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Graphene is a two-dimensional allotrope of carbon with incredible mechanical
strength, high charge carrier mobility and excellent thermal conductivity. These re-
markable properties present numerous potential applications in nanoelectronics and
related fields. However, using graphene in a field-effect transistor requires opening
a band gap, which can be achieved by cutting graphene into ribbons. Furthermore,
the electronic structure and transport properties of graphene are modified by various
kinds of defects, such as vacancies, impurities and grain boundaries. Both the defects
and edges can host magnetic states that are useful in spintronics applications.

In this Thesis, impurities and edges in graphene are simulated using computational
techniques. Part of the research has been done in collaboration with experimental
groups. The computational simulations provide the necessary link between theory
and experiment, aiding in the interpretation of the measurements. The main com-
putational methods used are tight-binding, exact diagonalization and density func-
tional theory, of which the tight-binding and exact diagonalization methods were
implemented by the author. Exact diagonalization was used to evaluate correlation
energies and reference data to exchange-correlation functionals in two-dimensional
quantum dots, electron-positron annihilation in three-dimensional quantum dots,
and many-body properties of finite graphene nanoribbons.

The research sheds light on the electronic and magnetic properties of graphene.
By using the first-principles density functional theory, the formation energies of
silicon and silicon-nitrogen impurities were evaluated to identify the relevant low-
energy configurations. By fitting to tight-binding models, the transport properties
of systems containing randomly distributed impurities were determined. Moreover,
hydrogen adatoms with noncollinear spins were shown to scatter the electron spin
strongly close to the charge neutrality point. The narrow finite graphene nanorib-
bons were found to have only small band gaps, and the simulated scanning tunneling
microscopy maps and spectra of the ribbons agreed with the experiments. The precise
atomic structure at the graphene-hexagonal boron nitride interfaces was determined
with the help of simulations, and the interfaces were shown to host electronic states
similar to those on the graphene edges. Overall, the theoretical and computational
results build up the knowledge and understanding of graphene-related systems.





Grafeeni on hiilen kaksiulotteinen muoto. Sen rakenteellisen vahvuuden sekä
hyvän sähkön- ja lämmönjohtavuuden ansiosta sille on esitetty monia mahdollisia
sovelluskohteita esimerkiksi nanoelektroniikassa. Grafeenin käyttö transistoreissa
kuitenkin vaatisi äärellisen energia-aukon, joka saadaan leikkaamalla grafeenia
nauhoiksi. Grafeenin elektronirakenne ja kuljetusominaisuudet riippuvat hilavir-
heistä, kuten vakansseista, epäpuhtauksista ja raerajoista. Epäpuhtauksiin ja reu-
nohin liittyvät tilat voivat olla magneettisia, mitä voisi hyödyntää spintroniikan
sovelluksissa.

Tässä väitöskirjassa grafeenin epäpuhtauksia ja reunoja on tutkittu laskennal-
lisilla menetelmillä. Osa tutkimuksesta on tehty yhteistyössä kokeellisten ryhmien
kanssa. Tietokonesimulaatiot liittävät teorian ja kokeet toisiinsa ja auttavat kokeel-
listen mittausten tulkinnassa. Työssä on käytetty tiukan sidoksen mallia, eksaktia
diagonalisointia ja tiheysfunktionaaliteoriaa, joista kirjoittaja on toteuttanut kaksi
ensimmäiseksi mainittua. Eksaktia diagonalisointia on sovellettu muun muassa
kaksiulotteisten kvanttipisteiden korrelaatioenergian sekä vaihto- ja korrelaatio-
funktionaalien vertailukohtana, kolmiulotteisten kvanttipisteiden elektroni-positro-
ni -annihilaation mallinnukseen, sekä äärellisten grafeeninauhojen monen kappa-
leen ominaisuuksien laskemiseen.

Tutkimus paljastaa tietoa grafeenin elektronirakenteesta ja magneettisista omi-
naisuuksista. Tiheysfunktionaaliteoriaa soveltamalla on laskettu erilaisten pii- ja
pii-typpi -epäpuhtauksien muodostumisenergioita, jotta matalaenergiset rakenteet
voidaan tunnistaa. Tiukan sidoksen malliin sovittamalla voidaan määrittää kulje-
tusominaisuuksille tunnusomaiset piirteet todenmukaisissa epäjärjestyneissä sys-
teemeissä. Tämän lisäksi magneettisten vetyatomien muodostamien epäpuhtauk-
sien on osoitettu sirottavan elektronin spiniä voimakkaasti, erityisesti jos epäpuh-
taustilojen spinit osoittavat eri suuntiin. Tunnelointimikroskoopilla mitattiin hyvin
pieniä energia-aukkoja ohuille grafeeninauhoille, ja mittauksia mallintavat laskut
olivat sopusoinnussa mittaustulosten kanssa. Grafeenin ja boorinitridin rajapinto-
jen tarkka atomirakenne määritettiin simulaatioiden avulla, ja rajapinnoille näytet-
tiin muodostuvan samankaltaisia reunatiloja kuin grafeenissakin. Työn teoreettiset
ja laskennalliset tulokset edistävät grafeeniin pohjautuvia sovelluksia.
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1. Introduction

Rapid technological development often comes from scientific progress in

developing better materials and novel applications. It is the case in both

science and technology that progress is steady but sometimes there are

leaps, revolutions when something groundbreaking takes place. Espe-

cially when it comes to the advance of classical or quantum computing –

whether the number of transistors can be doubled in integrated circuits

every two years (Moore’s law) or the best way of implementing qubits – it

is not clear where the leaps come from. The semiconductor industry has

reached a point where the widths of the conducting lines in integrated

circuits are approaching the nanometer scale. At such small distances,

effects such as quantum tunneling of electrons through insulating layers

come into play, which can be detrimental to the device operation. New

solutions are clearly needed. Quantum behaviour can also come to rescue

however, since there are many propositions on how to use quantum sys-

tems in future technologies. For instance, one could utilize the electron

spin, a fundamentally quantum property, instead of its charge in infor-

mation processing and storage.

One of the recent scientific leaps started in 2004, when Novoselov and

Geim experimentally isolated few-layered graphene by mechanical exfoli-

ation using adhesive tape [1]. Even if other allotropes of carbon, such as

graphite, graphene nanotubes and nanobuds were actively studied, the

discovery of easily producing high-quality graphene samples sparked a

large body of research that still goes on today. Graphene is one of few

two-dimensional materials, and it has extraordinary physical properties.

It is mechanically flexible yet strong [2], it has high charge carrier mobil-

ity [1,3] and high thermal conducitivity [4], and it is impermeable [5] and

almost transparent [6]. However, regardless of the incredible properties

and the invested effort in researching graphene, the associated technolog-

ical leap or revolution is yet to come.
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1.1 Electronic properties of graphene

Graphene is a monolayer of graphitic carbon, where the carbon atoms are

organized in a hexagonal lattice in the xy-plane, as shown in Fig. 1.1(a).

In addition to two electrons occupying s-type core orbitals, three electrons

occupy sp2-hybridized orbitals that form σ bonds with the three neighbor-

ing atoms with a carbon-carbon distance of d = 1.42 Å, or a lattice vector

of |a1| = |a2| =
√
3d = 2.46 Å. The sixth electron occupies a pz ∝ z/r

orbital that is an odd function of z, and forms π bonds with the neighbor-

ing carbon atoms. It is the π (bonding) and π∗ (antibonding) orbitals that

determine the electronic properties of graphene.

The reciprocal lattice of graphene is also a honeycomb lattice, as shown

in Fig. 1.1(b). The electronic band structure of graphene is shown in Fig.

1.2 along the lines between the high-symmetry points in the first Brillouin

zone. Graphene is a semimetal, since the band gap is zero but the density

of states at the Fermi level goes to zero. The most striking feature is the

linear dispersion of the π and π∗ bands around K± = 4π
3d

(
1
2 ,± 1

2
√
3

)
in

the charge neutrality point. Since the dispersion is linear up to roughly 1

eV in both sides of the Fermi level, which is about 40 times the thermal

energy kBT at room temperature, the dispersion around the K± points

can be written as E±(k) = ±�vF |k −K±| [3]. The Fermi velocity is vF ≈
106 m/s, roughly 300 times slower than the speed of light.

Figure 1.1. (a) Graphene honeycomb backbone. All spheres correspond to carbon atoms,
and the coloring denotes the sublattice, A or B. The lattice vectors are de-
noted as ai =

√
3d

(√
3

2
,± 1

2

)
, and the unit cell is depicted by the dashed

lines. (b) The first Brillouin zone (light blue) of the reciprocal lattice. The
reciprocal lattice vectors are bi =

4π
3d

(
1
2
,±

√
3
2

)
, for which ai · bj = 2πδij . The

high-symmetry points Γ, M and K± are shown.
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Figure 1.2. Graphene band structure between the high symmetry points Γ, M and K =

K±. The band structure was evaluated using density functional theory and
the PBE exchange-correlation energy functional. Fermi level is at E = 0.

The low-energy excitations, or quasiparticles, of the linear dispersion do

not follow the Schrödinger equation but rather the Dirac Hamiltonian in

two dimensions [7,8]

ĤK+ = vF σ · p, (1.1)

which can be obtained by expanding the band dispersion around the K+

point, p = −i�∇ and the elements of σ are the Pauli spin matrices. The ef-

fective Hamiltonian around the K− point is the transpose ĤK− = (ĤK+)T

[8]. The spinor form of the equation is due to the A and B sublattices hav-

ing their own wave function values within the unit cell. Because the two-

element vector can be treated as a spin, it is usually coined as pseudospin.

Furthermore, since the dot product of the pseudospin and the direction of

the momentum, σ · p
|p| , is a conserved quantity (helicity), changing from

p to −p is possible only if the pseudospin flips at the same time [8]. This

has far-reaching implications, such that backscattering is not possible per

se in graphene [9]. The valley degree of freedom (K+ or K−) can also be

used to carry information in a similar manner to electron spin, since it

can be filtered [10] and it is not scattered in pristine graphene [11–13].

While pristine graphene is a semimetal, it cannot be directly used as

an electronic switching device [14]. A band gap can be introduced, for in-

stance, by quantum confinement such as cutting or synthesizing graphene

ribbons, or breaking the sublattice symmetry by substitutional boron and

nitrogen atoms [15–17], hydrogenation [18, 19], fluorination [20, 21], or

substrate interactions [22, 23]. However, interaction with substrate does

not necessarily imply opening of the band gap [24]. Spin-orbit coupling

also induces a band gap in pristine graphene [25], but it is extremely

small due to the weak spin-orbit coupling in graphene [26,27].

3
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1.2 Magnetic properties of graphene

Pristine graphene is diamagnetic [28] and not expected to support mag-

netic ordering [29]. However, finite magnetic moments could originate

from hydrogen adatoms [30–32], vacancies [30, 33, 34], transition-metal

impurities [35], or other impurities [36, 37]. Magnetic defects can be cre-

ated for instance by electron or ion irradiation [34, 38]. There is some

controversy in the experimental determination of magnetic properties in

graphene and related materials. For example, there are various mea-

surements finding ferro- or ferrimagnetic order in graphite or pyrolytic

graphite [33, 39, 40] but also cases where magnetic order has not been

measured [41].

Graphene has formidable spin transport properties that makes it a good

host material for spintronics applications [28]. Therefore spin relaxation

and magnetic properties of pristine graphene and graphene nanostruc-

tures are crucial to study in order to devise novel applications. There are

some general features that are present in various graphene nanostruc-

tures. Namely, the zigzag edges and the states the edges host [42–46]

characterize magnetism in various cases. They can explain the mag-

netism of hydrogen adatoms [28,47], and they govern the physics close to

the Fermi level in graphene nanoribbons [44,48,49], other structures cut

from pristine graphene and the interfaces in graphene–hexagonal boron

nitride heterostructures. The zigzag edge breaks the sublattice symmetry

of pristine graphene, resulting in more atoms of the sublattice at the edge,

at least locally, which in turn can imply non-zero total spin by virtue of

Lieb’s theorem [50].

1.3 Research objectives and scope

Computational physics has become one of the cornerstones of modern sci-

entific research. Considering the vast amount of experience in this field

in our research group, developing methods and using various simulation

techniques was given. Initially, the exact diagonalization (ED) method

[51] was focused, and techniques related to more efficient implementation

were developed. Moreover, ED was applied to simulating correlated two-

and three-dimensional quantum dots with few electrons. In Publication I,

the two-particle picture of natural geminals was developed for the specific

problem of electron-positron annihilation in three-dimensional quantum

4
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dot model systems, and the convergence of various approximations were

tested. Publication II and Publication III analyzed the correlations in

two-dimensional quantum dots by evaluating exact correlation energies

and exchange-correlation potentials. Both produced reference data that

could be useful in developing exchange-correlation functionals in two di-

mensions.

The density-functional theory (DFT) package FHI-aims [52] presented

the opportunity to easily simulate molecules and periodic structures from

first principles. In Publication IV, silicon, oxygen and nitrogen impurities

on graphene were relaxed using DFT, and their formation energies and

electronic structure were explored. There was not much research done on

the electronic and transport properties of the silicon and silicon-nitrogen

impurities, even if they had been identified experimentally [53–55]. Ni-

trogen impurities were actually included in our study only later on, af-

ter realizing they dope nearby silicon impurities, providing finite spin

moments and half-semimetallic behaviour. Tight-binding models [3, 8]

were fitted to first-principles band structures, which enabled the simu-

lations of realistic large samples with randomly distributed impurities.

The fingerprint-like transport properties were simulated using the real-

space Kubo-Greenwood method [56–59]. In Publication V, the same proce-

dure of fitting to tight-binding models was applied to the case of hydrogen

adatoms. Hydrogen adatoms were expected to contribute to spin relax-

ation in graphene, and especially the noncollinear impurity spin moment

configurations were studied. The Landauer-Büttiker formalism [8, 60]

was used to evaluate spin transport properties, which presented an ex-

tension to some of the earlier works.

Graphene nanostructures were studied in collaboration with experimen-

tal groups that had expertise in scanning tunneling microscopy (STM)

and spectroscopy (STS). The objective was to provide computational sim-

ulations that could explain and interpret the measurements. In Publi-

cation VI, the narrowest family of finite armchair graphene nanoribbons

(AGNR) were imaged by STM and their electronic spectra was measured

by STS. The measured energy gaps were small, indicating that the finite

AGNRs could be used as metallic interconnects. With larger band gaps,

one could use them as switching devices. The first-principles simulations

of the STM maps and energy gaps agreed reasonably well, and they pro-

vided further insights into the unique zigzag edge states present in such

narrow ribbons. In Publication VII, finite AGNRs were simulated in var-

5
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ious levels of theory, concluding that the mean-field Hubbard model and

first-principles DFT provided qualitatively similar results to the many-

body Hubbard model. It was further established that the magnetic edge

states can be quenched by doping or due to defects at the ribbon ends.

Graphene zigzag edges host intriguing end-localized states close to Fer-

mi level that could be useful in spintronics and valleytronics applica-

tions. However, they are not particularly stable, which might hinder

their usefulness. In Publication VIII, the graphene edges were synthe-

sized as interfaces in graphene–hexagonal boron nitride heterostructures

on Ni(111). Such atomically precise heterostructures could pave the way

to constructing actual devices with embedded graphene zigzag edges. The

interfaces on Ni(111) were simulated by DFT to evaluate the interface en-

ergies and to infer the precise atomic structure at the interface. In Publi-

cation IX, the electronic structure of graphene-BN interfaces on Au(111)

were measured by STM and STS. In this case, the precise atomic struc-

ture at the interface was determined by a comparison of the measured

and simulated STM maps. Furthermore, the electronic structure of the

interface had similar properties to graphene zigzag edges with on-site po-

tentials.

1.4 Structure of this Thesis

The overview part of the Thesis is organized as follows. Chapter 2 presents

the theoretical background and formalism that is used throughout the

Thesis. It also contains a short review of Publication I and presents

the derivation of a more general formula of the momentum density of

annihilating electron-positron pairs. Chapter 3 introduces the exact di-

agonalization and density-functional theory methods, while it also dis-

cusses the calculations and results of Publication II and Publication III.

In Chapter 4, first-principles simulations and tight-binding model fittings

of graphene systems containing impurities are presented. Further details

of the transport calculations can be found in Publication IV and Publica-

tion V. In Chapter 5, the electronic properties of finite armchair graphene

nanoribbons are discussed together with Publication VI and Publication

VII. Furthermore, the results from Publication VIII and Publication IX

on graphene–hexagonal boron nitride interfaces are explained. Chapter 6

concludes by giving a brief summary with conclusions.
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2. Theoretical background

2.1 Second quantization

The second quantization formalism describes quantum many-body sys-

tems. The key property of systems with many identical particles is indis-

tinguishability. It means that particles with the same quantum numbers,

such as charge and spin, cannot be told apart or assigned labels. That

is, exchanging two identical particles should result in the same quantum

state up to a phase factor. Exchanging the particles twice should be the

same as no exchange at all, which implies that the phase factor is either

+1 or−1. Since electrons are fermions, the spin-statistics theorem [61–63]

states that the phase factor is −1. Therefore many-electron wave func-

tions are antisymmetric under simultaneous interchange of space and

spin coordinates, explicitly written as

Ψ(. . . ,xi, . . . ,xj , . . .) = −Ψ(. . . ,xj , . . . ,xi, . . .), (2.1)

where xi = (ri, σi) contains both the position and spin of particle i. This

further implies the Pauli exclusion principle that identical fermions can-

not occupy the same state simultaneously, or the wave function vanishes.

However, the exchange statistics of quasiparticles in strictly two-dimen-

sional systems can differ from that of bosons or fermions [64–66].

In order to deal with totally antisymmetric states without assigning la-

bels to individual electrons, only the occupations of single-particle orbitals

are counted. Namely, the totally antisymmetric states of N electrons,

where the orthonormal orbitals {φνi : i = 1, 2, . . . , N} are occupied, are

|φν1φν2 · · ·φνN 〉 = Â
[
|φν1〉 |φν2〉 · · · |φνN 〉

]

=
1√
N !

∑
P∈SN

sgn(P ) |φνP (1)
〉 |φνP (2)

〉 · · · |φνP (N)
〉 , (2.2)

7



Theoretical background

where Â is the antisymmetrizer operator, the sum is over all permutations

P of the symmetric group SN , and sgn(P ) is the parity of the permutation

P . Such product states are called Slater determinants, since they can be

written as determinants by using the Leibniz formula. However, these

states are more conveniently written by counting the occupations |(nν)〉,
where nν = 0, 1.

The product states |(nν)〉 form a complete basis in the space of totally

antisymmetric many-body states [67]. Therefore any many-particle state

can be written as a linear combination of Slater determinants. In order

to count and manipulate the occupations in a manner that preserves an-

tisymmetry, one defines the creation and annihilation operators ĉ†ν and ĉν ,

for which

ĉ†ν |0〉ν = |1〉ν , ĉ†ν |1〉ν = 0, ĉν |0〉ν = 0, ĉν |1〉ν = |0〉ν , (2.3)

where |0〉ν is a state without a particle, and |1〉ν is a state with the ν

orbital fully occupied. The product states can also be written by creating

the occupations using the creation operators

|φν1φν2 · · ·φνN 〉 = ĉ†ν1 ĉ
†
ν2 · · · ĉ†νN |0〉 . (2.4)

The creation and annihilation operators satisfy the algebra

{ĉμσ, ĉνσ′} = {ĉ†μσ, ĉ†νσ′} = 0 (2.5)

{ĉμσ, ĉ†νσ′} = δμνδσσ′ , (2.6)

where the commutator is defined as {A,B} = AB + BA, and the particle

types or spins σ, σ′ are explicitly written. The commutation relations are

used extensively to manipulate the many-particle states and operators in

the second quantization formalism.

In the formulae above, the single-particle orbitals were assumed to form

an orthogonal basis. This is not always the case, and the overlap inte-

grals sμν = 〈φμ|φν〉 would have to be included in the formalism. However,

it is much more convenient to orthonormalize the orbitals using a linear

transformation, for instance the Gram-Schmidt process, the symmetric

transformation using s−
1
2 , or the canonical orthogonalization using the

eigenvectors of s [68, 69]. Furthermore, one can transform between or-

thogonal orbital bases. For instance, the field operators are the creation

and annihilation operators in the position basis

Ψ̂†
σ(r) =

∑
ν

φ∗
ν(r)ĉ

†
νσ, Ψ̂σ(r) =

∑
ν

φν(r)ĉνσ, (2.7)

where φν(r) = 〈r|φν〉. The position basis is commonly used since then the

physical observables can attain a more familiar form.

8
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2.1.1 Observables

Physical observables, such as the Hamiltonian with Coulomb interaction,

are written in the first quantization as sums over particle indices

Ĥ =
∑
i

T̂i +
∑
i<j

V̂ij =
∑
i

(
p̂2
i

2mi
+ Vext(r̂i)

)
+
∑
i<j

qiqj
4πε0

1

|r̂i − r̂j | , (2.8)

where p̂ = −i�∇̂ is the linear momentum, Vext(r̂) is the external potential,

and mi and qi are the mass and charge of particle i, respectively. In second

quantization, the same Hamiltonian (or any two-body operator) is written

using the creation and annihilation operators as

Ĥ =
∑
σ

∑
ik

tik ĉ
†
iσ ĉkσ +

1

2

∑
σσ′

∑
ijkm

vijkm ĉ†iσ ĉ
†
jσ′ ĉmσ′ ĉkσ. (2.9)

It is assumed here that the number of particles of each particle or spin

type, Nσ, is conserved. This is the case for instance with the Hamiltonian

of Eq. (2.8) that commutes with N̂σ. Moreover, the single-particle orbital

bases have been chosen the same for all σ. The one-body elements are

tik = 〈φi| T̂ |φk〉 =
∫

dr φ∗
i (r)T (r)φk(r), (2.10)

which is obtained by insertion of identity 1 =
∫
dr |r〉〈r|, and assuming

that the operator is local such that 〈r| T̂ |r′〉 = δ(r, r′) 〈r| T̂ |r〉 = δ(r, r′)T (r).

The operator T (r) is in the first quantization acting on a single-particle

state. The elements are Hermitian, namely tik = t∗ki, as can be seen by

taking an adjoint of Eq. (2.10). Similarly, the two-body elements are

vijkm = 〈φi| 〈φj | V̂ |φk〉 |φm〉 =
∫

dr

∫
dr′ φ∗

i (r)φ
∗
j (r

′)V (r, r′)φk(r)φm(r′),

(2.11)

where the two-particle states |φk〉 |φm〉 = |φk〉⊗ |φm〉 are not symmetrized,

and 〈r| 〈r′| V̂ |r′′〉 |r′′′〉 = δ(r, r′′)δ(r′, r′′′)V (r, r′) Moreover, V (r, r′) = V (r′, r),

and typically V (r, r′) = V (|r−r′|) as in the case of the Coulomb interaction.

It can be seen from the integral in Eq. (2.11) that the two-body elements

are related by permutation of indices, such that

vijkm = vjimk = v∗kmij = v∗mkji, (2.12)

namely a transposition of the index pairs (ik) and (jm) (complex conju-

gation), and the simultaneous renaming of the indices i to j and k to m

(flipping of r and r′). In case that the orbitals {φi} are real-valued and the

interaction V (r, r′) is scalar-valued, one can flip the indices i and k, or j

and m freely, resulting in

vijkm = vimkj = vjkmi = vkjim = vmijk. (2.13)

9
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Therefore one does not have to evaluate and store all the M4 two-body el-

ements, where M is the size of the single-particle basis, but it is sufficient

to consider for instance the cases for which i+ k ≤ j+m, i ≤ k and j ≤ m.

As a spin-dependent example, the (one-body) spin operator couples or-

bitals with different spin indices

Ŝ =
∑
iσ,jσ′

〈iσ| ŝ |jσ′〉 ĉ†iσ ĉjσ′ =
1

2

∑
iσσ′

σσσ′ ĉ†iσ ĉiσ′ , (2.14)

where the first-quantized spin ŝ is the vector of Pauli matrices 〈σ| ŝ |σ′〉 =
sσσ′ = 1

2σσσ′ , and σ =↑, ↓. Then it is a matter of simple algebra to obtain

Ŝz = 1
2

∑
i(n̂i↑ − n̂i↓), and the ladder operators defined as Ŝ± = Ŝx ± iŜy

are Ŝ+ =
∑

i ĉ
†
i↑ĉi↓ and Ŝ− =

∑
i ĉ

†
i↓ĉi↑. The spin quantum number S can

be evaluated from the identity 〈Ŝ2〉 = S(S + 1), where the spin squared

operator is

Ŝ2 = Ŝ · Ŝ = Ŝ2
x + Ŝ2

y + Ŝ2
z =

1

2

(
Ŝ+Ŝ− + Ŝ−Ŝ+

)
+ Ŝ2

z (2.15)

=
N

2
+

1

4
(N↑ −N↓)2 −

∑
ij

ĉ†i↑ĉ
†
j↓ĉi↓ĉj↑. (2.16)

Therefore the spin quantum number can be evaluated from a two-body

observable average. Alternatively, the total spin can also be deduced by

finding the (2S + 1)-fold degeneracy related to the possible Sz spin projec-

tions of a state with total spin S.

2.2 Single-particle picture

It is often a simple and yet useful approximation to assume that the

ground state of a Hamiltonian Ĥ can be written as a single Slater de-

terminant |φν1φν2 · · ·φνN 〉. The orbitals {|φνi〉} that minimize the total en-

ergy can be solved by applying the variational principle and Lagrange

multipliers to keep the orbitals orthonormal. The resulting mean-field

Hamiltonian

ĤMF =
∑
σij

tij ĉ
†
iσ ĉjσ +

∑
σσ′
ijkm

(vijkm − δσσ′vijmk)

(
ĉ†iσ ĉkσ −

1

2
〈ĉ†iσ ĉkσ〉

)
〈ĉ†jσ′ ĉmσ′〉

(2.17)

can be solved self-consistently. Since there are no correlations or entan-

glements in the ansatz [70, 71], the particles or rather the occupied or-

bitals feel the surrounding mean-field but without explicit two-body in-

teraction terms. That is also why there is a scalar term that cancels the

double-counting inherent to the single-particle picture, whereas a proper

10
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treatment of pairwise interactions would sum over particle or occupa-

tion pairs. Kohn-Sham density functional theory is also based on similar

mean-field treatment, but there are approximate exchange-correlation po-

tential terms, see Section 3.2.

2.2.1 Tight-binding model

The tight-binding (TB) model is a simple and computationally feasible

single-particle model that is commonly used to describe the electronic

structure of crystals, for instance graphene [3,72], graphene-related mate-

rials and nanostructures [73–76], and other materials such as hexagonal

boron nitride [77]. The TB model assumes that the electrons are tightly

bound to atoms, such that the confining atomic potentials in a crystal are

strong. Then, the atomic orbitals of isolated atoms can be used as the

single-particle basis, and the tight-binding states are written as linear

combinations of them. Moreover, the atomic orbitals of nearby atoms are

coupled by small overlaps and tunneling matrix elements that are the

relevant parameters of the model.

In case of graphene, the electron system in the π-band approximation is

simplified to the hoppings between close-by carbon atom pz orbitals that

form the π and π∗ bands on both sides of the Fermi level. That is, the

model has one orbital (or site) per atom. The nearest-neighbor TB Hamil-

tonian of an orthogonal model is written as

Ĥ = t1
∑
〈i,j〉

|i〉〈j|+H.c. , (2.18)

where the sum is over the nearest-neighbor carbon atom pairs. For a more

accurate treatment, one can also include the second- and third-nearest

neighbor hoppings, t2 and t3. The model parameters are either directly

determined from first-principles calculations or fitted to first-principles

band structure. The typical value of t1 is roughly between −3 eV and −2.7
eV, and t2 and t3 are already more than ten times smaller in strength. In

the nearest-neighbour model, the t1 parameter is related to the slope of

the linear dispersion, namely the Fermi velocity as vF = 3t1a/2, where a is

the graphene lattice constant. The t2 parameter describes hoppings that

are constrained within the same sublattice, inducing trigonal warping and

breaking of the particle-hole symmetry [3].

Solving the tight-binding model is a straightforward diagonalization of

the Hamiltonian, and half of the single-particle eigenstates are filled to

reach charge neutrality in the graphene TB model described above. The
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size of the Hamiltonian matrix equals the number of carbon atoms, and

the only non-zero off-diagonal elements are the hopping elements. There-

fore the memory and computational cost associated is minimal, and ex-

tremely large graphene nanostructures can be simulated.

2.3 Reduced density matrices

The full many-body wave function of a N -particle system Ψ(x1,x2, . . . ,xN ),

where xi = (ri, σi), often contains much more information than needed to

evaluate observable averages and correlation functions [78]. A quantity

that contains the relevant information of up to p-body properties is the

p-body reduced density matrix (p-RDM) that is defined as

Γ(p)(x1, . . . ,xp;x
′
1, . . . ,x

′
p)

=

(
N

p

)∫
dxp+1 . . . dxN Ψ(x1, . . . ,xN )Ψ∗(x′

1, . . . ,x
′
p,xp+1, . . . ,xN ), (2.19)

where
∫
dx =

∑
σ

∫
dr. The idea behind the definition is that the particles

can be traced away, and the resulting state of p particles is a density ma-

trix – a statistical ensemble of multiple quantum states. If the particles

are contracted one by one, the recurrence relation

Γ(p−1)(x1, . . . ,xp−1;x
′
1, . . . ,x

′
p−1)

=
p

N − p+ 1

∫
dxpΓ

(p)(x1, . . . ,xp−1,xp;x
′
1, . . . ,x

′
p−1,xp) (2.20)

is obtained. For instance, if the 2-RDM were known, it would be straight-

forward to evaluate any one-body and two-body observables. However, not

all sufficient and necessary conditions are known for the 2-RDMs to cor-

respond to properly antisymmetrized N -particle wave functions [79, 80].

This is called the N -representability problem, which prevents directly

varying a 2-RDM to find the ground state properties such as energy.

The elements of the p-RDM are the expectation values of the operator

Γ̂(p)(x1, . . . ,xp;x
′
1, . . . ,x

′
p) =

1

p!
ψ̂†(x′

p) . . . ψ̂
†(x′

1)ψ̂(x1) . . . ψ̂(xp). (2.21)

In practice, this formula is used to evaluate the p-RDM elements. For

instance, the observable average of the total spin defined in Eq. (2.15)

requires the 2-RDM elements.

The p-RDM can be diagonalized and written as a single sum of projectors

onto pure states [78]. For instance, the elements of a 2-RDM are Hermi-

tian by grouping the first and the last two indices (coordinates in position
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basis) such that Γ(2)(x1,x2;x
′
1,x

′
2) =

[
Γ(2)(x′

1,x
′
2;x1,x2)

]∗. Therefore a

standard eigensolver can be used to diagonalize

Γ(2)(x1,x2;x
′
1,x

′
2) =

∑
j

gjαj(x1,x2)αj(x
′
1,x

′
2)

∗, (2.22)

where gj ≥ 0 are the real eigenvalues of the natural geminals αj(x1,x2).

In the following, we demonstrate the usefulness of the natural geminal

expansion in interpreting and approximating two-particle quantities.

2.3.1 Annihilation of electron-positron pairs

The 2γ-annihilation of an electron-positron singlet to two photons is the

most important of the possible annihilation channels. The probability of

annihilation per second can be derived in the nonrelativistic approxima-

tion in quantum electrodynamics [81]

dω =
r20

(2π)3
dkdΩ

N∑
j=1

∫
dx1 · · ·

∫
dxj−1

∫
dxj+1 · · ·

∫
dxN

×
∣∣∣∣∣∣
∑
σjσp

∫
drjεσpσje

−ik·rjΨ(r1σ1, . . . , rjσj , . . . , rNσN , rjσp)

∣∣∣∣∣∣
2

. (2.23)

where � = c = 1, r0 = α/m and α is the fine-structure constant and m is

the electron mass. Moreover, ε12 = −ε21 = 1 and ε11 = ε22 = 0, and σp

and σj are the spins of a positron and an electron, respectively. The wave

function Ψ describes N electrons and a single positron. One of the photons

is emitted in the space angle dΩ and the sum of the photon wave vectors

k = k1 + k2 is within dk. For our purposes, the formula can be expressed

by using the 2-RDMs

dω =
r20

(2π)3
dkdΩ

N∑
j=1

∑
σjσp

∑
σ′
jσ

′
p

∫
drj

∫
dr′j εσpσj εσ′

pσ
′
j
e−ik·(rj−r′j)

×
∫

dx1 · · ·
∫

dxj−1

∫
dxj+1 · · ·

∫
dxN

×Ψ(x1, . . . , rjσj , . . . ,xN , rjσp)Ψ
∗(x1, . . . , r

′
jσ

′
j , . . . ,xN , r′jσ

′
p)

∝
N∑
j=1

∑
σjσp

∑
σ′
jσ

′
p

∫
drj

∫
dr′jεσpσj εσ′

pσ
′
j
e−ik·(rj−r′j)Γep(rjσj , rjσp; r

′
jσ

′
j , r

′
jσ

′
p)

∝
∫

dr

∫
dr′ e−ik·(r−r′)

∑
σ

(
Γep(rσ, rσ̄; r′σ, r′σ̄)− Γep(rσ, rσ̄; r′σ̄, r′σ)

)
,

(2.24)

where Γep is the 2-RDM of an electron-positron pair defined as in Eq. (2.19),

and σ̄ denotes the spin opposite to σ. Namely, the first and third argu-
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ments of Γep are for the electron, whereas the second and fourth are for

the positron, and hence the superscript notation.

In Publication I, the many-body formalism was used to study the 2γ-

annihilation of a system with 4+4 electrons and a single positron in a har-

monic confining potential Vext(r) = ω2r2/2. The ground state was solved

using exact diagonalization techniques, and the 2-RDM was obtained by

evaluating the expectation values of Eq. (2.21). Since 4 + 4 + 1 particles

form a closed shell system of the electrons, fixing the positron spin results

in a unique ground state of the spin-indepenent Hamiltonian. However,

the full ground state manifold is characterized by arbitrary rotations of

the positron spin. The second term in Eq. (2.24) vanishes, since non-zero

elements of Γep(rσ, rσ̄; r′σ̄, r′σ) would require a simultaneous spin-flipping

of both the positron and electron spins, whereas in our case the number

of electrons of both spin species is constant in the ground state. Alter-

natively, one can fix the particle spins (e.g. by applying a magnetic field)

such that spin-flipping does not occur. Then, the momentum density can

be written as

ρ(p) ∝
∫

dr

∫
dr′ e−ip·(r−r′)Γe↑p↓(r, r; r′, r′)

=
∑
j

gj

∣∣∣∣
∫

dr e−ip·rαj(r, r)

∣∣∣∣
2

, (2.25)

where αj are the natural geminals with eigenvalues gj ≥ 0. This is the

expression that Publication I analyzes to find accurate approximations in

both the single-particle picture and using the natural geminal expansion.

Subsequently, the momentum density evaluated using only partial sums

of the natural geminals was compared to various single-particle approxi-

mations, obtained by exact diagonalization and DFT. The conclusion was

that the partial sums with only some of the most occupied natural gem-

inals already gave accurate results, whereas the approximations in the

single-particle picture converged much more slowly. This is understand-

able, since the electron-positron geminals contain information on the cor-

related behaviour especially when the particles are close together. That

is, the natural geminals can be used as a reference to determine enhance-

ment models that utilize the positron and electron single-particle orbitals

to evaluate the momentum density. More details of the analysis and the

enhancement factors that define the enhancement models can be found in

Publication I.
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Figure 2.1. Schematic view of a scanning tunneling microscope. A tip is brought close
to a sample, and by tuning the bias voltage V , there is a quantum tunneling
current I from the tip to the sample, or vice versa.

2.4 Scanning tunneling microscopy

A scanning tunneling microscope (STM) is an instrument that measures

the quantum tunneling current between a sample and a metallic tip that

is brought close to the sample surface [82, 83]. A schematic illustration

of the setup is shown in Fig. 2.1. The tip can be controlled either by

moving its position or changing the bias voltage, while gaining informa-

tion about the electronic states of the sample. Since wave functions decay

exponentially inside potential barriers, such as the vacuum between the

tip and the sample, the quantum tunneling current is also exponentially

vanishing. Therefore STM is extremely sensitive to small changes in the

distance between the tip and the sample.

There are various modes of operation. In the constant current mode, the

piezoelectric control of the tip position follows the constant current den-

sity isosurface. A faster measurement can be performed in the constant

height mode, where the tip is swept across the sample at constant height,

while measuring the tunneling current. Both methods result in images

that describe the electronic properties of the surface. STM can be used to

image surfaces and molecules, even on thin insulating layers [84].

2.4.1 Tunneling current

The tunneling current through a potential barrier can be described in a

simple model system that consists of the sample region, tip region, and

vacuum region where the potential is higher. The sample and the tip
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Figure 2.2. The sample region (left), tip region (right), and the vacuum with a potential
barrier in between them. The sample and tip spectral functions, AS(x, ω) and
AT (x, ω), can be interpreted as the local density of states.

regions have their own Hamiltonians and complete sets of single-particle

orbital bases {|μ〉} and {|ν〉}, respectively. The states φμ(r) = 〈r|μ〉 are

assumed zero in the tip region, and the states φν(r) = 〈r|ν〉 are assumed

zero in the sample region, such that they have finite overlaps only inside

the potential barrier. Fig. 2.2 shows a schematic view of the model system.

The quantum tunneling occurs from the sample to the tip or vice versa. It

is described as a one-body term in the Hamiltonian

Ĥ = ĤS + ĤT +
∑
μν

(
Tμν ĉ

†
SμĉTν +H.c.

)
, (2.26)

where ĤS and ĤT are the Hamiltonians of the isolated sample and tip.

The couplings between the two basis sets are called the tunneling matrix

elements [85]

Tμν =

∫
dr ψ∗

μ(r)h(r)ψν(r), (2.27)

where h(r) is the first-quantized single-particle Hamiltonian. The inter-

action elements are typically omitted here, since the applied bias is con-

sidered as a weak perturbation. The tunneling current Î can be evaluated

as the change of particles in the sample as

Î = ie[Ĥ, N̂S ] = e
∑
μν

(
(−iTμν)ĉ

†
SμĉTν +H.c.

)
. (2.28)

Using linear response theory and the Kubo formula, the tunneling current

can be written as a function of the applied bias V = VS − VT as [67]

I = e

∫ ∞

−∞
dω

2π

∑
μν

|Tμν |2AS(μ, ω)AT (ν, ω+eV ) [nF (ω + eV )− nF (ω)] , (2.29)

where nF (ω) is the Fermi-Dirac distribution, and AS(μ, ω) and AT (ν, ω)

are the diagonals of the spectral functions of the sample and the tip, re-

spectively. The spectral function is defined in general as

A(νσ, ν ′σ′, ω) = −2 ImGR(νσ, ν ′σ′, ω)

=
2π

Z

∑
nn′
〈n| ĉνσ|n′〉〈n′|ĉ†ν′σ′ |n〉

(
e−βEn + e−βEn′

)
δ(ω − (En′ − En)). (2.30)
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The diagonal elements at zero temperature are often the most relevant,

and they are written as

A(νσ, ω) = 2π
∑
n

∣∣∣ 〈n| ĉ†νσ |GS〉
∣∣∣2δ(ω − (En − EGS)) (2.31)

+ 2π
∑
n′

∣∣∣ 〈n′| ĉνσ |GS〉
∣∣∣2δ(ω − (EGS − En′)), (2.32)

where |GS〉 is the ground state, and {|n〉} ({|n′〉}) are the eigenstates of

the many-body system with one particle more (less) of the σ species. The

diagonal spectral function A(νσ, ω) can be interpreted as the local density

of states (LDOS), since the occupations can be written as

〈n̂νσ〉 =
〈
ĉ†νσ ĉνσ

〉
=

∫ ∞

−∞
dω

2π
A(νσ, νσ, ω)nF (ω), (2.33)

and the density of states is Nσ(ω) = Tr [A(μσ, νσ, ω)] =
∑

μA(μσ, ω). The

single-particle orbital |ν〉 can be chosen arbitrarily for instance as the po-

sition eigenket |r〉, such that the creation and annihilation operators be-

come the field operators of Eq. (2.7), resulting in the more familiar local

density of states A(r, ω).

2.4.2 Scanning tunneling spectroscopy

In addition to imaging the surface, one can keep the tip position fixed

and record the tunneling current as a function of the bias voltage. One

obtains an (I, V )-curve that can be used to analyze the spectra of the elec-

tronic states at the sample. This is called scanning tunneling spectroscopy

(STS), and it turns out to provide information on the spectral function or

the local density of states of the sample.

The tunneling current expressed in Eq. (2.29) can be simplified by as-

suming that the local density of states in the metallic tip, namely the term∑
μν |Tμν |2AT (μ, ω + eV ) in the integrand, is approximately constant over

the relevant bias values. At low temperatures, the current is then [67]

dI

dV
∝

∫ ∞

−∞
dω

(
−∂nF (ω + eV )

∂ω

)∑
ν

AS(ν, ω) (2.34)

∝
∑
ν

AS(ν,−eV ). (2.35)

That is, the derivative of the tunneling current is directly proportional to

the spectral function of the sample. This means that the single-particle

properties, such as adding and removing a particle in and out of the sam-

ple, can be measured using STM and STS. In principle, one can see par-

ticle additions (removals) to the sample in the positive (negative) bias,
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which is apparent in Eq. (2.31). STS can therefore be used to measure for

instance band gaps and other relevant energy gaps.

The tunneling matrix elements Tμν can also be solved explicitly if the

geometry of the system and the electronic states at the tip are assumed.

According to Tersoff and Hamann [86], dI/dV measures the local density

of states of the sample if a spherical s-type orbital at the tip and a semi-

infinite sample are assumed. In this case, the measured LDOS in the

single-particle picture can be written as

dI(r, V )

dV
∝

∑
i

|φi(r)|2δ(εi − eV ), (2.36)

where εi and φi(r) are the single-particle eigenenergies and eigenstates

of the system, respectively. If special tips are used, or the tip is contam-

inated, the STM images cannot necessarily be explained by assuming a

tip with s-type spherical symmetry. In such cases the tip might have for

instance p-type characteristics, and the tunneling matrix elements attain

a different form [87].

When simulating STM and STS measurements using Kohn-Sham DFT,

the simplest approximation is to use the Kohn-Sham eigenstates and en-

ergies in Eq. (2.36). This makes sense, since at least the total density is

presumably estimated with good accuracy, whereas the local density of

states is not guaranteed to be correct. The KS energy spectra does not

necessarily correspond to actual measurable energies – only the energy

of the highest-occupied KS state can be related to the first ionization en-

ergy [88].

In an actual STM experiment, the tip can be quite far away from the

sample (3-10 Å). In computational simulations however, especially using

DFT with a limited number of atom-centered basis functions, the molecu-

lar orbitals are not necessarily convergent far away from the molecule.

Therefore the simulated LDOS is typically probed much closer, for in-

stance about 3 Å away from the sample, but far enough not to see the core

electrons or the σ bonds in graphene. Furthermore, the spectral function

of an isolated molecule is described by Dirac delta functions. However, due

to the substrate, finite temperature and finite precision of the instrument,

the measured spectra is broadened. To compare to the experimental mea-

surements, one typically replaces the Dirac delta peaks with a Lorentzian

function, which can be motivated for instance by the broadening in the

Fano model [89].
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3. Computational methods

In this Thesis, the time-independent Schrödinger equation Ĥ |Ψi〉 = Ei |Ψi〉
is solved repeatedly using various computational methods. The objective

is to simulate especially the low-lying eigenstates |Ψi〉 and eigenenergies

Ei. However, the full many-body problem grows too large and intractable

even for systems with a few particles. Therefore, the art of computational

physics is to find the relevant approximations that leave the crucial phys-

ical properties intact. There are exceedingly many electronic structure

methods that are characterized by the approximations they use.

The ground state |Ψ0〉 contains information about the system at zero

temperature, and it can be used to evaluate observable averages and cor-

relation functions. While in the mean-field theories the N-body problem

is mapped in principle to N single-particle problems, there are no correla-

tions or entanglement in the Slater-determinant-type ansatz. To improve,

one can allow linear combinations of many Slater determinants or define

explicitly correlated ansätze to obtain even lower total energies and to

describe many-body phenomena. This scales the problem size up how-

ever, and it is meaningful to ask what subspaces or linear combinations of

Slater determinants are relevant to finding accurate approximations that

can also be simulated using reasonable computing resources.

This Chapter is organized as follows. The exact diagonalization method

and techniques related to the implementation of the method are discussed

first in Section 3.1. Section 3.2 concludes by briefly reviewing the Kohn-

Sham framework of density functional theory. Publication II and Publica-

tion III are discussed together with the computational methods.
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3.1 Exact diagonalization techniques

The exact diagonalization (ED) or configuration interaction (CI) method

refers to solving the ground state energy or several of the lowest eigenen-

ergies Ei and eigenvectors |Ψi〉. Typically, the Hamiltonian is represented

as a matrix in a given Slater determinant basis {|bμ〉} such that

〈bμ| Ĥ |Ψi〉 =
∑
ν

〈bμ| Ĥ |bν〉 〈bν |Ψi〉 = Ei〈bμ|Ψi〉 (3.1)

reduces to finding the eigenvectors (〈bμ|Ψi〉)μ and eigenvalues Ei of the

Hamiltonian matrix Hμν = 〈bμ| Ĥ |bν〉. The Slater determinants are de-

noted as |bμ〉, since the orbital occupations can be efficiently stored as bit

strings in computer memory. A standard exact diagonalization implemen-

tation does the following:

1. Evaluate and store the Hamiltonian one-body and two-body elements

tij and vijkm defined in Eqs. (2.10) and (2.11).

2. Construct the many-body basis B = {|bμ〉}.
3. Evaluate and store the Hamiltonian matrix Hμν as a sparse matrix.

4. Use an eigensolver, such as the Lanczos algorithm described in Sec.

3.1.1, to solve the lowest eigenvalues and eigenvectors of Hμν .

On some occasions, the elements tij and vijkm can be solved by analytical

integration, but usually numerical integration is required depending on

the single-particle orbital basis used. We have also recently modified the

DFT package FHI-aims [52] to print the elements out, enabling the use of

the implemented ED techniques together with first-principles input data.

In the second step above, the many-body basis can also be constructed on

the fly when operating on it with the Hamiltonian operator. This has the

advantage that the symmetry operations that commute with the Hamil-

tonian, namely [Ĥ, Âi] = 0, can be chosen to have the same eigenbasis,

resulting in a block diagonal form of the Hamiltonian matrix. Therefore,

if starting in a subspace that is fully contained in one of the blocks, the

basis states related to the other blocks are automatically skipped and not

constructed.

The objective was to develop and implement an ED method that is flex-

ible enough to apply as FCI (full CI), CISD (CI with singles and dou-

bles excitations) or someway interpolating between the two cases. FCI

would be needed for instance in case of a flat band with fractional filling,

such as fractional quantum Hall systems [90, 91] or triangular graphene

nanoflakes with zigzag edges [92]. On the other end, the CISD method can
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accurately simulate only systems with low correlation energies in general,

since it uses a smaller basis than FCI and is thus much faster. The chosen

reference state, where the excitations are generated from, also affects the

results of the calculation. As a result, the ED implementation was set to

have the following properties:

1. A matrix-vector product without necessarily storing the matrix ele-

ments Hμν in memory.

2. Arbitrary many-body basis B = {|bμ〉} that contain anything be-

tween singles excitations and all possible configurations.

The first condition ensures that the implementation can be used to solve

extremely large systems if needed. The second condition allows for a flex-

ible use of the method to finding observable properties in arbitrary sub-

spaces of the full problem. This property is used together with the many-

body basis truncation schemes described in Sec. 3.1.4.

3.1.1 Lanczos algorithm

In this work, the Lanczos algorithm [93, 94] is used to solve the lowest

eigenvalues and eigenvectors in ED calculations. It projects the total

space spanned by {|bμ〉} to a Krylov subspace

Kp(|Φ〉) = span
(
{|Φ〉 , Ĥ |Φ〉 , Ĥ2 |Φ〉 , . . . , Ĥp−1 |Φ〉}

)
(3.2)

that contains an accurate approximation of the extremal eigenvalues of

Ĥ [94], and |Φ〉 is a random initial state. The algorithm proceeds in each

step by operating with Ĥ to a vector, finding a new optimal direction to

add in the subspace. The Hamiltonian matrix is projected to a tridiagonal

matrix T in an orthogonal basis in the Krylov subspace. The extremal

eigenvalues of T approximate the extremal eigenvalues of Ĥ, and the cor-

responding eigenvectors of T can be mapped back to the full space. More-

over, the required dimension of the subspace p for the converged lowest

eigenvalue is much smaller (usually less than 102) than the size of the full

space (up to order of 109 since the vectors have to be stored in memory).

The computationally heaviest operation in each iteration is the matrix-

vector product, and therefore the Lanczos algorithm is efficient for finding

the lowest eigenvalues and eigenvectors of sparse matrices.

However, the higher eigenstates can lose orthogonality and the eigenval-

ues can collapse. There are clever methods that keep the Lanczos vectors

orthogonal [95], but even then the higher eigenvalues converge slower
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than the ground state. In this work, to ensure stability while solving

many of the lowest eigenvectors, the Lanczos algorithm was used sequen-

tially to find the next lowest eigenvector by solving the ground state of a

modified Hamiltonian Ĥ ′ = Ĥ +
∑k

i=0 ηk|Ψi〉〈Ψi|, where ηk lifts the lower

eigenvalues such that the ground state of Ĥ ′ is actually |Ψk+1〉. Moreover,

there are various efficient techniques for accessing the spectra and corre-

lation functions (up to a certain energy where accuracy is lost), namely

the continued fraction method that uses a single Lanczos call [51,96,97],

or the kernel polynomial method [98].

3.1.2 Iterating Hamiltonian matrix elements

The Hamiltonian matrix elements Hμν = 〈bμ| Ĥ |bν〉 are needed either

when storing the matrix in memory, or when evaluating the matrix-vector

product on the fly. The matrix elements can be iterated in several ways.

The size of the arbitrary many-body basis B = {|bμ〉} is dimB, the number

of particles is denoted as (Nσ), and the number of single-particle orbitals

is denoted as (Mσ). The brute-force approach is considered first:

Algorithm 1. Two nested loops.

For each |bμ〉 , |bν〉 ∈ B, evaluate Hμν = 〈bμ| Ĥ |bν〉.

This is awfully slow, since all [dimB]2 matrix elements are processed even

if most of them are zero. In practice, the elements 〈bμ| Ĥ |bν〉 are eval-

uated by first comparing the basis states |bμ〉 and |bν〉. If they differ by

more than two excited particles (or occupations), the two-body Hamilto-

nian coupling is zero. Otherwise, specific information on how |bν〉 relates

to |bμ〉 is needed. In the case of a 2-, 1- or 0-particle excitation, the relation

can be written as |bμ〉 = (−1)sĉ†iσ ĉ†jσ′ ĉmσ′ ĉkσ |bν〉, |bμ〉 = (−1)sĉ†iσ ĉkσ |bν〉, or

|bμ〉 = |bν〉, respectively. The orbital indices (i, j) and (k,m) denote the

orbitals created and annihilated in the excitation, σ, σ′ are the particle or

spin species, and (−1)s is a Fermi-sign. In the cases with 0- and 1-particle

excitations, one additionally needs the list of common occupations (Aσ),

namely the orbitals that are occupied in both states |bμ〉 and |bν〉. All this

information is sufficient to calculate the Hamiltonian matrix element. It

can be collected and called excitation data

E =
(
(i, j, k,m), (σ, σ′), (Aσ)σ

)
. (3.3)

The Fermi sign (−1)s originates from matching the ordering of the cre-

ation operators that defines the pre-constructed basis configuration |bμ〉.
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It can be deduced from the indices i, j, k,m and (Aσ) by counting the num-

ber of common occupations s (mod 2) between the orbitals that are created

and annihilated. Alternatively, one can store the number of common oc-

cupations before each creation and annihilation to determine the Fermi

sign.

With the excitation data described above, the matrix elements Hμν =

〈bμ| Ĥ |bν〉 that correspond to either 2-, 1- or 0-particle excitations can be

evaluated

H(2)(ijkm;σσ′; s) = (−1)s [vijkm − δσσ′vijmk] (3.4)

H(1)(ik;σ; (Aσ′); s) = (−1)s
⎡
⎣tik +∑

σ′

∑
p∈Aσ′

(vipkp − δσσ′vippk)

⎤
⎦ (3.5)

H(0)((Aσ′)) =
∑
σ

∑
p∈Aσ

tpp +
1

2

∑
σσ′

∑
p∈Aσ
q∈Aσ′

(vpqpq − δσσ′vpqqp) . (3.6)

The last formula is equal to Hμμ = 〈bμ| Ĥ |bμ〉. The first and second for-

mulae are straightforward to derive by identifying the 2-body and 1-body

terms in Ĥ that match the excitation indices i, j, k,m with species σ, σ′.

A more useful algorithm for iterating the Hamiltonian matrix elements

avoids processing the zero-valued elements altogether.

Algorithm 2. Basis vector lookup using hash functions.

For each |bν〉 ∈ B, iterate all possible 0-, 1-, and 2-particle excitations

with excitation indices i, j, k,m and species σ, σ′. In practice, one

first figures out which orbitals are occupied and unoccupied in |bν〉,
after which it is straighforward to loop over the possible combina-

tions of annihilations of occupied orbitals and creations to unoccu-

pied orbitals. In each case, a new Slater determinant |bν〉, ĉ†iσ ĉkσ |bν〉
or ĉ†iσ ĉ

†
jσ′ ĉmσ′ ĉkσ |bν〉 is constructed, but its index in the list of all ba-

sis vectors is not known. Therefore it is looked up, which can be done

by a search algorithm or more efficiently by a hash function, such as

Lin tables [99].

This is the standard implementation in many ED studies. However, as-

suming that the many-body basis B is arbitrary, the Slater determinants

that are constructed by excitations of |bν〉 are not necessarily contained

in the basis. This can happen on many occasions, for instance in a basis

containing only singles or doubles excitations of a reference state. More-

over, it is possible to construct bases, where most of the excitations of the

basis configurations are not contained in the basis. Therefore another al-
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Figure 3.1. A basis with singles excitations illustrated (a) as an array and (b) as a prefix
tree with the ordered creation operators at the edges. The indexing of the
binary digits starts at the rightmost column.

gorithm was developed to iterate only the Hamiltonian matrix elements

between basis vectors that are contained in an arbitrary basis.

The idea is to use a prefix tree structure to store all the basis configu-

rations |bν〉 ∈ B. As an example, a basis consisting of the singles excita-

tions of N = 2 particles in M = 5 single-particle orbitals is shown in Fig.

3.1. The edges (that connect one node to another) correspond to creation

operators that occupy orbitals to construct the basis configuration. The

occupied orbitals are ordered, and the prefixes are common to all the de-

scendants. The leaf node determines the basis vector, and it stores the

index of the basis vector in the list of all basis vectors. Since the path

from the root node to a leaf node is unique, the path itself can also be

considered to define the basis vector.

Tree structures are usually traversed using recursive functions, since

the nodes themselves are defined in a recursive manner. Such a recursive

function takes a pointer to a node as an argument. After processing the

information of the node where the pointer points to, the recursive function

calls itself for all the child nodes of the given node. This way all nodes in

a tree can be visited and processed. The basis vectors |bν〉 ∈ B that are

stored in a prefix tree can be iterated by such a recursive function simply

by passing the root node to the recursion. The recursive function termi-

nates at the leaf nodes, since there are no more child nodes to call. As

a result, each possible path from the root node to a leaf node is iterated,

and each path corresponds to a basis configuration |bν〉 ∈ B. Similarly, all

independent basis vector pairs (|bμ〉 , |bν〉) can be iterated by a recursive

function that takes two pointers as an argument. Such a function tra-

verses the tree recursively, calling itself with all possible pairs of the child
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nodes of both pointers.

Algorithm 3. Iterating excitations in a prefix tree of creation operators.

If a basis B is stored in a prefix tree as illustrated in Fig. 3.1, the

0-, 1- and 2-particle excitations can be iterated in a similar fashion

to all independent pairs as described above. The main difference is

that when passing the two child nodes to the recursion, the relative

excitations between the two (partial) configurations are kept track

of. For instance, the 0-particle excitations are iterated by passing

only the matching creation operators to the recursion. This results

in the same path taken from the root node to the leaf node for both

|bμ〉 and |bν〉. Similarly, 1(2)-particle excitations correspond to having

exactly one (two) differing creation operator in the full paths (from

root node to leaf node) between the |bμ〉 and |bν〉 configurations. Iter-

ating such paths can be implemented for instance by also allowing

one of the pointers to be passed unchanged together with one of the

other pointer’s child nodes.

There are clear benefits of using such a tree-based algorithm with an ar-

bitrary basis B:

1. Only the 0-,1- and 2-particle exctitations between |bμ〉 , |bν〉 ∈ B are

iterated. There can be, however, some branches in the recursion that

terminate before reaching the leaf nodes.

2. Processing the excitations early in the recursion is shared for all the

recursion calls that follow afterwards. Therefore the excitations do

not have to be explicitly or fully processed for all |bμ〉 and |bν〉 pairs.

3. The recursive function can keep track of the excitation data E , that is

the excitation indices i, j, k, m, the species σ, σ′ and the common oc-

cupations (Aσ). Therefore, some of the terms in Eqs. (3.4)-(3.6) can

be pre-evaluated early on in the recursion. The Hamiltonian matrix

element is, in most cases, almost fully evaluated when processing

the coupling at the leaf nodes.

There are also several drawbacks in using the prefix tree structure of

creation operators as described above. Firstly, the height of the tree grows

with the number of particles, making the tree traversal slow. Moreover,

long chains of prefixes without much branching is inefficient, such as in

the case of a frozen core with the same repeated occupied orbitals. That

being said, Algorithm 3 should work efficiently in cases where there are
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only a few particles and many single-particle orbitals, resulting in short

and wide tree structures. This is the case in the quantum dot systems

that were studied in Publications I-III. In fact, the prefix-tree-based al-

gorithm was initially designed and implemented to tackle exactly these

model systems. Nevertheless, the code was successfully applied also to

simulating graphene nanoribbons with more particles in Publication VII.

3.1.3 Sparse matrices in arbitrary subspaces

A more efficient algorithm in the general case would decompose the state

space into several subspaces, where the couplings between basis states

can be pre-processed and stored in sparse matrices. A straightforward

example would be to decompose the full state space H of two spin compo-

nents to their respective subspacesH↑ andH↓. The idea is that the Hamil-

tonian matrix inH can be constructed or iterated efficiently using the pre-

evaluated information and couplings within the subspaces H↑ and H↓. If

the number of particles Nσ are conserved, the decomposed two-body inter-

actions would look like
(
H(2) ⊗ 1

)
,
(
1⊗H(2)

)
and

(
H(1) ⊗H(1)

)
, where the

superscript denotes 2-body and 1-body excitations. The first two terms

are straightforward to implement, as the 2-body excitations within the

subspaces can be fully pre-evaluated and stored as scalar-valued sparse

matrices. However, the matrix elements related to the H(1) ⊗H(1) terms

depend on the full set of excitation indices (i, j, k,m) and particle species

(σ, σ′), such that the excitation data from the two 1-body excitations have

to be combined in order to evaluate the scalar-valued matrix element. In

such a case, the sparse matrices storing the couplings within the sub-

spaces would not be scalar-valued, but rather they would contain the par-

tial excitation data E instead.

In case of an arbitrary many-body basis, the same principles of subspace

decomposition can be applied. The basis can be again stored in a prefix

tree, but now the edges would preferably store the list of occupied basis

configurations (or rather their indices) of a given subspace. Instead of op-

erating with a sparse matrix directly, one compares the two lists of occu-

pied subspace configurations (of the two iterator pointers) to the couplings

stored in sparse matrices. The relevant couplings between the occupied

orbitals can be efficiently iterated. However, this algorithm was not used

in the Publications included in this Thesis, even if it has been partially

implemented by the Author.
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3.1.4 Many-body basis truncation schemes

The many-body basis has to be truncated in practical calculations. That

is, a system with N -particles of a single species at half filling already has

a dimension of
(
2N
N

) ∼ 4N√
πN

as N → ∞, and taking spin into account

squares it. The active space of single-particle orbitals is often reduced to

cope with the large many-body basis. However, in many cases it would

be better to have many single-particle orbitals, but to take only few of the

higher many-body excitations into account.

The many-body basis can be truncated based on an energy threshold

value [100]. If a Slater determinant |bν〉 ∈ B has a low energy 〈bν | Ĥ |bν〉 or

a low non-interacting (or MF) energy 〈bν | Ĥ0 |bν〉, it most likely has some

weight in the many-body ground state, and it should be included in the

basis that is used in an ED calculation. Such a truncation scheme can be

defined as

B′ = {|bν〉 : 〈bν | Ĥ |bν〉 < Ecutoff}. (3.7)

The off-diagonal elements of the many-body Hamiltonian matrix are ne-

glected. Moreover, it is straightforward to envision iterative methods that

first solve the ED ground state using a smaller basis, after which the

many-body basis or the single-particle orbitals can be tuned to enhance

the quality of the next ED calculation.

The energy cutoff so defined does not require a reference state, unlike

the singles and doubles excitations that are typically constructed with

respect to a mean-field solution. In the non-interacting case, the total en-

ergy is the sum of the occupied single-particle eigenenergies 〈bν | Ĥ0 |bν〉 =∑
occ. εi. Such an energy cutoff is efficient to implement, since the orbitals

with lower energies εi can be occupied first, and one can determine how

much energy the remaining occupations are allowed to take. In the in-

teracting case, the double sum over occupations is more difficult to imple-

ment without testing a large set of candidate many-body configurations. A

straightforward solution is to restrict the number of configurations with

a loose non-interacting cutoff, for which the interacting energy cutoff is

tested.

In Publication II, the correlation energies of two-dimensional quantum

dot model systems with harmonic confinement Vext(r) =
1
2ω

2r2 were eval-

uated using various methods. The correlation energy was defined as

EC = EGS − EHF, (3.8)

where EGS is the exact ground state energy from an ED or variational
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Figure 3.2. The total energy of a two-dimensional quantum dot with (3+3) electrons. The
FCI energy converges as a function of the non-interacing energy threshold of
the many-body basis. The grey region corresponds to the correlation energy.

quantum Monte Carlo (VMC) calculation, and EHF is the Hartree-Fock

(HF) energy. That is, the HF energy is the lowest energy of a separable

uncorrelated state that can be written as a single Slater determinant. By

doing extensive calculations on various closed-shell systems, a universal

scaling function was determined for the correlation energy that can be

used in devising two-dimensional exchange-correlation functionals.

The ground state energies that were evaluated with the exact diagonal-

ization used the basis truncation scheme with a non-interacting energy

cutoff. The convergence of the total energy as a function of the cutoff in a

(3 + 3)-particle system is shown in Fig. 3.2. The ED energy converges ex-

ponentially in a neat manner, capturing practically all of the correlation

energy in this particular example. Since ED is variational, the energies

converge from above, and therefore the correlation energies obtained can

be considered as lower bounds.. In some cases it might be feasible to ex-

trapolate to larger basis cutoffs, but it would not be variational.

3.2 Density functional theory

Density functional theory (DFT) is based on the two theorems by Hohen-

berg and Kohn [101]. The first theorem states that there is a one-to-one

correspondence between the electron density and the external potential.

The second theorem states that the ground state electron density can be
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obtained by using a variational principle. That is, there exists a universal

functional of electron density F [n] = F [n(r)], such that

E[n] =

∫
dr n(r)v(r) + F [n] (3.9)

has its minimum at the non-degenerate ground state energy of the given

system with an external potential v(r). Therefore, if the universal func-

tional F [n] were known, the ground state solution of the interacting many-

particle problem could be obtained by varying the density. However, the

functional is not known and it has to be approximated, but using the den-

sity n(r) as the basic quantity, instead of a complicated many-particle

wave function, is computationally more feasible. It is also worth not-

ing that there are many extensions to the original Hohenberg-Kohn theo-

rems [88,102].

In this work, the all-electron code FHI-aims [52] has been used to evalu-

ate the electronic structure and ground state properties of graphene-based

nanostructures. It uses the Kohn-Sham (KS) formulation of DFT [103],

where the many-electron problem is mapped into an auxiliary single-

particle problem(
−1

2
∇2 + vext(r) +

∫
dr′

n(r′)
|r − r′| + vσxc(r)

)
φσ
i (r) = εσi φ

σ
i (r), (3.10)

where vext(r) is the external potential and

vσxc(r) =
δExc[n↑, n↓]

δnσ(r)
(3.11)

is the exchange-correlation potential related to the exchange-correlation

energy Exc[n↑, n↓]. The total density is expressed using the KS orbitals as

nσ(r) =
∑
i

fσ
i |φσ

i (r)|2, (3.12)

where fσ
i are the occupations, such that fσ

i = 0, 1 or fσ
i ∈ [0, 1] if broaden-

ing is allowed. The auxiliary problem, Eq. (3.10) and Eq. (3.12), is solved

self-consistently, since the potentials depend on the previous solution. The

total energy can be written as a functional of the density

E[n↑, n↓] =
∑
σ

∑
i

fσ
i ε

σ
i −

∑
σ

∫
dr nσ(r)v

σ
xc(r)

+ Exc[n↑, n↓]− 1

2

∫ ∫
drdr′

n(r)n(r′)
|r − r′| + Enuc-nuc (3.13)

where the single particle exchange-correlation potential energy vσxc(r) is

subtracted and replaced with the exchange-correlation energy functional

Exc[n↑, n↓], and Enuc-nuc is the interaction energy between the nuclei. More-

over, half of the Hartree potential is subtracted to omit double counting.
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The Kohn-Sham formalism is widely-used, since kinetic energy function-

als of density are typically not accurate enough.

The PBE exchange-correlation functional [104] uses the generalized gra-

dient approximation. In addition to the densities nσ(r), the gradients

∇nσ(r) are used, and the functional can be written as

EGGA
xc [n↑, n↓] =

∫
dr n(r)fxc[n↑, n↓,∇n↑,∇n↓)]. (3.14)

Total energy and charge density of a system can in principle be evaluated

accurately using DFT given an accurate exchange-correlation functional.

However, even if the KS eigenenergies are commonly used to estimate the

band structure, there is only little theoretical foundation relating the two.

Similarly, band gaps are estimated within the KS formalism by evaluat-

ing the difference between the highest occupied and lowest unoccupied KS

eigenvalues (HOMO-LUMO energy gap). It is well-known that KS-DFT

with PBE or local-density approximation (LDA) functionals typically un-

derestimates the true band gaps [105]. One reason is that PBE and LDA

do not explicitly evaluate the exchange energy. There are many other

functionals that try to remedy this by mixing true exchange contribution,

such as B3LYP [106], and other methods that take the discontinuities of

the exchange-correlation potential into account [105].

3.2.1 Exchange-correlation potentials in two-dimensional
quantum dots

In strictly two-dimensional systems the exchange-correlation functionals

have to be modified with respect to their three-dimensional counterparts.

Even if such modifications exist [107,108], there are not extensive compar-

isons to accurate reference data. In Publication III, the inhomogeneous

two-dimensional quantum dots with few electrons in hard-walled and har-

monic potentials were solved using exact diagonalization. The exchange-

correlation potentials vxc(r) were determined from accurate ground state

densities using an iterative potential inversion algorithm. The results

were compared to the local-spin-density approximation (LSDA).

The densities of the majority and minority spin species and the inverted

exchange-correlation potentials are shown in Fig. 3.3 in the case of four

electrons in harmonic confinement ω2r2/2 in the (L, S) = (0, 1) state. The

ED and LSDA densities agree rather well in both the strongly confined

(large ω) and strongly correlated (small ω) limits especially for the ma-

jority species. However, some accuracy is lost in the case of minority
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Figure 3.3. (a) Majority and (c) minority spin densities as a function of the distance from
the quantum dot center in a system with a harmonic confinement ω and four
electrons in state (L, S) = (0, 1). The corresponding exchange-correlation po-
tentials of the (b) majority and (d) minority spin components. The solid lines
are from exact diagonalization data, and the dashed lines are from using the
LSDA functional. The thin dotted lines show the −1/r asymptotic behaviour.
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species at low ω. Increasing the number of electrons improves the results

evaluated by LSDA with respect to ED. Furthermore, LSDA shows wrong

asymptotic behaviour of vxc(r) due to its lack of self-interaction correction.

The numerical data generated in Publication III should be useful in con-

structing and parametrizing exchange and correlation energy functionals

in two dimensions.
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4. Impurities in graphene

Materials are almost never without imperfections, and graphene is no ex-

ception. Producing large patches of graphene, especially by the industry-

standard chemical vapor deposition, results in polycrystalline structures

with grain boundary defects [109,110]. In addition, point-defects can form

during growth or processing, such as structural defects [111], impurities

and adatoms. On the one hand, defects can be undesirable since they

commonly deteriorate the host material properties, but on the other hand

they can also offer new properties and functionalization, for instance in-

troducing a band gap [112–115].

In this Chapter, the results on simulating impurities in graphene is

reviewed. Section 4.1 presents the structure, energetics and electronic

structure of silicon, oxygen and nitrogen impurities and composites of

them. In Section 4.2, the tight-binding model fittings to first-principles

calculations are explained. In Sections 4.3 and 4.4, the models of ran-

domly distributed and magnetically ordered and disordered impurities

are presented. The results on electronic transport and spin relaxation

of the models defined in this Chapter are described in more detail in Pub-

lication IV and Publication V.

4.1 Silicon, oxygen and nitrogen impurities

Silicon impurities can, in principle, form in graphene, since graphene is

often grown on silicon substrates, such as silica (SiO2) or silicon carbide

(SiC). Graphene devices can also be integrated with silicon technologies,

and silicon atoms may find their way to graphene in some environmental

conditions, even if it is often considered energetically unfavourable. Sili-

con impurities could also be generated on purpose by postsynthesis treat-

ments such as ion-irradiation [38, 116, 117]. Silicon and silicon-nitrogen
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impurities have been seen in experiments [53–55], and they are expected

to be reasonably stable defects in the graphene backbone. Moreover, nitro-

gen, oxygen and hydrogen atoms can play a role in the formation of silicon

and silicon-composite impurities. Substitutional nitrogen defects have an

especially low formation energy [118], and they dope their surroundings

to alter the electronic properties.

To estimate the abundance of a certain type of a defect, or the likelihood

of one to form, the defect formation energy is a straightforward measure.

The zero-temperature formation energy is defined as

Ef = E −
∑
i

niμi, (4.1)

where E is the total energy of a system with the defect, and ni and μi are

the number of atoms and the chemical potential of an atom of species i,

respectively. The chemical potential values can be chosen in many ways,

depending on the expected chemical environment. The choices are espe-

cially important if one compares defect formation energies between sys-

tems with different numbers of atoms. For instance, μC is naturally cho-

sen as the total energy of pristine graphene per carbon atom, and μH is

chosen as half the total energy of an isolated hydrogen molecule H2. In

essence, the defect formation energy compares the total energy of the de-

fected system to the reference systems that are obtained by re-organizing

the atoms.

In Publication IV, various kinds of silicon, oxygen, nitrogen, silicon-

oxygen, and silicon-nitrogen impurities were studied using first-principles

DFT by relaxing the atomic structure of the defects in large supercells,

approaching the dilute limit. The formation energies and magnetic prop-

erties were evaluated, and hydrogen adsorption was touched upon by con-

sidering hydrogen adatoms on some of the impurities. The geometries

and the formation energies of selected impurities are shown in Fig. 4.1.

The details of the calculations can be found in Publication IV. Due to the

high number of defects studied, the impurities are denoted by shorthands.

For instance, a substitutional silicon atom at a monovacancy is denoted

as 1Si, and at a divacancy as 2Si.

Silicon adatoms are predicted to be mobile on graphene based on the

formation energy calculations. Namely, in a supercell geometry and using

good-quality numerical basis sets, the silicon adatom relaxes to an almost

top-position, as shown in 4.1(a). Alternatively, the bridged adatom posi-

tion results in only a few meV higher energy, and restricting the silicon
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(a) Si-top

fE  = 4.3 eV
(b) 1Si

fE  = 3.8 eV
(c) 2Si

fE  = 4.6 eV

(d) O-bridge

fE  = 0.4 eV
(e) O-top @ 1Si

fE  = 1.4 eV
(f) O-bridge @ 2Si

fE  = 1.7 eV

(g) 1N

fE  = 0.9 eV
(h) 1Si-1N

fE  = 3.3 eV
(i) 2Si-1N

fE  = 3.2 eV

(j) H-top

fE  = 1.5 eV
(k) H-top @ 1Si

fE  = 3.2 eV
(l) H-top @ 1Si-1N

fE  = 2.0 eV

Figure 4.1. Atomic geometries of selected impurities containing silicon (large green
spheres), oxygen (red spheres), nitrogen (blue spheres), and hydrogen atoms
(small yellow spheres). The impurities are relaxed in 11× 11 supercells, and
only the defect neighbourhood is shown.
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atom exactly on top a carbon atom results in a 0.14 eV energy increase.

As the top and bridged positions for the silicon adatom are spatially close

with similar formation energies, and the isolated silicon atom does not

have much more energy, the energy barrier of moving between the two

adatom positions is estimated to be lower than 0.5 eV, implying high mo-

bility in room temperature. Further evidence for high mobility includes

relaxations of a silicon adatom on finite freestanding graphene nanois-

lands. In this case the adatom can relax to either almost-top or bridged

position, but the adatom can hop from the vicinity of one carbon atom to

another. For instance, in case of a 60-carbon-atom triangular flake with

armchair edges, the relaxation of the atomic positions takes the silicon

adatom from the nanoisland center all the way to the edge. It should be

noted, however, that the local relaxation algorithm is not the same as for

instance molecular dynamics.

The mobile silicon adatoms are expected to fill monovacancies and di-

vacancies in graphene and form silicon substitution defects 1Si and 2Si,

shown in Fig. 4.1(b-c). That is, the 1Si and 2Si defects have much lower

formation energies (3.8 eV and 4.6 eV) than monovacancy (1Vac, 7.5 eV

[111]) or divacancy (2Vac, 8 eV [111]) plus silicon from almost any source,

such as isolated atom (4.7 eV) or even crystalline silicon in diamond cubic

lattice (0 eV, reference). Assuming the silicon is already on graphene as

adatoms, the possible outcomes can be written as

1Vac + Si-top → 1Si + 8.0eV

2Vac + Si-top → 2Si + 7.8eV.

However, the details of the energy barriers and the effects of the ambient

conditions are not considered. As shown in Fig. 4.1(b) and (c), the Si-

C bonds in the 1Si impurity are longer than the C-C bonds (1.75 Å vs

1.42 Å), resulting in a slight out-of-plane protrusion, whereas a divancy is

large enough to host a silicon impurity in a planar configuration.

Oxygen atoms originating from O2 molecules do not stick to graphene

per se, as the binding energy is roughly 0.4 eV. Isolated oxygen atoms,

however, prefer to bind to graphene in a bridged adatom position and to

fill the expensive monovacancies or divancies. More interestingly, the oxy-

gen adatoms on 1Si and 2Si (O-top@1Si and O-bridge@2Si), shown in Fig.

4.1 (e-f), have clearly lower formation energies than 1Si and 2Si. Namely,

oxygen atoms bind easily to 1Si and 2Si. For instance, a system of 1Si and

O2 would gain roughly 2 eV if forming O-top@1Si and O-bridge, or a sys-
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Figure 4.2. Total energies (top) and spin moments (bottom) of systems with (a) 1Si and
1N impurities and (b) with 2Si and 1N impurities as a function of the distance
between the Si and N atoms. The values are evaluated in a 11× 11 supercell
using PBE and tight basis sets.

tem of 2Si and O2 would gain roughly 2.5 eV if forming O-bridge@2Si and

O-bridge. The 1Si impurities have been shown to be reactive to the ad-

sorption of small gas molecules CO, O2, NO, NO2 and H2O, also distinctly

altering the electronic structure, making it possible to use the impurities

as sensors [119,120]. Alternatively, uncontrollable adsorption of ambient

gas molecules on the silicon impurities can therefore hinder their useful-

ness.

Nitrogen atoms are trapped to monovacancies as well, resulting in the

planar 1N substitutional impurity shown in Fig. 4.1(g). Such an impurity

is interesting since the 7-electron nitrogen atom bonds to the neighbour-

ing carbon atoms with σ bonds, doping its surroundings [121]. Doping

silicon impurities in a similar manner is expected to alter their electronic

properties. It turns out that 1Si and 2Si impurities prefer close proximity

to nitrogen substitutions, as shown in Fig. 4.2. The composite defects with

neighbouring silicon and nitrogen impurities, 1Si-1N and 2Si-1N shown

in Fig. 4.1(h-i), have remarkably low formation energies. They have been

experimentally identified and the chemical bonding of the impurity atom

has been directly measured [53, 54]. The silicon-nitrogen composite im-

purities can be used, for example, in metal-free sensors for NO2 detec-

tion [122].

The 1Si-1N defect has a finite spin moment of 1.0μB, the same as a
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Figure 4.3. Spin densities of (a-b) 1Si-1N and (c-d) H-top impurities, viewed from the
side (a,c) and from the top (b,d). Rendered using Vesta [123].

hydrogen adatom that resides exactly on top of a carbon atom, as shown

in Fig. 4.1(j). The spin density isosurfaces of both impurities are shown

in Fig. 4.3. The spin moments are clearly sublattice-dependent, even in

the case of 1Si-1N where the graphene point group symmetry is broken.

The spin density of 1Si-1N arises from the odd electron of the nitrogen

atom, resulting in a spin-polarized impurity state that is centered around

the silicon atom. The magnetism is quenched if the 1Si and 1N impurities

are further away from each other, as shown in Fig. 4.2, or if the system

is hydrogenated. Curiously, even if 1Si-1N and H-top are magnetic by

themselves, the defects such as H-top@1Si and H-top@1Si-1N, shown in

Fig. 4.1(k-m), or any other of the hydrogenated silicon or silicon-nitrogen

impurites studied, are not magnetic.

4.2 Fitting of tight-binding models

The first-principles DFT calculations accurately describe individual im-

purities in graphene. However, in order to study a random distribution

of impurities in large realistic samples, a more efficient description is re-

quired. In Publication IV, the electronic structures of supercells contain-
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Figure 4.4. Band structure, DOS and atom-projected pDOS of a 8×8 supercell containing
a 1Si defect. The solid lines are from DFT, and the dotted lines are from
the tight-binding model. The atom labels C1, C2, C3 and C4 correspond to
the first-, second-, third- and fourth-nearest-neighbour carbon atoms of the
silicon atom, respectively. The total pDOS (black lines) can be decomposed
to s-type (yellow), p-type (light blue) and d-type (red) contributions. Pristine
graphene band structure and DOS are shown as thick grey lines.

ing 1Si, 1Si-1N, 2Si and 2Si-1N impurities were evaluated using DFT,

and tight-binding models were fitted to the band structure in the first

Brillouin zone close to Fermi energy. The simple tight-binding model with

one site/orbital per atom was sufficient to capture the relevant π electron

bands, since a silicon atom is valence isoelectronic to a carbon atom, and

nitrogen atoms can form σ bonds as well. Initially, only a minimal number

of hoppings and on-site potentials were allowed in order to check which

of the parameters were essential for a good fitting. It turned out that

the nearest-neighbour hoppings and on-site potentials at the silicon and

nitrogen atom sites were sufficient. The fittings were surprisingly accu-

rate close to the Fermi energy, even without using longer than nearest-

neighbour hoppings or Gaussian potentials that are required to describe

substitutional nitrogen impurities [121].

The impurity model for the silicon substitution defect, shown in Fig.

4.1(b), is written as

Ĥ = Ĥ0 +
∑
〈C,Si〉

tC-Si
1

(
|C〉〈Si|+ H.c.

)
+ εSi|Si〉〈Si|, (4.2)

where Ĥ0 is a graphene tight-binding Hamiltonian describing up to third-

nearest-neighbour hoppings between carbon atoms, and the sum goes

through the three nearest-neighbour carbon atoms of the silicon atom.

The fitted Si-C hopping tC-Si
1 = −1.123 eV is clearly weaker than a C-C

hopping tC-C
1 = −2.855 eV. Moreover, the fitted silicon on-site potential is

positive but small, namely εSi = 0.118 eV. The band structure along a path

between high symmetry points in the reciprocal space, density of states
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(DOS) and the atom-projected partial density of states (pPDOS), evalu-

ated by both DFT and the fitted tight-binding impurity model, are shown

in Fig. 4.4. The tight-binding model is accurate especially in the occupied

side in the energy window shown, whereas the bands and the total DOS

at energies higher than 1.3 eV start to deviate from the first-principles re-

sult. Furthermore, even if the 1Si impurity breaks the sublattice symme-

try and relaxes with out-of-plane protrusion, the band structure is similar

to pristine graphene band structure. There is only a minor band gap of

0.024 eV at the K point.

Ref. [47] studied hydrogen adatoms using a combination of Hubbard and

tight-binding models in a lattice, where the sites of the hydrogen adatom

(H) and the carbon atom below it (C0) were removed. That is, since the

pz orbital of C0 bonds with the hydrogen s-type orbital, it does not partic-

ipate in the π electron bands. Removing the carbon site from the lattice

results in a sublattice imbalance, implying a finite spin by Lieb’s theo-

rem [50]. The magnetic properties of the impurity were evaluated by us-

ing the Hubbard model in the mean-field approximation

Ĥ =
∑
σij

tij ĉ
†
iσ ĉjσ + U

∑
i

[n̂i↑〈n̂i↓〉+ n̂i↓〈n̂i↑〉] . (4.3)

The resulting spin density 〈n̂i↑〉 − 〈n̂i↓〉 depends on the interactions be-

tween the impurities. In case of isolated impurities, namely in the dilute

limit, the spin density is extended as an edge state around the vacancy

in the lattice. This implies that if Eq. (4.3) is used with fixed mean-field

densities as the tight-binding impurity model, the on-site potentials sur-

rounding the defect are highly spin-dependent.

In Publication V, another tight-binding impurity model for the hydrogen

adatom was devised that was fitted to first principles in the dilute limit.

Now, the C0 and H sites were not removed from the lattice. Instead, the

hydrogen site was allowed to have a finite spin-dependent on-site poten-

tial and a nearest-neighbour hopping to C0. The resulting Hamiltonian

was

Ĥ =Ĥ0 + tC0-H
(
|C0〉〈H|+H.c.

)

+ |H〉〈H| ⊗
(
ε↑| ↑a〉〈↑a |+ ε↓| ↓a〉〈↓a |

)
, (4.4)

where | ↑a〉〈↑a | and | ↓a〉〈↓a | are projections to the impurity majority and

minority spin states. This model was fitted not only to the first-principles

band structure, but also to the DOS and pDOS to ensure better match of

the energy eigenstates. The fitted parameters are tC0-H = 9.5 eV, ε↑ = 1.9

40



Impurities in graphene

Figure 4.5. Spin-polarized band structure, DOS and pDOS of a 8×8 supercell containing
a hydrogen adatom. The atom below the hydrogen atom is labeled as C0, and
the first-, second- and third-nearest-neighbour atoms to are labeled as C1, C2

and C3, respectively.

eV and ε↓ = 4.7 eV. The DFT and tight-binding band structures, DOS and

pDOS show a good agreement, as seen in Fig. 4.5. It is curious that the

two different models, Eq. (4.3) and Eq. (4.4) that both describe hydrogen

adatoms in the dilute limit would have similar electronic structure close

to Fermi energy. That is, the eigenenergies and eigenstates of the two

Hamiltonians should be similar.

Fitting tight-binding models to substitutional transition metal impuri-

ties, such as manganese (25Mn) and iron (26Fe), was also attempted in the

dilute limit, but the results were not as accurate as for the silicon, silicon-

nitrogen and hydrogen impurites. This was most likely due to inadequate

treatment of the larger impurity atoms. A single site model is clearly in-

sufficient, since Mn and Fe impurities can have magnetic moments that

are as high as 3μB or even slightly higher [35]. Therefore, one would have

to go beyond simple tight-binding description at the impurity, or model

only the non-localized π electrons by removing any local impurity states

from the model.

4.3 Impurities with collinear spins

In general, a DFT calculation with collinear spin produces band struc-

tures and density of states for both the majority and minority spin com-

ponents, and tight-binding models can be fitted individually to both spin

channels. Such a description without explicit interactions can be applied

only to the particular magnetic solution that has been used in the fitting.

The models studied here were fitted in the dilute limit. That is, taking

a large enough computational supercell assures that the spin moments
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(and all states) around the impurity are not perturbed much by the peri-

odic images.

Tight-binding models of realistic systems containing many randomly

distributed impurities can be written as

Ĥ = Ĥ0 +
∑
i

Ĥi(ai), (4.5)

where i are the indices of the impurities, and ai describes the impurity

spin moment direction. The directions ai can be manually or randomly

chosen based on the estimated magnetic ordering. One could also intro-

duce an interaction term that would determine the spin moments. In the

ferromagnetic case all impurity spins point to the same direction, and

the electronic structure can be evaluated for both the majority and mi-

nority models separately. The 1Si-1N impurities prefer antiferromagnetic

ordering, whereas the magnetism of several hydrogen adatoms depends

on the sublattices they bind to. Namely, hydrogen adatoms on the same

sublattice results in ferromagnetic (FM) order [124], and two adatoms

on different sublattices results in antiferromagnetic (AFM) order [47],

whereas the AFM order is suppressed if the hydrogen adatoms are too

close together [47, 125]. The AFM and FM states of hydrogen adatoms

can be switched by applying a strong external magnetic field of the order

10 T [47,126].

In Publication IV, transport properties of realistic samples with ran-

domly distributed 1Si-1N impurities were studied computationally using

the linear-scaling real-space Kubo-Greenwood method [56–59]. Both FM

and AFM ordered impurities were studied at the concentration of 0.5%

silicon atoms. In the FM ordered case, the majority and minority spin

channels had clearly complementary electronic properties. The majority

channel had occupied impurity states just below the Fermi level, whereas

the minority channel had a band structure of a semimetal similar to the

1Si band structure in Fig. 4.4. The resulting transport properties reflect

the electronic structure: there is scattering mostly at the energies of the

impurity states. In the AFM ordered case, the majority or minority tight-

binding model was randomly chosen for each impurity, even if this does

not enforce antiferromagnetic locally. The resulting transport properties

mimicked those of both the majority and minority spin channels. Fur-

ther details on the electronic and transport properties of the silicon and

silicon-nitrogen impurities can be found in Publication IV.
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Figure 4.6. The tight-binding impurity model Hamiltonian can be decomposed into the
spin-unpolarized part Ĥmean and the spin-dependent parts Δ̂⊗ [a · σ̂] for each
impurity a1, a2 and a3. Two possible paths resulting in quantum interfer-
ence are depicted with yellow and red dashed lines.

4.4 Impurities with noncollinear spins

In a realistic system with many randomly distributed impurities at low

concentrations, the interactions between the impurity spin moments can

be assumed weak. External perturbations such as finite temperature or

local Zeeman terms originating from graphene curvature or substrate can

result in the impurity spin moments pointing in arbitrary directions. Fur-

thermore, the impurity spins can become frustrated, which is challeng-

ing to study accurately. In these cases it is motivated to simulate a sys-

tem, where the impurity spins are considered as classical vectors ai, as in

Eq. (4.5), that point in predetermined and even noncollinear directions.

If there is no common spin basis for the impurity spins, the electron spin

does not necessarily align with the impurity moment. In such a case, the

tight-binding impurity Hamiltonian can be explicitly written as

Ĥ(a) = Ĥ↑ ⊗ |↑a〉 〈↑a|+ Ĥ↓ ⊗ |↓a〉 〈↓a|
= Ĥmean ⊗ 1 + Δ̂⊗

[
a · σ̂

]
, (4.6)

where Ĥ↑ and Ĥ↓ are the fitted majority and minority Hamiltonians, and

the electron spin is projected to the defect majority and minority spin

states |↑a〉 and |↓a〉, respectively. In Eq. (4.6), the majority and minority

models are decomposed to the spin-independent part Ĥmean = (Ĥ↑+Ĥ↓)/2

and to the spin-dependent part, where Δ̂ = (Ĥ↑ − Ĥ↓)/2, a is the direc-

tion of the defect spin moment with respect to the electron spin basis,

and σ̂ is the Pauli spin operator. The spin-dependent term a · σ̂ corre-

sponds to spin-flips (σx), phase-flips (σz) and both of the previous at the

same time (iσy). The Hamiltonian in a system with multiple impurities is

represented graphically in Fig. 4.6.

In Publication V, spin relaxation of graphene was studied as result-

ing from noncollinear hydrogen adatoms. Graphene has a long spin re-

laxation length, but the dominant spin relaxation mechanisms are still
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Figure 4.7. Comparison of spin relaxation lengths between Publication V, Kochan et al.
[127], Soriano et al. [47] and Wojtaszek et al. [128].

debated. Spin-orbit coupling imposes some limits to the spin relaxation

length [129], but there is evidence [130] that magnetic impurities would

play an even more crucial role. The experimentally measured spin relax-

ation lengths vary between 1− 200 μm [128,131–135].

In case of random noncollinear impurity spin moments, the spin-flips

cannot be avoided, and the phase-flips result in interference of the elec-

tron wave function. The spin relaxation from noncollinear spins is ex-

pected to be inherently different than from collinear spins, such as FM

or AFM ordering. Moreover, in the case of an individual impurity, the

relative direction of the electron and impurity spin moments, character-

ized by a in Eq. (4.6), has a strong effect on spin scattering [136]. In

Publication V, the spin-dependent transport calculations were done us-

ing the Landauer-Büttiker formalism that evaluates the transmittance

between two leads. The method can be straighforwardly extended to eval-

uate transport between the two spin channels, since the spinful Hamilto-

nian can be mapped to a spinless bilayer model as depicted in Fig. 4.6.

The spin relaxation length λS resulted in small values especially at the

energies of the impurity bands due to their spin-flip scattering. A com-

parison of the results on the spin relaxation lengths from various works

is shown in Fig. 4.7. Further details can be found in Publication V.
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The possible directions of zigzag (zz) and armchair (ac) edges in graphene

backbone are illustrated in Fig. 5.1. While the zigzag edge is in the direc-

tion of second-nearest-neighbour atoms, the armchair edge is along the

direction of the first- and third-nearest neighbour. There are of course a

continuum of chiral edge directions in angles between the zz and ac direc-

tions, but they are not considered in this work. They should have similar

properties to zigzag edges or zigzag edge segments, whereas the armchair

edge directions are more special (no edge states) [45]. Zigzag graphene

nanoribbons (ZGNR), which have two opposing zigzag edges, have differ-

ent sublattice termination at the edges, zz(A) or zz(B), which has direct

consequences on the edge properties. For instance, to alter the zigzag edge

termination, the edges have to be rotated by π
3 +

2π
3 Z. Furthermore, in the

case of epitaxial graphene on a substrate, the edges may have preferred

directions, or otherwise they may reconstruct. In some cases, many tri-

angular nanoislands with the same edge directions can be clearly visible

Figure 5.1. The possible edge directions of zigzag (zz) and armchair (ac) edges. zz(A) and
zz(B) differ by that they are exclusively on A or B sublattices, respectively. As
a result, the triangular zz(A)-nanoflakes have more atoms in the A sublattice,
or vice versa.
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in experiments. Similarly, when synthesizing heterostructures, such as

graphene–hexagonal boron nitride interfaces, the growth usually prefers

certain interface types and directions.

This Chapter is organized as follows. Section 5.1 briefly reviews the

electronic structure of graphene nanoribbons. Results from Publications

VI-VII on finite graphene nanoribbon simulations are presented in Sec-

tion 5.2. The synthesis and electronic structure of graphene–hexagonal

boron nitride interfaces, described in more detail in Publications VIII-IX,

are discussed in Section 5.3.

5.1 Graphene nanoribbons

As an introduction, the electronic structure of periodic graphene nano-

ribbons (GNR) is briefly reviewed. The atomic structures of a 7-atom-

wide armchair graphene nanoribbon (7-AGNR) and a 6-atom-wide zigzag

graphene nanoribbon (6-ZGNR) are shown in Fig. 5.2 in order to define

the ribbon structures and the notation. The ribbon geometry is ideal for

studying the zz and ac edges, however one cannot have the same sublat-

tice termination in opposing zigzag edges.

5.1.1 Armchair edges

The band structures of 5-AGNR, 7-AGNR and 9-AGNR are shown in Fig.

5.3. AGNRs are semiconductors with a band gap at the Γ point. The gap

opening can be explained by distortions to the bonds and bond lengths at

the edge with respect to the bulk [75]. There are no distinct edge states

1 2 3 4 5 6 7 1 2 3 4 5 6

a b

Figure 5.2. The atomic structure of (a) 7-AGNR and (b) 6-ZGNR. The black and grey
spheres represent the two sublattices in graphene, and the small yellow
spheres at the edges are passivating hydrogen atoms. The dashed lines indi-
cate the computational unit cells.
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Figure 5.3. Band structures of (a) 5-AGNR, (b) 7-AGNR and (c) 9-AGNR from DFT calcu-
lations using the PBE exchange-correlation energy functional. A more proper
treatment of the electron-electron interactions would result in larger band
gaps [137].

present. AGNRs can be further divided into three families based on their

widths N = 3p, N = 3p + 1 and N = 3p + 2, where p ∈ N. The family

with N = 3p + 2 has the lowest band gaps, as seen in Fig. 5.3(a) in the

case of the 5-AGNR, whereas the 7-AGNR has clearly a larger band gap.

Within each family, the band gaps are inversely proportional to the ribbon

width [44,75]. A large enough band gap is a prerequisite in many applica-

tions. On the other hand, a small enough band gap could result in metallic

behaviour at room temperature, which is essential for interconnects.

5.1.2 Zigzag edges

The band structures of a 10-ZGNR from DFT calculations using one (spin-

less) and two (collinear) spin components are shown in Fig. 5.4. The spin-

less band structure has flat bands in k ∈ [
2π
3d ,

π
d

]
, where d is the lattice

vector of the computational unit cell. These states are the so called zero-

energy, end-localized states at the zigzag edges that decay exponentially

towards the ribbon center, spreading more if further away from the k = π
d

point. The two flat bands result for the most part from the pz orbitals of

the two carbon atoms at the opposite edges in the smallest computational

unit cell. The edge states have been measured by STM and STS [138].

Since the flat bands at the charge neutrality point are only half-filled, in-

teractions can induce correlations in the ground state [42–44,49,139,140].

As seen in Fig. 5.4(b), taking the electron-electron interaction properly ac-

count in a spinful calculation results in a spin-split band gap due to the

edges becoming spin-polarized. That is, the opposite edges are antiferro-
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Figure 5.4. Band structure of a 10-ZGNR from (a) spinless (one spin component with
orbital occupations in [0, 2]) and (b) spin-collinear DFT calculation using the
PBE exchange-correlation functional. In the spinful case, the carbon atoms
at the opposite edges have opposite Hirshfeld spin moments of ±0.20 μB .

magnetically ordered, whereas the edges are internally ferrimagnetically

ordered. Furthermore, doping the ZGNRs produce a rich phase diagram

of magnetic orders [141–143]. The zigzag edges serve as key components

in various applications proposed in spintronics [44, 144] and valleytron-

ics [10,145].

5.2 Finite armchair graphene nanoribbons

Recent developments in the bottom-up synthesis of atomically precise

graphene nanostructures has made it possible to study their properties

in detail. The systematic growth of finite AGNRs of various widths and

lengths can be achieved in ultrahigh vacuum using surface-assisted poly-

merization and subsequent cyclodehydrogenation [146–149]. In Publi-

cation VI, the five-atom-wide AGNRs, or 5-AGNRs, were grown in this

manner using the dibromoperylene (C20H10Br2) precursor molecules on

Au(111) substrate, as schematically represented in Fig. 5.5(a). Simi-

larly, in Ref. [150] the 10-10’-dibromo-9,9’-bianthryl precursor was used

to grow 7-AGNRs on Au(111), as shown in Fig. 5.5(b), which motivated

the theoretical study of 7-AGNRs in Publication VII. The AGNRs are ex-

pected to be weakly physisorbed on the gold substrate and slightly hole-

doped [151, 152]. The carbon atoms at the edges are assumed to be pas-

sivated by single hydrogen atoms [153], even if such edge passivation re-

quires low hydrogen concentration in free-standing ribbons [154]. With-

out passivating hydrogen atoms, the zigzag edges could reconstruct [155].
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Figure 5.5. Reaction schemes of the on-surface polymerization of (a) dibromoperylene
precursor molecules to synthesize 5-AGNRs, and (b) 10-10’-dibromo-9,9’-
bianthryl precursor molecules to synthesize 7-AGNRs [150]. The number
of monomers (shown in the right side) is used as the unit of ribbon length.

5.2.1 Real-space STM imaging

The electronic states of AGNRs can be analyzed by Bloch’s theorem that

states the Bloch waves ψk(r) = eik·ru(r) are energy eigenstates of the pe-

riodic ribbon, where u(r) has the same periodicity. Such wave-like states

are present also in finite ribbons, where the ribbon length determines

which wave vectors are allowed, similar to the particle in a box model.

Moreover, the energy eigenstates of the finite ribbon are also eigenstates

of the symmetry operations, such as rotations, reflections and inversion,

that commute with the Hamiltonian. Namely, the energy eigenvalues and

eigenvectors correspond to irreducible representations of the symmetry

group. As a result, the experimental STM maps and computational esti-

mates of the molecular orbitals should be able to be mapped one-to-one

based on symmetry arguments, at least in principle.

In Publication VI, the constant-height dI/dV maps and spectra of the

5-AGNR electronic states were measured. The STM maps at the peak en-

ergies were compared to computational LDOS maps evaluated using DFT.

The results of the three- and five-monomer-long ribbons are shown in Fig.

5.6. Especially the three-monomer 5-AGNR STM maps show remarkable

resolution and agreement between experiment and theory. In the five-

monomer AGNR case, the nodes of the wave-like states are clearly visible

even if some of the resolution is lost in the positive bias. The 5-AGNRs

are so narrow that the ribbon must be long enough to fully accommodate

zigzag edge states. Namely, the three- and five-monomer-long 5-AGNRs

seem to support only a single edge state in the negative bias, as seen in

Fig. 5.6(c-d) (label 2), whereas the first STM map in the positive bias ex-

tends across the whole ribbon (label 3). Based on DFT simulations, such
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Figure 5.6. (a,b) Experimentally measured dI/dV spectroscopy of (a) three-monomer and
(b) five-monomer 5-AGNRs. The curves are shifted for clarity, and the black
curve is the spectra of the Au(111) substrate to identify and neglect any sub-
strate states. The inset indicates the tip position in each case. The corre-
sponding (c-d) experimental constant-height dI/dV maps, and (e,f) computa-
tional LDOS maps evaluated using DFT.

extended LUMO state corresponds to a spinless case without magnetic

order. In longer than 6-monomer-long ribbons, the edges become AFM

ordered, and the HOMO and LUMO states look as similar localized edge

states.

In Publication VII, the electronic states of three-monomer 7-AGNRs

were studied using first-principles DFT and the Hubbard model. The

Hubbard model was solved both at the mean-field level and tackling the

many-body problem using ED techniques. As shown in Fig. 5.7, the sim-

ulated STM maps agree extremely well between the methods, validating

the use of Hubbard model and the mean-field approximation. The single-

particle local density of states (LDOS) and the many-body spectral func-

tion at the STM tip position were used to simulate the dI/dV maps. The

many-body spectral function has a double peak structure at both sides of

the Fermi level that originates from the eigenenergies of systems with one

added or removed electron. This is not seen in the spectra from the other

methods. Moreover, the STM maps clearly show the end-localized edge

states close to the Fermi level. In these simulations of the finite 7-AGNR,

the opposite zigzag edges are AFM ordered.
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Figure 5.7. Simulated STM maps of a three-monomer 7-AGNR from first principles
(DFT), mean-field Hubbard model (Hubbard-MF), and many-body Hubbard
model (Hubbard-MB). On the right, the corresponding STS spectra is shown.
The many-body Hubbard model energy values are the ground state spectral
function peak energies.

5.2.2 Magnetic edge states

The finite AGNRs have zigzag segments at the ends that support zero-

energy edge states similar to periodic ZGNRs. The resulting intricate spin

correlations depend on the shape of the graphene system and doping. In

neutral ribbons, the spins are aligned ferrimagnetically within a zigzag

edge and antiferromagnetically between two opposing edges, the same as

in ZGNRs. This is explained by the spin moments occupying sublattices

of their own. Furthermore, based on an ab initio study [156], the mag-

netic edge states persist in ZGNRs on the Au(111) substrate, even if there

is bending of the ribbon edges towards the substrate. Therefore, theory

predicts the magnetic edge states between the zigzag edge segments in

AGNRs even on Au(111) substrate. Examples of other shapes that sup-

port magnetic states are triangular flakes with zigzag edges [92,157–159],

where the magnetism is a consequence of Lieb’s theorem [50], bowtie

flakes [160,161], and even triangular flakes with armchair edges that are

doped by an excess charge of q = ±2 electrons.

The zigzag edge states in finite AGNRs (and ZGNRs) can be character-

ized as exponentially decaying end-localized states that are invariant of

the ribbon length (in the limit of a long ribbon). Denoting the left (L) and

right (R) end-localized states as ψL and ψR, the corresponding creation

and annihilation operators are defined as ĉ†L/R,σ and ĉL/R,σ, respectively.

The effective model of a finite AGNR close to the Fermi energy that is de-

51



Edges in graphene

rived from the interacting Hubbard Hamiltonian can be written as [162]

Ĥeff = −t∗
∑
σ

[
ĉ†Lσ ĉRσ + H.c.

]
+ U∗ ∑

i=L,R

(
n̂i↑ − 1

2

)(
n̂i↓ − 1

2

)
, (5.1)

where t∗ is the exponentially vanishing hopping between the two edges

and U∗ is the interaction energy of an end-localized state. For longer rib-

bons, the effective Hamiltonian describes a two-spin Heisenberg model

Ĥeff ∼ JŜL · ŜR, where J is the singlet-triplet splitting.

In Publication VII, the lowest many-body states of the Hubbard model of

the finite 7-AGNRs were solved using ED. The approximate ground state

could be written as

|0S=0〉 = 1

2
ĝ†

[
(α+ β)

(
ĉ†L↑ĉ

†
R↓ − ĉ†L↓ĉ

†
R↑

)
+ (β − α)

(
ĉ†L↑ĉ

†
L↓ + ĉ†R↑ĉ

†
R↓

)]
|0〉 ,
(5.2)

where ĝ† creates the frozen core, and α, β ≥ 0 such that for a three-

monomer 7-AGNR α2 ≈ 0.69 and β2 ≈ 0.28, and already for a five-monomer

7-AGNR α2 ≈ 0.51 and β2 ≈ 0.48. As only the first term in Eq. (5.2)

survives in longer ribbons, the antiferromagnetic correlations can be ex-

plicitly seen in the ground state. This is different than self-consistent

methods in the single-particle picture such as DFT and mean-field meth-

ods that have to explicitly break the symmetry by introducing initial spin

moments.

The magnetic edge states in finite AGNRs are sensitive to doping, since

there are only a few edge states that form the open shell in short zigzag

segments. Therefore, even a slight doping can leave the system with too

few or too many electrons. As shown in Publication VII, in addition to

the gold substrate providing excess charge to the AGNRs, modifying the

zigzag end of a three-monomer 7-AGNR, such as removing or adding hy-

drogen atoms or introducing a vacancy, can quench the magnetic edge

state. Having too high hydrogen concentration at the edges is known to

quench the magnetic order as well [154]. There are also other effects that

produce similar STS spectra than the spin-split gap. Namely, in Ref. [150],

modifying the ribbon end suppressed the double peak spectra, resulting

in only a single broadened peak. However, the simulations showed that

the LDOS of the modified end close to the Fermi level either vanished

completely or did not alter much. Therefore, the double peak structure

was argued to originate from vibronic resonances, as it could not be satis-

factorily explained by two distinct electronic states alone.
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Figure 5.8. Kohn-Sham HOMO-LUMO energy gaps of finite ω-AGNRs as a function of
the ribbon length. Both the antiferromagnetic (AFM) and the spinless ground
state solutions are shown. The PBE exchange-correlation energy functional
has been used.

5.2.3 STS and energy gaps

The simulated HOMO-LUMO energy gaps of finite 5-AGNRs, 7-AGNRs

and 9-AGNRs from DFT are shown in Fig. 5.8. Contrary to the band gaps

of periodic AGNRs presented in Fig. 5.3, the HOMO and LUMO states in

neutral finite AGNRs correspond to the end-localized zigzag edge states.

Namely, the periodic AGNR band gap would, in principle, correspond to

the bulk gap of a finite but long ribbon. Furthermore, while the shorter

finite AGNRs show no spin-polarization or magnetic order, there is a tran-

sition such that, when the ribbon length is increased, the ground state

solution becomes magnetic. The spinless HOMO-LUMO energy gaps are

larger for narrower ribbons, and they decrease as a function of the ribbon

length. This behaviour is completely different in the AFM case, where the

HOMO-LUMO energy gaps are smaller for narrower ribbons, and they

saturate to a constant value when the ribbon length is increased.

By meticulous STS measurements, Publication VI demonstrated that

finite 5-AGNRs on Au(111) have small energy gaps. The STS peak ener-

gies are shown in Fig. 5.9, where the states corresponding to the peaks

are labeled based on the doping of the shorter ribbons. That is, the 5-

AGNRs become hole-doped on Au(111) when they are between four and

five monomers long, since the HOMO energy crosses to the positive bias

side. The energy curves are smooth over the transition, since there are no

sudden jumps or noticeable splitting in the energies. Therefore the longer

ribbons are expected to have a positive excess charge of q = 2, namely two
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Figure 5.9. Measured STS peak energies of 5-AGNRs as a function of the ribbon length.
The peaks are labeled as LUMO+1, LUMO, HOMO, HOMO-1 and HOMO-
2 (lowest unoccupied and highest occupied molecular orbitals) based on the
neutral short ribbons. The longer ribbons are expected to be hole-doped.

electrons removed compared to neutral ribbons. The doped ribbons do not

exhibit the same AFM order as the longer neutral ribbons. In fact, as il-

lustrated in the Supplementary Information of Publication VI, the finite

5-AGNRs are so narrow that the AFM edge states become viable only if

the neutral ribbons are longer than six monomers. Therefore, hole-doping

due to the Au(111) substrate is expected to quench the AFM order in 5-

AGNRs altogether.

In Fig. 5.10, the energy gaps between the measured STS energy peaks

are compared to simulated energy gaps of isolated and hydrogen-termi-

nated finite 5-AGNRs. Both the neutral (q = 0) and hole-doped (q = 2)

cases are shown. Namely, the shorter (longer) ribbons are expected to be

neutral (hole-doped) in the experiment. The simulated LUMO in the q = 2

case corresponds to the state labeled as HOMO in the experimental data

in Fig. 5.9. The Kohn-Sham HOMO-LUMO energy gaps in Fig. 5.10(a)

and (HOMO-1)-HOMO energy gaps in Fig. 5.10(b) show a good agreement

with the experimental STS energy gaps. In fact, the q = 0 and q = 2

Kohn-Sham energy gaps are surprisingly similar, even if the hole-doped

ribbon has the edge states fully unoccupied. Moreover, the measured STS

bulk gaps, or the (HOMO-1)-(LUMO+1) energy gaps with the edge states

omitted in between, are roughly 2.8 eV and 1.4 eV for the three- and five-

monomer-long ribbons, respectively. The same energy gaps between the

Kohn-Sham energy levels are clearly lower, namely 1.93 eV and 1.18 eV.
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Figure 5.10. The experimental (a) HOMO-LUMO and (b) (HOMO-1)-HOMO energy
gaps, as labeled in Fig. 5.9, are compared to the simulated energy gaps
of neutral (q = 0) and hole-doped (q = 2, two electrons removed) finite
5-AGNRs. The energy gaps between the Kohn-Sham (KS) energy levels,
the energy gaps between the highest occupied and lowest unoccupied G0W0

quasiparticle energy levels, and fundamental gaps were evaluated using
DFT with PBE exchange-correlation energy functional.

The PBE and LDA exchange-correlation functionals often underesti-

mate band gaps [137, 163, 164]. Therefore a more proper treatment of

the electron-electron interactions was considered. Namely, the energy

gaps between the highest occupied and lowest unoccupied quasiparticle

energy levels were evaluated using a perturbative G0W0-type correction

[165]. Moreover, the fundamental gap defined as the gap in the spectral

function was evaluated. For instance, in the spin-symmetric case it is

E(N↑ + 1, N↓) − 2E(N↑, N↓) + E(N↑, N↓ − 1), and the atomic structure is

relaxed with N = (N↑, N↓) particles. However, as seen in Fig. 5.10, both

the G0W0 energy gaps and fundamental gaps of the isolated ribbons are

too large compared to the measurements.

The Au(111) substrate was not explicitly included in the calculations,

since using an all-electron code to simulate gold atoms with 79 electrons

results in extremely heavy computations. The screening due to the metal-

lic substrate is expected to effectively weaken the electron-electron in-

teraction and reduce the energy gaps [147, 166]. However, the screening

alone does not necessarily explain the small gaps measured. The energy

gaps of isolated ribbons are large partly due to the high charging energy

that is associated with an excess electron or hole in the ribbon, when elec-
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Figure 5.11. (a) STM images of a triangular BN flake embedded in Ni(111). (b) Sharp tri-
angular domains of graphene are grown at the BN edge if the ethylene pres-
sure is high. (c) Graphene grows in parallel to the interface if the ethylene
pressure is low. See Publication VIII for more details of the experimental
growth and imaging parameters.

trons tunnel to or from the STM tip. However, if the interaction to the

gold substrate is strong enough, the eigenstates of the charged ribbon-

substrate system that correspond to the peaks in the spectral function

can extend to the substrate, lowering the charging energy and the energy

gaps as a result. That is, the small energy gaps between the edge states

and the larger bulk gaps could be explained by the interactions between

the Au(111) substrate and the qualitatively different edge and bulk states.

5.3 Graphene–hexagonal boron nitride interfaces

While zigzag edges in graphene have useful properties for many appli-

cations, extended high quality edges are challenging to synthesize. The

edge is often prone to disorder, bare zigzag edges prefer to reconstruct,

the amount of hydrogen at the edge controls the edge properties, and there

can be other undesirable chemical functionalization. Therefore, instead of

growing an edge, one can grow an interface with another two-dimensional

material where the graphene zigzag edge is embedded. In this work,

hexagonal boron nitride (BN) is considered for this purpose. It should

be an interesting candidate, since BN is an insulator with a band gap as

high as 5.97 eV [167], it is isostructural with graphene, and it has a lattice

constant of 2.5 Å that is close to the lattice constant of graphene that is

2.46 Å. Furthermore, graphene–BN heterostructures have been success-

fully grown on copper foils [168–170], Ir(111) [171], Ru(0001) [172–174]

and Rh(111) [175].
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Figure 5.12. The relaxed computational supercells that contain triangular BN nanois-
lands with zigzag interfaces of C-B (a-b) and C-N (c-d) types on Ni(111).

5.3.1 Synthesis on Ni(111)

In Publication VIII, the synthesis of long (even 150 nm), high quality

graphene–BN zigzag interfaces on Ni(111) was demonstrated experimen-

tally. Such long zigzag segments should, in principle, host a large number

of almost degenerate edge states. Graphene and BN form 1 × 1 struc-

tures on Ni(111) [176, 177], since the Ni(111) lattice constant is closely

matched to those of graphene and BN, and the Ni(111) substrate inter-

acts strongly with both graphene and BN. Thus, there is no moiré pattern

that could limit the interface quality. The graphene–BN heterostructure

is synthesized in two steps. First, a BN layer is grown embedded in the

topmost layer of Ni(111), and the STM images show straight edges in the

zigzag directions, see Fig. 5.11(a). Secondly, the BN edge acts as a stable

seed, where graphene prefers to nucleate and grow when ethylene is in-

troduced. The ethylene pressure controls the graphene growth front edge

direction as shown in Fig. 5.11(b-c).

The atomic-resolution real-space STM imaging could not conclusively

discern whether the interfaces in the experiment were with C-B or C-

N bonds. The interface type is already determined after the initial BN

growth. Namely, the triangular BN nanoislands, such as the one shown

in Fig. 5.11(a), have either B or N-terminated edges, and they are not

expected to move or rotate after formation, since the B and N atoms of

BN prefer to reside at the fcc and top sites on Ni(111) [178], the same as

graphene [179]. The edge could reconstruct, for instance to a Klein-type
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Figure 5.13. Zigzag edge energies of BN embedded in Ni(111) (top). Graphene-BN inter-
face energies on Ni(111) and without substrate (bottom). The boron chem-
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(low μ).

edge, effectively transforming from an edge with excess B atoms to an

edge with excess N atoms, or vice versa, without rotating the nanoflake

by 60◦, but this possibility was proven unlikely in Publication VIII. On

the other hand, the 5-7 reconstruction of the BN zigzag edge [180] is not

expected due to the strong interaction with the substrate.

Computational model systems, such as the one shown in Fig. 5.12, con-

taining BN edges and graphene-BN interfaces were relaxed using DFT.

To evaluate the absolute energy difference between the two zigzag edge

or interface types requires at least two model systems with inequal edge

lengths, such as triangular nanoflakes. The excess of a particular zigzag

edge type is directly linked to excess B or N atoms, since they occupy

sublattices of their own. Then, without knowing whether the chemical

environment prefers B or N atoms, or is B-rich or N-rich, the interface en-

ergies depend on the relative chemical potential between B and N atoms,

namely μ [181]. BN edge energies and graphene-BN interface energies

are shown in Fig. 5.13 as a function of μ. While the BN edge energies

do not imply much alone, comparing them to the graphene-BN interface

energies reduces the possible values of μ corresponding to the experi-

ment. Namely, if μ were in the interval shown as grey background in

Fig. 5.13, the BN would have nitrogen at the zigzag edges, but the pre-

ferred graphene-BN interface would be of C-B type, which could be seen
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Figure 5.14. (a) An experimentally measured STM map at the interface. (b) Wide energy
range and (c) high resolution tunneling spectra. (d) The estimated STM
maps from DFT calculations of the edge states of C-N and C-B interfaces at
low bias.

as reconstruction of the edge in the experiment. Moreover, the presence of

the Ni(111) substrate in the simulations lowers the C-B interface energy,

meaning that it is favoured more by the substrate. By so characterizing

the interfaces as stable and atomically precise embedded zigzag edges of

graphene, there is interest to further study their electronic and magnetic

properties. The high quality heterostructures could be transferred on in-

sulating substrates for transport experiments or applications.

5.3.2 Electronic states on Au(111)

In Publication IX, the electronic states of graphene–hexagonal BN zigzag

interfaces on Au(111) were measured by low-temperature STM and STS,

and the measurements were accompanied by DFT and tight-binding sim-

ulations of the interface. First, epitaxial graphene was grown on Ir(111),

after which BN was deposited to form the graphene-BN heterostructures.

To stabilize the interfaces, the overlayer was intercalated by 5− 10 mono-

layers of gold. This resulted in graphene-BN interfaces in the zigzag di-

rection that had a distinct interface state at low bias, as shown in Fig.

5.14(a-c).

The supporting DFT simulations were performed to estimate the precise

atomic structure and the nature of the electronic states at the interface.
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Figure 5.15. (a) DFT band structure of the ZGNR embedded in BN with C-B interface. (b)
The simulated STM map and (c) the simulated STS spectra at the interface.

Namely, the zigzag interface can have either C-B or C-N bonds. Therefore

a suitable model system containing either C-B or C-N zigzag edges, also

motivated by the experimental growth, was a (periodic) ZGNR embedded

in a larger BN ribbon with hydrogen terminations. Since the Au(111)

substrate was expected to interact only weakly with the graphene and

BN [150, 156, 182], it was omitted in the calculations. Simulating a gold

substrate would be computationally heavy. However, were the interaction

between the interface and the gold substrate stronger, as concluded in

Section 5.2.3 in the case of finite 5-AGNRs on Au(111), it could explain

the small band gaps or the flatter dispersion in the STS measurements.

The estimated STM maps from DFT simulations, shown in Fig. 5.14(d),

clearly indicate the interface to be of C-B type. That is, the estimated STM

map of the C-B interface at low bias has a similar elongated lobe structure

as seen in the experiment, whereas the C-N interface looks qualitatively

different. The band structure of the periodic ribbon with C-B interfaces,

shown in Fig. 5.15(a), is similar to the band structure of a ZGNR with

on-site edge potentials [46]. The zero-energy edge band bends downwards

due to bonding to the boron atoms. The STM map and spectra correspond-

ing to the band structure are shown in Fig. 5.15(b-c). Furthermore, the

bent edge state dispersion predicts standing wave states at finite zigzag

interfaces that have slightly different energies, akin to a one-dimensional

quantum well. However, there was only a single visible peak in the exper-

imental spectra, indicating flatter dispersion. Therefore if gated or doped

properly, magnetism and other correlated phenomena could be possible

at the zigzag interface, with similar applications as devised for graphene

zigzag edges.
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6. Summary and conclusions

In this Thesis, the electronic and magnetic properties of graphene and

graphene nanostructures were studied. The emphasis was on computa-

tional simulations using exact diagonalization, tight-binding and density

functional theory. Several of the projects were directly aimed at interpret-

ing experimental measurements.

In Publication I, the two-particle picture of annihilating electron-posi-

tron pairs was formulated, and subsequently tested by an exact diago-

nalization study of a three-dimensional quantum dot model system. The

interacting formalism provided with accurate pair wave functions that

were extremely useful in approximating the momentum density of the

annihilating pair. The formalism provided an intuitive definition of en-

hancement models, which could be of help to improve density-functional

theory calculations. In Publication II, by performing extensive numeri-

cal calculations, universal scaling relations were provided for the corre-

lation energies of two-dimensional quantum dot model systems. These

results are expected to assist in developing correlation functionals in den-

sity functional theory. In Publication III, exchange-correlation poten-

tials were explicitly inverted from accurate densities of two-dimensional

quantum dot model systems that were simulated using exact diagonal-

ization techniques. Such potentials are useful as reference data in testing

and parametrizing exchange-correlation energy functionals in two dimen-

sions.

In Publication IV, silicon, oxygen, nitrogen, and silicon-nitrogen impu-

rities on graphene were systematically relaxed in supercell geometry ap-

proaching the dilute limit. The formation energies were tabulated, as

they provide an estimate of the abundance of each impurity type. Espe-

cially the nitrogen-doped silicon impurities showed a rich set of properties,

such as finite spin moments and half-semimetallic electronic structure.
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Effective tight-binding models were fitted to first-principles band struc-

tures in order to describe the effect of the impurities on the π bands, and

to simulate the electronic transport properties of large realistic systems

with randomly distributed impurities. The Kubo-Greenwood transport

calculations showed fingerprint-like and identifiable transport properties

and even strong localization. In Publication V, similar techniques were

used in fitting spin-dependent tight-binding impurity models of hydro-

gen adatoms. Specifically, the spin relaxation in graphene was studied in

systems with randomly distributed noncollinear hydrogen adatoms. The

spin transport properties were calculated using the Landauer-Büttiker

formalism that can simultaneously evaluate the spin relaxation length,

localization length and sheet resistance. The impurity states associated

to the hydrogen adatoms at both sides of the Fermi level contributed sig-

nificantly to shortening the spin relaxation length. Describing spin trans-

port in realistic graphene systems is essential for developing spintronics

applications.

Armchair graphene nanoribbons (AGNR) with width-dependent band

gaps have been coined as ideal candidates for field-effect transistors. The

finite versions of the AGNRs have zigzag ends that support zero-energy

edge states with magnetic correlations in neutral free-standing ribbons.

In Publication VI, the ultra-narrow finite AGNRs were synthesized and

measured by scanning tunneling microscopy (STM) and spectroscopy (STS)

on Au(111). The measured energy gaps were extremely small, already

∼ 100 meV with AGNRs of length 5 nm, implying that the ribbons would

be ideal interconnects in molecular scale electronic circuitry. Further-

more, kinked ribbons formed by connecting two straight atomically pre-

cise AGNRs showed electronic states akin to the individual AGNRs. The

maps and spectra were simulated by DFT, showing a good agreement with

the measurements. Especially the maps, reflecting the symmetries of the

finite ribbon, were easily matched between the measurement and simula-

tions. In Publication VII, the finite 7-AGNRs were studied theoretically

using various computational methods. The antiferromagnetically ordered

end-states at the zigzag segments were studied using first-principles DFT

and the Hubbard model, both at the mean-field level and by exact diago-

nalization. It turned out that the single-particle description is sufficient,

given the spin-polarized calculations are analyzed accordingly. Further-

more, doping and structural defects in the AGNRs were shown to quench

the magnetic edge states. The results supported the earlier study of
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Ref. [150], where the magnetic edge states could not explain the measured

STS spectra.

A way to protect graphene zigzag edges from disorder, contamination

and reconstruction is to embed it to heterostructures. This has the ad-

vantage of engineering the edge properties further by the design of the

heterostructure and the possible atomic-scale control of it. In Publica-

tion VIII, long and atomically precise graphene–hexagonal boron nitride

zigzag interfaces were synthesized on Ni(111). First, triangular zigzag

nanoislands of BN were grown embedded in the topmost layer of Ni. The

BN edges acted as seeds for the graphene growth. Steps of the BN and

graphene growth were simulated using density functional theory, and

the effect of the Ni(111) substrate on the edge and interface energies

were evaluated. Even if the experiments could not conclusively determine

whether it was B or N atoms at the interface, the computations showed

a preference towards C-B interfaces on Ni(111). In Publication IX, the

graphene-BN zigzag interfaces, grown on Ir(111) and decoupled by inter-

calation of gold, were shown to host interface-localized states at close to

zero bias, similar to graphene zigzag edge states. The atomic structure at

the interface was determined as C-B interface by comparing STM maps of

the interface to simulated maps. The C-B interface showed as elongated

lobes in the measurements. The band structure of the ideal interface was

studied by density functional theory, and the interface band showed a

slight dispersion, akin to having on-site potentials at the edge. The first-

principles band structure allowed to fit an effective tight-binding model

that could describe more complicated structures seen in the experiment.

By so mapping the interface states to more well-known graphene edge

states with an on-site potential, can assist in understanding the interface

properties and its potential for applications. More complicated graphene-

BN interfaces could be grown using the same principles. There has been

a plethora of interest and other similar studies working to unveil the het-

erostructure properties [183–188]. As is the case with pristine graphene

edges, the interfaces could be used in spintronics and valleytronics appli-

cations.
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