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1. Introduction

The study of topological phases of matter is an area of immense activity

in condensed matter physics at the moment. The prominence of topology

in condensed matter stems from the fact that there are phases of matter

satisfying the same symmetries but having different physical properties.

This observation does not fit in the traditional Landau symmetry break-

ing classification of phases of matter and thus requires a new classifica-

tion scheme. The difference in physical properties in such cases are found

to be topological in origin.

Topology studies the classification of shapes according to properties that

do not vary when the object is stretched, twisted or otherwise continu-

ously deformed. In this sense a coffee cup and a doughnut are equivalent

since they have the same topological properties, namely, the number of

handles. Topology in the classification of phases matter is not related to

the spatial properties of the system, but rather manifests itself more ab-

stractly in the quantum mechanical properties.

Because topological properties are global features, and hence not af-

fected by local perturbations, they are exceptionally robust. One can think

of a knot, which is a global feature of a piece of string and therefore can-

not be untied by locally poking the knot. For this reason we can expect

the topological properties of a physical system to be robust against imper-

fections and other local perturbations. An example of a robust topological

effect is the integer quantum Hall effect, where the conductance is quan-

tized at extreme precision, serving as a standard of resistance. As the

topological properties do not depend on microscopic details, the quantiza-

tion is exact from sample to sample.

Since the identification of topological invariants in the quantum Hall

effect [1] and superfluid 3He [2] in 1982, topology has been found to be

ubiquitous in condensed matter systems. There is a wealth of materials
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Introduction

known as topological insulators [3, 4]. Topological insulators have a bulk

energy gap, but they can host topologically protected conducting surface

states. These surface states are immune to local perturbations that pre-

serve the pertinent symmetries, as long as the bulk gap does not close.

Similarly to topological insulators, superconductors and superfluids can

be topological too [4, 5]. In this case the energy gap giving the topolog-

ical robustness is due to superconducting pairing and the surface states

are mixtures of particle and hole-like quasi-particles. The particle-hole

picture of the fermionic ground state provides an analogy to particles

and anti-particles in high-energy physics. Especially interesting is the

analogy to a Majorana fermion, a spin-1/2 particle that is its own anti-

particle. The condensed matter equivalent of a Majorana fermion is a

localized zero-energy excitation called a Majorana bound state. It differs

from the Majorana fermion in particle physics and the usual fermionic

quasi-particles in condensed matter that obey Fermi-Dirac statistics by

having non-Abelian exchange statistics. An exchange of two identical Ma-

jorana bound states need not lead to the same state (with a possible phase

difference) like in the case of bosons and fermions. Instead, there is a fam-

ily of degenerate ground-states, which can be reached by exchanging the

Majoranas. Crucially, the resulting state may depend on the order of the

exchanges performed, making the exchange statistics non-Abelian.

The experimental realization of these exotic particles would be an im-

portant achievement in our understanding of the phases of matter. Addi-

tionally, the Majorana bound states are believed to have important tech-

nological consequences. The non-Abelian statistics are expected to enable

topologically protected quantum computing. The development of a quan-

tum computer would bring profound benefits for computational tasks,

such as an ability to factor large numbers used in information security

and ultra-fast searches of unstructured databases [6]. However, various

proposals for quantum computation generally suffer from decoherence,

which destroys the quantum behaviour essential for quantum computa-

tion. Topologically protected Majorana bound states are not affected by

local perturbations and are thus resilient against the detrimental effects

of decoherence. Hence a quantum computer based on Majoranas would be

fault-tolerant at the hardware level, although achieving a universal quan-

tum computer requires additional implementation of topologically unpro-

tected operations [7].

The first step on the path towards topological quantum computation is

10
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to show that the Majorana bound states do exist in condensed matter sys-

tems. There have been various proposals to observe them in solid-state

systems in proximity to a conventional superconductor: two-dimensional

topological insulator [8, 9] or semiconductor [10, 11] heterostructures,

semiconductor wires [12, 13], and magnetic chains [14, 15]. There are also

similar proposals for cold gases of fermionic atoms [16, 17]. All these pro-

posals utilize established experimental techniques to engineer the other-

wise rare conditions in which topological superconductivity appears. For

this reason experiments in this area have quickly developed into an active

field of research.

The first experimental signatures of Majorana zero-energy modes were

observed in 2012 in the semiconductor nanowire setup as a zero-bias dif-

ferential conductance peak [18]. The differential conductance probes the

density of states at a given energy and here zero-bias means a state at

the Fermi level. A zero-bias peak appearing at a finite magnetic field was

therefore taken as a signature of a Majorana bound state. Other exper-

iments supporting this view have since followed [19, 20, 21, 22, 23]. In

2014 a different experimental approach using ferromagnetic Fe chains on

superconducting Pb produced convincing evidence for the existence of a

Majorana bound state [24]. In contrast to the nanowire platform, this

setup allows local probing of the density of states with a scanning tunnel-

ing microscope. As predicted by theory, the zero-energy states were found

to be localized at the end of the chain, while the bulk remained gapped.

Subsequent experiments have further supported these findings [25, 26].

The mounting evidence for the existence of Majorana zero modes in

solid-state systems, although very convincing, is not yet fully conclusive

since there are other mechanisms that could produce similar experimen-

tal signatures1: [30, 31, 32, 33, 34, 35]. Therefore the Majorana modes

in condensed matter have yet remained elusive and extensive efforts are

currently made in the condensed matter community to verify its existence.

The research presented in this thesis is related to the second experi-

mental approach, namely magnetic adatom structures on a conventional

superconductor. Here we propose novel platforms for topological super-

conductivity and explore their experimental consequences. In Publica-

tions I and II we study Majorana end states in atomic chains and ladders

1Maybe the most unambiguous way to eliminate the alternative mechanisms
is to directly demonstrate the non-Abelian exchange statistics obeyed by the
Majorana bound states. Experiments in this direction are already anticipated
[27, 28, 29].
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with magnetic helix structures. Publications III and IV extend the one-

dimensional structures into two dimensions with ferromagnetic ordering.

There we show how such systems may realize an exceptionally rich plat-

form for topological superconductivity.

The structure of this overview is the following. In Chapter 2 we elu-

cidate the properties of the Majorana excitations in condensed matter

systems. In Chapter 3 we illustrate the topological properties of super-

conducting systems by investigating simple toy models in one and two

dimensions. In Chapter 4 we motivate the models and some of the as-

sumptions that are used in the Publications of this thesis. There we also

show how these models will reduce to the toy models in Chapter 3 under

certain conditions. Chapter 5 gives a summary of the key findings of the

Publications.

12



2. Majorana fermions in topological
superconductors

In this chapter we introduce the concept of a Majorana fermion and ex-

plain how it is related to anyons in condensed matter systems.

2.1 Majorana fermions

Majorana fermions are the only fermionic particles that are expected to

be their own antiparticles. The concept of a Majorana fermion originates

from particle physics. The Dirac equation describes relativistic spin-1/2

particles and their antiparticles. In 1937 Ettore Majorana discovered that

the Dirac equation admits also real solutions describing fermions that

are their own antiparticles [36]. These particles are now called Majorana

fermions. The concept of a Majorana fermion has had its impact on the

physics of neutrinos and dark matter, and more recently in condensed

matter. Elementary particles of Majorana type have not been identified

so far, although neutrinos are not yet ruled out [37].

Some condensed matter systems are proposed to realize analogues of

the Majorana fermion as localized zero-energy excitations. The Majorana

excitation in condensed matter systems is an emergent particle-like exci-

tation - a quasiparticle. Quasiparticle excitations are collective motion of

electrons and ions that behave like free or weakly-interacting particles.

Unlike Majorana fermions in particle physics, these condensed matter

counterparts do not obey fermionic exchange statistics but so called non-

Abelian exchange statistics. Possible hosts for Majorana excitations are

superfluid 3He [38], fractional quantum Hall systems [39], intrinsic topo-

logical superconductors [40], engineered topological superconductors [41]

and ultracold fermionic gases [16, 17].

13
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2.2 Anyons

Majorana bound states have a property that makes them non-Abelian

anyons, giving them a potential for technological applications in quan-

tum computing and information storage. To understand this property we

review the concept of anyons here.

In three or more dimensions the spin-statistics theorem asserts that

any quantum state of indistinguishable particles has to obey either Bose-

Einstein or Fermi-Dirac statistics. This corresponds to a symmetry of

a many-body quantum state of indistinguishable particles: an exchange

of two indistinguishable bosons (fermions) has to lead to the same state

with a phase factor 1 (-1). In two dimensions, however, it is possible that

the exchange of indistinguishable particles results in an arbitrary phase

factor eiφ, which is an intermediate between -1 and 1. Particles with this

property are called anyons. They can be found in fractional quantum Hall

states.

The difference in particle exchange statistics between two and three (or

more) dimensions1 has a topological explanation [42]. First we observe

that an adiabatic exchange of two particles twice corresponds to adiabat-

ically taking one particle around the other. Assuming that the state is

nondegenerate, the adiabatic theorem then states that the final state can

differ from the initial state only up to a phase factor, which is the Berry

phase. In three dimensions this is topologically equivalent to not mov-

ing the particles at all. Therefore the only possible phase factors after a

single exchange of indistinguishable particles is 1 and -1. In two dimen-

sions, however, the trajectory of the moving particle cannot be shrunk to

a point without crossing the other particle. Therefore a particle exchange

can lead to a nontrivial winding, allowing the arbitrary phase factor of

anyons.

Anyons can be classified either as Abelian or non-Abelian [43]. Non-

Abelian anyons are a generalization of the conventional Abelian anyons

described above. In the case of Abelian anyons we assumed that when the

positions of indistinguishable particles are fixed, there is only one ground

state, so that an adiabatic exchange of identical particles can only lead

to a phase factor difference in the quantum states. On the other hand,

non-Abelian anyons have a family of degenerate ground states for fixed

1Exchange statistics in one dimension is not well defined, because in one dimen-
sion it is not possible to interchange two particles without one going through the
other.
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particle positions that differ by internal quantum numbers. Therefore the

adiabatic exchange of particles again leads to a ground state, but the final

state does not need be the initial state up to a phase factor. Rather, the ef-

fect of the exchange is an unitary transformation acting in the subspace of

degenerate ground states given by a matrix-valued phase factor. Perform-

ing the interchanges in a different order does not lead to the same state

in general, and for this reason these particles are called non-Abelian.

The noncommuting exchange statistics of non-Abelian anyons realize

braiding statistics, which can be used to implement quantum algorithms

[42]. The advantage of using anyonic quasiparticles to implement quan-

tum computations is their resilience towards decoherence due to the non-

local properties of these quasiparticles. The nonlocal properties and their

topological origin are discussed in the next chapter.

The usual constituents of matter are either bosons or fermions even if

they are confined to move in two dimensions. However, the quasiparticle

exitations of a many-body system can be anyonic and the system is then

topologically nontrivial. A fractional quantum Hall state with a filling fac-

tor ν = 5/2 hosts Majorana quasiparticles and was the first physical sys-

tem theorized to realize non-Abelian statistics [44, 45]. While there are

other theoretical proposals, the only system with at least indirect exper-

imental evidence for non-Abelian statistics are fractional quantum Hall

states of two-dimensional electron gases [39]. Read and Green [46] es-

tablished the connection between strongly interacting ν = 5/2 fractional

quantum Hall state and a spinless p + ip superconductor in two dimen-

sions, which is a weakly interacting system and has a simple microscopic

description. This discovery has led to the current efforts for engineering

topological superconductivity.

15
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3. Topological superconductivity

In this chapter we elucidate the topological properties of superconduct-

ing systems. We begin by reviewing the concept of the Berry phase, as

it plays an important role in the topological classification of materials.

To illustrate the emergence of topological superconductivity and its ba-

sic properties, we first consider two simple toy models describing spin-

less fermions on one and two dimensions. In chapter 4 we will show how

models describing real physical systems can be reduced to such effective

models.

3.1 Berry phase

Let us consider a Hamiltonian H(R(t)) with a set of parameters that

change over time, R(t) = (R1(t), R2(t), . . . ). A time-dependent Hamilto-

nian does not have energy eigenstates that evolve according to the time-

independent Schrödinger equation, but we can define instantaneous eigen-

states χn(R(t)) that are eigenfunctions of the Hamiltonian at a given time

t,

H(R(t)) |χn(R(t))〉 = En(R(t)) |χn(R(t))〉. (3.1)

We consider a system that is initially in one of the instantaneous eigen-

states, |ψ(0)〉 = |χn(R(0))〉. If the state remains nondegenerate through-

out the evolution and the parameters R(t) change slowly compared to

the time scale related to the energy level separation, the quantum adia-

batic theorem says that a state starting as an instantaneous eigenstate of

the system will evolve into a corresponding instantaneous eigenstate at a

later time with a time-dependent phase factor,

|χn(R(t0))〉 → eiφ(t)|χn(R(t))〉. (3.2)

17
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We are interested in cyclic evolution of the system corresponding to loops

in the parameter space, R(0) = R(T ), with a period T . The phase φ in Eq.

(3.2) consists of the usual dynamical phase

φdyn = −1

�

T∫
0

dtEn(t) (3.3)

and the Berry phase

φB = i

T∫
0

dt 〈χn(R(t))| d
dt
|χn(R(t))〉. (3.4)

Because the instantaneous eigenstates depend on time only through the

parameters R(t), by using the chain rule

d

dt
=
∑
j

dRj(t)

dt

∂

∂Rj(t)
(3.5)

the accumulated Berry phase over a loop C in the parameter space can be

expressed as

φB =

∮
C

An(R) · dR, (3.6)

where

[An(R)]j = 〈χn(R)|i ∂

∂Rj
|χn(R)〉 (3.7)

is the Berry connection. The Berry phase depends only on the path C,

not on the rate of traversing the path, and therefore it is also called a

geometric phase.

The Berry connection is gauge-dependent: under a gauge transforma-

tion

|χn(R)〉 → eiζn(R)|χn(R)〉, (3.8)

the Berry connection (3.7) transforms as

An(R) → An(R)−∇Rζn(R). (3.9)

Nevertheless, the total Berry phase (3.6) accumulated over a closed path

is gauge-independent. By using Stoke’s theorem it can be expressed as an

integral over a surface S bounded by the loop C. In three dimensions we

then have

φB =

∫
S

Fn(R) · dS, (3.10)

where

Fn(R) = ∇R ×An(R) (3.11)

18
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is the Berry curvature vector. In general, the Berry phase is given by an

integral of the Berry curvature tensor

F (n)
jk = i

[〈
∂χn

∂Rj

∣∣∣∣∂χn

∂Rk

〉
−
〈
∂χn

∂Rk

∣∣∣∣∂χn

∂Rj

〉]
. (3.12)

over the surface S. Unlike the Berry connection, the Berry curvature is

a gauge independent quantity. Here we see a nice analogy to electromag-

netism: the Berry connection (3.9) plays the role of the electromagnetic

vector potential while the Berry curvature (3.11) is the magnetic field.

In this thesis we are mostly concerned with many-electron systems with

two energy bands. Such systems can be described with a Hamiltonian of

the general form

H(R) = d0(R)�2×2 + d(R) · σ, (3.13)

where σ = (σx, σy, σz) are the Pauli matrices. The Hamiltonian has two

eigenvalues,

E(R) = d0(R)± |d(R)|, (3.14)

and the corresponding eigenvectors depend only on the direction of d(R).

The vector d(R) is a mapping from the parameter space to the Hilbert

space spanned by the eigenstates of the Hamiltonian 3.13. Energy level

crossings occur when d(R) = 0 and the Berry curvature is not well-

defined at these points.

As an illustration, let us consider a Hamiltonian of the form

d(R) = ±R (3.15)

in three dimensions. There is a level crossing at R = 0. The Berry curva-

ture of the ground state is given by

F = ±1

2

R

|R|3 (3.16)

in its vector form. Having the property

∇R · F = ±2πδ(R), (3.17)

its integral around a surface surrounding the degeneracy point R = 0 is

given by

φB =

∫
S

F · dS = ±2π. (3.18)

Here we see that the degeneracy point acts as either a source or a sink of

the Berry curvature.

To continue the analogy to electromagnetism, we note that the degen-

eracy points are like magnetic monopoles. A magnetic monopole has al-

ways a Dirac string attached to it that carries the 2π-flux to the monopole,
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where it spreads radially. The Dirac string appears because there is no

continuous single-valued gauge choice for the eigenvectors on the sphere

around the monopole. Different gauge choices move the position of the

string, but it can never be eliminated. This leads to the quantization of

the electric charge. In the same way, the degeneracy points in the param-

eter space can lead to quantized Berry phase. This happens when, in the

course of cyclic adiabatic evolution, d(R) covers a sphere surrounding a

degeneracy point.

3.2 Kitaev chain

We now consider a model for spinless fermions in a chain, which was in-

troduced by Kitaev [47] in 2001 as a prototype for topological supercon-

ductivity. The fermions in the chain experience induced superconducting

pairing correlations that are described at the mean-field level. The Hamil-

tonian of the chain of N sites is then given by

Ĥ =

N−1∑
n=1

[
t(ĉ†nĉn+1 + ĉ†n+1ĉn)− μĉ†nĉn +Δ(ĉ†n+1ĉ

†
n + ĉnĉn+1)

]
, (3.19)

where ĉ†n creates an electron at the atomic site n and ĉn is the correspond-

ing annihilation operator. The first term describes the nearest-neighbour

hopping with an amplitude t and the second term gives the on-site energy

in terms of the chemical potential μ. As two identical fermions cannot

occupy the same orbital state, there cannot be on-site pairing in the ab-

sence of the spin and orbital degrees of freedom. Therefore we consider

superconducting pairing between the nearest neighbours. The pairing

amplitude Δeiφ has been chosen to be real by performing a gauge trans-

formation ĉn → e−iφ/2ĉn.

To understand the topological properties of the chain, it is instructive to

transform into a Majorana basis,

ĉn =
1

2
(γ̂A,n + iγ̂B,n), ĉ†n =

1

2
(γ̂A,n − iγ̂B,n), (3.20)

which is just a decomposition of the complex fermionic operator ĉn into its

real and imaginary part. The Majorana operators γ̂A,n and γ̂B,n are real,

γ̂†α,n = γ̂α,n, α = A,B, (3.21)

and satisfy the following anticommutation relation

{γ̂α,m, γ̂β,n} = 2δαβδmn. (3.22)

20



Topological superconductivity

These relations imply γ̂†α,nγ̂α,n = γ̂2α,n = 1 so that there is no meaning

in the state γ̂α,n being occupied or unoccupied. It is only by pairing two

Majorana operators into a fermionic operator, as in Eq. (3.20), that we

have a physical state that can be occupied by a (quasi)particle.

The Hamiltonian (3.19) in the Majorana basis is given by

Ĥ =
i

2

N−1∑
n=1

{
(t+Δ)γ̂A,nγ̂B,n+1 + (t−Δ)γ̂A,n+1γ̂B,n − μγ̂A,nγ̂B,n

}
(3.23)

up to a constant term. In this form of the Hamiltonian we can identify

two limiting cases:

(i) For Δ = t = 0 the Hamiltonian (3.23) reduces to

Ĥ = −μ

2

∑
n

iγ̂A,nγ̂B,n = −μ
∑
n

ĉ†nĉn, (3.24)

which is just the limit of isolated electrons.

(ii) For Δ = t and μ = 0 we have

Ĥ = t

N−1∑
n=1

iγ̂A,nγ̂B,n+1. (3.25)

In this limit the Majorana operators of adjacent sites are paired together.

We can form new fermionic operators

ân =
1

2
(γ̂A,n + iγ̂B,n+1), â†n =

1

2
(γ̂A,n − iγ̂B,n+1), (3.26)

and Eq. (3.25) is then given by

Ĥ = 2t
N−1∑
n=1

â†nân. (3.27)

The Majorana operators γ̂B,1 and γ̂A,N do not appear in the Hamiltonian

(3.25), meaning that an electron state formed by pairing the Majorana

operators at the chain ends,

ân =
1

2
(γ̂A,N + iγ̂B,1) (3.28)

can be occupied without an energy cost. In this limit we can directly see

that the system can host highly non-local zero-energy single-fermion state

at the chain ends.

The two limiting cases are representatives of two topologically inequiv-

alent parameter regimes. All Hamiltonians that are adiabatically con-

nected to the trivial insulating phase (3.24) are trivial and the Hamiltoni-

ans connected to the limit of two unpaired Majorana operators (3.27) are

nontrivial. In contrast to the special limit of unpaired Majorana operators
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at the opposite ends (3.25), the nontrivial Hamiltonian in general con-

tains all the Majorana operators. There still exists an edge mode whose

penetration in the chain decreases exponentially, and whose energy ap-

proaches zero exponentially, as the length of the chain increases [47].

3.2.1 Bulk properties

To gain further insight of the transition between the two topologically dif-

ferent regimes, we now consider an infinite chain without boundaries. The

discrete translation symmetry of the lattice then allows us to transform

into a quasimomentum space by defining a Fourier transform

ĉn =

π/a∫
−π/a

dk

2π
eiknaĉ(k), (3.29)

where a is the lattice constant. The Hamiltonian (3.19) can then be ex-

pressed as

Ĥ =

π/a∫
0

dk

2π
Ψ̂†(k)H(k)Ψ̂(k), (3.30)

up to a constant term. Here we have introduced the Nambu spinor

Ψ̂(k) =
[
ĉ(k), ĉ†(−k)

]T (3.31)

and the Bogoliubov-de Gennes (BdG) Hamiltonian

H(k) =

⎛
⎝ ε(k) Δ̃(k)

Δ̃(k)∗ −ε(k)

⎞
⎠ , (3.32)

where

ε(k) = 2t cos(ka)− μ,

Δ̃(k) = −2iΔeiφ sin(ka).
(3.33)

Here we have reintroduced the phase φ of the induced order parameter Δ.

In the absence of spin degree of freedom, the pairing term Δ̃(k) vanishes

at the symmetric points1 ka = 0, π due to fermionic exchange statistics.

Due to the particle-hole symmetry inherent in the mean-field descrip-

tion of superconductivity, the eigenstates of the BdG Hamiltonian (3.32)

come in pairs: an eigenstate

ψ(k) =

⎛
⎝u(k)

v(k)

⎞
⎠ (3.34)

1The first Brillouin zone, ka ∈ (−π, π], is 2π-periodic and therefore it has two
symmetric points (points satisfying ka = −ka), namely the points ka = 0 and
ka = π.
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with an eigenvalue E(k) has a corresponding eigenstate
[
v(−k)∗, u(−k)∗

]T
with an eigenvalue −E(−k). By diagonalizing H(k), the Hamiltonian

(3.30) can be given in its eigenbasis,

Ĥ =

π/a∫
0

dk

2π
E(k)â†(k)â(k) (3.35)

with a quasiparticle excitation spectrum

E(k) =

√(
2t cos(ka)− μ

)2
+ 4|Δ|2 sin2(ka), (3.36)

and quasiparticle operators

â†(k) = u(k)ĉ†(k) + v(k)ĉ(−k). (3.37)

In Eq. (3.36) we see that the gap in the spectrum closes when μ = ±|2t|
and otherwise the spectrum is fully gapped. These gap closings mark

a quantum phase transition between topologically trivial and nontrivial

regimes, as we will demonstrate below.

3.2.2 Topological phase transition

Let us examine more closely what happens at the topological phase tran-

sitions. At the gap closing μ = 2t, where we assume t > 0, the gap closes

at k = 0. Hence when μ is close to 2t, we can expand the Hamiltonian

(3.32) to first order in ka near the point ka = 0. This gives us a Dirac-like

Hamiltonian

H = mτz + 2Δeiφka τy (3.38)

with a mass term m = 2t− μ and a spectrum

E = ±
√
m2 + 4|Δ|2(ka)2. (3.39)

At the phase transition m = 0, there are two eigenstates with energies

±2|Δ|ka. These are the left and right-moving Majorana modes that are

free to propagate in the chain with velocity v = 2|Δ|, since the bulk is no

longer gapped.

3.2.3 Topological invariant

The Hamiltonian (3.32) can be expressed as

H(k) = d(k) · τ , (3.40)
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where τ = (τx, τy, τz) are the Pauli matrices and the components of d(k)

are

dz(k) = 2t cos(ka)− μ,

dx(k) = 2|Δ| sinφ sin(ka),

dy(k) = 2|Δ| cosφ sin(ka).

(3.41)

For definiteness, let us focus on the case t > 0. The vector d(k) defines

a mapping from the Brillouin zone to the Hilbert space spanned by the

eigenvectors of the Hamiltonian. These eigenvectors depend only on the

direction of d(k) and in general we have a mapping from the Brillouin

zone to a unit sphere.

In our case, however, the symmetries of the Hamiltonian,

dx(−k) = −dx(k),

dy(−k) = −dy(k),

dz(−k) = dz(k),

(3.42)

restrict the mapping to a unit circle. If we are in the topologically non-

trivial regime, |μ| < 2t, the vector d(k) encircles the degeneracy point

d = 0 that acts either as a source or a sink of the Berry curvature. If the

phase of the order parameter φ is additionally varied by 2π, d(k) sweeps

a surface surrounding the degeneracy point. This leads to a quantized

Berry phase that corresponds to transfer of a charge e from one end of the

chain to another. The 2π phase change can be realized experimentally in

a Josephson junction or tunneling conductance experiments.

When μ = ±2t, d(k) goes over the degeneracy point either at k = 0 (μ =

2t) or at ka = π (μ = −2t). At the degeneracy point the gap closing allows

a quantum phase transition to the topologically trivial regime, |μ| > 2t,

where the mapping d(k) does not encircle the degeneracy point.

The system belongs to the class D in the topological classification table

with a Z2 topological invariant [48]. Since dx,y(k) = 0 at ka = 0, π, the

vector d(k) encircles the degeneracy point if the sign of dz is different at

these two points. Hence the invariant is given by

ν = sign{dz(0)}sign{dz(π)}, (3.43)

which equals 1 when the system is trivial, and −1 when the system is

nontrivial.
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3.3 px + ipy superconductivity

After showing how topological superconductivity can appear in one-dimen-

sional system, we are going to investigate topological superconductivity

in two dimensions, where a px + ipy superconductor serves as a proto-

type [49]. Furthermore, Read and Green showed that strongly-interacting

fractional quantum Hall states with non-Abelian quasiparticles can be

mapped into px + ipy superconductivity [46].

We extend the Kitaev chain (3.19) of spinless fermions to a two-dimensional

square lattice,

Ĥ =
∑
mn

{
t
[
ĉ†m+1,nĉm,n + h.c.

]
+ t

[
ĉ†m,n+1ĉm,n + h.c.

]
− μ ĉ†m,nĉm,n

+
[
Δĉ†m+1,nĉ

†
m,n + h.c.

]
+
[
iΔĉ†m,n+1ĉ

†
m,n + h.c.

]} (3.44)

Here ĉ†m,n creates an electron at the position r = (ma, na), where a is the

lattice constant, and h.c. stands for the hermitian conjugate of the pre-

ceding term. The induced superconducting px + ipy-pairing is anisotropic

with a phase difference i between the x and y-directions.

As in the one-dimensional model, we again transform into the momen-

tum space of an infinite lattice by performing a Fourier transform over

the Brillouin zone,

ĉ†r =
∫
BZ

d2k

(2π)2
eik·rĉ†(k). (3.45)

The Hamiltonian (3.44) can then be expressed, up to a constant term, in

the BdG form as

Ĥ =

π/a∫
0

dkx
2π

π/a∫
−π/a

dky
2π

Ψ̂†(k)H(k)Ψ̂(k), (3.46)

where Ψ̂(k) =
[
ĉ(k), ĉ†(−k)

]T and

H(k) =

⎛
⎝ ε(k) Δ̃(k)

Δ̃(k)∗ −ε(k)

⎞
⎠ , (3.47)

with

ε(k) = 2t cos(kxa) + 2t cos(kya)− μ,

Δ̃(k) = 2i|Δ|
[
sin(kxa) + i sin(kya)

]
.

(3.48)

The pairing amplitude Δ = |Δ|eiφ is made real by a gauge transformation

ĉ(k) → eiφĉ(k).
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The Bogoliubov-de Gennes Hamiltonian in Eq. (3.46) can be given as

H(k) = d(k) · τ , (3.49)

where the components of d(k) are

dx(k) = −2|Δ| sin(kya),
dy(k) = −2|Δ| sin(kxa),
dz(k) = 2t cos(kxa) + 2t cos(kya)− μ.

(3.50)

The number of times a mapping from all momentum values to the unit

sphere, given by a unit vector d̂ = d/|d|, covers the unit sphere is given

by the Chern number

C =
1

4π

∫
dk d̂ ·

(
∂d̂

∂kx
× ∂d̂

∂ky

)
. (3.51)

The integrand gives the solid angle covered by d̂ when integrated over

momentum space. The resulting integer is invariant under smooth defor-

mations of d̂ and its value can change only if the gap closes, making d̂

undefined at some point in momentum space.

26



4. Magnetic adatom lattices

The spinless toy models introduced in Chapter 3 require unconventional

superconductivity, because conventional superconductors pair electrons

with opposite spins. The simplest type of superconductors allowing the

pairing of electrons of the same spin species are p-wave superconductors.

Intrinsic p-wave superconductors have not been found so far, although

there are some candidate materials, for instance Sr2RuO4. Therefore it is

desirable to engineer topological superconductivity using materials read-

ily available in the laboratory.

To produce the effectively spinless regime of the toy models in a system

with conventional superconductivity, one needs to lift the spin degeneracy

of the electrons without destroying the superconducting pairing. The spin

degeneracy can be lifted by a magnetic field, but conventional supercon-

ductivity, which pairs electron with opposite spins near the Fermi energy,

is suppressed or killed in the presence of magnetism. This problem can be

circumvented by combining magnetism with spin-orbit coupling, as will

be demonstrated in this chapter.

In this thesis we consider magnetic adatom lattices that can be assem-

bled and probed by a scanning tunneling microscope (STM). It is a well-

established technique to use STM to individually place atoms on a super-

conducting surface. STM can also be used to probe the local density of

states of the system. This spatial resolution can be used to verify that the

zero-energy states are localised at chain ends.

4.1 Shiba state

A magnetic impurity in an s-wave superconductor binds a subgap state

localized near the impurity [50]. This state is called a Yu-Shiba-Rusinov

state [51, 52, 53], or Shiba state for brevity. The essential physics is cap-
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tured by a simple delta-function impurity potential1 that couples to the

bulk electrons through an exchange interaction,

Himp = −JSσz δ(r), (4.1)

where J is the strength of the exchange interaction and S the magnitude

of the impurity spin, which is chosen to be in the z-direction. We neglect

the Kondo screening by treating the impurity spin classically2, so that the

impurity spin acts as a local magnetic field.

A conventional s-wave superconductor is described by the BCS Hamil-

tonian

ĤBCS =

∞∫
−∞

dr

[ ∑
σ=↑,↓

Ψ̂†
σ(r)ξ(r)Ψ̂σ(r)+Δ0Ψ̂

†
↑(r)Ψ̂

†
↓(r)+Δ0Ψ̂↓(r)Ψ̂↑(r)

]
, (4.2)

where Ψ̂†
σ(r) creates an electron with spin σ at a position r. The kinetic

energy,

ξ(r) = − �
2

2m
∇2 − μ, (4.3)

is measured relative to the Fermi energy μ and Δ0 is the pairing ampli-

tude. In the absence of impurities, the bulk spectrum is given by

E(k) =

√(
�2|k|2
2m

− μ

)2

+Δ2
0, (4.4)

where �k is the momentum of the conduction electrons. The spectrum is

fully gapped, the gap being Δ0 at the Fermi level.

Adding the impurity term (4.1) to the Hamiltonian creates a bound state

below the superconducting gap with an energy [51, 52, 53]

E0 =
1− α2

1 + α2
Δ0, (4.5)

where α = πJSN and N is the density of states at the Fermi level of

the normal metal. The subgap Shiba state is a spin-polarized Bogoliubov

quasiparticle,

â†0(r) =

⎧⎨
⎩
u0(r)Ψ̂

†
↓(r) + v0(r)Ψ̂↑(r) for J < 0

u0(r)Ψ̂
†
↑(r) + v0(r)Ψ̂↓(r) for J > 0

. (4.6)

1The delta-function potential describes the scattering at low temperatures,
where the isotropic s-wave scattering dominates.
2Mathematically this corresponds to the limit S → ∞ while J → 0, so that JS

is finite in Eq. (4.1). In the quantum mechanical treatment of the impurity spin,
where the Kondo effect is relevant for antiferromagnetic exchange coupling and
the results depend strongly on the value of S, the results are qualitatively the
same for the antiferromagnetic coupling, while for ferromagnetic coupling the
bound state stays close to the gap edge [54, 55].
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Figure 4.1. The Shiba state energy (4.5) as a function of the coupling strength α. Δ0 is
the induced superconducting gap.

The corresponding time-reversed state is above the gap and does not enter

the low-energy description. The Shiba state decays in the bulk with a

distance r from the impurity asymptotically as

|u0(r)|, |v0(r)| ∼ e−r/ξE0/(kF r)
β (4.7)

where the exponential cut-off

ξE0 =
Δ0√

Δ2
0 − E0

ξ (4.8)

is given by the superconducting coherence length ξ for states near the

Fermi level, E0 	 Δ0. The power-law decay on the Fermi length scale is

given by the parameter β, which is 1/2 or 1, depending whether the bulk

superconductor is two or three-dimensional, respectively.

In the above discussion we have neglected the spatial variation of the

order parameter near the magnetic impurity. The bound state is induced

because the magnetic moment breaks time-reversal symmetry, leading

to a local suppression of the pairing amplitude. Self-consistent calcula-

tions reveal that the length scale of the order-parameter variation is de-

termined by the Fermi wavelength [56], which is typically much smaller

than the superconducting coherence length.

4.1.1 Quantum phase transition

The bound-state energy as a function of α is illustrated in Fig. 4.1, where

the level crossing at α = αc corresponds to a zero-temperature quantum

phase transition [57]. For α < αc, the ground state of the impurity prob-

lem is the variational BCS ground state, where all electrons are paired

with their time-reversed partner [58]. The first excited state is the BCS

ground state with an additional spin-polarized quasiparticle bound to the

impurity spin. At the critical coupling, αc = 1, the energy of the bound

state crosses the Fermi level and the impurity gap closes. This corre-

sponds to a zero-temperature quantum phase transition [57]. For α > αc,
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the two states switch places: now the partially screened impurity spin is

the ground state, while the subgap excitation corresponds to removing the

bound quasiparticle to create the BCS ground state with an unscreened

impurity spin. The crossing is allowed because the two ground states have

a different electron parity and different spin quantum number.

The screening of the impurity spin is due to a pair-breaking by the

local magnetic field that leads to a local suppression of the pairing po-

tential. Self-consistent mean-field calculations reveal that the spatially

varying order parameter acquires a π phase shift, Δ → −Δ, near the im-

purity when the quantum phase transition happens [58]. This is a zero-

dimensional topological phase transition and the topological invariant is

the ground-state parity. Impurities that can drive a zero-dimensional

topological phase transition can in general be used to create nontrivial

impurity bands [59]. We already saw that such a band inversion in the

Kitaev chain marks a topological phase transition. In section 4.3 we will

demonstrate how this band inversion leads to a topological phase transi-

tion for a subgap Shiba band.

4.1.2 Scanning tunneling spectroscopy

Scanning tunneling spectroscopy allows probing of the local density of

states in the substrate. A bias voltage V between the scanning tunnel-

ing microscope (STM) tip and the superconducting substrate allows tun-

nelling of electrons to a state in the substrate with an energy E = eV ,

where e is the charge of an electron. In a clean bulk superconductor there

are no states near the Fermi level due to the spectral gap Δ0 in Eq. (4.4).

Near the impurity, however, the Shiba state (4.6) allows an injection of

a spin-down electron or a spin-up hole at an energy E0 < |Δ0|. But the

injection of a spin-up hole at an energy E0 just means the extraction of a

spin-down electron at an energy −E0, which is achieved by reversing the

bias voltage. Therefore the local density of states is given by

ρ(r, E) = |u0(r)|2δ(E − E0) + |v0(r)|2δ(E + E0) (4.9)

and the Shiba state appear as two peaks in the spectral density located

symmetrically around the Fermi level. The tunneling intensity is not sym-

metric with the bias voltage, since the particle and hole amplitudes are

normalized as

|u0(r)|2 + |v0(r)|2 = 1. (4.10)
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For example, if there is a large particle component at a given position,

there will be a large peak at a positive bias, while the intensity is low at

the negative bias.

4.2 Spin texture

The superconducting pairing that is proximity induced by the underly-

ing superconductor, depends crucially on the orientation of the impurity

spins. The impurity spins interact by the Ruderman-Kittel-Kasuya-Yosida

(RKKY) interaction mediated by the host superconductor [60, 61, 62],

which can lead to ordering of the impurity spins. The presence of spin

orbit-coupling on the surface of the superconductor additionally induces

the Dzyaloshinsky-Moriya (DM) interaction between the impurity spins

[63, 64]. These effects can give rise to a ferromagnetic, antiferromagnetic

or helical spin texture [65, 66], but it is not completely clear which type

of ordering is favoured under various experimental conditions. There is

some experimental evidence for the formation of a spin helix in adatom

chains on a normal metal [67, 68] and in nanowires [69]. Ferromagnetic

ordering was reported in densely spaced adatom chains [24], where the

first signatures of the Majorana end states in the adatom platform were

obtained. Helical spin texture was considered in Publications I and II,

while in Publications III and IV we assumed a ferromagnetic texture.

4.2.1 Ferromagnatic ordering

If the impurity spins order ferromagnetically, the underlying s-wave pair-

ing correlations that pair together opposite spins cannot be directly in-

duced in the spin-polarized Shiba states. In this case spin-orbit coupling

on the surface of the substrate is needed. Inversion symmetry is bro-

ken on the surface of the substrate and this can give rise to the Rashba

spin-orbit coupling. Electrons moving on the bulk surface feel an effective

momentum-dependent magnetic field,

HRashba = αR(σ × p) · ẑ, (4.11)

that locks the spin of an electron perpendicular to its momentum. Al-

though spin is no longer a good quantum number, spin-orbit coupling does

not break time-reversal symmetry. Hence there are two helical bands,

E±(k) =
�
2k2

2m
± αRk − μ, (4.12)
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so that electrons moving with an opposite momentum have opposite spins.

Hence there is always spin degeneracy at the Fermi level. To achieve

the topological regime of effectively spinless fermions, we need to lift this

band degeneracy at the Fermi level. A magnetic field perpendicular to

the surface will couple the two helicity bands so that the level crossing at

k = 0 will be gapped. This magnetic field is provided by the ferromagnetic

impurity spin texture. If the Fermi level is in the gap, there is only one

band at the Fermi level. Furthermore, this band allows pairing between

(nearly) time-reversed partners with opposite momentums. This is the

mechanism for topological superconductivity in ferromagnetic systems.

4.2.2 Helical ordering

A helical impurity-spin texture, on the other hand, gives rise to a syn-

thetic spin-orbit coupling that can in itself drive the transition to the topo-

logical regime. Let us consider a chain of atoms along the x-axis

Himp = −J
∑
n

S · σ δ(r− nax̂) (4.13)

with a spin helix of the form

Sn = (cosφn sin θ, sinφn sin θ, cos θ). (4.14)

The spins are tilted by an angle θ from the normal of the surface (z-axis)

and they rotate in the xy-plane, φn = nφ. We can perform a unitary trans-

formation

U(x) = eiσz(x/a)φ/2 (4.15)

to a basis where all the impurity spins are on the same direction, Sn =

(sin θ, 0, cos θ). The kinetic term of the bulk Hamiltonian (4.2) then ac-

quires an effective spin-orbit-coupling contribution,

ξ(r) = − �
2

2m

[(
∂x ∓ iφ/(2a)

)2
+ ∂2

y

]
− μ, (4.16)

while the pairing terms are unaffected. The magnetic field due to the

synthetic spin-orbit coupling is now along the z-axis. As in the case of fer-

romagnetic texture, a Zeeman-field component perpendicular to the spin-

orbit field is needed to open a gap at the crossing between the two helicity

bands. For this reason the optimal helical texture for topological super-

conductivity corresponds to θ = π/2. Helical textures are considered in

publications I and II. The exact structure of the spin helix in experimen-

tal realizations is difficult to predict and therefore the parameters are
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treated as variables in the models. It is interesting to note, however, that

a helical chain is expected to self-tune to the topological regime due to the

back action of the helical texture on the bulk electrons, which would lift

the spin degeneracy at the Fermi level [70, 71, 72, 66, 73].

In Publication I we considered Shiba chains with a planar helix. A chain

with a planar helix satisfies a chiral symmetry, which is absent in chains

with nonplanar helices. The chiral symmetry gives rise to a Z-invariant

and the system can have multiple Majorana states at the chain ends and

domain walls. Planar spin structures require spin-orbit terms to break

the SU(2) spin-rotation symmetry, but these terms also violate the chiral

symmetry. For small spin-orbit coupling strengths the chiral symmetry

can nevertheless be considered an approximate symmetry. However, in

Publication I we do not consider the origin of the spin texture.

4.3 Shiba lattices

Let us consider an array of magnetic adatoms deposited on a superconduc-

tor. If the adatoms are sufficiently far apart, the overlap of atomic orbitals

is very small and interatomic hopping does not enter the low-energy de-

scription. Each adatom however induces a spin-polarized subgap Shiba

state due to the local magnetic moment, as illustrated in Fig. 4.2a. The

long-range Shiba states can overlap and form a hybridized electronic band

inside the superconducting gap (Fig. 4.2b). As the hybridization gets

stronger, the bandwidth increases and eventually touches the Fermi level.

The induced pairing correlations can then reopen the impurity-band gap,

marking a transition to a topological regime (Fig. 4.2c). The induced pair-

ing correlations necessarily have odd pairing symmetry because the Shiba

states are spin-polarized.

If the Shiba states lie deep in the gap and the bandwidth due to hy-

bridization is small (see Fig. 4.2c), we can neglect coupling to the states

outside the gap at low temperatures [74]. This is the deep-dilute limit

considered in Publications II, III and IV. In this limit we can introduce an

effective spinless low-energy description

Ĥ = E0

∑
n

ĉ†nĉn +
∑
m �=n

tmn

[
ĉ†mĉn + ĉ†nĉm

]
+

∑
m �=n

Δmn

[
ĉ†mĉ†n + ĉnĉm

]
, (4.17)

where ĉ†n creates a Shiba state at an adatom site n. Here E0 is the en-

ergy of an isolated Shiba state and tmn the hopping amplitude between

the Shiba states due to the hybridization, and Δmn is the induced super-
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Figure 4.2. Formation of the Shiba band in an array of magnetic impurities on super-
conductor with a pairing gap Δ0. (a) The subgap Shiba level ε0 of an iso-
lated impurity. (b) For a small overlap of the Shiba state wave functions, the
Shiba states hybridize and form a band around ε0. (c) As the impuritities are
brought closer together, the band width increases and eventually touches the
Fermi level. The induced pairing correlations can then reopen the effective
impurity-band gap, which marks the transition to the topological regime.

conducting pairing. On-site pairing is not allowed, Δnn = 0, due to the

strong exchange interaction at the adatom site. The long-range hopping

and pairing amplitudes tmn and Δmn inherit their asymptotic behaviour,

tmn,Δmn ∼ e−r/ξ/(kF r)
β , (4.18)

from the Shiba wave functions (4.7). The coherence length of the super-

conducting substrate ξ gives the length scale for the exponential cut-off,

while there is only an algebraic suppression at length scales given by the

Fermi wavevector kF . In typical experimental situations the coherence

length is much larger than the Fermi length scale. Both amplitudes have

additional sinusoidal oscillations at the Fermi length scale. In publica-

tions III and IV we showed that the interplay of these long-range ampli-

tudes leads to intriguingly complex behaviour.

If only nearest-neighbour hopping and pairing are considered, the tight-

binding model (4.17) for a chain of Shiba states reduces to the Kitaev

chain:

Ĥ = E0

∑
n

ĉ†nĉn +
∑
n

t
[
ĉ†nĉn+1 + ĉ†n+1ĉn

]
+
∑
n

Δ
[
ĉ†nĉ

†
n+1 + ĉn+1ĉn

]
, (4.19)

where the energy of an uncoupled Shiba state, E0, plays the role of the

chemical potential of the Kitaev chain3. This can be considered to be the

simplest model to simulate the low-energy physics of a Shiba chain. In

section 3.2 we learned that the Kitaev chain is topological when the chem-

ical potential is within the bandwidth of the normal state, which trans-

lates to |E0| < 2|t| for the model (4.19). Under this condition the Shiba
3The physical chemical potential of the Shiba chain is the Fermi energy in the
middle of the gap in the spectrum.
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band reaches the Fermi level and the induced pairing correlations can

reopen the gap.

In Publication I we adopted a similar model for describing a Shiba chain

with a helical magnetic texture. In contrast to the long-range model

(4.17), the model for nearest-neighbour hopping (4.19) is more applica-

ble to closely-packed chains where the orbital overlap dominates. This is

the case in the epitaxially grown ferromagnetic Fe chains investigated in

Refs. [24, 25, 26].
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5. Summary of the findings

In Publication I we study chains of atoms with a planar magnetic helix

texture. There we show that a magnetic domain wall supports an en-

hanced zero-bias peak compared to the Majorana modes at the ends of

the chain. We also study a ladder structure where atomic chains are cou-

pled to each other. We observe that a ladder structure provides a wider

parameter range for topological superconductivity compared to a single

chain. Remarkably, the ladder structure can be in the topological regime

even when individual chains are trivial.

In Publication II we show that in an atomic chain with helical mag-

netism, supercurrent can drive the system from a trivial to a topological

phase and vice versa. This driving could be applied to move Majorana

bound states along the chain, which is needed to demonstrate the non-

Abelian statistics.

In Publications III and IV we investigated two-dimensional adatom struc-

tures with ferromagnetic ordering. In Publication III we showed that the

two-dimensional Shiba lattice produces a long-ranged generalization of a

px + ipy superconductor, making it an interesting addition to the list of

materials with unconventional pairing. The mosaic-like structure of the

topological phase diagram is remarkably rich due to the interplay of hop-

ping amplitudes of different ranges. The number of propagating Majorana

modes at the boundary is given by the Chern number, which can be very

large in this system. We predicted that the Chern number can reach val-

ues of the order of the coherence length of the underlying superconductor

in the units of the adatom lattice spacing. The model was motivated by

the experiments of one-dimensional atom chains. Since two-dimensional

structures in such systems are next in line to be studied experimentally,

we have shown that magnetic adatom structures provide a promising plat-

form for realizing exotic phases of matter of fundamental interest.
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Summary of the findings

In publication IV we extend the results of Publication III into different

lattice structures and study the complex phase space structure in detail.

The abundance of various topological phases with a large number of pro-

tected edge states makes the studied system potentially one of the richest

topological materials discovered so far.
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