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1. Introduction

This thesis unites work from two distinctive fields in probabilistic mod-

elling, namely time-series models from signal processing and Gaussian

process based machine learning. The implications of this aim are twofold:

to stimulate cross-talk between the fields by presenting a direct link

between the notations, and to borrow efficient and established solution

methods from one field to another.

The models and inference methods in this work are interpreted through

a probabilistic viewpoint, which leans on the Bayesian methodology of

modelling uncertainty as randomness and knowledge by assigning prob-

ability distributions to the modelled quantities (see, e.g., Gelman et al.,

2013). Gaussian processes (O’Hagan, 1978) are prominent tools for prob-

abilistic inference and learning. They generalize the concept of multi-

variate Gaussian distributions to infinite-dimensional spaces, where the

quantities being modelled are functions and inference is conducted on

their statistical properties.

This work focuses on Gaussian process models for phenomena which

occur over space and time. Data of this kind is frequently encountered

throughout fields of science, and a shared feature in this type of data is

the tendency for the number of data points to be large in the temporal

direction. In this type of modelling, the term ‘space’ should not be inter-

preted as restricted to geographical domains alone, but given a more gen-

eral meaning in terms of arbitrary collections of observations at a specific

snapshot of time.

This work aims at providing insights on the connection between spatio-

temporal Gaussian process (regression) models and stochastic differential

equations describing the evolution of the process over the temporal do-

main. For one-dimensional (temporal) processes this results in stochastic

differential equation models driven by white noise. In the spatio-temporal
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case they become evolution type stochastic partial differential equation

models, which are driven by a spatial noise process. The motivation for

forming this connection is that in the reformulated model the inference

can be conducted sequentially with linear time complexity with respect to

the number of distinct observations in the temporal domain. This is a re-

markable boost compared to the cubic complexity associated with a batch

solution of the same inference problem.

This thesis consists of Publications I–VI accompanied by this overview.

The methodological contributions are covered in the original publications

and the role of this overview is to provide a unifying view of their topics

as a whole. Even though several types of applications are covered in the

original publications, this overview concentrates on the methodological

content and only refers to the publications for application examples.

The rest of this overview is structured as follows. Section 2 covers the

necessary background related to Gaussian processes and batch learning.

Section 3 explains the link between one-dimensional (temporal) Gaussian

processes and state-space models given in terms of stochastic differential

equations. The batch approach and sequential methods from the earlier

sections are combined in Section 4 by writing the model as a stochastic

partial differential equation. A summary of the publications is given as

a part of the Discussion in Section 5, and finally concluding remarks are

included in Section 6.

Source codes for the methods presented in this thesis are available on-

line as part of several software packages: the GPstuff toolbox (Publi-

cations III–IV, http://research.cs.aalto.fi/pml/software/gpstuff/),

the DRIFTER toolbox for modelling periodic noise in functional mag-

netic resonance imaging data (Publication VI, http://becs.aalto.fi/en/

research/bayes/drifter/), and as supplementary material on the au-

thor’s web page (http://arno.solin.fi).
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2. Gaussian Processes in Machine
Learning

In machine learning, Gaussian processes (GPs, O’Hagan, 1978; MacKay,

1998; Rasmussen and Williams, 2006) are a probabilistic paradigm for

specifying probability distributions over functions. They are also a cen-

tral part of several other disciplines, including signal processing, spatial

statistics, and statistical inverse problems. The terminology varies be-

tween different fields of study; the ‘process’ viewpoint stems from signal

processing, whereas the term Gaussian ‘random field’ is common in spa-

tial statistics when the GP is two- or multi-dimensional.

A Gaussian process f(x) is a random function in a d-dimensional input

space. A way of defining a GP is through the following kernel (covariance

function) formalism (Rasmussen and Williams, 2006). The process f(x)

is a Gaussian process on Rd with a mean function µ : Rd → R and a

covariance function (kernel) κ : Rd × Rd → R, which is denoted as

f(x) ∼ GP(µ(x), κ(x,x′)). (2.1)

This notation implies that any finite collection of function val-

ues has a joint multivariate Gaussian distribution such that

(f(x1), f(x2), . . . , f(xn)) ∼ N(µ,K), where Ki,j = κ(xi,xj) defines

the covariance (Gram) matrix and µi = µ(xi) the mean vector, for

i, j = 1, 2, . . . , n.

The mean and covariance functions represent how the random functions

behave on average and how the different points in the input space co-vary

with respect to each other:

µ(x) = E[f(x)],

κ(x,x′) = E[(f(x)− µ(x))(f(x′)− µ(x′))].
(2.2)

The covariance function thus encodes a correlation structure which intro-

duces dependencies between function values at different inputs.

While a multivariate Gaussian distribution is concerned with a vector
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(a collection of a finite number of elements), a Gaussian process is de-

fined to deal with the continuum where the number of elements tends to

infinity (the vector becoming an infinite-dimensional object, i.e., a func-

tion). Thus the model functions f(x) ∈H (Rd) are elements in an infinite-

dimensional Hilbert space, and the finite indexing in the vector is replaced

by the continuous-valued input variable x. Even though the model is built

upon continuous functions, data is finite and allows the computations to

be performed on finite index sets. GP models are often referred to as ‘non-

parametric’ because the number of parameters in the model is not fixed,

but rather spanned by the number of data points.

2.1 Learning in Gaussian Processes

In Gaussian process based machine learning the interest is in the general

framework for probabilistic inference in problems such as regression or

classification. Given a set of data D = {(xi, yi)}ni=1 in form of input–output

pairs, comprising the observations yi and the inputs (explanatory variable

or covariate) xi, the task is to explain the hidden structure in the data or

predict new observations. For notational convenience,s the set of inputs is

denoted by X = {xi}ni=1 and the scalar outputs are combined into a vector

y ∈ Rn.

GPs are used as non-parametric priors for the latent (unobserved) re-

gression function, and the information given by the (often noise corrupted)

data is propagated through a measurement model:

GP prior: f(x) ∼ GP(0, κ(x,x′)),

Measurement model: y | f ∼
n∏

i=1

p(yi | f(xi)),
(2.3)

where f ∈ Rn denotes a vector of the latent values f(xi), for i = 1, 2, . . . , n.

The appeal of Gaussian process models comes from their flexibility and

ease of encoding prior information into the model. The prior mean func-

tion is often, without loss of generality, fixed to zero; assumptions regard-

ing the mean behaviour of the process can be encoded into the covariance

function instead. The prior assumptions—such as continuity, smoothness,

or periodicity—of the unknown functions are encoded into the covariance

function, κθ(x,x′), and often parametrized (in terms of a characteristic

length-scale, magnitude, period length, etc.) by a set of higher-level hy-

perparameters θ. In the spirit of hierarchical modelling, these parame-

ters can then be assigned a hyperprior of their own, θ ∼ p(θ). The same

12
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applies to the parameters of the measurement model—such as the mea-

surement noise variance.

The measurement model depends on the modelling task. The measure-

ments are usually assumed conditionally independent given the latent

function values f(x) and thus the likelihood p(y | f) factorizes over the

training data points.

Learning under the Gaussian process paradigm amounts to solving the

posterior measure of f(x) (distribution of f ) by combining the prior and

likelihood by Bayes’ rule:

p(f | D,θ) =
p(f | X ,θ) p(y | f)

p(y | X ,θ)
=

N(f | 0,K)

p(y | X ,θ)

n∏

i=1

p(yi | f(xi)). (2.4)

The normalization constant in the denominator is the marginal likelihood

p(y | X ,θ) =
∫
p(y | f) p(f | X ,θ) df which provides a means of learning

the hyperparameters θ as will be explained in the later sections.

2.2 Computational Challenges and Special Structure

Their flexibility and the rather straight-forward probabilistic model build-

ing approach have made Gaussian processes popular for performing

Bayesian inference on unknown latent functions. However, this gener-

ality and elegance come with some drawbacks. First, naïve implementa-

tions of the inference solution scale cubically in the number of training

data points, n, which renders the modelling methodology challenging for

large data sets. Second, the inference problem in Equation (2.4) has an

analytically tractable form only for a Gaussian measurement model.

Both of these problems have been extensively studied in the Gaus-

sian process community. Several approximation schemes tackling the in-

tractable inference have been proposed. Typically they are either based

on sampling methods such as Markov chain Monte Carlo (see, e.g., Neal,

1998; Murray et al., 2010) or analytical Gaussian approximations such

as the Laplace approximation (see, e.g., Williams and Barber, 1998; Ras-

mussen and Williams, 2006), expectation propagation (EP, see Minka,

2001), or variational methods (VB, see, e.g., Gibbs and MacKay, 2000;

Csató et al., 2000). Even though Gaussian processes in machine learn-

ing are mostly concerned with inference and learning, this work concen-

trates on the representation problem for modelling the latent function.

The focus will thus be on Gaussian measurement models (i.e. GP regres-

sion problems). The only exception is the mining disaster experiment in

13
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Publication IV, where a Poisson likelihood is used in a log-Gaussian Cox

process model and the approximate inference is conducted by the Laplace

approximation.

Methods dealing with the computational complexity have gained a lot of

attention. There exists a wide range of so-called sparse approximations

which replace the full covariance matrix by a lower m-rank representa-

tion. This reduces the storage requirements from O(n2) to O(nm) and the

computational complexity from O(n3) to O(nm2) (Quiñonero-Candela and

Rasmussen, 2005; Rasmussen and Williams, 2006; Smola and Bartlett,

2001; Csató and Opper, 2002; Seeger et al., 2003; Titsias, 2009; Snelson

and Ghahramani, 2006). These methods are typically based on the Nys-

tröm approximation (Baker, 1977; Williams and Seeger, 2001). Larger

data sets can be covered by stochastic inference methods (Hensman et al.,

2013).

Special structure in data or the covariance function can be used for eas-

ing the computational burden. The following concepts are important in

forthcoming sections, and each of them comes naturally to the ‘process’

point of view in Section 3.

Stationarity If the covariance function is stationary (homogeneous),

κ(x,x′) only depends on the difference x − x′. This means that the

covariance is translation invariant and thus the same regardless of

the position in the input space (cf. Rasmussen and Williams, 2006).

For stationary covariance functions the following one-input notation

is used: κ(x,x′) , κ(r), where r = x− x′.

Stationary models can be represented in terms of their spectral den-

sity. This arises from Bochner’s theorem (see, e.g., Akhiezer and

Glazman, 1993; Da Prato and Zabczyk, 1992) which states that

an arbitrary positive definite function κ(r) can be represented as a

Fourier transform of a positive measure. If the measure has a den-

sity, it is called the spectral density S(ω) corresponding to the covari-

ance function κ(r). This relation is the Fourier duality of covariance

and spectral density, which is known as the Wiener–Khintchin theo-

rem (see, e.g., Rasmussen and Williams, 2006). It gives the identities

κ(r) =
1

(2π)d

∫
S(ω) ei ωTr dω and S(ω) =

∫
κ(r) e−i ωTr dr. (2.5)

Isotropy If the value of the covariance function only depends on the dis-

tance (Euclidean norm) between the inputs, κ(x,x′) , κ(‖x − x′‖),

14
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it is said to be isotropic. This means that the covariance is both

translation and rotation invariant.

Separability The kernel is said to be separable if it can be rewritten

as a product of two kernels with no shared inputs. For example, if

x = (x1, x2), the kernel κ(x,x′) = κ1(x1, x
′
1)κ2(x2, x

′
2) is separable.

The structure might also stem from the input data. If the inputs are

points on some regular grid with respect to one or several input dimen-

sions, there exists a range of methods for combining the data with station-

ary or separable models. For stationary models, fast Fourier transform

(FFT) methods (see, e.g., Paciorek, 2007; Fritz et al., 2009) can speed up

the computations, or if the model is separable, Kronecker products can

help reformulate the model (see, e.g., Saatçi, 2012).

Low-dimensional inputs, where d ≤ 3, are of interest in geostatistics

(where GPs are known as kriging models, see, e.g., Cressie, 1993) and

physical inverse problems (Kaipio and Somersalo, 2005). Recent interest

has been in utilizing efficient methods for Gauss–Markov random fields

(Rue et al., 2009; Lindgren et al., 2011).

In signal processing, the interest is typically in models where the in-

puts are one-dimensional, x ∈ R. If the data are points in time, this is

regarded a time-series model (see, e.g., Box et al., 2008). The time-ordered

structure in the data can be utilized in a sequential Gauss–Markov model

also known as a state-space model. The analytical link between state-

space models and Gaussian processes was already discussed by O’Hagan

(1978), but has recently been vivified independently by both Hartikainen

and Särkkä (2010) and Reece and Roberts (2010). The benefit is that fast

sequential inference methods from signal processing can be used for solv-

ing the inference in linear time. This link will be the central theme of

Section 3.

2.3 Batch Gaussian Process Regression

In GP regression (Rasmussen and Williams, 2006) the interest is in pre-

dicting an unknown scalar output f(x?) associated with a known input

x? ∈ Rd, given a training data set D = {(xi, yi)}ni=1. The model func-

tions f(x) are assumed to be realizations of a Gaussian random process

prior and the observations corrupted by independent and identically dis-
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tributed (i.i.d.) Gaussian noise

f(x) ∼ GP(0, κ(x,x′)),

yi ∼ N(yi | f(xi), σ
2
noise).

(2.6)

To ease the notation in the following sections, the equation below intro-

duces a linear operator H. It evaluates the latent function values f(x) at

the observation inputs such that

f = H f(x) = (f(x1) f(x2) · · · f(xn))
T. (2.7)

The operator is thus actually a functional from the function space to a

finite vector space. H could be replaced with some more general linear op-

erator (Särkkä, 2011), and the framework could used in solving arbitrary

linear inverse problems (Kaipio and Somersalo, 2005). The GP regression

problem can now be written as

f(x) ∼ GP(0, κ(x,x′)),

y = H f(x) + ε,
(2.8)

where ε ∼ N(0, σ2
noise I) is Gaussian measurement noise. Because both

the prior (GP) and likelihood are Gaussian, the inference problem has

an analytic solution. The joint distribution of f and the function value

f(x?) at the test input, p(f , f(x?) | X ,x?,θ), is also Gaussian. By using

the conditioning properties of the multivariate Gaussian distribution, the

conditional distribution for f(x?) given f can be written down analytically.

The conditional distribution p(f(x?) | f ,X ,x?,θ) still remains Gaussian.

Integrating over the latent values f in the joint posterior distribution re-

sults in the posterior predictive distribution for f(x?):

p(f(x?) | X ,y,x?,θ) =

∫
p(f? | f ,X ,x?,θ) p(f | X ,y,θ) df . (2.9)

By naïvely writing down the matrix equations, the solution to the GP

regression problem p(f(x?) | D,x?,θ) = N(E[f(x?)],V[f(x?)]) can be com-

puted in closed-form as (Rasmussen and Williams, 2006)

E[f(x?)] = kT
? (K + σ2

noise I)−1y,

V[f(x?)] = κ(x?,x?)− kT
? (K + σ2

noise I)−1k?,
(2.10)

where Ki,j = κ(xi,xj), k? is an n-dimensional vector with the ith entry

being κ(x?,xi), and y is a vector of the n observations. The cubic compu-

tational complexity comes from the n× n matrix inversion in (2.10).

The predictive distribution p(y? | D,x?,θ) of yet unseen new observa-

tions y? can be obtained by integrating over the uncertainty related to
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f(x?). Because the observation model is Gaussian, the expected value of

the posterior predictive distribution remains the same as in (2.10) and the

variance becomes V[f(x?)] + σ2
noise.

A probabilistic way of learning the hyperparameters θ of the covariance

function and the noise variance σ2
noise is by maximizing the marginal like-

lihood function p(y | X ,θ, σ2
noise) (see, e.g., Rasmussen and Williams, 2006).

In practice, the target function is usually the logarithm of the marginal

likelihood function

L(θ, σ2
noise) = −n

2
log(2π)−1

2
log |Kθ+σ2

noiseI|−
1

2
yT(Kθ+σ2

noiseI)−1y. (2.11)

A more principled Bayesian approach would require the prior distribu-

tions of the hyperparameters to be taken into account as well. A max-

imum a posteriori (MAP) estimation approach is to include them in the

optimization target function.

Gaussian process regression can also be interpreted as a Bayesian view-

point on regularization, where the inference corresponds to a minimiza-

tion problem written in terms of the reproducing kernel Hilbert space

(RKHS) norm associated with the covariance function (see, e.g., Wahba,

1990; Berlinet and Thomas-Agnan, 2004).
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3. Stochastic Differential Equation
Representation of GPs

Despite its generality, computationally the batch GP methodology does

not conveniently lend itself to long (or unbounded) time-series. This sort

of data is typical in applications where the number of observations keeps

growing as new data is acquired. Constraining the dimensionality of the

model inputs x to one-dimensional, x , t ∈ R, makes the GP a stochastic

process f(t). For this class of Gaussian processes, instead of considering

the kernel formalism, it is appealing to work with its mathematical dual,

where the models are written out in terms of dynamical systems.

In signal processing and control engineering, a general framework for

modelling dynamical processes is known as state-space methods (see, e.g.,

Jazwinski, 1970). In a general sense, state-space models are concerned

with modelling the states f(tk) , fk, k = 1, 2, . . . , n, of a system at time

instants t1, t2, . . . , tn with

fk ∼ p(fk | fk−1),

yk ∼ p(yk | fk),
(3.1)

where fk ∈ Rm is the latent (unobserved) process at time instance tk and

yk is the measurement (observation) at the corresponding time step. The

prior assumptions about the dynamical behaviour are encoded into the

Markov model for the conditional state transition probability p(fk | fk−1).

The measurement model p(yk | fk) is defined in terms of the conditional

relationship of the observations given the latent state of the system. The

initial state is given by the prior f0 ∼ p(f0).

In the following sections a class of linear time-invariant (LTI) models

for representing one-dimensional Gaussian processes is first defined. The

substance is in giving an explicit model formulation for a wide range of

standard GP models in terms of linear time-invariant continuous-time

systems (relating to Publications I, III–V), and defining relations for com-

bining models of this kind (Publication III). Methods for sequentially solv-
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ing the GP regression problem are also presented. This modelling frame-

work allows for a generalization of Gaussian processes to Student-t pro-

cesses (Publication V), which will be briefly covered at the end of this

section.

3.1 Temporal GPs as Stochastic Differential Equations

For temporal Gaussian process regression problems, certain classes of co-

variance functions allow working with the following dual representation,

where the Gaussian process is given in terms of a solution to an mth or-

der linear stochastic differential equation (SDE, see, e.g., Øksendal, 2003).

For example, consider the linear differential equation

a0 f(t) + a1
df(t)

dt
+ · · ·+ am

dmf(t)

dtm
= w(t) (3.2)

driven by a zero-mean continuous-time (stochastic) white noise process

w(t). Every solution trajectory f(t) of this stochastic differential equation

is a random function—a stochastic process. The driving term w(t) is the

formal derivative of Brownian motion (also known as the Wiener process).

Because w(t) is a Gaussian process and Gaussianity is preserved under

linear operations, the solution trajectory will also be a Gaussian process.

The higher-order linear SDE in Equation (3.2) can be rewritten as a

first-order stochastic differential equation by defining a vector-valued

function f(t) = (f(t), d/dtf(t), . . . , dm−1/dtm−1f(t)). Collecting the deriva-

tive terms gives a representation of the SDE known as the companion

form (Grewal and Andrews, 2001)

df(t)

dt
=




0 1

. . . . . .

0 1

−a0 −a1 . . . −am−1




f(t) +




0
...

0

1



w(t). (3.3)

This model defines the coupled dynamics of m Gaussian processes. How-

ever, the interest is in the scalar first component f(t) of the state variable

f(t) : R→ Rm. Extracting this process from the state is a linear operation.

The corresponding measurement model is

f(t) =
(

1 0 · · · 0
)

f(t), (3.4)

which will be denoted by f(t) = H f(t).

The companion form is not the only way to represent the latent dynam-

ics of f(t). The state variables do not necessarily need to be the actual
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time derivatives, but can be more general coupled processes. Further-

more, the class of linear time-invariant SDEs can be slightly generalized

by allowing the driving white noise process to be multi-dimensional.

In the following sections the interest will be in classes of covariance

functions which can be represented in terms of a dynamical model (the

GP prior) and measurement model of the form:

df(t)

dt
= F f(t) + L w(t),

yk = H f(tk) + εk,

(3.5)

where f(t) = (f1(t), f2(t), . . . , fm(t)) contains the m stochastic processes,

and w(t) ∈ Rs is a multi-dimensional white noise process with spectral

density matrix Qc ∈ Rs×s. The model is defined by the feedback matrix

F ∈ Rm×m, the noise effect matrix L ∈ Rm×s, and the initial state co-

variance P0. The measurements are assumed to be corrupted by i.i.d.

Gaussian noise, εk ∼ N(0, σ2
noise).

The dynamical model in Equation (3.5) is an Itô stochastic differential

equation written in terms of a driving white noise. In literature, the short-

hand integral notation, df(t) = F f(t) dt + L dβ(t), is often used (see, e.g.,

Karatzas and Shreve, 1991; Øksendal, 2003). The intuitive link between

these two notations is that the white noise term w(t) can be seen as the

formal derivative of the Brownian motion term dβ(t).

The form of continuous-time SDE models defined by (3.5) is well-suited

for model specification, but for numerical implementations the model

needs to deal with discrete-time inputs. In order to apply standard sig-

nal processing filtering and smoothing techniques (cf. Särkkä, 2013), the

SDE model must be solved for the discrete time-instances corresponding

to the input data and prediction points.

For discrete state values fk = f(tk) the state-space model is

fk ∼ N(fk | Ak−1 fk−1,Qk−1),

yk ∼ N(yk | H fk, σ
2
noise),

(3.6)

where Ak is the discrete-time state transition matrix between time-

instance tk and tk+1, and Qk is the process noise covariance matrix. The

model can be equivalently presented in the following form:

fk = Ak−1 fk−1 + qk−1, where qk−1 ∼ N(0,Qk−1),

yk = H fk + εk, where εk ∼ N(0, σ2
noise).

(3.7)

The iteration is started from the initial state f0 ∼ N(0,P0). In general,
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the discrete-time model matrices are given by

Ak = Φ(∆tk), (3.8)

Qk =

∫ ∆tk

0
Φ(∆tk − τ) L Qc LT Φ(∆tk − τ)T dτ, (3.9)

where ∆tk = tk+1− tk and Φ(τ) = exp(Fτ) is the matrix exponential of the

feedback matrix. The integral (3.9) can be solved using the matrix fraction

decomposition (see, e.g., Särkkä, 2006, for implementation details).

If the model (and the corresponding covariance function) is stationary,

the SDE has a stationary state f∞ ∼ N(0,P∞). The stationary state cor-

responds to the state that the model stabilises to in infinity. It can be

represented by the stationary covariance of f(t) that is the solution to

dP∞
dt

= F P∞ + P∞FT + L Qc LT = 0. (3.10)

This matrix equation is known as the Lyapunov equation (a special case

of the continuous-time Riccati equation).

The stationary state is invariant to the choice of input location and de-

scribes the state the process defaults to. Therefore, for stationary mod-

els the initial (prior) state is given by the stationary state covariance,

P0 := P∞. Provided that P∞ exists and is known, the following rela-

tion is a computationally lightweight way of solving the integral (3.9) and

obtaining the process noise covariance (an idea originally suggested by

Davison and Man, 1968):

Qk = P∞ −Ak P∞AT
k . (3.11)

For these models (see Van Trees, 1971; Särkkä and Solin, 2014), the spec-

tral density function S(ω) of the Gaussian process f(t) can be written

using the state-space representation as

S(ω) = H (F− iωI)−1 L Qc LT
[
(F + iωI)−1

]T
HT. (3.12)

The covariance function κ(τ) of f(t) is the inverse Fourier transform of its

spectral density, which in terms of the state-space matrices is

κ(τ) =





H P∞Φ(τ)T HT, if τ ≥ 0,

H Φ(−τ) P∞HT, if τ < 0,
(3.13)

where Φ(τ) = exp(Fτ) is the matrix exponential of the feedback matrix.
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3.2 Sums and Products of Covariance Functions

The sum κ(t, t′) = κ1(t, t′) + κ2(t, t′) of two covariance functions is a valid

covariance function (see, e.g., Rasmussen and Williams, 2006). In terms

of the state-space SDE model this corresponds to a stacked model f(t) =

(f1(t), f2(t)) of the two SDE models:

F = blkdiag(F1,F2), L = blkdiag(L1,L2),

Qc = blkdiag(Qc,1,Qc,2), P0 = blkdiag(P0,1,P0,2),
(3.14)

where blkdiag(·, ·) defines a block-diagonal matrix, and the indices ‘1’ and

‘2’ refer to κ1(t, t′) and κ2(t, t′), respectively. The dynamics of the two state-

space models are independent, but coupled by the measurement model

H = (H1 H2). The state dimension becomes m = m1 +m2.

The product κ(t, t′) = κ1(t, t′)κ2(t, t′) of two covariance functions is also a

valid covariance function (see, e.g., Rasmussen and Williams, 2006). The

corresponding product of two state-space SDEs must preserve the dynam-

ics of both the models. In discrete-time, this would require the transition

matrix to be Ak = exp(F1∆tk) exp(F2∆tk) = exp(F∆tk). In order to factor-

ize, the feedback matrices need to commute (F1 F2 = F2 F1) which ensures

that the matrices preserve each others eigenspaces. The relation holds if

the feedback is constructed as follows (Publication III):

F = F1 ⊗ I + I⊗ F2, (3.15)

where ‘⊗’ denotes the Kronecker product of two matrices. This equation

is known as the Kronecker sum of matrices F1 and F2, which makes the

matrix exponential factor into the Kronecker product of the correspond-

ing two matrix exponentials (see Higham, 2008, and Publication III). The

noise effect, spectral density, initial state covariance, and measurement

model matrices are then given as follows.

L = L1 ⊗ L2, Qc = Qc,1 ⊗Qc,2,

P0 = P0,1 ⊗P0,2, H = H1 ⊗H2.
(3.16)

The state dimension becomes m = m1m2.

3.3 Covariance Functions as State-Space Models

Recall that the GP prior in Equation (2.8) in Section 2.3 was fully char-

acterized by its covariance function. For one-dimensional problems, the
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SDE representation of the Gaussian process in Equation (3.5) is defined

by the model matrices F, L, Qc, P0, and H.

The connections between covariance functions and the corresponding

SDE model matrices are summarized in the following subsections. They

contain a non-exhaustive collection of SDE representations of common co-

variance functions. All these covariance functions either have an exact

linear time-invariant state-space SDE representation or they can be ap-

proximated with such a model. Some of these models are degenerate (the

corresponding covariance matrix has finite rank), some of the models are

stationary and fall under the rational spectrum approach (Publication I),

others obey some special structure (Publication III), or are mixture mod-

els (Publication IV). Figure 3.1 shows ten random realizations from twelve

different GP priors, each of which has been simulated using the SDE rep-

resentation. The parametrization of the covariance functions will follow

the standard notation from Rasmussen and Williams (2006).

In the following, stationary covariance functions are given in terms of

one input, such that κ(t, t′) = κ(τ), where τ = |t − t′|. The relation

tends to hold for several input dimensions as well; multi-dimensional

isotropic extensions of the covariance functions can be considered in the

form κ(x,x′) = κ(τ), where τ = ‖x − x′‖. These models are discussed

further on in this work.

Constant

Constant bias in the outputs can be modelled by including a constant ker-

nel in the covariance structure of the model. The constant covariance

function is given as

κconst.(t, t
′) = σ2, (3.17)

where σ2 is a magnitude scale hyperparameter. Random draws from a

GP with this covariance function correspond to constant functions. The

covariance function is degenerate, meaning it has a finite rank one.

The corresponding state-space SDE can be given as follows: the feed-

back F = 0, noise effect L = 1, spectral density Qc = 0, observation model

H = 1, and initial state variance P0 = σ2.

Linear

A way of doing standard linear regression using GPs is to use a linear

covariance function in the GP regression model. Both the constant and
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Constant Linear Wiener process Wiener velocity

Exponential Matérn (ν = 3/2) Matérn (ν = 5/2) Squared exponential

Rational quadratic Periodic Quasi-periodic Noise

Figure 3.1. Random processes simulated from Gaussian process models using their
state-space representations. The hyperparameters were fixed to unit val-
ues. The vertical and horizontal scales are arbitrary as they are subject to
the choice of hyperparameter values.

linear covariance functions can be useful components in a more compli-

cated GP model with sums and products of several covariance functions.

The linear covariance function is non-stationary and defined by

κlinear(t, t
′) = σ2 t t′, (3.18)

where σ2 is a magnitude scale hyperparameter. The corresponding state-

space SDE can be given as follows. The feedback, noise effect, and initial

state covariance matrices are

F =


0 1

0 0


 , L =


0

1


 , and P0 = σ2


t

2
0 t0

t0 1


 . (3.19)

The spectral densityQc = 0 and observation model H = (1 0). Similar con-

structions can be done for other (degenerate) models with finite rank by

setting up a model for the evolution of the corresponding basis functions.

Wiener process and Wiener velocity models

The Wiener process (Brownian motion) is a fundamental non-stationary

process which is widely used in stochastic modelling. It has the covariance
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function (see, e.g., Rasmussen and Williams, 2006)

κWP(t, t′) = σ2 min(t, t′) (3.20)

which is valid on the domain t, t′ ≥ 0. The corresponding state-space

model is trivial: F = 0, L = 1, Qc = σ2, H = 1, and P0 = 0.

The Wiener velocity model is a commonly used model in tracking ap-

plications (see Bar-Shalom et al., 2001, or Publication V for an example).

It corresponds to a once integrated Wiener process, where the derivative

(velocity) is modelled as a Wiener process. The covariance function can be

given as

κWV(t, t′) = σ2

(
min3(t, t′)

3
+ |t− t′|min2(t, t′)

2

)
(3.21)

and the corresponding state-space model feedback and noise effect as

F =


0 1

0 0


 and L =


0

1


 . (3.22)

The process noise spectral density is controlled by Qc = σ2 and P0 =

0. The measurement model equals H = (1 0). In machine learning,

higher-order integrated Wiener processes have recently been considered

by Schober et al. (2014).

Exponential

The exponential covariance function defines a stationary process, where

the model functions are continuous but not differentiable. The covariance

function is (Rasmussen and Williams, 2006)

κexp(τ) = σ2 exp

(
− τ

`

)
, (3.23)

where σ2 is a magnitude scale parameter and ` the characteristic length-

scale parameter. The exponential covariance function is the covariance

function of the so-called Ornstein–Uhlenbeck process.

The link to the Ornstein–Uhlenbeck process provides a direct represen-

tation in terms of an SDE model (see the discussion in Hartikainen and

Särkkä, 2010, and Publication I). The SDE model is given as follows: the

feedback F = −1/`, the noise effect L = 1, the spectral density of the white

noise is Qc = 2σ2/`, and the measurement model H = 1. The variance in

the stationary state is P∞ = σ2.
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Matérn

A wide class of covariance functions is defined by the Matérn class

(Matérn, 1960) which is given in its general form as

κMat.(τ) = σ2 21−ν

Γ(ν)

(√
2ν τ

`

)ν
Kν

(√
2ν τ

`

)
, (3.24)

where σ2 is a magnitude scale hyperparameter, ` the characteristic

length-scale, and ν a smoothness parameter. Kν(·) denotes the modified

Bessel function of the second kind (Abramowitz and Stegun, 1970). For

this class, the corresponding process is k-times differentiable if ν > k

(Rasmussen and Williams, 2006)

The covariance function becomes simple for half-integer values of ν.

If ν = 1/2, the exponential covariance function is recovered. For one-

dimensional models the half-integer Matérn covariance functions have an

exact SDE representation (see, e.g., Hartikainen and Särkkä, 2010). For

example, if ν = 3/2, the processes are continuous and once differentiable.

The covariance function becomes

κMat.(τ) = σ2

(
1 +

√
3 τ

`

)
exp

(
−
√

3 τ

`

)
, (3.25)

and has the SDE representation (Hartikainen and Särkkä, 2010)

F =


 0 1

−λ2 −2λ


 , L =


0

1


 , and P∞ =


σ

2 0

0 λ2σ2


 , (3.26)

where λ =
√

3/`. The spectral density of the Gaussian white noise process

w(t) is Qc = 4λ3σ2. The measurement model matrix is H = (1 0).

Higher-order half-integer SDE representations are given by Hartikai-

nen and Särkkä (2010). For arbitrary values of the smoothness parame-

ter ν, the spectral density can be approximated by series expansions (see

Roininen et al., 2014, for analysis) giving a rational representation (see

Publication I for methods).

Squared exponential

The squared exponential (also known as the Gaussian, radial basis func-

tion, or exponentiated quadratic) covariance function is given as

κse(τ) = σ2 exp

(
− τ2

2`2

)
, (3.27)

where σ2 is a magnitude scale hyperparameter and ` is the characteristic

length-scale. It can be recovered in the limit of the Matérn smoothness
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parameter ν going to infinity. The model functions are thus infinitely

smooth (infnitely differentiable), which would require an infinite number

of derivative trajectories stacked in the state of an exact SDE representa-

tion. However, the spectral density of the squared exponential can be effi-

ciently approximated by a Taylor expansion (see Hartikainen and Särkkä,

2010, and Publication I) or Padé approximants (Särkkä and Piché, 2014).

See Publication I for an example of how to construct an approximate state-

space representation.

Figure 3.1 demonstrates several stationary covariance functions. The

effect of smoothness (differentiability) is clearly visible on the middle row,

where the realizations go from entirely non-differentiable to infinitely

smooth.

Rational quadratic

The rational quadratic covariance function can be seen as a special case

of a scale mixture kernel formulation, where a general class of kernels

can be constructed as superpositions of squared exponential covariance

functions with a distribution p(`) over the length-scales (see, e.g., Stein,

1999; Rasmussen and Williams, 2006):

κsm(τ) =

∫ ∞

0
κse(τ | `) p(`) d`, (3.28)

where κse(τ | `) denotes the squared exponential kernel (3.27) with length-

scale `. A general overview of how to compose the corresponding SDE

models is presented in Publication IV.

The rational quadratic (RQ) covariance function (see, e.g., Matérn, 1960;

Rasmussen and Williams, 2006) corresponds to the scale-mixture model

with a gamma prior distribution on the inverse squared length-scale. The

analytic expression is

κrq(τ) = σ2

(
1 +

τ2

2α`2

)−α
, (3.29)

where α > 0 is a shape parameter that defines the decay of the tail. The

Cauchy covariance is a special case for α = 1. As α → ∞, the covariance

function converges to the squared exponential.

The rational quadratic covariance function can be approximated in

terms of

κrq(τ) ≈
n∑

i=1

κse(τ | σ2
i , `i), (3.30)

where the squared exponentials are evaluated with magnitudes σ2
i =

σ2
rqwi/Γ(α) and length-scales `2i = `2rqα/xi (Publication IV). The points
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xi and weights wi are given such that xi, i = 1, 2, . . . , n are the roots of the

generalized Laguerre polynomial Lα−1
n (x), and the weights wi are given

as:

wi =
Γ(n+ α)xi

n! (n+ 1)2
[
Lα−1
n+1(xi)

]2 . (3.31)

Periodic

MacKay (1998) discusses a way of constructing periodic covariance func-

tions through warping. By mapping a one-dimensional input variable to

two dimensions, u(t) = (cos(ω0 t), sin(ω0 t)), and considering a squared ex-

ponential covariance function in u-space, κ(t, t′) = κse(u(t),u(t′)), a peri-

odic covariance function can be given as

κperiodic(τ) = σ2 exp

(
−2 sin2

(
ω0 τ

2

)

`2

)
, (3.32)

where σ2 is the magnitude scale and ` the characteristic length-scale. The

period length is determined by ω0 = 2π/tperiod. The periodic covariance

function has a spectrum with a set of delta peaks appearing at the har-

monic frequencies.

Publication III considers the link between SDE models and the above

type of periodic covariance functions. The corresponding SDE is set up

by a sum of n two-dimensional SDE models of the following form. The

feedback matrices are

Fj =


 0 −ω0 j

ω0 j 0


 , (3.33)

noise effect matrices Lj = I2 (a 2 × 2 identity matrix) and the stationary

covariances P∞,j = q2
j I2. The process does not have a diffusion term, so

Qc = 0. The measurement models are Hj = (1 0). The coefficients (see

Publication III) are given by q2
j = 2 Ij(`

−2)/ exp(`−2), for j = 1, 2, . . . , n, and

q2
0 = I0(`−2)/ exp(`−2), where Iα(z) is the modified Bessel function of the

first kind of order α (Abramowitz and Stegun, 1970).

If the periodic variation in the data is not exactly periodic, but quasi-

periodic (almost periodic), the periodic covariance is too restrictive on its

own. A common way to allow for seasonable variation is to consider the

product of a long length-scale stationary covariance function and a peri-

odic covariance function. This allows the model to decay away from exact

periodicity (see, e.g., Rasmussen and Williams, 2006). For the product for-

mulation in Section 3.2 to hold, the process noise spectral density of the

periodic SDE needs to be redefined as Qc,j = q2
j I2 (see Publication III).
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Figure 3.1 shows both periodic and quasi-periodic realizations (a prod-

uct between a periodic and a Matérn covariance function). The periodic

realizations are arbitrarily-shaped but exactly the same between periods.

In the quasi-periodic realizations the shape slowly deforms between peri-

ods.

White noise

The white noise covariance function is (see Tarantola, 2005, for discus-

sion)

κnoise(t, t
′) = σ2 δ(t− t′), (3.34)

where σ2 is a magnitude scale hyperparameter and δ(t − t′) represents

the Dirac delta function. This covariance function has a flat frequency

spectrum. For an indexed set of inputs, the noise covariance is given by

κnoise(ti, tj) = σ2 δi,j , (3.35)

where σ2 is a magnitude scale hyperparameter and δi,j is the Kronecker

delta function and each time point is independent from each other. It can

be seen as the limit of other stationary kernels, when the characteris-

tic length-scale tends to zero, ` → 0. Consider the Ornstein–Uhlenbeck

process df(t)
dt = −λf(t) + w(t), where w(t) is a white noise process with

spectral density Qc = 2λσ2 and the stationary state covariance P∞ = σ2.

Now if λ → ∞ (the characteristics length-scale going to zero), this model

converges pointwise to the independent discrete-time model defined by

Ak = 0 and Qk = σ2. The initial state variance is P0 = σ2. However, in or-

der for to process to converge to (3.34), the variance σ2 would be required

to go to infinity at the same time.

3.4 Sequential Inference

In state-space models, the Bayesian methodology of computing posterior

distributions of the latent state based on a history of noisy measure-

ments is known as filtering and smoothing (see, e.g., Särkkä, 2013, for an

overview). The data up to time instance tn is denoted by Dn = {(ti, yi)}ni=1.

In Bayesian filtering and smoothing for linear Gaussian systems the in-

terest is in the following marginal distributions:

Filtering distributions are the result of the Kalman filter (Kalman,

1960). They are the marginal distributions of the state fk given the

30



Stochastic Differential Equation Representation of GPs

current and previous measurements up to time point tk. The follow-

ing shorthand notation is used:

fk | Dk ∼ N(mk|k,Pk|k).

Prediction distributions, computed from the prediction step of the

Kalman filter, are the marginal distributions of the future state fk+j ,

for j = 1, 2, . . . steps following the previous observation:

fk+j | Dk ∼ N(mk+j|k,Pk+j|k).

Smoothing distributions are solved by the Rauch–Tung–Striebel

smoother (Rauch et al., 1965) and they are the marginal distribu-

tions of state fk, k = 1, 2, . . . , n, given all the measurements in the

entire interval:

fk | Dn ∼ N(mk|n,Pk|n).

The estimation is started from the Gaussian prior p(f0) = N(f0 |
m0|0,P0|0), where m0|0 = 0 and P0|0 = P0. For each input k = 1, 2, . . . , n,

the following Kalman prediction step gives the marginal distribution for

step k given the filtering outcome on the previous step:

mk|k−1 = Ak−1 mk−1|k−1,

Pk|k−1 = Ak−1 Pk−1|k−1 AT
k−1 + Qk−1.

(3.36)

The Kalman prediction step is evaluated for all inputs—including test

inputs t? at which there is no data. At points with data, the prediction is

updated by the Kalman update step:

vk = yk −Hk mk|k−1,

Sk = Hk Pk|k−1 HT
k + Rk,

Kk = Pk|k−1 HT
k S−1

k ,

mk|k = mk|k−1 + Kk vk,

Pk|k = Pk|k−1 −Kk Sk KT
k .

(3.37)

For temporal models the measurement noise covariance Rk = σ2
noise is one-

dimensional, but the matrix notation is used for forward compatibility.

The terms vk and Sk are known as the innovation mean and covariance,

and Kk is the Kalman gain.

The computational complexity of the Kalman filtering scheme scales as

O(nm3), where m is the dimensionality of the state. If the filter output

31



Stochastic Differential Equation Representation of GPs

is stored, the memory requirements scale as O(nm2). Possible numeri-

cal instability issues can be circumvented by using the so-called Joseph’s

formula for updating Pk|k or by resorting to square-root filtering (see Bier-

man, 1977).

The smoothing solution can be obtained by applying the following back-

ward recursion on the filtering outcome starting from the filtering result

on step n. This scheme is known as the Rauch–Tung–Striebel smoother

(Rauch et al., 1965):

mk+1|k = Ak mk|k,

Pk+1|k = Ak Pk|k AT
k + Qk,

Gk = Pk|k AT
k P−1

k+1|k,

mk|n = mk|k + Gk (mk+1|n −mk+1|k),

Pk|n = Pk|k + Gk (Pk+1|n −Pk+1|k) GT
k ,

(3.38)

where Gk denotes the smoother gain.

Predicting the latent value f(t?) at an unseen test input t? is done by

including the test input in the prediction and smoothing steps. The pre-

diction is given by E[f(t?)] = H m?|n and V[f(t?)] = H P?|n HT.

The filter and smoother work with the marginal distributions. However,

it is possible to recover the full posterior covariance Σ from the smoother

outcome. The diagonal elements (marginal variances) are given by Σk,k =

H Pk|n HT, for k = 1, 2, . . . , n, and the lower triangular of the symmetric

covariance is given by

Σi,j = H

( i−1∏

k=j

Gk

)
Pi|n HT, for i > j, (3.39)

where Gk is the smoother gain in Equation (3.38). It is, however, not

necessary to form the full posterior for drawing posterior samples from the

latent process. This can be done directly by using the smoother solution

as explained in Doucet (2010).

For training the hyperparameters, the logarithm of the marginal likeli-

hood can be evaluated sequentially as a by-product of the filtering recur-

sion (see, e.g., Särkkä, 2013):

L(θ, σ2
noise) =

n∑

k=1

{
− 1

2
log |2π Sk| −

1

2
vT
k S−1

k vk

}
, (3.40)

where vk and Sk are the innovation mean and covariance evaluated by the

filter update step (3.37). The partial derivatives of the log marginal like-

lihood function (3.40) require derivatives of the entire filtering recursion

to be calculated (see, e.g., Mbalawata et al., 2013).
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Figure 3.2. Filtering (left) and smoothing (right) solutions to Gaussian process regression
problems with different prior models. The hyperparameters in each model
were trained by maximizing the marginal likelihood. The training data is
shown by the black markers, the black line shows the posterior mean, and
the shading illustrates the marginal density.

Figure 3.2 demonstrates the filtering and smoothing outcome for a set of

different GP priors. The data in each example is the same, but the prior

assumptions differ. Because the data is clearly not zero-mean, a constant

covariance function was added to three of the models. The hyperparam-

eters in the models (including the measurement noise variance) were op-

timized with respect to the marginal likelihood. The filtering outcome in

Figure 3.2 shows the sequential nature of the filter, where the marginal

variance drops as new data points are encountered. The smoother out-

comes on the right hand side correspond to the batch solutions given by

Equation (2.10).
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Figure 3.3. An illustrative example of the covariance associated with a quasi-periodic
model with time-varying frequency similar to the model in Publication VI.
The wiggling stripes encode the varying period length and the decay corre-
sponds to quasi-periodicity.

In Publication VI the state-space model is not time-invariant, but the

feedback model matrix F depends on time. This results in a highly

non-stationary model for estimating quasi-periodic oscillations with time-

varying frequencies. The time-varying periodicity makes the frequency

trajectory a stochastic process as well. If the frequency is assumed con-

stant between measurements and it only takes values in a discrete set,

the time-dependent periodicity can be modelled as switchings between

time-invariant periodic models. The interacting multiple models (IMM)

filter (Bar-Shalom et al., 2001) is a computationally efficient estimation

algorithm for Markovian switching systems of this kind.

Figure 3.3 shows an example of what the corresponding covariance ma-

trix looks like for a non-stationary quasi-periodic model similar to those in

Publication VI. The model was constructed as a product of a long length-

scale Matérn covariance function (seen as decay in the figure) and a pe-

riodic covariance function with time-varying frequency. The covariance

matrix is evaluated from the relation (3.39) which can be used for evalu-

ating the prior covariance if no Kalman updates are performed.

3.5 Student-t Processes as an Extension of Gaussian Processes

The Gaussian process framework allows for a slight extension in terms

of generalizing the methodology to more general processes with ellipti-
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cal contours and heavy tails—most notably Student-t processes (TPs, see

Shah et al., 2014). They borrow the framework for inference from Gaus-

sian processes, but the multivariate Gaussian is replaced with a multi-

variate Student-t distribution. They provide some additional flexibility

and the heavy tails robustify inference in outlier prone data. In TPs the

predictive covariance depends on the training observations, whereas in

GPs it only depends on the training inputs. The following sections will

shortly review the concept of one-dimensional TP regression and explain

the link to state-space inference (Publication V).

Recently Shah et al. (2014) resurrected an interest in TP regression

which is—alike GP regression—concerned with predicting an unknown

scalar output f(t?) associated with a known input t? ∈ R, given a training

data set D = {(tk, yk)}nk=1. The model functions are assumed to be real-

izations of a zero-mean Student-t random process prior with covariance

function κθ(t, t′), degrees of freedom ν, and the observations corrupted by

an entangled Student-t noise process (see Publication V for parametriza-

tions):

f(t) ∼ T P(0, κ(t, t′), ν),

y = H f(t),
(3.41)

where the noise model is incorporated in the covariance function. The di-

rect solution to the TP regression problem gives predictions for the latent

function, p(f(t?) | D, t?) = MVT(E[f(t?)],V[f(t?)], ν+n). For the entangled

noise model, there exists a closed-form solution (Shah et al., 2014):

E[f(t?)] = kT
? K−1 y,

V[f(t?)] =
ν − 2 + yT K−1 y

ν − 2 + n

(
κθ(t?, t?)− kT

? K−1 k?

)
,

(3.42)

which in notation follows the GP solution. The noise model is included

in the covariance function by adding a noise covariance function to the

parametrized kernel: Ki,j = κθ(ti, tj) + σ2
noise δi,j , where δi,j is the Kro-

necker delta. Consequently, the noise will be uncorrelated with the latent

function, but not independent (Shah et al., 2014). In the limit ν →∞, this

model tends to a GP regression model with independent Gaussian noise.

The computational complexity of these equations remains cubic due to the

matrix inversion.

Publication V introduced a link between one-dimensional TP regression,

the corresponding state-space model formulation, and an associated se-

quential inference scheme. The formulation is based on representing the

35



Stochastic Differential Equation Representation of GPs

entangled noise as an augmented noise process in the state. This was

motivated by the connection of sums of covariance functions and stacked

SDEs (cf. Sec. 3.2) and the formal representation of the noise covariance

function (Eq. 3.35) as an SDE.

Approximative extensions of the Kalman filter to Student-t distributions

have been considered before (see Roth, 2013). However, the Student-t

filter and smoother solution corresponding to Equation (3.42) can be given

in closed form, due to the entangled noise structure, which ignores the

measurement noise (R = 0) and augments the noise process instead (see

Publication V for the algorithm).
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4. Stochastic Partial Differential
Equation Models

The previous two parts of this overview considered two different views

on Gaussian process models: a general batch approach and a sequen-

tial model for one-dimensional inputs. This section combines these two

into a spatio-temporal GP framework. The interest in this section is in

the connection between spatio-temporal Gaussian processes and infinite-

dimensional state-space models.

Modelling of spatio-temporal data is straight-forward under the GP re-

gression paradigm. The space r ∈ Rd and time t ∈ R variables jointly

take the roles of input variables of the regression function: x = (r, t). The

batch GP regression formalism in Section 2.3 can be employed for solving

models of this type. However, in applications of this kind, the cubic com-

putational scaling easily becomes an issue. For example, in a data set with

nr observations made at nt time instances, the computational complexity

would scale as O((nrnt)
3).

For reformulating the model, consider a set of spatio-temporal inputs

(ri, ti) associated with outputs yi and regroup them such that for each tk

there is a set of spatial inputs {ri}nk
i=1 and associated outputs yk ∈ Rnk .

Under the measurement operator formulation in Section 2.3 (cf. Eq. 2.8)

this would correspond to having a different measurement functional Hk
for each tk, k = 1, 2, . . . , nt:

f(r, t) ∼ GP(0, κ(r, t; r′, t′)),

yk = Hk f(r, tk) + εk,
(4.1)

where εk ∼ N(0, σ2
noise I) is the Gaussian measurement noise.

Recall that the regressors in the GP model are functions in an infinite-

dimensional Hilbert space. In Publication I the rationale is that similarly

as for the finite-dimensional state variables in Equation (3.5), the evo-

lution of the infinite-dimensional quantities can be encoded into a state-

space model. For spatio-temporal models, this is interpreted as a Gaus-
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sian process (Gaussian random field) which evolves over time. The GP

regression problem can be reformulated into a stochastic partial differ-

ential equation (SPDE, see Da Prato and Zabczyk, 1992) describing the

temporal dynamics of the spatial process:

∂f(r, t)

∂t
= F f(r, t) + L w(r, t),

yk = Hk f(r, tk) + εk,

(4.2)

where the process is driven by a spatio-temporal white noise process

w(r, t) with a spectral density function Qc(r, r
′).

The dynamical model (4.2) is an infinite-dimensional time-invariant lin-

ear stochastic partial differential equation. If the operator F is a differ-

ential operator, the dynamic model is an evolution type SPDE (see, e.g.,

Chow, 2007). The model formulation generalizes to a setup, where the

operators are pseudo-differential operators (Shubin, 1987), such that the

operator is constructed by manipulations of differential operators.

The model (4.2) bears strong resemblance to the SDE models (3.5) dis-

cussed in the previous section, but now the feedback is defined by a matrix

F of (spatial) linear operators. The benefit of this is that the inference

can now be done by infinite-dimensional Kalman filtering and smooth-

ing (Curtain, 1975) which also goes under the name ‘distributed param-

eter estimation’ (Tzafestas, 1978). The computational scaling becomes

O(ntn
3
r ), which means linear time complexity with respect to the number

of temporal observations.

The following sections build upon the methods that have already been

presented for finite-dimensional models. A formal generalization of the

finite-dimensional sequential inference scheme to infinite-dimensions is

briefly covered in the next section. More practical computational aspects

are then discussed on a general level, and this section is concluded by pre-

senting means of forming evolution SPDEs of common covariance function

models.

4.1 Infinite-Dimensional Filtering and Smoothing

In order to do sequential inference in the family of evolution type SPDEs,

the Markov structure in the model needs to be explicit. This can be accom-

plished by forming the corresponding discrete-time infinite-dimensional

state-space model. The solution to the linear time-invariant SPDE can be
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given as follows (see Särkkä and Hartikainen, 2012, for details):

f(r, tk) = Ak−1 f(r, tk−1) + qk−1(r),

yk = Hk f(r, t) + εk,
(4.3)

where Ak = exp(∆tkF) is the evolution operator given in terms of the

operator exponential function. The time step length is the difference be-

tween the previous and next step ∆tk = tk+1 − tk. The process noise

term qk−1(r) is a zero-mean multivariate Gaussian process with covari-

ance function Qk−1(r, r′).

The discrete-time model gives the formal solution to an evolution SPDE.

This solution is sometimes referred to as the mild solution, which is a

somewhat weaker solution concept than the weak solution (see Da Prato

and Zabczyk, 1992). It satisfies the equation in distribution sense, which

suffices for this probabilistic inference setup.

Similarly as the Kalman filter is the closed-form solution to the finite-

dimensional filtering problem, the infinite-dimensional filtering problem

has a solution in terms of an infinite-dimensional Kalman filter (Cur-

tain, 1975; Tzafestas, 1978; Omatu and Seinfeld, 1989; Cressie and Wikle,

2002). The state estimates are given in terms of a multivariate Gaus-

sian process with mean m(r) and covariance function P(r, r′). The itera-

tion is initialized by the prior f(r, t0) ∼ GP(m0(r),P0(r, r′)). The infinite-

dimensional prediction step is:

mk|k−1(r) = Ak−1 mk−1|k−1(r),

Pk|k−1(r, r′) = Ak−1 Pk−1|k−1(r, r′)A∗k−1 + Qk−1(r, r′),
(4.4)

where (·)∗ denotes an adjoint. The operator adjoint can be seen as an oper-

ator version of a matrix transpose which effectively reverses the direction

of the operation.

The infinite-dimensional Kalman update step becomes:

vk = yk −Hk mk|k−1(r),

Sk = Hk Pk|k−1(r, r′)H∗k + Rk,

Kk(r) = Ck|k−1(r, r′)H∗k S−1
k ,

mk|k(r) = mk|k−1(r) + Kk(r) vk,

Pk|k(r, r
′) = Pk|k−1(r, r′)−Kk(r) Sk K∗k(r).

(4.5)

Note that the innovation mean vk and covariance Sk are finite-

dimensional, and Rk = σ2
noise I. The filtering solution is given by f(r, tk) |

Dk ∼ GP(mk|k(r),Pk|k(r, r′)). Figure 4.1 gives an illustrative example of
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the marginal mean and variance (standard deviation) produced by the

infinite-dimensional Kalman filter.

The infinite-dimensional Rauch–Tung–Striebel smoother equations are

similar to the finite-dimensional smoothing equations. The backward

recursion is started from the final filtering step and iterated for k =

nt − 1, nt − 2, . . . , 1 such that

mk+1|k(r) = Ak mk|k(r),

Pk+1|k(r, r
′) = Ak Pk|k(r, r

′)A∗k + Qk(r, r
′),

Gk = Pk|k(r, r
′)A∗k [Pk+1|k(r, r

′)]−1,

mk|n(r) = mk|k(r) + Gk [mk+1|n(r)−mk+1|k(r)],

Pk|n(r, r′) = Pk|k(r, r
′) + Gk [Pk+1|n(r, r′)−Pk+1|k(r, r

′)]G∗k,

(4.6)

where (·)−1 denotes an operator inverse. The smoother gain operator Gk
has an interpretation as a linear operator with a kernel defined in terms

of the covariance functions of the filtering results. The marginal poste-

rior Gaussian processes representing the smoothing solutions are given in

terms of f(r, tk) | Dn ∼ GP(mk|n(r),Pk|n(r, r′)). Figure 4.1 also shows the

smoother outcome, which coincides with the solution which would have

been obtained by the naïve batch approach.

Predicting the latent values f(r?, t?) in an unseen spatial test point r?

at time t?, can be done similarly as in the one-dimensional case. The

new time step follows the time-ordering such that tk < t? < tk+1 and it

is included in the filter prediction and smoother iterations. The spatial

input defines the point in which the measurement model evaluates the

function. The prediction is given as

p(f(r?, t?) | Dn) = N(f(r?, t?) |H? m?|n(r),H? P?|n(r, r′)H∗?). (4.7)

The infinite-dimensional filter and smoother are abstractions of their

finite-dimensional counterparts. The extra abstraction layer limits their

practical applicability, an issue which will be covered in the next section.

However, the marginal likelihood p(y | θ, σ2
noise) can be directly evaluated

using the innovation mean and covariance in Equation (4.5) and the like-

lihood function in Equation (3.40).

4.2 Computational Approaches

The infinite-dimensional filtering equations give the theoretical backdrop

for implementation on computers with finite resources. For most cases
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Figure 4.1. An illustrative example of spatio-temporal filtering and smoothing. The sim-
ulated ground truth and the noisy observations of it are visualized on the top
row. The marginal filtering (left) and smoothing (right) mean and standard
deviation fields are shown on the bottom rows.

the infinite-dimensional sequential filters and smoothers cannot be given

exact implementations, but the equations need to be solved numerically.

In practice, this means that some approximations need to be employed.

There exists a wide range of numerical methods arising from partial

and pseudo-differential equation models. General methods are typically

based on discretization of the domain. In finite-difference methods (FDM)

the domain is discretized into a grid and the derivatives are approximated

by the corresponding finite differences. The finite element method (FEM)

uses more general subdivision techniques for representing the domain as

a graph of simple elements and uses a variational approximation (such as

the Galerkin method) for representing the problem in each element. This

framework has been successfully used by Lindgren et al. (2011). They

represent the Matérn covariance model as a spatial SPDE and establish

a link to the corresponding Gauss–Markov random field model. In the

resulting model the precision matrix is sparse and it allows for efficient
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solutions by FEM solvers in arbitrarily shaped domains.

When the number of inputs is very large, it is common to employ some

form of dimension reduction. In this type of models it is practical to use

spectral representations (basis function approximations) in terms of some

orthogonal functions (e.g. Fourier, orthogonal polynomials, or eigenvec-

tors from a covariance function), wavelets, splines, bisquares, or discrete

kernel convolutions (see Cressie and Wikle, 2011, for discussion). More

recent methods have, for example, been considered by Dewar et al. (2009);

Scerri et al. (2009), and Zammit-Mangion et al. (2012b).

For the type of problems considered in this work, efficient solutions can

be formulated in terms of special basis function approximations, which al-

low to keep the finite-dimensional representation low-dimensional. These

methods are also generally known as Hilbert space methods (Showalter,

2010), and they build upon expanding the infinite-dimensional opera-

tor equations to truncated series approximations. This is based on the

Hilbert–Schmidt theorem which is also known as the eigenfunction ex-

pansion theorem.

The basis function approach for representing the spatio-temporal evo-

lution equation is based on forming a representation of the process, such

that the model corresponds to a finite truncation of the sum in

f(r, t) =

∞∑

j=1

f (j)(t)φj(r), (4.8)

where φj(r) is a suitable basis function and f (j)(t) is the associated weight.

The weights depend on time and are Gaussian processes of their own.

If the covariance function is stationary, the corresponding evolution

SPDE can be expressed in terms of the Laplace operator ∇2 = ∂2

∂r1
+ ∂2

∂r2
+

· · ·+ ∂2

∂rd
(see Publication I for discussion). The eigendecomposition of the

negative Laplace operator is given by

−∇2φj(r) = λjφj(r), (4.9)

where r ∈ Ω is a spatial coordinate, φj(r) is an eigenfunction, and λj is

the corresponding eigenvalue for each j = 1, 2, . . .. These eigendecomposi-

tions can be given as closed-form expressions on various simple domains,

subject to known boundary conditions (see Solin, 2012, for a review and

applications to infinite-dimensional filtering).

If the feedback operator F is defined by an m×m matrix of linear oper-

ators such that each of the operators can be expressed with the help of the
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Laplace operator, the eigenfunctions φj(x) of −∇2 are also eigenfunctions

of each operator in F .

Särkkä and Hartikainen (2012) go through a procedure for representing

the evolution equation as a finite SDE model. The change of basis yields

that the evolution is not subject to an infinite-dimensional Hilbert space

but to a (truncated) finite-dimensional space defined by the orthonormal

basis {φ1(r), φ2(r), . . . , φm(r)}. This transforms the stochastic evolution

equation to

df(t)

dt
= F̃ f(t) + L̃ w(t),

yk = H̃k f(t) + εk,

(4.10)

where F̃ is a block-diagonal matrix where each block represents the jth

approximation of F subject to eigenvalue λj , the noise effect L̃ = I⊗ L,

and w(t) is a multi-dimensional white noise process with a coupled spec-

tral density matrix following a block structure defined by the projection

[Qc]i,j =

∫

Ω

∫

Ω
φi(r) L Qc(r, r

′) LTφj(r
′) dr dr′. (4.11)

For projections of this kind, Solin and Särkkä (2014) present efficient

methods for approximations to stationary covariance functions written in

terms of the Laplace operator eigenbasis.

The measurement model both evaluates the process at the spatial loca-

tions and projects the weights onto the associated basis functions. Let Φ

be a matrix of the basis functions evaluated at the observation locations

ri observed at tk such that each row [Φk]i = (φ1(ri) φ2(ri) · · · φm(ri)). The

observation model matrix is thus given by H̃k = Φk ⊗Hk, where Hk is a

finite representation of the measurement model functional.

For example, the non-separable Matérn fields in Figure 4.1 and 4.2 were

simulated by a basis function approach. The basis functions were ob-

tained as the closed-form solution to the negative Laplace operator eigen-

decomposition in the spatial domain, r ∈ [−1, 1], subject to Neumann

boundary conditions (zero normal derivatives at the boundary). This ap-

proach also generalizes to inference on manifolds. An example is given in

Publication II, where the domain is the surface of the Earth.

4.3 Spatio-Temporal GPs as SPDEs

Much like the SDE representation, the SPDE approach allows for rewrit-

ing a wide range of GP models in terms of an evolution equation. In the
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Figure 4.2. Examples of spatio-temporal Gaussian processes simulated by the infinite-
dimensional state-space equations. The separable periodic model follows a
squared exponential covariance functions in space and the periodic model
(tperiod = 1) in time. The spatial length-scales were fixed to ` = 0.25 in
all models, the magnitude is arbitrary and subject to the magnitude scale
parameter.

following, a general overview of the methods will be presented both for

non-separable and separable models. Figure 4.2 shows a collection of ran-

dom draws from spatio-temporal models with different spatial and tem-

poral structure. The vertical axis represents the spatial dimension, and

time runs from left to right. In the example visualizations, the spatial

domain is restricted to one-dimension.

Non-separable stationary covariance functions

Transforming spatio-temporal GP models with stationary covariance

functions into stochastic evolution type SPDEs was presented by Särkkä

and Hartikainen (2012). The approach is further generalized in Publi-

cation I to cover the general case of approximating any stationary co-
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variance function by a rational spectrum representation. This enables

to solve a reformulated stationary GP regression problem with infinite-

dimensional sequential methods.

As an example from Publication I, reconsider the Matérn covariance

function that was presented under the SDE models in Section 3.3. The

isotropic multi-dimensional (x ∈ Rd) Matérn covariance function has the

form (3.24), such that κ(x,x′) = κMat.(‖x − x′‖). The corresponding spec-

tral density is

S(ωx) =
γ

(λ2 + ‖ωx‖2)ν+d/2
=

γ

(λ2 + ‖ωr‖2 + ω2
t )ν+d/2

, (4.12)

where λ =
√

2ν/`. The scaling factor γ = σ2(4π)d/2Γ(ν + d/2)/Γ(ν)λ2ν de-

pends on the hyperparameters. The direct dependence on d means that

the same spectral density structure can give rise to differently behaving

processes for different numbers of input dimensions. The roots of the ex-

pression in the denominator are given by (iωt) = ±
√
λ2 − ‖iωr‖2, which

means that the transfer function of the stable Markov process corresponds

to (see Publication I for details)

G(iωr, iωt) = (iωt +
√
λ2 − ‖iωr‖2)−(ν+d/2). (4.13)

If ν+d/2 is an integer, the term can easily be expanded and the coefficient

matched to the corresponding feedback structure. For a two-dimensional

(d = 2) visualization, let ν = 1. The evolution type SPDE thus becomes

∂f(r, t)

∂t
=


 0 1

∇2 − λ2 −2
√
λ2 −∇2


 f(r, t) +


0

1


w(r, t), (4.14)

where r ∈ R is the spatial variable and and∇2 = ∂2

∂r2
. The white noise pro-

cess w(r, t) has a spectral density with scale factor γ. The one-dimensional

SDE in Equation (3.26) can be seen as a special case of this model. Simi-

larly, if ν = 2, the SPDE becomes

∂f(r, t)

∂t
=




0 1 0

0 0 1

−(λ2 −∇2)3/2 −3(λ2 −∇2) −3
√
λ2 −∇2


 f(r, t)+




0

0

1


w(r, t).

(4.15)

The top row in Figure 4.2 shows two random draws from spatio-temporal

Gaussian process priors with non-separable Matérn covariance functions

(ν = 1 and ν = 2).
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Separable models

In many applications it is desired to model spatial and temporal interac-

tions through a separable model, where the correlation structure obeys

different dependencies through space and time.

If the covariance function is separable over space and time, such that

κ(r, t; r′, t′) = κr(r, r
′)κt(t, t

′), the evolution SPDE simplifies. If the mod-

els are stationary, the spectral density factorizes as well, S(ωr, ωt) =

S(ωr)S(ωt). The resulting model becomes an SDE of the form

∂f(r, t)

∂t
= F f(r, t) + L w(r, t), (4.16)

where the feedback operator is a matrix and the only spatial coupling

comes from the spectral density of w(r, t). Most conveniently, for a fi-

nite collection of spatial points of interest {ri}nr
i=1, the state becomes

f(t) = (f(r1, t), f(r2, t), . . . , f(rnr , t)). This means that the state-space model

is finite-dimensional (a multi-output model) and the dynamics are uncou-

pled:

F = I⊗ Ft, L = I⊗ Lt, H = I⊗Ht, (4.17)

where the subscript denotes the temporal model matrices. The spectral

density has a spatial structure Qc = K⊗Qc,t, as does the initial state

covariance P0 = K⊗P0,t. The elements in the covariance matrix are

Ki,j = κr(ri, rj). This model allows for sequential inference to be done

directly by the standard Kalman filter.

Figure 4.2 shows random draws from four separable models. The spatio-

temporal squared exponential covariance function (cf. Eq. 3.27) is separa-

ble per definition (see Publication I for the corresponding representation).

As for other models, in this setting any temporal model presented in Sec-

tion 3.3 can be combined with virtually any spatial covariance function

κr(r, r
′). The three other models in Figure 4.2 are the product of a spatial

and temporal Matérn (ν = 3/2), the product of a spatial and temporal ex-

ponential, and the product of a spatial squared exponential and temporal

periodic covariance function.
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5. Discussion

In the following the main contributions in the six publications are briefly

summarized and discussed.

5.1 Temporal Models (I, III–V)

This work builds upon exploiting the Markovian structure in certain type

of Gaussian process models, where the covariance function is either di-

rectly rewritten into a Markovian representation or approximated by one.

The origin of considering this (both temporal and spatio-temporal) con-

nection dates back as far as the concept of GP regression itself. Already

in the discussion part of O’Hagan (1978), the comments bring up both

Kalman filtering and that ‘there is indeed a direct link with so-called dis-

tributed parameter linear systems theory’. Even so, until recently this link

has been largely overlooked in machine learning or only exploited by a

few. For one-dimensional temporal GP models, the interest was revived

by Hartikainen and Särkkä (2010) and Reece and Roberts (2010).

A common motivator throughout the publications is the ‘big n’ problem

related to the O(n3) computational complexity in GP models. In the refor-

mulated models, the computational benefits are remarkable. In a Kalman

filter solution the computational complexity scales as O(nm3), where n is

the number of data points and m is the dimensionality of the state. If

m � n, this formulation becomes very beneficial. An illustration of prac-

tical computational times is shown, for example, in Publication III (Fig. 5).

However, the overhead related to recursive evaluation of small matrix op-

erations and highly optimized matrix libraries for large matrices make

the computational benefits visible only when n becomes large.

Sparse and other rank-reduction approximation methods (see Sec. 2.2)

typically have a computational scaling of O(nm2). However, for these
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methods the number of inducing inputs m (matrix rank) needs to be large

enough to cover the input space. Therefore m tends to grow with n in the

temporal dimension. Under the state-space approach, the state dimen-

sionality is truly independent of n. On the other hand, the state dimen-

sionality grows with model complexity as each model component needs to

be assigned a dynamical model of its own.

Publication I considers a general framework for the connection between

GP regression and state-space SDE models. It presents the general work-

flow for converting any stationary covariance function that has a rational

spectral density (or can be approximated by one) to a corresponding state-

space model. This work builds upon spectral factorization methods which

date back to Wiener (1950). Thus the approach is limited to covariance

functions with a spectral density (i.e. stationary models). These models

are of central interest in time-series studies in machine learning. Meth-

ods that use the spectral density representation of stationary covariance

functions have proven to be an efficient way of inferring the internal struc-

ture of time-series data (see, e.g., Wilson and Adams, 2013; Tobar et al.,

2015).

Not all covariance functions are stationary nor have a spectral density

of convenient form. Publication III extends the SDE link beyond models

with a rational spectral density. The spectral density of the canonical pe-

riodic covariance function comprises delta peaks at the base and harmonic

frequencies. The corresponding model has deterministic dynamics, where

the stochastic behaviour only enters the system through the initial state.

State-space inference for periodic GP models has also been proposed by

Reece et al. (2014). They set up their model by a periodic basis function

approximation. However, their approximation scheme does not generalize

well to quasi-periodicity as they lose the linearity of the state-space model.

This means that it can no longer be solved analytically. Another state-

space formulation is given by Luttinen et al. (2014), who present a method

and extension which in methodological sense relates to the approach in

Publication VI, where the frequency becomes time-varying.

A strength of building GP models is the possibility of creating new mod-

els from sums and products of old ones. Publication III presents a general

link for doing this in terms of the corresponding SDE models. As a real-life

example of a modelling task with sums and products of covariance func-

tions, Publication III considers an example data set from Gelman et al.

(2013) (featured on the cover of the third edition) for modelling the short-
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and long-term trends and periodic yearly and weekly effects in the num-

ber of child births in the United States. Another standard example is the

Mauna Loa CO2 concentration data (see, e.g., Rasmussen and Williams,

2006), for which the GP model is also converted and solved in Publica-

tion III.

The intuition for combining covariance functions is furthered in Publi-

cation IV which is concerned with scale-mixtures of squared-exponential

kernels—such as the rational quadratic (RQ) covariance function. They

can be approximated by a weighted set of state-space models of squared

exponentials. The weights and hyperparameters of the sub-models are

given by a Gaussian quadrature scheme. This link is interesting primar-

ily because of its generality, while a direct approach to SDE representa-

tions of the RQ covariance could be written in terms of the approach in

Publication I.

Publication V presents an extension to temporal GP regression in terms

of Student-t processes (TPs) with an entangled noise process. This ap-

proach is based on rewriting the TP inference problem presented by Shah

et al. (2014) as a state-space model and deriving a sequential inference

scheme tailored for this model. The inference scheme is not an approxima-

tion, but the closed-form solution to the TP regression problem similarly

as the Kalman filter equations are the solution to the one-dimensional

GP regression problem. In signal processing, heavy-tailed models have

recently been studied by Piché et al. (2012) and Roth (2013), who have

derived several approximative inference schemes for them. The exact al-

gorithm for entangled noise in Publication V can be seen as a special case

of the approximative scheme in Roth (2013).

The main interest of the TP regression model is in the filtering solu-

tion, where the marginal variance now depends on the observed values.

The examples in Shah et al. (2014) and Publication V suggest that the

marginal likelihood is less prone to the effect of outliers during hyper-

parameter optimization. This is demonstrated in electricity consumption

and stock price forecasting, and tracking applications.

In TP regression, as the number of data points grows, the degrees of

freedom tend to infinity and the model quickly starts resembling a GP.

For actual robust inference, the measurement model should be changed.

Extending the state-space inference scheme to general likelihoods (non-

Gaussian measurement models) enables tasks such as robust inference

or classification to be performed. However, then the inference prob-
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lem no longer has a closed-form solution. The inference must be con-

ducted by some approximative method—such as the Laplace approxima-

tion, expectation propagation, or variational methods (as discussed briefly

in Sec. 2.2). The coal mining accident example (Publication IV, Fig. 4)

demonstrates the combination of the SDE approach in a log-Gaussian

Cox process with a Poisson likelihood. Non-linear filtering methods such

as the extended Kalman filter or sigma-point schemes (see, e.g., Särkkä,

2013) can be combined in the SDE framework equally well.

5.2 Spatio-Temporal Models (I–II, VI)

Sequential methods have been integrated into the statistical tool set for

spatio-temporal modelling (see, e.g., Cressie and Wikle, 2011). For ex-

ample, Zammit-Mangion et al. (2012a) model the logarithm of the event

intensity in the Afghan conflict during 2004–2009 as a spatio-temporal

Gaussian process. The model is carefully crafted for the data, which

makes it fit for the purpose but requires expertise and understanding in

setting up every part of the model.

The models in this work aim at being general and enable model speci-

fication in terms of standard covariance function families. Therefore the

SDE approach is extended to models where the ‘state’ is interpreted as a

spatial Gaussian process and the dynamical behaviour over the temporal

domain is encoded in terms of a stochastic partial differential equation.

The central message is that evolution type SPDEs allow for representing

a wide range of models—most notably, separable combinations of any spa-

tial covariance function and the temporal models from Section 3.3. Good

examples of the potential of this approach are the separable Matérn fields

in Figure 4.2, which are not approximations but exact realizations from

the GP prior.

The non-separable Matérn fields in Figure 4.2 are exact in terms of the

model, but approximate in terms of the numerical implementation. In

spatio-temporal models, the sole problem not the number of data points,

but the required spatial resolution can also become a challenge. The ques-

tion of dealing with the infinite-dimensional quantities in an efficient

manner is interesting. In this work the emphasis was on basis func-

tion approximations for models that were given in terms of the Laplace

operator. However, it is rather model and problem specific to choose a

method which provides a principled approach for approximating the oper-
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ator equations. The related approaches in Rue et al. (2009), Lindgren et al.

(2011), and Cseke et al. (2015) use the spatial Markov property which is

well-suited for low-dimensional spatial domains. The basis functions can

also be chosen deterministically; Zammit-Mangion et al. (2012a) consider

a set of spatially distributed Gaussian radial basis functions with com-

pact support. All these methods work well with low-dimensional inputs,

where the curse of dimensionality is not a problem.

In machine learning, the spatial input domains tend to be high-

dimensional. Hartikainen (2013) discusses how to combine standard in-

ducing point methods with the spatio-temporal framework. The meth-

ods discussed in Section 2.2 are directly applicable to the spatio-temporal

setup presented in this work. In practice, they take down the computa-

tional complexity from O(nt n
3
r ) to O(nt nrm

2
r ), where the nr and nt denote

the number of distinct data points in the spatial and temporal dimensions,

and mr the number of inducing inputs. In this formulation the inducing

inputs should not be seen as points, but inducing temporal trajectories

(GPs).

Publication I generalizes the work of Särkkä and Hartikainen (2012) to

general stationary covariance functions and defines the framework pre-

sented in this overview. Most importantly it also covers the transforma-

tion of non-separable covariance functions of the Matérn class into corre-

sponding evolution type SPDE models. The efficiency of the approach is

demonstrated by modelling the precipitation in Colorado (Publication I,

Fig. 2) over a time-span of ten years.

Publication II presents an SPDE approach for modelling spatio-

temporal oscillations. The model is built upon a harmonic oscillator

model, where both the oscillations and the damping terms are affected

by spatial coupling. It can be seen as a spatio-temporal variant of the

methods discussed in Publications III and VI. This model is applied to ex-

plain spatio-temporal temperature variations on the surface of the Earth,

and to modelling spatio-temporal oscillations in brain data (see Figs. 2

and 3 in Publication II).

The oscillator model is driven by a latent Gaussian process. There-

fore Publication II also underlines an important aspect in the differential

equation formalism of Gaussian processes: Having a representation of

GP models in terms of differential equations makes it straight-forward to

combine Gaussian processes with existing (often deterministic) physical

models. This type of models are known as latent force models (Álvarez and
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Lawrence, 2009; Hartikainen and Särkkä, 2011). They provide a princi-

pled and data-driven way of combining mechanistic ordinary differential

equation models with Gaussian processes.

A more applied point of view is taken in Publication VI. It is concerned

with tailoring the methodology to fit a particular purpose. The application

is in identification and estimation of periodic physiological noise in func-

tional magnetic resonance imaging (fMRI) brain data. These heartbeat

and respiration induced confounders are a major source of signal vari-

ability. Even though the interest is primarily in providing a useful tool

for removal of structured noise, two interesting methodological consider-

ations are discussed in the paper.

First, the time-varying nature of the frequency of the periodic signals

makes the periodic model highly non-stationary. As explained in Sec-

tion 3.4, the time-varying frequency can be modelled as a switching sys-

tem and the frequencies seen as piece-wise constant between each obser-

vation. This is similar to the further work by Luttinen et al. (2014).

Second, the spatio-temporal model is structured such that each time-

series in the volumetric grid is modelled as an independent realization of

the same GP prior. Because the predictive variance only depends on the

training input times (shared between the spatial observations), the se-

quential inference can be conducted in an efficient parallel manner. In the

filter and smoother, only the means need to be stored and updated, while

the covariance matrix is shared. This is the key for the DRIFTER method

to solve the GP inference problem for millions of data points within sec-

onds.
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6. Conclusion

This work has concentrated on temporal and spatio-temporal Gaussian

process regression models. The main aim of this thesis has been to com-

bine the intuitive model specification from machine learning with com-

putationally efficient signal processing methods. Consequently, the infer-

ence can be done in linear time with respect to the number of temporal

data points by Kalman filtering methods.

To accomplish this, a central part of this work has been to rewrite Gaus-

sian process models in terms of state-space equations. These represen-

tations are not based on ad hoc approximations, but directly rewriting

the covariance function into a corresponding SDE/SPDE model. Widely

used stationary and non-stationary models have been covered, all of which

have in common that they share a linear time-invariant representation.

These models can then be combined and extended much like GP models

under the kernel formalism making them widely applicable for practical

modelling.

Furthermore, this overview has also gone through a wide range of se-

quential inference methods connecting standard batch techniques and se-

quential Kalman filtering. The sequential methods tend to be trickier to

implement and optimize in high-level programming languages. This how-

ever pays off, because the gain in computation times can be remarkable.

Even though the relationship between state-space models and GP re-

gression has been known for a long time, the methods for actually utilizing

this link appear not to be widely used throughout the machine learning

community. Still, emphasizing this link more would not only help speed

up computations, but also make the models easily approachable for audi-

ences in other disciplines such as physics or signal processing.
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