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Nonlinear time series analysis from large
eddy simulation of an internal combustion

engine∗

Jukka-Pekka Keskinen†, Ville Vuorinen, and Ossi Kaario

Aalto University, School of Engineering, Department of
Energy Technology, 00076 Aalto, Finland

December 17, 2015

Abstract

Nonlinear time series analysis was applied for the first time to time
series obtained from large eddy simulations (LES) of an internal com-
bustion engine (ICE). The aim of the study was to obtain more informa-
tion about the cycle-to-cycle variation (CCV) in the studied simplified
ICE geometry than what is available from standard methods. Phase
space reconstructions were created from the time series and then es-
timates for the largest Lyapunov exponent were calculated. The time
delays used in the phase space reconstructions were determined us-
ing average mutual information while the proper embedding dimen-
sions were chosen according to the method of false nearest neighbours.
Quantitative information on the behaviour of the flow and the CCV was
acquired from three-dimensional phase space reconstructions. Intro-
duced modifications to the flow were clearly visible in the phase space
reconstructions of energy and dissipation, indicating that these quanti-
ties are appropriate for monitoring and analysing the state of the sys-
tem. The estimates for the largest Lyapunov exponents were positive
for almost all time series, indicating chaotic dynamics. The permuta-
tion spectrum test was used to confirm the chaoticity of the CCV. The
present results indicate that the used methods offer a promising new
framework for characterising the CCV from the viewpoint of nonlinear
time series analysis.

Nomenclature
Subscripts and superscripts

i, j Vector component (1,2,3)
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max Maximum

NN Nearest neighbour

num/mod Numerical and/or modelled

r Radial component

res Resolved

rms Root-mean-square

tot Total

z Axial component

Symbols

D Segment length

E Kinetic energy (J/kg)

l Section length

N Number of points

n Embedding dimension

P Probability density

p Pressure (m2/s2)

Re Reynolds number

S Average of the effective expansion rate

T Time delay (CAD)

t, t′ Time

T Set of time instants

u Ensemble average velocity (m/s)

u Instantaneous velocity (m/s)

u′ Fluctuating velocity (m/s)

Ut Phase space orbits close to a phase space point of time t

x(t) Time series

xi The ith spatial coordinate

y(t) Reconstructed data vector

z Axial distance to cylinder top (mm)

ε Distance parameter
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ε Dissipation (J/kgs)

ν Kinematic viscosity (m2/s)

τ Sampling interval (CAD)

τL Time increment (CAD)

Abbreviations

AMI Average mutual information

BDC Bottom-dead-centre, i.e. 180 CAD

CAD Crank angle degree

CCV Cycle-to-cycle variation

CFD Computational fluid dynamics

COV Coefficient of variation

DNS Direct numerical simulation

FNN False nearest neighbours

ICE Internal combustion engine

ILES Implicit large eddy simulation

LES Large eddy simulation

PISO Pressure-implicit with splitting of operators

POD Proper orthogonal decomposition

RANS Reynolds-averaged Navier-Stokes

SGS Subgrid scale

TDC Top-dead-centre, i.e. 0 CAD

1 Introduction
In an ideal case, the cycles of an internal combustion engine (ICE) would
repeat themselves in exactly the same manner. However, in reality varia-
tion between the cycles exists. Small scale variation inherent to turbulence
is unavoidable and is in many cases desired. However, the low frequency
variation in the mean quantities, cycle-to-cycle variation (CCV) [1, 2], is
more problematic. The velocity field u in a turbulent engine flow can be
divided into three main components [1]:

u = u+ û+ u′. (1)

The ensemble average component u is the mean velocity that varies only
with the crank angle degree (CAD) but not between cycles while the CCV
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component û is a mean quantity that varies with both the cycles and CAD.
The turbulent component u′ adds another layer of fluctuation to the overall
velocity, also showing differences between cycles. The effects of CCV vary
depending on the engine and the severity of the CCV but can include in-
creased emissions, lowered efficiency, unstable operation, and even engine
failure. Currently, experimental approaches are the main approach in the
study of CCV. However, the increase in available computational resources
and the importance of the in-cylinder flow field in ICE operation has made
the use of computational fluid dynamics (CFD) more attractive.

Large eddy simulation (LES) is a CFD approach based on the spatial fil-
tering of the flow field so that only the large, energy containing length scales
are solved directly from the Navier-Stokes equation [3, 4]. In the com-
monly used Reynolds-averaged Navier-Stokes (RANS) approach the CCV
is essentially filtered out. In contrast, the delicate turbulence approach of
LES together with a finer spatial resolution offers a way to study the CCV.
The potential of LES to resolve CCV was realised already during the early
1990’s, when the first applications of LES on an ICE flow were carried out
[5, 6]. Although these early simulations had a rather modest spatial reso-
lution and only few engine cycles were computed, CCV was still observed.
The contemporary ICE LES is usually characterised by relatively high spa-
tial resolution [7] or by a large number of simulated cycles [8]. However, as
properly converged statistic require a very large number of cycles [8], the
computational requirements are still a limiting factor for the LES of the
ICE.

Several approaches have been used in the analysis of CCV from LES
data. The simplest is direct comparison of quantities from different sim-
ulated cycles [6, 9, 10, 11, 12]. The approach has the benefit of providing
intuitive and easily understandable information. However, it can be very
difficult to distinguish between CCV and purely turbulent structures when
instantaneous fields are used. Also, as the comparisons are done on a spe-
cific CAD, it is difficult to obtain an overall impression of the CCV or to
deduce the causes behind them.

Another popular approach in the study of CCV from LES data is to use
time series. An impression of the CCV can then be acquired by plotting
the time series of each cycle on top of each other as a function of CAD. A
wide variety of time series can be extracted from LES data and the used
quantities include pressure [13, 14], vorticity magnitude [15], energy [16],
and the mode coefficients of proper orthogonal decomposition (POD) [17,
18]. However, apart from identifying the range of CAD with the largest
CCV, the direct plotting of time series reveals very little about the dynamics
of the flow. The use of more advanced approaches in the time series analysis
of ICE LES data has been very limited. The only exceptions are return
maps [7, 19], where a quantity is plotted against its value at the preceding
cycle.

A wider range of approaches have been used in the analysis of exper-
imental ICE time series. Nonlinear time series analysis appears espe-
cially well suited for the purpose as chaotic processes have been identi-
fied as the source of CCV in at least in certain engines and operating con-
ditions [20, 21, 22, 23, 24, 25, 26]. Return maps have been used quite
widely [21, 22, 27, 28] while similar methods, such as recurrence plots

4



and Poincaré sections, have also been applied to experimental ICE data
[29, 30, 31, 32, 25]. In several cases, the phase space portrait of the system
has been reconstructed [29, 23, 33, 24, 31, 34] and its properties have been
used to analyse the nature of the CCV further. For example, the largest
Lyapunov exponent of the system can be used to quantify the chaoticity of
the CCV [25]. Perhaps the most significant development with the nonlin-
ear time series analysis of experimentally obtained data is the possibility
for control and subsequent stabilisation of the CCV [24]. Indeed, using the
information acquired through nonlinear time series analysis allows one, at
least in principle, to transform chaotic motion into a periodic one only by
introducing small changes to the system’s parameters [35]. Other nonlin-
ear approaches that have been applied to ICE time series include wavelet
analysis [36, 30, 37], multifractals [37], and symbolic analysis [22, 27, 38].
The review by Finney et al. [26] provides an introduction to the use of de-
terministic approaches in the analysis of experimental ICE data while the
textbook of Abarbanel [35] gives a good overview of nonlinear time series
analysis.

The aim of the present paper is to study the CCV in the present, sim-
plified ICE flow using nonlinear time series analysis. More specifically, the
objectives are to show that the CCV of the present flow is a chaotic pro-
cess, to study the chaos on global and local level, and to demonstrate how
nonlinear time series analysis can be applied to LES data. To the authors’
best knowledge, nonlinear time series analysis has not been applied to LES
data of an ICE before. We first reconstruct the phase space of the system
using several different time series that have been obtained earlier using
LES [12]. The reconstruction is carried out using the time delay method,
mostly as outlined by Abarbanel [35]. The used time delays are decided
according to the average mutual information (AMI) of the time series while
the proper embedding dimensions are decided based on false nearest neigh-
bours (FNN). The reconstructed phase spaces of volume-averaged energy
and dissipation time series appear to be better suited for the analysis of the
system than point-based quantities. The estimates for the Lyapunov expo-
nents [39] and the permutation spectrum test [40] indicate that the CCV in
the studied axisymmetric case is a chaotic process.

The article is structured so that first, in Section 2, the studied ICE flow
and geometry are presented together with the details of the used LES ap-
proaches. Then, in Section 3, details of the used methods of nonlinear time
series analysis are given. The results are presented and discussed in Sec-
tion 4 while the conclusions are given at the end of the paper, in Section
5.

2 Flow and simulation specifications
The main causes behind combustion variation between cycles are variation
in the in-cylinder fluid flow, variation in the amount of fuel and air be-
tween the cycles, and variation in mixture composition within the cylinder
[1]. The simulations carried out earlier [12], and further analysed in the
present article, are limited to causes connected to fluid flow. Details of the
considered ICE flow are given next in section 2.1 and the simulations which
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are the sources of the time series analysed in the present article are then
presented in section 2.2.

2.1 Axisymmetric piston-cylinder geometry
Figure 1 (a) shows the considered ICE geometry together with the most rel-
evant measures and with the main parts marked using Roman numerals.
The piston-cylinder assembly considered in the present article is axially
symmetric and consists of a cylinder (III), a single centrally-located valve
(V), a flat piston (IV), and an intake region (II). The diameter of the cylin-
der is 75 mm while the piston is set in a harmonic motion of 200 rpm. The
stroke of the piston, i.e. the vertical extent of the piston motion, is 60 mm
and the clearance, i.e. the minimum distance between the cylinder top and
the piston, is 30 mm. The mean speed of the piston is 0.40 m/s and the
maximum speed is 0.63 m/s. The cylinder gap is a constant 4 mm with
a 30◦ opening angle. The valve diameter is 34 mm and the valve stem
has a diameter of 6 mm. The simulations [12] used a kinematic viscosity
ν = 1.568 · 10−5 m2/s, which corresponds approximately to air. The rela-
tively low velocities allow one to consider the flow as incompressible. The
intake jet velocity controls the flow structure formation in the present ge-
ometry while the cylinder diameter defines the main flow volume, making
them natural choices to be used in the calculation of the Reynolds number.
Thus, using the intake jet velocity and the cylinder diameter, the Reynolds
number of the in-cylinder flow can be estimated to be Re < 48 000.

Velocity measurements [41] are available for several planes perpendic-
ular to the cylinder axis at 34 CAD, 90 CAD, 144 CAD, and 270 CAD. The
availability of reference data has made the case very attractive for different
computational studies. A relatively large number of simulations of the flow
have been carried out in the past. The first simulations were performed
with the RANS approach [42, 43] while the more recent studies have been
carried out using LES [9, 18, 12]. A direct numerical simulation (DNS)
study of the present flow was published recently [44], providing another
highly reliable reference data set. Although the present flow configuration
lacks certain features that exist in realistic engine flows, such as swirl,
compressibility, and combustion, it displays CCV [9, 18, 44, 12] and hence
allows one to study the phenomenon in a setting that is simple and easy to
access. The CCV of in-cylinder flow is considered by many to be the most
important factor related to the CCV in engine performance [2], indicating
that the present, simplified flow case is relevant also from the viewpoint of
real-world ICEs.

2.2 Simulations
Five different LES of the simplified ICE flow were carried out earlier [12]
using the open source CFD software OpenFOAM. The incompressible Navier-
Stokes equation was solved in the finite-volume framework using second or-
der accurate schemes together with the PISO (pressure-implicit with split-
ting of operators) pressure correction approach. Three different numerical
approaches for the subgrid scale (SGS) terms were used. The performance
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Figure 1: (a) The axisymmetric piston-cylinder geometry. The inlet pipe
is not fully shown and the piston moves according to harmonic motion at
200 rpm. The main parts of the geometry are marked with Roman numer-
als: inlet/outlet (I), intake region (II), in-cylinder region (III), moving piston
(IV), and valve (V). (b) The axial velocity field at 90 CAD during the 9th sim-
ulated cycle. The colours range from red (up at 4 m/s) to blue (down at 10
m/s). The locations of the time series probe points are shown approximately
using black dots.
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of the different SGS modelling approaches was similar and for simplic-
ity, three simulations carried out using the implicit LES (ILES) approach
[45, 46] will be considered in the present article. The computational time
required to perform the simulations varied between 68 000 and 73 000 CPU
hours.

One of the ILES was carried out using the standard set-up presented
in Section 2.1 while two modified set-ups were considered in the other two
ILES. In the modified set-ups a part of the velocity field was manipulated
to zero velocity at top-dead-centre (TDC, i.e. 0 CAD). In the first modified
case the manipulated region was the cylinder while in the second it was the
intake region. The modifications were carried out in order to study the role
of the intake region and the in-cylinder region on the flow dynamics and the
CCVs. In each of the simulations, twelve cycles were computed. The first
two cycles were left out from the earlier analysis [12] due to their assumed
contamination by the zero-velocity initial condition. In the present article,
all twelve cycles are considered unless stated otherwise.

All simulations produced qualitatively similar results and each of the
simulated cycles, except the first, display the same major features. Dur-
ing each cycle, the intake air forms a hollow, circular jet as it enters the
cylinder. Two strong toroidal vortices are created by the annular intake
jet. The larger of the two is located in the centre of the cylinder while the
smaller one is located in the upper corner of the cylinder. The velocity field
at 90 CAD of the 9th cycle is shown in Figure 1 (b). After the bottom-dead-
centre (BDC, i.e. 180 CAD), the flow direction reverses and the turbulence
remaining in the cylinder starts to decay as the piston starts moving back
upwards. At the same time, strong velocity structures are formed to the
intake region of the geometry. The stability and the strength of the central
vortex have been proposed as the mechanism controlling the CCV in the
present flow [44].

The comparison of velocity statistics obtained from the LES cases with
those from the measurements [41] and the DNS [44] revealed a decent
overall agreement. The velocity statistics for the LES considered in the
present article are shown in Figure 2 for planes z = 10 mm and z = 20
mm. The largest discrepancies between the standard case and the refer-
ence data were observed at 90 CAD when the velocity of the intake jet is at
the highest. The two modified flow cases displayed flow statistics that dif-
fered somewhat from the standard simulation, indicating of the importance
of both the in-cylinder and intake flow structures on the overall flow field.
A more detailed discussion on the LES and their performance can be found
in [12].

Time series of six different quantities were extracted during the simu-
lations. Based on the collection method, the time series can be sorted into
two different categories: volume-based time series and point-based time se-
ries. The volume-based time series were obtained using the velocity and
pressure fields from the whole simulated domain or from the cylinder re-
gion. The fields were then processed into a single scalar by using volume
averaging or by taking the maximum value of the field. Volume averages
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Figure 2: Mean and fluctuating velocity statistics on planes z = 10 mm
(upper panels of each subfigure) and z = 20 mm (lower panels of each sub-
figure). The LES results acquired in [12] are shown using lines (Standard
set-up: , intake zeroed set-up: , and cylinder zeroed set-up: )
while the reference data are shown using markers (the measurements of
Morse et al. [41]: and the DNS of Schmitt et al. [44]: ).
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were obtained for kinetic energy E =
∑3

i=1
1
2uiui, the resolved dissipation

εres = ν

3∑
i=1

3∑
j=1

∂ui
∂xj

∂ui
∂xj

, (2)

the numerical/modelled dissipation

εnum/mod = −∂E
∂t
−

3∑
i=1

∂uiE

∂xi
−

3∑
i=1

∂pui
∂xi

+

3∑
i=1

ν
∂2E

∂xi∂xi
− εres, (3)

and the total dissipation εtot = εres + εnum/mod. The expression for numer-
ical/modelled dissipation (3) is only approximative but it has been used
earlier with reasonable success [47, 12]. A time series for the maximum
pressure value inside the cylinder was also obtained. The point-based time
series were collected by observing the development of the instantaneous
pressure and velocity fields on specific points inside the cylinder. The probe
points, shown in Figure 1 (a), were located at the axis of the geometry at
z = 5 mm, z = 10 mm, z = 15 mm, z = 20 mm, and z = 25 mm below
the cylinder top. Instantaneous pressure, axial velocity, and radial velocity
time series were collected for each point.

As the simulations were carried out using variable time stepping with a
fixed maximum Courant number, the time series were not initially evenly
sampled. The time step, i.e. the initial sampling interval, was mostly be-
tween 0.003 CAD and 0.01 CAD. It exceeded the value 0.05 CAD for ap-
proximately 1 % of the data points. In order to facilitate the time series
analysis, a resampling of the time series using a sampling interval τ = 0.05
CAD was carried out. The length of the time series was approximately 12
cycles, or 4320 CAD, meaning that they consisted of approximately 86 400
data points after the resampling.

3 Nonlinear time series analysis
In addition to combustion engines, the usefulness of nonlinear time series
analysis has been recognised in a wide variety of other real-world applica-
tions. Examples of the use of practical applications range from floating-zone
crystal production [48] to rainfall variability in Australia [49], and from
pressure fluctuations in gas-solid fluidised beds [50] to marine nuclear re-
actors [51].

The methods of nonlinear time series analysis used in the present article
are summarised in the following subsections. The presentation of the meth-
ods in sections 3.1 - 3.3 is based mostly on the textbook of Abarbanel [35].
A more in-depth presentation of the methods together with an exhaustive
number of references can be found in the mentioned textbook.

3.1 Phase space reconstruction
A phase space represents all possible states of a system so that each point
in the phase space defines a specific state of the system. When the state of
the system changes in time, an orbit is traced in the phase space. After a
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(possible) transient phase, when the system has reached a stable state, the
orbit stays within a certain region of the phase space. This set of points is,
loosely speaking, called an attractor. In addition to providing information
on the dynamics of the system, the phase space reconstruction of the system
is a starting point for more advanced approaches of nonlinear analysis and
control [52, 35].

In the case of a continuous system, the phase space can be constructed
using the canonical variables, i.e. the generalised coordinates and the cor-
responding conjugate momenta of Hamiltonian mechanics [53]. For exam-
ple, the phase space of a harmonic oscillator can be represented on a two-
dimensional plane by using the location and the velocity of the oscillator
as the axis of the phase space. The (undamped) oscillation then defines a
periodic orbit that stays on a limit cycle type attractor. If the oscillator is at
rest, the orbit stays in a single point which is a fixed point attractor.

In the case of an observed scalar time series {x(mτ)}, wherem = 0, 1, 2, . . .,
and with τ as the sampling interval, the phase space can be reconstructed
in a straightforward manner using time delay coordinates. This means that
the reconstructed system is given in phase space by the n-dimensional vec-
tor

y(t) = [x(t), x(t+ T ), x(t+ 2T ), . . . , x(t+ (n− 1)T )], (4)

where T is the used time delay. The embedding theorem of Takens and
Mañé [35, 54, 55] guarantees that the dynamics of the original, multidi-
mensional system can be reconstructed in this manner from scalar obser-
vations. The reconstruction should work for any time delay T as long as the
dimension n is large enough and if one has access to an infinite amount of
noise free data. In practice, special considerations for both the time delay
and the embedding dimension are required in order to reach a good recon-
struction.

3.2 Average mutual information
Mutual information measures the shared information content of two sig-
nals. The larger the mutual information, the more information two signals
share. If the signals are completely separate, the mutual information is
zero. When the mutual information is averaged over all measurements, the
AMI is obtained. In the case of a time series x(t) and its time-lagged version
x(t+ T ), their AMI is given by

AMI(T ) =
∑

x(t),x(t+T )

P [x(t), x(t+ T )] log2

[
P [x(t), x(t+ T )]

P [x(t)]P [x(t+ T )]

]
, (5)

where P [x(t)] and P [x(t+T )] are probability densities of the time series and
its time-lagged version while P [x(t), x(t+T )] is the joint probability density.
The AMI can be thought as a nonlinear analogy of the autocorrelation.

As AMI measures the dependence of the time series x(t) and its time-
lagged version x(t + T ), the first minimum of the AMI defines a time scale
which is often a good choice for the time delay T . This choice can be in-
terpreted as a way to maximise the additional information contained in
the addition of a new component to the phase space reconstruction vector
(Equation (4)).
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3.3 False nearest neighbours
In the FNN test, the proper embedding dimension n is decided according
to the neighbours the phase space points. The point nearest to the phase
space vector

y(t) = [x(t), x(t+ T ), x(t+ 2T ), . . . , x(t+ (n− 1)T )] (6)

is denoted here with

yNN (t) = [xNN (t), xNN (t+ T ), xNN (t+ 2T ), . . . , xNN (t+ (n− 1)T )] (7)

and the two points can be the nearest neighbours either because of the
dynamics of the system or because of a projection from a higher dimension.
The latter case is caused by an insufficiently low embedding dimension n
and makes the neighbour yNN (t) a false one.

The Euclidian distance between the points can be used to decide if the
two are real or false neighbours. If the points are close because of the dy-
namics, the introduction of an additional dimension should not increase
their distance much. On the other hand, if two points are located closely
only because of a projection, their distance can be expected to increase sig-
nificantly when the projection is removed by the addition of an extra di-
mension. The distance between the two points in dimension n + 1 relative
to their distance in dimension n

|x(t+ nT )− xNN (t+ nT )|
‖y(t)− yNN (t)‖2

(8)

can hence be used as a criterion to decide if the points are real or false
neighbours. In the present article, all neighbouring points with a relative
increase of 15 or more at distance were classified as false neighbours, as
recommended by Abarbanel [35]. The criterion (8) does not appear to be
very sensitive to the used threshold and similar outcomes are reached if a
different threshold of similar size is used.

In certain cases, a high-dimensional signal will occupy the edges of the
used space and none of the near neighbours will be close. To account for
this, a second criterion was introduced so that if

|x(t+ nT )− xNN (t+ nT )|
1
N

∑
t

∣∣x(t)− 1
N

∑
t′ x(t

′)
∣∣ > 150, (9)

where N is the number of included points, then a point was also labelled as
a false neighbour. According to Abarbanel [35] and our experiments with
different parameter values, the outcome of the FNN calculation is insensi-
tive also to the exact threshold in the second criterion (9).

3.4 Largest Lyapunov exponent
The Lyapunov exponent tells how fast infinitesimally closely located orbits
will diverge. If a system possesses a positive Lyapunov exponent, it means
that two closely situated orbits diverge exponentially fast and the system
is chaotic. Calculating all Lyapunov exponents of a system can be a very
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tedious task. However, finding out only the largest Lyapunov exponent
is much more straightforward while still providing important information
about the sensitivity of the system to initial conditions. From the viewpoint
of ICEs, the Lyapunov exponent can be seen as a measure of the CCV.

Several methods for estimating the largest Lyapunov exponent exist.
In the present article, we use the method of Kantz [39] as it appears to
be robust and relatively easy to implement. In this approach, the largest
Lyapunov exponent is estimated from data by following closely situated
orbits and calculating their relative rate of divergence. This is carried out
by selecting points from different parts of the orbit using some distance
parameter ε, repeating the procedure for different embedding dimensions
and parameters, and plotting

S(τL) =
1

|T |
∑
t∈T

ln

(
1

|Ut|
∑
i∈Ut

‖y(t+ τL)− yNN (t+ τL)‖

)
(10)

as a function of time increment τL. In Equation (10), the T denotes the
times corresponding to the selected set of points, Ut the set of orbits that
are close by to a selected point t ∈ T , while |T | and |Ut| are the number
of points in the corresponding sets. Then, if the logarithmic plot contains
a range of robust linear increase, the Largest Lyapunov exponent can be
taken as the slope of the linear region.

3.5 Permutation spectrum test
The relative shortness of the present time series can lower the reliability
of the estimate for the largest Lyapunov exponent. In order to confirm the
chaotic nature of the time series, as implied by the positive largest Lya-
punov exponent, the permutation spectrum test [40] has been used in the
present article.

The permutation spectrum test is a symbolic method that allows one to
deduce whether a time series is stochastic, chaotic, or periodic. The test
is based on the repeatability of symbol sequences in the time series. The
sequences are formed by dividing the time series into sections of length l
and then dividing the sections into smaller, separate segments of size D,
with D! � l. Then, the elements of the segment are replaced with their
relative rank within the segment, thus creating a symbol sequence. For
example, for segments with length D = 4, the segment {2.3, 1.5, 3.5, 2.2} be-
comes {3, 1, 4, 2} and the segment {53, 230, 150, 15} becomes {2, 4, 3, 1}. The
frequency of a symbol sequence in each section and their standard devia-
tion between the sections is then calculated. If certain symbol sequences
are consistently absent, they are called forbidden patterns. The combina-
tion of forbidden patterns and non-zero standard deviation is interpreted as
a sign of chaos, non-zero standard deviation combined with the absence of
forbidden patterns is expected to signal stochastic dynamics, and the com-
bination of forbidden patterns and zero standard deviation is seen as an
indicator of periodic dynamics.
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4 Results
The present analysis concerns mainly the time series that have been ac-
quired from the ILES carried out using the standard set-up and reported
in detail in [12]. If the simulations performed using modified set-ups are
considered, this is mentioned separately.

4.1 Signal separation
Several time series for velocity, pressure, kinetic energy, and dissipation
were obtained during the simulations [12]. Figures 3 (a) and (b) display
the time series using a red line for two representative quantities: kinetic
energy in the full geometry and axial velocity of a probe located z = 15
mm in the axis of the geometry (see Figure 1 (b)). Three major components
can be distinguished from the time series. The piston motion introduces
the strong 360 CAD periodicity that is clearly visible in all time series and
corresponds to the ensemble average velocity in Equation (1). Turbulence
affects mostly the short scales in the present time series and can be seen
most clearly in the velocity time series while its presence is diminished,
or even fully removed, by averaging in the volume-based time series. The
influence of the CCV component is mostly seen in an intermediate range
between the periodic and turbulent motions. However, the turbulent and
the CCV components influence each other and they can be difficult to dis-
tinguish in many cases.

As the focus of the present article is in the CCV, the effects from turbu-
lence are unwanted and need to be removed from the time series. Because
the strongest influence of turbulence is at time scales smaller than those of
the CCV, turbulent effects can be removed using a suitable filter. On the
other hand, as little filtering as possible is desired in order to not destroy
the CCV components from the time series. The amount of turbulent contri-
bution varied between different time series and hence we were not able to
decide a single filter width that could be applied to all time series. For this
reason, the filter widths for different quantities were decided separately
based on trial and error. The filtering of the time series was carried out
with a running average filter and the used filter widths as listed in Table 1.

The filtered time series of the axial velocity probe at z = 15 mm is shown
in Figure 3 (b) using a black line while no filtering was required in the case
of the total kinetic energy time series in Figure 3 (a). Overall, the volume-
based time series are initially smoother than the point-based time series,
the total kinetic energy being the smoothest. The volume averaging can
hence be seen as a natural way of removing the influence of turbulence
from the time series. This allows one to avoid the relatively arbitrary and
laborious approach of choosing the filter widths by trial and error. This
can be desirable, for example, in the case where time series from different
engines or operating conditions are compared. Global quantities, such as
in-cylinder peak pressure, are already used widely in experimental ICE
studies to characterise CCV [2].

The CCV is illustrated in Figures 3 (c) and (d) by plotting the (filtered)
time series of different cycles on top of each other. The standard deviation
of the cycles is plotted in the same figure in order to quantify the CCV.
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The total energy time series in Figure 3 (c) display the largest CCV close
to TDC while the minimal variation is seen around BDC. The time series
for axial velocity at z = 15 mm show overall higher CCV with somewhat
larger fluctuations between BDC and TDC. Although commonly used in the
study of CCV, this type of analysis reveals very little about the nature or
the causes behind the CCV. The coefficient of variation (COV) or the stan-
dard deviation can be useful as the overall level of the CCV but it does
not tell anything about the sensitivity of the engine to sudden changes in
operation. Also, when only mean and variance of the quantities are stud-
ied, no information on the possible deterministic effects is gained, limiting
the prospects of controlling the CCV. Consequently, nonlinear time series
analysis appears promising in the analysis of CCV.

4.2 Phase space reconstruction
In order to decide the time lag of the phase space reconstruction, the AMI
was computed for all time series. Figure 4 shows the AMI for total kinetic
energy and the axial velocity probe at z = 15 mm for delays up to T = 540
CAD. The first minimum of the energy time series is reached approximately
at 60 CAD, followed by a local maximum at around 90 CAD. The axial ve-
locity reaches its first minimum later on, somewhere around 75 CAD. The
next local maximum is reached around 180 CAD. Although there is some
variation, the other time series (not shown) follow similar trends. The loca-
tions of the first minima of the AMI are listed in Table 1 using CAD ranges.
However, the reconstruction appears to be relatively insensitive to the cho-
sen time delay and for this reason the same time delay was selected for
different time series of the same quantity. The time delays used in the final
reconstruction are listed in Table 1.

The time lags indicated by the AMI, 45 CAD to 75 CAD, are 900 to 1,500
times the used sampling interval τ = 0.05 CAD. This is an implication of
oversampling. Following the recommendation of Abarbanel [35], a number
of data points was excluded from the FNN analysis and the FNN fraction
was calculated using every 20th data point of each time series. Figure 5
displays the FNN fraction until embedding dimension six for the represen-
tative time series. The embedding dimension implied by the FNN fraction
varies somewhat between different time series and between different sim-
ulations. The dimensions where FNN fraction falls below 5 % and 1 % are
listed in Table 2 for each time series.

Table 2: Embedding dimension indicated by the FNN test. The lower end
of the range gives the dimension which yields FNN fraction below 5 % and
the upper end of the range the FNN fraction below 1 %. If only one number
is shown, the FNN fraction falls directly below 1 % at the given dimension.

Zeroed Zeroed
Standard intake cylinder

E, total 3-4 4-5 3-4
cylinder 4 3-4 4

εres, total 3-4 3-4 3
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Table 2: Continued.

cylinder 4-5 4-5 4
εnum/mod, total 3 3 3

cylinder 4-5 4-6 4-6
εtot, total 3-4 3-4 3-4

cylinder 3-5 4-5 3-4
pmax 3-4 3-4 3
p, z = 5 mm 3-4 3-5 3-4
z = 10 mm 3-4 3-5 3-4
z = 15 mm 3-4 3 3-4
z = 20 mm 3 3 3
z = 25 mm 3 3-4 3-4

uz, z = 5 mm 3-4 3-4 3-4
z = 10 mm 3 3-4 3-4
z = 15 mm 3-4 3-4 3-4
z = 20 mm 3-4 3 3-4
z = 25 mm 3-4 3-4 3-4

ur, z = 5 mm 3-4 3-4 3-4
z = 10 mm 3-4 3-4 3-4
z = 15 mm 3-4 3-4 3-4
z = 20 mm 3-4 3-4 3-4
z = 25 mm 3-4 3-4 3-4

4.3 Properties of the reconstructed attractors
The FNN fractions shown in Table 2 indicate that many of the phase space
reconstructions could be attempted even with three dimensions. Using the
time delays listed in Table 1, the phase space reconstruction is hence car-
ried out in three dimensions for selected time series and the reconstructions
are shown in Figures 6 and 7. In all cases, a clear structure is formed in the
reconstructed phase space, indicating that the system reaches an attractor
relatively shortly after the start of the simulation. In none of the recon-
structed phase space portraits do the orbits trace exactly the same path, an
early indication of the possibility of chaotic dynamics.

The phase space reconstructions of kinetic energy, resolved dissipation,
and numerical/modelled dissipation in the full geometry and the in-cylinder
region are shown in Figure 6. The phase space reconstructions of the full-
geometry quantities appear to unfold, i.e. there are only few overlaps be-
tween the different orbits, reasonable well in already three dimensions al-
though the embedding dimensions indicated by the FNN fraction (see Table
2) are one to three higher. However, the in-cylinder quantities show almost
a full overlap of the orbits between 270 CAD and TDC. The time series
obtained from the full geometry display a two-looped structure where one
loop corresponds to the intake phase and the other to the exhaust phase.
Although not clearly visible in Figure 6 (a) and (c), the loops are not in the
same place and are separated in the direction perpendicular to the viewing
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Figure 3: (a): Time series of total kinetic energy. (b): The unfiltered ( )
and the filtered ( ) time series of the axial velocity at z = 15 mm. The
circular markers give an example of distances between the time lagged co-
ordinates used in the phase space reconstructions. (c) & (d): Cycles two to
eleven for filtered kinetic energy and the axial velocity at z = 15 mm plot-
ted on top of each other, each cycle with a distinct colour together with the
standard deviation ( ).
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Table 1: The used filter widths, phase space reconstruction time lags and
the location of the first two minima of the AMI for the considered quantities.
Filter width, time lag, and AMI values are given in CAD while the unit of
the maximum Lyapunov exponent is 1/s.

Filter Time AMI AMI Lyap.
width delay 1st min. 2nd min. exp.

E – 60 55-80 130-170 10−1

εres 10 60 40-70 130-160 10−1

εnum/mod 13 45 40-50 130-135 10−1

εtot 20 45 40-50 110-135 10−1

pmax 25 65 55-65 100-140 10−1

p 15 45 40-55 120-140 10−1

u 75 75 65-105 210-280 10−2
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Figure 4: AMI for the total kinetic energy ( ) and the axial velocity at
z = 15 mm ( ). Markers show the time lags used in the standard re-
constructions ( ) and in the alternative reconstructions of Figure 8 (short
delay: , second maximum: , second minimum: ).
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Figure 5: FNN fraction for the total kinetic energy ( ) and the axial velocity
at z = 15 mm ( ).
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direction. Also, the loops are of similar size in the case of resolved dissipa-
tion but clearly different in the case of numerical/modelled dissipation.

Almost all kinetic energy and velocity structures are located in the in-
take region during the exhaust phase of the cycle and for this reason the
second loop is absent from the energy and resolved dissipation when only
the in-cylinder region is considered. However, two loops are seen in the
phase space reconstruction of the in-cylinder numerical/modelled dissipa-
tion. This is most likely related to the presence of the unphysical numer-
ical dissipation in the in-cylinder region that was observed earlier and at-
tributed possibly to some effects connected with mesh motion [12]. All in
all, the phase space reconstruction using the energy or the dissipation from
the full geometry hence appears to be a better choice than using only the
in-cylinder data.

The pressure and velocity time series shown in Figure 7 all have a
single-looped structure similar to the one of in-cylinder kinetic energy and
the in-cylinder resolved dissipation. The reason is the concentration of en-
ergy and velocity structures to the intake region during the exhaust phase.
The phase space reconstructions of the other probe points (not shown) are
approximately the same. The only exception is the point z = 5 mm where
the loop-structure is not very distinct for either the pressure or velocity
time series. Both the in-cylinder maximum pressure and the pressure fol-
low rather similar orbits in the phase space while there is clearly more
variation in the velocity probes.

The first two cycles are generally discarded from the analysis of the
present axisymmetric piston-cylinder geometry because they are consid-
ered to be contaminated by the unrealistic, zero-velocity initial condition.
In Figures 6 and 7, the first cycle (yellow, —) deviates the most from the
other cycles while the second cycle (turquoise, —) appears to be in line with
the rest of the cycles. Based on the orbit of the first cycle, dissipation and
velocity appear to be more sensitive to the initial conditions than pressure
and energy. The overall CCV is the most visible in numerical/modelled dis-
sipation and in the velocity probes.

As mentioned earlier, the phase space reconstructions of the present
time series appear to be reasonably insensitive for the used time lag. Figure
8 shows how the phase space reconstructions of the energy and the axial
velocity probe time series respond to alternate time lags. The locations of
the alternative time lags in AMI plot are shown using markers in Figure 4.
The upper row of Figure 8 shows the reconstruction with a time lag slightly
shorter than that implied by the AMI. In both cases, the attractor unfolds
only in a slightly worse manner than when the first AMI minimum was
used. More specifically, there are not that many additional overlaps but the
earlier circular shape has changed into an oval shape. Similar effects can be
observed for a time lag slightly longer than implied by the AMI (not shown).
A common time lag can hence be chosen for each type of time series even
if the location of the first minimum of the AMI varies slightly. The second
row of Figure 8 displays how the reconstructed phase space ends up losing
its circular shape when the second maximum of the AMI is used as the
time lag. The bottom row of Figure 8 shows the effect of using the second
minimum of the AMI as the time lag. It is surprising to notice that the
shown attractors are now slightly more unfolded than in the case of using
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Figure 6: Reconstructed phase spaces from energy and dissipation time
series. The markers show the approximate location of TDC ( ), 90 CAD
( ), BDC ( ), and 270 CAD ( ). Each cycle has been coloured using a
different colour.
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Figure 7: Reconstructed phase spaces from pressure and velocity time se-
ries. The markers show the approximate location of TDC ( ), 90 CAD ( ),
BDC ( ), and 270 CAD ( ). Each cycle has been coloured using a different
colour.
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the first minimum. This is good news for the experimentalist as 140 CAD
can be considered a reasonable sampling interval for modern PIV systems
if low speed engines are considered [56].

Figures 9 and 10 show a comparison of the reconstructed attractors in
the modified set-ups and the standard set-up. In the kinetic energy, a clear
difference is seen between the simulations. The removal of the intake veloc-
ity clearly pushes the system out of balance and is followed by a readjust-
ment back to the attractor. The intake region contains more kinetic energy
at TDC than the in-cylinder region and for this reason no large displace-
ments away from the attractor are seen in the zeroed in-cylinder case. The
resolved dissipation shows only modest reactions to intake velocity field ze-
roing while almost no changes are seen in the in-cylinder zeroing. Larger
effects are visible in the case of numerical/modelled dissipation where the
inner loop of the attractor is more distinct in the case of intake zeroing. This
might be an indication of the numerical/modelled dissipation, and hence the
SGS model, having a larger role than the resolved dissipation in restoring
the system back to its unmodified attractor. The phase space reconstruction
of the axial velocity probe does not show any significant changes. All in all,
the total kinetic energy and the numerical/modelled dissipation appear to
describe the state of the present system better than the other time series.

The COV, i.e. the standard deviation divided by the mean, is commonly
used in the quantification of CCV. However, in the case of a phase space
vector, the standard definition can not be used directly. By using the norm
of the difference between each cycle and the average cycle instead of the
standard deviation and the norm of the average cycle instead of the mean,
a measure similar to COV can be reached. A single value characterising a
time series can then be computed by taking another mean. This modified
version of the COV has been calculated for each phase space reconstruction
using the reconstruction dimensions implied by 1 % limit of the FNN test
(see Table 2) and the values have been tabulated in Table 3. Based on the
values of the modified COV, the velocity probes display a much stronger
CCV than the other time series.

Table 3: Modified COV values for the considered time series. The phase
space reconstructions have been carried out using the dimension where the
FNN fraction falls below 1 % as shown in Table 2.

Zeroed Zeroed
Standard intake cylinder

E, total 0.028 0.033 0.026
cylinder 0.012 0.017 0.016

εres, total 0.015 0.018 0.013
cylinder 0.016 0.018 0.015

εnum/mod, total 0.029 0.034 0.029
cylinder 0.025 0.035 0.020

εtot, total 0.018 0.022 0.019
cylinder 0.015 0.019 0.012

pmax 0.021 0.026 0.017
p, z = 5 mm 0.014 0.017 0.013
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Table 3: Continued.

z = 10 mm 0.013 0.015 0.012
z = 15 mm 0.013 0.014 0.012
z = 20 mm 0.013 0.015 0.012
z = 25 mm 0.014 0.016 0.013

uz, z = 5 mm 0.383 0.284 0.268
z = 10 mm 0.190 0.174 0.117
z = 15 mm 0.128 0.142 0.090
z = 20 mm 0.107 0.126 0.083
z = 25 mm 0.098 0.090 0.078

ur, z = 5 mm 0.182 0.196 0.206
z = 10 mm 0.150 0.168 0.186
z = 15 mm 0.147 0.167 0.167
z = 20 mm 0.144 0.122 0.148
z = 25 mm 0.145 0.148 0.149

4.4 Chaoticity of the cycle-to-cycle variation
The largest Lyapunov exponents for each time series have been estimated
using the procedure outlined in Section 3.4. The resulting plots for total
kinetic energy and axial velocity at z = 15 mm are shown in Figure 11.
For the shown kinetic energy and axial velocity time series, it is possible
to observe a consistent linear range for τL < 1 and τL < 4 respectively and
reach estimates for the largest Lyapunov exponents. However, the range is
not distinct and for certain time series it is fully absent. For this reason,
we present only order of magnitude estimates for the different quantities
as listed in Table 1. The reason for the poor performance of the approach
of Kantz [39] is most likely the short length of the analysed time series.
Only 12 cycles were simulated due to the extensive computational limita-
tions and hence there are less than 12 full cycles in the reconstructed phase
space. The procedure used to estimate the largest Lyapunov exponent is
based on using the average divergence rate of two closely situated orbits
but in our case there may be very few very closely situated orbits available.

However, all estimated largest Lyapunov exponents are positive and
have consistent orders of magnitude with 10−1 for the volume-averaged
and pressure probe time series and 10−2 for the velocity probe time series.
As seen from the reconstructed phase spaces in Figures 6 and 7, the or-
bits in the phase space reconstructions of the velocity time series are more
sparsely located than those from the volume-averaged and pressure probe
time series. This means that there are fewer closely related orbits that
can be reliably used in the estimation of the largest Lyapunov exponent.
A largest Lyapunov exponent of the order 10−1 would hence appear to de-
scribe the sensitivity of the present system, indicating that the dynamics
are chaotic.

In order to confirm the chaoticity implied by the estimated positive largest
Lyapunov exponents, the permutation spectrum test [40] was implemented.
Due to the shortness of the time series, 5 000 segments of length l = 28080,
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Figure 8: Alternative time lags for the reconstruction of the phase spaces
using kinetic energy and axial velocity (z = 15 mm). The top row uses a time
lag shorter than that indicated by the AMI, the middle row uses a time lag
that coincides with the second maximum of the AMI, and the bottom row
uses a time lag that matches the second minimum of the AMI.
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Figure 9: The phase space reconstructions of kinetic energy (full geometry)
and axial velocity (z = 15 mm) for the two modified flow cases and the
corresponding standard case. Each cycle has been coloured using a different
colour.
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Figure 10: The phase space reconstructions of resolved (full geometry) and
numerical/modelled dissipation for the two modified flow cases and the cor-
responding standard case. Each cycle has been coloured using a different
colour.
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or 1 404 CAD, were randomly chosen from each time series and used to-
gether with a symbol sequence of length D = 4. The time delays used in the
phase space reconstructions were used also in the permutation spectrum
test. The number of forbidden patters for each tested time series is listed
in Table 4. The standard deviation of the permutation spectra was non-
zero for all time series. Thus, most of the present time series are chaotic
according to the permutation spectrum test. The only time series with no
forbidden patters are from the velocity probes at z = 5 mm. The location is
probably too far away from the main vortex and appears to sample mostly
residual turbulence. Consequently, we can conclude that the CCV are a
chaotic process even in the present, simplified ICE geometry.

Table 4: The number of forbidden patterns in the permutation spectrum
test with D = 4 and l = 28080. The total number of patterns is D! = 24.
None of the time series had a permutation spectrum with zero standard
deviation. No forbidden patterns indicates stochastic dynamics while their
presence indicates chaoticity.

Zeroed Zeroed
Standard intake cylinder

E, total 4 4 4
cylinder 12 12 10

εres, total 4 4 4
cylinder 12 10 10

εnum/mod, total 10 10 10
cylinder 9 10 9

εtot, total 10 9 9
cylinder 6 6 7

pmax 12 12 12
p, z = 5 mm 12 12 12
z = 10 mm 12 12 12
z = 15 mm 12 12 12
z = 20 mm 12 12 12
z = 25 mm 12 12 12

uz, z = 5 mm 0 0 3
z = 10 mm 4 1 6
z = 15 mm 10 5 9
z = 20 mm 9 8 10
z = 25 mm 9 12 10

ur, z = 5 mm 5 0 4
z = 10 mm 4 4 6
z = 15 mm 8 4 4
z = 20 mm 9 8 6
z = 25 mm 8 8 8
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5 Conclusions
Nonlinear time series analysis has been applied to an ICE LES dataset
for the first time. The LES time series were used to reconstruct the phase
spaces of the underlying dynamical system by using a time lag and a dimen-
sion defined by the AMI and the FNN test, respectively. Both the volume-
averaged and the point based time series of velocity, pressure, kinetic en-
ergy, and dissipation were considered. The attractors of all quantities un-
folded reasonably well in three dimensions although higher dimensional
reconstructions should be used in further analysis. The unfolding of the
attractors is important as the overlapping orbits are a sign of insufficient
embedding dimension of the phase space reconstruction [35].

The amount and extent of the CCV are clearly visible as a variation of
the orbits within the attractors. Modifications introduced to the standard
simulation are at a certain CAD clearly visible in the reconstructed attrac-
tors of kinetic energy and dissipation, demonstrating that phase space re-
constructions can be used to monitor the state of the ICE flow. The real-time
monitoring of the phase space reconstruction could be used to detect major
changes in the operation of an engine in both experimental and numerical
settings. The numerical dissipation was observed to have a stronger overall
response to the flow modifications although no clear changes were seen in
the CCV. This highlights the general importance of SGS modelling. Due
to their lower requirement for reconstruction dimension and their clear
responses to modifications in the flow, the kinetic energy and dissipation
time series obtained from the full geometry appear to be better suited for
the phase space reconstruction than the other time series considered here.
This is understandable since both the intake and the in-cylinder regions
are required to fully characterise the present ICE flow.

If a dynamical system has a positive Lyapunov exponent, it is considered
chaotic. If the calculation of the largest Lyapunov exponent is uncertain or
difficult, the permutation spectrum test can be used to distinguish between
chaotic, stochastic, and periodic dynamics. Chaotic time series should dis-
play persistent forbidden patters together with a permutation spectrum
with a non-zero standard deviation. In the present case, the chaoticity of
the CCV was confirmed by reaching positive estimates for the largest Lya-
punov exponent and by observing persistent forbidden patterns in the per-
mutation spectrum test. As the CCV in real engines has been observed to
be chaotic, the finding strengthens the relevance of the present simplified
ICE flow in the study of CCV. Also, as the Lyapunov exponents are a nat-
ural measure of the variation of a dynamical system, they can be used to
quantify and compare the CCV in different engines. The order of magni-
tude estimates for the largest Lyapunov exponent acquired in the present
article can be used later as reference values to compare the CCV of the
present simplified ICE with those from realistic ICEs.

The present work demonstrates that nonlinear time series analysis can
be used to analyse time series obtained during an ICE LES. The advan-
tage of using nonlinear time series analysis in addition to the standard,
straightforward comparison lies mostly in the well-developed theory and
long experience. Carrying out further analyses in the nonlinear framework
might allow even the control (removal) of CCV. A starting point for such
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studies could be the Ott-Grebogi-Yorke method [52], in which stabilisation
is achieved through small, time-dependent perturbations to a system pa-
rameter. The perturbations are decided according to the phase space recon-
struction so that no additional physical models of the system are required.
For example, the stabilisation of the CCV in the present geometry could
be attempted through the manipulation of the velocity field and with the
help of the phase space reconstruction carried out using the kinetic en-
ergy. Examples of successful application of different control algorithms to
chaotic systems can be found in Reference [57]. LES offers a promising
framework for the implementation and testing of control algorithms as full
three-dimensional velocity fields are available for both analysis and manip-
ulation, something that is difficult or expensive to achieve in an experimen-
tal setting.

As the studied, simplified engine flow lacks features that are present
in real ICEs, such as compressibility and combustion, another direction for
further research could be in the nonlinear analysis of the CCV in LES of re-
alistic engine flows. This extension should be straightforward as the same,
or at least similar, time series can be easily collected from the LES of real-
istic engines. The comparison with realistic engine flows would allow one
to evaluate how relevant the present flow case is for the real world CCV. In
most ICE LES, a wide variety of time series are already collected in order to
monitor the development of the simulation and hence the additional com-
putational costs associated with carrying out nonlinear time series analysis
are minor.
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Figure 11: Plots of exp(S) for two representative time series using re-
construction of 3-5 dimensions. (a) Plots were created using tolerances
ε = 0.04, 0.045, and 0.05. A slope of 0.3 1/s is shown for reference using
a dashed line ( ). (b) Plots were created using tolerances ε = 0.14, 0.16,
and 0.18. A slope of 0.04 1/s is shown for reference using a dashed line ( ).
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