  and  acentric  factor  for  the  generalised  parameters  a and  b.  Consequently,
although many equations of state have been developed, the Peng-Robinson and Soave-
Redlich-Kwong equations are widely used in industry,  and often yield a more accurate
representation [40] than other alternatives. [20]

2.3.3 Modification of the repulsive term 
The other way to modify the van der Waals equation is to examine the repulsive term of a
hard-sphere fluid. Many accurate representations have been developed for the repulsive
interactions of hard spheres and incorporated into an equation of state, some of which will
be examined in the following. Perhaps the most widely used alternative to the van der
Waals hard-sphere term is the equation proposed by Carnahan and Starling who obtained
an expression for the compressibility factor of hard-sphere fluids that compares very well
with molecular-dynamics data [41]. 

The  Guggenheim  equation  is  a  simple  alternative  to  the  Carnarhan-Starling.  It  also
incorporates an improved hard-sphere repulsion term in conjunction with the simple van
der Waals description of attractive interactions.

Boublik [9] has generalised the Carnahan-Starling hard sphere potential for molecules of
arbitrary  geometry  via  the  introduction  for  a  nonsphericity  parameter  (α).  Svejda  and
Kohler [42]employed the Boublik expression in conjunction with Kihara's [43] concept of
a  hard  convex  body  (HCB)  to  obtain  a  generalised  van  der  Waals  equation  of  state
(HCBvdW).

2.3.4 Modification of both attractive and repulsive terms 
Other  equations  of  state  have been formed by modifying both  attractive  and repulsive
terms,  or  by combining  an  accurate  hard  sphere  model  with  an  empirical  temperature
dependent  attractive  contribution.   For  example  Carnahan  and  Starling  combined  the
Redlich-Kwong  attractive  term  with  their  repulsive  term  (CSRK).  Their  results
demonstrated that this combination improved the prediction of hydrocarbon densities and
supercritical phase equilibria. [28] 
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Chen and Kreglewski [44] demonstrated that a good representation of the phase behaviour
of simple fluids could be obtained using an equation of state formed by substituting the a
term in CSRK equation with the power series fit of simulation data reported by Alder et al.
[45] for square-well fluids. Although historically the complicated nature of the attractive
term has precluded it  from routine phase equilibria calculations,  their  equation dubbed
BACK has been the inspiration for further development. [20]

2.4 Equations of state for chain molecules

2.4.1 Perturbation theories
The search for a satisfactory theory of simple liquids of spherical, non-polar molecules,
such as hard spheres or Lennard-Jones molecules, occupied much effort in the first part of
the 20th century.  In particular,  the period from 1950s to  1970s saw the introduction of
integral equation theories and perturbation theories that were finally successful for such
fluids,  first  for  hard  spheres  and  subsequently  for  liquids  of  simple  molecules  with
attractive forces, such as Lennard-Jones and square-well fluids. These developments were
much catalysed by the  appearance  of  the first  molecular  simulations  of  simple liquids
towards the end of this period, providing the means to unambiguously test the theories, and
giving crucial  guidance  to  their  improvement.  These theories  include integral  equation
theories and perturbation theories of various kinds. As concluded by Gray and Gubbins
[46] in a survey of perturbation and integral equation theories for fluids of non-spherical
molecules in 1984: “The elementary perturbation theory … has a definite advantage in its
simplicity and accuracy for thermodynamic properties.” [47]

Thus, perturbation theories were actively pursued. The first such application to liquids was
made in 1951 by Longuet-Higgins [48]. He was able to relate the real mixture to an ideal
one,  in which the components  remained distinguishable but  all  had the same potential
parameters. When molecular simulation results became available in 1968 it was shown that
his expansion converged poorly, but this was found to be due to a poor choice of expansion
parameters.  In  spite  of  its  limitations,  the  theory  of  Longuet-Higgins  was  seminal  in
providing a new route to a theory of liquids, free of the constraints of lattice theories,
which were much in vogue at the time. [47]

An alternative perturbation approach is to expand the free energy of the liquid of interest
about  that  for  a  fluid  in  which  the  molecules  interact  only  with  repulsive  forces,  the
attractive forces serving as the perturbation. The first such attempt was by Robert Zwanzig
in 1954 [49], who took the reference system to be a fluid of hard spheres. This gave good
results for high temperature gases, but failed at temperatures in the liquid range. [47]

2.4.2 Perturbed hard chain theory (PHCT) 
Prigogine  introduced  a  theory to  explain  the  properties  of  chain  molecules  [50].  This
theory is based on the premise that some rotational and vibrational motions depend on
density  and  hence  affect  the  equation  of  state  and  other  configurational  properties.
Limitation of Prigogine’s theory is that it can only be used at high densities and it is limited
to  calculations  of  liquid  phase  properties.  It  give  qualitatively incorrect  results  at  low
densities because they do not approach the ideal gas law at zero density. [20]

Based on perturbed-hard-sphere theory for  small  molecules  (valid  at  all  densities)  and
Prigogine’s  theory  for  chain  molecules  (valid  only  at  liquid-like  densities),  Beret  and
Prausnitz  developed  a  new  equation  of  state,  called  the  Perturbed-Hard-Chain-Theory
(PHCT) equation of state. It is applicable to fluids containing very large molecules as well
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as simple molecules and to calculations of both gas and liquid phase properties. [10] The
PHCT equation  differs  from  Prigogine’s  equation  in  two  important  aspects.  First,  to
increase the applicability of the PHCT equation to a wide range of density and temperature,
more  accurate  expressions  in  PHCT equation  are  used  for  the  repulsive  and attractive
partition  functions.  Second,  to  overcome the  limitations  of  the  Prigogine’s  theory,  the
PHCT equation corrects the major deficiency in the Prigogine’s theory by meeting the ideal
gas  limit  at  low  densities.  In  effect,  the  PHCT equation  of  state  extends  the  BACK
equation of state for chain molecules[20]. [51]

The adjustable parameters of the PHCT equation of state can be obtained from pressure-
volume-temperature data for gases and liquids and from the vapour-pressure data. In the
same  paper,  Beret  and  Prausnitz  determined  these  parameters  for  22  pure  fluids  and
compared theory with experiment for several fluids. The results indicated that the PHCT
equation  was  applicable  to  a  wide  variety  of  fluids,  from hydrogen  over  eicosane  to
polyethylene. However, they also reported that the PHCT equation was not good in the
critical region in common with other analytical equations of state. [10]

The PHCT equation is successful, but a practical limitation of the PHCT equation is its
mathematical complexity, as a result of the use of the Carnahan-Starling free-volume term
and  the  Alder  power  series  in  its  derivation.  Consequently,  computer  calculations,
especially  for  mixtures,  are  time  consuming.  Because  the  PHCT equation  has  already
proved to be valuable in calculating properties of various types of systems, it is useful to
consider  modifications  of  the  theory  which  simplify  the  equation  of  state.  Such
simplifications would make the PHCT equation of state more useful to the engineering
community. [20]

2.4.3 Hard sphere chain equation of state
The concept of a ‘‘hard-sphere chain’’ is the backbone of many systematic attempts to
improve  equations  of  state  for  real  fluids.  Wertheim  proposed  a  thermodynamic
perturbation theory (TPT) which accommodates hard-chain molecules  [11].  As described
below, TPT is the basis of many equations of state. Work on TPT models continues to be
an active research area [52] [53]. Later Chapman generalised Wertheim's TPT model. [20]

2.5 Associating systems
As  presented  earlier,  quite  accurate  methods  have  been  developed  for  describing  the
thermodynamic  behavior  of  fluids  composed  of  simple  molecules,  simple  in  this  case
meaning molecules for which the most important intermolecular forces are repulsion and
dispersion  (van  der  Waals  attractions),  together  with  weak  electrostatic  forces  due  to
dipoles, quadrupoles, etc. Many hydrocarbons, natural gas constituents and simple organic
molecules (e.g.,  methyl chloride, toluene) fall within this category.  Depending on one’s
taste and desired application, one can use an engineering equation of state (e.g., a Peng-
Robinson or Soave-Redlich-Kwong equation)  or a more fundamental approach such as
perturbation theory. If one is prepared to fit several adjustable parameters in an empirical
equation or an intermolecular potential, these methods are likely to give good results for
such  fluids.  Nevertheless,  a  great  many  fluids  do  not  fall  within  this  simple  class:
electrolytes,  polar  solvents,  hydrogen-bonded fluids,  polymers,  liquid crystals,  plasmas,
and so on. Although one might, in practice, use one of these well-established methods for
these systems, the limitations of these equations rapidly become evident. The reason for
this  is  that,  for  such  fluids,  important  new  intermolecular  forces  come  into  play;
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Coulombic forces, strong polar forces, complexing forces,  forces associated with chain
flexibility, induction forces etc., that are not taken into account in an explicit way. [22]

The first serious attempt at a perturbation theory of polar liquids was made in 1951 by
Barker, in a Letter to the Editor of the Journal of Chemical Physics [47]. This work was
inspired by Longuet-Higgins’ landmark paper on conformal solution theory for mixtures of
spherical  molecules  [48].  Further  development  of  Barker's  theory  had  to  await  the
successful development of theories for simple, non-polar molecules, which did not occur
until the late 1960s. The development of such approaches was further catalysed by the first
molecular simulation results for such polar liquids in the early 1970s.

A further major advance was the theory proposed by Wertheim in the mid-1980s, who
applied resummation (or renormalization) methods to the expansion to achieve a tractable
and accurate theory that accounted for both the higher many-body induction interactions
and  the  anisotropy  of  the  polarizability.  This  theory  is  usually  referred  to  as  the
renormalized  perturbation  theory  (RPT).  The  Wertheim  theory  can  be  extended  to
molecules having a non-spherical shape, including long chain molecules, by allowing the
bonds between some sites  to  become very strong. At  low densities  the theory is  poor
because it  does  not account  for the coiling of  chains  and the resulting intra-molecular
contributions at these densities. [47]

Starting with the work of Barker in 1951 on perturbation theory for polar fluids, there have
been steady improvements in our ability to predict the thermodynamic behaviour of fluids
in which electrostatic forces are important. Such perturbation expansions about a reference
fluid of spherical, non-polar molecules do not converge well for strongly acentric forces,
due to the large influence of the electrostatic forces on the fluid structure which is not
incorporated into the reference system. For liquids both the anisotropy of the polarizability
and higher many-body contributions led to major difficulties in conventional perturbation
theories. Again, resummation methods proposed by Wertheim [54] in his renormalization
theory provided a satisfactory solution. Wertheim's theory of first order TPT1  [55]-[58]
was a major advance in our ability to account for the effects of association. Again, although
the theory uses a spherical, non-polar molecule reference system, a renormalization of the
series was able to give excellent agreement with simulation results. In recent years there
have  been  many successful  applications  to  more  complex  systems,  such  as  polymers,
proteins, colloids, interfacial properties, etc. At the present time the successful prediction
of thermodynamic properties is limited mainly by our knowledge of the force fields, rather
than limitations of the statistical mechanical treatment. [47]

2.6 SAFT
The  application of statistical mechanics to the study of fluids in the past has progressed
through  a  series  of  problems  of  gradually  increasing  difficulty.  The  first  and  most
elementary calculations were for the thermodynamic functions (heat capacities, entropies,
free energies etc.) of perfect gases. These properties are related to the molecular energy
levels, which for perfect gases can be determined theoretically (by quantum calculations)
or experimentally (e.g. by spectroscopic methods). For simple molecules (CO2,  CH4 etc.)
the energy levels, and hence the thermodynamic properties, can be determined with great
accuracy,  and  even  for  quite  complex  organic  molecules  it  is  now  possible  to  obtain
thermodynamic  properties  with  satisfactory  accuracy.  [59] With  the  advent  of  digital
computers it became possible to calculate thermodynamic properties for a wide variety of
substances and temperatures, and several useful tabulations of perfect gas properties now
exist [60] [61]. Having successfully treated the perfect gas, it was natural to consider gases
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of moderate density, where intermolecular forces begin to have an effect, by expanding the
thermodynamic functions in a power series (or virial series) in density. A great deal of
effort has been put into evaluating the virial coefficients that appear in the series for a
variety of intermolecular force models.  [62] As the expressions for the virial coefficients
are exact, they provide a very useful means of checking such force models by calculated
and experimental coefficients. [46]

In the 1980s and onwards, higher order equation of state that gradually gained popularity
in chemical engineering community. [63] In Wertheim's TPT equation the Helmholtz free
energy,  A,  is  calculated  from a  graphical  summation  of  interactions  between  different
species. Based on the first-order TPT, Chapman et al. developed an equation of state for
spherical and chain molecules with one or more hydrogen-bonding sites [64] [65]. [66]

Wertheim derived his theory by expanding the Helmholtz energy in a series of integrals of
molecular  distribution functions and the association potential.  On the basis  of physical
arguments, Wertheim showed that many integrals in this series must be zero and, hence, a
simplified expression for the Helmholtz energy can be obtained. This expression is a result
of  resummed  terms  in  the  expansion  series  (cluster  expansion).  The  key  result  of
Wertheim's  theory  is  a  relationship  between  the  residual  Helmholtz  energy  due  to
association  and  the  monomer  density.  This  monomer  density,  in  turn,  is  related  to  a
function ∆ characterizing the "association strength". [55]-[58]

Figure 3: Cartoon of the perturbation scheme for the formation of a molecule within the
SAFT formalism. (a) An initial system of reference particles is combined to form (b) linear
chains.  (c) To these chain molecules, association sites are added, which allow them to
bond among themselves. The reference system can itself be modelled as a perturbation,
e.g., a hard sphere fluid with an added dispersion term. [22]

Figure  4: Cartoon of an alcohol molecule within the SAFT formalism. The molecule is
made up of m segments describing the alkane chain and two associating sites, i and j,
accounting for the proton and lone electron pair, respectively, of the oxygen in the −OH
group. [22]
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The essence of Chapman's approach is to use a reference fluid that incorporates both the
chain length (molecular size and shape) and molecular association, in place of the much
simpler hard sphere reference fluid used in most existing engineering equations of state.
Chapman et  al.  developed Helmholtz  energy expressions  accounting for  the chain and
association effects based on Wertheim's cluster expansion theory, and proposed a general
statistical  associating fluid theory (SAFT) approach. [13] Emphasis is placed on pointing
out that SAFT is a general method and not a unique equation of state. The basis of SAFT
approach is presented in Figure 3 and Figure 4. [22]

An important early application of SAFT was that of Huang and Radosz, who used hard
spheres as a model for the segment term plus an engineering equation of state to describe
the  dispersion  interaction  contribution.  Their  version  of  SAFT  (SAFT-HR)  had  three
adjustable parameters to describe the segment diameter (σ), dispersion (ε , in their notation
u/k)  and  chain  formation  (m,  the  number  of  chain  segments)  contributions,  plus  two
parameters, εbond (in their notation ε) and κ to describe the association. They obtained these
parameters from fits to saturated liquid vapour  pressures and densities.  [47] A reference
equation of state used in their work is based on the SAFT concept that captures the hard
sphere, chain, and association effects. Effects due to other kinds of intermolecular forces
(dispersion,  induction,  etc.),  usually  weaker,  can  be  included  through  a  mean  field
perturbation term. Their mean field term is similar to that proposed by Alder et al. [45] and
is creatively used in many recent equations of state, most notably by Beret and Prausnitz
[10] in the Perturbed Hard Chain Theory (and in more recent PHCT versions) and by Chen
and Kreglewski [44] in their equation of state, also known as BACK. [13]

The SAFT equation of state accounts for hard-sphere repulsive forces, dispersion forces,
chain formation for non-spherical molecules. and association, and it is presented as a sum
of four Helmholtz function terms

A
NkT

=
Aideal

NkT
+

Aseg

NkT
+

Achain

NkT
+

Aassoc

NkT
(4)

where A and Aideal are the total Helmholtz function and the ideal gas Helmholtz function at
the same temperature and density. The term Aseg represents segment-segment interactions
and can be calculated from
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where  m  is  the number of segments per chain,  and  A0
seg (per mole of segments) is the

residual  Helmholtz  function  of  the  non-associated  spherical  segments.  It  has  two
contributions: the hard-sphere and dispersion     
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The hard-sphere term can be calculated as proposed by Carnahan and Starling
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2

(1−η)
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where  η=b/4V  is  the  packing  fraction  defined  in  terms  of  the  molecular  covolume  b
(b=2πNaσ3/3, σ is the rigid-sphere diameter). [8]

For the dispersion term, Huang and Radosz used a power series that was initially fitted by
Alder et al. to molecular dynamics data for a square-well fluids
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where  Dij are  universal  constants  which  have  been fitted  to  accurate  pressure-volume-
temperature,  internal  energy,  and  second viral  coefficient  data  for  argon by Chen  and
Kreglewski,  τ=0.7405 and  u/k  is  the  temperature-independent  dispersion  energy  of
interaction between segments. [13]

The term Achain is due to the presence of covalent chain-forming bonds among the segments
and can be determined from

       Achain

NkT
=(1−m) ln

1−η/2

(1−η)
3 (9)

The  term  Aassoc is  the  Helmholtz  function  change  due  to  association  and  for  pure
components it can be calculated from      

  Aassoc

NkT
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α
[ ln X α−

X α

2
]+

1
2

M (10)

where  M  is the number of association sites on each molecule,  X  is the mole fraction of
molecules that are not bonded at a site α, and the summation is over all associating sites on
the molecule. [13]

Chapman et al.  reported that the agreement with molecular simulation data was good at all
the stages of model development for associating spheres, mixtures of associating spheres,
and  non-associating  chains  up  to  m=8.  [12] Huang  and  Radosz  applied  their  SAFT
equation  to  correlate  vapour-liquid  equilibria  of  over  100  real  fluids,  and  they  also
demonstrated that the SAFT equation was applicable to small,  large,  polydisperse,  and
associating molecules over the whole density range. They also tested 60 phase equilibrium
data sets for asymmetric (small+large) and associating binary systems. [13] [67]

Kraska and Gubbins [68] also developed an equation of state for Lennard-Jones chains by
modifying the SAFT equation of state in two major ways. First, a Lennard-Jones equation
of state was used for the segment contribution; secondly, a term was added that accounts
for the dipole-dipole interaction in substances like the 1-alkanols and water. In terms of the
Helmholtz function the general expression for the LJ-SAFT equation of state is
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where  Adipole is  a  third-order  perturbation  expansions term for  the  effect  of  long-range
dipolar interaction, details given in [70] and . For the hard-sphere term
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For  the  Lennard-Jones  segment  term Aseg,  Karaska  and  Gubbins used  the  Kolafa  and
Nezbeda equation which  covers a larger range of temperature and density and is  more
reliable outside the region of fit. For details, the reader is directed to [71]. [20]

There have been major advances in the theoretical treatment of the thermodynamics of
associating liquids, particularly as a result of Wertheim's theory.  The SAFT methodology
has proven to be a significant improvement over more empirical equations of state and to
have a firmer basis in its inclusion of chain and association effects in the reference term. As
a result, it gives better results for associating and chain-molecule fluids. Such calculations
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are typically 8 or 9 orders of magnitude cheaper, and about 6 orders of magnitude faster,
than an experimental phase-equilibrium measurement for a binary mixture. [72]

2.7 PC-SAFT
In 2001, Gross and Sadowski presented a modified SAFT equation of state by applying the
perturbation  theory  of  Barker  and  Henderson  to  a  hard-chain  reference  fluid. In  their
perturbed-chain  version  of  SAFT (PC-SAFT)  they  propose  an  alternative  grouping  of
terms, where, instead of the dispersion term, the chain term becomes part of the reference
group:    

A res
=(Ahs

+Achain
)+Adisp

+Aassoc
+... (13)

where Ares is the residual Helmholz energy (Ares=A-Aideal). [73] [74]

As a result, the PC-SAFT reference reflects a chain of hard spheres, while the dispersion
term becomes a perturbation term, which reflects interactions between hard chains, not
between segments. These concepts of EOS reference are illustrated in the upper part of
Figure 4, interacting argon-like spheres for SAFT-HR (a) and chains of hard spheres for
PC-SAFT (b). The lower part of Figure 5 illustrates the final interacting chains. [75]

Gross and Sadowski followed the spirit  of  the work of Chen and Kreglewski in their
procedure leading to the equation of state for real substances: starting from a theory for
square-well chain molecules, they obtained a model for real chain molecules of any length,
from spheres to polymers. They  derived a dispersion expression  for chain molecules by
applying a perturbation theory for chain molecules and adjusting the appropriate model
constants to the pure-component properties of  n-alkanes. Their equation of state uses the
same chain term and association term as the earlier SAFT equations. [74]

In PC-SAFT, molecules are conceived to be chains composed of spherical segments. The
pair  potential  for the segment of a chain is given by a modified square-well  potential,
which was suggested by Chen and Kreglewski [44]

u (r )={∞ :(r<(σ−s1)) ;3ϵ :((σ−s1)≤r<σ) ;−ϵ :(σ≤r<λ σ);0 :(r≥λσ)} (14)

Figure  5:  Reference  (upper)  used  for  chain  molecules
(lower) in (a) SAFT-HR and (b) PC-SAFT. Open circles
are  hard  spheres  and  filled  circles  are  spheres  with
dispersion interactions. [75]
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where  u(r) is the pair potential,  r  is the radial distance between two segments,  σ is the
temperature-independent segment diameter, ε denotes the depth of the potential well, and λ
is the reduced well width. As suggested by Chen and Kreglewski, a ratio of s1/σ=0,12 is
assumed.  In  contrast  to  the  work  of  Chen  and  Kreglewski,  no  additional  temperature
correction for the potential depth is introduced. Accordingly, non-associating molecules are
characterized by three pure-component parameters: the temperature-independent segment
diameter σ, the depth of the potential ε, and the number of segments per chain m. [74]

Although this potential model is very simple, the step function in the pair potential at r<σ
accounts for an essential feature of real molecule behaviour, the soft repulsion. The soft
repulsion is introduced, because molecules have a collision diameter of σ only when they
collide at infinitely slow speed (zero temperature limit). Increasing temperature will result
in a lower collision diameter. [74] 

The complete PC-SAFT equation of state is given as an ideal gas contribution (ideal), a
hard-chain  contribution  (hc),  and  perturbation  contributions,  which  account  for  the
attractive interactions (disp) etc. To calculate the attractive part of the chain interactions,
Gross and Sadowski used the perturbation theory of Barker and Henderson. It is a theory of
second order, where the Helmholtz free energy is given as a sum of first- and second-order
contributions via      

           Adisp

NkT
=
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NkT
+

A2

NkT
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Barker and Henderson derived their theory for spherical molecules. This theory can be
extended to chain molecules, as each segment of a considered chain is again of spherical
shape.  The  total  interaction  between  two  chain  molecules  required  in  the  perturbation
theory is then given by the sum of all individual segment-segment interactions. [73] Chiew
[76] obtained expressions for the individual segment-segment radial distribution function
ghc

αβ(m;rαβ,ρ), which represents the radial distribution function for a segment α of one chain
and  a  segment  β of  another  chain  separated  by  the  radial  distance  rαβ.  Chiew  also
introduced an average inter-chain segment-segment radial distribution function ghc(m;r,ρ),
where different segments in a chain are non-distinguishable. It is convenient to determine
the  total  interaction  between  two  chains  by  applying  this  average  radial  distribution
function.  Gross and Sadowski  [73] used the results  of Chiew and tested the theory for
square-well  chains.  The  appropriate  equations  can  easily  be  written  for  any  potential
function as
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where x is the reduced radial distance around a segment (x=r/σ),  uR(x)=u(x)/ε denotes the
reduced potential function, Zhc is the compressibility factor of a hard chain and ghc(m;xσ/d)
is the average segment-segment radial distribution function of the hard-chain fluid with
temperature-dependent segment diameter d(T). The compressibility term in Equation (17)
can be obtained from generalised Wertheim's TPT model in the form
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where     
             η=π

6
ρ∑

i

xi mi d i
3 (19)

The packing fraction η represents a reduced segment density. [74]

To simplify the equations,  Gross and Sadowski refitted the integral  expressions for the
first- and second-order terms to appropriate Taylor series expansions in density  η using
pure n-alkane data:
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For coefficients  ai(m) and  bi(m) they used an expression proposed by Liu and Hu  [77]
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These equations were derived from a perturbation  theory (sticky-point model based on
Cummings and Stell [78] [79]) assuming a correlation of nearest neighbour segments and
next-nearest  neighbours.  Equations  (22)  and (23)  thus  account  for  the  bonding of  one
segment to a nearest neighbour segment and for the possible bonding of the neighbour
segment to a next-nearest  neighbour segment. Gross and Sadowski fitted the power series
coefficients of the first-order term a0i, a1i and a2i as well as those of the second-order term
b0i, b1i and b2i for i=1, …, 6 to pure-component data of n-alkanes. [74]

The three pure-component parameters (m,  σ,  ε/k) required for non-associating molecules
were identified for 78 substances by correlating vapour pressures and liquid volumes. The
equation of state gives good  fits to these properties and agrees well with caloric properties.
Comparisons to the SAFT version of Huang and Radosz revealed a clear improvement of
the proposed model. A brief comparison with the Peng-Robinson model also confirmed the
good performance of  the equation  of  state.  The applicability of  the model  to  polymer
systems  was  demonstrated  for  high-pressure  liquid-liquid  equilibria  of  a  polyethylene
mixture. The pure-component parameters of polyethylene were obtained by extrapolating
pure-component parameters of the n-alkane series to high molecular weights. [74]

2.8 PCP-SAFT
Because they derived a new dispersion term, the work of Gross and Sadowski focused on
non-associating  components,  for  which  the  total  attraction  is  dominated  by  dispersive
forces [74]. For associating and polar components, their model had to be extended.
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This was done by Gross [80] and Gross and Vrabec [81] [82] in a series of three papers,
where  they  derived  a  model  suitable  for  polar  and  strongly  non-spherical  (chain)
molecules, later coined Perturbed-Chain Polar Statistical Associating Fluid Theory (PCP-
SAFT). They  based their work on the perturbation theory of Stell et al. [83] and Gubbins
and Twu [69]. The model is of the form of a third order perturbation theory written in the
Padé approximation, where model-constants were adjusted to comprehensive vapour-liquid
equilibrium simulation data of pure two-centre Lennard-Jones (2CLJ) plus point dipole and
point quadrupole fluids. [82]

As Gross  [80] proved,  for small molecules with segment numbers (1≤m≤2), the tangent-
sphere model used in Wertheim's TPT-1 and subsequent SAFT-formulations can with good
precision  be  brought  to  congruence  with  the  more  elaborate  2CLJ  model.  Differences
between the two models are examined in Figure 6. As shown in Figure 6, the tangent-
sphere  model  assumes  molecules  to  consist  of  chains  of  m  freely  jointed  spherical
segments, where, for the case of a non-integer value for  m, the model is not rigorously
defined. The 2CLJ plus point dipole and point qudrupole (2CLJDQ) model consists of two
Lennard–Jones sites located at a distance L apart from each other and a point dipole site of
moment μ and a point quodrupole site of moment Q  positioned in the geometric centre and
aligned along the molecular axis, as presented in Figure 7. 

The intermolecular pair potential can thereby be divided into that of a 2CLJ fluid and the
contribution  from  the  dipole-dipole,  quadrupole-quadrupole  and  dipole-quadrupole
interaction, as     

u2CLJDQ
(r ij ,ω i ,ω j , L ,μ ,Q ,σ ,ε)=u2CLJ

(r ij ,ω i ,ω j , L ,σ ,ε)+

uDD
(r ij ,ω i ,ω j ,μ)+uQQ

(rij ,ωi ,ω j , Q)+uDQ
(r ij ,ω i ,ω j ,μ , Q) (24)

where  rij´is  the  centre-centre  distance  vector  of  two  molecules  i and  j,  σ and ε are,
respectively, the Lennard–Jones segment size and segment energy parameters and ωi and
ωj represent the orientations of the two molecules. The pair potential of the pure 2CLJ fluid

Figure 7: A chain of 2CLJ-segments, with a
multipole moment fixed in the centre of a
segment and aligned along the molecular
axis. [84]

Figure  6:  Geometrical  setup  of  the  two-
centre Lennard–Jones (2CLJ) model and the
tangent-sphere Lennard–Jones fluid. [80]
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can conveniently be written as a two-site LJ potential

       u2CLJ (rij , ωi ,ω j , L, σ ,ε)=∑
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where  rab is one of the four  Lennard-Jones site-site distances,  a counts the two sites of
molecule i, and b counts those of molecule j. The dipolar contribution is

                    uDD(rij , ωi ,ω j )=
μ i
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The quadrupolar contribution is
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and finally, the mutual interaction between dipoles and quadrupoles is

   uDQ
(r ij ,ω i ,ω j ,μ ,Q)=

3
2

μQ

∣r ij∣
4 (ci−c j)(1+3ci c j−2si s j c) (28)

where ck = cos θk, s=sin θk, and c=cos φij. θi is the angle between the axis of molecule i and
the  centre-centre  connection  line,  and  φij is  the  azimuthal  angle  between  the  axes  of
molecules i and j. [46] 

By applying a perturbation theory to the intermolecular potential, Equation (24) results in
an equation of state given in the residual Helmholtz energy Ares, as

Ares

Nkt
=

A2CLJ

NkT
+

ADD

NkT
+

AQQ

NkT
+

ADQ

NkT
(29)

where A2CLJ is the residual Helmholtz energy of the 2CLJ reference fluid, ADD, AQQ and AQD

are  the contributions  from dipole–dipole,  quadrupole-quadrupole and dipole-quadrupole
interactions, respectively. The EOS of this reference fluid, A2CLJ, can easily be constructed
with Wertheim’s thermodynamic perturbation theory of the first order (TPT1) [55]-[58]

A2CLJ

NkT
=m

ALJ

NkT
+(1−m)ln gLJ(σ) (30)

where gLJ(σ) is the value of the radial distribution function at the distance r=σ as proposed
by Johnson et al. [85], and ALJ is the Helmholtz energy of a Lennard–Jones monomer fluid
introduced in Equation (11).

ADD, AQQ and AQD  are  third-order  perturbation  expansions  written  in  the  Pade
approximation. Their derivation is presented in [81], [80] and [82], respectively. They are
combined to form a single multipole interaction term, AMM=ADD+AQQ+ADQ.

This formulation of the PCP-SAFT brings us to the subject of this thesis. It was shown by
Vega et al. [86], that an orientation of dipole moments perpendicular to the molecular axis
leads to a considerably more substantial effect on physical properties compared with the
axial alignment. If the PCP-SAFT equation of state is applied to a component where the
dipole vector is oriented e.g.  perpendicular to the molecular axis, one can thus expect a
dipolar  contribution  that  is  somewhat  too  low.  My  approach  to  cure  this  problem  is
presented in the next chapter.
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3 Research method

3.1 Introduction to molecular dynamics
Molecular dynamics is a computer simulation method for studying the physical movements
of atoms and molecules, i.e., it is a method for simulating the microscopic behaviour of a
system of particles as a function of time. It is often used as an intermediate between theory
and practice, as it can give a benchmark of a precisely defined model fluid against which to
test  a  theory  without  the  uncertainties  related  to  experimental  measurements  of
intermolecular potential energy. [46]

Classical  molecular  dynamics  simulates  the  movement  of  atoms  applying  Newton's
equation of motion. Every atom is considered as a particle with location and momentum.
The  trajectory  of  each  particle  is  then  determined  by  numerically  solving  Newton's
equations  of  motion  for  a  system  of  interacting  particles,  where  forces  between  the
particles  and  their  potential  energies  are  calculated  using  interatomic  potentials  from
molecular mechanics force fields. The behaviour of the particles is described by a set of
differential equations:

               F i=mi∗
d 2 r i
dt 2 (31)

where  Fi is the force affecting atom  i,  mi its mass, ri its location and  t  time. The force
affecting  each  atom is  calculated  using  potential  energy function  that  is  dependent  of
locations of atoms in a system and its chemical nature. [46]

Figure 8: A simplified 2-D example of a molecular dynamics simulation. In frame 1. the
state of the system is presented at time t. Particle i is located in ri(t), and its interactions
with the other particles are represented with (attractive or repulsive) forces  Fi1(t),  Fi2(t)
and Fi3(t), inflicting a resultant force Fi(t) on particle i. Based on the location, momentum
and resultant force affecting it, the particle's position after 1 timestep (t+dt) is calculated
applying Equation (31). Updated locations of every particle in the system are calculated
similarily, and the state of the system at time t+dt is presented in frame 2. The process is
then repeated with the updated parameters, until the simulation program's end conditions
are met.
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Because molecular systems typically consist of a vast number of particles, it is impossible
to determine the solution of Equation (31) analytically;  molecular dynamics simulation
circumvents  this  problem by using  numerical  methods.  For  every  timestep  the  forces
affecting  each  atom  are  calculated,  and  their  locations  and  speeds  are  updated  by
integrating the equations over one timestep dt.  A simplified example of this process is
presented  in  Figure  8.  However,  long  simulations  are  mathematically  ill-conditioned,
generating cumulative errors in numerical integration that can be minimized with proper
selection of algorithms and parameters, but not eliminated entirely. Many such algorithms
have been proposed. The one used in this thesis, the velocity-Verlet integrator, is among
the most prominent.

To set up a molecular dynamics simulation, a number of parameters must be set to define
the initial conditions of the simulation, the interactions between two particles as well as
between a particle  and the environment during the simulation,  and the end conditions,
which  terminate  the  simulation  program  when  met.  The  intial  conditions  in  of  the
simulated system include e.g. masses and locations of the simulated particles and initial
velocities given to them (i.e. the temperature of the system). These parameters are usually
taken from literature (e.g. mass of a particle) or set by the user to suit the purpose of the
simulation (e.g. suitable temperature for the system to exist in liquid phase).

Empirically defined force fields are used to describe forces and potential energies in the
simulations.  In  these  force  fields,  the  system  is  described  as  a  composition  of  point
particles, and interactions between these particles (represented by interatomic potentials)
are defined by the force field. The particles and potentials are simplified representations of
real  world atoms and interactions,  designed to  yield sufficiently accurate  results  while
keeping  the  model  simple  to  minimize  the  computing  effort  required  to  carry out  the
simulation. Many force fields with varying parameterisations have been developed. After
testing several of them, the most suitable one for this thesis was found to be OPLS-AA.

In  classical  molecular  dynamics,  simulations  are  done  in  the  microcanonical  (NVE)
ensemble; a number of particles, volume, and energy have a constant value. The evolution
of  a  single  molecular  dynamics  simulation  may  be  used  to  determine  macroscopic
thermodynamic properties (e.g. temperature and pressure) of the system: the time averages
of the system correspond to microcanonical ensemble averages. In experiments, however,
the  temperature  is  generally  controlled  instead  of  the  energy.  The  ensemble  of  this
experimental  condition  is  also  called  a  canonical  (NVT)  ensemble.  A third  important
ensemble  used  in  molecular  dynamics  is  the  isothermal-  isobaric  (NPT)  ensemble.  To
control  temperature  and  pressure,  Nosé-Hoover  thermostat  (with  both  NVT and  NPT
ensemble)  and  barostat  (NPT  ensemble  only)  were  used.  The  thermostatting  and
barostatting  is  achieved  by adding  some  dynamic  variables  which  are  coupled  to  the
particle velocities (thermostatting) and simulation domain dimensions (barostatting).  [87]

These ensembles are utilised to keep the simulated system in desired state. For example,
for the purpose of this thesis it was important to have the system in liquid phase. Thus it
was important to keep both the temperature and pressure in suitable levels. Hence, an NPT-
ensemble proved useful in keeping the system in desired liquid phase.

There  are  a  number  of  possible  end  conditions,  that  can  be  used  to  terminate  the
simulation.  The  most  prominent  one  is  a  set  number  of  timesteps,  i.e.  the  program
terminates after calculating a pre-determined amount of timesteps. After the termination,
the simulation output must be analysed to obtain the desired parameters. The output is in
most simulation softwares highly customiseable, but in most cases the interesting output
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parameters  are  related  to  thermodynamical  properties  of  the  system,  e.g.  its  potential
energy or density. These can properties can then be used e.g. as a benchmark test for a
theoretical model or to study the behaviour of a system too difficult to test experimentally.

In this thesis, the focus is on electrostatic interaction energy in the system. Obtaining it
from the simulation output proved to be more difficult than expected, as noted later in this
chapter.

3.2 The role of molecular dynamics simulations in this thesis
Molecular dynamics simulations have been an important tool in the research of equation of
state models for a long time. Usually they serve as an intermediate between theory and
experiment,  providing  an  opportunity  to  test  the  theories  by  comparing  theory  to
simulations results. In this way it is possible to eliminate any uncertainties as to the form of
the intermolecular potential energy, which is the same in both theory and simulation. In
this role, the simulation provides 'experimental data' on a precisely defined model fluid,
against  which  the  theory can  be   tested.  In  contrast,  comparisons  between theory and
experiment test jointly the theory and the intermolecular potential model, and therefore fail
to provide a conclusive test of the theory.  [46] However, in my approach  the molecular
dynamics simulations are utilized to make a more direct contribution to the equation of
state model.

Using molecular dynamics simulation, Korden et al.  [84] showed that the orientation of
molecular multipole moments with respect to the molecular shape has a strong influence
on the fluid’s thermodynamic properties. They found  that effective multipole moments,
estimated via the dielectric screening energy obtained from a continuum solvation model,
can significantly improve the agreement between the theoretical model and simulations.
[84]

In  my  approach,  the  effects  of  shape-multipole  couplings  were  estimated  by  simple
molecular simulations of unpolarizable molecules. The parameters of the equation of state
developed in this way were correlated with molecular properties accessible by quantum
mechanics to eliminate the need for any substance specific experimental data to adjust
parameters. 

The underlying idea behind my approach was to perform a small scale molecular dynamics
simulation at a liquid density and subcritical temperature with an unpolarizable standard
transferable potential. The simulation yielded the electrostatic energy density of the studied
fluid.  I  then  used  this  obtained  electrostatic  energy density  to  compute  the  multipole
moments in the equation of state model at the density and temperature that matched the
ones used in the simulation. With this method I tried to cure the multipole-shape coupling
simplification. The advantage of this approach is that the molecular dynamics results for
the  electrostatic  energy  density  are  not  very  sensitive  to  the  precise  non-electrostatic
interaction,  e.g.  dispersion,  unlike  e.g.  the  vapour  pressure.  Therefore,  the  chosen
molecular-dynamics potential needs to yield a reasonable structure of the fluid, but not
accurate pressures and non-electrostatic energies. In addition to this, no computationally
expensive  techniques  are  necessary  to  compute  phase  equilibrium  in  the  molecular-
dynamics simulation.

3.3 Used software
These simulations were conducted using Large-scale Atomic/Molecular Massively Parallel
Simulator  (LAMMPS).  LAMMPS  is  an  open-source  molecular  dynamics  simulation
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program, distributed and maintained by researchers at the Sandia National Laboratories.
[88] LAMMPS is a widely used and well tested program in molecular dynamics research.

Since  LAMMPS is  an  open-source  program and  as  such  under  constant  development,
modular and highly customizable,  it is nearly impossible to build a general tool that would
create a valid simulation set-up for all  widely varying end-user needs.  Thus,  usually a
multitude of different tools need to be combined to create a simulation that fits the needs of
a specific problem. After experimenting with many different tools and simulation set-ups, I
found the optimal combination for the work at hand to be as follows: PubChem to obtain
single molecule topology files, Open Babel to convert this topology to form compatible
with LAMMPS, Moltemplate to obtain partial atomic charges to represent the electrostatic
forces  in  the  molecules,  Packmol  to  create  the  simulation  box topology with  multiple
molecules from the single molecule topology, TopoTools plugin of VMD to combine the
simulation box topology with atomic partial charges from Moltemplate, msi2lmp to assign
force field interaction parameters to individual atoms and finally combining the TopoTools
and msi2lmp output files by hand to create a data file in LAMMPS input form.

PubChem is  a  component  of  National  Institute  of  Health's  (NIH)  Molecular  Libraries
Roadmap  Initiative.  [89] It  provides  information  on  the  biological  activities  of  small
molecules. PubChem is organized as three linked databases within the National Center for
Biotechnology Information's (NCBI) Entrez information retrieval system. It generates a
theoretical  3D  description  of  each  compound  in  the  PubChem  Compound  database.
PubChem allowed me to download the molecule topology file from their website. This
topology file was then converted to a form usable in LAMMPS, Protein Data Bank format
(.pdb), using Open Babel, an open-source chemistry file translation program [90]. 

For partial atomic charge assignment, my original idea was to use charges obtained from
quantum chemical  models.  My reasoning was,  that  more  quantum chemically accurate
representation of the partial atomic charges would result in improved simulation results. To
obtain  the  partial  atomic  charges,  I  used  Gaussian  09  electronic  structure  modelling
program [91] to perform Hirshfeld Charge Model 5 (CM5) population analysis. Marenich
et al.  [92] have shown this model to predict electrostatic data more accurately than other
popular schemes, e.g. atomic polar tensor and Mulliken population analysis.

However, during the work I realized that since the force fields I used were parameterized
with a certain set  of atomic partial  charges,  using different charges  affected also other
properties of the force fields, thus skewing the simulation results. Further research on the
subject revealed that partial charges in OPLS-AA are typically deliberately made to yield
dipole moments ca. 15% higher than the experimental values. This is because the charges
for the OPLS force fields are empirical and have been obtained largely from fitting to
reproduce properties of organic liquids.  [93] For this reason I eventually settled on using
the atomic partial charges that were used to parameterize the force field. To assign the
partial  atomic  charges  to  studied  molecules  I  used  Moltemplate,  a  general  text-based
molecule builder for LAMMPS. 

In molecular dynamics simulations, force fields are sets of parameters, based on either
experimental results, quantum mechanical calculations or a combination of the two, used to
calculate the potential energy inside the simulation box. The force field used in this work is
Optimized  Potentials  for  Liquid  Simulations-All  Atom  (OPLS-AA),  created  by  Prof.
William L. Jorgensen. [93] It was chosen due to large availability of molecular structures
and observed good description of the electrostatic forces. Other tested force field models
were cvff, CFF91 and COMPASS. They all failed in either providing the necessary force
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field  parameters  for  a  large  enough  group  of  molecules,  or  accurately  describing  the
electrostatic forces.

To  assign  the  force  field  parameters  to  the  studied  molecule,  I  used  msi2lmp,  a  tool
included in the LAMMPS distribution. It takes molecular structure and general force field
parameters as input, attributes appropriate force field parameters to each individual atom in
the molecule and outputs the necessary parameters for the molecule in question.

After  creating  a  single  molecule,  it  was  necessary  to  replicate  it  to  create  a  sensible
simulation  set  up.  In  my  simulations,  I  used  a  box  of  250  molecules.  This  size  of
simulation box is in standard range of molecular dynamics simulations as it is large enough
to  yield  trustworthy  simulations  while  being  small  enough  not  to  demand  too  much
computational resources.

At first I simply used the replication command in LAMMPS, as it was the simplest way to
create  the  simulation  box.  This  command  copies  the  initial  molecule  and  creates  a
symmetric lattice of user-defined size, in my case 5*5*10 molecules. During the work I
noticed, that this arrangement failed to create a usable liquid structure and led to too high
electrostatic  interaction  energies,  possibly because  the  molecules  were  initially  set  too
close to each other, which led to molecules “locking” together, creating a high electrostatic
force between the molecules. Thus I had to find an alternative way to set up the simulation
box. This was achieved using Packmol [94], a program that takes set amount of copies of
the given molecule, and then creates a randomized simulation box of customizable size,
with user-set distances between each individual molecule. This simulation box is then give
to  LAMMPS  as  simulation  set-up.  With  this  approach  I  was  able  to  create  a  liquid
structure, that yielded realistic electrostatic interaction energies.

To combine the randomized simulation box created by Packmol with the atomic properties,
i.e.  atomic masses and partial  atomic charges obtained using Moltemplate,  I  employed
TopoTools, a plugin created by Axel Kohlmeyer for manipulating topology information in
Visual  Molecular  Dynamics (VMD)  [95],  a  molecular  modelling  and  visualization
program. After this I was able to combine the resulting simulation set-up file with force
field parameters from msi2lmp to create a LAMMPS input data file.

This path to create the data file is arguably not ideal as it requires combining so many
different tools and programs However it demands relatively little user modification and is
reasonably fast for small molecules. Thus, for the purpose of this work, it was satisfactory.

3.4 Conduction of the simulations
As stated, the molecular dynamics simulations were carried out with LAMMPS. LAMMPS
is a versatile tool, and as such it contains many adjustable features that can be included in
the simulation. Thus finding the optimal simulation set-up for this work was a long process
that, while the theoretical background gave some limitations and provided a starting point
for possible approaches, relied heavily on trial and error.

The most obvious adjustable parameters were simulation temperature and pressure as well
as volume of the simulation box. Other parameters that I tested adjusting included the
amount of simulation timesteps ran, cut-off radius and pair style for short- and long-range
intermolecular  interactions,  strength  of  interactions  with  neighbouring  atoms  inside
molecules, and intial molecule velocity distribution.
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The first simulation stage was identical throughout the work: a short run with fixed amount
of substance, box volume and simulation energy (NVE-simulation). Rest of the stages were
varied in an effort to create a stable, liquid-state simulation.

My initial, most simple approach was a  two-stage simulation, the second stage having a
fixed amount of substance, box volume and temperature (NVT-simulation). This type of
simulation was easy and fast to set up, but failed to produce consistent results. I varied this
approach  using  different  box  sizes  and  temperatures,  but  could  not  find  a  way  to
consistently produce liquid-state simulations.  The visual observations showed, that usually
this simulation path combined with symmetrical lattice set-up led to a compressed ball of
molecules  in  the  middle  of  the  simulation  box  with  near-vacuum  conditions  in  the
proximity of the edges of the box. Result was usually electrostatic interaction energy 1-2
orders of magnitude higher than expected.

My next idea was to add a third stage, starting with a gas-state simulation in a large box
and  high  temperature,  then  collapsing  the  box  to  smaller  volume  and  lowering  the
temperature  to  reach  liquid  state  for  the  production  loop.  This  method  also  failed  to
produce consistently liquid-state simulations.

For my next attempt I adopted  a bit different approach, and decided to keep the pressure
inside the box constant instead of the box volume, creating a simulation with fixed amount
of  substance,  pressure  and  temperature  (NPT-simulation).  I  tested  this  approach  with
multiple pressure levels from 0,1 atm to 10000 atm, and found that a pressure of 100 atm
combined with a simulation temperature of 300 K produced good structure for most of the
substances studied. The problem with this approach was that in small scale simulations
studied  in  this  work,  pressure  fluctuates  substantially  between  each  simulation  step,
creating instability to the system and making it difficult to compare simulation results with
different parameter set-ups to one another.

Finally,  I  settled into a  method combining the best  properties  of approaches  presented
above. First stage was, as always, a stabilising NVE-run. Second stage was an NPT-run to
set the fluid structure right and achieve liquid state. After this stage, the stabilisation of the
simulation box volume was assessed to conclude, whether the simulation had settled in an
equilibrium.  Finally,  after  the  average  pressure  had  settled  around  100  atm  and  the
simulation box volume equilibrated accordingly,  I  conducted an NVT-run with set  box
volume  achieved  in  the  NPT-run  to  create  stable  conditions  and  obtained  the  results.
Combined with a simulation temperature of 300 K and a randomized initial molecule set-
up created by Packmol,  this  approach produced consistent,  liquid-state simulations that
yielded sensible and comparable electrostatic interaction energies.

Other LAMMPS set-up parameters were also tested alongside these different temperature,
pressure and box volume approaches. The optimal number of simulation steps is a trade-off
between accuracy and necessary computing effort: more simulation steps result more stable
simulation and more reliable  results,  but  require  more  computing power and/or  longer
simulation duration.  After  testing simulation lengths  varying from 100000 to 2 million
timesteps I concluded, that a simulation consisting of 10000 step NVE-stage, 100000 step
NPT stage and 250000 step NVT stage divided in five 50000 timestep loops was enough to
produce  a  stable  simulation,  making  a  total  simulation  length  of  260000  timesteps.  I
recorded the simulation status every 100 timesteps, and calculated the Coulombic (Ecoul)
and long-range (Elong) interaction energies (in LAMMPS output, Ecoul is the contribution of
Coulomb interactions that are computed in real space, E long is the corresponding lattice sum
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contribution) as averages over  their  values in all  recorded timestep statuses of the last
NVT-loop (501 values for both Ecoul and Elong in total).

Another trade-off between the simulation accuracy and the necessary computing effort is
found in deciding the suitable intermolecular interaction cut-off style and radius. Longer
cut-off radius means more accurate simulations, especially in regard of electrostatic forces
as their effective range is much longer that that of e.g. soft repulsion between hard spheres,
but longer  cut-off  also demands more computing power.  A rule of thumb given in  the
LAMMPS manual states, that reasonable cut-off radii for liquid simulations are 10-15 Å,
since a cut of radius lower than 10 Å is likely to be insufficient for liquid simulations, and
a radius above 15 Å does not significantly improve the simulation accuracy. I tested cut-off
radii of 10, 12 and 15 Å, and concluded that 12 Å cut-off radius produced accurate results
with reasonable computing effort.

The pair style determines, which atom-atom interactions are included in the calculation and
which are omitted. For my simulations I used Lennard-Jones potential (lj) to account for
atomic  interactions  and  Coulombic  potential  (coul)  to  account  for  the  electrostatic
interactions. In LAMMPS, both of these potential can have a value of long, in which case
they are calculated with full  effect  until  the cut-off  distance  and beyond it  fade away
according to a damping function, or cut, in which case they are calculated with full effect
until  the cut-off  distance and set  to  zero beyond it.  I  tested both lj/long/coul/long and
lj/cut/coul/long set-ups, and found out that long range lj-potential in most cases led to too
low  electrostatic  interaction  energies.  Thus  the  best  results  were  achieved  with
lj/cut/coul/long set-up.

To account  for  the  long-range coulombic  interactions,  LAMMPS utilizes  a  long-range
solver  to  compute  long-range  Coulombic  interactions  or  long-range  Lennard-Jones
interactions. LAMMPS has many available solvers, but the choice is limited due to pair
style used.  For pair  styles  using coul/long setting,  the available  solvers  are Ewald and
Particle-Particle  Particle-Mesh (PPPM). Both of  these long-range solvers perform their
computation in K-space. In tests I did not find significant differences between the two
solvers, and settled on using PPPM as it required less computing effort.

In  LAMMPS it  is  also  possible  to  set  weight  factors  (0.0-1.0)  to  special  interactions
between an atom and its first, second and third neighbours in the molecule chain. After
experimenting with different weight factors, I decided that since the focus of the work is in
interatomic electrostatic interactions, the best results would be achieved by setting all these
special interaction factors to zero.

According to the chosen temperature, LAMMPS gives each molecule an initial velocity in
the beginning of the simulation. The distribution of these velocities can be defined as either
gaussian or uniform. After testing both distribution patterns I concluded, that the velocity
distribution did not have notable effect on simulation results, and settled on utilizing the
standard gaussian velocity distribution.

Combining the best of all adjustable simulation parameters presented above, I finally came
up with  a  simulation  template,  that  I  used  for  all  studied  molecules.  This  template  is
presented in Appendix I. 
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3.5 Obtaining  the  electrostatic  interaction  energy  from  the
simulation

Due to properties of the K-space PPPM solver,  it  was impossible to obtain long-range
intermolecular  electrostatic  interaction  energy  straight  away,  as  excluding  the
intramolecular part affects also the long-range calculations in the long-range solver. This is
because the short-range pairwise interaction needs to subtract off a term from the total
energy for pairs  whose short-range interaction is  excluded, to compensate  for how the
long-range solver treats the interaction.  [96] Thus I had to take a longer route. First step
was  to  calculate  overall  (inter-  and  intramolecular)  long-range  electrostatic  interaction
energy, summing together coulombic and long-range electrostatic interactions (Ecoul

long and
Elong

long) from the LAMMPS output. Next step was to rerun the output producing loop of
my simulation, firstly for overall  short range coulombic interaction energy Ecoul

cut using
lj/cut/coul/cut pair  style,  secondly for intermolecular coulombic interaction energy with
same pair style but excluding the intramolecular interactions part (Ecoul

cut, exclude). Subtracting
the latter from the former thus yielded the intramolecular coulombic interaction, which I
then subtracted from the long-range overall interaction energy calculated in the first step.
As a result I obtained the desired intermolecular electrostatic interaction energy:

                   U elec
MD

=(Ecoul
long

+E long
long

)−(E coul
cut

−Ecoul
cut ,exclude

) (32)

3.6 Comparison with PCP-SAFT
After  obtaining  the  electrostatic  interaction  energy  of  a  certain  molecule  in  certain
conditions  from a  molecular  dynamics  simulation,  the  next  step  was  to  calculate  this
energy of the same molecule in  same conditions with the PCP-SAFT model. This was
done using ThermoC,  a  program for  the calculation  of  thermodynamic  properties  with
arbitrary equations of state. [97]

As presented in Chapter 2, in PCP-SAFT the residual Helmholtz free energy of a fluid is
treated as a sum of a number of components. To obtain the electrostatic interaction energy
in  the  fluid,  I  set  the  program  to  calculate  only  the  multipole-multipole  interaction
component of the Helmholtz free energy in conditions (i.e. temperature and molar volume)
equal  to  the  ones  used  in  the  molecular  dynamics  simulation.  Using the  definition  of
Helmholtz free energy ThermoC calculates the electrostatic interaction energy in the fluid:

       U elec
EOS

=Ares
MM

+T∗S res
MM (33)

where Sres
MM is a function of temperature and residual molar entropy of the fluid.

I then compared the electrostatic interaction energy obtained from the molecular dynamics
simulation to the one obtained from the equation of state model to create a scaling factor  s,
a coefficient relating the multipole-multipole interactions from the equation of state model
to  the  electrostatic  interaction  energy  from  the  molecular  dynamics  simulation  by
modifying the dipole and quadrupole moments (μ and  Q respectively) of the equation of
state model:

          U elec
MD

=U elec
EOS

(sμ , sQ) (34)

where sμ and sQ are the effective dipole and quadrupole moments, respectively. The goal is
to make the electrostatic interaction energy calculated using the PCP-SAFT match the one
obtained  from  the  molecular  dynamics  simulation  by  increasing  or  decreasing  the
multipole moments used in the equation of state calculations. These effective multipole
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moments  are  then  used  instead  of  the  original  multipole  moments  in  PCP-SAFT
calculations.

Figure 9 presents a graphical representation of this process. First Uelec
EOS is calculated with

a number of possible scaling factors. The results are then plotted as a function of scaling
factor and compared to  Uelec

MD obtained from the molecular dynamics simulations.  The
scaling factor,  with which the two lines cross (i.e.  Uelec

EOS=Uelec
MD),  is  the one used for

creating the effective multipole moments.

Figure 9: Graphical representation of the process of calculating the scaling factor, in this
example for butanone. Electrostatic interaction energy calculated with the PCP-SAFT is
compared to the one calculated from molecular dynamics simulation results.
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4 Results

4.1 Studied molecules
For this work I studied 17 molecules. The choice of molecules studied was mostly based
on their high multipole moments, as the multipole interactions are the weakness in PCP-
SAFT model this work seeks to cure and I reasoned those molecules would most clearly
demonstrate the success or the failure of the proposed method. I also chose one molecule
(ethene) with very low multipole moments to see how that would affect the performance of
the new model. Important limiting factors were the availability of both experimental data,
as they were necessary for the validation of the model, and force field parameters, as they
were necessary to conduct the molecular dynamics simulations.

In earlier research done in the Institute of Technical Thermodynamics at RWTH Aachen,
preliminary tests of the method proposed in this work were carried out on three molecules:
ethine, acetonitrile and butanone. As these preliminary tests provided a benchmark, against
which to compare my own results, I reasoned I should test different possible approaches on
one of these molecules. I chose butanone as my test molecule since it, as a non-associating
molecule with relatively high dipole and quadrupole moments, seemed the most promising
subject  of  the  three  for  testing  the  effects  of  electrostatic  interactions  in  molecular
dynamics simulations.

As  shown  earlier,  I  tested  various  different  approaches  for  conducting  the  molecular
dynamics simulations. Some results of these tests are presented in Table 1. For the sake of
comparability, most of these tests were carried out using butanone. However I also tested
the most promising approaches on other molecules. These included smaller molecules (e.g.
acetone),  larger  molecules  (e.g.  acetophenone)  and molecules  with  different  functional
groups (e.g. vinylacetate that has a C=C double bond).

Table  1:  Some  of  the  tested  simulation  approaches  and  the  resulting  electrostatic
interaction energies.

Simulation type Molecule set-up Point charges Force field Pair style U_res (J/mol)
butanone 87 cm 3̂/mol box nvt replicate CM5(Hirshfeld) OPLS-AA lj/long/coul/long -46938,6

87 cm 3̂/mol box nvt replicate CM5(Hirshfeld) OPLS-AA lj/cut/coul/long -36325
130 cm 3̂/mol box nvt replicate CM5(Hirshfeld) OPLS-AA lj/long/coul/long -44198,6
87 cm 3̂/mol box nvt replicate CM5(Hirshfeld) CFF91 lj/long/coul/long -59363,6

100 atm npt replicate CM5(Hirshfeld) CFF91 lj/long/coul/long -51292,9
100 atm npt->nvt replicate CM5(Hirshfeld) OPLS-AA lj/long/coul/long -47237,1
100 atm npt->nvt replicate CM5(Hirshfeld) OPLS-AA lj/cut/coul/long -3261,09
100 atm npt->nvt Packmol CM5(Hirshfeld) OPLS-AA lj/long/coul/long -13733,2
100 atm npt->nvt Packmol CM5(Hirshfeld) CFF91 lj/long/coul/long -19655,8
100 atm npt->nvt Packmol Moltemplate OPLS-AA lj/long/coul/long -18303,4
100 atm npt->nvt Packmol Moltemplate OPLS-AA lj/cut/coul/long -7698,7

115 cm 3̂/mol box nvt replicate CM5(Hirshfeld) OPLS-AA lj/long/coul/long -57909,9
192 cm 3̂/mol box nvt replicate CM5(Hirshfeld) OPLS-AA lj/long/coul/long -50462,5

replicate CM5(Hirshfeld) OPLS-AA lj/long/coul/long -56542,2
115 cm 3̂/mol box nvt Packmol CM5(Hirshfeld) OPLS-AA lj/long/coul/long -30738,3
115 cm 3̂/mol box nvt Packmol CM5(Hirshfeld) OPLS-AA lj/cut/coul/long -6018,51

100 atm npt->nvt Packmol Moltemplate OPLS-AA lj/cut/coul/long -23221,9

acetophe-
none

192 cm 3̂/mol, 500 K 
nvt → 100 atm npt
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As the results in Table  1 show, the set-up of the molecular dynamics simulation has a
substantial impact on the resulting electrostatic interaction energy. It is thereby clear, that
finding an optimal set-up to carry out the simulations is not a trivial matter, and careful
result assessment is vital to evaluate their reliability.

4.2 Initial result assessment
After each simulation run there were three major properties of the simulation output that I
had to examine to judge the validity of the simulation: resulting electrostatic interaction
energy, the visual outcome of the simulation and radial distribution function g(r). Firstly, I
calculated  the  intermolecular  electrostatic  interaction  energy  to  see  whether  it  was  in
sensible range compared to the one obtained from PCP-SAFT. As presented in Table 1, the
electrostatic interaction energies are quite sensitive to changes in simulation set-up. Thus,
in the initial result assessment, they are only indicators of whether the set-up is correct or
not, and not of much use in the process of comparing the merits and disabilities of various
set-ups that fail to produce optimal structure.

Secondly,  I  used  VMD  and  Open  Visualisation  Tool  (OVITO)  [98] to  visualize  the
simulation to see, whether the simulation seemed to produce a sensible looking structure.
In  practice,  this  means  an  approximately  uniform  distribution  of  molecules  in  the
simulation box, with no large empty spaces between the molecules or tight clusters with
large number of molecules together in a small space. As in the case of the electrostatic
interaction energy, the visual observations mainly served as an early warning sign, when
something  was  wrong  with  the  simulation.  The  visual  observations  are  not  useful  in
comparing two simulation results.

Thirdly, I used a VMD plugin to calculate the fluid's radial distribution function g(r) to see,
whether it supported the visual observation of a liquid structure. Unlike the previous two

Figure 10: Radial distribution function of a Lennard-Jones model fluid.
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simulation  properties,  the  radial  distribution  function  was a  useful  tool  in  determining
whether the structure produced in one simulation was better or worse than that produced in
another simulation.

Radial distribution function in a system of particles describes how density of the system
varies as a function of distance from a reference particle. The graph's exact form depends
on used parameters, e.g. temperature and density, but the basic structure is similar to all
liquids.  A theoretical  example is  presented in  Figure  10.  It  shows a radial  distribution
function  of  a  Lennard-Jones  model  fluid.  As  is  seen  in  the  figure,  a  typical  radial
distribution  function  of  a  liquid  consists  of  a  series  of  alternating  peaks  and  valleys,
decreasing in amplitude as distance to the reference particle grows. A deviation from this
typical form suggests, that the simulation has failed to produce a sensible liquid structure.

As stated above, it took many iterations to find the optimal simulation set up to produce
satisfactory results. Most of the problems I had resulted from inconsistent fluid structure.
In the early tested simulation set-ups, two prominent types of simulations that failed to
produce a liquid state fluid structure emerged.

Figure 11: An example of  simulation that failed to produce a liquid structure
with butanone. A low-density area is clearly visible in the right side of the
simulation box. Image was created with OVITO.
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Figure 12: Radial distribution function of the simulation presented in Figure 10.

Figure 13: A simulation that failed to produce a feasible liquid structure with vinylacetate.
Highlighted are some of the molecules clustered together. Image was created with VMD.
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One of these types is presented in Figures 11 and 12. In this simulation I used the lattice
molecule set-up and CFF91 force field for butanone, a combination that clearly failed in
producing  a  liquid  structure  in  the  simulation.  Calculating  the  electrostatic  interaction
energy already suggested, that something was wrong with the simulation, as the calculation
resulted an energy more than 2 orders of magnitude higher than the energy calculated with
the PCP-SAFT. The visual assessment confirmed a failure to produce a sensible structure,
revealing a tightly packed mass of molecules surrounded by a low-density zone near the
edge of the simulation box as seen in Figure 11. This observation is confirmed by the radial
distribution function calculated over the production loop of the simulation, presented in
Figure 12. The low-density zone near the edge of the simulation box manifests as a notable
drop in density function on the right side of the graph.

Another repeating simulation result, where a sensible liquid stated fluid structure was not
reached, is presented in Figures 13 and 14. This type of simulation result consisted of a set
of small  clusters of 2-5 molecules  stuck closely together  with larger  gaps between the
clusters  as  presented  in  Figure  13.  As  with  the  previous  example  with  butanone,  this
simulation was conducted with vinylacetate using lattice molecule set-up and CFF91 force
field, but instead of an NVT-simulation I conducted an NPT-simulation. The electrostatic
interaction energy calculated from this simulation was approximately 3 times higher than
the one calculated with the unmodified PCP-SAFT which, while considerably higher than
expected, is not completely unfeasible. 

Figure 14: Radial distribution function of the simulation presented in Figure 12.
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However visual observation of the simulation results reveals the clustered fluid structure,
that  suggests  the  simulation  result  is  not  optimal.  And although the  radial  distribution
function pays a lot closer resemblance to the typical graph, as seen in Figure 14, a level of
deviation can be observed. The clusters manifest as unusually wide peaks and valleys with
low amplitude in the density function. So, while the electrostatic interaction energy and
radial  distribution  function  suggest  a  better  structure  than  in  the  first  example,  the
simulation again fails to produce a satisfactory liquid state fluid structure. Differences in
the largest distance of the radial distribution function in Figures  12 and  14 result from
different simulation box volumes. 

These  simulations  usually  produced  electrostatic  interaction  energies  2-3  orders  of
magnitude  higher  than  those  based  on  the  equation  of  state  model  with  predicted
parameters.  Since  electrostatic  forces  are  inversely  proportional  to  distance  squared,
molecules  located unfeasibly close to  one another  obviously experience much stronger
electrostatic interactions between them than those in a homogeneous liquid structure. Many
factors in the simulation set-up contributed to these failures, most notably the lattice set-up
of molecules, charges obtained from quantum dynamics being inconsistent with the force
fields  used,  inconsistent  force  field  interaction  parameters  and  poorly  chosen  initial
pressure/box volume to start the simulation.

Figure 15:  Successful simulation result with acetone.
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Rooting out these diverse sources of error was a lengthy process, but eventually I was able
to create a simulation set-up that produces consistent liquid structures (as shown in Figures
15 and 16) and yields consistent, usable electrostatic interaction energies.

Figure 16: Radial distribution function of the simulation presented in Figure 14 confirms
reasonable liquid structure.

Table  2:  List  of  studied  molecules.  Presented  are  results  calculated  from  molecular
dynamics simulations as well as electrostatic energy density and dipole and quadrupole
moments calculated with the unmodified PCP-SAFT.

Molecule U^MD (J/mol) U ÊOS (J/mol) scaling factor μ (D)
1,2-epoxybutane -5257,94 -2313,40 1,20 1,9564 5,8747
acetic acide methylester -4679,24 -9293,90 0,86 1,7923 9,5746
acetone -8129,53 -4844,10 1,18 2,9118 4,5252
acetophenone -23221,90 -7987,40 1,29 2,9333 11,7470
butanone -7698,70 -3533,30 1,23 2,8100 5,3988
cyclohexanone -5848,36 -7590,30 0,94 3,2164 10,0570
diethylether -1835,34 -191,45 1,56 1,1585 3,0282
dimethylether -3061,90 -917,01 1,29 1,3146 3,5226
ethene -48,43 -232,45 0,77 0,0000 3,3487
gammavalerolactone -11265,50 -10668,00 1,01 4,6753 8,9713
methylacrylate -10360,60 -16633,00 0,84 4,2876 10,0273
methylphenylether -4436,17 -5761,20 0,94 1,3148 10,6760
methylpropionate -4041,78 -6647,00 0,91 1,7262 9,7218
methylvinylether -2957,62 -1899,50 1,08 1,7168 4,8041
styrene -2473,55 -4981,30 0,88 0,1494 10,4780
trioxane -13230,80 -2109,60 1,36 0,7876 5,8646
vinylacetate -5166,78 -6958,30 0,98 1,7092 9,4595

Q (DÅ)
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4.3 Simulation results
After  experimenting  with  numerous  simulation  set-ups,  I  concluded  that  the  set-up
presented in Figure 8 yielded results, that were accurate enough to test my approach of
effective multipole moments with the PCP-SAFT equation of state. The next step was to
repeat the process on all molecules selected for this study, and then use the obtained results
to calculate scaling factors for each molecule, as presented in Equation (34).

The molecular dynamics simulation results used in this work are presented in Table  2.
Presented are the 17 molecules studied, alongside their calculated electrostatic interaction
energies. Also presented are their respective dipole and quadrupole moments used in this
work. UMD was calculated from the molecular dynamics simulation results according to the
process introduced earlier, whereas  UEOS,  μ and  Q  were calculated using the unmodified
PCP-SAFT model in ThermoC.

As is evident from the table, the electrostatic interaction energies vary greatly between
different  molecules.  This  can  mostly  be  attributed  to  differences  in  strengths  of  the
multipole  moments,  but  the  orientation  of  the  multipole  moments  in  relation  to  the
molecular shape also affects the strength of the interaction.

Also  presented  in  Table  2 are  the  electrostatic  interaction  energies  calculated  with  the
unmodified  PCP-SAFT model.  As  the  table  shows,  the  differences  between  energies
obtained  by  the  molecular  dynamics  simulations  and  energies  calculated  using  the
unmodified  model  vary  from  negligible  (as  in  e.g.  vinylacetate)  to  substantial  (e.g.
acetophenone). This suggests, that while for some molecules the assumption of multipole
moments aligned with the molecular axis is reasonably accurate, for other molecules it
significantly skews the results produced by the equation of state. This in turn suggests, that
while for some molecules the proposed model yields results that differ only marginally
from those  obtained  by the  original  equation  of  state,  for  other  molecules  significant
improvements can be achieved in prediction accuracy by better accounting for the effects
of decoupling of multipole moments and molecular axis.
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5 Result assessment

5.1 Comparison with experimental data
To evaluate the performance of the model proposed in this work, the results yielded by the
model are compared against results yielded by an unmodified PCP-SAFT equation of state.
The comparison is done by fitting the parameters  ε,  σ and  m  to experimental data with
various scaling factors. The results are then compared by calculating the average absolute
deviation (AAD) from experimental data in vapour-liquid equilibrium for vapour pressure
(AAD(pVLE))  and  liquid  volume  (AAD(vVLE)).  I  also  calculated  the  combined  average
absolute  deviation (AAD(p+V)) to make comparisons between different scaling factors
easier.  The  experimental  vapour-liquid  equilibrium data  are  according  to Daubert  and
Danner [99]. Since the accuracy of the PCP-SAFT decreases rapidly in close proximity of
the  critical  point,  only  data  points  in  temperatures  at  least  15  K  below  respective
substance's critical point are considered in the fitting.

In  Figure  17 an  example  of  the  comparison  between  the  proposed  model  and  the
unmodified  PCP-SAFT equation  is  presented.  The  average  absolute  deviation  of  data
calculated with the PCP-SAFT from experimental data is presented as a function of scaling
factor. Higher scaling factor means higher effective multipole moments, and thus higher
electrostatic interaction energy. The optimal fit is the lowest value of combined average
absolute deviation. This fit is the best one achievable by scaling multipole moments in the
PCP-SAFT. Original fitting is calculated with a scaling factor of 1, i.e. with the unmodified
PCP-SAFT equation. The process of calculating the scaling factor for the proposed model
has been presented in Figure 9.

It has to be noted, that since here the parameters ε, σ and m are fitted to experimental data,
Figure 17 does not represent the predictive capabilities of the proposed method, but only

Figure  17:  Comparing  the  proposed  model  and  the  unmodified  PCP-SAFT equation
against experimental data.
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shows the potential of the effective multipole moments. It shows the results that would be
obtained with an optimal prediction of ε, σ and m. 

It is clear, that in the case of this particular substance (butanone) the unmodified PCP-
SAFT equation yields electrostatic interaction energy much lower than would be optimal.
This suggests,  that  the unmodified equation does not sufficiently take into account  the
multipole-multipole interactions. Intuitively this makes sense, since the dipole moment in
butanone is roughly perpendicular to the molecular axis and this, as stated earlier, leads to
higher  electrostatic  interaction  energy than  the  axial  orientation  of  the  dipole  moment
assumed in the derivation of the PCP-SAFT equation of state.

From Figure  17 it can also be concluded that, in the case of butanone, the electrostatic
interaction energy obtained from molecular dynamic simulation in slightly higher than the
energy, that would yield an optimal fit to the experimental data. However the difference is
marginal, and in this case the proposed model yields results almost as good as it is possible
to achieve by scaling the multipole moments. Thus it is easy to conclude, that in the case of
butanone  the  introduction  of  effective  multipole  moments  from  molecular  dynamics
simulation is clearly justified, as the average absolute deviation from experimental data
using  the  proposed  model  is  less  than  half  compared  to  the  unmodified  PCP-SAFT
equation of state.

Table  3:  Comparisons  between  unmodified  PCP-SAFT,  PCP-SAFT  with  calculated
effective multipole moments and PCP-SAFT with multipole moments that yield the best
achievable fit. Presented are the respective AAD from experimental data.

Original (s=1) Calculated (s=1.30) Optimal (s=1.50)
1,2-epoxybutane AAD(p_VLE) 2.21% 1.25% 0.82%

AAD(v_VLE) 1.47% 0.92% 0.49%
AAD(p+v) 1.84% 1.09% 0.66%

Original (s=1) Calculated (s=0.86) Optimal (s=1.12)
acetic acide methylester AAD(p_VLE) 0.63% 1.48% 0.36%

AAD(v_VLE) 0.89% 0.97% 0.72%
AAD(p+v) 0.76% 1.23% 0.54%

Original (s=1) Calculated (s=1.22) Optimal (s=1.16)
acetone AAD(p_VLE) 0.51% 0.74% 0.16%

AAD(v_VLE) 1.05% 0.44% 0.46%
AAD(p+v) 0.78% 0.59% 0.31%

Original (s=1) Calculated (s=1.50) Optimal (s=1.49)
acetophenone AAD(p_VLE) 1.77% 0.34% 0.35%

AAD(v_VLE) 1.35% 0.70% 0.68%
AAD(p+v) 1.56% 0.52% 0.52%

Original (s=1) Calculated (s=1.32) Optimal (s=1.27)
butanone AAD(p_VLE) 1.71% 0.79% 0.84%

AAD(v_VLE) 1.55% 0.69% 0.38%
AAD(p+v) 1.63% 0.74% 0.61%

Original (s=1) Calculated (s=0.91) Optimal (s=1.09)
cyclohexanone AAD(p_VLE) 1.00% 0.99% 1.29%

AAD(v_VLE) 1.47% 1.66% 0.87%
AAD(p+v) 1.24% 1.33% 1.08%

Original (s=1) Calculated (s=1.87) Optimal (s=1.81)
diethylether AAD(p_VLE) 2.23% 1.78% 1.78%

AAD(v_VLE) 0.25% 0.41% 0.38%
AAD(p+v) 1.24% 1.10% 1.08%
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In Table  3 the results of the study are compared with experimental results. I present the
results calculated with a scaling factor of 1 (i.e. with the original, unmodified PCP-SAFT
equation  of  state)  and  with  a  scaling  factor  calculated  using  the  molecular  dynamics
simulation results. I also present the optimal scaling factor, that would yield the best fit
achievable by scaling multipole moments.

As presented in Table 3, of the 17 substances tested, 15 show clear difference between the
optimal fit and original theory (i.e. the difference between AADORIG and AADOPT is more
than 10%). For the other 2 substances (methylvinylether and styrene) the original theory
already  gives  results  roughly  as  good  as  can  be  achieved  by  scaling  the  multipole

Table 3 continues
Original (s=1) Calculated (s=1.44) Optimal (s=1.38)

dimethylether AAD(p_VLE) 1.57% 0.73% 0.85%
AAD(v_VLE) 0.57% 0.59% 0.43%

AAD(p+v) 1.07% 0.66% 0.64%
Original (s=1) Calculated (s=0.66) Optimal (s=0.67)

ethene AAD(p_VLE) 0.67% 0.37% 0.37%
AAD(v_VLE) 0.35% 0.39% 0.38%

AAD(p+v) 0.51% 0.38% 0.38%
Original (s=1) Calculated (s=1.02) Optimal (s=1.09)

gammavalerolactone AAD(p_VLE) 2.84% 2.65% 1.87%
AAD(v_VLE) 1.23% 1.06% 0.91%

AAD(p+v) 2.04% 1.86% 1.39%
Original (s=1) Calculated (s=0.84) Optimal (s=0.86)

methylacrylate AAD(p_VLE) 2.61% 0.69% 0.56%
AAD(v_VLE) 1.83% 0.31% 0.38%

AAD(p+v) 2.22% 0.50% 0.47%
Original (s=1) Calculated (s=0.92) Optimal (s=0.0)

methylphenylether AAD(p_VLE) 2.01% 1.85% 0.61%
AAD(v_VLE) 0.80% 0.77% 0.54%

AAD(p+v) 1.41% 1.31% 0.58%
Original (s=1) Calculated (s=0.85) Optimal (s=1.15)

methylpropionate AAD(p_VLE) 0.71% 0.92% 0.45%
AAD(v_VLE) 0.78% 0.81% 0.69%

AAD(p+v) 0.75% 0.87% 0.57%
Original (s=1) Calculated (s=1.15) Optimal (s=0.92)

methylvinylether AAD(p_VLE) 2.23% 2.36% 2.26%
AAD(v_VLE) 0.53% 0.82% 0.45%

AAD(p+v) 1.38% 1.59% 1.36%
Original (s=1) Calculated (s=0.8) Optimal (s=0.95)

styrene AAD(p_VLE) 0.98% 1.12% 0.99%
AAD(v_VLE) 1.59% 1.53% 1.57%

AAD(p+v) 1.29% 1.33% 1.28%
Original (s=1) Calculated (s=1.86) Optimal (s=1.66)

trioxane AAD(p_VLE) 0.36% 0.41% 0.27%
AAD(v_VLE) 0.95% 0.83% 0.85%

AAD(p+v) 0.66% 0.62% 0.56%
Original (s=1) Calculated (s=0.90) Optimal (s=1.46)

vinylacetate AAD(p_VLE) 2.89% 3.15% 0.96%
AAD(v_VLE) 1.20% 1.23% 0.62%

AAD(p+v) 2.05% 2.19% 0.79%
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moments. Thus for these substances the added process step of using effective multipole
moments  from molecular  dynamics  simulation  is  unnecessary,  and leads  to  marginally
worse results than the unmodified PCP-SAFT equation due to added complexity and more
sources of error. 

Of the 15 substances with substantial difference between original theory and ideal scaling,
for  8  substances  (1,2-epoxybutane,  acetone,  acetophenone,  butanone,  diethylether,
dimethylether,  ethene  and  methylacrylate)  the  proposed  model  yields  results  that  are
clearly better than the ones obtained by the original theory. 5 of these substances are either
as well fit as achievable, or at least very close to optimal fit. For the other 3 substances
(gammavalerolactone, methylphenylether and trioxane) the proposed method yields results
slightly better than the original model, but still far from optimal. For cyclohexanone the
results with the proposed model are slightly worse than with the original model, but still
reasonably  close  to  optimum.  For  the  last  3  substances  (acetic  acide  methylester,
methylpropionate and vinylacetate) the proposed model fails completely, yielding results
worse than those yielded by the original theory, even though a clear improvement would be
achievable.

Closer examination reveals that the three substances, for which the proposed model fails to
give reasonable  results,  are  all  esters.  From Table 3 it  can also be  concluded that  the
calculated scaling factors are in all three cases clearly lower than optimal. This observation
is confirmed in Figure 18, with an example of vinylacetate. The fourth ester studied for this
work, methylacrylate, also yields a scaling factor clearly smaller than 1. However, in the
case of methylacrylate,  the optimal scaling factor also turns out to be relatively small.
Thus,  although  the  molecular  dynamics  simulation  underestimates  even  this  relatively
small  optimal  scaling  factor  slightly,  a  clearly  better  fit  is  achieved  compared  to  the
unmodified PCP-SAFT equation.

This  suggests,  that  the  electrostatic  interaction  energies  calculated  using  molecular
dynamics simulations are consistently too low for esters. This could result from one of two

Figure 18: Comparison with experimental data, vinylacetate.
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reasons: either the OPLS-AA force field fails to describe ester molecules accurately, or my
process of assigning the right force field parameters to right atoms is flawed when it comes
to esters. Either way, at the moment the proposed model clearly fails to produce reasonable
results for esters.

5.2 Uncertainties

5.2.1 Simulations
There are numerous uncertainties related to using molecular dynamics simulations. Most
notably,  choice  of  force  field  used  in  the  simulation  has  a  considerable  effect  on  the
simulation  results,  as  noted  in  Table  1.  The  choice  of  force  field  also  affects  the
applicability of the model, as different force fields have been parameterized for different
substances,  and may describe  some substances  better  than others.  Even though all  the
molecular dynamics simulation results presented in this work were obtained using OPLS-
AA force field, the proposed model is not dependent on certain force field. As the example
of esters suggests, the same force field may not be the best choice for all circumstances.
Thus the  choice of  force  field used should always  be  carefully assessed  based on the
precise problem at hand.

Another  source  of  uncertainty  regarding  molecular  dynamics  simulations  is  the  large
number of  adjustable parameters. Again, while in this work the same parameters were
used for all tested substances to ensure comparable results, this parameter set may not be
optimal for all substances. Most importantly, the used parameter set should ensure that the
simulation takes place in liquid state. The electrostatic interaction energy is only weakly
dependent  on pressure,  but  changes  considerably when moving from liquid to  gaseous
state.  Thus  a  slightly  compressed  fluid  in  liquid  state  should  yield  the  most  reliable
simulation results.

Third possible source of error in the simulation process stems from the creation of data file
used  in  the  simulation  set-up.  Since  the  data  file  requires  combining parameters  from
multiple  sources,  careful  user  assessment  is  necessary  to  ensure  their  compatibility.
Assessing every simulation's result is also important to validate the set-up.

5.2.2 PCP-SAFT
As stated earlier, a major disability of the PCP-SAFT equation of state is the coupling of
the molecular shape and the orientation of the multipole moments. The proposed model
does not explicitly cure this disability, but seeks to implicitly take into account the effects
of  this  coupling  by introducing  effective  multipole  moments  instead  of  the  originally
calculated  ones.  In  this  approach,  the  multipole  moments  are  still  aligned  with  the
molecular axis, but their strength is scaled in attempt to replicate real-world behaviour.

It  has to be noted,  that the equation of state parameters  ε,  σ and  m,  that were used to
calculate the electrostatic interaction energies that in turn were used to calculate the scaling
factors, were optimised for the unmodified PCP-SAFT equation of state (i.e. s=1). Thus the
predictive  capabilities  of  the  proposed  model  can  not  be  fully  exploited,  unless  these
parameters are recalculated, this time optimising them for the scaled multipole moments.

However, the optimal electrostatic interactions not only improve the general result when
fitting ε,  σ and m. Results based on predicted ε,  σ and m are also very likely to improve,
since effects  of erroneous electrostatic  interactions  do not  need to  be compensated the
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dispersion parameter ε. It is obvious that correct consideration of electrostatic interactions
is essential for accurate predictive models.

It should also be noted, that scaling the dipole and quadrupole moments with same scaling
factor is not necessarily an optimal way of scaling them. Since they have different effects
on electrostatic interactions, it could also be justified to give them different scaling factors.
I performed tests modifying the quadrupole moment slightly more than the dipole moment
(sQ=sμ

5/3). The modifying factor 5/3 was chosen based on correlation of reduced dipole and
quadrupole  moments  presented  by Korden et  al.  [84] Mostly the  results  differed  only
marginally from results obtained with equal scaling factor for both multipole moments, the
former method usually yielding slightly worse results. However for individual substances
the fit was improved both in the case of calculated effective multipole moments and in the
case of optimally fitted multipole moments. Thus finding a theoretically justified way of
modifying the scaling factor could further improve the performance of the proposed model.
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6 Conclusion
As  shown,  the  model  proposed  in  this  work  can  significantly  improve  the  accurate
description of electrostatic interaction energy in the PCP-SAFT equation of state, and thus
enables improved prediction abilities of the equation. This is especially true for molecules
with large multipole moments, directions of which are not aligned with the molecular axis,
as these different orientations are not accounted for in the original PCP-SAFT equation.
However, the proposed model can also improve results for molecules with low multipole
moments, as is seen with ethene.

For most substances studied for this work, the approach of effective multipole moments
either clearly improves the fit to experimental data, or yields a fit approximately as good as
the unmodified equation. Thus it can be considered shown that the proposed model can
improve the overall performance of the PCP-SAFT.

As expected, the most important factor affecting the success or failure of the proposed
method is clearly the coupling of multipole moment orientation and the molecular axis. For
molecules  in  which  the  alignment  of  these  two  is  close,  the  proposed  model  doesn't
improve the results obtained by the original equation of state. However, for molecules in
which  the  assumption  of  multipole  moments  aligned  with  the  molecular  axis  is  less
accurate, the proposed model usually improves the results significantly compared to the
original equation of state.

An example of a particularly interesting result was achieved studying butanone. A study
from an RWTH related excellency group Tailor-Made Fuels from Biomass found butanone
a prospective biofuel  [100].  As shown earlier,  the description of butanone in the PCP-
SAFT was clearly improved with the introduction of effective multipole moments from a
molecular dynamics simulation.  This suggests, that the approach proposed in this  work
could  considerably  improve  the  usefulness  of  PCP-SAFT as  a  tool  in  designing  new
processes for producing butanone based biofuels.

More  research  will  be  necessary  to  generalise  the  results  achieved  in  this  work.  The
application of the proposed approach to mixtures should also be studied. Nevertheless, this
study has shown that effective multipole moments can be used to improve the accuracy of
the  PCP-SAFT equation  of  state,  and  deserve  further  attention  to  further  improve  the
equation.
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Appendix 1. The simulation set-up used
# Stage 2.1: Initialize LAMMPS run for 3-d periodic
log log_long_orig.lammps
variable Na equal 5
variable T equal 300.0
variable p equal 100.0
variable Nstep equal 50000 
units real
boundary p p p
atom_style full
pair_style lj/cut/coul/long 12.0
kspace_style pppm 1.0e-4
bond_style harmonic
angle_style harmonic
dihedral_style opls
special_bonds lj/coul 0.0 0.0 0.0
pair_modify tail yes mix geometric
read_data butanone.data
neighbor 2.0 bin
neigh_modify delay 0 every 1 check yes

# Stage 2.2: Equilibration Stage 
velocity        all create ${T} 12345 dist gaussian  #  Temperature T  K
fix             1 all nve/limit 0.05 
fix             2 all langevin ${T} ${T} 10.0 904297
thermo_style custom step press vol temp evdwl ecoul elong ke pe etotal
thermo       100
timestep 1
dump PRINTxyz all custom 100 dump_nve.txt id type x y z vx vy vz ix iy iz
run             10000   
undump PRINTxyz
unfix 1
unfix 2
write_restart   restart.langevin 

# Stage 2.3: Equilibration Stage 2 (NPT dynamics at 300 K. 100 atm)
fix             1 all npt temp ${T} ${T} 50 iso ${p} ${p} 1000
fix             2 all momentum 1 linear 1 1 1
thermo_style custom step press vol temp evdwl ecoul elong ke pe etotal
thermo          100
timestep        0.5
reset_timestep  0
dump PRINTxyz all custom 100 dump_npt.txt id type x y z vx vy vz ix iy iz
run             100000
undump PRINTxyz
unfix 1
unfix 2
write_restart   restart.equil

# Stage 2.4: NVT integration for Na*Nstep with a timestep of 0.5 fs Temperature 300 K
fix             1 all nvt temp ${T} ${T} 100
fix             2 all momentum 1 linear 1 1 1
label loopa
variable a loop ${Na}

thermo_style custom step press vol temp evdwl ecoul elong ke pe etotal
        thermo  100
        dump PRINTxyz all custom 100 dump$a.txt id type x y z vx vy vz ix iy iz
        run ${Nstep}
        write_restart restartfile.$a
        write_data output.data
        undump PRINTxyz
next a
jump in.butanone loopa


