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1. Introduction

Practically every problem in physics of dynamical nature deals with en-

ergy. It is a quantity whose total amount remains constant: bringing a

system to a higher energy state requires at least an equivalent amount

of energy to be taken from somewhere else. Some of the energy injected

to the system can be dissipated as heat, a non-trivial form of partially

irretrievable energy. Production of heat is commonly associated with an

increase of temperature, a quantity that is readily measured and used as

an indicator, as known from many commonplace situations. For example,

rubbing an object on a rough surface elevates its temperature, a lightbulb

becomes warmer, burning oil releases heat - each due to loss of energy

by friction that reduces kinetic energy, charge carriers being transferred

from a higher potential to a lower one, or molecular compounds rearrang-

ing to bonds of lower energy. Any of these scenarios is described by ther-

modynamics, a field of physics studying the nature of energy and heat.

This thesis focuses on investigating modern thermodynamic problems

experimentally with mesoscopic electronic circuits at low temperatures.

However, as these concepts are applicable to a wide variety of physical

systems, Chapter 2 gives a general description of thermodynamic pro-

cesses. It begins with the basics by discussing the nature of heat as a

form of energy that not only elevates temperature, but also increases the

amount of disorder in the heat bath, which is quantified by entropy. The

consequences of the Second law, which states that entropy is a quantity

that can never decrease, are discussed. The properties of thermal equi-

librium, where entropy has reached its maximum and therefore does not

change, are presented. Recently, thermodynamics has been extended to

microscopic level, where the work applied and heat generated are both

stochastic quantities, and thus for a specific process, such thermodynamic

quantities do not result in a single value but rather a probability distri-
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Introduction

bution for such values. ’Classical’ thermodynamics provides inequalities

for work and heat through the Second law, however the recently emerged

fluctuation relations describe the distributions with equalities.

Chapter 3 investigates the concept of information in thermodynamics.

With the original thought experiment presented by Maxwell over 150

years ago, it has become apparent that microscopic information about the

system gives access to the energy of the heat bath which is otherwise un-

accessible. Such a process would violate the Second law, if not for the

fact that extracting the information has its own thermodynamic expense

as initially proposed by Szilard. Landauer further argued that ’forget-

ting’ the extracted information dissipates energy of at least an equivalent

amount to the energy extracted from the heat bath. Information has re-

cently been included to fluctuation relations, even in the scenario where

the measurement about the microscopic state of the system can be im-

perfect. The chapter also covers the concept of an autonomous Maxwell’s

demon, which includes both the feedback-controlled system as well as the

measurement-feedback device.

Chapter 4 discusses transport of heat in nanoelectronic circuits that in

the experiments of this thesis consist primarily of copper - aluminium hy-

brid structures. The equations for charge and heat transport in metal,

as well as through tunnel junctions between two metallic elements, are

presented. This is followed by covering the properties of the superconduc-

tors in the context of heat transport and measurement. In particular, su-

perconductors have excellent charge transport properties, while the heat

transport is strongly suppressed at low temperatures. However, when in

a direct contact with a normal metal, the properties of the two mix at

the interface. The superconductor gains normal metallic properties as a

result of so-called inverse proximity effect, weakening its heat insulation

properties. The magnitude of this feature is investigated experimentally

in Publication I. The same effect can be exploited to completely suppress

the superconductivity of short aluminum wires, allowing the fabrication

of fully normal junctions, as shown in Publication II.

Chapter 5 presents the operation principle of single-electron devices.

They provide the basis for majority of the experiments considered in this

thesis and in in Publications III-X. A single-electron box is a metallic is-

land connected to a metallic lead by a tunnel junction. Single-electron

effects arise from the fact that the island has an integer number of elec-

trons on it, each with charge q = −e ≈ 1.60218 × 10−19 C. In particular,

2
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for a micrometer-scale device cooled down to a low temperature (100 mK),

the Coulomb interaction between the conduction electrons is substantial

compared to temperature, such that the charge on the island can be con-

trolled at the level of a single electron. A single-electron device allows

one to realize a classical two-level system, where one excess electron can

reside either on the left or the right island, and which can be driven by

tuning an external voltage that interacts electrostatically with the device.

A single electron box is applied to study the fluctuation relations in Pub-

lications III, VIII, and IX.

The single-electron box provides a platform for experimenting with the

Szilard engine protocol. The engine exploits one bit of measurement in-

formation of the system state to extract energy from the heat bath. The

amount of energy that can be extracted has a fundamental maximum of

kBT ln(2), where kB is the Boltzmann constant, T is the temperature of the

heat bath, and ln(2) is the change of entropy when the state of the system

is measured. The extraction of this energy is demonstrated in Publication

V, and the corresponding fluctuation relation is tested in Publictation VI.

Finally, the heat and information transport in single-electron devices is

investigated for fast processes. Then, the cooling or heating effects are

visible as a measurable change in temperature. Publications IV and VII

investigate how a standard single-electron transistor, discussed in Chap-

ter 5, can produce a considerable amount of cooling power due to Coulomb

interaction. Publication X presents experiments on two coupled single

electron devices, a setup which operates as an autonomous Maxwell’s de-

mon. Information is transferred between the two devices, such that one is

feedback-controlling the other, leading to cooling of the controlled device.

3
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2. Stochastic thermodynamics

This chapter discusses the nature of heat and its role in physical pro-

cesses. Section 2.1 begins with the basic thermodynamic concepts such

as work, heat, entropy, temperature, and free energy. Recently, ther-

modynamic processes have been investigated at microscopic level, thus

the quantities presented are given in this section are primarily defined

for individual realizations of the process, while their ensemble quantities

considered in conventional thermodynamics for macroscopic systems are

obtained as averages over many such realizations. Furthermore, the rela-

tion of said quantities and the thermodynamic laws are discussed.

Section 2.2 discusses fluctuation relations, which are equalities for prob-

ability distributions of the entropy production in irreversible non-equili-

brium processes. The discovery of those relations led to the emergence

of stochastic thermodynamics that investigates the statistics of processes

at microscopic levels. Fluctuation relations relevant for this thesis are

presented, as are recent experiments testing these relations.

2.1 Basic concepts

The standard thermodynamical approach is to study the energetics of a

system coupled to a heat bath. Its energy in the classical case is deter-

mined by a Hamiltonian

Es = H(s, λ), (2.1)

where s is the state of the system and λ parametrizes external control on

the system. With quantum mechanical description, the Hamiltonian is

an operator Ĥs which, when operating on an eigenstate |Ψs〉, produces the

eigenenergy

Ĥs|Ψs〉 = Es|Ψs〉. (2.2)

5



Stochastic thermodynamics

An archetype example of a classical system, on which experiments, e.g., in

Refs [1–4] are based on, is a single microscopic particle with mass m. Its

state s = [x,p] is the pair of position x and momentum p and the external

control, parametrized by λ, takes place with applied potential U(x, λ) and

force f(λ). The Hamiltonian then reads H([x,p], λ) = |p|2/2m + U(x, λ)

and its dynamics are described by Langevin and Fokker-Planck equations

[5], not discussed in detail here.

The main experimental framework employed in this thesis consists of

systems with discrete states and energy levels. Therefore, the equations

and derivations to follow are given primarily for such configurations. Here,

the discrete level system is realized by one or several mutually interacting

single-electron devices, discussed in more detail in Chapter 5. The Hamil-

tonian for the simplest kind of such a device is H(n, ng) = EC(n − ng)
2,

where n is the number of electrons on a small metallic island with to-

tal capacitance C and charging energy EC = e2/2C for a single electron

charge −e. The quantity ng is the control parameter that can be adjusted

with an external gate voltage. A basic quantum system is a quantum bit,

i.e. qubit, which is essentially a two-level system that can form coherent

states.

A heat bath is essentially a reservoir of energy. In a sense, it is another

macroscopic system with its own state sB and a Hamiltonian H(sB) which,

however, cannot be controlled by λ. Furthermore, the actual state sB is

not known, but it rather follows some probability distribution PsB deter-

mined by the bath temperature T . The heat bath can interact with the

system, causing its state to fluctuate. Using the examples given above,

a single particle system could be immersed in a viscous fluid that forms

the heat bath. For the single electron devices, the heat bath is formed

by the conduction electrons in the metallic elements. A qubit can be cou-

pled to a resistor as considered for example in [6, 7]; then the reservoir of

conduction electrons in the resistor forms the bath.

The mutual interaction between the system and the heat bath influences

both the system state s and that of the heat bath, sB. Suppose that during

the short time interval t...t + δt during which λ remains constant, the

heat bath interacts with the system causing its state to change as s(t) →
s(t + δt), while the state of the heat bath changes as sB(t) → sB(t + δt).

However, as the precise sB(t) is not known, the resulting system state

s(t+δt) is essentially random as well. Yet the interaction process is bound

by energy conservation. When it changes the state of the system such that

6



Stochastic thermodynamics

the energy change is

ΔEs(λ) = H(s(t+ δt), λ)−H(s(t), λ), (2.3)

a respective amount of energy or ’heat’ Q is injected to the heat bath as

Q = −ΔEs. As discussed in Section 2.1.3, the state of a system that is

exposed to a heat bath will evolve to follow a probability distribution Ps

which depends on the energy Es and the temperature T .

2.1.1 First law of thermodynamics

Q

bath bath

W

H
(s

, 
λ

)

s

(a) (b)

s

H
(s

, 
λ

)
Figure 2.1. Sketch of a driven system coupled to a heat bath. In this example, the system

could be thought of as a particle in an externally controlled potential. (a) The
potential is instantaneously changed such that the system state s does not
change. Work W is applied to elevate the system energy by ΔE = W . (b) By
interacting with the heat bath, s evolves to that with a lower energy. The lost
energy is injected as heat to the bath, by Q = −ΔE.

This thesis focuses on classical Markovian processes that are influenced

by an external control parameter in a time-dependent protocol λ(t) start-

ing from λi = λ(t = 0) and ending in λf (t = τ), where τ is the duration

of the process. During a single realization, the system state follows a tra-

jectory s(t) starting from si and ending in sf . As discussed earlier, the

state of the heat bath is not known and therefore the trajectory s(t) is

stochastic, varying from one realization to another. The process is, how-

ever, bound by the First law of thermodynamics,

ΔEs = W −Q, (2.4)

where ΔEs = H(sf , λf ) − H(si, λi) is the change of system energy, W is

the work applied by the drive, and Q is the heat injected to the heat bath.

As discussed earlier, Q comprises of the energy exchange between the sys-

tem and the heat bath when the interaction changes the system state to

one with different energy. Supposing s(t) changes N times due to inter-

action at time instants tk, k = 1...N , the total heat can be written as

Q = −
∑N

k=1ΔEs(λ(tk)) with Eq. (2.3), or written in an integral form [5],

Q = −
∫ τ

0
dt∇sH(s, λ) · ds

dt
. (2.5)

7



Stochastic thermodynamics

Conversely, W comprises of the energy brought into the system by the

drive λ(t) and is written as [5]

W =

∫ τ

0
dt
∂H(s, λ)

∂λ

dλ

dt
. (2.6)

Partial integration of Eq. (2.6) immediately gives W = ΔE + Q, i.e. defi-

nitions of Eqs. (2.5) and (2.6) directly satisfy Eq. (2.4).

It is to be noted that conventionally, thermodynamics considers ensem-

ble statistics. Rather than individual trajectories, an ensemble of tra-

jectories follows a time-dependent probability Ps(t) for occupying state s,

starting from an initial probability distribution Ps,i and ending in Ps,f .

The internal energy of the system is

U ≡ 〈Es〉 ≡
∑
n

PsEs, (2.7)

where 〈〉 denotes averaging over the ensemble s. The First law for ensem-

ble quantities now reads ΔU = 〈W 〉 − 〈Q〉 with

〈Q〉 = −
∫ τ

0
dt

∑
s
∇sH(s, λ) · dPs

dt
, (2.8)

and

〈W 〉 =
∫ τ

0
dt

∑
s

Ps(t)
∂H(s, λ)

∂λ

dλ

dt
. (2.9)

Conventional notation leaves out the brackets 〈〉 in these expressions.

However, recently the microscopic trajectories s(t) have received signif-

icant interest. Fluctuation relations, discussed in section 2.2, describe

the properties of probability distributions of work and heat of individual

trajectories in irreversible processes. A Maxwell’s demon, discussed in

Chapter 3, relies on the ability to accurately determine s and apply feed-

back thereafter. Both concepts are relevant for this thesis, and therefore

a clear distinction is maintained between stochastic W and Q and their

corresponding ensemble averages 〈W 〉 and 〈Q〉.
While the definitions of work, heat and internal energy are well under-

stood and defined in classical description, a lasting question is how to

define work in an open quantum system. An example Hamiltonian of a

configuration with a driven system coupled to a heat bath is written as

Ĥ = Ĥs + Ĥ(λ) + ĤI + ĤB, (2.10)

where Ĥs is the system Hamiltonian, Ĥ(λ) describes the effect of the drive

on the system, ĤI describes the interaction between the system and the

8



Stochastic thermodynamics

heat bath, and ĤB is the Hamiltonian of the heat bath. It is now pos-

sible to define a heat operator as the time evolution of the bath Hamil-

tonian, i.e. in the Heisenberg picture, ˆ̇Q = i�−1[Ĥ, ĤB]. However, Eq.

(2.10) does not have a natural Hamiltonian term which would be asso-

ciated with work - therefore defining a ’Work operator’ is not possible

[8]. One way to overcome this problem is the two-measurement approach,

where the initial and final state of the system is resolved by a measure-

ment that collapses the coherent state and thus allows to define the work

as W = ΔEs + Q, see e.g. [6, 9–11]. Another approach is to perform

weak measurements on the system, which does not give the full informa-

tion about the work applied in a single trajectory, but a sufficient number

of measurements gives the work generating function that can be trans-

formed to a work distribution [12–14].

2.1.2 Second law of thermodynamics

As discussed in the previous chapter, the heat bath and consequently the

system occupy a random state, determined by probability distributions

PsB and Ps, respectively. The amount of ’randomness’ of the states is quan-

tified by entropy S, sometimes characterized as the measure of disorder

or unpredictability. The concept of entropy is relevant in multiple fields

of physics, such as macroscopic or stochastic thermodynamics, statistical

physics, and information theory. Therefore, depending on the discipline,

the definition of entropy varies. A general form for the entropy of the

system is

S =
∑

s
Ps ln

(
P−1s

)
, (2.11)

named Shannon entropy in information theory (sometimes written with a

prefactor (ln(2))−1 such that a bit of information with equal probability for

s = 0 and s = 1 has an entropy S = 1) or Gibbs entropy in thermodynamics

with Boltzmann constant kB ≈ 1.3806× 10−23 J / K as the prefactor. Equa-

tion (2.11) has the following properties. The entropy reaches its minimum

S = 0 when the state s is known with full certainty, i.e. Ps = 1. In con-

trast, S is maximized when every state is equally probable, i.e. the state

is the most unpredictable.

Stochastic thermodynamics and information theory consider Eq. (2.11)

as an expectation value S = 〈Ss〉 of

Ss = ln
(
P−1s

)
, (2.12)

sometimes called stochastic entropy [15] in the former context and infor-
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mation content of the state s in the latter. The quantity kBSs is also known

as Boltzmann entropy as a special case of Gibbs entropy where Ps is equal

for every s. Von Neumann entropy quantifies the disorder of a quantum

mechanical system with a probability density operator ρ̂s, as

Sρ = −Tr (ρ̂s ln(ρ̂s)) , (2.13)

which can be viewed as a generalization of Gibbs entropy and is equiv-

alent in the case where the density operator can be expressed as ρ̂s =∑
s Ps|s〉〈s|.
The entropy of the whole configuration

S = Ss + SB (2.14)

consists of that of the system and of the heat bath, SB. However, rather

than defining SB by the sB which is not known, the change of heat bath

entropy by injecting heat Q to the heat bath is characterized by the bath

temperature T as

kBT =

(
dSB

dQ

)−1
, (2.15)

conventionally written without kB. However, this thesis considers entropy

as a dimensionless quantity to simplify the fluctuation relations discussed

in section 2.2. For a small Q and as a general definition of a heat bath, T

remains constant, leading to

ΔSB = Q/kBT. (2.16)

In contrast to energy which is conserved, entropy can change during a

physical process. However, it is bound by the Second law of thermody-

namics, which states that on average, the total entropy cannot decrease

during a process, i.e.

〈ΔS〉 ≥ 0, (2.17)

with 〈ΔS〉 = ΔS + 〈Q〉/kBT by Eqs. (2.11) between initial and final prob-

ability distributions, and (2.16). If Eq. (2.17) becomes an equality, the

process is said to be thermodynamically reversible, such that a cyclic pro-

cess with λf = λi resumes the original probability distribution Ps while

satisfying Q = 0. Inequality indicates that the process is irreversible, as

is the case in most practical physical processes. It is then impossible to

resume back to the exact original configuration, since the final entropy is

inevitably higher.

The Second law has several consequences to thermodynamic processes.

First, consider two heat baths 1 and 2 at different temperatures T1 and T2

10



Stochastic thermodynamics

that interact by exchanging energy, such that Q is the heat injected to heat

bath 1 from bath 2. Then, the total entropy change is ΔS = Q/T1 −Q/T2.

Equality (2.17) now demands that if T2 > T1, 〈Q〉 ≥ 0, i.e. on average,

heat flows from hot to cold. Another relevant quantity is the (Helmholtz)

free energy, defined as F = U − kBT 〈Ss〉. Inserting F and Eq. (2.16) to the

First law gives

〈W 〉 −ΔF = kBT 〈ΔS〉, (2.18)

producing a lower bound for the work that needs to be applied in the

process, 〈W 〉 ≥ ΔF . The Second law yields an important notion on the

nature of heat. Even when U is the total energy stored to the system, all

of it can not be extracted. If an attempt to do so were made, the energy of

at least kBT 〈Ss〉 would be dissipated as heat. However, by performing a

measurement on s to narrow the probability distribution Ps and thereby

decreasing entropy 〈Ss〉, more energy can be retrieved. Such processes are

discussed in Chapter 3.

2.1.3 Thermal equilibrium statistics

Next follows a discussion on the probability distribution Ps at thermal

equilibrium. Consider the evolution of a system - heat bath configuration

where λ is held constant. As dictated by the Second law, if multiple heat

baths were initially present, heat is transferred between them until they

follow a uniform temperature T . The distribution Ps evolves until Ss+SsB

can no longer increase with the constraint of U + 〈Q〉 remaining constant,

as governed by the First law with W = 0. The resulting Ps is said to be

thermal equilibrium distribution. In this limit, any microscopic transition

si → sf conserves the total entropy, i.e. ΔS = 0.

Now assume that interaction with the heat bath changes the system

state from si to sf , with its respective energy change ΔEs = −Q. Consid-

ering a differential change dEsf in Esf , and using the definitions given in

Eqs. (2.12) and (2.16) results in dEs/kBT = d
(
ln(P−1s )

)
. Direct integration

leads to Maxwell-Boltzmann statistics

Ps =
1

Z
e−Es/kBT , (2.19)

where Z, known as the partition function, is defined by the normalization

condition
∑

s Ps = 1, i.e. Z =
∑

s exp(−Es/kBT ). Similarly, the density

operator for a quantum system in thermal equilibrium is expressed as

ρ̂s =
1

Zρ
e−Ĥs/kBT , (2.20)

11
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where Zρ = Tr(exp(−Ĥs/kBT )). Furthermore, by combining Eqs. (2.12)

and (2.19), the equilibrium free energy can be expressed as

F = U − kBT 〈Ss〉 =
∑

s
Ps

(
Es − kBT ln

(
Z/e

− Es
kBT

))
= −kBT lnZ. (2.21)

Next, consider a system of fixed number N 	 1 of identical particles at

thermal equilibrium coupled to a heat bath. The particles are distributed

to occupy energy levels Ek, k = 0, 1... where Ek+1 > Ek. Identical parti-

cles are indistinguishable. If n such particles reside at energy level Ek, the

entropy of that ‘state’ n is ln
(
P−1n

)
. However, if n is known, there is no fur-

ther information to be gained by determining what those n particles are.

If one of them were picked at random, the probability that it is one of such

identical particles is 1. This is known as the Gibbs’ paradox. If n changes

to n± 1, the state entropy thereby changes by ΔSs = ln
(
P−1n±1

)
− ln

(
P−1n

)
.

Suppose that the system interacts with the heat bath, upon which a par-

ticle changes its energy level from i to f . The number of particles at enegy

Ei changes from ni to ni − 1, and the number of particles at energy Ef

changes from nf to nf +1. If the probability distributions Pnk
are those of

thermal equilibrium, then the total entropy change is ΔS = 0, i.e.

ln(P−1nf+1)− ln(P−1nf
) + ln(P−1ni−1)− ln(P−1ni

) + (Ei − Ef )/kBT = 0, (2.22)

where Ei − Ef = Q is the heat injected to the heat bath. This is true only

under the condition that for each k, Ek − kBT
(
ln(P−1nk+1)− ln(P−1nk

)
)
≡ μ is

the chemical potential. Now a form similar to Eq. (2.19) is reached,

Pnk
=

1

Zk
e−nk(Ek−μ)/kBT (2.23)

with Zk =
∑

n exp(−nk(Ek − μ)/kBT ). Similarly, the density operator is

written as e−Ĥs/kBT /Zρ.

The second quantized Hamiltonian for a particle bath is written as

Ĥ =
∑
k

(Ek − μ)â†kâk, (2.24)

where Ek is the energy, â†k is the creation operator, and âk is the annihi-

lation operator for level k. The particle statistics gives the expectation

value of nk, as

〈n̂k〉 = 〈â†kâk〉 =
∑
nk

〈nk|â†kâkρ̂k|nk〉 (2.25)

For bosons, the minimum energy is achieved when all of them occupy the

one with minimum Ek = E0. This identifies μ = E0, and with the known

values for a geometric series, the expectation value (2.25) for bosons is

〈n̂k〉 =
∞∑
n=0

n
e−n(Ek−E0)/kBT∑∞

m=0 e
−m(Ek−E0)/kBT

=
1

e(Ek−E0)/kBT − 1
≡ n(Ek), (2.26)

12
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also known as the Bose-Einstein statistics.

On the other hand, only one fermion (of the same spin) can occupy the

energy level Ek. As such, the minimal energy for a reservoir of fermions

is achieved when energy levels are filled starting from that with the min-

imum energy, until the energy level of the last particle has been occupied.

The last occupied energy level is often referred to as the Fermi energy

EF. Such a distribution, with P (Ek) = 1 for Ek ≤ EF, and P (Ek) = 0 for

Ek > EF, implies zero temperature as there is a full certainity of occu-

pation in each energy level. At finite temperature, fermions can occupy

higher energy levels: also the chemical potential can change, however at

temperatures kBT � EF , it is close to μ � EF. The expectation value

(2.25) for fermions is then

〈n̂k〉 =
e−(Ek−EF)/kBT

1 + e−(Ek−EF)/kBT
=

1

e(Ek−EF)/kBT + 1
≡ f(Ek). (2.27)

This distribution is known as the Fermi-Dirac statistics. It is to be noted

that particles known as anyons [16, 17] exist in two-dimensional systems

and follow their own special particle statistics, but they are not discussed

in this thesis.

2.1.4 Discrete Markovian dynamics

This subsection discusses the general properties of the time-evolution of

an arbitrary discrete-state system. When driven by λ in an irreversible

manner, i.e. at finite rate, the probability distribution Ps(t) evolves to

deviate from its thermal equilibrium form. The time-dependence of Ps(t)

is described by a rate equation,

dPs(t)

dt
=

∑
u

Γu→s(t)Pu(t)− Γs→u(t)Ps(t), (2.28)

where Γs→u(t) is the transition rate from state s to u. Basically, Eq. (2.28)

states that transitions starting from s decrease Ps, while transitions to s

increase it, conserving
∑

s Ps = 1 as
∑

s(dPs/dt) = 0. In general, Γs→u(t)

can depend on the trajectory s(t). If this is the case, the dynamics are

non-Markovian, i.e. a memory of prior transitions is maintained. Such

is the case if the temperature of a finite heat bath were to change due to

the driving [18, 19], or the system is coupled to other hidden degrees of

freedom [4], a scenario also considered in Publication VIII. Commonly,

however, the evolution of probability distribution Ps is Markovian, such

that Γs→u(t) = Γs→u(λ(t)) depends only on the control parameter at any

given time instant.

13
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As discussed in section 2.1.3, when λ is constant, the probability distri-

bution Ps saturates to that of thermal equilibrium. Then Ps is stationary,

such that steady state condition dPs(t)/dt = 0 with Eq. (2.19) gives

∑
u

(
Γu→se

−Eu/kBT − Γs→ue
−Es/kBT

)
= 0.

This is satisfied under what is called the detailed balance condition,

Γs→u

Γu→s
= e−(Eu−Es)/kBT =

Pu

Ps
(2.29)

for every s and u with non-zero mutual transition rate. Equality (2.29)

also gives a useful relation between heat generated in transition s → u

and the corresponding transition rates as

Qs→u = kBT ln

(
Γs→u

Γu→s

)
. (2.30)

Combining Eqs. (2.28), (2.30), (2.11), and (2.16) gives [20]

d〈S〉
dt

=
∑
u

(Γu→s(t)Pu(t)− Γs→u(t)Ps(t)) ln

(
Γu→s(t)Pu(t)

Γs→u(t)Ps(t)

)
(2.31)

for the average rate of the total entropy production. It is apparent that

Eq. (2.31) is never negative, and zero only if the occupation probability

corresponds to that of the steady state, Eq. (2.29).

2.2 Fluctuation relations

Stochastic thermodynamics [21, 22] emerged within the past decades to

describe irreversible non-equilibrium processes at the level of individual

trajectories with equalities, rather than inequalities like Eqs. (2.17) or

(2.18). The earliest derived fluctuation relation was derived by Zwanzig

in 1954 [23] for a specific case of gases modeled as fluid, perturbed by

Lennard-Jones potential. A more general form was derived in 1977 by

Bochkov and Kuzovlev [24, 25], with the purpose of generalizing linear

fluctuation dissipation theorem [26].

It was the works of Evans et al. [27] as well as Gallavotti and Cohen [28],

however, that brought more general interest to study microscopic trajec-

tories. Numerical simulations gave evidence that entropy production ΔS

for a microscopic trajectory in a steady state ensemble satisfies

ln

(
Pss(ΔS)

Pss(−ΔS)

)
= ΔS, (2.32)
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where Pss(ΔS) is the probability distribution of producing entropy ΔS.

Through these works, it became evident that thermodynamics at micro-

scopic level and especially the Second law had to be revised and the pos-

sibility of producing a negative amount of entropy had to be accepted.

Indeed, the entropy production also satisfies

〈e−ΔS〉 =
∫

Pss(ΔS)e−ΔS = 1 (2.33)

by (2.36). As Jensen’s inequality gives 〈exp(−ΔS)〉 ≥ exp(−〈ΔS〉), the

Second law Eq. (2.17) is reproduced, i.e. 〈ΔS〉 ≥ 0. An important notion is

thus that even though individual trajectories may seemingly violate the

Second law, the expectation value of entropy production is never negative.

Another implication is that 〈ΔS〉 = 0 if and only if ΔS = 0 for every

trajectory.

Perhaps the most renown fluctuation relation is that derived by Jarzyn-

ski in 1997 [29, 30], which addresses fluctuations of work W (Eq. (2.6))

for driven systems initially at thermal equilibrium as

〈e−W/kBT 〉 = e−ΔFeq/kBT , (2.34)

where ΔFeq = kBT (lnZi − lnZf ) is the change of equilibrium free energy

in the process. Jarzynski equality, Eq. (2.34), provides an immediate

application for experiments. The equality is very general and applies to

practically any driven system initially at thermal equilibrium coupled to

a uniform temperature heat bath, and with any drive rate. In particular,

since the ΔFeq only depends on the initial and final values of the drive,

λi and λf , and is thus not a fluctuating quantity, it can be resolved by

performing a series of realizations of a fixed drive protocol and measuring

W for each [31]. Then, Eq. (2.34) directly gives the free energy difference

between the initial and final point as ΔFeq = −kBT ln (〈exp(−W/kBT )〉).
The Jarzynski equality was further generalized by Crooks in 1999 [32,

33] to a form similar to (2.36), however for work fluctuations. The relation

compares the probability P (W ) to apply work W during a given process

starting from thermal equilibrium with drive λ(t) against the probability

PR(−W ) that work −W is applied during a time-reversed process starting

from thermal equilibrium, i.e. the drive λR(t) = λ(τ − t) is reversed, as

well as are directional parameters such as momentum or magnetic field.

The Crooks relation now gives

ln

(
P (W )

PR(−W )

)
= (W −ΔFeq)/kBT. (2.35)
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Crooks relation immediately reproduces Jarzynski equality by integrating

in the same way as in Eq. (2.33). It can also be exploited to determine

ΔFeq by determining the probability distribution of work for both forward

and reverse protocols [34, 35]. The probability distributions P (W ) and

PR(−W ) coincide exactly when W = ΔFeq.

In the same work [32], Crooks derived the relation for entropy produc-

tion with a form similar to that of Eq. (2.36), as

ln

(
P (ΔS)

PR(−ΔS)

)
= ΔS, (2.36)

where P (ΔS) and PR(−ΔS) are the probabilities for producing entropy as

ΔS = ΔSs + Q/kBT in the forward and the reverse process, respectively.

However, Eq. (2.36) is applicable only when both forward and reverse

processes both begin and end in thermal equilibrium, or more generally,

the state probability satisfies Ps(τ) = PR,s(0) and PR,s(τ) = Ps(0).

The fluctuation relations discussed above are applicable to systems cou-

pled to a single heat bath at uniform temperature. Seifert presented

a very general fluctuation theorem in 2005 [15] that is valid for a sys-

tem coupled to multiple heat baths at different temperatures, or for a sys-

tem which is not coupled to a heat bath but still exhibits finite transition

rates. Entropy production ΔSsf = ΔSs +ΔSm obeys

〈e−ΔSsf 〉 = 1. (2.37)

This integral fluctuation theorem is relevant for Publication III. Here,

ΔSm is the entropy produced in the medium, defined as

ΔSm = ln

(
P (s(t)|s(0) = si)

PR (sR(t)|sR(0) = sf )

)
, (2.38)

where P (s(t)|s(0) = si) is the conditional probability for the system state

to evolve as trajectory s(t) assuming that the state is initially si, while

PR (sR(t)|sR(0) = sf ) is the conditional probability of evolving as the re-

verse trajectory sR(t) = s(τ − t) under reverse drive, assuming that the

initial state of the reverse trajectory is sf . It is to be noted that when the

dynamics are governed by a uniform temperature heat bath, ΔSm coin-

cides with the standard definition ΔSm = ΔSB = Q/kBT of Eq. (2.16),

and therefore also ΔSsf = ΔS. Also, if the process is cyclic, the detailed

fluctuation relation (2.36) is recovered. The integral fluctuation relation

(2.37) is also related to the fluctuation relation by Jarzynski for multiple

heat baths with Hamiltonian dynamics [36].

There are numerous other fluctuation theorems presented, such as the

Hatano-Sasa relation [37] which describes entropy production in a non-
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equilibrium steady state, that apply in more general conditions. Further

generalizations of fluctuation relations, for example for short-time limits

[38], without microreversibility [39], or without ensemble quantities [40]

have also been derived. Fluctuation relations for processes with feedback

were presented by Sagawa and Ueda in 2010 [41], and are discussed in

Sect. 3.1.3. Publication IX presents a generalization of Jarzynski equality,

giving for the work generating function

ln〈e−q(W−ΔFeq)/kBT 〉 = −Δw
q (T )E0/kBT, (2.39)

where Δw
q (T ) is a temperature-dependent parameter. At low tempera-

tures, it is linear in T and has an asymptotic limT→0Δ
w
q (T ) = Δw

q that is

specific to the system and independent of the drive rate. Equation (2.39)

reproduces the Jarzynski equality (2.34) with q = −1 and Δw−1(T ) = 0.

2.2.1 Role of hidden degrees of freedom

The amount of observed entropy production depends on the number of de-

grees of freedom that are monitored. Investigating a system with a large

number of degrees of freedom and keeping track of only a part of them that

represent the collective behavior of the system is called coarse graining,

and as fewer variables are observed, the expectation value for observed

entropy production (increase of disorder) is typically smaller [42–44]. Re-

cently it has been shown that setups driven by a time-dependent external

force can produce a lower entropy compared to that estimated by coarse-

graining [45]. Publication III considers entropy production by two defini-

tions, of which one can be seen as a coarse-grained version of the other.

The experiment is performed on a two-state system interacting with two

heat baths at different temperatures. In each state transition, heat Q1 is

dissipated into the first bath while Q2 is dissipated to the second one, and

the sum of the two satisfies Q = Q1 + Q2 = −ΔE. The entropy produced

in the heat baths is SB = Q1/kBT1 +Q2/kBT2, and was expected to follow

a fluctuation relation introduced in [36]. However, while Q could be de-

termined for each transition, the actual value Q1 (and Q2 = Q−Q1) is not

directly measurable in the present device. Rather, based on the discussion

presented in Sect. 4.3.1, each transition follows a conditional probability

distribution for Q1 under the condition that the total heat generated is

Q. Furthermore, it is possible to show that the entropy produced in the

medium as defined by Seifert in Eq. (2.38) satisfies

Sm = − ln
(
〈e−ΔSB〉Q

)
, (2.40)
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for a single transition, where the average 〈〉Q denotes averaging over all

possible Q1 under the condition that the total heat generated is Q. The

derivation of this equality is given in the supplementary material of Pub-

lication III, and briefed in sect. 4.3.1.

Fluctuation relations have so far been considered for systems with Marko-

vian dynamics. However, an interesting question is what happens to the

relations when this is not the case. It was discovered experimentally

[4], that when the system is coupled to other slow and hidden degrees

of freedom, the entropy production observed no longer obeys the known

fluctuation relations. However, even with hidden degrees of freedom, the

probability distribution for entropy production appears to obey something

similar to the detailed fluctuation relation (2.36) in the form

ln

(
P (ΔS)

PR(−ΔS)

)
= αΔS, (2.41)

where α = 1 is used for the conventional relation, but which can deviate

from 1 under non-Markovian processes. This effect is also studied in Pub-

lication VIII by simulating the dynamics of two coupled single-electron

devices (see Chapter 5). The total configuration follows the fluctuation re-

lations. However, if the heat generated in one of the devices is neglected

such that the total entropy production consists only of the heat generated

by the other, it is shown in Publication VIII that for a specific choice of the

drive, it is possible to have even negative α with Eq. (2.41).

2.2.2 Experiments on stochastic thermodynamics

The commonly employed method for obtaining probability distributions is

to assign a fixed measurement protocol, where a stochastic quantity under

study is determined for each realization. It has been applied to various

systems to test the fluctuation relations described above. The fluctuation

theorem presented by Evans et al. [27], Eq. (2.36), was tested with a laser-

trapped latex particle immersed in viscous fluid at room temperature [1].

To test the relation, the trajectory of the particle was measured whilst

moving the stage at constant velocity. By determining the entropy pro-

duction distribution for short time intervals, it was apparent that entropy

can indeed decrease for short microscopic trajectories, and that the mea-

surements were in agreement with the integrated form of the fluctuation

theorem (2.32).

The first experimental test of Jarzynski equality (2.34) was performed

by pulling folded RNA molecules (’hairpins’) attached to two beads from
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both ends [46, 47] at room temperature. Pulling the beads apart stretches

the hairpin, which reacts by unfolding and therefore decreases the pulling

force it experiences. Similarly, bringing them back together causes the

molecule to refold. The molecule can therefore be in either folded or un-

folded state, and be driven by tuning the displacement between the beads.

By repeating the process many times whilst measuring the pulling force

applied to the beads, the dissipated work in the process is evaluated for

each displacement trajectory as described in section 2.1. The resulting

dissipated work distribution was found to be in agreement with Eq. (2.34).

The colloidal particle systems as well as biological ones have proved to

be useful for testing the fluctuation relations. The Hatano-Sasa relation

[37] was tested in a colloidal particle system [2] in 2004, and the intergral

fluctuation theorem in 2007 [3]. The Crooks relation (2.35) was tested

with the RNA hairpin setup [34], also demonstrating that Crooks relation

can indeed be applied to extract the equilibrium free energy properties

of the system by verifying that the measured free energy change in the

process does not depend on the drive rate. Related experiments on Crooks

relation were performed in Refs. [35, 48]. An experiment studying the role

of hidden degrees of freedom was performed with two colloidal particles,

whose mutual coupling was adjustable by an external magnetic field [4].

Stochastic properties of a single defect center in diamond have been

measured in Refs. [49, 50]. It forms essentially a two-level system, where

the defect can be either in a ’dark’ or ’bright’ state. The system is irra-

diated simultaneously by two light sources: one of them couples to the

’bright’ state, where the irradiation continuously triggers a measurable

fluorescence effect, and the other one couples to the ’dark’ state. More-

over, the intensity of the light sources determine the transition rate be-

tween the two states, in a fashion that is not determined by any heat bath.

The system is driven by modulating the intensity of the light sources,

producing stochastic trajectories of the defect state. With the lack of a

well-defined heat bath, most of the fluctuation relations were inapplica-

ble, apart from that of Eq. (2.37). Indeed, the state trajectories were found

to be in agreement with the said fluctuation relation.

During the past few years, stochastic thermodynamics have also been

tested in electronic circuits. Contrary to biological systems that can dete-

riorate under continuous driving and therefore limit the number of reli-

able repetitions, with electric circuits the driving protocol can be applied

numerous times (>105) without aging the system. One of the electronic
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setups to test the relations is a double quantum dot system. Steady state

fluctuation relations (2.32) have been tested in [51, 52], with both dots

coupled to their own respective electron reservoirs at different potentials.

The number of electrons on each dot is monitored with a quantum point

contact [53, 54] and determined as the state of the system. By deter-

mining the entropy production based on the change of the net number of

electrons on the two dots in some period of time, the distribution of en-

tropy production was found to obey the fluctuation theorem at 300 - 700

mK temperatures.

A setup closely related to the quantum dot configuration is one based on

a single-electron device, whose main ingredients are a small (micrometer

scale) metallic island connected to one or more metallic leads, or alterna-

tively to another metallic island. Such a device is used in Publications III,

VI, and IX to test the fluctuation relations, and has been applied earlier

[55] to test the Jarzynski equality (2.34) and Crooks relation (2.35) with

statistics from more than 100 000 realizations. These experiments are

discussed in more detail in Chapter 5.

Another fluctuation relation experiment with electronic devices was per-

formed with a system consisting of two coupled resistors. Heat transfer

between the two resistors is induced by Johnson-Nyquist noise [56, 57].

The magnitude of noise scales with temperature as 〈I2〉 ∝ T , where 〈I2〉 is

the variance of the generated current noise, whereas the heat generated

in a resistor is determined by Joule heating, Q̇(t) = I(t)V (t). Fluctuation

relations for the heat transfer by electric noise were presented in [58, 59]

and were tested experimentally in [60]. There, the current and voltage

noise over one of the resistors was measured, and the heat generation

was determined over a time interval t. The configuration was tested in

the case where both resistors were at room temperature (300 K), and also

in the case where one of them was submerged in liquid nitrogen (T ≈ 77

K) or at a higher temperature. When the two temperatures were unequal,

it was found that the entropy production ΔSs+Qhot/kBThot+Qcold/kBTcold

obeyed the fluctuation relations.

Recently, Jarzynski equality (2.34) has been tested in the quantum regime

[61] with isolated quantum systems [11, 14]. The experiment reported in

[14] is performed on a nuclear magnetic resonance setup with spin-1/2

systems of 13C and 1H. The spin of the former would have the role of the

system, with initial distribution determined by a pseudotemperature, and

the latter would act as an ancilla for determining the work distributions.
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Indeed, operations on the ancilla allow for a weak measurement of the

system, such that it is not possible to determine W for individual realiza-

tions, however the weak measurements still give access to the probability

distribution of work.

Another experiment on quantum systems was performed on a Yb ion

[11] trapped in a harmonic potential generated by laser beams. The sys-

tem is driven by shifting the optical trap, whereas the effective tempera-

ture for the system is determined from the average phonon count. Unlike

in [14], the work is determined for each individual realization by the two-

point-measurement method, where the initial and final eigenstates are

obtained by projective measurements.
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3. Maxwell’s demon: Information as a
physical quantity

The previous chapter discussed the fundamental laws that govern ther-

modynamic processes. The First law states that energy is conserved, and

the Second law demands that disorder increases in processes occurring

at finite rate. Maxwell presented a thought experiment to challenge the

Second law, proposing that an intelligent being measuring and controlling

the system by feedback can decrease its entropy without directly applying

work to it. The concept where information is used to decrease the en-

tropy of the system, thereby extracting work or storing energy is known

as Maxwell’s demon [62], discussed in detail in this chapter.

Section 3.1 begins by discussing the classic thought experiments pre-

sented by Maxwell and Szilard, which provided the first examples of the

role of information in physics. The fundamental relation between infor-

mation and energy is presented based on the works of Szilard, Shannon

and Landauer. Finally, recently formulated generalization of Jarzynski

equality for feedback processes is given and analyzed, with discussion

on how information can be utilized with the best of efficiency. A setup

where both the system and the demon are included on the same footing is

considered in Sect. 3.2, covering the concept of information transfer and

heat generation in such devices. Section 3.3 overviews recent information-

related experiments, where information about the system is used to apply

feedback that reduces its entropy.

3.1 Information in thermodynamics

In essence, the concept of Maxwell’s demon consists of decreasing the un-

certainty by performing a measurement to determine the system state,

thus decreasing the entropy. A simple example is the Helmholtz free en-

ergy, F = U − kBT 〈Ss〉, which describes the available energy that can
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be extracted from the system in standard thermodynamic processes in

the scope of the Second law. The unpredictability of the actual state, de-

scribed by the entropy 〈Ss〉, decreases the available extractable energy.

An intelligent observer, referred to as ’Maxwell’s demon’, who performs a

measurement then has access to an increased F by taking 〈Ss〉 close to

zero, and can by applying feedback extract more work than could have

been possible without the information.

Figure 3.1. A sketch of the original thought experiment by Maxwell. An intelligent ob-
server (depicted in the bottom of each four panels), called ’Maxwell’s demon’,
measures the system consisting of particles is two reservoirs, separated by
a wall. The observer applies a simple feedback protocol: if a slow molecule
is approaching the reservoir boundary (top left panel) from, say, left, it is de-
flected back. If a fast one is approaching (top right panel), the observer allows
it to go through. On the other hand, if a slow molecule approaches from the
other direction (bottom left panel), it is allowed to go through, while fast ones
(bottom right panel) are deflected back. In the end, there are more fast ’hot’
molecules on the right reservoir, and slow ’cold’ ones in the left: the entropy
has decreased. This is also evident from the amount of disorder decreased in
both reservoirs. The demon does not directly interact with the molecules but
apparently violates the Second law.

The original thought experiment presented by Maxwell is as follows.

Consider a closed system with two reservoirs (’left’ and ’right’ reservoirs)

of molecules at thermal equilibrium, separated by a wall. An intelligent

observer measures the momentum of each approaching particle. The ob-

server follows a simple protocol, illustrated in Fig. 3.1. If a molecule

is approaching the wall from the left reservoir with a high momentum
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(high energy), it is allowed to pass through the wall. If a molecule is ap-

proaching the wall from the right reservoir with a low momentum (low

energy), it is again allowed to pass through. In any other case, it is re-

flected back. By continuously following this protocol, the observer - which

today is known as ’Maxwell’s demon’ - collects the energetic molecules in

the right reservoir, while low energy ones concentrate in the left reser-

voir, however the demon performed no work in doing so. As a result, the

right reservoir equilibrates to a higher temperature than the left without

apparent thermodynamic cost, which is against the Second law.

3.1.1 Szilard’s engine

The fact that the demon does not directly manipulate the molecules but

rather merely utilizes the information it has obtained has lead to a long-

standing debate of the Maxwell’s demon, and the role of information in

physics. A quantitative example of utilizing information was given by

Szilard by considering a single box thermalized at temperature T con-

taining a single molecule [63]. A demon obeys the following protocol, see

Fig. 3.2. In step 1 of Fig. 3.2, it partitions the box in two equal halves by

inserting a wall to the middle. Now the molecule is on either side of the

wall, and the demon determines which side is in question by a measure-

ment. In step 2, it triggers a piston on the empty half to cover the volume

up to the wall. In step 3, it removes the partitioning wall to let the sin-

gle molecule to expand to any free volume. By then sliding the piston

back in step 4 slowly to its original position, such that the molecule con-

tinuously remains in thermal equilibrium, the piston applies work to the

molecule as W = −
∫ Vbox

Vbox/2
p(V )dV , where p is the gas pressure and Vbox

is the volume of the container. The ideal gas law for a single molecule,

pV = kBT , gives W = −kBT ln(2). As the internal energy of the box

is equal at the beginning and the end of the cycle, the First law (2.4),

gives Q = W = −kBT ln(2). In other words, the demon extracted energy

kBT ln(2) from the heat bath for a single bit of information, being an an-

swer to the question: ’is the molecule on the left half of the box?’

The same result is achieved by considering the entropy of state s, where

s = 0 when the molecule is on the right half of the box, and s = 1 other-

wise. After the partition of the container, a measurement determines the

state with a result m = s. Given that the measurement is perfect, the

post-measurement probability distribution is Pm = 1, and P1−m = 0, and

correspondingly, the entropy by Eq. (2.12) is Ss = ln(1) = 0 for the only
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1. 2.

4. 3.

Figure 3.2. A sketch of the operation of a Szilard’s engine. In step from panel 1. to panel
2., the thermalized box containing one particle is partitioned to two halves
by a wall. In step from panel 2. to panel 3., the position of the particle is
established, and the piston is slided to the wall on the other half. Finally,
the wall is removed, and the piston is slowly sliding back, expanding the one
molecule gas. The particle loses a part of its kinetic energy as it impacts with
the moving piston, contributing the work kBT ln(2).

possible state the molecule can occupy. In the final setup, the molecule

has expanded to the full box with probability distribution P0 = P1 = 1/2,

with entropy being Ss = − ln(1/2) = ln(2) for either state. The Second law

(2.17) gives 〈Q〉SE ≥ −kBTΔSn = −kBT ln(2), which in the reversible limit

is an equality.

The process behind a Szilard’s engine is purely described by the conver-

sion of heat bath entropy to that of the state. Therefore, any two-state

system whose state can be measured and energy separation controlled

accurately is sufficient for an experimental realization. In this case, the

Szilard engine protocol takes place as follows. Initially, the energies of the

two states n = 0 and n = 1 are equal. the feedback for measuring m = 0

would be to instantaneously bring the energy difference of the two states

En=1 − En=0 → ∞, and for m = 1 to −∞. Expansion back takes place

by slowly resuming the energy difference between the two states back to

zero.

3.1.2 Thermodynamic and logical reversibility

Computerization lead to the investigation of information encoded in bi-

nary memory, which is manipulated with binary operations. Each written

bit of information has a value of either ’0’ or ’1’, and correspondingly the

entropy (2.11) of each bit is S = 1
2 ln(

1
2

−1
)+ 1

2 ln(
1
2

−1
) = ln(2) assuming the

memory is prepared symmetrically, such that without any prior knowl-
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edge of the actual value of the bit, the probability for both of the two

states is P0 = P1 = 1
2 . Next, consider logical operations, such as SWAP,

AND, and OR. Each of these operations has two input bits. The output of

the SWAP operation has the two input bits swapped, i.e. 00→ 00, 01→ 10,

10 → 01, 11 → 11. For each outcome, it is possible to deduce the output

input value: such a process is called logically reversible. On the other

hand, the AND operation, 00 → 0, 01 → 0, 10 → 0, 11 → 1 as well as the

OR operation, 00 → 0, 01 → 1, 10 → 1, 11 → 1 both produce only a single

bit outcome. It is not possible to deduce the input value from the outcome

(for example, the outcome 0 for AND can be produced from 00, 01, or 10):

such processes are called logically irreversible.

The simplest kind of a logically irreversible binary operation is erasure

of one bit of information, i.e. changing the state of a bit to a predetermined

value (for example, ’0’) or to a ’blank’ state with no registered information.

Such an operation decreases the Shannon entropy by ln(2) (either ’0’ or ’1’

is changed to a fixed state). The statement known as Landauer’s erasure

principle [64, 65] requires that for such logically irreversible processes

to be consistent with the Second law (2.17), at least the same amount of

entropy must be produced elsewhere, namely in the heat bath. This gives

〈Q〉Er ≥ kBT ln(2) (3.1)

for erasing one bit of information.

Landauer’s principle provides a link between Szilard’s engine and the

Second law [66]. In order to operate the Szilard’s engine in the desired

way, its initial state must be measured, and the measurement outcome

recorded in a binary memory. In terms of logical operations, illustrated

in Fig. 3.3 the state of the Szilard’s engine is in step 1 copied to a blank

memory by inserting the dividing wall and measuring the position of the

molecule. The process is logically reversible: both outcomes can be traced

back to the original configuration, ’00’ to ’0 blank’ or ’11’ to ’1 blank’. In

step 2, the bit on Szilard’s engine is ’erased’, corresponding to sliding the

piston to the empty half of the box. This operation is logically reversible,

as ’blank 0’ can be traced back to ’00’ and correspondingly ’blank 1’ back to

’11’. The expansion back to the full volume of the box in step 3 brings the

state to ’00’, ’01’, ’10’ or ’11’, producing a bit of information and increase of

entropy (2.11), and now the Second law permits 〈Q〉SE ≥ −kBT ln(2) corre-

sponding to the amount of entropy increased. The final step 4 completes

the cycle by erasing the measurement outcome information, a process

which is logically irreversible and thus dissipates energy by Landauer’s
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Figure 3.3. Logical scheme of the Szilard engine process with the associated memory
erasure. The cycle in panel (a) starts with the system (top cells) at either state
0 or 1. In step 1., the state is ’measured’ by copying the state to a memory
(bottom cells) which is initially blank. This step is logically reversible, and
can therefore be performed with no lower bound on dissipation. In step 2., the
system is compressed to be able to occupy one state (blank), corresponding to
closing the piston to the dividing wall in Szilard’s engine protocol. As the
state is still recorded in the memory, this process is logically reversible and
thus has no lower bound on dissipation. Step 3. corresponds to slowly moving
the piston back to expand the one molecule gas, increasing state entropy. As
discussed in Sect. 3.1.1, this step allows extraction of work kBT ln(2) from
the heat bath. The final step 4. completes the cycle as the memory is erased.
This step is logically irreversible, as it is not possible to deduce the initial
state from the outcome, and thus sets a minimum dissipation kBT ln(2) as
governed by Landauer’s principle. (b) A similar process, however the memory
is ’overwritten’ in step 3., rather than being erased.

principle (3.1), giving finally

〈Q〉 = 〈Q〉SE + 〈Q〉Er ≥ 0, (3.2)

showing that Szilard’s engine cannot be used as a machine of perpetual

motion, as energy must inevitably be dissipated in a finite-speed process.

The limit of minimal energy dissipation imposed by Landauer’s prin-

ciple is of very fundamental nature. On the other hand, the principle

determines the optimal efficiency of logical operations, and the present

computers are still far above this optimal limit [65, 67]. As discussed in

Sect. 3.3, significant effort has been devoted to verify the principle and

demonstrate how the energy dissipated in the erasure tends to the mini-

mum limit as the process approaches the adiabatic limit.

3.1.3 Mutual information in feedback processes

Previous discussion has assumed that a measurement (or the copy of in-

formation) results in two memory cells with one-to-one correspondence,

therefore containing one bit of information. However, it is not neces-
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sarily (or even practically) ascertained that what is measured would in

fact be the actual state of the system. Rather, the measurement out-

come m merely correlates with the actual state s. In information the-

ory, the correlation between s and m is quantified by mutual information

Im(s,m) = ln(Ps,m) − ln(Ps) − ln(Pm), which can be expressed in a conve-

nient form

Im(s,m) = ln(Ps|m)− ln(Ps), (3.3)

where Ps|m = Ps,m/Pm is the conditional probability for the system to

occupy state s given that the measurement outcome is m. Mutual infor-

mation of (3.3) quantifies the quality of the measurement (and such the

signal-to-noise ration) and is maximized when m has a perfect correlation

with the state s. In such a case, the conditional probability Ps|m = 1 for

any s = m, and mutual information reduces to Im(s = m,m) = −Ss. It is,

on the other hand, possible that the measurement is not perfect and has

non-zero Ps|m �=s. When this is the case, the amount of work that can be

extracted from the system is smaller, as is discussed in the following.

In particular, Sagawa and Ueda have derived a generalization of the

Jarzynski equality (2.34), as [41]

〈e−(W−ΔFeq)/kBT−Im〉 = 1. (3.4)

Here, the system is initially at thermal equilibrium and the drive follows

a predetermined protocol, however after every measurement performed

during the process, the outcome m determines the following λ(t) until ei-

ther the process ends or a new measurement takes place. The free energy

difference ΔFeq is now also a stochastic quantity, as the final free energy

may depend on the obtained m.

An alternative form for the Sagawa-Ueda equality [41] is

〈e−(W−ΔFeq)/kBT 〉 = γ, (3.5)

where γ is a positive constant that can deviate from 1. Furthermore, γ

can be determined independently by investigating the reverse drive of

the feedback protocol.

Before the measurement, the system follows the probability distribu-

tion Ps. With measurement outcome m, the new probability distribution

is reset to Ps = Ps|m which after the measurement immediately begins to

evolve according to Eq. (2.28). The stochastic entropy (2.12) changes by

ΔSn = − lnPs|m + lnPs = −Im and, when Im is positive, the measurement

increases the free energy F = Es−kBTSs by kBTIm. In the limit of perfect
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measurement and feedback control, the information would in principle al-

low extraction of the energy kBTSs. In other words, information provides

a direct means to exploit the otherwise irretrievable energy dissipated as

heat.

3.1.4 Optimal use of information

A direct implication of Eq. (3.4) is a Second law-like inequality for pro-

cesses with measurement and feedback [68],

〈W −ΔFeq〉 ≥ −kBT 〈Im〉. (3.6)

In other words, the accuracy of the measurement, which sets the maxi-

mum expectation value for mutual information 〈Im〉, determines the max-

imum amount of energy that can be extracted ’for free’. A natural question

to follow is, for a given amount of 〈Im〉, what is the feedback-protocol that

brings (3.6) to an equality?

As it were, the Szilard engine protocol described in Sect. 3.1.1 reaches

this limit, W = −kBT ln(2), given that the measurement performed on

the position of the trapped particle has no error, and that the expansion

back to full volume can be done quasistatically. The more general case of

optimal protocol with the possibility of a measurement error is considered

in [69]. Supposing that Pn=0|m=1 = Pn=1|m=0 ≡ Pn �=m = ε is the probability

of a measurement error (and therefore Pn=0|m=0 = Pn=1|m=1 ≡ Pn=m =

1−ε), the protocol with which maximum work is extracted no longer brings

the energy separation between n = 0 and n = 1 to infinity. Rather, the

optimal energy extraction can be reached by immediately setting

ΔEopt = kBT (ln(ε)− ln(1− ε)), (3.7)

and then resuming back to ΔE infinitely slowly.

With energy separation given by Eq. (3.7), the occupation probability

distribution Pn �=m = ε and Pn=m = 1 − ε corresponds to the one given

by Boltzmann statistics (2.19). As discussed in [69], the reverse feed-

back process (drive the ΔE quasistatically to the value ΔEopt, after which

ΔE is abruptly dropped to zero) would then result in the same post-

measurement state probability distribution. A similar conclusion is reach-

ed by requiring that the average rate of entropy generation, given by Eq.

(2.31), vanishes.
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3.2 Autonomous Maxwell’s demon

So far, the measurement of the microscopic state is performed by an ex-

ternal agent, whose measurement result then subsequently determines

the following feedback through the adjustment of the control parameter

λ. The fluctuation relations for work and heat distributions describe the

system itself. However, the dynamics of the demon are not observed.

It is natural then to consider a setup where both the feedback-controlled

system as well as the demon are integrated within one configuration.

Such a device is called an autonomous Maxwell’s demon, where all the in-

formation processing as well as the feedback take place internally. There

is no external agent that would gather information about the system (or

the demon), and therefore the system can only be driven without feedback.

Often, the autonomous demon is considered to have its own memory reg-

ister - this approach takes place for example in Refs. [70–72]. In these

theoretical works, the demon performs a measurement with no energy

cost, recording the result to its memory, and then it applies feedback to

the system.

Recently, physical models of a Maxwell’s demon that functions autono-

mously, but without a separate memory register, have been presented

[73–75]. Reference [73] considers a three-terminal system of two coupled

quantum dots. Both dots are allowed to have either zero or one electron,

such that the setup can be considered as a two-by-two state system. Mu-

tual Coulomb interaction of electrons in the two quantum dots conveys the

information as well as the feedback in the configuration. The configura-

tion discussed there resembles the experimental realization of Publication

X with two coupled single electron devices, discussed in Sects. 5.3 and 5.5.

Reference [74] by Horowitz and Esposito discusses the entropy produc-

tion of such two coupled two-state systems. Suppose that the state is

expressed as (n,N), where n is the state of system 1, while N is the

state of system 2. These can be either 0 or 1, and upon each transi-

tion, either n changes to n ± 1, or N changes to N ± 1. On average,

the rate of total entropy production is 〈Ṡ〉 = 〈Ṡs〉 + 〈Ṡm〉 ≥ 0, where

〈Ss〉 = −
∑

n,N Pn,N lnPn,N , and 〈Sm〉 is the entropy of the medium. The

quantity 〈Ṡ〉 is given by Eq. (2.31). Steady state with Ṗn,N = 0 gives

〈Ṡs〉 = 0 implying that 〈Ṡm〉 ≥ 0.

Consider next the rate of entropy production by n→ n± 1 transitions in

the system 1, i.e. 〈Ṡs,1〉 =
∑

N [Γ(0,N)→(1,N)P0,N − Γ(1,N)→(0,N)P1,N ] ln(
P0,N

P1,N
)
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and 〈Ṡm,1〉 =
∑

N [Γ(0,N)→(1,N)P0,N − Γ(1,N)→(0,N)P1,N ] ln(
Γ(0,N)→(1,N)

Γ(1,N)→(0,N)
). Simi-

lar definitions can be derived for the system 2 with N → N±1 transitions.

The entropy production satisfies the ’local Second law’ [74]

〈Ṡm,1〉+ 〈Ṡs,1〉 ≥ 0

〈Ṡm,2〉+ 〈Ṡs,2〉 ≥ 0.
(3.8)

In steady state, 〈Ṡs,1〉 = −〈Ṡs,2〉 which can be non-zero. If, for example,

〈Ṡs,1〉 > 0, Eq. (3.8) allows negative Ṡm,1. In Publication X, where the

considered setup is realized experimentally, this is observed as cooling of

the heat bath to which the system 1 is coupled.

The criterion for 〈Ṡs,1〉 > 0 is that, on average, the transitions in the

system 1 result in a state (n,N) with low Pn,N , increasing the entropy

Ss = − lnPn,N . Correspondingly, transitions in the system 2 result in a

state (n,N) with high Pn,N , decreasing Ss. As discussed in Ref. [74], such

transitions increase the mutual information Im = lnPn,N − lnPn− lnPN =

lnPn|N − lnPn, where Pn =
∑

N Pn,N and PN =
∑

n Pn,N , i.e. 〈İm,2〉 =

−〈Ṡs,2〉 > 0, such that the system 2 can be seen as ’measuring’ the state of

the system 1. In other words, system 2 acts as an autonomous Maxwell’s

demon, measuring and controlling system 1. The effect of the feedback-

control is observed as decreasing Sm,1. Here, however, the demon has

only a very limited memory (the state N ) which needs to be continuously

erased. Indeed, Eq. (3.8) states that the demon must dissipate energy, i.e.

produce at least an equivalent amount of entropy in the medium as it is

decreasing the entropy of the configuration, 〈Ṡm,2〉 ≥ −〈Ṡs,2〉 > 0.

3.3 Maxwell’s demon experiments

Rapidly improving access to, and control of microscopic degrees of free-

dom, have allowed researchers to perform experiments on Maxwell’s de-

mon over the past ten years [76]. As with the experiments on fluctuation

relations, the experiments have been performed on a wide variety of sys-

tems from different disciplines in science. It was found that some pro-

cesses had internal mechanisms that resemble the principle of Maxwell’s

demon. Such a scheme was identified to take place with molecular in-

formation ratchets [77]. The system comprises of elements comprising of

two components, a molecular axle, on which a molecular ring is attached.

Here, the information content of each such element is the position of the

ring with respect to the axle with two distinct possible locations. Irradi-

32



Maxwell’s demon: Information as a physical quantity

ation by light changes the kinetics of the particles based on the position

of the ring on the axle. Irradiating a dilution of the two kinds of particles

induces a Maxwell’s demon -like effect, where the two types separate into

two reservoirs with different concentrations.

A cooling method closely related to the Maxwell’s demon operation prin-

ciple was introduced in 2008 in Refs. [78, 79], and was further studied

theoretically in [80]. The technique employs one-way optical barriers to

trap atoms in a confined space, thus increasing phase-space density, i.e.

decreasing the entropy, of those atoms. The experiments were performed

on 87Rb atoms that can undergo hyperfine transitions. The frequency of

optical barriers can be tuned to match the frequency of those transitions.

The hyperfine transition can take place from the initial predefined state

Fi to the one matching with the laser as the atom crosses the barrier. Yet

after the transition the optical barrier projects a repulsive effect on those

atoms, trapping them on the other side. If a volume that is small com-

pared to the cloud of 87Rb atoms is confined by the optical barriers, and

the barriers are then brought slowly to the cloud, the atoms will conse-

quently be trapped in the small volume. Here, the thermodynamic ex-

pense is that upon the hyperfine transition of the atom, it emits a single

photon that is absorbed elsewhere, leading to heat generation.

The first experiment where information is quantitatively linked to work

and free energy was performed with a feedback-controlled colloidal par-

ticle [81]. The particle is trapped between two potential barriers. If the

particle were to pass through the, say, left barrier, it would enter another

trap at a lower potential, and through the right barrier it can enter a

trap at a higher potential. The motion of the particle is constantly mon-

itored. Once a measurement establishes that it has climbed the barrier

on the right by thermal excitations, a feedback is applied: the barriers

become traps and vice versa. The feedback traps the particle into the spot

where there was previously a barrier, and since the particle moved right,

the trap is also at a higher potential than the original one. By follow-

ing the protocol, the particle ’climbs up’ in potential by extracting heat.

In other words, information is used to store free energy into the system.

This measurement setup also allowed to test Eq. (3.5), demonstrating

that the measured distributions are in agreement with the independently

determined γ.

Another feedback-controlled experiment performed with colloidal parti-

cles has been performed with a protocol similar to that of Szilard’s engine
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in [82]. Initially, a particle is trapped with optical tweezers. Then, the

potential is driven to the shape of a double-well, such that the particle

ends up in either left or right well. After the separation, the position of

the particle is measured, based on which a finite voltage is set to trap the

particle, such that it is energetically favorable for the particle to remain

in its well. Finally, the two wells are merged to resume the setup back to

its original configuration, however with a decrease in overall entropy.

Recently, feedback cooling has been demonstrated on a small capaci-

tor coupled to an electron reservoir [83]. The experiment was performed

at 300 K (room temperature), such that the capacitor with roughly 100 K

×kB charging energy for a single electron has a quantized charge distribu-

tion. The charge on the capacitor is measured with a sensitive electrome-

ter, and the feedback is applied with a gate electrode with the purpose of

keeping the number of electrons on the capacitor as close to energy min-

imum as possible. As soon as an electron transfer is observed between

the capacitor and the reservoir, a voltage is applied to the gate to induce

a bias for the electron to return back. With feedback control, the internal

energy determined by the charge occupation probability distribution de-

creased down to almost one third of the value without feedback control,

such that the system appears to follow a noise level corresponding to 110

K temperature.

Experimental tests on the minimum amount of dissipation imposed by

Landauer’s principle have been performed. One of them applied a col-

loidal particle system in a double-well potential [84], where the one bit

of information is encoded to whether the particle is sitting in the left or

in the right well. The erasure takes place with a drive protocol where

the particle finally ends up in, say, the left well. This is done by first

removing the barrier between the two wells, and then slowly tilting the

potential towards the left-hand side. Finally, it is resumed to its original

double-well form, however, such that the particle is now almost always

on the left. The energy dissipated in the process is estimated from the

particle trajectory. By performing the erasure at slower driving rates, the

average dissipated energy was found to be above but also tend towards

the fundamental limit, 〈Q〉Er → kBT ln(2).

An experiment related to the Landauer’s erasure principle was per-

formed on an RC circuit [85], essentially demonstrating that an erasure

can be performed for a cost below kBT ln(2) of energy, provided that the ini-

tial state of the memory is known. One end of the capacitor is grounded,
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and the other end is in series with a resistor and a switch. The switch

can be chosen to be disconnected, connected to the ground, or to either of

the two leads held at potentials +V0 and −V0 which, when connected with

the switch, are slowly taken to V = 0. The capacitor in the RC circuit can

be charged to either a positive or a negative charge, such that its poten-

tial is respectively +V0 or −V0. The information is encoded into the sign

of the capacitor charge, and it can be erased in two alternative ways. If

the charge state is not known, the erasure takes place by connecting the

switch directly to the ground, and a substantial amount of heat is gen-

erated in the resistor. This value was clearly above the Landauer limit.

If, on the other hand, the charge state is known, it can be connected to

the respective potential, after which the discharge takes place slowly and

with very low dissipation, which can be even less than kBT ln(2). This is

physically possible, because such erasure is logically reversible - the in-

formation about the charge state was already recorded elsewhere. With

no information about the charge state, the switch could be connected to

the lead at the opposite potential, leading to significant dissipation.

Further experiments on Landauer’s principle were performed with a col-

loidal particle in a double-well potential with better accuracy in [86], also

demonstrating that if the two potential wells are first merged, then split

back to two without tilting the potential, the final configuration has an

equal probability for the particle to be either in the left or in the right

well. Such a process has no lower bound for the energy dissipation, as can

also be seen in the experiment when the driving is performed more slowly.

The experiments [84, 86] on Landauer’s principle show that the era-

sure of one bit of information has a lower bound for the dissipated energy.

The goal of Publication V was to experimentally perform the Szilard’s

engine protocol on a two-level system, and demonstrate the extraction

of kBT ln(2) of heat for one bit of information. Publication VI tests the

fluctuation relation for feedback processes, Eq. (3.4), by controlling the

measurement error probability that defines the mutual information (3.3).

Finally, Publication X realizes the autonomous Maxwell’s demon experi-

mentally. These experiments are discussed in more detail in Chapter 5.
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4. Thermodynamics in mesoscopic
circuits

Chapters 2 and 3 provide thermodynamic concepts in a very generic frame,

which can be applied to a wide variety of systems. The experiments in this

thesis are based on nanoelectronic devices measured at low (30 mK - 500

mK) temperatures. The devices consist of essentially two conducting ma-

terials, copper (Cu) and aluminum (Al), of which the former one is normal

metallic, and the latter becomes superconducting below its critical tem-

perature TC � 1.2 K (for bulk Al). These metals are deposited as thin

(thickness 10 nm - 100 nm) films on a silicon - silicon oxide substrate by

shadow evaporation technique [87].

A tunnel junction, presented in Sect. 4.2.1, is an important building

block in nanoelectronic structures, and essential for single-electron de-

vices discussed in Chapter 5. Here, it is formed between two metallic

electrodes that are separated by a thin (∼ 2 nm) layer of insulating Al2O3.

Classically, there would be no charge transport accross the junction. Yet

in quantum mechanics, the wavefunction of the conduction electrons in

the first electrode also extends into the second one through the finite po-

tential barrier, thus allowing tunneling to take place.

This chapter covers the concept of heat, its rate of transfer, and the

experimental methods to measure it in nanoelectronic devices. Section

4.1 gives an overview on the fabrication techniques used to produce the

devices for each experiment presented in this thesis. Section 4.2 discusses

the concept of heat bath in the experiments at the level of conducting

electrons, lattice phonons, and finally as substrate phonons. Section 4.3

overviews the transport properties of superconductors. Finally, section 4.4

describes the measurement techniques for determining heat transport in

the experiments of this thesis.
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4.1 Device fabrication process

PMMA

SiO

Si

Top Front

Copolymer

2

EBL

Development

Evaporate Al

O  exposure

Evaporate Cu

Lift-off

2

d

Figure 4.1. The fabrication of a tunnel junction. In the EBL step, the polymer-coated sub-
strate mask is patterned with electron beam lithography. The development
removes all exposed PMMA, as well as copolymer in a larger area, forming
an undercut to the mask. Next, Al is evaporated in a tilted angle. The tilt
causes Al to land on the substrate with a shift d = tan(α)t, where α is the
evaporation angle, and t is the thickness of the mask. Oxygen exposure forms
a thin Al2O3layer on the Al structures, such that evaporating Cu in another
angle, such that it partially covers the previously evaporated Al, as indicated
in brown. This contact forms the tunnel junction. Finally, lift-off removes the
polymer mask.

The devices measured in the experiments of this thesis are all fabricated

with a process known as shadow evaporation technique [87], illustrated

in Fig. 4.1. The structures are deposited on a silicon - (300 nm) silicon
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oxide substrate in the following steps. The first one is to spin-coat the

substrate with layers of polymer (PMMA, polymethyl-methacrylate) and

copolymer (PMMA-MAA, methacrylate acid), with a typical thickness of

500 - 1500 nm. The mask is patterned by electron beam lithography, after

which the patterned parts of the mask are removed with a (1:3) MIBK

(methyl isobuthyl ketone) - isopropanol solvent mixture.

Figure 4.2. Scanning electron micrographs of the ground plane underneath the main
structures shown on the left panel, and a tunnel juntion fabricated with the
shadow mask evaporation technique shown on the right. The ground plane
structure, fabricated in a separate lithography step prior to that of the main
structures, is indicated with the red dashed line. It is covered by Al2O3, such
that there is only capacitive coupling between the primary electrodes and the
ground plane. This design is used in Publication X. On the right panel, the
tunnel junction is indicated with a dashed red line -circle. The undercut area
illustrated in Fig. 4.1 can be seen as darker regions surrounding the metallic
structures.

Next step is electron beam metal evaporation on the previously formed

polymer mask. The substrate is attached to a sample holder in the evap-

oration chamber with the mask facing the metal source. The substrate is

further tilted to change the angle of incidence, such that the metal parti-

cles emitted from the source land on a shifted location, see Fig. 4.1. Once

Al is evaporated, a layer of insulator, Al2O3, is formed on the Al by expos-

ing it to oxygen. A layer sufficient for tunnel junctions is already formed

with a few minute exposure under a few millibar pressure, and the bar-

rier thickness can be varied by tuning these parameters. Evaporating

metal in another angle, such that the metal overlaps the Al2O3 covered

Al, forms a tunnel junction between the two metals in the overlap area.

More complex devices can be fabricated by having multiple evaporation

steps. Finally, the remaining mask unexposed during the lithography is

removed by submerging the chip in acetone, which peels off and dissolves

the polymer mask but leaves structures deposited on the substrate intact.
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An example image of a tunnel junction fabricated this way is shown in

Fig. 4.2.

The devices described in Publications VIII and X are deposited in a layer

on top of the ground plane, shown in 4.2. Before fabricating the actual de-

vices, a metallic film is deposited on the substrate in an area underneath

the leads. After the deposition, the chip is covered with Al2O3 by atomic

layer deposition (ALD) with a thickness ranging from 30 to 100 nm. By

doing so, the metallic leads are capacitively coupled to the ground plane,

effectively filtering out high frequency noise while letting the applied DC

signal to the device [88].

As majority of the phenomena considered in the scope of this thesis re-

quire low temperatures, the fabricated devices are cooled down to sub-

kelvin temperatures in a 3He - 4He dilution refrigerator. It is capable

of reaching a temperature well below 50 mK, which is measured with a

RuO2 thermometer [89]. The device is connected to the measurement ap-

paratus by attaching metallic wires to the ’bonding pads’, seen in Fig. 4.2.

More detailed description of the measurement setup can be found e.g. in

Refs. [90, 91].

4.2 Heat and charge transport in mesoscopic circuits

Throughout this thesis, the primary heat bath for the considered systems

is formed by the conduction electrons of the metallic elements. A small

normal metallic ’island’ with dimensions of, for example, 1 μm × 100 nm

× 20 nm for length, width and thickness, respectively, has a reservoir

of approximately 2 × 108 conduction electrons. These electrons interact

with each other inelastically, rapidly distributing any energy injected to

the electron reservoir. If one of the electrons would gain energy Q, a full

thermalization for the electrons to follow the Fermi-Dirac statistics of Eq.

(2.27) at temperature Tel takes place in ∼1 ns timescale [92].

Heat transport in normal metallic wires follows the Wiedemann-Franz

law (see e.g. [93]) which states that

κ = L0σTel, (4.1)

where κ and σ are the heat and electric conductances, respectively, and

L0 = π2/3(kB/e)
2 ≈ 2.44 × 10−8 WΩK−2 is the Lorenz number. At the

temperature range of 30 - 500 mK considered in the present work, the

heat conductance in the normal wires is dominant in comparison to other
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heat transport mechanisms, such that the temperature of the normal wire

remains practically constant for over 100 μm length scales.

4.2.1 Tunnel junctions

This section gives a derivation of the average rates of charge and heat

transfer across a tunnel junction. A setup with two electrodes, ’left’ (L)

and ’right’ (R), connected by a tunnel junction is described by the Hamil-

tonian

Ĥ = ĤL + ĤR + Ĥint, (4.2)

where ĤL =
∑

k εkâ
†
kâk and ĤR =

∑
q εq ĉ

†
q ĉq are the Hamiltonians, âk and

ĉq are the annihilation operators, and εk and εq are the energies of the

conduction electron reservoirs in L and R, respectively. The interaction

via the tunnel junction between the two reservoirs is described by Ĥint =∑
k,q

(
Tk,qâ†k ĉq + T ∗k,qâk ĉ

†
q

)
.

An electron tunneling from L to R experiences an energy cost ΔE, and

changes the number of electrons on L from nL to nL − 1, and on R from

nR to nR + 1. The term ΔE includes all the effects that directly influence

the kinetic energy of the tunneling electron including, for example, the

change of energy due to tunneling from one potential to another, or the

effect of Coulomb interaction which is discussed in more detail in Chapter

5. Fermi golden rule gives the average rate of such transitions,

ΓL→R(ΔE) =
2π

�

∑
k,q

|Tk,q|2〈â†kâk ĉq ĉ
†
q〉δ(εq − εk +ΔE), (4.3)

where δ(x) is the Dirac delta function. Note that from this point on, av-

erage rates are written without 〈〉. Equation (4.3) can further be written

in an integral form by converting the sums as
∑

k →
∫
DL(εk)dεk and∑

q →
∫
DR(εq)dεq, where DL(εk) and DR(εk) are the densities of states of

the left and right electrode, respectively. The two electrodes are assumed

to be thermalized to temperatures TL and TR, and thus Fermi-Dirac statis-

tics (2.27) gives 〈â†kâk〉 = fL(εk) and 〈ĉq ĉ†q〉 = 1− fR(εq). By further approx-

imating |Tq,k| = |T |2, Eq. (4.3) becomes

ΓL→R(ΔE) ≈ 1

e2R

∫
dεNL(ε)fL(ε)NR(ε−ΔE)(1− fR(ε−ΔE)), (4.4)

where the N(L/R)(x) = D(L/R)(x)/D(L/R)(0) is the normalized density of

states for L/R, and the tunneling resistance of the junction is identified

as R = �/2πe2DL(0)DR(0)|T |2. It is also apparent that if TL = TR, the de-

tailed balance condition (2.29) is satisfied, as ΓL→R(ΔE)/ΓR→L(−ΔE) =
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exp(−ΔE/kBT ) by noting that the energy cost for the reverse transition

has an opposite sign. If the junction is formed between two normal metal-

lic electrodes (NIN junction) both at an equal temperature Te, the density

of states close to the Fermi level is approximately constant, such that

NL = NR = 1, and the transition rate is

ΓL→R(ΔE) =
1

e2R

ΔE

exp(ΔE/kBTe)− 1
. (4.5)

The tunneling electrons carry charge as well as energy, giving rise to

charge and heat current through the junction. As each electron carries

a charge equal to −e, it is straightforward to determine the average rate

of charge transport in L → R transitions is IL→R = −eΓL→R, however

here the 〈〉 symbols are left out for simplicity. The average rate of heat

generated in L by such transitions is given by Fermi golden rule,

Q̇
(L)
L→R(ΔE) ≈ 1

e2R

∫
dε(−ε)NL(ε)fL(ε)NR(ε−ΔE)(1− fR(ε−ΔE)). (4.6)

The average rate of heat generated in R is respectively

Q̇
(R)
L→R(ΔE) ≈ 1

e2R

∫
dε(ε−ΔE)NL(ε)f(ε)NR(ε−ΔE)(1−f(ε−ΔE)), (4.7)

and the total heat generated satisfies Q̇tot
L→R = Q̇

(L)
L→R(ΔE) + Q̇

(R)
L→R(ΔE) =

−ΔEΓL→R, being consistent with the First law. In the case of a NIN junc-

tion at uniform temperature, the rate of heat generation in both L and R

is Q̇
L/R
L→R(ΔE) = −ΔEΓL→R/2.

4.2.2 Entropy production in electron tunneling

This section investigates the (dimensionless) entropy produced in the en-

vironment by a single tunneling event, which is equal to

ΔSB = QL/kBTL +QR/kBTR (4.8)

as a sum of entropy produced in L and R, while QL + QR = Q = −ΔE.

If TL = TR, the total entropy produced in the two heat baths simplifies

to ΔSB = (−ΔE)/TL. In a more general case, one needs to resolve the

heat generated in both leads. The heat injected in L follows a probability

distribution

PL→R(QL = −ε|ΔE) =
NL(ε)fL(ε)NR(ε−ΔE)(1− fR(ε−ΔE))∫
dεNL(ε)fL(ε)NR(ε−ΔE)(1− fR(ε−ΔE))

(4.9)

with the condition that the energy cost is ΔE. Therefore, ΔSB is a stochas-

tic quantity for a single transition. On the other hand, by Eq. (2.38), the
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entropy produced is

ΔSm = ln

(
ΓL→R(ΔE)

ΓR→L(−ΔE)

)

= ln

(∫
dεNL(ε)fL(ε)NR(ε−ΔE)(1− fR(ε−ΔE))∫
dεNR(ε)fR(ε)NL(ε+ΔE)(1− fL(ε+ΔE))

)
.

(4.10)

The entropy productions by Eqs. (4.8) and (4.10) satisfy Eq. (2.40), i.e.

Sm = − ln (〈exp(−ΔSB)〉ΔE), where 〈〉ΔE denotes averaging over QL under

the condition that the energy cost of the transition is ΔE. Indeed, Eq.

(4.9) gives

〈e−ΔSB〉ΔE =

∫
dεe−ε/kBTL−(ΔE−ε)/kBTRNL(ε)fL(ε)NR(ε−ΔE)(1− fR(ε−ΔE))∫

dεNL(ε)fL(ε)NR(ε−ΔE)(1− fR(ε−ΔE))

=

∫
dεNL(ε)(1− fL(ε))NR(ε−ΔE)fR(ε−ΔE)∫
dεNL(ε)fL(ε)NR(ε−ΔE)(1− fR(ε−ΔE))

= e−ΔSm ,

by using the identity exp(−ε/kBT )f(ε) = 1− f(ε).

4.2.3 Thermalization by electron - phonon interaction

The conduction electrons form a quasiequilibrium heat bath for a nano-

electronic system. With a sufficiently high rate of heat generation, the

temperature of the electrode changes. It is then the phonon coupling of

the electrons, discussed in this section, that relaxes the electron temper-

ature towards equilibrium. The phonons in the metallic element couple

further to those of the substrate at temperature Tbath, which essentially

form the ’superbath’.

The Hamiltonian of a single normal metallic island coupled to a phonon

bath is

Ĥ = Ĥe + Ĥph + Ĥint, (4.11)

where Ĥe =
∑

k εkâ
†
kâk for the conduction electrons and Ĥph =

∑
q �ωqb̂

†
q b̂q

for lattice phonons. The interaction is now described by the term [94]

Ĥint = η
∑

k,q

(
ω
1/2
q â†kâk−qb̂q + ω

1/2
q âkâ

†
k−qb̂

†
q

)
, where η characterizes the

electron-phonon coupling strength. In other words, the interaction takes

place either through an electron with momentum k−q absorbing a phonon

with momentum q and thereby having a final momentum k (the first

term), or by an electron with momentum k emitting a phonon with mo-

mentum q. By Fermi golden rule, the average rate of heat injected into

the electron bath is

Q̇e−ph =− 2πη2
∑
k,q

ω2
q〈â

†
kâkâk−qâ

†
k−qb̂qb̂

†
q〉δ(εk − εk−q − �ωq)

+ 2πη2
∑
k,q

ω2
q〈âkâ

†
kâ
†
k−qâk−qb̂

†
qb̂q〉δ(−εk + εk−q + �ωq).

(4.12)
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The rate of heat transfer between electrons and phonons depends on the

dimension of the metallic element. In the present experiments, the struc-

tures are practically always three dimensional in the phonon perspective,

such that
∑

k → V/(2π)3
∫
dq, where V is the volume of the electrode.

With Bose-Einstein statistics of Eq. (2.26) 〈b̂†qb̂q〉 = nph(�q) determined by

phonon temperature Tph, and by approximating εk−q ≈ εk + �
2kF
m q cos(θ),

where kF is the Fermi wave vector, m is the electron mass, and θ is the

angle between k and q, Eq. (4.12) can be brought with some algebra to

[94]

Q̇e−ph ≈
Vη2De(0)m

2πc2l �
6kF

∫ ∞

0
dεε4(n(ε)− ne(ε)), (4.13)

where cl = ωq/q is the speed of sound, and ne(ε) uses the electron tem-

perature Te. The integral of Eq. (4.13) has an analytical solution, leading

to

Q̇e−ph = ΣV(T 5
ph − T 5

e ), (4.14)

where Σ =
24ζ(5)k5Bη

2Del(EF )m

πc2l �
6kF

is known as the electron-phonon coefficent,

specific to the electrode material. For Cu, the material used as normal

metal in this thesis, the coefficent has been reported to have values be-

tween 0.9...4 × 109 Wm−3K−5 [95].

As indicated by Eq. (4.14), the rate of heat injection to the electrons by

lattice phonons decreases drastically with temperature. Therefore, cool-

ing or heating power of even a few aW that would normally seem negli-

gible can noticeably change the temperature of the electrons in a small

electrode. Under a given heat generation mechanism with average heat

generation rate Q̇, the electrode temperature equilibrates to that which

satisfies the heat balance equation,

Q̇+ Q̇e−ph(Te) = 0. (4.15)

It is then by the observed change of temperature in Te and Eq. (4.14) that

Q̇ can be determined.

4.3 Superconductors

Superconductors are best known of their remarkable property of zero elec-

trical resistance at or below its critical temperature, TC . The best known

model for describing superconductors is derived by Bardeen, Cooper, and

Schieffer [96], where electrons of opposite spin and momenta are coupled

by an attractive interaction. Such pairs of electrons are known as Cooper-
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pairs, and they are able to transport charge without any dissipation up to

a certain critical current IC.

This thesis investigates the finite temperature properties of supercon-

ductors. Cooper-pairs are bosons as their total spin is an integer, hence

each Cooper-pair is able to occupy the same energy EF . While a Cooper-

pair carries a charge−2e, its energy with respect to the Fermi level is zero,

and it is therefore unable carry heat. The thermal excitations as well as

the heat transport in a superconductor arise from unpaired electrons or,

more precisely, ’quasiparticles’.

A prediction of the BCS - model is the formation of a superconductor

energy gap Δ, defining an energy range EF − Δ to EF + Δ within which

quasiparticles cannot exist in the superconductor. In particular, the quasi-

particles have a normalized density of states of

NS(ε) = Re

(
|ε|√

ε2 −Δ2

)
. (4.16)

The zero density within the energy gap as well as the sharply diverging

density at ε = Δ give a normal metal - insulator - superconductor (NIS)

junction many useful properties, discussed in Sect. 4.3.1. Moreover, as the

energy cost for breaking a Cooper-pair and as such forming a quasiparticle

is 2Δ, at low superconductor temperatures, TS � Δ/kB, the quasiparticle

density in the superconductor is small. This gives a superconductor a very

small heat conductance, as will be discussed in Sect. 4.3.2.

4.3.1 Properties of NIS junctions

A commonly used junction type is one formed between a superconductor

and a normal metal. In this thesis, such junctions are built as described

in Sect. 4.1 between aluminum and copper. Cooper-pairs cannot exist in

a normal metal, and therefore charge transport through an opaque NIS

junction takes place primarily by quasiparticles. The secondary process

is a higher order tunneling event, known as Andreev reflection [97]. This

takes place when two electrons of opposite spin and momenta enter from

the normal metal to the the superconductor as a Cooper-pair, or a Cooper-

pair enters from the superconductor to the normal metal, breaking into

two electrons.

The rate of quasiparticle transitions ΓNIS(ΔE) is given by Eq. (4.4) with

the normalized density of states in the superconductor given by (4.16).

When ΔE < Δ, kBTN/S � Δ, the rate is approximately ΓNIS(ΔE) ≈
ΓN,0e

−ΔE/kBTN+ΓS,0, where ΓN/S,0 =
(
e−Δ/kBTN/S

√
πΔkBTN/S/2

)
/e2R. The
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Figure 4.3. Electron tunneling in a NIS junction. In the example shown on the left panel,

energy is shown on the vertical axis. Here, the divergence of the density of
states in S is not shown for simplicity. An electron tunneling from N to S
experiences a negative energy cost, −ΔE. However, it can only tunnel to the
S when its energy with respect to the Fermi level in S exceeds the energy
gap, Δ. Those electrons with energy above Δ − ΔE in N can participate in
the tunneling process, and since this energy exceeds the Fermi level, such
processes lead to cooling of N. The right panel shows the numerically evalu-
ated transition rate as a function of ΔE at kBT = 0.1Δ in black solid lines,
and kBT = 0.05Δ in solid blue lines. The corresponding backward rates with
energy cost −ΔE are shown in dashed lines. It is apparent that the rates for
small ΔE have a strong temperature dependence.

first term ΓN,0e
−ΔE/kBTN is exponentially increasing with decreasing ΔE

and becomes dominant when ΔE � (TN/TS − 1)Δ. The second term ΓS,0

does not depend on ΔE, and thus the transition rate remains almost con-

stant when ΔE 	 (TN/TS − 1)Δ. The transition rates in a NIS junction

are shown in Fig. 4.3.

A current biased NIS junction can be used as a local thermometer of

the normal electrode [98], operating at as low as 10 mK temperature [99].

It can also be fitted for fast readout of temperature with time resolution

better than 1 μs [100, 101]. As a function of a constant voltage drop over

the junction, the charge current I = eΓNIS(−eV ) − eΓNIS(eV ). If kBTN <

eV � Δ, it is approximately

I ≈ 1

eR
e(eV−Δ)/kBTN

√
π

2
ΔkBTN. (4.17)

When applying a constant current bias I = I0, the voltage V depends on

TN as

eV ≈ Δ− kBTN ln

(√
π
2ΔkBTN

eRI0

)
, (4.18)

i.e. approximately linearly on TN when (eRI0)
2/Δ� kBTN � Δ/ ln(Δ/eRI0).

Another useful feature of an NIS junction is its ability to refrigerate the

normal electrode. This is achieved by applying a voltage bias over the
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Figure 4.4. Thermometry and refrigeration with a SINIS structure. The left panel shows
the numerically determined voltage as a function of TN with a constant cur-
rent bias I = 0.05 eR/Δ (solid black line) and I = 0.1 eR/Δ (dashed black
line). The right panel shows the cooling power on N as a function of voltage
bias at kBT = 0.1Δ (black line) and kBT = 0.05Δ (blue line).

junction with eV � Δ. Because of the energy gap, only those electrons

in N with energy higher than Δ can tunnel into the S, or if biased with

opposite polarity, only those quasiparticles in S with energy less than Δ

can enter the normal metal. In both cases, a negative heat Q � −(Δ −
eV ) is generated in the normal metal. If the rate of electron tunneling

is sufficiently high, the cooling power Q̇ � (Δ − eV )ΓNIS(−eV ) competes

with the phonon relaxation rate (4.14), leading to a decrease in the local

electron temperature TN .

It can be beneficial for thermometry (double sensitivity) as well as cool-

ing (double cooling power) to use a SINIS structure, rather than a sin-

gle NIS junction. The two setups compare as INIS(V ) = ISINIS(V/2) and

Q̇NIS(V ) = 2Q̇SINIS(V/2). The voltage as a function of temperature, and

the cooling power as a function of bias voltage in such a structure is shown

in Fig. 4.4.

4.3.2 Heat transport in superconducting wires

Due to the energy gap Δ, only a small fraction of electrons are unpaired

at low temperatures kBTS � Δ. As only these quasiparticles are able

to carry energy, heat transport in a superconducting wire is very small.

Thermal conductance of a superconducting wire can be written as [102]

κs =
1

2e2RNkBT 2

∫ ∞

Δ
dE

E2

cosh(E/2kBT )2
, (4.19)

where RN is the normal state resistance of the superconducting lead. It

can be expressed as a rapidly converging sum,

κs =
2k2BT

e2RN

∞∑
k=1

(−1)k−1k−2
((

kΔ

kBT

)2

+ 2
kΔ

kBT
+ 2

)
e−kΔ/kBT , (4.20)
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which in the limit Δ → 0 produces the normal state heat conductance

obeying Wiedemann-Franz law, Eq. (4.1).

The energy gap also suppresses the superconductor quasiparticle cou-

pling to phonons. The corresponding heat current between electrons and

phonons in a superconductor scales exponentially with temperature as

Q̇S
e−ph ≈ Q̇e−ph exp(−Δ/kBTS) [103]. Therefore, in the scope of this thesis,

the electron-phonon coupling in superconductors is neglected.

As such, superconductors are often used as charge conductors that also

act as heat insulators, e.g. in [104] and in Pubs. VII and X. Connect-

ing a normal metallic island to a superconducting lead efficiently isolates

the conduction electron heat bath, while still allowing charge transport by

Andreev reflection [97]. However, a phenomenon known as proximity ef-

fect takes place at the interface, influencing the heat insulation of a short

superconducting wire. This effect is discussed in the next section.

4.3.3 Proximity effect at a transparent NS interface

At the interface of a clean contact between normal metallic and supercon-

ducting electrodes, the properties of the two materials mix. Cooper-pairs

penetrate into the normal metal over a distance corresponding to the co-

herence length ξ0 =
√
�D/2Δ, where D is the diffusion constant. This

effect is known as the proximity effect, which gives an important fea-

ture for practical applications: for instance, a short normal metal island

interrupting a continuous superconducting lead can carry supercurrent,

forming a so-called proximity Josephson junction. However, the amount

of supercurrent strongly depends on temperature [105] or magnetic field

[106], allowing the use of SNS contacts for thermometry [107] or sensory

devices [108, 109].

This thesis, however, investigates the inverse proximity effect: electrons

with energy below Δ diffuse from the normal metal into the superconduc-

tor over roughly the same distance ξ0. While an ideal superconductor is

a very good thermal insulator at low temperatures as indicated by Eq.

(4.20), the inverse proximity effect makes the superconductor leak heat

even in the zero temperature limit [110], especially when the supercon-

ductor is short as shown experimentally in Publication I. Furthermore, a

superconductor that is of the order of ξ0 in size behaves practically as a

normal metal when sharing an interface with a large normal metal con-

ductor, as shown in Publication II.

The proximity effect is usually modeled by Usadel equations [111]. In
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the absence of supercurrent (which is the case of the work in this thesis)

and in quasi-one-dimensional wire, the equations are reduced to a single

one,
∂2θ

∂x2
=

2i

�D
(Δ(x) cosh(θ)− E sinh(θ)) , (4.21)

where the parameter θ(x,E) is known as the spectral angle [112]. In a

bulk superconductor, ∂2
xθ = 0, and θ = tanh−1(Δ/E). It quantifies the fol-

lowing parameters: the normalized position-dependent density of states

is given by

N(E, x) = Re (cosh(θ(x,E))) . (4.22)

Furthermore, in the superconductor, the position-dependent energy gap

is given by the self-consistency equation

Δ(x) =
λ

4

∫
�ωD

0
dE tanh

(
E

2kBT

)
Re (sinh(θ(x,E))) , (4.23)

where λ describes the attraction between Cooper-pair electrons, and ωD

is the Debye-frequency. Finally, the heat conductance through a finite

length superconductor is modified from Eq. (4.19) as

κs =
1

2e2RNkBT 2

∫ ∞

0
dE

E2

cosh(E/2kBT )2
M(E) (4.24)

where

M(E) =

(
L

∫ L

0
dx cos2(Im(θ(x,E)))

)−1
(4.25)

is the heat transparency of the superconducting wire.

The mesoscopic devices in this thesis have clean NS contacts, where the

N-lead with length lN is sufficiently long to reach the bulk value θ(x =

lN , E) = 0. In this case, Eq. (4.21) has an analytical solution [110],

tanh

(
θ(x,E)

4

)
= e−|x|/ξN tanh

(
θ(0, E)

4

)
, (4.26)

with ξN (E) =
√
�DN/2iE, where |ξN (E)| is the coherence length for paired

quasiparticles with energy E that penetrate into the normal metal. Also,

in the case of a long S-lead with length lS and assuming constant Δ(x),

the spectrum in S is given by

tanh

(
θ(x,E)− θ(lS , E)

4

)
= e−|x|/ξS tanh

(
θ(0, E)− θ(lS , E)

4

)
, (4.27)

where ξS =
√

�DS/2
√
Δ2 − E2 is the characteristic length scale for the S.

In this case,

θ(0, E) = ln

√
E +Δ+

√
Er√

E −Δ+
√
Er

(4.28)

with r = σN/σS describing the inverse proximity effect penetration strength

to the superconductor. On the other hand, if lS is finite, the spectrum in
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S can be solved in general by considering the boundary conditions for θ,

which are ANσN∂xθN (0, E) = ASσS∂xθS(0, E) and ∂xθS(lS , E) = 0. As the

boundary value θN (0, E) also sets the ∂xθN (0, E), the full spectrum can be

determined numerically by finding that θ(0, E) for which ∂xθS(lS , E) = 0.

The full self-consistent solution can be found by iteratively solving turn-

wise Δ(x) for the new θ(x,E) by Eq. (4.23), and θ(x,E) for the new Δ(x).

4.4 Experimental methods to study heat transport

Figure 4.5. The setup for measuring heat transport over an NSN contact, with four NIS
tunnel junctions connected to each of the two normal metal islands on the
left and right. The two normal islands are further connected by a short su-
perconducting wire. In this configuration, the two leftmost tunnel junctions
are used as a refrigerator for the leftmost normal metal island. The other
two junctions are employed as a thermometer to measure T1 of the left is-
land. The two rightmost on the right island measure the temperature T2 of
the right island. Figure adapted from Publication I.

Publications I, VIII, and X study heat transport with heat injection rates

Q̇ that produce a measurable temperature change ΔT ≈ Q̇/κel−ph in the

metallic elements. Various methods on determining the temperature of

a normal metallic element exist, such as measuring the charge trans-

port through a quantum dot [113], investigating the superconductor-to-

normal metal transition in a NSN weak link [107, 114], or measuring the

width of conductance dip of a single electron transistor – method known as

Coulomb blockade thermometry [115]. The method applied in the present

work is to fabricate the islands with NIS contacts that allow thermome-

try as discussed in Sect. 4.3.1. Based on the temperature measured, the

corresponding heat generation rate is evaluated by heat balance equation

(4.15).

The experiment of Publication I studies the thermal conductivity of a
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Figure 4.6. Measured temperature of the cooled electrode (solid blue line), and the re-
mote electrode (dashed red line) as a function of voltage bias accross the
refrigerator junction pair for various lS = LS/ξS . The heat conductance
through the NSN contact is determined from the maximum temperature
drops ΔT1 and ΔT2 as indicated in bottom left panel. Figure adapted from
Publication I.

short S wire under inverse proximity effect with a setup shown in Fig. 4.5

consisting of two normal metallic islands, both of which have a clean NS

contact to an intermediate superconducting section. Both normal islands

are equipped with four NIS junctions, with one pair on both sides used as

a thermometer. Furthermore, one pair on either side (say, the left side)

is used to modulate the temperature on that island from its base value.

Here, the relevant quantity on the left lead is its final temperature. In

order to determine the heat injected to the ’remote’ right island is then

given with the help of Eq. (4.14) as

Q̇NSN(TL, TR) = −ΣRVR(T 5
R − T 5

R,0), (4.29)

where TR,0 is the phonon temperature on the right electrode.

The conclusion of Publication I is that heat transport through S is in-

deed no longer sufficiently characterized by Eq. (4.20) when its length is

of the order of the coherence length ξ0. As seen in Fig. 4.6, with small

LS/ξ0, heat is transferred between the two islands. At the limit where the

length was approximately πξ0, the intermediate element had heat trans-

port properties similar to normal metal. This property is exploited to fab-

ricate normal metal - insulator - normal metal junctions in Publication II,

and is discussed further in the next section.
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4.5 Fabrication of NIN junctions with aluminum

Aluminum is a very convenient material for tunnel junctions due to the

ease of forming a thin, uniform insulator layer of Al2O3. Fabricating NIS

or SIS junctions out of Al is very easy, however building junctions that

would function as NIN at temperatures below the critical TC for Al has

been challenging. It is possible to apply a modest magnetic field to sup-

press the superconductivity, however this method would prevent simul-

taneous existence of Al -based NIN and NIS junctions. Another method

is to use manganese-doped aluminum [116, 117] which, while being an

efficient method, may risk contamination of the pure Al in the process.

In the experiment described in Publication I it was found that a short

superconducting island with direct contact to a thick, long normal metal

behaves as a normal metallic element. Publication II demonstrates how

this effect can be exploited to build fully normal tunnel junctions. By

connecting an Al dot with length LS < ξ0 to the normal metal, the dot

behaves as a normal element. With the following evaporation sequence,

Al dots form the normal metallic electrode of the tunnel junction. First

the Al dot is evaporated at one angle on the substrate. This is directly

followed by evaporation of normal metal (here, Cu) in a second angle to

form the clean Cu-Al contact. The copper element needs to be sufficiently

large in order to ensure the elimination of superconductivity in the Al

dot. Next, the structure is exposed to oxygen. Copper oxidizes slowly, and

remains practically unaffected during the exposure. Therefore, only the

Al grain not covered by the Cu electrode forms an insulating layer. Now,

a counter-electrode of the desired material is evaporated on a third angle,

forming a contact to the Al dot (but not to Cu) through the tunnel barrier.

The method is tested in Publication II for two scenarios. First, simple

NIS junctions are fabricated, where the N-element is realized by proxi-

mized Al, and the S-element is an Al lead. Compared to the description

above, the order of evaporation is inverted (1. Al lead, 2. oxidation, 3. Al

dot, 4. Cu lead), however the principle remains the same. Several struc-

tures are fabricated, with different LS to test how small it needs to be to

reach a fully normal state. Indeed with a length above >100 nm, residual

superconductor features still remain, observed in the IV-characteristics of

the junction. A supercurrent peak arises in the zero-bias regime, and dif-

ferential conductance shows a deviation from what would be expected for

a pure NIS junction in the direction of what would be expected for a SIS
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Figure 4.7. An NIS tunnel junction formed by the proximity technique. On the left panel,
the electrode to the left is made of copper. A short aluminum wire extrudes
from the copper electrode for the distance indicated with L0. This Al wire
is oxidized, and then covered by the Al counterelectrode to the right. On
the right panel, the differential conductance of the junction as a function
of voltage bias for different lengths L0 is shown. When sufficiently short,
the junction behaves as a standard NIS junction, while for longer wires, it
is apparent that the left electrode retains some superconducting properties,
such as supercurrent at V = 0, and ’bumps’ in conductance for eV � 1.5Δ.
Figure adapted from Publication II.

junction. However, for LS ≤ 100 nm, the supercurrent peak vanishes, and

the differential conductance matches that of a pure NIS junction.

The second scenario tested in Publication II is a purely normal single

electron transistor, which is essentially a normal metallic lead connected

to two normal metallic leads by tunnel junctions. The single electron tran-

sistors are discussed in more detail in Sect. 5.1.1. The normal Cu leads

induce inverse proximity on two Al dots, which then are oxidized and af-

terwards connected to the Cu metallic island. Current-voltage charac-

teristics demonstrate that the device indeed operates as a single-electron

transistor. This design is applied in further experiments related to Publi-

cation VII and Publication X.
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5. Single-electron devices

One of the most basic electronic circuit elements is a capacitor. Two con-

ducting elements, one with charge q and the other with −q, exhibit a po-

tential difference due to their mutual Coulomb interaction as q = CV ,

quantified by capacitance C. Single electron devices [118], on which Pub-

lications III - X are based on, rely on such Coulomb interaction at the level

of individual electrons, each with charge −e ≈ −1.6022 × 10−19. Charg-

ing the capacitor with n electrons requires an energy E = n2EC , where

EC = e2/2C is the charging energy for a single electron. The single elec-

tron effects become dominant when EC 	 kBT , which is the regime for

the devices in this thesis.

This chapter is an overview on devices whose dynamics is governed by

the Coulomb interaction of individual electrons, as well as a description

on how such devices are implemented in this thesis. Section 5.1 derives

the basic energetics of one or more single-electron devices. These are used

to perform stochastic thermodynamics experiments, covered in Sect. 5.2.

Section 5.3 discusses heat and information transfer in fully normal metal-

lic single-electron devices, and how two coupled single-electron devices

realize an autonomous Maxwell’s demon. The operation of such a device

is influenced by cotunneling, discussed in Sect. 5.4. Finally, Sect. 5.5

presents the experimental realization of the autonomous Maxwell’s de-

mon.

5.1 Charging energy of a single-electron device

The simplest kind of a single-electron device is a single-electron box (SEB),

depicted in Fig. 5.1. It is formed by connecting a small conducting island

to a lead by a tunnel junction. Its total capacitance CΣ consists of that

formed by the tunnel junction with a contact area A, which is typically
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Figure 5.1. Schematic representation of a single-electron box (SEB) with two configu-
rations. On the left panel, a conducting island with stray capacitance C0 is
connected to a lead via a tunnel junction with capacitance Cj and capacitively
to a gate lead at voltage Vg with capacitance Cg. The net number of electrons
n on the SEB island changes by electron tunneling through the junction. The
diagram drawn on the right panel also functions as an SEB, where the num-
ber of electrons on the left island is determined by that on the right one by
charge conservation.

Cj ≈ 50 fF / μm2 × A for an aluminum-based junction, and the stray ca-

pacitance of the island, which is roughly C0 � εl, where l is the length of

the island and ε is the permittivity of the surrounding medium. A typical

junction contact area is 100 × 100 nm gives Cj ≈ 0.5 fF. An island with

length of 10 μm on a silicon substrate with εr ≈ 11 produces stray capaci-

tance of C0 = 0.5 fF. The island can also have a capacitance Cg � Cj to a

metallic gate lead at an externally applied gate voltage Vg. The Hamilto-

nian for the SEB is then given by

H(n, ng) = EC(n− ng)
2. (5.1)

Here, n is the number of electrons on the island beyond its charge neu-

trality, eng = CgVg is the charge induced by the gate voltage, and EC =

e2/(2CΣ). For the typical CΣ = 1 fF, the respective EC/kB ≈ 930 mK.

Equivalently, an SEB can be formed by connecting two metallic islands

by a tunnel junction, as has been done in Pubs. III, V, VI, and IX. The

form of the Hamiltonian is the same as in Eq. (5.1), however with slightly

modified EC .

Within the framework presented in Chapter 2, the electron number n

defines the state of the SEB system. Electron tunneling across the SEB

tunnel junction from / to the metallic island changes n to n−1 / n+1. This

change imposes an energy cost as in Eq. (2.3) equal to

ΔEn→n±1 = EC [1± 2(n− ng)]. (5.2)

The rate of n→ n± 1 transitions Γn→n±1 is given by Eq. (4.4). It is appar-

ent that the detailed balance condition is satisfied, i.e. Γn→n+1/Γn+1→n =

exp(−ΔEn→n+1/kBT ), when both of the SEB electrodes are at the same

temperature. As such, the state n is a stochastic quantity, whose occupa-

tion probability at thermal equilibrium is given by Boltzmann statistics
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(2.19). As long as kBT � EC , the two states that satisfy |ng − n| < 1 have

the dominant occupation probability. Any other state has an occupation

probability smaller than Pn < exp(−EC/kBT ), and can in most cases be

neglected. Furthermore, modulating the control parameter ng produces

stochastic trajectories n(t), which further provide the work and heat by

Eqs. (2.6) and (2.5) [119, 120].

Vg,1Cg

n

CR

Cj

C
L

-n

N

Cg

Vg,2

Cj Cj V

Cm

I

C0

Figure 5.2. Schematic representation of the measurement setup for performing the
stochastic thermodynamics experiments on an SEB - system (highlighed in
blue), whose charge state is measured with a single electron transistor (SET,
highlighted in red). The measured current, I, of the SET depends on the
charge state n, providing a means to continuously monitor the system charge
state while driving it with ng = CgVg,1/e.

The above description applies for a single device, however most of the

works in this thesis employ more complicated structures with two single-

electron devices, such as the one depicted in Fig. 5.2. The islands are

capacitively coupled with capacitance Cm. The electron count on the two

islands are n and N , with their respective gate-induced charge ng and Ng.

The Hamiltonian is now given by

H(n, ng) = E1(n− ng)
2 + E2(N −Ng)

2 + 2J(n− ng)(N −Ng), (5.3)

where E1(2) = e2CΣ,2(1)/2(CΣ,1CΣ,2−C2
m), and J = e2Cm/2(CΣ,1CΣ,2−C2

m).

The coupling energy J turns out to be the relevant quantity for charge

detection, as well as for devising an autonomous Maxwell’s demon, dis-

cussed in Sect. 3.2.

5.1.1 Single electron transistor

A single electron transistor (SET) is formed by connecting the metallic

island of an SEB to a second lead by a tunnel junction, see Fig. 5.3. Now

charge and heat transport through the SET may occur as electrons first
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tunnel from one lead to the island, and consequently from the island to

the other lead, or vice versa. If the two leads are at equal potential and

temperature, respectively the dynamics are essentially similar to that of

an SEB with two parallel junctions to the same lead.
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V
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Figure 5.3. A single electron transistor. Figure adapted from Publication II. A fully
normal metallic single electron transistor built by the laterally proximized
aluminum dot technique introduced in Publication II and discussed in Sect.
4.5 is shown on the left. The measured current as a function of Vbias and Vg

is shown on the right.

Consider an SET, where the ’left’ and ’right’ lead are set to potentials VL

and VR, respectively. The potential difference VL − VR = Vbias sets the po-

tential bias across the SET. When an electron tunnels to / from the island

from / to the left (right) lead, changing n→ n±1, it experiences an energy

cost ΔE = ΔEn→n±1 ∓ eVL(R). Just as for a single tunnel junction, the po-

tential bias causes electrons to move from a higher potential towards the

lower one, however in order to do so, the voltage bias must be sufficient

to overcome the Coulomb repulsion, ΔEn→n±1 given by Eq. (5.2). Indeed,

when kBT � e|Vbias| < EC , the current equals

I = e
∑
n

Pn(Γn→n+1,L − Γn→n−1,L) = e
∑
n

Pn(Γn→n−1,R − Γn→n+1,R), (5.4)

where Γn→n±1,L(R) is the rate of electron transition to / from the island

from / to the left (right) lead, and Pn is the occupation probability dis-

tribution that is solved from the steady state condition (2.29) of the rate

equation (2.28). In particular, the SET current I can be modulated by ng,

as shown in Fig. 5.3. The dependence of current on ng is periodic (period

Δng = 1), reaching its maximum at ng = 0.5 where the states n = 0 and

n = 1 are degenerate, and minimum at ng = 0 where the state n = 0 is the

one with minimum energy, and the energy cost to change it to n = −1 or

n = 1 is equal to EC .

Next follows a brief discussion of utilizing the SET as a charge detector,

a subject of which a more detailed description can be found e.g. in Refs.

[91, 121]. The idea is that the charge on the SEB acts as an effective gate
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for the SET. Consider the setup shown in Fig. 5.2, with which the state

n(t) of an SEB is determined with an SET (whose charge state is N ). By

Eq. (5.3), the energy cost for N → N±1 is ΔEN→N±1 = E2[1±2(N−Ng)]±
2J(n− ng), implying that the dynamics of the SET also depends on n. For

the transition n → n ± 1, an effective change in Ng equal to 2J/EC takes

place. As shown in Fig. 5.4, I is different for the two states n = 0 and

n = 1, therefore the signal I(t) acts as an indicator for the state trajectory

n(t).
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Figure 5.4. The numerically evaluated current of a SINIS SET as a function of the control
parameter Ng for charge states n = 0 (red) and n = 1 (blue). The parameters
are chosen as EC = Δ/2, J = Δ/20, T = Δ/10, and eV = 9Δ/4, correspond-
ing to typical experimental parameters. The black dashed line indicates a
sensitive charge detection point, where I1 and I0 yield the best contrast.

Most of the experiments in this thesis take place by applying a drive

ng to the box, while keeping Ng constant. It is then desirable that the

current signal remains constant for a fixed n, despite changing ng. This

is achieved by gate compensation, by setting ΔNg = −J/ECΔng. Further

gate compensation in a similar fashion takes place when each of the two

gate electrodes is coupled capacitively to both the SEB and the SET is-

land. The signal is further low-pass filtered numerically, after which the

trajectory can be determined by threshold detection. By first establishing

the current values I0 and I1 corresponding to the states n = 0 and n = 1,

respectively, a threshold current Ith = (I0 + I1)/2 gives the trajectory n(t)

as n(t) = 1 if I(t) > Ith, and n(t) = 0 otherwise.

For practical purposes, the SETs applied for charge detection in this

thesis are built with superconducting Al leads and a normal metallic Cu

island. Then in order for the current to flow efficiently through the SET
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at low temperatures, the voltage bias must also be sufficient to overcome

the superconducting energy gap, such that e|Vbias|t > 2Δ. On the other

hand, the charge sensitivity is increased as the divergence of the density

of states close to the gap gives rise to enhanced current modulation [120].

5.2 Stochastic thermodynamics with an SEB

The discussion of Chapters 2 and 4, and sections up to this point provide

the necessary ingredients to perform experiments on stochastic thermo-

dynamics on a two-state system formed by an SEB measured at a low tem-

perature. Such a device has been used in Ref. [55] to test the Jarzynski

equality (2.34) and Crooks relation (2.35) by applying a sinusoidal drive

protocol ng = 0.5[1 − cos(2πft)], with which individual realizations have

a duration τ = 1/2f starting from t = 0. This way, ’forward’ realizations

are obtained for every monotonous increase of ng from 0 to 1, and ’reverse’

realizations are respectively obtained for every monotonous decrease of

ng from 1 to 0. Given sufficiently low driving frequency f and low temper-

ature kBT � EC , the state at the beginning of every forward realization

and at the end of every reverse realization is n = 0, while at the end of for-

ward as well as at the beginning of reverse realizations the state is n = 1.

The SEB is formed between Al (S) and Cu (N), and as the transition rate

across a NIS junction increases exponentially for increasing energy gain

−ΔE, this condition is easily met.

Each trajectory n(t) gives the work W by Eq. (2.6) and the total heat Q

generated by Eq. (2.5). As practically both the initial and final state is

almost certainly the ground state, the work and heat are virtually iden-

tical aside from minor fluctuations [120]. The electronic configuration

does not age between individual realizations, and therefore it is straight-

forward to collect statistics of numerous repetitions. The experiment in

[55] produced distributions from more than 105 trajectories of n(t), and

were found to be in agreement within 3% error margin with the Jarzynski

equality (2.34) and Crooks relation (2.35).

The work [55] demonstrates the viability of an SEB for performing ex-

periments on stochastic thermodynamics. Publication III investigates the

fluctuation relations with an SEB, where the two islands are at different

temperatures. In such a case, the Jarzynski equality (2.34) is no longer

applicable, as there is no unique temperature to be inserted in the fluctua-

tion theorem. However, other fluctuation relations for entropy production
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can still be tested. The experiment is described in more detail in Sect.

5.2.1. As an easily controllable two-state system, an SEB can also be used

as a Szilard’s engine that can extract on average up to kBT ln(2) energy

for one bit of information, based on the discussion in Chapter 3. With

the same setup, it is also possible to test the Sagawa-Ueda relation (3.4)

for mutual information by controlling the measurement accuracy of n by

choosing a different signal filter. A detailed description of these experi-

ments is given in 5.2.2. Finally, Publication IX introduces and tests the

generalization to Jarzynski equality (2.39), and is described in Sect. 5.2.3.

5.2.1 Test of fluctuation relations with two heat baths

Figure 5.5. The set-up for testing fluctuation relations with an SEB. On the top panel,
showing a scanning electron micrograph of the device, the SEB islands are
indicated with red (for Cu island) and blue (for Al island). The SET used
to determine the charge state n is highlighted in green. A measurement
diagram is shown in the middle. The bottom panel shows an example trace
of the current signal (solid black line), the applied drive ng (solid green line),
and the trajectory n (solid blue line) obtained with threshold detection by
threshold current shown in red dashed line. Figure adapted from Publication
III.

Publication III tests the fluctuation relations experimentally with a sin-

gle electron box system, shown in Fig. 5.5, with the two metallic islands at

different temperatures. The drive protocol has the same form as in [55].

As discussed previously in Sect. 2.2.1, both heat baths contribute in every

transition of n between 0 and 1, such that heat Q1 and Q2 is injected to the

61



Single-electron devices

two baths stochastically but satisfying Q = Q1 + Q2 = −ΔE. Under dy-

namics governed by two heat baths at distinct temperatures, the work dis-

tribution can no longer be expected to satisfy the Jarzynski equality. On

the other hand, both distributions of the entropy production by the stan-

dard thermodynamic definition ΔSB = Q1/kBT1 +Q2/kBT2 as well as the

one introduced by Seifert by Eq. (2.38), ΔSm =
∑

k ln (Γ0→1(tk)/Γ1→0(tk))

are investigated.

Figure 5.6. Transition rates and entropy production as functions of ng. In the top panel,
the measured transition rates Γn:0→1 (triangles pointing down) and Γn:1→0

are shown in blue and red symbols, obtained with the rate equation method
by Eq. (5.5). Numerically evaluated rates with parameters Δ = 224 μeV,
RT = 1.7 MΩ, and EC = 162 μeV are shown in solid lines. The bottom panel
shows the entropy production by different definitions for a single n : 0 → 1

transition. For reference, the green line shows Q/kBTN. The entropy produc-
tion obtained from the transition rates by Eq. (2.38) is shown in solid blue
line. The thermodynamic entropy production QN/kBTN + QS/kBTS follows
a distribution shown in red. The expectation value for that disribution is
shown in brown: it is found to exceed the rate-defined entropy production.
Figure adapted from Publication III.

Let the aluminum and copper islands have temperatures TS and TN,

respectively. These are different, which is achieved by minimizing the

thermalization of the aluminum island. Aluminum has a very weak cou-

pling to lattice phonons [122]. This being the case, aluminum is com-

monly thermalized with a tunnel contact [123] or a direct contact [124] to

a normal metallic element. However, by denying all but the small tunnel

contact to the counter-electrode in the SEB, the aluminum island is easily

overheated above the temperature of the bath by minimal power injec-
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tion. Indeed, in Publication III, the backaction from the state-measuring

SET is found to be sufficient to bring TS above TN. The normal metal is-

land in contrast is thermalized to the temperature of the phonon bath, i.e.

TN = T0.

In order to determine the medium entropy production by Eq. (2.38),

the transition rates n : 0 → 1 and n : 1 → 0 need to be determined as a

function of ng. A method employed often [55, 91, 121] is to collect statistics

of the lifetimes τ0 and τ1 for how long the system remains in state n = 0

and n = 1, respectively, under stationary ng. Then the transition rates

are obtained as Γ0→1(ng) = 〈τ0〉−1 and Γ1→0(ng) = 〈τ1〉−1. An alternative

method, also used to determine the transition rates in Pubs. III, V, VI,

and IX, is to use the rate equation (2.28). What is required is the evolution

of probability distribution pn(t) for a given drive protocol ng(t), and the

probability distribution pn,rev(t) for reverse drive ng,rev(t) = ng(τ − t) to

produce

Γ0→1(ng(t)) =
ṗ0(1− p0,rev) + ṗ0,rev(1− p0)

p0,rev − p0

Γ1→0(ng(t)) =
ṗ0p0,rev + ṗ0,revp0

p0,rev − p0

(5.5)

by noting that p1 = 1− p0. Here, the dot operator denotes the time deriva-

tive.

The experiment reported in Publication III applies Eq. (5.5) to extract

the transition rates from the collected trajectories n(t) and thus determin-

ing p1(t) = 〈n(t)〉. The measured rates, shown in Fig. 5.6, are found to be

independent of the drive frequency (as expected) and to follow Eq. (4.4) by

taking TS ≈ 175 mK as a fit parameter. Here, TN is equal to the cryostat

temperature. By having determined the transition rates, it is straight-

forward to evaluate the medium entropy production for transitions in n

with Eq. (4.10). On the other hand, as discussed in Sect. 4.2.2, each tran-

sition also produces entropy QN/kBTN + (Q − QN )/kBTS , where QN is a

distribution given by Eq. (4.9).

Distributions of total entropy production, shown in Fig. 5.7, are ex-

tracted from the statistics of such trajectories, where only a single tran-

sition in n occurs during the drive. It is found that on average, thermo-

dynamic entropy production exceeds the stochastic one. This is because

the definition of the stochastic entropy does not consider the energy of

the tunneling electron, and thus leaves out the contribution of heat trans-

port from a hot bath to the cold one. In particular, when the transition

rates from / to the island are equal, the stochastic entropy production
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Figure 5.7. Measured distributions of (W − ΔFeq)/kBTN (top panel), entropy by Eq.
(2.38), and QN/kBTN+QS/kBTS at bath temperatures 130 mK (blue squares),
142 mK (purple circles), and 153 mK (red triangles). Solid lines show distri-
butions obtained numerically, and the dashed lines on the top panel show the
expected distributions should TS be equal to TN. It is apparent that Jarzynski
equality (2.34) is not satisfied, however the measured entropy distributions
satisfy fluctuation relations. Figure adapted from Publication III.

is zero upon electron tunneling (see Fig. 5.6), while thermodynamic en-

tropy production is positive on average since the electron prefers to tunnel

at a certain energy, ±Δ, where the sign depends on the tunneling direc-

tion. Therefore, a peak close to zero is observed in the stochastic entropy

production probability distribution, which is not present for the thermo-

dynamic one. Despite these differences, both the thermodynamic and the

stochastic entropy production are found to satisfy the integral (2.37) (with

measured 1.03 ≤ 〈exp(−ΔS)〉 ≤ 1.37), and detailed fluctuation relations

(2.36).

5.2.2 Single electron box as a Szilard’s engine

Publications V and VI discuss an SEB operated with a protocol similar to

the Szilard’s engine, presented in Sect. 3.1.1. This protocol, illustrated in

Fig. 5.8, takes place as follows. The control parameter is initially set to

ng = 0.5, at which point the charge states n = 0 and n = 1 are degenerate.

This gives an equal probability for the electron to reside either on the left

or the right island, which is analogous to the molecule in the Szilard’s
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engine to be either on the left or the right half of the box. The position

of the electron is then measured by determining n with the SET. Once n

is known, work can be extracted from the electron by rapidly driving ng

towards 0 if n = 0 is measured, or towards 1 in the opposite case. This

part is analogous to triggering a piston in the Szilard’s engine, however,

without inserting a ’wall’ prior to the measurement of n. Finally, ng is

slowly brought back to 0.5. During the slow drive, the electron previously

confined to one half of the SEB ’expands’ to the full volume, extracting

heat in the process.

During the process, the state n is constantly monitored by the SET

in order to determine the trajectories n(t) in each individual realization

of the protocol. The feedback, however, utilizes the measurement of n

only at a single time instant tmeas. The measurement produces an out-

come m which, due to noise in the current signal of the SET, can deviate

from n. These deviations give rise to the measurement error probability

ε = P (n �= m) relevant for mutual information as discussed in Sect. 3.1.3.

The signal-to-noise ratio, and correspondingly ε, can be efficiently con-

trolled with the choice of the detector cut-off frequency fcut−off for the nu-

merical low-pass filter. This method is used in Publication VI to test the

Sagawa-Ueda relation (3.4), with fcut−off ranging from 100 to 1000 Hz,

and correspondingly with measurement error probability ranging from

ε = 0.02 to ε = 0.13.

Once a measurement has produced the outcome m, the SEB is subjected

to feedback. By bringing the control parameter ng towards the value of

m, the energy of the charge state n = m decreases as given by Eq. (5.1).

Simultaneously, the energy difference between states n = 0 and n = 1

increases from zero to ΔE = EC |1 − 2ng|. For an ideal measurement, the

energy difference ΔE should be as high as possible. However, as discussed

in Ref. [69] and Sect. 3.1.4, when the possibility of a measurement error

is present, the optimal ΔE is finite and depends on the error probability.

If the measurement is incorrect, the actual state n �= m will have ΔE

higher energy than the state n = m assumed by the measurement, and at

the end of the fast part of the feedback, the system immediately relaxes

to n = m and dissipates the energy ΔE to the heat bath. Furthermore,

there is a finite delay τdelay � 15 ms before the feedback is applied after

performing the measurement. This gives a window of opportunity for a

state transition, occurring at probability δ = 0.5(1 − exp(−2Γ0τ)), where

Γ0 ≈ 2.7 Hz is the transition rate at ng = 0.5. The contribution of both
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the measurement error and the evolution before feedback gives a εr =

ε(1 − δ) + (1 − ε)δ probability for dissipating the energy ΔE, and is to be

inserted in Eq. (3.7) to determine the optimal ΔE.
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Figure 5.8. Operation of a single-electron box as a Szilard’s engine. The top panel shows
four consecutive realizations of the feedback protocol. Initially, the states
n = 0 and n = 1 are degenerate. A measurement, indicated by vertical
dashed lines, determines the state n. If n = 0 is measured, ng is rapidly
decreased, and in the case of n = 1, ng is increased. After the fast part of
the feedback, ng is slowly ramped back to 0.5. During the slow ramp, the
system is occasionally thermally excited to a higher energy state, extracting
heat from the heat bath. The bottom panel shows the distribution of the ap-
plied work, collected from 2944 realizations. Two peaks are distinguishable;
the main peak to the left is the one with succesful measurement-feedback
operation, with negative applied work. The small positive peak is due to er-
rors in the feedback, where the fast feedback excites the system leading to
additional heat dissipation. Figure adapted from Publication V.

The final step is the slow drive back to ng = 0.5. As discussed in the

previous paragraph, the state at the beginning of the slow drive is practi-

cally always the one which has minimum energy: let this state be n = 0

as an example. When ng is brought closer to degeneracy to the regime

where ΔE � kBT , thermal excitations occasionally cause transitions of

n : 0 → 1. This transition always consumes energy, directly taken from

the heat bath. Although such a transition is almost immediately followed

by n : 1 → 0, the energy dissipated in the second transition is already
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smaller than that extracted on the first. In terms of work W , it is the time

the system spends in the excited state n = 1 that determines the amount

of work extracted. If no transitions were to take place during this part

of the process, the applied work at the fast and slow part of the feedback

would be equal, resulting in zero net applied work.

(a) (b) (c)

(d) (e) (f )
1

3
2

4

(h)(g)

Figure 5.9. Test of Sagawa-Ueda equality (3.4) with mutual information. The panels (a)-
(c) show the obtained work distributions for ε = 0.02 in (a), ε = 0.05 in (b),
and ε = 0.13 in (c). With increasing ε, there is more weight on W > 0 due to
the incorrectly applied feedback which excites the system. The panels (d) - (f)
show the distributions of W/kBT + Im for ε = 0.02 in (d), ε = 0.05 in (e), and
ε = 0.13 in (f). Now up to four peaks in the distribution are distinguishable,
two of which correspond to the case of correct measurement result with Im =

ln(2(1−ε)) (peaks 1 and 3 in panel (f)), and the incorrect measurement result
with Im = ln(2ε) (peaks 2 and 4). Panel (g) shows the measured (symbols) and
simulated (solid lines) averages of thermodynamic quantities as a function of
ε. Here, ηf = −〈W 〉/kBT 〈Im〉 is the efficiency of the feedback, describing the
ratio between the extracted work, and the theoretical limit of the maximum
amount of work that could be extracted for given information 〈Im〉. Finally,
panel (h) shows the average of exponential work, and the test of Sagawa-
Ueda equality (3.4). Figure adapted from Publication VI.

The experiment in Publication V demonstrates how one bit of informa-

tion about the system state can be utilized to extract work. The feedback

protocol either increases or decreases ng by 0.125 based on the measure-

ment outcome. After τdelay, the fast drive is performed in 1 ms, and the

return back to degeneracy with a linear ramp lasts 10 seconds. With the

presented setup, on average, up to 75% from kBT ln(2) of heat is extracted

from the bath in a cycle.
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Publication VI further looks into the distributions of W/kBT + Im, deter-

mining the mutual information by Eq. (3.3) as Im(n = m) = ln(2(1 − ε))

and Im(n �= m) = ln(2ε). The error probability, as well as m and n for

each realization, are determined as follows. For each trajectory, both the

raw signal as well as the measurement outcome m are recorded. The ac-

tual n at the time of the measurement is post-determined by applying a

numerical low-pass filter with sufficiently low cut-off frequency to the de-

tector current signal. Finally, the error probability is directly given by the

fraction of those realizations where m �= n is measured. Each realization

then has its respective W/kBT + Im with W determined from the trajec-

tory n(t) as usual, and Im determined by the m and n at the time of the

measurement for that realization. It is found that the obtained distribu-

tions, shown in Fig. 5.9 obey the Sagawa-Ueda relation (3.4) within about

8%.

5.2.3 Test of generalized Jarzynski equality

Publication IX presents a generalization to Jarzynski equality (2.34) as

Eq. (2.39), which is

ln〈e−q(W−ΔFeq)/kBT 〉 = −Δw
q (T )E0/kBT,

where E0 = −min(W −ΔFeq) is the lower bound of dissipated work. The

equation describes the average of the standard exp(−(W − ΔFeq)/kBT )

quantity in Jarzynski equality to the q:th power. At low temperatures, the

parameter Δw
q (T ) can be expressed as Δw

q (T ) = Δw
q,0 + (cqkB/E0)T , where

cq depends in addition to q on the drive protocol, while Δw
q,0 depends only

on the properties of the system. For the SEB setup considered earlier with

an NIS junction with a fixed drive protocol, an asymptotic limit Δw
q,0 =

0.5− |q − 0.5| is expected.

The properties of Δw
q (T ) as well as cq were obtained in Publication IX

from an analogy between work distributions and multifractal statistics of

random eigenfunctions [125–127] in a disordered medium through large

deviation principle [128]. The works [125–127] consider the critical point

between the metallic state of a medium, where electrons experience lit-

tle variation in the surronding potential, and Anderson localization of

electrons [129]. In that point, the amplitude of the wavefunction of lo-

calized electrons scales as |ψi|2 ∝ N−α. The scaling α has been found to

be a stochastic quantity following a probability distribution P (α), ranging

from α = 0...2. Such ’multifractality’ is characterized by spectrum of frac-
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Figure 5.10. Test of the generalized Jarzynski equality (2.39). Circles indicate measured
values, with linear fits indicated with lines. The data q ≤ 1/2 is shown in
solid black cicles and solid lines, while q > 1/2 is shown in white circles
and dashed lines. The fits for q = 1/2 is shown in purple, for q = 0 and
q = 1 in blue, for q = −1 and q = 2 in cyan, for q = −2 and q = 3 in green,
and for q = −3 and q = 4 in red. It is apparent that within the presented
temperature range, the measured data has a linear behaviour in agreement
with Eq. (2.39). Figure adapted from Publication IX.

tal dimensions f(α) [125] as f(α) = limN→∞ (ln(NP (α))/ lnN). It corre-

sponds to the work distribution as f(y = 1+α) = P (y = (W −ΔFeq)/E0) /Pmax.

Through this relation, the properties of f(α) are applicable to work distri-

butions.
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Figure 5.11. The asymptotic limit of Δw
q (T ). The left panel shows the measured Δw

q (T ) as
a function of q measured at 111 mK (purple), 123 mK (blue), 133 mK (cyan),
144 mK (green), 153 mK (orange), and 175 mK (red). By extrapolating the
data to T = 0, an estimate for the asymptotic limit for Δw

q,0 is obtained.
Figure adapted from Publication IX.

The relation is tested experimentally with the SEB setup discussed ear-

lier. The system is driven as ng(t) = 0.5[1 − cos(2πft)]. In particular, the

work distributions are measured at various temperatures to test whether

Eq. (2.39) has the predicted temperature behavior. Moreover, since the

drive protocol is symmetric at time reversal, i.e. the energy cost for 0→ 1

transitions satisfies ΔE0→1(t) = ΔE1→0(τ − t), the condition Δw
q (T ) =

Δw
1−q(T ) is expected to be satisfied. The measured average of Eq. (2.39) as

well as Δw
q (T ) for various q are shown in Fig. 5.10.
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With the temperature range of 110 - 175 mK in which the distributions

are measured, the data of Fig. 5.10 show that ln〈e−q(W−ΔFeq)/kBT 〉 depends

linearly on T−1, as well as that Δw
q (T ) depends linearly on T in agreement

with Eq. (2.39). With the linear dependence on T , Δw
q (T ) is extrapolated

to T = 0 in Fig. 5.11, showing that it indeed tends to the expected asymp-

totic limit Δw
q,0.

5.3 Heat and information transport by Coulomb interaction

The experiments presented in Sect. 5.2 investigate thermodynamics at

microscopic level by determining the distributions of work and heat based

on the trajectories. In such experiments, state transitions occur at approx-

imately ∼ 1 Hz − 3 kHz rate, and the resulting rate of heat generation (<

10−20 W) is not sufficient to significantly change the electron tempera-

ture. As discussed in Sect. 4.3.1, the tunneling rate in a NIS junction is

small because of the superconductor energy gap Δ that prevents transi-

tions at sub-gap energies. The remaining sections of this chapter focus on

heat transport in fully normal metallic single-electron devices, where the

transition rates are substantially faster.

Figure 5.12. Energy diagram of Coulomb blockade refrigeration. Charge transport oc-
curs in the direction of voltage bias (here, from left to right). Coulomb in-
teraction and low temperature sets the available charge states to n = 0

and n = 1, such that an electron first tunnels from left to the island with
n : 0 → 1, and then from the island to right with n : 1 → 0. Since the
n : 0→ 1 transition costs energy, the left junction cools down.

Publication IV proposes that cooling can be produced even with a single

normal SET. By applying a voltage bias eV < EC when kBT � EC , the

electrons transfer (primarily) in the direction of the bias (say, from left

to right) with the limitation that only zero or one electron can reside on

the island at any time, see Fig. 5.12. The device follows a cycle where an

electron first enters the island from the left lead, then another one leaves

it by tunneling to the right lead. Overall, the process is dissipative with

power given by Joule’s law, Q̇tot = IV , however ng determines how the
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heat generation is distributed between the left and the right junction. As

illustrated in Fig. 5.12, by setting ng > 0.5 + eV/EC , electrons that enter

the island from the left lead experience an energy cost despite tunneling

in the direction of the bias. Correspondingly setting ng < 0.5 − eV/EC

yields an energy cost for the electrons that tunnel from the island to the

right lead. This feature leads to cooling with power equal to (EC |1−2ng|−
eV/2)I/e. Also, since both V and ng can be optimized for best performance,

the cooling power, i.e. the average rate of heat extraction on both sides of

the cooled junction, is

Q̇ ≈ 0.31
(kBT )

2

e2RT
. (5.6)

The Coulomb blockade refrigeration is demonstrated experimentally in

Publication VII.

Despite the cooling achieved on one junction of the SET, Joule’s law de-

mands that the achieved cooling is lower than the amount of heat gen-

erated in the other junction. Therefore, despite the cooling effect, the

total entropy in the device increases. However, if a feedback were applied

whenever an electron is observed to tunnel against the energy cost by

setting ng,new = 1 − ng,prev, both junctions would be cooled down as illus-

trated in Fig. 5.13. With feedback, no heat is generated in the device, and

its entropy decreases.

Figure 5.13. Energy diagram of an autonomous Maxwell’s demon built of an SET (shown
in black) coupled to an SEB (shown in red). In comparison to Fig. 5.12, the
cycle now involves feedback from the SEB. When an electron tunnels in the
SET, it changes the electrostatic potential in the SEB such that an electron
gains energy by tunneling in the SEB. This tunneling event correspondingly
changes the electrostatic potential in the SET, causing the electron to expe-
rience an energy cost.

The scenario shown in Fig. 5.13 is realized by coupling the SET island

capacitively to that of a normal metallic single electron box. For such a

configuration, the Hamiltonian reads as given in Eq. (5.3), where n and ng

denote the SET state and control parameter, respectively, while N and Ng
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are the parameters for the SEB. When the control parameters are further

set to ng = 0.5 and Ng = 0.5, the first two terms in Eq. (5.3) for the lowest

energy states are equal, and can therefore be neglected. The Hamiltonian

can then be expressed as

H(n,N) = 2J(n− 0.5)(N − 0.5), (5.7)

whose degenerate ground states (n,N) with H = −J/2 are (0, 1) and (1, 0),

while (0, 0) and (1, 1) are the degenerate excited states with H = J/2. Let

G refer to either of the states (0, 1) or (1, 0), and E to either (0, 0) or (1, 1).

Any single tunneling event will take place either as G → E or E → G

transition. If the transitions in the SET are primarily G → E type with

its respective energy cost J − eV/2 (which in turn implies that the SEB

undergoes the E → G transitions), the cooling scheme of Fig. 5.13 and an

autonomous Maxwell’s demon discussed in Sect. 3.2 is realized.

Consider the dynamics of the SEB, which will undertake the role of a

demon that measures the state of and applies feedback to the system -

that is, the SET. The most critical requirement is that the measurement

must be accurate: the demon should not determine the state of the system

incorrectly and experience a G→ E transition. This criterion is met with

kBT � J , which ensures that the demon is locked to state G as the transi-

tion rate is exponentially suppressed by increasing J/kBT as indicated by

Eq. (4.5). The second requirement for the demon that it needs to be fast

in reacting to the system transitions. This condition is achieved when the

tunneling resistance of the SEB, Rd, is substantially smaller than that of

the SET tunnel junctions, R. Then the demon reacts to the system G→ E

transitions immediately with E → G.

With the above description, the demon is ready to operate on the sys-

tem. The last ingredient is to apply a voltage bias eV < 2J to over the

SET, such that it can more easily undergo G → E transitions. Increasing

the voltage ramps up the rate at which such transitions occur due to the

exponential dependence on (J − eV/2)/kBT by Eq. 4.5, while the E → G

rate increases only linearly with (J + eV/2). The optimal voltage for max-

imum cooling power is therefore found by keeping the E → G rate for

the system sufficiently high, while still keeping the cooling per transition,

(J − eV/2), high and heating in the case of a feedback failure, (J + eV/2),

low.

By denoting J± = J ± eV/2, the heat generated on the system is

Q̇s = −(J−Γ(J−) + J+Γ(J+))PG + (J−Γ(−J−) + J+Γ(−J+))PE , (5.8)
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where PG and PE are the steady state occupation probabilities for states

G and E, respectively. By calculating d2Q̇s/dV
2 at V = 0 and checking

when this quantity is below zero, it is possible to show that negative Q̇s,

i.e., cooling can be achieved when kBT tanh(J/2kBT ) < (J/4)(1 + Rd/R)−1

when the system and the demon are at an equal temperature. In other

words, the entropy of the system decreases.

It is also possible to look into the thermodynamics of the demon. The

heat generated in the demon is

Q̇d = −JΓd(J)PG + JΓd(−J)PE , (5.9)

where Γd(ΔE) denotes the tunneling rate in the demon with the respec-

tive resistance Rd and temperature Td. The condition Q̇d > −Q̇s follows

from Joule’s law, implying that the demon heats up in the feedback pro-

cess. Based on the discussion in Sect. 3.2 and in Ref. [74], the heat

generated is next compared to the rate of state entropy Ss generated. The

state entropy produced in a single transition is ΔSs,G→E = ln (PG/PE) =

−ΔSs,E→G, which then gives the average rate of state entropy production

by the demon as

Ṡs,d = ln

(
PG

PE

)
Γd(J)PG + ln

(
PE

PG

)
Γd(−J)PE (5.10)

which, in contrast to Q̇d, is negative. Also, the steady state condition

requires that the total state entropy remains constant, i.e. Ṡs,s = −Ṡs,d.

Following the discussion in Ref. [74], it is apparent that Ṡs,d+Q̇d/kBTd ≥ 0

as well as Ṡs,s + Q̇s/kBT ≥ 0 are satisfied.

The change of mutual information in single transitions is ΔIm,G→E =

ln (PE/PG) = −ΔSs,G→E = −ΔIm,E→G. Therefore, the demon produces

mutual information at a rate İm,d = −Ṡs,d, providing the resource that

allows the system entropy to decrease. The cooling power on the system

is bound by −Q̇s ≤ kBTS İm,d, i.e. the maximum amount of cooling that can

be achieved is determined by the rate at which the demon is able to extract

information of the system state. Finally, in the limit where Rd � R,

the occupation probabilities PG and PE follow the thermal equilibrium

distributions for the demon, which gives ln (PG/PE) = J/kBTd. In this

limit, the mutual information generated by the demon has a one-to-one

correspondence to the heat it dissipates, i.e., İm,d = Q̇d/kBTd, allowing to

measure the information flow in the device by determining Q̇d.
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5.4 Cotunneling

So far, charge transport has been considered at the level of single-electron

tunneling. This is an accurate description when the tunneling electrons

experience an energy gain and the tunneling resistance is high. With

normal metallic single-electron devices, the cooling occurs when electrons

tunnel with energy cost. If a subsequent tunneling event would produce

more energy than the cost of the first event, and the junction resistance is

close to that of quantum resistance RK = h/e2 ≈ 26 kΩ, processes where

multiple electrons tunneling simultaneously through virtual states be-

come relevant [130]. Consider a voltage biased SET. If ng is set such that

the electron tunneling from the left lead to the island has an energy cost

ΔE > 0, while an electron tunneling out of the island has an energy cost

−ΔE − eV < 0. If both events were to take place simultaneously, the net

energy cost would be −eV < 0. This kind of situation, where an indi-

vidual event would cost energy, but multiple tunneling events would pro-

duce energy, gives rise to multi-electron tunneling that causes electrons

to leak through the SET despite the Coulomb blockade. This feature im-

poses limitations on, for example, the accuracy of charge pumping through

a multi-island single-electron transistor [131]. Multi-electron tunneling

also has a detrimental effect on the cooling effect of the single-electron

devices presented in Publications IV, VII, X. This section describes how

such processes are estimated in the experiments of this thesis.

First, multi-electron tunneling leads to energy broadening resulting from

the finite lifetime of the charge state. Consider the same SET as above.

The energy of the state n = 1 is broadened, such that a n : 0 → 1 tran-

sition occurs with a modified energy cost ΔE + ε, where ε is the energy

absorbed by virtual processes that occur simultaneously with the actual

transition. The broadening is determined by the lifetime of the state

n = 1, or more specifically, the transition rate n : 1 → 0 of Γ1→0(ε) =

Γ1→0,left(−ΔE − ε) + Γ1→0,right(−ΔE − eV − ε) as a sum of transitions

through the left and the right junction, which essentially sets the life-

time τ1(ε) = 1/Γ0→1(ε), and correspondingly an energy broadening by the

uncertainty principle, γ(ε) = τ1(ε)
−1

�/2. The tunneling rate with energy

broadening is given by

Γbr,0→1(ΔE) =
1

π

∫
dεΓ0→1(ΔE + ε)

γ(ε)

ε2 + γ(ε)2
. (5.11)

Similarly, the average rate of heat generated by such transitions is given
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by

Q̇
L/R
br,0→1(ΔE) =

1

π

∫
dεQ̇

L/R
0→1(ΔE + ε)

γ(ε)

ε2 + γ(ε)2
. (5.12)

An additional heat is generated by the virtual processes that lead to the

energy broadening, given by

Q̇
k,L/R
virt,0→1(ΔE) =

1

π

∫
dεεΓ0→1(ΔE + ε)

Γ1→0,k

ε2 + γ(ε)2
,

where k = left/right indicates the left or right junction. In the limit of R→
∞, multi-electron tunneling processes diminish. In the limit of γ(ε) → 0,

the rates become Γbr,0→1(ΔE) → Γ0→1(ΔE), QL/R
br,0→1(ΔE) → Q̇

L/R
0→1(ΔE),

and Q̇
k,L/R
virt,0→1(ΔE)→ 0.

The final multi-electron tunneling process considered is direct co-tunneling

of electrons. In such a process, an electron first tunnels through one junc-

tion (say, the left), while another electron tunnels simultaneously through

a second junction (the right). If either of the tunneling events would take

place on its own, the energy cost were ΔEleft and ΔEright, respectively,

while when both tunneling events take place, the total energy cost is ΔE.

The rate of co-tunneling is given by

Γct =
�

π

∫
dε

Γleft(
1
2ΔE + ε)Γright(

1
2ΔE − ε)(

ΔEleft − 1
2ΔE − ε

) (
ΔEright − 1

2ΔE + ε
)

and the heat dissipation rate in the left junction is

Q̇left,ct =
�

2π

∫
dε

Q̇left(
1
2ΔE + ε)Γright(

1
2ΔE − ε)(

ΔEleft − 1
2ΔE − ε

) (
ΔEright − 1

2ΔE + ε
)

where the superscript for q̇ is the same for left and right hand side of the

equation (see the similar discussion after Eq. (5.12)). The heat dissipation

rate in the right junction is

Q̇right,ct =
�

2π

∫
dε

Γleft(
1
2ΔE + ε)Q̇right(

1
2ΔE − ε)(

ΔEleft − 1
2ΔE − ε

) (
ΔEright − 1

2ΔE + ε
) .

5.5 Experimental realization of an autonomous Maxwell’s demon

Publication X is an experimental realization of the autonomous Maxwell’s

demon discussed in Sect. 5.3. The device consists of two normal SETs,

such that both the system and the demon can be characterized with charge

transport measurements. The NIN junctions of the system are fabricated

exploiting the technique given in Publication II, and discussed in Sect.

4.5. The capacitive coupling between the two SETs is achieved with a
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Figure 5.14. Autonomous Maxwell’s demon device and measurement setup. The blue
false color indicates Al, while yellow and red indicate Cu. The device is
fabricated by first depositing the Al layer, followed by the yellow Cu layer.
The device is then exposed to oxygen, after which the remaining red Cu
layer is deposited. This way, contacts between blue and yellow are direct
NS contacts, contacts between blue and red are NIS contacts, and finally
contacts between yellow and red are direct NN contacts. The configuration
has a voltage V bias for and charge current I measurement of the system
(the top SET). Furthermore, the temperatures are determined by measur-
ing the voltages Vth,L, Vth,R, and Vth,d across current Ith � 1 pA biased NIS
thermometers, discussed in Sect. 4.3.1. The gate electrodes are set to volt-
ages Vg1 and Vg2. Finally, two heater junctions with current bias Iheat,L and
Iheat,R are used to compensate for the cooling effect produced by the NIS
thermometers. Figure adapted from Publication X.

parallel plate capacitance from a metal strip in the ground plane layer to

both islands. A scanning electron micrograph of the device is shown in

Fig. 5.14. The device has E1/kB ≈ 1.7 K and E2/kB ≈ 810 mK, both well

above the operation temperature T � 70 mK, such that the system has

two-by-two state distribution. The coupling energy J/kB ≈ 350 mK. The

junction resistances in the system are R � 580 kΩ each, and the demon

junctions have Rd � 85 kΩ each.

To determine whether the device operates as an autonomous Maxwell’s

demon, the temperature of the system is measured on the left and right

lead of the system, and the temperature on the right lead of the demon is

measured with NIS thermometers, discussed in Sect. 4.3.1. The leads are

interrupted with NS contacts, insulating the normal metallic segments

of the leads thermally. The volume of the normal metallic segments is
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Figure 5.15. Maxwell’s demon operation with V = 20 μV. Top panels show the measure-
ment of I and temperatures at operation point Ng = 0.5. Measured data is
shown on the left, and simulated data on the right. At ng = 0.5, both TL and
TR drop below the base value, showing that the system is thoroughly cooled
down by the feedback operation by the demon. Heat is generated in the
demon in turn. The middle panels show operation at Ng = 0, where the de-
mon is not interacting with the system. One-sided cooling can be observed
in the system, however the total heat generated is positive. The diagrams
in the bottom show the energetics at the different operation points, which
are indicated by numbers. Figure adapted from Publication X.

V = 2.8 μm ×70 nm ×20 nm for both system leads, and twice as big for

the island. The corresponding volume for the normal metallic parts of the

demon leads is V = 3.2 μm ×150 nm ×20, and twice as big for the island.

Here, phonon coupling strength Σ = 4 × 109 Wm−3K−5 is used for Cu.

If the device functions as expected, the temperature on both the left and

right lead of the system is expected to drop, while the temperature of the

demon should elevate.

The temperature measurements at two distinct operation points, Ng = 0

and Ng = 0.5, are shown in Fig. 5.15. In the former position, the demon is

under Coulomb blockade such that N = 0 is fixed. In this regime, the SET

operates as a Coulomb blockade refrigerator without feedback from the

demon, following the diagram of Fig. 5.12. When the control parameter is

set to Ng = 0.5, the demon state can evolve and adapt to the transitions in

the system. At this point, the whole system cools down by cooling power

of Q̇s ≈ 6 aW as an apparent violation of the Second law, if not for the fact

that the demon generates heat by a power of Q̇d ≈ 19 aW. Furthermore,
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numerical prediction for the rate of mutual information generated by the

demon indicates that it is approximately 90% of Q̇d/kBTd. The rate of

information generated is measured as İm,d ≈ Q̇d/kBTd � 25 MHz.
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6. Summary

Over the past two decades, experimental capabilities to investigate and

control thermodynamic non-equilibrium processes have developed to micro-

and nanoscale systems. Thermodynamic relations, that at macroscopic

level have been described as inequalities, are now introduced for the mi-

croscopic level by fluctuation relations. The fact that the system state

has a stochastic evolution gives rise to the possibility of using information

about the state for feedback that allows extraction of some useful thermo-

dynamic quantity, such as work. Since the start of this millenium, tests

of these concepts have taken place, to the point that fluctuation relations

are generally confirmed experimentally.

This thesis contributes to the field of microscopic thermodynamics with

experiments on heat transport in meso-scale electric circuits at low tem-

peratures. An important tool for the experiments is a driven single-electron

box system, whose stochastic charge state is monitored continuously to ex-

tract distributions of thermodynamic quantities. With such a setup, this

thesis reports several tests on the fluctuation relations. The first such

experiment demonstrated how with two heat baths at different temper-

atures present, fluctuation relations for entropy production are valid for

two different definitions of entropy, and how the two definitions are re-

lated. The second experiment showed that by performing the Szilard’s

engine protocol on the system, a maximum of kBT ln(2) of energy can be

extracted for the measured one bit of information, and that the fluctuation

relation that includes mutual information between the system and the

memory is obeyed. Furthermore, numerical simulations on two coupled

single electron boxes demonstrated how fluctuation relations are modified

when considering the entropy production in only one of them. Finally, an

experiment shows how the work generating function follows a fluctuation

relation that can be viewed as a generalization to Jarzynski equality.
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The other aspect of this thesis was investigation of heat flow at such

a rate that a measurable change in temperature takes place, contrary

to the experiments mentioned above. One of the studied effects was the

heat transport in a superconducting wire under inverse proximity effect.

The experiment demonstrated that superconducting wire with a length

of several times the superconducting coherence length already has a fi-

nite non-vanishing heat conductance contrary to that of an ideal, pure

superconductor, and that when the wire dimension is shorter than the co-

herence length, it behaves as if it were normal metallic. This effect was

also exploited to build tunnel junctions with normal metallic aluminum

electrodes, a technique useful for further experiments in this thesis.

Finally, experiments on heat transport in fully normal single-electron

devices were performed. It was predicted as well as experimentally ver-

ified that a voltage-biased single-electron transistor can be operated in a

way that cooling can be observed on one of the transistor electrodes. Fur-

thermore, it was shown experimentally that the same cooling principle

can be used as a feedback-control on the transistor to achieve cooling in

the whole device in a way that another single-electron device performs the

measurement and feedback operation. Such a device provides an exper-

imental realization of an autonomous Maxwell’s demon, with the cooled

SET having the role of the system, while the other device takes the role

of the demon. It was shown that the entropy decrease in the system was

facilitated by the mutual information produced by the demon, and that

the cost of producing the mutual information is dissipating energy in the

demon. The produced heat also provides a means to measure the infor-

mation flow between the two devices, allowing thorough study of the ther-

modynamics taking place in the configuration.

Many fluctuation relations have been verified for classical or closed quan-

tum systems with continuous or discrete states, as well as for systems

under feedback control. Yet there are many setups that need to be un-

derstood better, such as the effects of coarse-graining, slow degrees of

freedom, or the thermodynamics of open quantum systems. The analogy

found between work distributions and multifractality of random eigen-

functions in a disordered medium could imply that there are other similar

relations between thermodynamic equalities and other apparently unre-

lated physical concepts.

With the results of the recent feedback-control experiments, including

those presented in this thesis, it is apparent that information can be used
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to extract energy from a feedback-controlled system. In particular, the ex-

perimental realization of an autonomous Maxwell’s demon that is capable

of cooling a single-electron transistor shows that it can be possible to de-

sign information-powered devices. However, here the device consisted of

only two degrees of freedom, one belonging to the system and one to the

demon. While the demon can apply feedback to impose an energy cost for

the electrons that tunnel in the system, with only one measured degree

of freedom it cannot control the direction of the tunneling, which will in

almost all cases be in the direction of the bias. Considering devices with

more degrees of freedom for the system and the demon could allow more

complex feedback operations, such as guiding electrons to tunnel against

the bias at the expense of heat as presented in [132]. Further information-

related experiments to be performed are those on quantum information,

or one demonstrating the full logical cycle in Fig. 3.3 involving Szilard’s

engine operation on one system, and information erasure in the other.
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