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Lien ryhmät vastaavat perinteisiä ryhmiä jatkuvassa asetelmassa, joten niillä
voidaan esittää jatkuvien geometrioiden kappaleiden symmetrioita. Ryhmärak-
enteen lisäksi Lien ryhmät ovat sileitä monistoja, jolloin algebrallisten työkalujen
lisäksi voimme turvautua geometrisiin sekä analyyttisiin argumentteihin.
Alunperin Lien ryhmiin törmättiin tutkittaessa di�erentiaaliyhtälöiden ratkaisuja.
Niitä käytetään yhä tähän tapaan di�erentiaalisen Galois'n teorian parissa, missä
tutkitaan di�erentiaaliyhtälöiden tietynlaista ratkeavuutta. Tämän lisäksi Lien
teoria, siis Lien algebroiden ja Lien ryhmien vastaavuus toistensa kanssa, on tärkeä
osa nykyistä di�erentiaaligeometriaa.
Tässä opinnäytteessä esitetään Lien teorian perusteet. Tämän jälkeen
määritämme Lien ryhmille sopivan metriikan, jotta voimme esittää statistisia
kysymyksiä pistejoukoille Lien ryhmissä. Erityisesti keskitymme pääkomponent-
tianalyysiin. Näiden työkalujen avulla tutkimme muutamia esimerkki jakaumia
Lien ryhmillä, kuten joukolla SOn(R) ja mediaalisten esitysten ryhmällä.
Mediaaliset esitykset ovat tärkeitä olioita modernissa muotoanalyysissa. Harry
Blum oli ensimmäinen, joka huomasi näiden esitysten tärkeyden. Tässä opinnäyt-
teessä muokkaamme hieman hänen määritelmäänsä mediaalisesta luurangosta,
jotta saamamme data asuisi Lien ryhmässä. Tällöin voimme hyödyntää työssä
esitettyjä työkaluja Lien ryhmille muotoanalyysin parissa. Tämän lähestymista-
van esitteli alunperin P. Thomas Fletcher.

Avainsanat: Di�erentiaaligeometria, Lie teoria, Riemannin geometria, Pääkom-
ponenttianalyysi, Muotoanalyysi, Mediaalinen luuranko
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Lie groups are essentially groups in the continuous setting, representing contin-
uous symmetries of di�erent geometric objects, just like �nite groups do in the
discrete setting. Lie groups exhibit marvellous structures, which enable us to take
advantage of analysis and group theory when studying them. This is due to Lie
groups being manifolds with a group structure.
Lie groups started o� as a tool to study the solutions of di�erential equations. They
are still used in that manner in the �eld of di�erential Galois theory, where one asks
whether speci�c di�erential equations are soluble in some context. Additionally,
Lie theory, the correspondence between Lie groups and Lie algebras constitute a
subject of study in modern di�erential geometry.
In this work we develop the basics of Lie theory focusing on the properties of the
Lie correspondence via the exponential map. We continue on to de�ne metrics
on a Lie group and introduce one of the most prominent tools in statistics in
the Lie setting, that is, the principal component analysis. We then apply this to
study some distributions on Lie groups, speci�cally on SOn(R) and on the group
of medial representations.
The medial representations are fundamental objects in modern shape analysis.
The study on medial axes was initiated by Harry Blum. We add some properties
on his de�nition of a medial axis to achieve data on a Lie group, which we can
then study using principal geodesic analysis. Doing this, we heavily rely on the
work of P. Thomas Fletcher.

Keywords: Di�erential Geometry, Lie Theory, Riemannian Geometry, Principal
Component Analysis, Shape Analysis, Medial Axis
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1 Introduction

Lie groups are fascinating objects arising in the study of geometry. Similar to �nite
groups, they yield us fundamental knowledge about the symmetry of objects via
representation theory.

These objects were �rst studied by Sophus Lie, who called them transformation
groups. It was his student, Arthur Tresse, who attributed the groups to Lie calling
them Lie groups. Lie �rst introduced the concept when studying the symmetries of
di�erential equations.

The structure of Lie groups is very elegant. They are de�ned to be smooth
manifolds with a group operation, so that the multiplication of two elements and
inversion are smooth maps. This structure allows us to combine linear algebra,
calculus and group theory in a useful way.

The thesis will begin with some preliminaries in di�erential geometry. First, we
will talk about manifolds. The study of manifolds is very rich, and this thesis will
in no way give justice to the important mathematical notion. We will only brie�y
go through the most basic properties needed for later advancements and give a few
examples.

After this, we will introduce the notion of a Lie group. This is done as early as
possible, as the notion will be present throughout the whole thesis. Additionally, it
is the most important notion in this work.

The natural step in introducing the Lie theory is then to talk about tangent
spaces. We will discuss the basic theory in di�erential geometry, and then ease the
notation by introducing tangent bundles and a little bit of category theory.

Finally, the mathematical preliminaries will end when introducing Lie algebras
and their correspondence with Lie groups. This property is the cornerstone of Lie
theory, which will be exploited extensively in the later sections of this thesis.

Following this, we will talk about the principal component analysis in Rn, tackle
the technical necessities to use this tool in Lie groups by de�ning a proper metric.
Then we are ready to use the principal component analysis in various cases. The
most important example is connected to shape analysis. We will de�ne the medial
axis of a boundary in two dimensions, and introduce additional properties for recon-
structing the boundary by interpolation. However, we will not introduce the tools
of doing this interpolation, this is outside of the scope of this thesis.

The main literature references for this work are An Introduction to Manifolds by
Loring W. Tu [9] when discussing manifolds and tangent spaces. The course mate-
rial Notes on Lie Groups by Mark Reeder were used, when I �rst got introduced to
Lie groups. Discussing di�erent metrics on Lie groups, the book An Introduction to
Riemannian Geometry by Sigmundur Gudmundsson [8] proved to be highly valu-
able. Lastly, the work by Tom Fletcher, especially his article Statistics of shape via
principal geodesic analysis on Lie groups [6] highly in�uenced the structure of this
thesis and the applications presented. A journal version of this article can be found
in [7].
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2 Manifolds and Lie Groups

In this section are presented the essential notions to de�ne the mathematical en-
vironment this thesis will dwell in. The purpose is to introduce the de�nitions of
a manifold and a Lie group and give some elementary examples to allow further
acquaintance with the very foundation of this work.

After this we will move on to introduce the concept of a Lie algebra and develop
its exquisite relationship with Lie groups, which is the bread and butter of the whole
Lie theory. This relationship is best manifested by the exponential map.

The discussion and results of this chapter are heavily based on chapters 2-4 of
[9].

2.1 A Brief Introduction to Manifolds

Mathematicians are very keen on the structure and properties of Rn as it is a vector
space, and therefore the tools of linear algebra are available. Not all topological
spaces have the structure of Rn, but we still would like to use its properties. This is
where manifolds come in. Manifolds are de�ned to be topological spaces in which
every point has a neighbourhood that looks like Rn for some n.

In the following we will de�ne what a manifold is in more rigour and add in some
stricter restrictions to form the de�nition of a smooth manifold. Smooth manifolds
are essential in the de�nition of Lie groups and will be present throughout this thesis.

Before we may de�ne what a manifold is, some technical de�nitions for a topo-
logical space are needed.

De�nition 1. A topological space X is regarded as Hausdor� if every two distinct
points in X have disjoint neighbourhoods.

De�nition 2. A topological space X is called second countable, if it has a countable
basis.

The essence of a manifold is the property de�ned in De�nition 3.

De�nition 3. A topological space X is said to be locally Euclidean of dimension
n, if for every x ∈ X there exists an open set x ∈ U ⊂ X and a homeomorphism
φ : U → φ(U) ⊂ Rn whose image φ(U) is an open subset of Rn. The pair (φ, U) is
called a chart, and a collection of charts which covers the whole M is said to be an
atlas.

And so putting the three de�nitions together we get a manifold.

De�nition 4. A topological space M is a topological n-manifold or simply a man-
ifold, if it is Hausdorff , second countable and locally Euclidean of dimension n.

There are a few ways to produce new manifolds from manifolds we have already
got. In the following Proposition 1 we describe one of the ways.

Proposition 1. A product of two topological manifolds of dimension n and m is a
topological manifold of dimension n+m.
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Proof. Let M and N be topological manifolds of dimension n and m with atlases
{(Uα, φα)} and {(Vβ, ϕβ)} respectively. We claim that A = {(Uα × Vβ, φα × ϕβ)} is
an atlas for M × N . The technical properties, the Hausdor� condition and second
countability are preserved when taking the Cartesian product.

We �rst note that M ×N = ∪(α,β)Uα× Vβ. Additionally, as Uα and Vβ are open
in their respective topologies, so is Uα×Vβ in the product topology. Furthermore, a
component-wise continuous map is itself continuous, so from the fact that φα and ϕβ
are homeomorphisms we get that (φα × ϕβ) and (φα × ϕβ)−1 are continuous. They
are also bijective, which is very straight-forward to see. So indeed, A is an atlas for
M ×N .

Finally as Uα × Vβ ⊂ Rn × Rm = Rn+m, we see that M × N is of dimension
m+ n.

As aforementioned, we are willing to put additional restrictions on the manifold
to form a more speci�c structure to meet the needs of Lie groups. We begin this
by de�ning what is a smooth map and what are the transition maps between two
charts.

De�nition 5. Let U ⊂ Rn. A map f : U → Rm is said to be smooth, if each of its
component functions has continuous partial derivatives of all orders at every point.
The set of all smooth maps with domain U is denoted by C∞(U).

Di�eomorphisms form an important subset of smooth maps.

De�nition 6. If a smooth map is bijective with smooth inverse, it is called a dif-
feomorphism

De�nition 7. Let (U, φ) and (V, ϕ) be charts. The maps

ϕ ◦ φ−1 : φ(U ∩ V )→ ϕ(U ∩ V ), φ ◦ ϕ−1 : ϕ(U ∩ V )→ φ(U ∩ V )

are called transition maps. The two charts are said to be smoothly compatible if the
transition maps are di�eomorphisms.

The nature of transition maps can be quite di�cult to understand from just
the de�nition. The neighbourhoods U and V homeomorphic to Rn of two points
may coincide. However, the images of this common space U ∩ V under the two
homomorphisms φ and ϕ may be totally di�erent. We would still want these images
to be somehow connected to each other, which is why we want the transition maps
to be smooth.

We still need one more de�nition before we can de�ne what a smooth manifold
is.

De�nition 8. A smooth atlas is an atlas whose charts are pairwise smoothly com-
patible.

Finally, we are equipped with the arsenal su�cient to de�ne the topological
structure we require.
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De�nition 9. A smooth manifold is a topological manifold with a smooth atlas.

Example 1. Let Sn = {x ∈ Rn+1 : |x| = 1} be the n + 1-dimensional unit sphere.
We claim that Sn is a smooth n-manifold.

We begin by noting that Sn ful�lls the Hausdor� condition and second count-
ability criterion as a subset of Rn+1.

Let U1 = Sn \ {(0, ..., 0,−1)} and U2 = Sn \ {(0, ..., 0, 1)} be open sets of Sn so
that

Sn = U1 ∪ U2.

Furthermore let φ1 : U1 → Rn be the stereographic projection

φ1(x1, ..., xn+1) =

(
x1

1− xn+1
, ...,

xn

1− xn+1

)
.

The inverse can be checked to be

φ−1
1 (y1, ..., yn) =

2

|y|2 + 1

(
y1, ..., yn,

|y|2 − 1

2

)
,

where y = (y1, ..., yn).
To show that φ1 is a homeomorphism, we begin by showing that it is a bijection.

Assume
φ1(x1, ..., xn+1) = φ1(y1, ..., yn+1), x, y ∈ Sn

then we have
xi

1− xn+1
=

yi

1− yn+1
⇒ xi = yi

1− xn+1

1− yn+1
.

but as x, y ∈ Sn we require

|x|2 =

(
1− xn+1

1− yn+1

)2

|y|2 =

(
1− xn+1

1− yn+1

)2

= 1,

hence xn+1 = yn+1 and therefore xi = yi and so x = y. So φ1 is an injection.
Surjectivity follows from the geometric construction of a stereographic projection.
The continuity of the functions φ1 and φ−1

1 are clear.
Now let φ2 = −φ1 ◦ (−Id). Then φ2 is composed of two homeomorphisms and

thus is itself a homeomorphism U2 → Rn.
The transition maps are

φ1 ◦ φ−1
2 (y1, ..., yn) = φ2 ◦ φ−1

1 (y1, ..., yn) =
1

|y|2
(y1, ..., yn).

These maps are smooth, expect for at origin, where the composition maps are not
de�ned. Hence Sn is a smooth manifold.

Example 2. Let U1 ⊂ Rn and U2 ⊂ Rm. Let f : U1 → U2 be smooth, then the
graph of f

Γf = {(x, f(x)) : x ∈ U1}
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is a smooth manifold. This statement is quite straightforward to show; we need only
one chart.

De�ne π : U1 × U2 → U1 so that

π(x, y) = x

and gf : U1 → U1 × U2 such that

gf (x) = (x, f(x)).

We claim that (Γf , π |Γf ) is the chart looked for. Clearly this chart covers the
claimed manifold Γf . Furthermore π and gf are smooth maps, the latter because
f is smooth. Hence they are also continuous. Then note that π |−1

Γf
= gf , and that

they both are bijections. Thus π |Γf is a homeomorphism. Therefore Γf is a smooth
manifold.

Proposition 2. An open subset of a smooth manifold is a smooth manifold.

Proof. Suppose M is a smooth manifold and U ⊂M is open. If (φ, V ) is one of the
charts of M , then (φ|V ∩U , V ∩ U) is a chart for U . From this follows the claim.

We end this section by generalizing the concept of a smooth map.

De�nition 10. Let M be a smooth manifold. We say that a function f : M → R
is a smooth function (or C∞) at p if there exists a coordinate chart (U, φ) covering
p so that f ◦ φ−1 is a smooth function at φ(p). We say that f is smooth on M if it
is smooth at every p ∈M .

When the image is a general smooth manifold N , we have the de�nition

De�nition 11. Let M and N be smooth manifolds of dimension m and n. A map
F : M → N is said to be a smooth map on M if there exists a chart (U, φ) covering
p ∈ M and (V, ϕ) covering F (p) ∈ N so that ϕ ◦ F ◦ φ−1 is a smooth map at φ(p)
as a map Rm → Rn for any p ∈M .

Note that the smoothness of a map is independent of the charts used, which is
a straightforward corollary of the compatibility of charts on a smooth manifold.

As a small example, we show that the coordinate map of a chart is a smooth
function.

Example 3. Let (U, φ) be a chart on a smooth manifold M around an element p.
Then φ : U → Rn is a smooth map. Pick (φ(U), IdRn) to be a chart around φ(p),
then

IdRn ◦ φ ◦ φ−1 = IdRn ,

which is smooth as a function Rn → Rn, hence φ is smooth.
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2.2 A First Glance at Lie Groups

Lie groups are beautiful mathematical objects describing the continuous symmetries
of geometrical structures. They are named after the Norwegian mathematician So-
phus Lie (1842-1899) who used Lie groups as tools to study geometry and di�erential
equations.

De�nition 12. A Lie group G is a smooth manifold which is also a group such that
the multiplication map

µ : G×G→ G, µ(a, b) = ab,

and the inverse
ι : G→ G, ι(a) = a−1,

are smooth maps.

De�nition 13. Let G and H be Lie groups. A Lie group homomorphism is a group
homomorphism f : G→ H that is also a smooth map. If f is both an isomorphism
and a di�eomorphism, then f is said to be a Lie group isomorphism.

Example 4. GLn(R) = {A ∈ Rn×n : detA 6= 0} is a Lie group. We �rst note that
GLn(R) ⊂ Mn(R) = Rn×n ' Rn2

. Additionally, as the determinant is a continuous
function and GLn(R) = det−1(R \ {0}), so we have that GLn(R) is open. Thus
GLn(R) is a smooth manifold by Proposition 2.

Furthermore, as for each X ∈ GLn(R) we have det(X) 6= 0, which is a known
condition for the invertibility of a matrix. In addition, the algebraic rules de�ned
on matrices ful�l the conditions required by group axioms, thus GLn(R) is also
a group. The smoothness of multiplication map is due to it being a entry-wise
polynomial function of the entries of two matrices. The smoothness of inversion is
due to Cramer's rule.

In the spirit of Proposition 1, we will show that also the product of two Lie
groups is a Lie group.

Proposition 3. Let (G, ◦), (H, ·) be two Lie groups, then also (G ×H, ◦ × ·) is a
Lie group.

Proof. By Proposition 1 the product G × H is a manifold. It is not hard to see,
that it is also a smooth manifold, as the atlases do not a�ect each other when we
take the cartesian product of charts and their coordinate maps. Furthermore, as
the group operations are taken in independent components, they are also smooth.
But as the component maps are smooth, so is the map ◦ × · : G × H → G × H.
The same reasoning works for explaining why also the inversion with respect to the
product group operation is smooth.

The previous proposition tells us that the direct product of two Lie groups is a
Lie group. Later on we will encounter cases where we have a product of two Lie
groups so that the group operations intervene each other. For this case, we will
consider the semi-direct product.
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De�nition 14. Let (N,+) and (H, ◦) be groups and ϕ : H → Aut(N) a homomor-
phism, where Aut(N) is the automorphism group of N . The semi-direct product of
these two groups is denoted by

(N ×H, ◦̂) = (N,+) oϕ (H, ◦)

so that the group operation maps the elements g1 = (n1, h1) and g2 = (n2, h2) as
follows

g1◦̂g2 = (n1 + ϕh1(n2), h1 ◦ h2),

where ϕh1 = ϕ(h1).

Proposition 4. Let (H, ◦) and (N,+) be Lie groups and ϕ : H → Aut(N) a Lie
group homomorphism, then their semi-direct product (N ×H, ◦̂) = (N,+)oϕ (H, ◦)
is a Lie group. Here acting smoothly means that the group action of H on N is
a smooth map. As a shorthand notation, we will sometimes write the semi-direct
product of two groups as N oϕ H.

Proof. As noted in the proof of Proposition 3 when extending Proposition 1, the
product N ×H is a smooth manifold.

Note that the product is closed under ◦̂ which is quite straight-forward to see.
The identity element under ◦̂ is eNoH = (eN , eH). The inverse element of (n, h) is
given by (−ϕh−1

1
(n), h−1

1 ). Finally we prove associativity

((n1, h1)◦̂(n2, h2))◦̂(n3, h3) = (n1 + ϕh1(n2), h1 ◦ h2)◦̂(n3, h3)

= (n1 + ϕh1(n2) + ϕh1◦h2(n3), h1 ◦ h2 ◦ h3)

(n1, h1)◦̂((n2, h2)◦̂(n3, h3)) = (n1, h1)◦̂(n2 + ϕh2(n3), h2 ◦ h3)

= (n1 + ϕh1(n2 + ϕh2(n3)), h1 ◦ h2 ◦ h3)

= (n1 + ϕh1(n2) + ϕh1◦h2(n3), h1 ◦ h2 ◦ h3.

Now we see that the group operation ◦̂ : G × G → G is a smooth map, as
the operations +, ◦ are smooth and ϕ is also a smooth map as a Lie group homo-
morphism. Furthermore, the inversion (n, h) 7→ (−ϕh−1

1
(n), h−1

1 ) is smooth, as the
inversion operations in N and H are smooth, and once again, ϕ is smooth.

Note that Proposition 3 is just a corollary of Proposition 4 when we take φ : H →
Aut(N) to be the map that takes everything to the identity element of Aut(N).

An important subset of Lie groups are so called matrix groups.

De�nition 15. A closed subgroup G ≤ GLn(R) is said to be a matrix group.

In later section we will discuss shortly the famous theorem of Elie Cartan which
states that any closed subgroup of a Lie group is itself a Lie group.

For a Lie group G we can de�ne three important maps called the left translation
Lg : G → G, right translation Rg : G → G and conjugation Cg : G → G such that
for all x ∈ G

Lg(x) = gx, Rg(x) = xg and Cg(x) = gxg−1.

These maps show their importance in later sections, when they are used to carry
out the local information of the neutral element e ∈ G to any element in the group
and in representations of a Lie group.
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Proposition 5. The left translation, right translation and conjugation maps are
di�eomorphisms.

Proof. This is proven only for the left translation, as the proof for all three maps is
similar.

We begin by noting that for any x ∈ G

Lg(Lg−1)(x) = Lg−1(Lg(x)) = x,

thus L−1
g = Lg−1 . Furthermore Lg and L−1

g are smooth as the multiplication opera-
tion of a Lie group is de�ned to be smooth.

Assume Lg(x) = Lg(y), then gx = gy and so x = y by multiplying by the inverse
of g−1. Furthermore let z ∈ G and de�ne g−1z = y. Then Lg(y) = z. Thus Lg is
also bijective and hence we conclude that it is a di�eomorphism.

Note that the left translation lets us transfer a chart (U, φ) of the neutral element
e to a point g ∈ G. This is really straightforward, as a chart for g is then given by
(Lg(U), φ ◦ L−1

g ). As Lg is a di�eomorphism, it maps open sets to open sets, thus
Lg(U) is open and Lg(e) = g ∈ Lg(U). The composition map φ◦L−1

g : f(U)→ φ(U)
is a homeomorphism as it is a composition of two homeomorphisms. As (U, φ) was
originally a chart, we have that φ(U) ⊂ Rn for some n.

Assume now that we have two charts (Lg(U), φ◦L−1
g ) and (Lh(U), φ◦L−1

h ). Then
the transition maps are

φ ◦ L−1
h ◦ Lg ◦ φ

−1, and φ ◦ L−1
g ◦ Lh ◦ φ−1,

which are smooth as composition of smooth functions. Thus the atlas that is formed
by this procedure is smooth.

2.3 Derivations, Tangent Spaces and Vector Fields

This section is devoted to bring up some of the elementary tools used in di�erential
geometry.

The tangent space of a point p belonging to a manifold M is denoted by Tp(M).
The tangent space can be described as the set of all vectors tangent to the space at
a point, although we will make this de�nition more exact later. An element v of the
tangent space is called a tangent vector, and it is an elementary result in di�erential
geometry that the tangent vectors at p can be identi�ed with derivations at p.

To de�ne what is a derivation, we need to introduce the germ of a function.
Let U, V be open subsets of a manifold M and f : U → R and g : V → R be
C∞ functions. De�ning (f, U) and (g, V ) to be equivalent if there is an open set
W ⊂ U ∩V containing p where the equality f = g holds when restricted to W . This
equivalence relation gives rise to an equivalence class (f, U) called the germ of f at
p. We denote the set of all germs of C∞ functions on manifold M at p by C∞p (M).

De�nition 16. A derivation D at an element p of a manifold M is a linear map
D : C∞p (M)→ R satisfying the Leibniz rule

D(fg) = (Df)g(p) + f(p)Dg.
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The set of all derivations at p is denoted by Dp(M).

And so, we can now de�ne exactly what a tangent space is.

De�nition 17. A tangent vector at p in a manifold M is a derivation at p. That
is, TpM := Dp(M).

This de�nition does not con�ict with our intuition, as these spaces are isomorphic
whenM = Rn, and furthermore it is a simple exercise to show thatDp(M) is a vector
space over R when we de�ne the operations

(D+E)(f) = D(f)+E(f), (aD)(f) = aD(f), D,E ∈ Dp(M), f ∈ C∞p (M), a ∈ R.

Example 5. Let (U, φ) be chart of a smooth n-manifold so that p ∈ U . Furthermore
let

φ = (x1, ..., xn).

To di�erentiate from the local coordinates, let r1, ..., rn be the standard coordinates
on Rn. If f is a smooth function in a neighbourhood of p, then de�ne

∂

∂xi

∣∣∣∣
p

f :=
∂

∂ri

∣∣∣∣
φ(p)

(f ◦ φ−1),

where xi = ri◦f : U → R. We claim that ∂
∂xi

∣∣
p
is a derivation at p and that { ∂

∂xi
}ni=1

form a basis of TpM .
Let f, g ∈ C∞p (M), then

∂

∂xi

∣∣∣∣
p

(fg) =
∂

∂ri

∣∣∣∣
φ(p)

(
(f ◦ φ−1)(g ◦ φ−1)

)
.

Now note that (g ◦φ−1) and (f ◦φ−1) are elements of C∞φ(p)(Rn) and ∂
∂ri

is the usual
partial derivative familiar from elementary calculus courses. Using its properties we
get

∂

∂xi

∣∣∣∣
p

(fg) =

(
∂

∂ri

∣∣∣∣
φ(p)

(f ◦ φ−1)

)
(g◦φ−1)(φ(p))+(f◦φ−1)(φ(p))

(
∂

∂ri

∣∣∣∣
φ(p)

(g ◦ φ−1)

)

which simpli�es into

∂

∂xi

∣∣∣∣
p

(fg) =

(
∂

∂xi

∣∣∣∣
p

f

)
g(p) + f(p)

(
∂

∂xi

∣∣∣∣
p

g

)
.

Thus the Leibniz condition is satis�ed. Furthermore, we require the map to be
linear, which also follows from the properties of ∂

∂ri
.

Now let D ∈ TpM , f ∈ C∞p (M) and p ∈M . Then

(Df)(p) = (D(f ◦ φ−1))(v),
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for some v ∈ Rn. This way we can view D as an element of Dφ(p)(Rn), hence we
can write it as

D =
n∑
i=1

vi
∂

∂ri

∣∣∣∣
φ(p)

, v1, ..., vn ∈ R.

and therefore

(Df)(p) =
n∑
i=1

vi
∂

∂ri

∣∣∣∣
φ(p)

(
f ◦ φ−1

)
=

n∑
i=1

vi
∂

∂xi

∣∣∣∣
p

(f).

Now assume
∑n

i=1 v
i ∂
∂xi

∣∣
p

= 0 for some v1, ..., vn ∈ R. Applying both sides to xj

we get

0 =
n∑
i=1

vi
∂

∂xi

∣∣∣∣
p

(xj) = vj,

and hence the derivations { ∂
∂xi

∣∣
p
}ni=1 form a basis of TpM .

De�nition 18. Let F : N →M be a smooth map between manifolds. With F , we
can de�ne a linear map of tangent spaces

F ′ : TpN → TF (p)M

called the di�erential of F at p as follows. Let v ∈ TpN and f ∈ C∞F (p)(M), then

(F ′(v))(f) = v(f ◦ F ).

Proposition 6. Let F : N →M be a smooth map between manifolds, p ∈ N and F ′

its di�erential. Then F ′ is linear and F ′(v) is a derivation at F (p) for any v ∈ TpN .

Proof. Linearity: Let v, u ∈ TpN , f ∈ C∞p (M) and α, β ∈ R. Then

F ′(αv + βu)(f) = (αv + βu)(f ◦ F )

= αv(f ◦ F ) + βu(f ◦ F )

= αF ′(v)(f) + βF ′(u)(f).

F ′(v) is a derivation: As u ∈ TpN , we can write it as

v =
∑

vi
∂

∂xi

∣∣∣∣
p

.

Hence writing out the de�nition of a di�erential we get

F ′(v)(fg) = v(fg ◦ F ) = v ((f ◦ F )(g ◦ F ))

=
∑

vi
∂

∂xi

∣∣∣∣
p

((f ◦ F )(g ◦ F )) .

By Example 5 the maps ∂
∂xi

∣∣
p
are derivations, thus from the above we get

F ′(v)(fg) =
∑
vi
((

∂
∂xi

∣∣
p
f ◦ F

)
g(F (p)) + f(F (p))

(
∂
∂xi

∣∣
p
g ◦ F

))
= (F ′(v)(f))g + fF ′(v)(g).

The linearity of F ′(v) follows from the linearity of the partial derivatives of local
coordinates.
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Proposition 7. Let F : N →M and G : M → P be smooth maps of manifolds and
let p ∈ N , then

(G ◦ F )′p = G′F (p) ◦ F ′p.
This result is called the chain rule.

Proof. Let v ∈ TpN and f be a smooth function at G(F (p)) ∈ P . Then by the
de�nition of a di�erential

((G ◦ F )′v)f = v(f ◦G ◦ F ),

furthermore

((G′ ◦ F ′)v)f = (G′(F ′v))f = (F ′v)(f ◦G) = v(f ◦G ◦ F ).

2.4 The Tangent Bundle

The notion of the tangent bundle arises naturally when we analyse the tangent
spaces of each element in a Lie group. The tangent bundle is a special kind of a
vector bundle, which o�ers a great language for analysing the tangent spaces on a
Lie group.

We will only brie�y introduce these concepts in this thesis. No real motivation
for the de�nitions is presented, but an interested reader may refer to [9] for a more
extensive treatment about the matter.

De�nition 19. Let E,F and M be manifolds. Furthermore let πE : E → M
and πF : F → M be any maps. A map φ : E → F is called �ber-preserving if
φ(Ep) ⊂ E ′p, where Ep = π−1

E (p) and E ′p = φ−1
F (p) for any p ∈M .

De�nition 19 is equivalent to saying that the diagram

E F

M

φ

πE
πF

commutes.

De�nition 20. A surjective smooth map π : E →M is said to be locally trivial of
rank r, if

1. each �ber Ep = π−1(p) has the structure of a vector space of dimension r.

2. If for all p ∈ M there exists an open neighbourhood U ⊂ M and a �ber-
preserving di�eomorphism φ : π−1(U) → U × Rr such that for each q ∈ U
the restriction φ|Eq : Eq → {q} × Rr is a vector space isomorphism. Such φ is
called a trivialization of E over U .
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De�nition 21. A smooth vector bundle of rank r is a triple (E,M, π) consisting
of smooth manifolds E,M and a surjective smooth map π : E → M that is locally
trivial of rank r.

Example 6. Let M be a smooth manifold. De�ne the set

TM = {(p, v)|p ∈M and v ∈ TpM}

and let π : TM →M be the projection map de�ned by

π(p, v) = p.

Then the �bre Ep = π−1({p}) is the tangent space TpM . We say that the triple
(TM,M, π) is a tangent bundle of M . By abuse of language, we sometimes say that
TM is the tangent bundle of M .

It can be proven that the tangent bundle TM of a smooth manifold M is a
smooth vector bundle. See for example [9].

De�nition 22. A section of a vector bundle (E,M, π) is a map s : M → E such
that π ◦ s = IdM . A section of E over M is said to be smooth if it is smooth as a
map from M to E.

A section on a tangent bundle is called a vector �eld. The set of smooth sections
of E over M denoted by C∞(E) of a tangent bundle (TM,M, π) forms a module
over the ring C∞(M) of smooth functions on M

De�nition 23. A frame of a vector bundle (E,M, π) over an open set U of M is
a collection of sections s1, ..., sr of E over U such that for each p ∈ U the elements
s1(p), ..., sr(p) forms a basis for the �ber Ep. The frame is said to be smooth, if
s1, ..., sr are smooth sections.

A frame is said to be a global frame, if we can extend U to be the whole manifold
M . A vector bundle with a global frame is said to be trivial.

Another de�nition for a trivial vector bundle is that E = M ×Rr. To show that
these two are equivalent, assume you have a global frame s1, ..., sr on M . Then the
frame determines a trivialization φ of E over M as follows: let v ∈ Ep for some
p ∈M . Then the frame allows us to express it as v =

∑r
i=1 v

isi(p) for some vi ∈ R,
i = 1, ..., r. Then we de�ne

φ(v) =

(
p,

r∑
i=1

viei

)
.

Clearly φ is smooth and a linear isomorphism. On the other hand, if E = M×Rr,
then a global frame is given by si(p) = (p, ei).
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Example 7. The tangent bundle TG of a Lie group G is trivial. Let (U, φ) =

(U, x1, ..., xr) be a chart ofG around e, then a basis for g = TeG is given by { ∂
∂xi

∣∣∣
e
}ri=1.

Then the sections si : G→ TpG de�ned as

si(g) = L′g

(
∂

∂xi

∣∣∣∣
e

)
, g ∈ G, i = 1, ..., r

form a global frame.
A chart for g is given by (V, ψ) = (f(U), φ ◦ L−1

g ). Let f ∈ C∞g (G). Expanding
the previous expression a bit, we get

si(g) =
∂

∂xi

∣∣∣∣
e

(f ◦ Lg)

=
∂

∂ri

∣∣∣∣
φ(e)

(
f ◦ Lg ◦ φ−1

)
=

∂

∂ri

∣∣∣∣
ψ(g)

(f ◦ ψ−1)

=
∂

∂xi

∣∣∣∣
g

f,

so {si(g)}ri=1 forms a basis of TgM for any g ∈M . Hence we have global frame and
so a Lie group is trivial.

A vector �eld X on an open subset U of a manifold M assigns a tangent vector
X[p] ∈ Tp(M) to each point p ∈ U . Using the identi�cation of derivations and
tangent vectors, we may write

X[p] =
∑

ai(p)
∂

∂xi

∣∣∣∣
p

, ai(p) ∈ R.

Omitting the evaluation at p one gets

X =
∑

ai
∂

∂xi
,

where ai are functions on U . If the component functions ai are smooth, then we say
that the vector �eld X is smooth or C∞ on U .

A known property of vector �elds is that they form a C∞(U)−module, when we
de�ne

(fX)[p] = f(p)X[p], p ∈ U
and for X, Y vector �elds

(X + Y )[p] = X[p] + Y [p].

Furthermore de�ning the map

(Xf)[p] = X[p]f, p ∈ U
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gives rise to a derivation of the algebra C∞(U).
The type of a vector �eld de�ned in the following plays an important role in the

Lie Group-Lie Algebra correspondence which will be constructed later on. Actually,
the following vector �elds will form the Lie algebra of a Lie group.

De�nition 24. A vector �eld X on a Lie group G is called left-invariant if for all
g ∈ G the diagram

G G

TG TG

Lg

X X

L′g

commutes.

In other words, a vector �eld X on G is left-invariant if for any h ∈ G we have

L′g(X[h]) = X[gh]. (1)

Using (1), if we have a left-invariant vector �eld X : G→ TG, then

X[g] = L′gX[e]. (2)

This relation tells us that a left-invariant vector �eld is fully determined by its
value at the neutral element e.

2.5 About Categories and Functors

It would be a shame to miss the chance to introduce some basic category theory to
ease our future work. Lie theory is all about di�erent useful mathematical structures,
mostly the structure of a vector space and a group, whose connections we want to
establish in the Lie setting. Basic category theory allows us to think about the
mathematical structures in a certain and useful mindset.

De�nition 25. A category C consists of a collection of objects and for any two
objects A,B a set of morphisms Mor(A,B). We further require that for any
f ∈ Mor(A,B) and g ∈ Mor(B,C) can be composed yielding f ◦ g ∈ Mor(A,C).
Furthermore, we want the composition of morphisms to satisfy two properties:

1. For all objects A there is an identity morphism IdA ∈ Mor(A,A) such that for
any f ∈ Mor(A,B) and g ∈ Mor(B,A)

f ◦ IdA = f, IdA ◦ g = g.

2. For any f ∈ Mor(A,B), g ∈ Mor(B,C) and h ∈ Mor(C,D) we require asso-
ciativity

h ◦ (g ◦ f) = (h ◦ g) ◦ f.
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There is a special subset of morphisms which all of mathematics is interested in

De�nition 26. Let A,B ∈ C, f ∈ Mor(A,B) and g ∈ Mor(B,A). The morphisms
f, g are said to be isomorphisms if

g ◦ f = IdA, f ◦ g = IdB.

If f and g are isomorphisms, then A and B are said to be isomorphic.

In the category of groups the groups work as the objects, homomorphisms as
the morphisms and group-theoretical isomorphisms as the categorial isomorphisms.
In the category of topological spaces the morphisms are continuous maps and iso-
morphisms are called homeomorphisms. There are lots of examples, and between
di�erent categories there might be neat connections, which we call functors.

De�nition 27. A (covariant) functor F from category C to another category D
is a map that associates to each object A ∈ C an object F (A) ∈ D and to each
morphism f ∈ Mor(A,B) a morphism F (f) ∈ Mor(F (A), F (B)) such that

F (IdA) = IdF (A), and F (f ◦ g) = F (f) ◦ F (g).

To show the usefulness of functors in our scheme, we have the following example,
which combined with Proposition 8 yields a nice result.

Example 8. Let N,M be smooth manifolds and p ∈ N . Then the pair (N, p) is
called a pointed manifold. We claim that the tangent space construction, associating
each pointed manifold (N, p) with its tangent space TpN and each smooth map
f : (N, p) → (M, f(p)) with its di�erential f ′p : TpN → Tf(p)M , is a functor from
the category of pointed manifolds to the category of vector spaces.

Let IdN : N → N be the identity map on N , then its di�erential satis�es

(Id′N(v))(f) = v(f ◦ IdN) = vf, v ∈ TpN, f ∈ C∞p (N).

Thus Id′N = IdTpN . Furthermore, if f, g are di�eomorphisms, then

(g ◦ f)′p = g′f(p) ◦ f ′p,

by the chain rule.

Proposition 8. Let F : C → D be a functor. If f ∈ Mor(A,B) is an isomorphism
in C, then F (f) ∈ Mor(F (A), F (B)) is an isomorphism in D.

Proof. As f is an isomorphism, there is a morphism g ∈ Mor(B,A) so that

g ◦ f = IdA, f ◦ g = IdB.

As F is a functor, we have

F (g ◦ f) = F (g) ◦ F (f) = F (IdA) = IdF (A),

and
F (f ◦ g) = F (f) ◦ F (g) = F (IdB) = IdF (B).

Thus F (f) is an isomorphism.
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Corollary 1. Let N,M be smooth manifolds, p ∈ N and f : N → M be a dif-
feomorphism. Then the di�erential f ′p : TpN → TpM is an isomorphism of vector
spaces.

Proof. This follows immediately from Example 8 and Proposition 8.

2.6 Lie Algebras

We are nearing the end of de�ning most essential notions in Lie theory. In this
subsection we will de�ne what a Lie algebra is and what is more, we will de�ne
what the Lie algebra is for a Lie group.

Essentially, the Lie algebra of a Lie group is the tangent space TeG of the neutral
element e. As it is a vector space, it enables us to linearise our problems. What is
most exiting, is that the Lie algebra contains all necessary information we need to
describe the tangent space TpG at any point p in the Lie group G.

To start o�, we de�ne in full generality what a Lie algebra is.

De�nition 28. A Lie algebra over a �eld K is a vector space V over K with a
product [·, ·] : V × V → V called the bracket, which ful�ls the following properties:
for all α, β ∈ K and X, Y, Z ∈ V

1. [αX + βY, Z] = α[X,Z] + β[Y, Z], [Z, αX + βY ] = α[Z,X] + β[Z, Y ],

2. [Y,X] = −[X, Y ],

3. [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0,

where the last property is called the Jacobi identity. In this thesis we will use K = R
unless otherwise stated.

Example 9. The set of n-by-n matricesMn(R) can be made into a Lie algebra with
the commutator

[a, b] = ab− ba, a, b ∈Mn(R).

The �rst two properties are trivial, for the third one we do the calculation

[a, [b, c]] + [b, [c, a]] + [c, [a, b]] = a[b, c]− [b, c]a+ b[c, a]− [c, a]b+ c[a, b]− [a, b]c,

which equals

abc− acb− bca+ cba+ bca− bac− cab+ acb+ cab− cba− abc+ bac = 0.

A homomorphism φ : g → g′ between two Lie algebras g and g′ is a linear map
preserving the bracket structure, that is

φ([x, y]) = [φ(x), φ(y)], ∀x, y ∈ g.
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Now we start constructing the Lie algebra g of a Lie group G. Essentially what
we need, is to �nd a way to de�ne the bracket on the tangent space TeG. For this,
we need the left-invariant vector �elds on the Lie group.

Let g = TeG where e is the neutral element of G. For each v ∈ g we can de�ne
a left-invariant vector �eld Xv : G→ TG such that

Xv[g] = L′g(v), (3)

which is unique. This vector �eld is indeed left-invariant, as

L′h(Xv[g]) = L′hL
′
g(v) = (Lh ◦ Lg)′(v) = L′hg(v) = Xv[hg],

where the second equation is justi�ed by the chain rule.

Proposition 9. Let G be a Lie group. The tangent space g = TeG is isomorphic to
the vector space of left-invariant vector �elds on G.

Proof. By (2) any left-invariant vector �eld X on G is fully determined by the value
Xe ∈ TeG and on the other hand by (3) each tangent vector in TeG corresponds to a
unique left-invariant vector �eld, so the sets are in bijection. Furthermore, L′g being
an isomorphism of vector spaces �nishes the proof.

Proposition 10. Let X and Y be left-invariant vector �elds on G. Then so is the
Lie bracket [X, Y ] de�ned by

[X, Y ][p]f = (X[p]Y − Y [p]X)f,

where f ∈ C∞p (U), U ⊂ G open and p ∈ U

Proof. Let g, h ∈ G, then

L′g[X, Y ][h]f = L′gX[h]Y f − L′gY [h]Xf,

note that Y f,Xf ∈ C∞p (U), thus L′gX[h](f ∗) = X[gh]f ∗ for any f ∗ ∈ C∞p (U), and
therefore

L′g[X, Y ][h]f = [X, Y ][gh]f, f ∈ C∞p (U).

Proposition 10 makes the set of left-invariant vector �elds on a Lie group into
a Lie algebra. As stated by Proposition 9 the left-invariant vector �elds and the
tangent space g = TeG are isomorphic, thus we can extend the space g into a Lie
algebra.

Proposition 11. Let v, w ∈ TeG and Xv and Xw be the left-invariant vector �elds
they generate, then

[Xv, Xw] = X[v,w],

where [v, w] = [Xv, Xw][e].
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Proof. Let g ∈ G, then

[Xv, Xw][g] = L′g(v)Xw − L′g(w)Xv

= L′g(L
′
e(v)Xw − L′e(w)Xw)

= L′g[v, w]

= X[v,w][g],

which proves the statement.

Thus the Lie bracket [·, ·] makes the tangent space g into a Lie algebra. This
space is called the Lie algebra of the Lie group G. In this thesis the Lie algebra of
a Lie group will be denoted by a small fraktur version of the letter used to denote
the Lie group.

2.7 The Exponential Map

Now that we know what Lie algebras and Lie groups are, it is time to show how
they dance with each other. The exponential map plays a crucial role in this cor-
respondence. With the exponential map and its inverse, the logarithmic map, we
may transport elements from the algebra to the group and vice-versa enabling us to
make use of their structures to the fullest.

Theorem 1. Let G be a Lie group, g = T1G and let v ∈ g. Then there exists a
unique Lie homomorphism γv : R→ G such that

γ′v(0) = v.

We call the map γv the one-parameter subgroup corresponding to v.

Proof. The uniqueness of such a homomorphism is partially due to the Picard-
Lindelöf theorem which states the existence and uniqueness of solutions to �rst-order
di�erential equations with given initial conditions.

First note that R is a Lie group under addition, whose Lie algebra is itself. Then
there exists a left-invariant vector �eld X0 corresponding to the element 0 given by

X0(t) = L′t(0), t ∈ R,

where Lt : R→ R given by Lt(x) = t+ x. As γv is a homeomorphism, the diagram

R G

R G

γv

Lt Lγv(t)

γv

commutes. By Corollary 1 taking the di�erential is a functor from the category
of smooth manifolds to the category of vector spaces, and thus the diagram



19

T0R TeG

T0R TeG

γ′v

L′t L′
γv(t)

γ′v

commutes too. This yields us

γ′v(t) = L′γv(t)(v) = Xv(γv(t)). (4)

This, in essence, tells us that we have produced one more way to describe the
Lie algebra of G, as the elements of g are in one-to-one correspondence with one-
parameter subgroups of G.

Now looking at (4) gives us that γv is the integral curve corresponding to the
left-invariant vector �eld Xv, which is unique.

Let Φt : G→ G be the time t �ow associated with a left-invariant vector �eld X,
with |t| < ε for some ε > 0. This existence is given by the Picard-Lindelöf theorem.
X being left-invariant implies that the �ow commutes with the left translation

Φt ◦ Lg = Lg ◦ Φt,

so Φt(gx) = gΦt(x).
Then if we write γ(t) = Φt(e) and let g = φ(s) we get

γ(s)γ(t) = γ(s)Φt(e) = Φt(Φs(e)) = Φs+t(e) = γ(s+ t),

thus γ is a homeomorphism of Lie groups and the existence is proven.

De�nition 29. Let G be a Lie group and g = TeG. Then the exponential map
exp : g→ G is de�ned by

exp(x) = γx(e),

where γx is the unique one-parameter group with tangent vector at e equal to x.

With the help of the exponential map, we get a new way to de�ne the bracket
on the Lie algebra of the Lie group. We do need, though, to introduce the notion
of the adjoint map.

The adjoint map is actually a canonical representation of the Lie group G. A
representation ρ of a group is a homomorphism

ρ : G→ GL(V ),

where V is vector space and GL(V ) is the space of automorphisms of V . The adjoint
map

Ad : G→ GL(g)

is de�ned by
Ad(g) = C ′g, ∀g ∈ G
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where C ′g is the conjugation by element g. As Cg is a di�eomorphism, we get the
commutative diagram by functoriality

g g

G G

Ad(g)

exp exp

Cg

As Cgh = Cg ◦ Ch, from the chain-rule we get

Ad(gh) = Ad(g) ◦ Ad(h), (5)

and thus we have a representation.
For v ∈ g the image Ad(g)v can be written as

Ad(g)v =
d

dt

∣∣∣∣
t=0

(g exp(tv)g−1)

using the chain-rule.
The derivative of the adjoint map at the neutral element is given by

ad : g→ End(g), u→ Ad′(u).

The image of v ∈ g with respect to the map Ad(u) is now given by

ad(u)v =
d

dt

∣∣∣∣
t=0

(Ad(exp(tu))v),

and the bracket on the Lie algebra is then given by

[u, v] = ad(u)v =
d

dt

∣∣∣∣
t=0

(Ad(exp(tu))v). (6)

The idea was to brie�y introduce a useful way to explicitly calculate the Lie
bracket which will be needed in the next example. More of the adjoint map and its
derivative can be found from the cited text[12].

Example 10. The Lie algebra of GLn(R) is Mn(R), the set of all square n by n
matrices with real components. This follows from the fact that GLn(R) is an open
set of Mn(R). Now de�ne γX : R→ GLn(R) by

γX(t) =
∞∑
n=0

(tX)n

n!
:= etX ,

then

γ′X(0) =
∂

∂t

∞∑
n=0

(tX)n

n!

∣∣∣∣∣
t=0

= X.
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Furthermore, the fact that γX is a homomorphism R → GLn(R) is due to the
well-known identity

eAeB = eA+B

when A and B commute. Hence we have

exp(X) = γX(1) = eX ,

which is exactly the exponential map for matrices.
By (6) for A,B ∈Mn(R) we can de�ne the Lie bracket

[A,B] =
d

dt

∣∣∣∣
t=0

(Ad(exp(tA))B) =
d

dt

∣∣∣∣
t=0

(
d

ds

∣∣∣∣
s=0

exp(tA) exp(sB) exp(tA)−1

)
.

Now by the product rule and the identity exp(tA)−1 = exp(−tA) we get from
the above expression that

[A,B] = AB −BA.

Proposition 12. Let G be a Lie group. For any one-parameter subgroup γv : R→
G, we have

γλv(t) = γv(λt), ∀λ ∈ R.

Proof.
d

dt
γv(λt)

∣∣∣∣
t=0

= λv,

so the statement follows from the uniqueness of such one-parameter subgroup.

Proposition 13. Let φ : G→ H be a Lie group homomorphism, then the diagram

g h

G H

φ′

expG expH

φ

is commutative.

Proof. Note that for a one-parameter subgroup on G

(φ ◦ γv)′(0) = φ′ ◦ γ′v(0) = φ′(v)

by the chain rule, so by Theorem 1 this means that

φ ◦ γv = γφ′(v).

Then using this, we get

φ(expG(v)) = φ(γv(1)) = γφ′(v)(1) = expH(φ′(v))

by the de�nition of an exponential map.
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Proposition 14. For every Lie group G there exists a neighbourhood U of 0 ∈ g
which is mapped di�eomorphically into a neighbourhood V of e ∈ G by the exponen-
tial map.

Proof. The di�erential of the exponential map at 0 ∈ g is

exp′0 : g→ g.

Thus if we let v ∈ g and h : R→ g be the map h(t) = tv, then

γv = exp ◦h,

and therefore
exp′0(v) = exp′0(h′(0)) = γ′v(0) = v.

Thus as the di�erential is the identity map on g, which is invertible. Hence by the
inverse function theorem the claim holds.

Proposition 15. A connected Lie group G is generated by any open neighbourhood
U of the identity e ∈ G.
Proof. As multiplication on a Lie group is smooth, the set gU is an open neighbour-
hood of g for any g ∈ G. Now let H be the subgroup of G generated by U , then the
sets

H =
⋃
h∈H

hU, G \H =
⋃

g∈G\H

gU

are both open in G. Therefore H is clopen and nonempty, and as G is connected,
we have that H = G.

By Proposition 15 and 14 we have that a connected Lie group is generated by
the set exp(g).

2.8 Baker-Campbell-Hausdor� Formula

We will only quickly introduce the Baker-Campbell-Hausdor� formula, as it is our
only motivation to take an advantage of it. For a proof, see [4].

The Baker-Campbell-Hausdor� (BCH) formula gives us an expression for

exp(v) exp(u) = exp(µ(v, u)).

The formula for µ is actually given in Lie-brackets only, and states that

µ(v, u) = X + Y +
1

2
[X, Y ] +

1

12
([X, [X, Y ]] + [Y, [Y,X]])...

The Lie-bracket of matrix groups is the commutator

[A,B] = AB −BA,

so for commutative A,B

exp(A) exp(B) = exp(A+B).

The BCH formula comes in handy when relating the product of elements in the
Lie group to the bracket and vice versa.



23

2.9 Closed Subgroup Theorem

In this chapter we will introduce the famous closed subgroup theorem of Élie Cartan
and give an example of its use. For a proof, see [12, p. 110].

Lets �rst de�ne what a Lie subgroup is. For this we need to introduce the
de�nitions of an immersion and immersed submanifold.

De�nition 30. A smooth map F : N → M between manifolds N,M is said to be
an immersion at p ∈ N if its di�erential F ′p is injective. We say that the smooth
map is an immersion, if it is an immersion at every p ∈ N .

Note that the inclusion map ı : B → A where B ⊂ A and ı(x) = x ∈ A for any
x ∈ B is an immersion, as its di�erential is an inclusion of tangent spaces, which is
injective.

De�nition 31. An immersed submanifold of a manifold M is the image of an
injective immersion F : N →M .

De�nition 32. Let G be a Lie group. A subgroup H ≤ G which is also an immersed
submanifold by the inclusion map such that the group operations on H are smooth
is called a Lie subgroup of G.

Theorem 2. Any closed subgroup H of a Lie group G is a Lie subgroup of G.

The closed subgroup theorem is a powerful tool to show that matrix groups are
indeed Lie groups.

Example 11. The group SOn(R) = {A ∈ GLn(R)|ATA = AAT = I, det(A) = 1}
is called the special orthogonal group. We will show that it is a Lie group and
investigate its Lie algebra.

Let A,B ∈ H. Note that B−1 = BT . Now (AB−1)(AB−1)T = ABTBAT = I
and det(AB−1) = 1, and as e ∈ H by the subgroup test H is a subgroup of GLn(R).

Now let Ai ∈ H for i = 1, 2, ... so that limi→∞Ai = A. Then

I = lim
i→∞

AiA
T
i = AAT ,

and as det is a continuous function, we have that SOn(R) is also closed. Thus it is
a Lie group.

Now the Lie algebra can be calculated by

son(R) = {X ∈Mn(R)| exp(tX) ∈ SOn(R) ∀t ∈ R}.

Therefore if X ∈ son(R) we have (exp(tX))T = (exp(tX))−1 = exp(−tX), and
therefore we require

∞∑
n=0

(tXT )n

n!
=
∞∑
n=0

(−tX)n

n!
,

which is ful�lled if and only if
XT = −X.

So son(R) is the set of n by n skew-symmetric matrices.
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Example 12. The set

Sn(R) = {
(
rF x
0 1

)
: r > 0, F ∈ SOn(R) and x ∈ Rn},

is a Lie group under matrix multiplication. The product of two elements s, s′ ∈
Sn(R) is given by

ss′ =

(
rF x
0 1

)(
r′F ′ x′

0 1

)
=

(
rr′FF ′ rFx′ + x

0 1

)
,

thus it is easy to see that the inverse of s is

s−1 =

(
1
r
F T −1

r
F Tx

0 1

)
.

For the subgroup criterion, consider

s1s
−1
2 =

(
r1F1 x1

0 1

)(
1
r2
F T

2 − 1
r2
F T

2 x2

0 1

)
=

(
r1
r2
F1F

T
2 − r1

r2
F1F

T
2 x2 + x1

0 1

)
.

Here r1
r2
> 0 as they are both positive, det(F1F

T
2 ) = 1 so the product belongs to

SOn(R) and �nally it can be seen that the element

−r1

r2

F1F
T
2 x2 + x1

belongs to Rn. Therefore we conclude that Sn(R) is a subgroup of GLn+1(R). How-
ever, it is not a closed subgroup, so the closed subgroup theorem does not work here.
But we can continue, and note that with ϕ : SOn(R) → Aut(Rn) = GLn(R) being
the inclusion map, we get the following

Sn(R) ' R>0 × (Rn oϕ SOn(R)),

as we have the isomorphism (
rF x
0 1

)
7→ (r, x, F ).

Recall that the group R>0 × (Rn oϕ SOn(R)) has the group operation

(r, x, F )(r′, x′, F ′) 7→ (rr′, x+ rFx′, FF ′).

Then the identity element is (1, 0, I) and inverse of (r, x, F ) is given by (1
r
,−1

r
F−1x, F−1)

and the operation can be checked to be associative.
By the previous example SOn(Rn) is a Lie group with respect to matrix multi-

plication. Furthermore, R>0 is a Lie group with respect to multiplication whereas
Rn is a Lie group with respect to addition. Now by Propositon 4 Rn oϕ SOn(R) is
a Lie group, so by Propositon 3 the whole product is a Lie group, and so Sn(R) is
also a Lie group.
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3 Principal Geodesic Analysis

The purpose of this section is to introduce the famous statistical procedure called
principal component analysis (PCA) and generalize it to Lie groups, where we will
call it principal geodesic analysis (PGA).

PCA is one of the most used statistical tools which enables us to reduce the
dimension of a data set. This is possible by constructing a basis for the vector space
the data lives in so that when we project the data on the �rst basis vector, the
projection data will have maximal variance. Thus the �rst basis vector will tell us
a lot about the data, speci�cally it will tell us in which direction the data di�ers
most. The data varies the second most when projected on the second basis vector
and so on. Then we see, that on the last basis vectors the projection data looks
very similar, which means that this data does not tell us a lot. This is why we can
reduce the dimension of the data by using only some of the �rst basis vectors. At
the moment it may be quite unclear what we mean by 'the �rst basis vector', but
later on it will be clear, how we order the basis vectors.

The generalization of PCA to PGA is quite straight-forward. Only the notion of
distance on a Lie group needs some re�ning, but after we have done that not much is
left. However, it is worth mentioning that the algebraic structure of Lie groups is not
necessarily needed, thus PCA can be generalized to work on Riemannian manifold.

This section is motivated by the great paper by Fletcher et al. [6]

3.1 Principal Component Analysis

The principal component analysis (PCA) is a method in statistical analysis, where
a data set of possibly correlated variables are transformed into a smaller number of
variables, which we call the principal components.

In more rigour, let x = (x1, ..., xn) ∈ Rn be a data vector with zero mean, and
de�ne

y1 = wT1 x, w1 ∈ Rn and ‖w1‖ = 1,

where we let ‖ · ‖ be the Euclidean norm in Rn. In other words, y1 is the the
projection of x on the vector w1. We wish to maximize the variance of y1, which
can be written as

Var(y1) = E{(y1 − µy1)2} = E{(wT1 x)2} = wT1 E{xxT}w1 := wT1 Cxw1, (7)

where Cx is called the covariance matrix of x. Looking at 7, we note that Var(y1)
is given by the inner-product of the vectors w1 and Cxw1. To maximize this inner-
product, we wish that

Cxw1 = λw1,

which happens exactly when w1 is an eigenvector of Cx. So to maximize this inner-
product, we pick w1 to be the eigenvector corresponding to the largest eigenvalue
of Cx. We call w1 the �rst principal component. Letting wi be the eigenvector
corresponding to the ith largest eigenvalue yields the ith principal component.

With this motivation, we can describe the PCA process, when we are faced with
a data matrix X, with the column-vectors X(i) corresponding to a sample.
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Algorithm 1. The PCA procedure for a sample matrix X has n columns is
given by the following instructions:

1. Assign

X := X − 1

n

n∑
i=1

X(i)

to translate the data-set to origin so that the mean becomes zero. Here the
subtraction is done column-wise.

2. Calculate the covariance matrix

CX :=
1

n
XXT .

3. Calculate the eigenvector of CX corresponding to the ith largest eigenvalue to
get the ith principal component.

Example 13. Assume we are given the data matrix

X =

(
1.71 −0.71 −2.29 −2.12 −0.29 2.12 3.71 3.54
6.54 4.95 2.54 0.71 0.54 2.12 4.54 6.36

)
.

Now calculate the mean of the vector data

µ =

(
0.71
3.54

)
,

so that the data with zero mean is represented by the matrix

Y =

(
1.00 −1.41 −3.00 −2.83 −1.00 1.41 3 2.83
3.00 1.41 −1.00 −2.83 −3.00 −1.41 1.00 2.83

)
.

Then the covariance matrix CX is

CX =
1

8
Y Y T =

(
5 3
3 5

)
,

whose eigenvalues and corresponding eigenvectors are(
λ1

λ2

)
=

(
8
2

)
, v1 =

(
−0.71
−0.71

)
and v2 =

(
0.71
−0.71

)
.

Pictorially the situation is presented in Fig. 1. As we can see, the data points
were taken from an ellipse, whose major and minor axes are represented by the
principal components.
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Figure 1: The data presented in xy-plane. The mean µ and the eigenvectors v1

and v2 are drawn in the picture, however v1 and v2 are drawn only in the general
direction, they are not exact.

3.2 Riemannian Manifolds

We cannot avoid talking about Riemannian manifolds when talking about metrics
on a manifold. However, although they do work as a great starting point, it turns out
that Riemannian metric is not always the way to go. Metrics de�ned on Riemannian
manifolds can be computationally quite expensive, and we cannot always �nd metrics
with wanted properties.

After introducing Riemannian manifolds brie�y, we will 'forget' about them and
we de�ne a metric for any Lie group which relies heavily on the algebraic prop-
erties of a Lie group. We will make extensive use of the Lie algebra - Lie group
correspondence.

In this section we use the following notation: Let M be a smooth manifold,
C∞(TM) be its module of smooth vector �elds and C∞(M) be the ring of smooth
functions on M , then

C∞0 (TM) = C∞(M), and C∞r (TM) =
r⊗
i=1

C∞(TM).

De�nition 33. A type (r, s) smooth tensor �eld A on a smooth manifold M is a
multilinear map over C∞(M)

A : C∞r (TM)→ C∞s (TM)

De�nition 34. Let M be a smooth manifold. A Riemannian metric g on M is a
smooth tensor �eld

g : C∞2 (TM)→ C∞0 (TM),

such that for any p in M the restriction gp of g to TpM ⊗ TpM de�ned by

gp(Xp, Yp) = g(X, Y )(p)

is an inner-product on the tangent space TpM . The pair (M, g) is called a Rieman-
nian manifold.
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De�nition 35. Let I = [0, 1] and γ : I → M be a continuous curve in M . Then
the length L(γ) of γ is de�ned by the equation

L(γ) =

∫
I

√
g(γ′(t), γ′(t))dt

Proposition 16. Let (M, g) be a path-connected Riemannian manifold. For any two
points p, q ∈ M let Cpq = {γ|γ : [0, 1] → M, γ is continuous, γ(0) = p and γ(1) =
q} and de�ne the function d : M ×M → R+ by

d(p, q) = inf{L(γ) : γ ∈ Cpq}.

Then (M,d) is a metric space. The map d is called the Riemannian distance on M .
A curve γ between p and q whose length is d(p, q) is called a geodesic connecting p
to q.

Proof. See the proof for Proposition 5.8 [8].

De�nition 36. An isometry of Riemannian manifold M is a di�eomorphic map
φ : M →M such that

d(x, y) = d(φ(x), φ(y)),

which preserves the Riemannian distance. An isometry of a Riemannian metric g is
a di�eomorphic map ϕ : M →M such that

gp(ϕ
′(u), ϕ′(v)) = gp(u, v), ∀u, v ∈ TpM, p ∈M.

Note that on a Lie group G a map is an isometry of a Riemannian metric if its
an isometry at the identity.

Example 14. The Lie group SOn(R) can be given a Riemannian metric from the
inclusion SOn(R) ⊂ Rn2

. Let a, b ∈ son(R) then the inner-product g(·, ·) induced
from Rn2

is given by

g(a, b) =
n∑
i=1

n∑
j=1

aijbij =
n∑
i=1

(abT )ii = tr(abT ).

As the Lie algebra son(R) is the set of skew-symmetric matrices, it is reasonable
to multiply the inner-product with a constant to get

g(a, b) =
1

2
tr(abT ).

This is because the n-by-n skew-symmetric matrices are isomorphic with R(n−1)n/2,
so the parameters gets counted only once.

The di�erential L′g of the left-translation Lg by g in a matrix group are the same
maps. This can be seen by the functorial identity

exp ◦L′g = Lg ◦ exp,



29

so that

Lg exp(a) = g

∞∑
k=0

ak

k!
= exp(L′ga) =

∞∑
k=0

(L′ga)k

k!
.

Next we show that this Riemannian metric is actually bi-invariant. Let R ∈
SOn(R), then

g(L′Ra, L
′
Rb) = g(Ra,Rb) =

1

2
tr(RabTRT ) =

1

2
tr(bTRTRa) =

1

2
tr(abT ) = g(a, b).

The right-invariance can be shown in similar way, thus the metric is bi-invariant.

De�nition 37. A Riemannian metric on a Lie group G is said to be left-invariant
if for any p ∈ G the left-translation Lp : G → G is an isometry. A Lie group G
with a left-invariant Riemannian metric is said to be a Riemannian Lie group. A
metric that is invariant with respect to the right translation by any element in G
is called a right-invariant metric. A metric that is both left- and right-invariant is
called bi-invariant.

De�nition 38. A Riemannian manifold (M, g) is called a Riemannian homogenous
space if for any p, q ∈M there exists an isometry φpq : M →M such that

φpq(p) = q.

An important property of a Riemannian Lie group (G, g) is that for any left-invariant
vector �elds X and Y we have

gp(X(p), Y (p)) = gp(L
′
pX(e), L′pY (e)) = ge(X(e), Y (e)).

Thus the left-invariant metric is completely determined by the inner-product ge on
the Lie algebra g of G.

Proposition 17. A Riemannian Lie group (G, g) is also a Riemannian homogenous
space.

Proof. Let p, q ∈ G. Then the left-translation φpq = Lqp−1 is an isometry satisfying

φpq(p) = q.

Although Riemannian geometry is well studied with a nice theory, in our case
it is not adequate. This is because in Lie groups we wish for bi-invariant metrics,
which do not necessarily exist. The group SEn(R) consisting of rigid transformations
works as an example [2].

To avoid this problem, we will construct a metric which is bi-invariant on any
Lie group, but which we will not be able to extend to the whole Lie group in the
general case.
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3.3 Means on Lie groups

By Proposition 14 the exponential map exp is a di�eomorphism from some neigh-
bourhood of 0 ∈ g to some neighbourhood of e ∈ G. Hence we are able to de�ne its
inverse map log without ambiguity in this domain.

Let g ∈ G and v ∈ g be such that

g = exp(v).

Then we de�ne the logarithm of g to be

log(g) = v.

Using the exponential and the logarithmic map enables us to use the vector space
properties of the Lie algebra and the algebraic properties of the Lie group to their
full extent.

Before we may de�ne mean on a Lie group we need the notion of distance, which
we will construct in the spirit of [2]. To acquire this, we need the following theorem.

Theorem 3. Let Φ : G× g→ G×G be de�ned by

Φ(g, v) = (g, g exp(v)).

Then Φ is a di�eomorphism from some open neighbourhood of (g, 0) to an open
neighbourhood of (g, g).

Proof. See the proof of Theorem 4 in [2].

Essentially Theorem 3 states that for any g in G there exists an open neigh-
bourhood which is geodesically convex, that is, any two point g and h in this neigh-
bourhood can be connected by a unique group geodesic ϕ satisfying the following
for some v ∈ g

ϕ(t) = g exp(tv), ϕ(1) = h. (8)

Using the group geodesics, we can now assign a metric on the Lie group. As-
suming g−1h lives in the domain of the logarithmic map, by (8) we have

v = log(g−1h). (9)

Now making use of the euclidean norm de�ned in g, we de�ne the distance between
g and h by

d(g, h) = ‖v‖ = ‖ log(g−1h)‖.

For compact and connected Lie groups this metric is su�cient to de�ne the
distance between pair of elements in G

Theorem 4. Let G be a compact and connected Lie group. Then the exponential
exp : g→ G is surjective.

Proof. The proof can be found from Mark Reeder's Notes on Lie Groups [11].
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Therefore we can do metric calculations on Sn and SOn(R) without complica-
tions.

As mentioned before, we would want this metric to be bi-invariant, so that we
could translate a set of points to near the neutral element preserving the distance
between the points. We want this to be able to use the logarithmic map.

It is clear that the metric is left- and inversion-invariant. This is actually enough
for it to be right-invariant too. For an explanation, see [2], Corollary 1.

The distance function can be approximated by the CBH-formula

d(g, h) ≈ ‖ log(h)− log(g)‖. (10)

Expression (10) with an equality de�nes what is called a Log-Euclidean metric,
which is extensively used with the set of symmetric, positive-de�nite matrices called
tensors by abuse of language [1]. These matrices are important in medical imaging.

For a set of points {xi}Ni=1 ⊂ G the Fréchet mean µ with respect to weights wi is
de�ned by

µ = arg min
g∈G

wid(g, xi)
2.

Plugging in our metric, setting wi = 1 for all i and noting that log(g) is a member
in the vector space g for any g ∈ G, it is obvious that the approximation for Fréchet
mean is obtained by g for which

log(g) =
1

N

N∑
k=1

log(xi),

that is,

µ ≈ exp(
1

N

N∑
k=1

log(xi)).

To add precision to the approximation, we make use of the following algorithm
presented in [6].

Algorithm 2. Let x1, ..., xN ∈ G. To calculate the intrinsic mean do the following:

1. µ = e

2. ∆xi = µ−1xi

3. ∆µ = exp( 1
N

∑N
k=1 log(∆xi))

4. µ = µ∆µ

5. If ‖ log(∆µ)‖ ≤ ε, terminate. Else move to 2.

We are now ready to describe the principal geodesic analysis (PGA) �rst pro-
posed by Fletcher et. al.[6].

Algorithm 3. Given a set of samples x1, ..., xN ∈ G do the following to obtain the
principal directions:
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1. Calculate the mean µ of the samples.

2. Set yi = log(µ−1xi).

3. Calculate the covariance matrix C = 1
n

∑N
i=1 yiy

T
i .

4. Calculate the eigenvector of C corresponding to the ith largest eigenvalue to
get the ith principal direction ui.

After using the algorithm 3 the principal geodesic ϕi corresponding to a principal
direction ui is given by

ϕi(t) = exp(tui), t ∈ R.

3.4 An Example from SOn(R)
Rotation matrices in SOn(R) can be sampled by considering matrices h in Mn(R)
of the form

h = [Xij],

where Xij ∼ N(0, 1) are random variables which are distributed in a Gaussian
manner with mean µ = 0 and variance σ2 = 1. By doing the QR-decomposition, we
have

h = QR,

where Q ∈ On(R) and R is upper-triangular. If det(Q) = −1, then we can assign
Q← I−Q, where

I− = diag(−1, 1, ..., 1),

so that we get a matrix in SOn(R).
An argument as to why these matrices are uniformly distributed on SOn(R) is

based on the following reasoning: Let h1, ..., hn denote the columns of h. The Q
matrix is a product of the Gram-Schmidt procedure. Let us de�ne the projection
operator on vector u as

pu(v) =
vTu

uTu
u.

Then, the columns ei of the matrix Q are given by{
u1 = h1, e1 = u1

‖u1‖

uk = hk −
∑k−1

j=1 pej(hk), ek = uk
‖uk‖

.

We know that h1 N(0, In), then h1 has density

fX(a) =
1

(2π)
n
2

exp(−1

2
aTa).

Let Q be any orthogonal matrix, then if X = a, QX = Qa, and so

fQX(a) = fX(Q−1a) =
1

(2π)
n
2

exp

(
−1

2
aT (Q−1)TQ−1a

)
= fX(a).
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Thus the densities and therefore the distributions are the same, and so e1 is uniformly
distributed on the unit sphere Sn−1.

Let O ∈ On(R), then the matrix Oh consists of columns h∗i = Ohi. As h1
‖h1‖ is

uniformly distributed on Sn−1, so is Oh1
‖h1‖ , too. Additionally, the distribution of Ohj

is the same as hj, as the orthogonal matrices do not a�ect the norm. Furthermore,
we get that

u∗k = h∗k −
k−1∑
j=1

pe∗j (h
∗
k) = Ohk −

k−1∑
j=1

(Oej)
T (Ohk)Oej = Ohk −

k−1∑
j=1

(eTj hk)Oej.

Now because the distribution of Ovk and Oej are the same as vk and ej respec-
tively, the vectors u∗k and uk have the same distribution, and so do their normalized
versions ek and e∗k.

Thus the matrices Q and OQ are identically distributed, and therefore they are
uniformly distributed on SOn(R).

However, it is still quite unclear how these elements are distributed in SOn(R)
with respect to parameters such as the rotation axes and angles, which is why we
are going to empirically look at this problem. By generating samples of matrices
this way in SO3(R) we can apply the PGA procedure to the data generated. This
way, we are able to produce a basis for the Lie algebra so3(R) for which the image
of the logarithm of the data is uncorrelated component-wise. As the correlation is
erased, it is easier to study how the data is distributed.

Generating 105 rotation matrices, the PGA procedure yields the principal direc-
tions

v1 =

 0 −0.707 0
0.707 0 −0.002

0 0.002 0



v2 =

 0 0 −0.706
0 0 0.044

0.706 −0.044 0



v3 =

 0 0 −0.044
0 0 −0.706

0.044 0.706 0


In Fig. 2 are presented the distributions produced by the procedure described

above. Furthermore, in Table 3.4 are shown the means and variances of each distri-
bution.

As shown in Example 11, the Lie algebra of the Lie group SO3(R) is the set of
3-by-3 skew-symmetric matrices, so the principal directions do lie in the Lie algebra
of SO3(R), as expected, of course.

So what do the principal directions tell us? First note that all 3-by-3 skew-
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Component Mean Variance Peaks

1.comp 0 9.1 ≈ ±π
2.comp 0 2.0 ≈ ±π

2

3.comp 0 1.9 0

Table 1: The mean and variance of the component distributions generated by sam-
pling rotation matrices with the QR-method.

symmetric matrices are parametrized by a triple v = (x, y, z) ∈ R3 via the mapping

v 7→ Av =

 0 −z y
z 0 −x
−y x 0

 .

The fact that
kerAv = Rv, v 6= 0̄ (11)

is noteworthy.
Furthermore, let |v| =

√
x2 + y2 + z2 be the Euclidean norm of the vector, then

one can check the identity
A3
v = −|v|2Av.

Thus we can express the exponential map in a neater form

exp(Av) =
∞∑
k=0

Akv
k!

= I +
1

|v|

∞∑
k=0

(−1)k|v|2k+1

(2k + 1)!
Av +

1

|v|2

(
1−

∞∑
k=0

(−1)k|v|2k

(2k)!

)
A2
v

which is actually

exp(Av) = I +

(
sin |v|
|v|

)
Av +

(
1− cos |v|
|v|2

)
A2
v. (12)

Thus by (11) the rotation exp(Av) is around the axis v by |v| radians counter-
clockwise.

Now we can view the principal directions as rotation axes. These axes are

ν1 =

0.002
0

0.707

 , ν2 =

−0.044
−0.706

0

 , and ν3 =

 0.706
−0.044

0

 .

We see that the axes are perpendicular to each other, if it were not for the numerical
noise.

What we have done until now does convey information about the distribution of
the data in SOn(R), however, we are not able to tell if it is uniformly distributed
or not. Another way we can look at this, is to use the equation (12). If the unit
rotation axes of the samples are distributed uniformly on S2 and the rotation angles
are uniformly distributed in [0, π], then it is reasonable to say that the distribution
is uniform.
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Figure 2: We consider 105 sampled elements of SO3(R) produced by the QR-
decomposition method. Then calculating the principal directions of the data, we
can form a basis for the Lie algebra and express the counterparts of the samples in
the Lie algebra by a linear combination of the principal directions. In this new ba-
sis, the elements are expressed by (1.comp, 2.comp, 3.comp) and the �gure visualizes
how these components are distributed.

In Fig. 3 is shown the distribution of the rotation angles. Unlike what is ex-
pected, the distribution looks nothing like a uniform distribution. Furthermore, the
angles are distributed on the interval [π

2
, π]. Therefore we can say that a uniform

distribution in this group does not match our intuition of a uniform distribution.
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Figure 3: The rotation angles of 105 sampled rotation matrices X ∈ SOn(R) given
by the equation θ = 1√

2
‖X‖F , where ‖ · ‖F is the Frobenius norm.
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4 Shape Analysis

The purpose of this section is to introduce some basic concepts of shape analysis and
to show how one can represent shapes on a plane by points on certain Lie groups.
We will begin by introducing the medial axis of a shape, after which we will talk
about medial atoms and show how to sample medial atoms from a shape. We will
then give an example of a geodesic in the aforementioned Lie group and explain how
to use the machinery introduced in previous chapters to do statistical analysis on
shapes.

4.1 Medial Axis

Figure 4: On the left is presented the boundary curve of a human and its medial
axis, on the left we have drawn the Voronoi circles to elements on the medial axis.

The notion of a medial axis was �rst introduced by Blum in 1967 in [3]. It has
since been an essential tool in extracting basic data of shapes. Analysing shapes
has always been a curiosity, more so because analysing shapes is so natural to the
human eye, but formulating the analysis in a mathematical way has shown to be
quite troublesome. The medial axis, thought, does tell us quite a lot about the
shape, and is easily formulated.

De�nition 39. The medial axis of a Jordan curve is the set of points 'inside' the
curve, which have two or more closest points on the curve.
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So by this de�nition, each point on the medial axis comes equipped with a circle
that is tangential to the Jordan curve at atleast two points. Note that the boundary
of a shape in full generality does not necessarily need to be a Jordan curve, but to
make things simple, we will assume this.

As is shown in Fig. 4, the medial axis resembles the skeleton of a human. An
application of medial axes is to calculate the skeleton for 3D objects, and then use
this to ease the making of animations.

There is a quite useful way to obtain the medial axis using Voronoi diagrams.

De�nition 40. The Voronoi diagram of a set of points X ⊂ Rn is the graph
G = (V,E), where V consists of the coordinates in Rn that have atleast three
closest neighbours in X, and an edge in E is a set of points that are equidistant
from a speci�c pair of points in X.

In Fig. 5 we have an example of a Voronoi diagram. The Voronoi edges bound
areas called Voronoi cells, of which each one corresponds to the points closest to a
speci�c point in the point set X.

Figure 5: The Voronoi diagram for a set of points in R2.

Now by choosing the set of points X to be sampled from the boundary curve of
a shape, the Voronoi vertices inside of the shape ful�l the properties required from
points on the medial axis, atleast when we talk about the approximate shape formed
by sampling. By letting the sample size go to in�nity, the interior points ful�l the
criteria for the points on the medial axis of the original shape, and thus we get that
the interior points converge to the medial axis.

This procedure is illustrated in Fig. 6. Similarly, we can calculate the medial axis
of 3D objects using the Voronoi diagram, although not all the Voronoi nodes will be
on the medial axis in this setting and some technicalities have to be overcome.

After calculating the inner Voronoi nodes Vin of a shape, we can use them to
extract more data from the shape. This way, we get something called a medial atom.
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Figure 6: The red circles mark samples taken from a human shaped boundary and
their Voronoi diagram is drawn in blue. The interior points of the diagram is being
highlighted in yellow. In the right �gure the sampling is more dense, which is why
the interior points resemble the medial axis more.

De�nition 41. A medial atom of a shape is a 4-tuple m = (x, r, F, θ), where x is a
coordinate on the medial axis of the shape, r is its distance from the boundary of
the shape, F = [bbT ], where b is the bisector vector of the angle between the two
closest points to x on the boundary and x, and θ is the angle.

By this de�nition, we get that a medial atom lives in the space

R2 × R+ × SO2(R)× [0, 2π[.

By de�ning a unit medial atom u = ((0, 0), 1, I2, 0), we can describe the medial
atoms in a Lie group G that acts on the unit medial atom, that is, multiplying u with
some element g ∈ G we can construct any medial atom. With this interpretation,
we get that the Lie group is

G = S2(R)× SO2(R),

where S2(R) is the group of similarity transformations of R2, where each element s
can be parametrized as

s =

(
rF x
0 1

)
.
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This translation of bitmap images to data on a Lie group enables us to use the
statistical tools introduced earlier in this thesis to analyse shapes in more detail.
That is, we can look at the means of two shapes and even do linear regression and
principal component analysis on shapes.

As an example, we will visualize what it looks like to move along the geodesic
between to shapes. That is, we will turn a bunny into a cat the shortest possible
way under the metric de�ned on our Lie group. The original shapes of the bunny
and cat are presented in Fig. 7. Unfortunately, it was out of the scope of this work
to implement a boundary interpolation algorithm to reconstruct shapes from the
Lie group data, so we will only use a set of circles to visualize the elements of the
geodesic. After the translation into Lie group data, the bunny and cat look like in
Fig. 8.

Let B,C ∈ (S2(R)× SO2(R))20×20 be the Lie group elements of the bunny and
the cat respectively. Then the line v between the elements b, c, the corresponding
elements of B,C in the Lie algebra can be expressed as

v(x) = xb+ (1− x)c, x ∈ [0, 1].

so that the geodesic V in the Lie group is given by

V = exp(v(x)) = exp(xb+ (1− x)c).

Figure 7: The original shapes of the a) bunny and b) cat, whose connecting geodesic
we will visualize.

Moving along the geodesic V with a step-length of 0.15 is visualized in Fig. 9

4.2 PGA and Shape Analysis

In this subsection, we will discuss the general idea of applying the principal geodesic
analysis when we have multiple images as a data set. This is a simple step to
take after we went through the previous example. Let the dataset consist of M =
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Figure 8: The shapes of the bunny and cat after sampling. To sample the images,
the original images were divided into a 20-by-20 grid, and for each grid the center
point was associated with the closest point on the medial axis. After this, the other
parameters needed for the Lie group representation were sampled as usual.

{G1, ..., Gn}. Then PGA yields us the principal components {p1, ..., pm} for some
1 ≤ m ≤ n. If m = 1, we will only get one principal component which would be
analogical to performing a linear regression.

The subspace span(p1, ..., pm) can then be mapped onto the Lie group via the
map

v 7→ exp v, v ∈ span(p1, ..., pm),

where v =
∑m

i=1 cipi for some ci ∈ R, 1 ≤ i ≤ m. Recall that in the Lie algebra
the vectors {pi}mi=1 are orthogonal and that the variance of the dataset is the higher
along pi the lower i is. Thus we can approximate the subset of G where the samples
G1, ..., Gn lie by making m smaller.

Unfortunately in practice it is quite di�cult to implement this procedure, al-
though the theoretical discussion is pretty straightforward. Thus we will skip this
and refer to article [6] by Fletcher et. al. in which this procedure was introduced.
In this paper PGA is applied to a population of medial atoms representing human
kidneys.



42

Figure 9: In this �gure is shown di�erent shapes that lie on the geodesic between
the cat-shape and the bunny-shape. The step length is taken to be ∆x = 0.15.
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5 Discussion

In this thesis we built the theoretical foundations needed to introduce some statisti-
cal tools on Lie groups and then explained how they can be used in shape analysis.
All of this was done in the spirit of the article [6] by Fletcher et.al.

There is no reason why one should restrict to only Lie groups. In [5] Fletcher
considers the set of n×n symmetric positive-de�nite matrices as a Riemannian sym-
metric space. A Riemannian symmetric space is a connected Riemannian manifold
M such that for all x ∈M there exists an isometry σx for which σ2

x = IdM and has
x as an isolated �xed point. A basic property of symmetric spaces is that the group
of isometries act transitively on the space, that is, M is a homogenous space. Note
that the group of isometries is a Lie group by the Myers-Steenrod theorem [10].

Then Fletcher continues on and de�nes the exponential map of a Riemannian
manifold at element p ∈ M and a geodesic on M . After this he de�nes a mean
on the Riemannian symmetric space using the notion of a Fréchet mean, similarly
as in the Lie case we studied. In this setting the PGA procedure is then done in
the tangent space of the mean µ, after which the subspaces spanned by principal
components is mapped on to M by the Riemannian exponential at µ.
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