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Abstract

We studied the source localization accuracy in MEG
with single-surface brain-shaped conductor models. The
Galerkin method with linear basis functions was used as
a discretization method. To Þnd a dipolar source, a vari-
ant of the Newton method was used for solving nonlinear
least-squares problems. Reference magnetic Þelds were
computed using a very large number of unknowns to ob-
tain accurate solutions for source localization comparisons.
We studied the effect of the number of unknowns on the
source localization accuracy, especially near the surface of
the brain. We compared the source localization results ob-
tained by the Galerkin method with the results obtained by
the collocation method with the same basis functions. Fi-
nally, we studied the spatial variation of the relative error
of the magnetic Þeld in the temporal lobe.

1 Introduction

A brain-shaped conductor model is needed for the accu-
rate MEG or EEG localization of electric activity deep in
the brain. For superÞcial sources locally Þtted sphere mod-
els can be used. Ideally, a single conductor model would
be used for all source localization for a patient. Practi-
cal problems of realistically shaped conductor models in-
clude poor accuracy for sources near a triangulated sur-
face, excessive computation times, and dependence on ini-
tial guesses for source localization search. These problems
may be circumvented by various numerical methods.

In MEG, it is sufÞcient to include only the brain in the
volume conductor model, because the skull almost isolates
the brain from the surrounding tissues like the scalp [1].
In this paper, the brain tissue is supposed to be of homo-
geneous conductivity. Thus, the volume conductor can be
described by a single-surface triangular network. In addi-
tion, we suppose that the brain activity can be described by
a current dipole.

We have applied the Galerkin method with linear basis
functions in the boundary element method (BEM) to im-
prove the accuracy of the forward problem solution in
MEG [2]. Mosher et al. have reported similar forward
problem results [3]. It was shown in our previous paper [2]
that a given accuracy of the forward problem solution can
be obtained more rapidly by the Galerkin method than by

the collocation method. The Galerkin method was shown
to be useful starting from a few hundred unknowns.

To study improvements in the source localization accuracy
a precise brain-shaped conductor model of thousands of
triangles is needed for a proper reference magnetic Þeld.
This may lead to a computer memory problem as the dense
matrix needs to be fully computed and stored in memory to
solve the forward problem by the traditional LU decompo-
sition. In addition, the time taken by the LU decomposition
of a large matrix may be too long. To solve these problems
we have used an iterative bi-conjugate gradient stabilized
(Bi-CGSTAB) algorithm instead of the LU decomposition
in the solution of the forward problem [4]. In addition, we
have combined a precorrected-FFT method to the iterative
solver to accelerate the solution of the forward problem
and to reduce the computer memory requirements [5].

In this paper we study the source localization accuracy as
a function of the number of unknowns and the depth of the
source, focusing on the vicinity of the brain surface. We
compare source localization results from the Galerkin and
collocation methods with the same basis functions, giving
also examples of computation times. To understand the
initial guess problem and errors near the brain surface we
show iso-error countours in the temporal brain area.

2 Methods

2.1 Electric potential and magnetic Þeld

The integral equation for the potential V (�r) for a homoge-
neous single-surface volume conductor to be solved in the
biomagnetic inverse problem [1] is

V (�r)= 2σ0
σ
V∞(�r )− 1

2π

∫
S
V (�r ′) �r − �r ′

|�r − �r ′|3 · �dS′
. (1)

The point �r is on the surface of the conductor, and �dS =
�n · dS, where �n is the outward unit normal and dS is the
element of area. The conductivity of the region inside the
surface S is σ . The inÞnite medium potential V ∞(�r)

V∞(�r)= 1

4πσ0

∫
G

�Jp(�r ′) · �r − �r ′

|�r − �r ′|3 dv′ (2)

is generated by the impressed current �Jp(�r ) as if it were
located in an inÞnite homogeneous volume conductor G
of unit conductivity σ0.



The potential is calculated numerically, and the magnetic
Þeld is computed from the potential [1]. This is the forward
problem on which the source localization is based.

2.2 Method of weighted residuals

An integral equation can be discretized by the method
of weighted residuals where the unknown is expanded in
terms of basis functions on a computational mesh.

The potential in Eq. (1) is expressed as the linear combina-
tion of M global basis functions Hi (�r ), (i = 1, ...,M):

V (�r )=
M∑
i=1

Vi Hi (�r) . (3)

The coefÞcients Vi are the unknown values of the poten-
tial. In the method of weighted residuals both sides of the
integral equation are multiplied by a weighting function
Wk(�r ) and integrated over the surface of S. We obtain the
following linear system for the unknown potential values:

M∑
i=1

Vi

∫
S
Hi (�r)Wk (�r)dS = 2

σ0

σ

∫
S
V∞(�r )Wk(�r )dS

− 1

2π

M∑
i=1

Vi

∫
S

∫
S
Hi (�r ′) �r − �r ′

|�r − �r ′|3 · �dS′
Wk (�r)dS , (4)

where k = 1, . . . ,M .

The collocation and Galerkin methods can be derived from
the above equation using two different kinds of weighting
functions [6]. In the collocation method, the weights are
delta functions, while in the Galerkin method the weights
are the basis functions themselves. The Galerkin method
tries to satisfy the integral equation everywhere, not only
in the collocation points.

3 Results

We computed the reference magnetic Þelds for a single
dipole with a brain-shaped conductor model of 26 000 tri-
angles, i.e. 13 000 unknowns. The dipole was approxi-
mately tangential to the surface of the brain. The three
Þeld components were computed in 102 evenly spaced
measurement locations around the head. For the nonlin-
ear localization search we utilized a variant of the Newton
method available in the NAG scientiÞc library as the rou-
tine E04FCF. The nonlinear search was tested to converge
to the same solution with several nearby initial guesses.
For the localization search we used the reference dipole
as the initial guess to circumvent local minima. The non-
linear least squares search minimized the difference of the
three Þeld components. We deÞned the relative error of the
magnetic Þeld as

relative error=
√∑

i

(xi − �xi )
2/

∑
i

x2i , (5)

where xi refers to the reference Þeld, �x i to the computed
Þeld and i to measurement locations.

3.1 Effect of the number of unknowns

We studied the relative error of the magnetic Þeld and the
localization error of the result of the source localization
search as a function of the number unknowns for a superÞ-
cial dipole and a dipole in the depth of 2.5 cm. The results
are shown in Figs. 1�2. It can be seen that the Galerkin
method gives more accurate results for a given number of
unknowns than the collocationmethod. The results suggest
that using about 3 000 or more unknowns sufÞciently ac-
curate localization results can be obtained by the Galerkin
method with linear basis functions both for the superÞcial
and deeper sources. To obtain the same accuracy more
unknowns are needed for the collocation method with the
same basis functions. The length of the edges of a triangle
in the network of 3 000 unknowns is 5 mm.

10
2

10
3

10
4

10
−3

10
−2

10
−1

10
0

Number of unknowns

R
el

at
iv

e 
er

ro
r

Galerkin, x=50
Collocation, x=50
Galerkin, x=30
Collocation, x=30

Fig. 1: The relative error of the magnetic Þeld as a func-
tion of the number of unknowns for a dipole near the sur-
face of the brain (x = 50) and for a dipole at the depth of
2.5 cm (x = 30) computed using the Galerkin and collo-
cation methods with linear basis functions.
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Fig. 2: The localization error (m) as a function of the num-
ber of unknowns. See the legend of Fig. 1.
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Fig. 3: The relative error of the magnetic Þeld as a func-
tion of the distance from a triangle. The results are shown
for dipoles under the vertices (◦), the center of the trian-
gle (�) and the midpoints of a triangle edge (*). Dashed
lines are for the Galerkin method and solid lines for the
collocation method. There is a clear difference between
the group of the Galerkin curves and the group of the col-
location curves.

3.2 Effect of the source depth

We also studied the source localization error near the trian-
gular network as a function of the distance from a triangle.
The localization error was examined for several dipoles un-
der the vertices, the center and the edge midpoints of the
triangle. The results are shown in Figs. 3�4 where it can
be seen that the Galerkin method gives more accurate so-
lutions for each dipole. The Þgure shows how the localiza-
tion error increases in the vicinity of the triangle for various
dipoles. The length of the edges of the triangles in the net-
work was 7 mm. The range under the triangle where the lo-
calization errors increases is more narrow for the Galerkin
method than for the collocation method, and the increase
in the error is clearly smaller for the Galerkin method. The
localization error Þnds a plateau when the distance from
the triangles increases. Beyond the Þgure shown here the
localization error decreased slightly with the depth. The
error was less than 1 mm, and the Galerkin method gave
always more accurate results than the collocation method.

3.3 Computation times

When solving the forward problem by the LU decomposi-
tion, the construction time of the matrix behaves like N 2,
the LU decomposition time like N 3, and the solution time
like N2, where N is the number of unknowns. The con-
struction of the matrix by the Galerkin method is more
laborious than that by the collocation method for a given
matrix size. However, because the Galerkin method gives
more accurate results less unknowns can be used to obtain
the same accuracy as with the collocation method. Thus,
from Figs. 1�2 it can be seen that, for example, to obtain
the localization accuracy of 0.3 mm more than 3 000 un-
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Fig. 4: The localization error (mm) as a function of the
distance from a triangle. See the legend of Fig. 3.

knowns are needed for the collocation method and about
1 500 unknowns for the Galerkin method. In Table 1
the computations times for different phases of the com-
putation are given for that case. The construction of the
matrix and the LU decomposition take together 170 s by
the Galerkin method and 133 s by the collocation method,
and the forward problem solution 0.07 s by the Galerkin
method and 0.3 s by the collocation method. Thus, the
Galerkin method is computationally more effective than
the collocation method.

Times Galerkin Collocation
Construction of matrix 166 111

LU decomposition 4 22
Solution 0.07 0.26

Table 1: Computation times (s) for the construction of
the matrix, the LU decomposition and the solution of the
forward problem in the case the Galerkin and the colloca-
tion methods give roughly the same localization accuracy.
The number of unknowns is about 1 500 for the Galerkin
method and about 3 000 for the collocation method.

3.4 Iso-error contours in the temporal lobe

Figs. 5 � 6 show the spatial variation of the relative error of
the magnetic Þeld for a dipole near the surface of the brain
in the temporal lobe. The contours show a clear difference
between the the Galerkin and the collocationmethods. The
collocation method minimizes the error in the vertices of
the triangles and the Galerkin method all over the surface.
The contours show that superÞcial sources can be localized
more accurately using the Galerkin method. The area next
to the surfacewhere the localization results show unaccept-
ably high errors is signiÞcantly thinner for the Galerkin
method. In addition, the behaviour of the relative error is
smoother for the Galerkin method which facilitates the lo-
calization search in areas of a complex geometry.
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Fig. 5: The spatial variation of the relative error of the
magnetic Þeld for a dipole (*) near the surface of the brain
in the temporal lobe computed using the Galerkin method.
The coordinates are given in meters. The contours are
drawn for errors between 0 to 1 with a step of 0.05. The
white areas next to the surface indicate errors greater than
1. The size of the triangles of the conductor model is 7
mm.
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Fig. 6: The spatial variation of the relative error of the
magnetic Þeld computed using the collocationmethodwith
linear basis functions. See the legend of Fig. 5.

4 Discussion

Our studies show that the Galerkin method gives signiÞ-
cantly more accurate results than the collocation method
both near the surface of the conductor model and deeper
in the brain. In addition, to obtain a given localization ac-
curacy the computational costs of the Galerkin method are
less than or comparable to that of the collocation method
depending on the application.

The localization accuracy was studied as a function of the
number of unknowns. The results suggest to use 3 000
or more unknowns to obtain sufÞciently accurate results
both near the surface of the conductor model and deeper
in the brain by the Galerkin method with linear basis func-
tions. Our results may be optimistic as we used the refer-
ence dipole as the initial guess for the localization search.

The Galerkin method with a proper number of elements
makes it possible to use a single brain-shaped model for a
patient with a reasonable number of unknowns. The com-
putational costs can be decreased by an iterative solver and
the precorrected-FFTmethod [5]. To ensure a fair compar-
ison of the Galerkin and the collocation methods a large
number of unknowns was needed for the computation of
the referencemagnetic Þelds. Here, the iterative solver and
the precorrected-FFT method was necessary. The method
was also applied when a large number of unknowns was
used in the localization process.

The Galerkin method with sufÞciently small boundary ele-
ments may be expected to be beneÞcial for the localization
of superÞcial dipoles by the EEG as the thickness of the
skull and scalp is only a few millimeters.
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