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Abstract 
Increase in computation power has enabled usage of ever more accurate quantum mechanics 
based ab initio methods in thermodynamic modeling. As these methods do not need empirical 
parameters they can be used to supplement thermodynamic databases and to explain processes 
at atomistic level. They can also be used to predict properties of materials and thus guide 
experimental work to most promising areas. However, determination of statistical properties 
and screening of materials by the ab initio methods is computationally too heavy. This problem 
of limited computation power can be overcome by using coarse-grained models. 

In this Ph.D. thesis, the density functional theory and coarse-grained cluster expansion 
method was used to explain thermodynamics of the Cu-Ni-Pd and Ni-Rh alloys. Although these 
alloys have various applications, for example in catalysis, some their properties are still 
unknown. Coding of a new type of machine learning cluster expansion program was a 
significant part of this work. Finite temperature phase diagrams predicted by the coarse-
grained model are in good agreement with experimental results. This shows that both the 
cluster expansion model and used density functional theory are sufficiently accurate to give 
realistic predictions. 

By studying enthalpies of formation at 0 K, it was observed that the Cu-Ni-Pd alloys do not 
form ordered ternary structures. Instead, the free-energy is minimized by mixing L12 and B2 
type of CuPd compounds and fcc elements. In dilute Cu1-xNi0.5xPd0.5x, environments of Ni and 
Pd remains unchanged compared to corresponding binary alloy. In the Ni-Rh system, no L12 
structure forms. Instead, Rh-rich clusters formed in the system. 

The magnetic enhancement effect in Ni-Rh alloys was shown to be due to Rh atoms inducing 
larger magnetic moment on surrounding Ni atoms at low X(Rh). Although Rh is non-magnetic, 
MoPt2 type of Ni2Rh1 compound was shown to be the most magnetic potential Ni-Rh structure. 

Enthalpies of formation modeled at finite temperatures are in excellent agreement with 
available experimental results. At concentration Cu57Ni1Pd42, the phase transition from 
ordered bcc structure to disordered fcc structure occurs at ca. 865 K. Critical point of the 
miscibility gap in the Ni-Rh system was predicted to locate at point T = 765 K, X(Rh) = 0.73. 
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rhodium 

ISBN (printed) 978-952-60-6790-2 ISBN (pdf) 978-952-60-6791-9 

ISSN-L 1799-4934 ISSN (printed) 1799-4934 ISSN (pdf) 1799-4942 

Location of publisher Helsinki Location of printing Helsinki Year 2016 

Pages 108 urn http://urn.fi/URN:ISBN:978-952-60-6791-9 





Tiivistelmä 
Aalto-yliopisto, PL 11000, 00076 Aalto  www.aalto.fi 

Tekijä 
Juhani Teeriniemi 
Väitöskirjan nimi 
Metalliseosten termodynamiikan mallintaminen karkeistetulla tiheysfunktionaaliteorialla 
Julkaisija Kemian tekniikan korkeakoulu 
Yksikkö Kemian laitos 

Sarja Aalto University publication series DOCTORAL DISSERTATIONS 83/2016 

Tutkimusala Fysikaalinen kemia 

Käsikirjoituksen pvm 17.02.2016 Väitöspäivä 10.06.2016 

Julkaisuluvan myöntämispäivä 30.03.2016 Kieli Englanti 

Monografia Artikkeliväitöskirja Esseeväitöskirja 

Tiivistelmä 
Laskentatehon kasvu on mahdollistanut yhä tarkempien kvanttimekaniikkaan pohjautuvien 
ab initio -menetelmien käyttöönoton termodynaamisessa mallintamisessa. Koska nämä 
menetelmät eivät vaadi kokeellisia parametreja, niitä voidaan käyttää täydentämään 
termodynaamisia tietokantoja ja selittämään atomitason prosesseja. Niillä voidaan myös 
ennustaa materiaalien ominaisuuksia, jolloin kokeellista työtä pystytään ohjaamaan 
mielenkiintoisimpiin kohteisiin. Tilastollisten suureiden määrittäminen ja materiaalien 
kartoittaminen ab initio –menetelmillä on kuitenkin laskennallisesti liian raskasta. 
Laskentatehon aiheuttama rajoite voidaan ratkaista muodostamalla karkeistettuja malleja. 

Tässä väitöskirjassa tiheysfunktionaaliteoriaa ja karkeistettua klusteriekspansiomallia 
käytettiin selittämään Cu-Ni-Pd- ja Ni-Rh –seosmetallien termodynamiikkaa. Vaikka näillä 
metalliseoksilla on useita käyttökohteita, mm. katalyysissä, ovat niiden ominaisuudet olleet 
yhä osittain tuntemattomia. Uuden tyyppisen koneoppimista hyödyntävän klusteriekspansio-
ohjelman koodaaminen muodosti huomattavan osan tästä työstä. Karkeistetun mallin 
ennustamat äärellisten lämpötilojen faasidiagrammit vastaavat kokeellisia tuloksia hyvin, 
mikä osoittaa sekä klusteriekspansion että käytetyn tiheysfunktionaaliteorian olevan riittävän 
tarkkoja realististen ennusteiden tekemiseen. 

Tutkimalla muodostumisentalpian muutosta 0 K:ssä havaittiin, etteivät Cu-Ni-Pd-
seosmetallit muodosta järjestäytyneitä kolmekomponenttirakenteita, vaan vapaaenergia 
minimoituu seostamalla fcc-rakenteisia alkuaineita, L12- ja B2 -rakenteisia CuPd-yhdisteitä. 
Laimeissa Cu1-xNi0,5xPd0,5x-seoksissa Ni- ja Pd -atomien ympäristö pysyy samana vastaaviin 
binäärisysteemeihin nähden. Ni-Rh-systeemissä ei muodostu L12-rakennetta. Sen sijaan 
systeemiin muodostuu Rh-rikkaita klustereita. 

Ni-Rh-seoksissa havaitun magneettisen momentin korostumisen osoitettiin johtuvan siitä, 
että matalilla Rh-konsentraatioilla Rh-atomit indusoivat niitä ympäröiville Ni-atomeille 
puhdasta alkuainetta suuremman magneettisen momentin. Vaikka Rh ei ole magneettinen 
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saatavilla olevia kokeellisia tuloksia erittäin tarkasti. Seossuhteella Cu57Ni1Pd42 faasitransitio 
järjestäytyneestä bcc-rakenteesta epäjärjestäytyneeseen fcc-rakenteeseen tapahtuu n. 865 
K:ssä. Ni-Rh-systeemin liukoisuusaukon maksimin ennustettiin tässä työssä sijaitsevan 
pisteessä: T = 765 K, X(Rh) = 0,73. 
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1. Introduction

1.1 Background

Alloys of the platinum group metals (PGMs) have a wide variety of ex-

isting and potential applications in different fields, including catalysis.

However, much of the thermodynamic and structural properties of these

alloys are still unknown. Better understanding of the thermodynamic be-

havior and phase equilibria of the alloys would help in developing novel

energy and lifecycle-efficient alloys.

Phase diagrams are visual representations of the state of a material as

a function of temperature, concentration of the constituent components,

and pressure. As such, they serve as a starting point for alloy design

and understanding. Advanced software is available for phase diagram

calculations. When coupled to extensive thermodynamic databases, these

programs provide a powerful tool in the study of materials science.

However, the calculation of phase diagrams (CALPHAD) is frequently

hindered by sparse data that is restricted to high temperatures and oth-

erwise easily measurable areas. Using the non-parametric quantum me-

chanics based ab initio methods - also known as the first-principles meth-

ods - supplementary data can be produced for phase diagram assessment.

Furthermore, deeper insight from the atomistic phenomenas can be ob-

tained using the ab initio calculations.

1.2 Objective of the Thesis

The objectives of this thesis were:

• to gain new knowledge concerning thermodynamics of alloy systems Cu-

13
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Ni, Cu-Pd, Ni-Pd, and Ni-Rh, and

• to develop general modeling tools for multicomponent multiscale mod-

eling based on ab initio parametrization.

Although the binary systems of the Cu-Ni-Pd are rather well known, the

Cu-Ni being industrially perhaps the most relevant alloy, there has still

been inadequacies in the experimental measurements of possible miscibil-

ity gap in Cu-Ni and ordering phenomena in Ni-Pd. Similarly, the Ni-Rh

system has no well-defined low temperature phase diagram.

Some software for multiscale modeling exists, such as The Alloy-Theoretic

Automated Toolkit (ATAT)[62], UNiversal CLuster Expansion (UNCLE)[33],

and CLUPAN[53]. Although these programs can rather easily be used by

experts for simple substitutional alloy systems, a more general approach

was implemented in this work.

The new method is also applicable to non-periodic systems, such as alloy

nanoparticles. Although the method was tested on the Fe-Ni nanoparti-

cles, the main focus of this thesis was modeling bulk alloys.

1.3 New Scientific Contribution

The new scientific contribution obtained within this thesis consists of a

new quantum mechanics based method for thermodynamic modeling of

alloys and modeling of equilibrium phases of Cu-Ni-Pd and Ni-Rh sys-

tems. The implemented method is free of empirical parameters and can

be used to study finite-temperature structural energetics of lattice sys-

tems with any number of species. Within this work, it has been tested for

four binary alloys, one ternary alloy, and one nanoparticle system.

Furthermore, this work introduces the Redlich-Kister-Muggianu fitting[39]

to DFT-CE calculations. Although the fitting procedure is well known in

experimental CALPHAD modeling, this is the first time it has been ap-

plied to this type of ab initio modeling of excess thermodynamic proper-

ties. Previously, the Redlich-Kister fitting has been applied to measure-

ments of a pseudobinary system that were obtained by using empirical

pair potentials and static lattice energy calculations.[66] However, in this

thesis the Redlich-Kister-Muggianu fitting is used for measurements of

ternary system that were obtained by ab initio based multibody cluster

expansions.

14
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1.4 Applications

This work is basic research and as such has a wide variety of potential

applications. The most obvious areas of applications would be thermo-

dynamic modeling of alloys and prediction of thermodynamically stable

structures in novel materials. Applicability to surfaces and nanoparticles

is an important property of the method, as the catalytic properties are

strongly dependent on surface structures.

Better understanding of Cu-Ni-Pd and Ni-Rh can be used to evaluate

and supplement existing thermodynamic data on these alloys. Informa-

tion from these systems can be used also in assessment of any other alloy

that includes some of these sub-systems. For example, knowledge from

the Cu-Pd binary was used in study of the Cu-Ni-Pd ternary system.

Together, software and accurate databases can be used to tackle real-life

problems in process optimization with fewer experiments, hence saving

time and money.

As the developed method does not need experimental parameters (ab

initio), it can be used to predict properties of yet unknown alloy materials

and also to model finite temperature thermodynamics. The most inter-

esting materials can then be considered for further experimental study.

For example, in this work the NiRh alloy with MoPt2 type of structure

and X(Rh) = 1/3 was found to have much higher magnetic moment than

pure Ni. As the MoPt2 type RhNi2 is composed of layers of atom type

A and atom type B in direction [011] in sequence ABBABB · · · , it might

be possible to synthesize this structure by some atomic layer deposition

technique thus obtaining the most magnetic Ni-Rh material.

1.5 Structure of the Thesis

This thesis consists of three peer-reviewed journal publications and the

present compendium. The publications are attached in the Appendices.

Chapters 2 and 3 present theoretical background of used methods, Chap-

ter 2 considering overall assessment procedure of equilibrium phase dia-

grams and Chapter 3 describing the ab initio and cluster expansion the-

ory. Chapter 4 describes the computational procedure and the implemen-

tation of the developed method.
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2. Equilibrium Phase Diagrams

Equilibrium phase diagrams are always calculated by minimization of the

total free energy. In experimental studies, the commonly controlled vari-

ables are temperature (T ), pressure (p), and number of moles of compo-

nent i which is directly comparable to number of atoms of component i

(Ni). These will provide the state function called the Gibbs energy (G). In

most theoretical models the focus is on interactions between atoms and

volume (V ) is used as independent variable instead of pressure. The re-

sulting state function is called Helmholtz free energy (A). These two state

functions are exchangeable through the following equations:

G (T, p,Ni) = H − TS = A+ pV = A− ∂A

∂V
V, (2.1)

A (T, V,Ni) = U − TS = G− pV = G− ∂G

∂p
p, (2.2)

where H is enthalpy and S is entropy. Usually, ab initio modeling calcu-

lations are done at 0 Kelvin where pressure is also implicitly zero. As the

derivative of a constant is zero, the Helmholtz energy equals the Gibbs

free energy at 0 K. Also, the experiments are usually done in constant

pressure making the pressure contribution to free energy change zero.

The Gibbs energy of a phase α, Gα, can be written as:

Gα = Gα,0 +Gα,id +Gα,E +Gα,magn +Gα,press, (2.3)

where the first two terms define the ideal solution, Gα,id, with respect

to its standard state Gα,0. The standard state energy is usually taken

from some thermodynamic database and Gα,id can be calculated with Eq.

2.14. Gα,E treat the non-ideal part with the excess Gibbs energy. Gα,magn

and Gα,press describe the magnetic and pressure dependency of the free

energy. The pressure dependency can be expressed by the Murnaghan’s

model[41], but in case of solid materials it is usually ignored as negligible

or because of the isobaric conditions.

17



Equilibrium Phase Diagrams

At constant pressure, enthalpy and heat capacity (cp) have the following

differential relationship:

cp =

(
∂H

∂T

)
p

. (2.4)

Entropy has a similar relation with heat capacity:

cp
T

=

(
∂S

∂T

)
p

. (2.5)

Thus, the enthalpy and entropy difference between two temperatures can

be calculated by taking integral over the two temperatures. For example:

ΔH298.15K→600K =

∫ 600K

298.15K
cpdT, (2.6)

ΔS298.15K→600K =

∫ 600K

298.15K

cp
T
dT. (2.7)

Similarly the Gibbs free energy can be expressed as:

G (T ) = H (298.15K) +

∫ T

298.15K
cpdT (2.8)

−T

(
S (298.15K) +

∫ T

298.15

cp
T
dT

)
.

On basis of third law of thermodynamics, the entropy of a chemically ho-

mogeneous crystalline material is zero at 0 K. Therefore, absolute values

of entropy of pure substances can be calculated solely from heat capacity.[2]

However, enthalpy, and thus free energy, cannot be given absolute values

but rather differences between two states. That is why they are tied to ref-

erence states. In the CALPHAD approach, the reference states are taken

from established experimental databases while in ab initio models, cohe-

sive energy of the most stable pure elements is often used as the reference

state. In either case the same reference state must be used consistently

to keep thermodynamic properties comparable.

When determining the Helmholtz free energy from ab initio calcula-

tions, the internal energy (U) can be calculated as weighted average of

energy distribution:

U =

∑
σ Eσe

−Eσ/kBT

Z
, (2.9)

where Eσ is energy of a configuration σ, kB is the Boltzmann’s constant,

and Z is the partition function of the system. The partition function is

sum of Boltzmann’s factors:

Z =
∑
σ

e−Eσ/kBT . (2.10)

In this work, Metropolis Monte Carlo (MC) simulation was used with

canonical ensemble. A good description of this well-known method can be

18
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found from book of Frenkel and Smit: "Understanding Molecular Simulations"[16].

In the MC simulation, a microstate is assumed to be part of a priori cho-

sen distribution. In this work it was the Boltzmann distribution. Thus,

probability of a configuration σ in given temperature T is:

Pσ (T ) =
e−Eσ/kBT∑
σ e

−Eσ/kBT
. (2.11)

From these Boltzmann distributed energies of MC simulation (EMC), the

internal energy can be calculated as simple average:

U = 〈EMC〉 . (2.12)

Heat capacity is proportional to variance of energy at given temperature.

Absolute value of heat capacity in constant volume is:

cv =
∂U

∂T
≈ 〈Eσ − 〈U〉〉2

kBT 2
. (2.13)

Because subsequent steps in MC simulation are correlated with each other,

the true variance cannot be calculated directly. In this work, the estimate

of true variance was calculated by the Flyvbjerg-Petersen method.[15]

The configurational entropy Sc was calculated using thermodynamic in-

tegration from high temperature limit Sc (T∞) to considered temperature:

Sc (T ) = Sc (T∞) +

∫ T

∞
cv (T )

T
dT. (2.14)

Low temperature limit for configurational entropy is 0 J/K because there

is only one energy state occupied, the minimum energy state, and natural

logarithm of one is zero (S = −kB ln (1)). High temperature limit in lattice

gas models, like the cluster expansion model, can be calculated as:

S (T∞) = −kB
∑
i

Xi lnXi, (2.15)

where Xi is mole fraction of element i. The configurational Helmholtz free

energy Ac is:

Ac = U − TSc. (2.16)

2.1 Phase Equilibrium and Partial Free Energies

When two or more phases are in equilibrium, the chemical potential of

component i (μi) must be same in all of the phases. The Gibbs energy (G)

of a system can be expressed as a sum of partial molar Gibbs energies (gi)

of components:

G =
∑
i

gini, (2.17)
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Figure 2.1. Schematic of relationships between phase coexistence, molar free energy μ,
partial molar free energy μi, and activity ai. In thermodynamic equilibrium,
molar fraction of B would be 0.41 in phase α and 0.58 in β.

where gi is the partial molar Gibbs energy of i, and ni is number of moles

of i. The partial molar Gibbs energy is also known as chemical potential

of component i, and it is defined as:

μi = gi =

(
∂G

∂ni

)
T,P,nj �=i

, (2.18)

where G is the Gibbs energy of the solution, ni is the number of moles

of component i, and the derivative is taken with all nj (j �= i) constant.

When the free energy is modeled as a function of mole fractions instead

of number of moles, dependency between amount of constituents must be

taken into account:

μi = g +

(
∂g

∂Xi

)
T,P,Xj �=i

−
∑
j

Xj

(
∂g

∂Xj

)
T,P,Xk �=j

, (2.19)

where Xi is the molar fraction of i (Xi = ni/
∑

ni).

Relationships between chemical potential, molar free energy, and activ-

ity ai are illustrated in Fig. 2.1. Difference between partial free energy

of a component in solution (μi) and the partial free energy of the same

component in standard state (μ0
i ) is called the relative partial free energy

or relative chemical potential. When phase α and phase β of Fig. 2.1 are

in coexistence, the chemical potential of component A and component B

are same in both phases.
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H =

[
∂(G

T )
∂( 1

T )

]
p,ni,nj ,...

Calorimetry
S = − (∂G∂T )p,ni,nj ,...

μi =
(

∂G
∂ni

)
p,ni,nj ,...

μi − μo
i = RT ln (ai)

EMF measurements

G = f (T, p, ni, nj , ...) for all phases

Configuration

Figure 2.2. Summary of thermodynamic functions contributing to the Gibbs energy. En-
thalpies are determined by calorimetry while chemical potential differences
can be determined by measuring electromotive force (EMF).

2.2 Reference States

An important and commonly confused point is that in chemical phase

equilibrium the activity of any component is the same in all phases. This

is true when the activities are expressed with respect to the same stan-

dard state. Although it is common to choose same standard state for

pure components for all phases, it is the chemical potential difference that

drives systems to thermodynamic equilibrium.

As noted above, in experimental phase diagram assessment, the Gibbs

energy of standard state can usually be taken from some thermodynamic

database, such as the SGTE (The Scientific Group Thermodata Europe).

Also, the ideal enthalpy of mixing and entropy can be calculated trivially:

ideal enthalpy of mixing is zero and ideal entropy can be calculated as

in Eq. 2.15. Therefore, it is the excess part of Eq. 2.3 (Gα,E) that is

left to be determined. Also the magnetic (Gα,magn) and pressure (Gα,press)

contributions are of interest if one works with magnetic material or with

varying pressure conditions. A summary of the thermodynamic functions

contributing to the Gibbs energy is shown in Fig. 2.2.

In theoretical ab initio phase diagram assessment excess enthalpy is

calculated through internal energy difference (ΔU ) between a structure σ

and its constituents i:

ΔU = U (σ, V )−
∑ Ni,σ

Nσ
Ui, (2.20)

where U (σ, V ) is internal energy of σ at constant volume V , Ni,σ is number

of atoms i in σ, Nσ is total number of atoms in σ, and Ui is internal energy

of constituent atom i in its reference state. As in the case of experimental
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assessment, the absolute value of energy depends on the reference state.

However, by using the same reference state for both the structure σ and

its constituents, the energy difference (ΔU ) is constant.

It is common to use an internal energy difference obtained from ab initio

as a synonym for enthalpy difference. This possibly confusing convention

is due to:

ΔH = ΔU + VΔp+ pΔV. (2.21)

Because most ab initio calculations are done with atomic positions that

are first relaxed and then fixed atomic positions, the pressure is implicitly

zero making ΔH and ΔU equal with each other. Furthermore, pressure

is defined as negative of derivative of energy respect to volume:

p = −∂E

∂V
. (2.22)

When unit cell dimensions and atomic positions are relaxed, the −∂E
∂V

equals to zero, making the pressure zero.

2.3 Parametric Thermodynamic Modeling

In computational thermodynamics, Gibbs energies for all the stable phases

of a system are described by parametric models. The parameters are ob-

tained in such a way that the Gibbs energy and its derivatives reproduce

the experimental corresponding value as accurately as possible. When

this is done, the phase diagram can be calculated by the Gibbs energy

minimization.

In this work, the Redlich-Kister-Muggianu method was used as recom-

mended by Hillert[22, 39]. For example, the excess enthalpy HE of a so-

lution of components A, B, and C is given in the following equation:

HE = XAXB

nAB∑
i=0

LAB
i (XA −XB)

i

+XAXC

nAC∑
i=0

LAC
i (XA −XC)

i

+XBXC

nBC∑
i=0

LBC
i (XB −XC)

i

+XAXBXC

(
L
(0)
ABCXA + L

(1)
ABCXB + L

(2)
ABCXC

)
(2.23)

where XA, XB, and XC are mole fractions of the components, and L-

parameters are the binary and ternary interaction parameters. The bi-

nary L-parameters are the same as those in the three boundary binary
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.

.
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Figure 2.3. CALPHAD methodology. The assessed excess Gibbs energies of the con-
stituent subsystems are for extrapolation to a higher component system. Fig-
ure is modified from [28].

systems. While the number of binary L-parameters (nAB, nAC , and nBC)

depends on the best fit for the measured excess values, the number of

ternary L-parameters is strictly three in Redlich-Kister-Muggianu model.

The advantage of the above described CALPHAD method is that it al-

lows rigorous interpolations and extrapolations, thus reducing amount

of experimental work. Also, more complex higher order systems can be

modeled to some extent by extrapolating properties of constituent sub-

systems. The general scheme of CALPHAD methodology is shown in Fig.

2.3. At each step to more complex multicomponent systems, the excess

part of free energy is determined and used to extrapolate the more com-

plex system. For example, free energy of a ternary system is obtained by

extrapolating assessed binary excess energy GE
bin into the ternary system

and assessing remaining excess ternary energy GE
ter.
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3. Theoretical Models

Fitting and extrapolation of experimental measurements is frequently

hindered by lack of data and incomplete understanding of it. In recent

years, non-parametric ab initio calculations have been increasingly used

to supplement missing points in experimental work to the most interest-

ing areas.[60, 3, 56] Particularly, the well known density functional theory

(DFT) can provide insight to microscopic features that are manifested as

macroscopic properties of a material.

In this chapter, the DFT is briefly described. Also cluster expansion

method (CE) is presented.

3.1 Density Functional Theory

According to the Hohenberg-Kohn density functional theory, any property

of a system of many interacting particles can be viewed as a functional of

the ground state density ρ0 (r).[23, 37] However, no exact functionals are

known for systems larger than one electron and a proton. Using an aux-

iliary system of non-interacting particles, the Kohn-Sham approach can

be used to apply the DFT for practical problems.[30] Although the Kohn-

Sham ansatz is an exact analogy of the original DFT of Hohenberg and

Kohn, the quality of calculations is dependent on the quality of approxi-

mation for the exchange-correlation term.

3.1.1 Many-body system

The properties of a quantum mechanical many-body system are calculated

from the many-particle Schrödinger equation.

ĤΨ(RI , ..., ri) = EΨ(RI , ..., ri) , (3.1)
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where Ĥ is the Hamiltonian, Ψ is the wave function, and E is the energy

of the system. The Hamiltonian of a system of N interacting electrons at

positions ri and nuclei of atomic number Zi, and masses MI at positions

RI is given by:

Ĥ = +
1

2

∑
I �=J

ZIZJe
2

|RI −RJ |+
1

2

∑
i �=j

e2

|ri − rj |−
∑
i,I

ZIe
2

|ri −RI |−
∑
I

h̄2

2MI
∇2

I−
h̄2

2me

∑
i

∇2
i .

(3.2)

With atomic units h̄=me=e=4π/ε0=1, terms can be written in simpler form:

H (r) = +
1

2

∑
I �=J

ZIZJ

|RI −RJ |+
1

2

∑
i �=j

1

|ri − rj |−
∑
i,I

ZI

|ri −RI |−
∑
I

1

2MI
∇2

I−
1

2

∑
i

∇2
i .

(3.3)

Because the masses of nuclei are much larger than the masses of elec-

trons, 1/2MI is usually assumed to be zero. Thus, electronic degrees of

freedom is determined by fixed nucleic positions and nucleic degrees of

freedom are later treated classically by Newton’s equations. This first

approximation is called the Born-Oppenheimer approximation or the adi-

abatic approximation. It is used in most of the ab initio models. Now Eq.

3.3 can be approximated as:

Ĥ = T̂ + V̂ext + V̂int + EII , (3.4)

where T̂ is the kinetic energy operator for the electrons, V̂ext is operator for

the potential acting on the electrons due to the nuclei, V̂int is operator for

the inter-electronic interaction, and EII describe rest of contributions to

the total energy of the system. In particular, EII is mostly determined by

inter-nucleic interactions that are described classically. The total energy

of a system is the expectation value of the Hamiltonian:

E =

〈
Ψ
∣∣∣Ĥ (r)

∣∣∣Ψ〉
〈Ψ|Ψ〉 ≡

〈
Ĥ
〉
=
〈
T̂
〉
+
〈
V̂int

〉
+

∫
d3rVext (r) ρ (r)+EII , (3.5)

where the external potential is written as an integral over the density

function ρ (r).

Hohenberg and Kohn formulated density functional theory (DFT) as an

exact theory of many-body systems. It applies to any system of interact-

ing particles in an external potential field, including systems for which

the Hamiltonian is written as in Eq. 3.4. The relations established by

Hohenberg and Kohn are outlined in Fig. 3.1. Relations are stated by two

theorems. According to the first Hohenberg-Kohn (HK) theorem, for any

system of interacting particles in an external potential Vext (r), the poten-

tial Vext (r) is determined uniquely, except for a constant, by the ground
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Vext (r)
Hohenberg-Kohn

theorem

Ψi ({r})

ρ0 (r)

Ψ0 ({r})

Figure 3.1. Schematic representation of Hohenberg-Kohn (HK) theorems. Ground state
density ρ0 (r) determines external potential Vext (r) which determines all
states of the system Ψi ({r}) including the ground state Ψ0 ({r}) which has
the ground state density.

state particle density ρ0 (r). Therefore, the Hamiltonian is fully deter-

mined, except for a constant shift of the energy, and it leads to fact that

the many-body wavefunctions for all states are determined. Thus all prop-

erties of the system are determined given only the ground state density

ρ0 (r).

According to the second theorem, a universal functional for the energy

E [ρ] in terms of the particle density ρ (r) can be defined, valid for any ex-

ternal potential Vext (r). For any specific Vext (r), the exact ground state

energy of the system is the global minimum value of this functional, and

the density ρ (r) that minimizes the functional is the exact ground state

density ρ0 (r). Therefore, the functional E [ρ], that gives energy as func-

tion of particle density, is alone sufficient to determine the exact ground

state energy and density.

The density of particles ρ (r) is given by the expectation value of the

density operator ρ̂ (r):

ρ (r) =
〈Ψ |ρ̂ (r)|Ψ〉

〈Ψ|Ψ〉 = N

∫
d3r2 · · · d3rN

∑
σ1

|Ψ(r, r2, r3, . . . , rN )|2∫
d3r1d3r2 · · · d3rN |Ψ(r1, r2, r3, . . . , rN )|2 , (3.6)

EHK [ρ] = T [ρ] + Eint [ρ] +

∫
d3rVext (r) ρ (r) + EII , (3.7)

where Eint is the interaction between electrons and EII is the interaction

between the nuclei. Among all the solutions which are consistent with the

given density, the unique ground state wavefunction can be determined

as the one that gives the lowest energy. This variational principle can be

formally written as:

E0 = min
Ψ

E[|Ψ >]. (3.8)

It should be noted, that the Hohenberg-Kohn functional cannot consider

degenerate states. Also, densities must be such that they can be gener-

ated by some external potential. This is called V-representability. This
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shortcoming can be supplemented by alternative definition of functional

by Levy and Lieb (LL):

ELL = FLL [ρ] +

∫
drVext (r)n (r) + EII , (3.9)

FLL [ρ] = min
ψ→ρ

〈
ψ
∣∣∣T̂ + V̂int

∣∣∣ψ〉 . (3.10)

In Levy-Lieb constrained search, one first fixes the electron density ρ (r)

and searches for the wavefunction that gives the energy minimum with

the fixed density. In second step, the density is changed with fixed wave-

function. The LL functional is defined for any density derivable from a

wavefunction ψN for N electrons. This is called N-representability. Thus a

functional can be defined for any density and the exact density and energy

is found by minimizing this functional.

3.1.2 The Kohn-Sham ansatz

There is no known method to solve the functional 3.10 in terms of many-

body wavefunctions. In the Kohn-Sham ansatz the full correlated many-

body Hamiltonian 3.2 is replaced by auxiliary Hamiltonian that has non-

interacting particles.

With this independent-particle system, the Hamiltonian is written as:

Ĥδ
indep = −1

2
∇2 + V δ (r) , (3.11)

where δ denotes a spin and V δ (r) is an effective local potential acting

on an electron of spin δ at point (r). For a system of N = N↑ + N↓, the

ground state has one electron in each of the N δ orbitals ψδ
i (r) with the

lowest eigenvalues εδi of the Hamiltonian. The density is given by sums of

squares of the orbitals for each spin:

ρ (r) =
∑
δ

ρ (r, δ) =
∑
δ

Nδ∑
i=1

∣∣∣ψδ
i (r)

∣∣∣2 . (3.12)

The kinetic energy of independent particles is described in terms of the

orbitals:

Ts = −1

2

∑
δ

Nδ∑
i=1

〈
ψδ
i

∣∣∇2
∣∣ψδ

i

〉
= −1

2

∑
δ

Nδ∑
i=1

∣∣∣∇ψδ
i

∣∣∣2 . (3.13)

Also, an "inter-electronic" interaction is defined by a classical Coulomb

interaction energy of the electron density ρ (r) interacting with itself ρ (r′):

EHartree [ρ] =
1

2

∫
d3rd3r′

ρ (r) ρ (r′)
|r − r′| . (3.14)
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The Kohn-Sham equivalent for ground state energy functional 3.1.1 is:

EKS = Ts [ρ] +

∫
drVext (r) ρ (r) + EHartree [ρ] + EII + EXC [ρ] . (3.15)

External potential Vext, electron self-interaction energy EHartree, and inter-

nucleic interaction EII are well-defined. The independent-particle kinetic

energy Ts is given explicitly as functional of the orbitals and EXC is ap-

proximated.

The EXC can be written in an informative form:

EXC [ρ] =
(〈

T̂
〉
− Ts [ρ]

)
+
(〈

V̂int

〉
− EHartree [ρ]

)
, (3.16)

where [ρ] is functional of the density ρ (r, δ). It can be seen from Eq. 3.16

that exchange-correlation energy is the difference of the kinetic and the

internal interaction energies of the true interacting many-body system

form those of the fictitious independent-particle system with electron-

electron interactions replaced by the Hartree energy. As such, the exchange-

correlation functional of the density includes all differences between the

original interacting many-body system and the non-interacting system.

Because the kinetic energy Ts is expressed as a functional of the orbitals

but all other terms are considered to be functionals of density, the vari-

ational equation can be derived by varying the wavefunctions and using

the chain rule for EKS :

∂EKS

∂ψδ∗
i (r)

=
∂Ts

∂ψδ∗
i (r)

+

[
∂Eext

∂ρ (r, δ)
+

∂EHartree

∂ρ (r, δ)
+

∂EXC

∂ρ (r, δ)

]
+

∂ρ (r, δ)

∂ψδ∗
i (r)

= 0,

(3.17)

subject to the orthonormalization constraints:〈
ψδ
i |ψδ′

j

〉
= δi,jδδ,δ′ , (3.18)

where δi,j and δδ,δ′ are the Kronecker’s deltas for orbitals and spins. Now,

by using the Eq. 3.12 for ρδ (r) and Eq. 3.13 for Ts, the Kohn-Sham wave-

function can be written as:

∂Ts

∂ψδ∗
i (r)

= −1

2
∇2ψδ

i (r) | ψδ
i (r) =

∂ρδ (r)

∂ψδ∗
i (r)

. (3.19)

Using the Lagrange multiplier method for handling the orthonormality

constraint
〈
ψδ
i |ψδ

i

〉
= 1, this leads to the Kohn-Sham Schrödinger-like

equations: (
Hδ

KS − εδi

)
ψδ
i (r) = 0, (3.20)

where the εi are the eigenvalues, and HKS is the effective Hamiltonian:

Hδ
KS (r) = −1

2
∇2 + V δ

KS (r) , (3.21)
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where

V δ
KS (r) = Vext (r) +

∂EHartree

∂ρ (r, δ)
+

∂EXC

∂ρ (r, δ)

V δ
KS (r) = Vext (r) + VHartree (r) + V δ

XC (r) . (3.22)

The Eqs. 3.20 - 3.22 are the well-known Kohn-Sham equations. The re-

sulting density ρ (r, δ) and the energy EKS are given by Eqs. 3.12 and

3.15.

The Kohn-Sham equations have the form of independent-particle equa-

tions with a potential that must be found self-consistently with the re-

sulting density. With the correct EXC , the Kohn-Sham equations would

lead to the exact ground state density and energy for the interacting sys-

tem. Furthermore, the ground state density uniquely determines the po-

tential at the minimum, so that there is a unique Kohn-Sham potential

V δ (r) |min ≡ V δ
KS (r) associated with any given interacting electron sys-

tem.

The main advantage of the Kohn-Sham ansatz compared to the original

Hohenberg-Kohn DFT is that by explicitly separating out the independent

particle kinetic energy and the long-range Hartree terms, the remaining

EXC can be approximated as a local functional of the density:

EXC [ρ] =

∫
drρ (r) εXC ([ρ] , r) , (3.23)

where εXC ([ρ] , r) is an energy per electron at point r that depends only

upon the density ρ (r, δ) in a neighborhood of point r. This makes the

density functional theory applicable for real systems of more than one

electron. However, quality of the DFT calculations will be intrinsically

dependent on quality of exchange-correlation functional approximation.

3.2 Cluster Expansion Method

Although DFT has been an immense success in modeling solid state ma-

terials, calculations are typically restricted to 0 K and/or to ideal stoi-

chiometric compounds. As such, 0 K enthalpies of formations of ideal

compounds and end-members have been highly useful supplementary in-

formation for experimental databases. However, materials frequently ex-

hibit non-ideal structures. In general, DFT calculations are restricted to

a priori chosen configurations.

In cluster expansion scheme a property of a lattice system is described

in terms of configurational variables called figures. In this representation
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the energy ECE of a configuration σ is:

ECE(σ) =
∑
α

Jαφα, (3.24)

where Jα is the effective cluster interaction (ECI) of figure α and the φα

is the correlation function of figure α. A correlation function is defined

for each cluster figure and its value is determined by configuration of a

lattice. In contrast, the ECI is independent of configuration. Similarly in

matrix form:

ECE(σ) = ΦJ, (3.25)

where Φ is column vector of correlation functions of clusters and J is row

vector of effective cluster interactions. Connolly and Williams applied this

cluster expansion method (CE) with ab initio calculations in order to de-

termine the effective interactions by straightforward structure inversion

procedure.[7]:

J = Φ−1
setE, (3.26)

where Φ is m times n square matrix of average correlation functions 〈Πi∈ασi〉
of nth type of cluster of mth structure, E is vector of energies of structures,

and J is resulting vector ECIs. In this way, ECIs can be determined an-

alytically if number of interactions is the same as number of structures

that they are fitted. However, the reader should note that the analyti-

cal fit does not correspond to the physically "correct" interactions but is

merely a fast fitting procedure. An alternative and more general way is

the least-squares technique where sum of squares of energy differences

between a CE model and a reference model is minimized.

Sanchez et al. proposed a description of the configurational energy of

alloys in terms of orthogonal discrete Chebyshev’s polynomials.[51]. For

example, in the Ising type lattice model for binary alloy with atom types

A and B:

ECE(σ) = J0 +
∑
i

Jiσi +
∑
i,j

Ji,jσiσj +
∑
i,j,k

Ji,j,kσiσjσk + · · · (3.27)

ECE(σ) = J0 +
∑
f

∑
lf

Jf
∏
f

(lf , σ) , (3.28)

where σi denotes the fictitious spin variable, indicating which atom occu-

pies the lattice site i (A: σ = +1, B: σ = -1), lf denotes the lattice site l and

symmetry equivalent figures f at that site.

In the case of a coherent system with species on ideal lattice sites, a sin-

gle external volume V defines uniquely the size and shape of each figure
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Figure 3.2. Schematic presentation of general cluster expansion model with two atom
types A and B. Actual ECIs can be seen, for example, in Fig. 1 of reference
[I].

f. In such case, Jf is independent on the space group of the system. In

this case, it is convenient to use average lattice product:

∏̄
f
(σ) =

∑
lf

∏
f (lf , σ)

NDf
, (3.29)

where N is number of sites and Df is average number of figures of type

f per site. In the case of binary alloys, the average lattice product can be

used as the correlation function of corresponding cluster figure.

In contrast to the well-established form of cluster functions in binary

systems, there is a variety of formalism for the cluster functions Φ in mul-

ticomponent systems.[68] Furthermore, as shown by Sanchez[49], there is

an infinite number of choices between equally valid ECIs. Also, some crit-

icism has also been rised against the CE method because in many cases

reliable results would require composition dependent interactions.[18, 50]

In the present work, cluster expansions were not described by an Ising

model. Instead, all symmetry inequivalent clusters were considered as

different types of figures. In this type of CE model the energy ECE is

described as:

ECE(σ) = V0 +
∑

x=1 V1−body,xD1−body,x +
∑

x=1 V2−body,xD2−body,x

+
∑

x=1 V3−body,xD3−body,x + · · ·+∑x=1 Vi−body,xDi−body,x, (3.30)

where Di−body,x is the normalized ratio of xth type of i-body cluster figure.

In other words, each unique type of cluster will have a constant Vi−body,x

that links corresponding structural feature to the energy ECE . It is the

ratio of the cluster Di−body,x that will be optimized by sampling different

configurations of atoms. A schematic illustration of this type of cluster

expansion model is shown in Fig. 3.2. Similarly with Eq. 3.25:

ECE(σ) = DV (3.31)

where D is column vector of cluster functions and V is row vector of ECIs.
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Although atoms are located strictly on their lattice sites, the system

is not restricted to cases in which the atomic positions are completely

fixed because ECIs can be fitted to partially or fully relaxed EDFT values

corresponding to the deepest local energy minimum of a configuration.

Unlike in the original cluster description of multicomponent systems[51]

and its well-known implementation[63], the basis set of clusters is not

restricted to an orthogonal basis of linear functions. Instead, original

structural features are used. This property makes parametrization of

the model a more demanding, requiring more time and DFT calculations.

It can also hinder transferability of parameters between different sys-

tems. However, it has been shown elsewhere that the orthogonal pro-

jection of data is not always the most informative.[26] Furthermore, ac-

cording to the Cover’s theorem on the separability of patterns,[8] when

linearly unseparable patterns are cast from low-dimensional space into a

high-dimensional space nonlinearly, the patterns are more likely to be lin-

early separable. A simple example of the usefulness of a nonlinear basis

would be the principal curves[20] which, when discretized, are essentially

equivalent[40] to the self-organizing maps[31].

As the developed method (Teeriniemi et al.[I]) is more general than the

traditional CE method, it can possibly provide a better mapping between

the alloy structure and energetics because different kinds of projections

can be used more flexible for original structural features. In principle,

some other additional properties could also be modeled as function of clus-

ters.
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4. Simulation Procedure

A significant part of this work was to develop a general CE parametriza-

tion and modeling software. Because of the new type of CE model, all

of the modules shown in the Fig. 4.1 had to be coded during this work,

except the module for DFT calculations. In this chapter, the general mod-

eling scheme is outlined, after which each of the modules is described in

greater detail.

The computation of an alloy phase diagram by an ab initio approach can

be divided into three parts[63]:

1. the partition function of the system is coarse-grained to that of a lattice

model, representing the possible configurational disorder of the alloy[4,

61],

2. the dependence of energy on alloy configuration is parametrized to a

model that provides adequate accuracy,

3. and the system is thermally equilibrated and free energies are calcu-

lated from Monte Carlo or cluster variation simulations.

In the first part, ordered structures remain as special cases of the disor-

dered alloy.

The general scheme of computational procedure of this work is illus-

trated in Fig. 4.1. For a given alloy system, an initial set of configura-

tions was first chosen and modeled by DFT. Secondly, a coarse-grained CE

model was parametrized by finding a mapping between DFT energies and

ECIs. This step corresponds to fitting parameters to 3.24 and 3.30. A ge-

netic algorithm (GA), was developed to find accurate set of ECIs. In third

step, the trial-CE model was used via Metropolis Monte Carlo (MC) simu-
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+ probe structures
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Figure 4.1. Assessment procedure in cluster expansion (CE) Monte Carlo density func-
tional theory (DFT) study using genetic algorithm (GA) for model selection.
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lations to model the system and to find the most interesting structures for

improved parameterization. The cycle of steps 1-3 was repeated until no

new ground states (GSs) were found and the difference between the CE

and DFT energies for new structures had converged.

After the prediction error of trial-CE models converged, the final CE

model was used to model statistical finite temperature properties using

large unit cells. Finally, MC results were analyzed statistically to acquire

state variables that were used to draw finite temperature phase diagrams.

4.1 Density Functional Theory Calculations

Ab initio DFT calculations were done by the GPAW-code (Grid-based Projector-

Augmented Wave method)[11]. The exchange-correlation energy was de-

scribed by generalized gradient approximation (GGA) of Perdew, Burke,

and Ernzerhof (PBE)[43].

The most important reason for choosing this functional was that it is

known to yield good results for the cohesive energy for the wide range

of metals.[10] Modeling structural energetics was the main focus of this

work. While being a higher level exchange-correlation functional than

the local density approximation (LDA)[44], PBE is better overall for met-

als than many other functional that are more complex or empirically

fitted.[44][10] PBE is also a popular GGA making our results easy to com-

pare to other studies.

We also tested the LDA functional[44] for various compounds to compare

our results with previous studies and to see possible differences between

the two levels of theory.

In bulk alloy structures, the lattice parameters were first optimized,

after which the local atomic positions were relaxed. In Fe-Ni nanoparticle

calculations only local atomic positions were relaxed. Magnetic moments

were optimized in all calculations.

4.2 Structure Selection for Parametrization

One of the two main problems in using the CE models is to decide which

alloy structures should be used to parametrize the model. As accurate

DFT calculations are computationally expensive and time consuming, it

is preferable to select those structures that decrease generalization error
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Schematic of structure selection for DFT calculations

Figure 4.2. Schematic of structure selection of additional structures for improved CE
model construction. Structures far from from input structures have large
uncertainty of predicted energy.

by the greatest amount.

In this work, we used the GS search and probe structures. The GSs are

the structures that minimize energy of the system. Probe structures were

selected as proposed by Seko et al.[53] to increase variance and decreased

correlation between N configurations in the input set:

〈
V ar

(
ECE(N)

)〉
=
(
tr
((

XTX
)−1

Σ
)
+ μ
(
XTX

)−1
μT
)
σ2 = Λ · σ2 (4.1)

where X is N ×m set of cluster correlation functions of the structures in

the set, Σ is m × m covariance matrix of the correlation functions, and μ

is and m-dimensional row vector of the mean correlation functions. The

distribution of all of the structures in the set is characterized by Σ and μ: μ

is the centre and Σ is the "spread" of the distribution in multidimensional

feature space. The additional DFT structures that decrease the mean

variance of the predicted energies by the greatest amount are the most

suitable probe structures for improving the CE. It should be noted that Λ

can be evaluated without DFT calculations and for a few probe structure

candidates μ and Σ can be calculated almost instantaneously.

The structure selection scheme is illustrated in Fig. 4.2. Using the GSs

and probe structures, the input set was as relevant and as diverse as

possible.
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4.3 Genetic Algorithm for Model Selection

Another main problem in using the CE models is the selection of inter-

actions. Because interactions in the ECI set can be switched on or off by

multiplication by 1 or 0 respectively, and because the fitness of each trial

ECI set can be evaluated quantitatively by using validation error against

DFT results, genetic algorithms[24] are suitable for model selection.

A typical genetic algorithm is shown in Fig. 4.3. Validation error is

calculated for each member of a new population. In this work, the re-

peated random sub-sampling validation error was used. In this validation

method, the fitting and validation sets are chosen randomly M times, and

the validation error is calculated as the average from all of the M divides.

The advantage of this method over for example k-fold cross-validation is

that it can be used for small datasets. The fitness of each hypothesis was

then evaluated according to the following fitness function:

fitness(ECIs) =

⎡
⎢⎣
∑M

m=1

∑Nvalid

σ∈{valid}
∣∣∣H(m)

f,CE −Hf,DFT (σ)
∣∣∣2

MNvalid

⎤
⎥⎦
−1

(4.2)

where {valid} is a validation set, Nvalid is the number of configurations in

the validation set, M is the number of divides of the input set into the

fitting and validation sets, H(m)
f,CE is the enthalpy of formation of configu-

ration σ, according to the hypothesis with division m, and Hf,DFT is the

enthalpy of formation of configuration σ according to the PBE-DFT. The

optimal ECI set is characterised by maximal fitness.

After the fitness evaluation, fitnesses of the population are normalized

and mating the pool is generated by fitness-weighted random selection. In

the mating pool, two individual hypotheses are mated according to a mat-

ing probability to produce a child hypothesis through crossover of genes.

Mutations are introduced to any individual child hypothesis with small

probability. Typically, and in this work, elitism is used by selecting hy-

pothesis with highest fitness directly to new population. Subsequent pop-

ulations exhibit increasingly good ability to model pre-determined prop-

erties.

The major evolutionary ’force’ is the fitness-weighted random selection

of parents. In general, stronger preference of better parents lead to quicker

convergence. However, it is probable that the obtained solution is not the

best one. On the other hand, random selection of parents will eventually

lead to the best solution but convergence will be slower.
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Figure 4.3. Flowchart for genetic algorithm.
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Figure 4.4. Example selection probability distributions of a generation with 100 mem-
bers with evenly spaced fitnesses.

Instead of many common selection strategies, such as the roulette wheel

selection, the tournament selection, and the truncation selection, a more

general method was implemented. The selection method was adapted

from work of Tipton and Hennig[59]. The parents are chosen according to

power law probability distribution over their fitnesses. The distribution

is described by two parameters: the number of parents Nparents and an

exponent P . First, fitness of a individual hypothesis (f ) is calculated by:

f =
v − w

b− w
, (4.3)

where v, w, and b are values of the fitness function 4.2 for the individual,

the worst individual, and the best individual respectively. Selection prob-

abilities of all individuals that have lower fitness than the Nparents + 1 is

set to zero. Then fitnesses are recalculated for remaining sub-population.

Finally, selection probability is calculated according to the renormalized

fitnesses fi:

pi =
(fi)

P∑
j (fj)

P
, (4.4)

where the sum is over the Nparents.

Many useful distributions can be obtained with different Nparents and P .

Fig. 4.4 illustrates how aggressiveness of the algorithm can be tuned by

the parameter P . The truncation selection is achieved by P = 0 and the

roulette wheel selection is equivalent to using a P = 1. Random search

would be achieved using parameters P = 0 and Nparents = Npopulation.

A major advantage of this method is that it allows user to tune selection

scheme to optimize trade-off between computation time and confidence in

the final solution.
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4.4 Metropolis Monte Carlo Algorithm

After obtaining an accurate cluster expansion Hamiltonian, two main ap-

proaches exist to estimate finite temperature phase diagrams: the Monte

Carlo importance sampling (MC)[16] and the cluster variation method

(CVM)[29].

The CVM is computationally cheaper than the MC. In many cases, it

also provides as accurate phase diagrams as the MC.[14, 52] However,

the CVM fails to take account long-range dependencies because the max-

imum correlation length is defined by size and geometry of the a priori

chosen basic cluster. Furthermore, the success of the CVM is partly due

to cancellation of errors; an overestimated internal energy is compensated

by too negative -TS term.[12]

In MC simulations, the complexity of a structure is limited by the size

of simulation cell as correlations are taken into account over whole sim-

ulation cell. This makes the MC simulations more suitable for studying

complex structures and second-order phase transitions.

The idea of the importance sampling, done by the Monte Carlo (MC)

procedure, is to generate a random walk in those regions of phase space

that have an important contribution to the ensemble averages, such as

internal energy U . The acceptance rule is chosen such that these configu-

rations occur with frequency prescribed by the a priori chosen probability

distribution.[16] The Boltzmann distribution is used most commonly be-

cause the central limit theorem states that sum of independent and iden-

tically distributed random variables tends toward Gaussian distribution.

The Bolztmann distribution is temperature dependent analogy with the

Gaussian distribution.

An MC algorithm was implemented for the canonical ensemble (con-

stant NVT). As the CE model assumes rigid lattice sites in the simulation

cell, some simplifications can be used compared to dynamic MC simula-

tions.

Transition steps are simple exchanges between two randomly chosen

atoms. The energy of the resulting configuration is then calculated con-

sidering the difference in environments of the exchanged atoms and en-

vironments of neighboring atoms compared to the original configuration.

Neighborhood lists do not need to be updated during the simulation. The

probability of accepting a transition from state 1 to state 2 (P1→2) is:

P1→2 = e−β(E2−E1), (4.5)
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β = 1/kBT .

In order to decide whether to accept or reject the transition, a random

number is generated from uniform distribution in the interval [0, 1]. If

the random number is larger than P1→2 the transition is rejected, else it

is accepted. If energy is decreased by the transition, the step will auto-

matically be accepted.

This type of sampling provides Boltzmann distributed energies and con-

figurations of a system at constant temperature, volume, and number of

atoms.

In this work, simulated annealing procedure was used to avoid false

convergence to local energy minimums. In simulated annealing, the sim-

ulation is started from a high temperature and the temperature is grad-

ually decreased. At each temperature the system is simulated until the

temperature has equilibrated.

4.5 Statistical Analysis

Two analysis tools were implemented to obtain state variables from MC

simulations. The first one uses method of Flyvbjerg and Petersen[15] to

obtain a good estimates for heat capacity of a system at each tempera-

ture, from which the configurational entropy Sc can be determined using

the thermodynamic integration. Second one uses the weighted histogram

method of Ferrenberg and Swendsen[13] to obtain statistically optimal

estimates for entropies and free energies according to observed energy

distribution at each temperature.

4.5.1 Method I: Flyvbjerg and Petersen

As noted in Chapter 2, true variance of energy in Eq. 2.13 cannot be

calculated directly because of the strongly correlated subsequent steps in

MC simulation. However, the variance can be estimated using the method

of Flyvbjerg and Petersen[15].

Analogous to Eq. 2.13, heat capacity cv can be written as:

cv =
∂U

∂T
≈ 〈Ei − U〉2

kBT 2
=

Var (EMC)

kBT 2
, (4.6)

where Ei is energy of a MC step i, and the internal energy U is an average

of L Boltzmann distributed MC energies:

U = 〈EMC〉 =
∑

iEi

L
. (4.7)
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The variance of energy is:

Var (EMC) =
〈
E2

i

〉− U2 =

∑
i (Ei − 〈EMC〉)2

L
. (4.8)

The dataset E1, E2, ..., EL is transformed into new dataset E’1, E’2, ...,

E’L′ , which has half the size of the original set:

L′ =
1

2
L, (4.9)

E′
i =

1

2
(E2i−1 − E2i) . (4.10)

The average of the new set remains the same as in the original set. How-

ever, possible correlations between subsequent samples will be dimin-

ished. Variance of the less correlated set is:

Var
(
E′

MC

)
=
〈
E

′2
i

〉
− 〈E′

MC

〉2
. (4.11)

The blocking is repeated until averages E′
i are uncorrelated. In such case,

the variance of energy should be constant with respect to block size:

Var (E′
MC)

L′ − 1
≈ constant. (4.12)

This constant gives an estimate of the true variance of the internal energy.

4.5.2 Method II: Ferrenberg and Swendsen

The value of energy distribution in the canonical ensemble at energy U is:

ρ (U) =
Ωc (U, V,N) e−βU

Z (T, V,N)
, (4.13)

where the partition function Z is:

Z =

∫
Ωc (U, V,N) e−βUdU, (4.14)

and Ωc is the configurational density of states:

Ωc (U, V,N) =

∫
δ
[
U
(
rN
)− U

]
drN , (4.15)

where rN is a configuration. Using a dimensionless configuration entropy

(Sc):

Sc (U, V,N) ≡ lnΩc (U, V,N) , (4.16)

eSc(U,V,N) = Ωc (U, V,N) =

∫
δ
[
U
(
rN
)− U

]
drN . (4.17)

Implementing this to Eqs. 4.13 and 4.14 gives:

ρ (U) =
eSc(U,V,N)e−βU

Z (T, V,N)
=

eSc(U,V,N)−βU

Z (T, V,N)
(4.18)
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Z =

∫
eSc(U,V,N)−βUdU. (4.19)

Now Sc (U, V,N) is the only unknown. Because it is not dependent on

temperature, the energy distribution can be calculated in any tempera-

ture when Sc (U, V,N) is determined. The Eq. 4.18 can be re-arranged

into:

ρ (U)Z (T, V,N) = eSc(U,V,N)−βU ,

ln [ρ (U)Z (T, V,N)] = Sc (U, V,N)− βU,

ln [ρ (U)] + ln [Z (T, V,N)] + βU = Sc (U, V,N) . (4.20)

For constant volume and number of atoms, and by using histogram dis-

cretization, the equation simplifies into:

Sc (Uk) = ln [ρ (Uk)] + ln [Z (T )] + βUk, (4.21)

where k denotes energy level k. The entropy Sc (Uk) can be calculated from

the energy distribution ρ (U) which can be calculated from the entropy.

It is preferable to first determine Sc (U) because it is not temperature

dependent. This is because Sc (U) comes from microcanonical ensemble

as shown in Eq. 4.16.

In principle, values of Sc (Uk) could be estimated using energy distribu-

tion from just one MC simulation from a single temperature. In practice

this usually leads to insufficient sampling of the tails of the Boltzmann

distributions, resulting to inaccurate entropy estimates. Thus, multiple

histograms need to be compiled from different temperatures.

In the weighted histogram method of Ferrenberg Swendsen[13], the en-

tropy Sc (Uk) and free energy at temperature j (Aj) are solved iteratively

using the maximum likelihood estimation. The values of Sc (Uk) are de-

termined so that probability (L) of obtaining observed distribution ρ (Uk)

at all temperatures j is maximized.

Probability L to make n× J observations is:

L =
n∏

i=1

J∏
j=1

ρ (Ui,j , Tj) =
Ωc (Ui,j) e

βjUi,j

Zj
, (4.22)

where Ωc (Ui,j) is density of states at energy level i at temperature j. The

partition function at temperature j is integral of density of states times

the Boltzmann factor over energy U :

Zj =

∫
Ωc (U) e−βjUdU. (4.23)
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In discretized form, the partition function Zj can be written as:

Zj =
k=K∑
k=1

Ωke
−βjUk =

K∑
k

eSk−βjUk = e−βjAj , (4.24)

where Aj is the free energy at temperature j. The probability L becomes:

L =

k=K∏
k=1

J∏
j=1

(
Ωc,ke

−βjUk

Zj

)cj,k

=

k=K∏
k=1

J∏
j=1

(
eSk−βjUk+βjAj

)cj,k
, (4.25)

where cj,k is number of hits for mode k (mode is a bin of a histogram).

Using the maximum likelihood method, the logarithm of probability is

differentiated in respect to variables Sk and maximum is calculated by

finding the point where differential is zero:

lnL =
K∑
k

J∑
j

cj,k (Sk − βjUk + βjAj) (4.26)

∂ lnL

∂Sk
=

j=J∑
j=1

(
cj,k + nβj

∂A

∂Sk

)
= 0with any k. (4.27)

Noting that:

βj
∂A

∂Sk
= −∂ lnZ

∂Sk
= −eSk−βjUk

Zj
, (4.28)

lead to:
∂ lnL

∂Sk
=

j=J∑
j=1

(
cj,k − cj

(
eSk−βjUk

Zj

))
(4.29)

∂ lnL

∂Sk
=

j=J∑
j=1

(
cj,k − cje

Sk−βjUk+βjAj

)
with any k. (4.30)

With the zero derivative condition, the entropy of energy mode k (Sk):

eSk =

∑j=J
j=1

cj,k
cj∑j=J

j=1 e
−βjUk+βjAj

=

ctot(Uk)
cj∑j=J

j=1 e
−βjUk+βjAj

,

Sk = ln(ctot)− ln(cj)−
j=J∑
j=1

(
e−βjUk+βjAj

)
, (4.31)

where ctot (Uk) is total number of hits for mode k in all temperatures.

The free energy at temperature j is still unknown. It depends on en-

tropy:

−βjAj = ln

(
k=K∑
k=1

eS(Uk)−βjUk

)
. (4.32)

Entropies and free energies can be calculated iteratively by first fixing the

free energy of some temperature and then calculating entropies and corre-

sponding free energies which are fed back to re-calculate entropies. This

Ferrenberg-Swendsen method is illustrated in Fig. 4.5. The reference free
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Figure 4.5. Iterative weighted histogram method of Ferrenberg and Swendsen[13].

energy can be set to some arbitrary value. In addition to Aj=1 = 0, useful

reference points are the free energy at zero or at infinite temperature.

The free energies obtained using this method are statistically optimal

with respect to observed energy distributions. The optimized Sk allow

extrapolation of energy distribution ρ (U) and free energy Aj to any tem-

perature.

4.6 Extreme Learning Machine

One of the goals of this work was to develop a general tool for modeling

thermodynamic properties of alloys. It is well-known that many prop-

erties, such as bonding energy or magnetic moment, can be non-linearly

dependent on composition or structure of a material. For this kind of

cases, an artificial neural network extreme learning machine (ELM)[25]

was implented to the modeling software.

The reason for choosing the ELM as the non-linear modeling tool was

the combination of good generalization performance and extremely fast

learning speed.[25] The ELM has also been shown to have the universal

approximation property.[5]

The general architecture of an ELM neural network is shown in Fig.

4.6. It uses a single hidden layer feedforward neural network. The input

layer is fully connected to the hidden layer which is fully connected to the

output layer. There are no feed back loops.
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Figure 4.6. The architecture of extreme learning machine.

In the input layer, a data vector with n features (dimensions) is inputted

to the network without any computations. The output of a neuron m in

the hidden layer is:

gm (xi) = g
(
wT
mxi + βm

)
, (4.33)

where g (t) is the chosen non-linear activation function suitably scaled, wm

is weight vector between the input layer and the neuron, and βm is bias

of the neuron. The output neuron is a simple linear summator outputting

a weighted average of outputs of neurons in the hidden layer. Therefore,

the total output corresponding the input vector xi is:

oi (xi) =
M∑

m=1

bmg
(
wT
mxi + βm

)
, (4.34)

where bd is the d-dimensional column vector containing the d weights from

the dth neuron in the hidden layer to the d neurons in the output layer.

The output vectors oi are equated to the target vectors ti corresponding to

the input vector xi:

ti (xi) =
M∑

m=1

bmg
(
wT
mxi + βm

)
, (4.35)

for each training pair {xi, ti}, i = 1, 2, ..., N.

Weight vectors between the input and hidden layer are chosen randomly

before learning. Also biases are chosen randomly. Weights between the

hidden layer and output layer can be calculated analytically. First, out-

puts of neurons in the hidden layer are calculated for all input vectors.
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Figure 4.7. Regression by the ELM. Number of neurons in hidden layer was 20, activa-
tion function was normal sigmoid function, and number of output neurons
was one. Training time of the ELM network was 0.9 sec.

The outputs can be expressed as an activation matrix φ:

Φ =

∣∣∣∣∣∣∣∣∣
φ (xi=1, cm=1) · · · φ (xi=1, cm=M )

... . . . ...

φ (xi=N , cm=1) · · · φ (xi=N , cm=M )

∣∣∣∣∣∣∣∣∣
(4.36)

. Weights can be determined from normal equations:

φTφw = φT yw =
(
φTφ

)−1
φT y, (4.37)

where φT is transpose of the activation matrix,
(
φTφ

)−1 is the Moore-

Penrose generalized inverse of the matrix φ, and y is matrix of target

values.

The ELM can be used for both regression and classification. Examples

are shown in Figs. 4.7 and 4.8. Both of the examples use normal sigmoid

function as the activation function. In Fig. 4.7 ELM was fitted to 2000

training samples that were drawn from the "sinc" function:

y =

⎧⎨
⎩sin(x)/x, x �= 0,

1, x = 0.
(4.38)

The training samples were drawn randomly from a uniform [-10, +10]

distribution. To make the data observations more realistic, large uniform

noise distributed in [-0.2, +0.2] was added to all training samples. It

can be observed, that with 20 neurons in the hidden layer, the underlying

actual function is accurately learned from the training observations.

In Fig. 4.8, the ELM was used to learn two classes which are not linearly

separable. Using just 10 neurons in the hidden layer, the ELM was able
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Figure 4.8. Classification by the ELM. Number of neurons in hidden layer was 10, acti-
vation function was normal sigmoid function, and number of output neurons
was one. Training time of the ELM network was 0.4 sec.

achieve good training accuracy. Some of instances from the class 1 were

labeled as class 2, while no false negative classifications were made for

the class 2.

The ELM regression can be used to model energetics of alloys using the

structural variables D in Eq. 3.30. Because the number of output vectors

is not limited in the ELM, some additional properties, such as magnetism,

can be modeled simultaneously with energetics. Thanks to the universal

approximation property, for any continuous input-output mapping f (x)

one can construct an ELM network such that the input-output mapping

of the network is close to f (x). The ELM classification can be used to

classify alloys according to the structural variables, but it was not used in

this work.
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5. Results and Discussion

The aim of this work was to gain new knowledge about thermodynam-

ics of the platinum group metal alloys using first-principles calculations.

Specifically, the Cu-Ni-Pd and Ni-Rh alloy systems were studied. The goal

was also to develop, modeling tool for multicomponent multiscale model-

ing based on first-principles parametrization. Detailed results obtained

within this work are presented in Appendices [I-III]. Here, a summary

and discussion of those studies is given. The last section summarizes our

Fe-Ni nanoparticle simulations for which the results are unpublished.

5.1 The Cu-Ni-Pd System

The Cu-Ni-Pd offered possibility for both validation of the new model and

for a more accurate description in an industrially very relevant system.

Prior to this study, only a little experimental data was available for the

ternary system.[19]. As shown in Fig. 5.1 we have studied 424 composi-

tions, 292 of which are from inside the ternary. This makes the Cu-Ni-Pd

perhaps the most extensively characterized ternary alloy.

The phase diagram of the Cu-Ni-Pd ternary alloy at 0 K is shown in

Fig. 5.2. DFT enthalpies of formation of the Cu-Ni-Pd GS structures are

given in Table 5.1. There are no ordered ternary compounds in the system.

Instead, the enthalpy of formation - which is equal to free energy at 0 K - is

minimized by combining binary sub-systems. For example, at composition

Cu35Ni50Pd15 the alloy is mixture of pure A1 Ni, L12 Cu75Pd25, and B2

Cu50Pd50 with ratios of 5:4:1.

Fig. 5.3A gives nice insight into Extended X-ray-Absorption Fine Struc-

ture (EXAFS) measurements of Wong et al.[67] on Cu94Ni6, Cu94Pd6, and

Cu94Ni3Pd3. The EXAFS signals indicated that environments of Ni and

Pd are essentially unchanged when going from the binary alloys to the

51



Results and Discussion

0.25 0.50 0.75

0.25

0.50

0.75
0.25

0.50

0.75

Measurement points
 fcc, this work
 bcc, this work
 Wong
 Ryi
 Gupta (bcc)

Ni Cu

Pd

Figure 5.1. Measurement points of this work and previous studies Marked points
are from same compositions as in: Wong et al.[67], Ryi et al.[48], and
Gupta[19].[III]
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Figure 5.2. Cu-Ni-Pd ternary phase diagram predicted by the CE model at 0 K.[III]
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Table 5.1. Enthalpy of formation (kJ/mol) for energy minimizing structures in Cu-Ni-Pd
at 0 K.[III]

Composition Hf from fcc elements Lattice

(kJ/mol)

Cu25Pd75

-7.45 PBE

-6.5 CE
fcc, L12

Cu75Pd25

-10.07 PBE

-9.7 CE
fcc, L12

Cu50Pd50

-12.07 PBE

-12.6 CE
bcc, B2

Cu94Ni3Pd3 ternary alloy. Possible Ni-Ni pairing could not be assessed

conclusively.[67] Fig. 5.3A shows that at low temperature the Cu94Ni3Pd3

has pure Ni phase, pure Cu phase, and a Cu-Pd phase, which all are anal-

ogous to those of corresponding binary systems. For example, Cu94Ni6 is

composed of mixture of pure Ni and Cu phases while Cu94Pd6 is composed

of mixture of pure Cu and L12 phases.

Also structures at higher temperatures are given in Fig. 5.3A. It can be

observed that the Cu-Pd phase of Cu94Ni3Pd3 breaks into a random Cu-

Pd phase at ca. 150 K. This is followed by breakdown of the Ni phase at

ca. 425 K.

Considering the β phase, Cu57Ni1Pd42 has been considered as the most

Ni-rich single-phase bcc alloy at 400 K.[19] The structure of this alloy ac-

cording to the CE model is shown in Fig. 5.3B. Unlike in dilute Cu1−xNi0.5xPd0.5x,

the Ni is distributed to B2 type Cu-Pd without an apparent ordering or

clustering of Ni atoms. The order-disorder transition of the bcc alloy

would occur at ca. 1200 K. However, the fcc structure becomes thermo-

dynamically more favourable at much lower temperatures. Therefore,

the random fcc phase (γ) is more stable above ca. 870 K, resulting in a

β(ordered) → γ(disordered) transition at this temperature and composi-

tion. The modelled transition temperature is close to the ca. 865 K of

Li et al.[34] for the fcc-bcc transition for the Cu58Pd42 binary alloy. Mild

disordering of the fcc phase can be observed approximately at 425 K. How-

ever, this ordering might not be encountered in real materials, as the alloy

transforms into the bcc lattice below 870 K.

Redlich-Kister parameters for excess enthalpy of formation at 900 K are

given in Table 5.2.

The magnetic moments of the minimum energy structures found by the
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Table 5.2. Redlich-Kister parameters (kJ/mol-atoms) at T = 900 K for excess enthalpy
of formation HE in the Cu-Ni-Pd binary systems and the root mean square
deviation (kJ/mol-atoms) to the CE enthalpies.[I]

L, T = 900 K Cu-Nifcc Cu-Pdfcc Ni-Pdfcc

0 8.6840 -36.8101 5.7059

1 -1.8839 -10.2819 0.3101

2 1.5188 -0.5460 7.1098

3 -6.6819 2.1065 11.1754

4 -5.6356 -0.0174 -23.7374

RMSD (kJ/mol) 0.036 0.0021 0.135

A)

B)

Figure 5.3. Finite temperature energetics: A) Hf as function of temperature at composi-
tion Cu94Ni3Pd3; B) Ac of fcc and bcc Cu57Ni1Pd42.[III]
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CE were calculated by PBE-DFT. The magnetic moments are shown in

Fig. 5.4. The Curie temperatures are also shown because they are more

readily available in phase diagrams, and the Curie temperature should

be comparable to the magnitude of the magnetic moment, as illustrated

by measurements of Hicks et al.[21] in Cu-Ni. It should be noted that our

magnetic moments correspond to energy minimizing structures of 32 atom

unit cell at each composition at zero K. Therefore, it does not describe the

effect of any long range magnetic ordering. According to our results, Cu-

Ni undergoes a magnetic transition at the Ni concentration of 0.46, which

is close to the value of X(Ni)=0.44 by Hicks et al. at 4.2 K[21]. From

X(Ni)=0.46, the magnetic moment rises quickly to 0.22 at X(Ni)=0.50 and

continues linearly to 0.64 μB of pure nickel. This result is in agreement

with the evaluated Curie temperatures of Li et al.[34].

In the Ni-Pd system, the magnetism rises to 0.26 Bohr magnetons at

composition X(Ni)=0.03 and rises nearly linearly to pure nickel. This re-

sult is in reasonable agreement with the assessment of Ghosh et al.[17].

5.2 The Ni-Rh System

The assessed phase diagram of solid Ni-Rh system is shown in Fig. 5.5.

Our work[II] confirms the previously predicted miscibility gap. Previ-

ously, the low temperature part of the NiRh phase diagram was based on

liquid metal calorimetry measurements of Pratt[45]. Assuming temperature-

independent heats of formation, Pratt[45] evaluated temperature inde-

pendent entropies of formation. It should be noted, that the miscibility

gap has not been observed in any previous studies. It has also been sug-

gested by Raub[46] that there might be L12 type of ordering in the system.

Using minimization of the configurational Helmholtz free energy fit-

ted by RK method, critical point is estimated at 765 K and 0.73 X(Rh).

Above this temperature, the alloy has complete solid solubility. The re-

sult for the critical temperature is in agreement with direct experimental

observations that the NiRh system has complete solid solubility above 773

K[47, 32, 35].

Below the critical temperature, the alloy will start to form Ni rich and

Rh rich phases α1 and α2 that have composition shown by the phase

boundaries. For example, at 300 K the NiRh has random fcc structure

at X(Rh) below 0.23. When increasing rhodium concentration, another
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Figure 5.4. Magnetic moments (Bohr magnetons per atom) in the a) Cu-Ni and b) Ni-
Pd systems in this study (PBE-DFT) compared with the results of Hicks et
al.[21] (neutron magnetic diffuse scattering). Also Curie temperatures of Li
et al.[34] (assessment), and Ghosh et al.[17] (assessment). Figure is modified
from reference [I].
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Figure 5.5. Phase diagram of solid NiRh alloys compared with experimental assessment
by Nash and Nash[42]. Experimental Curie temperatures (TC of Crangle and
Parsons[9], and Muellner and Kouvel[38] are also included in the graph.[II]

phase starts to grow resulting to phase coexistence between phase α1 with

X(Rh) = 0.23 and phase α2 with X(Rh) = 0.96. Both α1 and α2 are random

fcc phases. Overall rhodium concentration for alloys between the limiting

concentrations is linear combination of ratios of α1 and α2 and can be cal-

culated by the lever rule. Above 0.96 X(Rh) at 300 K, Ni and Rh are again

randomly distributed to fcc lattice.

Considering the L12 type of ordering, Fig. 5.6 shows enthalpy of forma-

tion for Cu3Au which is the prototype structure of L12. It can be seen,

that the suggested L12 (Cu3Au) structure lies 1.6 kJ/mol-atoms higher in

energy than D022 with 0.25 X(Rh). With 0.75 X(Rh) the energy difference

is even more favourable for the D022.

Furthermore, it can be seen that CE simulations with large unit cells

can describe structures with much lower energy. The enthalpy of forma-

tion (equal to free energy in 0 K) is in fact minimized by combining the

energy minimizing structure 0.008 X(Rh) Rh and elements. For exam-

ple, at 0.25 X(Rh) in 0 K the NiRh is separated to the energy minimizing

structure and pure Rh with ratios of 0.756 and 0.244 respectively. The

enthalpy of formation of the resulting two phase alloy is -0.34 kJ/mol and

can be read from dashed line in the Fig. 5.6.

Therefore, NiRh system does not form an L12 compound. The true en-

ergy minimizing structure at 0.008 X(Rh) Rh is shown in Fig. 5.7. In

the structure, rhodium is segregated into rhodium rich phase that has

concentration of ca. 0.23 X(Rh) with no apparent ordering.

NiRh alloys have enhanced magnetic moment at low Rh concentrations.[9]

It has been suggested that this effect is due to Rh atoms having substan-
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Figure 5.6. PBE-DFT enthalpies of formation (kJ/mol-atoms) for ordered structures of
ground-state search compared with CE enthalpies of formation for unit cell
of 6912 atoms. Dashed line show the enthalpy of formation of NiRhfcc at 0
K.[II]

Figure 5.7. Free energy minimizing structure in NiRh alloy with 0.008 X(Rh) at 0 K
(6912 atoms, Ni = blue, Rh = green). Rhodium is segregated to Rh rich phase
that has concentration of ca. 0.23 X(Rh).[II]
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tial moment or Rh atoms inducing an increase to the moments of their

neighboring Ni atoms.[38] Because atomic Ni has larger magnetic mo-

ment than bulk fcc Ni, the enhanced moment could also be due to fact that

Rh loosens the Ni lattice and magnetic moment of Ni increases closer to

that of atomic Ni.

In this work, the magnetic enhancement effect is shown to be due to Rh

atoms inducing a larger moment for surrounding Ni atoms. The magnetic

enhancement effect was studied by considering local magnetic moments

in Ni107Rh1, Ni104Rh4, and Ni1Rh107. As shown in Fig. 5.8, the aver-

age magnetic moment of pure fcc Ni is 0.645 μB per atom with a lattice

constant of 3.522 Å. The magnetic moment of Nifcc is linearly dependent

on lattice constant within considered range from 3.428 to 3.586 Å. When

0.009 X(Rh) rhodium is substituted to nickel lattice, the lattice constant

increases to 3.532 Å. However, the magnetic moment increases to 0.672

μB instead of the 0.649 of pure Ni with corresponding lattice constant. A

similar effect is observed with higher rhodium concentration. Therefore,

rhodium increases the magnetic moment more than anticipated by the

effect of increasing lattice constant.

In Fig. 5.9, the average magnetic moment of Ni atoms is shown as func-

tion of distance from rhodium atoms. The moment at zero distance is the

average moment of rhodium atoms. According to Fig. 5.9, Rh atoms are

magnetized when substituted to Ni lattice, but the resulting moment is

lower than that of Ni or the average moment of alloy. In case of 0.009

X(Rh), the largest enhancement is induced to second and third nearest

neighbor nickels. Fourth nearest Ni atom has magnetic moment of 0.67,

which is close to average magnetic moment of the alloy.

With X(Rh) = 0.037, an even larger magnetic moment is induced on the

Rh atoms. Moments of first, second, and third nearest Ni atoms are al-

most same with each other and close to average moment of the alloy. The

fourth nearest neighbor Ni at X(Rh) = 0.037 has a lower magnetic moment

than the fourth nearest neighbor Ni at X(Rh) = 0.009.

According to our GGA-DFT results, the magnetic enhancement effect is

due to rhodium atoms inducing a larger magnetic moment on surrounding

nickel atoms rather than rhodium atoms having a large magnetic moment

the in alloy. With a large rhodium concentration, rhodium suppresses the

magnetic moment of nickel.
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5.3 The Ni-Fe Nanoparticles

As it was noted in [I], the developed CE method should be applicable to

surfaces and free-standing clusters. Although the focus of this work was

in modeling the bulk PGM alloys, performance was tested also for the

Fe-Ni nanoparticles (ca. 1.3 nm diameter).

The Fe-Ni nanoparticles were considered particularly interesting due

to their good chemical reactivity in carbon nanotube synthesis by chem-

ical vapor deposition[58, 27] and the Fischer-Tropsch synthesis[65, 64].

Furthermore, new catalytic properties can be obtained and enhanced by

alloying the metals.[6]

Studies on Ni, Fe, and Ni/Fe crystal surfaces show that their reactiv-

ity is highly sensitive to surface structure.[1, 54, 55] CO dissociation on

iron nanoparticles is highly sensitive to particle size and geometry.[36]

Despite the experimentally proven catalytic potential of bimetallic Ni-Fe

particles, computational studies of chemistry on these particles are scarce.

As Fe and Ni are of similar size and have similar surface energies and

electronegativities, prediction of segregation is behaviour is difficult and

needs the ab inititio approach.

The main difficulty in modeling Fe-Ni nanoparticles is the surface ef-

fect. Very small alloy nanoparticles can be optimized using brute force

ab initio modeling, enumerating all possible configurations. However,

nanoparticles of just few atoms are often unrealistic and do not form in

real systems. When the number of atoms is increased, the surface effect is

increasingly diminished and properties approach those of bulk material.

How this transition occurs is a non-trivial question as many thermody-

namic properties are not intensive properties at the nanoscale. Direct

ab initio optimization of realistic nanoparticle systems is computationally

unfeasible.

Here, a PBE-CE model was constructed for the BCC, FCC, and icosahe-

dral nanoparticles of sizes 145, 147, and 147 atoms respectively. Energet-

ics of the nanoparticles are shown in Fig. 5.10. Fig. 5.10A shows the CE

energies for all geometries at all compositions. Fig. 5.10B shows the DFT

energies for GS structures.

Pure Ni particles have the icosahedral structure, while pure Fe particles

have the BCC structure. Between 0.45 and 0.83 X(Fe), there is phase coex-

istence between icosahedral and bcc structures. In all three GS structures

Ni is enriched on to surface. In the BCC particle, Ni atoms are located in
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Figure 5.10. Cluster expansion enthalpy of formation (kJ/mol) of BCC (145 atoms), FCC
(147 atoms), and icosahedral (147 atoms) at 0 K by A) CE and B) PBE-DFT.
Reference states are pure Fe and Ni BCC nanoparticles of 145 atoms.

corner and edge sites. In icosahedral particles, the arrangement is less or-

dered. Radial distribution of Fe is shown in Fig. 5.11. It can be observed,

that when Fe is alloyed into pure Ni particle, Fe atoms are distributed

primarily into the middle shell (here 4th shell). Thus, icosahedral Fe-Ni

particles have a Ni core surrounded by a mixed FeNi shell and a Ni-rich

outmost shell.

5.4 Future Work

As there were relatively few experimental data points available inside the

Cu-Ni-Pd ternary and in Ni-Rh binary alloy at low temperatures, we hope

this work to inspire experimental validation of the computational results.

We have demonstrated the significant difference between LDA-DFT and

GGA-DFT in this work. It would be interesting to see if there is any
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significant improvement if the GGA functional is updated to a meta-GGA

functional, for example TPSS[57].

In the Ni-Rh system, further computational study should be done to

fully understand magnetic behavior. Although the MoPt2 type of Ni-Rh

was shown to be unstable, it is interesting that relatively Rh rich alloy can

have larger magnetic moment than pure Ni although Rh is not magnetic.

These results can be used in further studies of magnetism in alloys. In

such a study, the revision of magnetism in Ni-Cu and Ni-Pd should also

be useful.

Good results in Ni-Fe nanoparticles show that the developed method can

model both bulk and surface energetics. This opens doors for many appli-

cations in computational study of surface structure, surface segregation,

heat resistance, and catalyst design. In principle, the model should be

able to predict surface adsorbtion and coverage at different temperatures.

Modeling of metal oxides and sulphides should be tested, although it

is expected to be more challenging due to highly localized bonds. Oxides

and sulphides have very different kind of ordered structures with small

energy differences which might make CE calculations more difficult.

The heuristic machine learning method was found to be highly efficient

in model parametrization. As the CE method is not limited to simula-

tion of energy as function of structural variables, it would be interest-

ing to see how other properties, for example magnetic moment, could

be parametrized with the CE model. Also, the performance of the non-

orthogonal CE should be tested by using the non-linear projections of the

cluster variables.
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6. Conclusions

The objectives of this thesis were to gain new knowledge concerning the

thermodynamics of Cu-Ni-Pd and Ni-Rh alloys, and to develop a general

first-principles-based modeling tool for multicomponent systems.

It is shown that by using the developed supervised machine learning

algorithm, the DFT model can be coarse-grained into a CE lattice model

with high accuracy. The accuracy of the produced CE model can be ob-

served from the small prediction errors for energies of new structures

against corresponding DFT energies. Furthermore, the finite-temperature

phase diagrams are in many ways an ultimate validation test for both the

coarse-grained and the original DFT model.

Especially the Cu-Ni-Pd system can be considered as a challenging test

for the method not only because of three elements, but also because it

has different types of lattices, magnetic and non-magnetic regions, and

ordering and phase segregation.

This work provides new information of several hypotheses presented for

the Cu-Ni, Cu-Pd, Ni-Pd, Ni-Rh, and Cu-Ni-Pd alloys at low tempera-

tures. The results can be used as a data source for experimental models

and as a benchmark for further theoretical studies. The work also pro-

vides experimentally testable predictions in form of atomistic structure

and energetics of several alloys.

Good results with Fe-Ni nanoparticles show that the method can be used

to predict surface properties and nanoparticle structures. Until now, this

has been a difficult task for ab initio calculations, as the realistic particles

are too large for direct DFT calculations and performance of empirical

force fields is uncertain.

To summarize, this kind of DFT-CE method is an outstanding tool to

investigate complex and poorly understood metal systems and provides

valuable information to guide and explain experimental studies. We also
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see this method to be of broad interest and a demonstration of the power

of the computational approach to materials science.
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