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1. Introduction

Dynamic systems are used to model phenomena evolving over time. Math-

ematical models of dynamic systems may be used to solve the problems of

estimation and control. Estimation refers to deducing what can be known

about the state of a dynamic system based on noisy and incomplete ob-

servations collected over time. Control refers to the problem of applying

inputs to the system to steer it to behave in a desired manner. Estimation

in dynamic systems is covered in various textbooks, (see, e.g., Jazwinski,

1970; Gelb, 1974; Anderson and Moore, 1979; Bar-Shalom et al., 2004;

Särkkä, 2013).

In this thesis, we focus on methods for estimation, and do not consider

control. However, the final motivation of gaining more information about

a system may still be to enable a decision-maker to make better deci-

sions, even though in a particular piece of work the connection to decision-

making may be temporarily ignored. For introductions to control theory,

see, e.g., Kirk (1970); Stengel (1986); Glad and Ljung (2000).

The models and methods considered in this thesis are formulated in

the probabilistic, or Bayesian, state-space modeling framework (see, e.g.,

Särkkä, 2013; Cappé et al., 2005; Jazwinski, 1970). In Bayesian inference

(see, e.g., Gelman et al., 2013), all uncertainty about the system of inter-

est is modeled as randomness, such that incomplete knowledge is modeled

using probability distributions. The probabilistic state-space models used

for dynamic systems specify the evolution of a latent, unobserved, state

of the system as probability distributions of the state conditional on the

state at a previous time. Furthermore, the model specifies how the ob-

servations depend on the state by defining probability distributions of the

observations conditional on the state. See Figure 1.1 for a graphical rep-

resentation.

The filtering problem refers to finding the probability distribution of

9
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Observation
Time 1

State
Time 1

Observation
Time 2

State
Time 2

Observation
Time 3

State
Time 3

Figure 1.1. Graphical representation of a state-space model. The state at a particular
time step influences the state at the next time step as well as the observation
at the current time step.

the state conditional on the observations obtained so far. Filtering algo-

rithms find these distributions in a sequential manner, that is, construct

the probability distribution of the state by updating the previous proba-

bility distribution of the state, taking into account the possible evolution

of the state as well as the new observation. Figure 1.2 illustrates a filter-

ing problem where the state is the unknown location of an object and the

observations are sensor measurements.

While the Bayesian framework provides a logically coherent way to for-

mulate the problems of estimating the state and identifying the param-

eters, a significant drawback is that the required conditional probability

distributions are not usually easy to compute. Analytic solutions that are

exact and possible to evaluate quickly exist only in some cases. For ex-

ample, the filtering problem of a linear dynamic system with Gaussian

noise can be solved using the Kalman filter (Kalman, 1960; Ho and Lee,

1964). In the more general case, one has to resort to computational meth-

ods that only approximate the exact probability distributions that would

be implied by the model.

In this thesis, we use nonlinear Kalman filters (or sigma-point filters)

(e.g. Ito and Xiong, 2000) and particle filters (e.g. Doucet et al., 2001; Ris-

tic et al., 2004). Nonlinear Kalman filtering is based on using certain

simplifying, but not completely accurate, assumptions while computing

the solution of the filtering problem. These assumptions enable the use of

similar equations as in the Kalman filter.

When more accurate solutions are desired at the expense of increased

computational load, or when the model is such that the nonlinear Kalman

filtering framework is not suitable, particle filters may be used instead.

10
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Time 1 Time 2 Time 3

Figure 1.2. Tracking a target based on noisy measurements (the red crosses). The upper
row shows the true evolution of the target (the green star), while the lower
row shows probability distributions based on the measurements (yellow in-
dicates a region of high probability). At the time of the first measurement
(leftmost column), the target is estimated to be close to the location. As time
passes, the location becomes more uncertain, i.e., the probability distribution
becomes wider. After the second measurement, the new probability distri-
bution for the location is a compromise between the probability distribution
before the measurement (middle column) and the measurement.

Particle filters do not make the simplifying assumptions that the nonlin-

ear Kalman filters do. Instead, they are based on representing the fil-

tering distributions as a finite set of weighted sample values known as

particles. Each particle contains a possible state value as well as a weight

describing how likely that particular value is. Particle filters are Monte

Carlo methods, that is, the samples are drawn randomly. The particle fil-

ter algorithms are designed so that, under certain technical conditions,

using more particles will likely produce a more accurate solution and

when the number of particles approaches infinity, the solutions approach

the exact filtering distributions. However, the drawback is that typically

many particles and thus a high computational load is required to obtain

good approximations, compared to the relatively fast sigma-point filters.

Besides the state estimation problem, the dynamic system itself may be

unknown, in which case system identification is called for. As a specific

example, the state-space model may depend on parameters whose values

are not known. In this case, identifying the system means estimating the

parameters. In the Bayesian framework, the parameters, too, are mod-

eled as random variables with probability distributions, and parameter

11
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estimation is understood to mean finding a conditional probability distri-

bution for the parameters conditional on the observations. For parameter

estimation, we consider both the Bayesian approach and maximum like-

lihood estimation.

The methodology development research topics of this thesis are i) static

parameter estimation in state-space models and ii) developing importance

distributions for particle filters. For static parameter estimation, we de-

velop a new Bayesian parameter estimation algorithm for multiple target

tracking problems, that is based on combining the recently proposed par-

ticle Markov chain Monte Carlo methods (Andrieu et al., 2010) with a

multiple target tracking algorithm (Särkkä et al., 2007). In addition, we

consider maximum-likelihood based point estimation using expectation–

maximization (EM, see Dempster et al., 1977) in connection with sigma-

point and particle filters. The particle filter algorithm development is

concentrated on proposing the so-called split-Gaussian importance distri-

bution (Geweke, 1989), and showing how it is motivated by convergence

considerations in a certain state-space model. Besides methodology de-

velopment, an additional third research topic is animal population size

estimation, namely, estimation of the bear population in Finland based

on recorded observations. This animal population size estimation prob-

lem serves as a motivating example for the parameter estimation work.

The remainder of the overview part of this thesis is structured as fol-

lows. The relevant prerequisite material is reviewed in Chapters 2–3. Of

these, Chapter 2 presents the ideas of Bayesian inference and state-space

models, and discusses Kalman filtering and nonlinear Kalman filtering

for linear and nonlinear systems with additive Gaussian noise. Chap-

ter 3 in turn presents a review of particle filtering and particle filter based

smoothing and parameter estimation methods. The contributions of this

thesis are summarized in Chapter 4. Finally, Chapter 5 contains discus-

sion.

12



2. Bayesian and Nonlinear Kalman
Filtering and Smoothing

2.1 Bayesian Statistics

In the Bayesian approach to statistical modeling (see, e.g., Gelman et al.,

2013), all uncertainty that is taken into account is modeled as random-

ness using probability theory. Updating beliefs about any unknown phe-

nomenon in light of new information is then based on computing condi-

tional probabilities. The reader is referred to textbooks such as Jacod

and Protter (2003) for an introduction to probability theory, which is not

presented in this thesis. In this thesis, we use similar shorthand nota-

tion as in Särkkä (2013). Bold letters are used to refer to both (possibly

vector-valued) random variables and their realizations. p(x) refers to the

probability density function of the random variable x (or to the value of

the density at x). Similarly, p(x | y) refers to the probability density

function of the conditional distribution of x conditional on y. Note that

the notation is overloaded such that, for example, p(x) and p(y) are two

different functions. N (x | μ,Σ) refers to the density of the multivariate

Gaussian distribution with mean μ and covariance Σ evaluated at argu-

ment x. Integrals such as
∫
p(x) dx refer to integrating over the support

of x. Furthermore, if x is a discrete random variable, p(x) refers to the

probability mass function and the corresponding integral notation refers

to summation.

Gelman et al. (2013) describe the Bayesian data analysis framework as

consisting of three steps:

1. Setting up a probability model.

2. Conditioning on observed data.

13
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3. Evaluating the model.

The first step refers to defining a joint probability distribution over all

observable (both observed and not yet observed) as well as all unobserv-

able quantities that are taken into account in the analysis. In the second

step, based on the rules of probability theory, the conditional probability

distribution of the unobserved quantities of interest is computed condi-

tional on the observed data. The third step is outside the formal Bayesian

reasoning framework and consists of checking that the results of the first

two steps are reasonable. In the viewpoint of Gelman et al. (2013), the

process may be iterated so that the model definition (the first step above)

is changed if the model evaluation step shows that the model is not satis-

factory.

In a typical Bayesian analysis, one is interested in estimating some pa-

rameters θ given data y that somehow depend on the parameters. The full

probability model, that is, the joint distribution p(y,θ), is often defined by

defining the observation model p(y | θ), that is, the probability distribu-

tion for the data if the parameter would be fixed, and a prior distribution

p(θ) for the parameter. The prior distribution p(θ) may be selected so

that it reflects existing information about the parameter. In the second

step above, the conditioning on observed data then updates the analyst’s

information about the parameter by computing p(θ | y) using Bayes’ rule,

p(θ | y) =
p(θ) p(y | θ)∫
p(θ) p(y | θ) dθ

. (2.1)

Conditional independence is a useful concept for building Bayesian mod-

els. For example, the previous setting may be extended to consider future

observations ỹ. One may assume that the observed data y and the future

observation ỹ are conditionally independent conditional on the parame-

ter, so that the full probability model factorizes as p(θ,y, ỹ) = p(θ) p(y |
θ) p(ỹ | θ). Then, predicting the future observations based on the observed

data, which in the Bayesian framework means computing the posterior

predictive distribution p(ỹ | y), may be performed as

p(ỹ | y) =

∫
p(ỹ | θ) p(θ | y) dθ, (2.2)

that is, by computing a weighted average of the observation models, weight-

ing by the posterior distribution of the parameter.

Unfortunately, the integrals appearing in computing the posterior dis-

tributions and posterior predictive distributions are not available in closed

14
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form, except in some specific probability models. Therefore, much of the

practical work in Bayesian statistics is related to developing computa-

tional methods for approximating the distributions. A commonly used

family of computational methods is Markov chain Monte Carlo (MCMC),

which refers to constructing Markov chains that move in the space of the

unobserved quantity of interest, so that the chain produces a sequence of

dependent samples from the posterior distribution. Eventually, after the

chain has been run long enough, the sequence of visited states may be

used as an approximation to the posterior distribution.

2.2 State-Space Models

State-space models (Särkkä, 2013; Cappé et al., 2005) are probabilistic

models for situations where a sequence of observed variables is inter-

preted as noisy or indirect observations of an unobserved phenomenon

evolving over time. For example, recorded sightings and field observa-

tions of bears depend on the true unknown locations of the bears. The

unobserved phenomenon is modeled as a sequence of random variables,

called the latent state.

A state-space model consists of a specification of the probabilistic evo-

lution of the latent state, denoted here by xk ∈ X for time step k ∈ N,

as well as a probability model for the observations (also called measure-

ments), denoted here by yk ∈ Y for time step k ∈ N. The state is usually

assumed to contain all relevant information carried from the past. Thus,

the state sequence has the Markov property p(xk | x0:k−1) = p(xk | xk−1).

The observations are assumed to be conditionally independent given the

latent state sequence. Furthermore, given the latent states, each observa-

tion depends only on the latent state of the time of the observation. Then,

the joint probability distribution over T time steps and the initial state at

time 0 factorizes as

p(y1:T ,x0:T ) = p(x0)
T∏

k=1

p(xk | xk−1)
T∏

k=1

p(yk | xk), (2.3)

where p(x0) is the prior distribution of the initial value of the latent state,

the densities p(xk | xk−1) are called the dynamic model, and the densities

p(yk | xk) are called the observation model (or the measurement model).

15
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We may also denote the model as

x0 ∼ p(x0),

xk ∼ p(xk | xk−1), k = 1, 2, . . . ,

yk ∼ p(yk | xk), k = 1, 2, . . . ,

(2.4)

where the conditional independence properties are left implicit.

Typically, one is interested in estimating the current value of the la-

tent state given the observations obtained so far. Following the Bayesian

viewpoint, this means computing the probability distribution p(xk | y1:k),

known as the filtering distribution. Furthermore, in contrast to gen-

eral Bayesian modeling, the interest lies in computing these distribu-

tions sequentially, that is, by somehow using the already computed fil-

tering distribution p(xk | y1:k) to obtain the next filtering distribution

p(xk+1 | y1:k+1) in a computationally efficient way. This problem is known

as the filtering problem.

In principle, the filtering problem can be solved by iteratively using the

following equations, known as the filtering equations:

p(xk | y1:k−1) =

∫
p(xk−1 | y1:k−1) p(xk | xk−1) dxk−1, (2.5)

p(xk | y1:k) =
p(yk | xk) p(xk | y1:k−1)∫
p(yk | xk) p(xk | y1:k−1) dxk

, (2.6)

where the first equation marginalizes p(xk−1,xk | y1:k−1) over xk−1 to ob-

tain the so-called prediction distribution. The second equation is the up-

date step, which computes the filtering distribution from the prediction

distribution via Bayes’ rule. For some state-space models, these equa-

tions are analytically tractable and the filtering problem is thus solved by

iteratively applying the filtering equations. However, in the general case

the integrals involved in these equations are not analytically tractable,

wherefore numerical approximation methods, such as the particle and

sigma-point filters discussed in this thesis, are employed.

2.3 Kalman Filter

Kalman (1960) considered optimal state estimation in dynamic systems

of the following form:

xk = Ak−1 xk−1 + qk−1,

yk = Hk xk + rk,
(2.7)
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where xk ∈ R
dx , yk ∈ R

dy , Ak−1 ∈ R
dx×dx and Hk ∈ R

dy×dx are known ma-

trices, qk−1 is a zero-mean process noise, and rk is a zero-mean measure-

ment noise. The noises are assumed to be independent with known covari-

ances. In this thesis, we use the Bayesian interpretation of the Kalman

filter (Ho and Lee, 1964), which is based on assuming that the noises are

Gaussian and that the initial state x0 has a Gaussian prior distribution.

With these Gaussianity assumptions, the linear dynamic system (Eq. 2.7)

corresponds to the general probabilistic state-space model (Eq. 2.4) with

x0 ∼ N (x0 | m0, P0),

xk ∼ N (xk | Ak−1 xk−1, Qk−1),

yk ∼ N (yk | Hk xk, Rk).

(2.8)

For this model, the prediction and update equations can be computed in

closed form. For the prediction equation (Eq. 2.5), assuming

p(xk−1 | y1:k−1) = N (xk−1 | mk−1,Pk−1) (2.9)

implies

p(xk | y1:k−1) = N (xk | m−
k ,P

−
k ), (2.10)

where the mean and covariance of the prediction distribution are obtained

by the following matrix equations:

m−
k = Ak−1mk−1,

P−k = Ak−1Pk−1AT
k−1 + Qk−1.

(2.11)

Furthermore, for the update equation (2.6), assuming p(xk | y1:k−1) =

N (xk | m−
k ,P

−
k ) implies

p(xk | y1:k) = N (xk | mk,Pk), (2.12)

where the mean and covariance of the filtering distribution are obtained

by the following matrix equations:

Sk = Hk P
−
k HT

k + Rk,

Kk = P−k HT
k S−1k ,

mk = m−
k + Kk (yk −Hk m

−
k ),

Pk = P−k −Kk Sk K
T
k .

(2.13)

The Kalman filter algorithm then consists of iterating the prediction step

(Eq. 2.11) and the update step (Eq. 2.13).
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2.4 Nonlinear Kalman Filters

Consider the following nonlinear dynamic system with additive Gaussian

noise:

xk = fk−1(xk−1) + qk−1,

yk = hk(yk−1) + rk,
(2.14)

where xk ∈ R
dx ,yk ∈ R

dy , and fk−1 : Rdx �→ R
dx and hk : Rdx �→ R

dy are

some known, possibly nonlinear, functions. The noises qk−1 and rk are as-

sumed zero-mean Gaussian and independent as in the model defined by

Equation (2.8). In contrast to the linear dynamic system (Eq. 2.7), the fil-

tering problem for this nonlinear dynamic system is generally intractable.

However, one may attempt to obtain approximate solutions to the filter-

ing problem by approximating the system by a linear system such that

Kalman filter type recursions may be applied. One such algorithm is the

extended Kalman filter (EKF, Jazwinski, 1970), where at each prediction

step one forms a local linearization of fk−1 around the mean mk−1 and at

each update step one forms a local linearization of hk around the predicted

mean m−
k .

In the remainder of this section, we focus on assumed density Gaussian

filters (Ito and Xiong, 2000). The assumed density Gaussian filter is de-

rived by approximating the required distributions by Gaussian distribu-

tions with matching means and covariances in the prediction and update

step, respectively. In practice, only the mean and covariance of the tar-

get distribution then needs to be computed at each step of the algorithm.

However, the integrals required to evaluate the means and covariances

in the assumed density Gaussian filter are generally intractable, too. A

tractable approximative filter algorithm is then obtained by replacing the

integrals by cubature rules, which leads to the so-called sigma-point fil-

ters. Alternatively, the sigma-point filters may be derived, for example,

based on so-called weighted statistical linear regression (van der Merwe

and Wan, 2003). However, in this thesis we focus only on the aforemen-

tioned cubature interpretation.

2.4.1 Assumed Gaussian Density Filtering

Ito and Xiong (2000) (see also Kushner, 1967) developed the assumed den-

sity Gaussian filter as follows. The prediction step (Eq. 2.5) is approxi-

mated by assuming that p(xk−1 | y1:k−1) ≈ N (xk−1 | mk−1,Pk−1). The
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prediction equation is then replaced by

p(xk | y1:k−1)

≈
∫

N (xk | fk−1(xk−1),Qk−1)N (xk−1 | mk−1,Pk−1) dxk−1.
(2.15)

The mean and covariance of this prediction distribution are then obtained

by

m−
k =

∫
fk−1(xk−1)N (xk−1 | mk−1,Pk−1) dxk−1,

P−k = Qk−1

+

∫
(fk−1(xk−1) −m−

k ) (fk−1(xk−1) −m−
k )TN (xk−1 | mk−1,Pk−1) dxk−1.

(2.16)

In the update step, a Gaussian approximation is used for the joint dis-

tribution p(xk,hk(xk) | y1:k−1). Assuming the prediction distribution is

N (xk | m−
k ,P

−
k ), the expectation of hk(xk) is

μk = E[hk(xk)] =

∫
hk(xk)N (xk | m−

k ,P
−
k ) dxk, (2.17)

and the covariance of hk(xk) is

E[(hk(xk) − μk) (hk(xk) − μk)
T]

=

∫
(hk(xk) − μk) (hk(xk) − μk)

TN (xk | m−
k ,P

−
k ) dxk,

(2.18)

and the cross-covariance of hk(xk) and xk is

E[(xk −m−
k )(hk(xk) − μk)

T]

=

∫
(xk −m−

k ) (hk(xk) − μk)
TN (xk | m−

k ,P
−
k ) dxk.

(2.19)

Now, as (xk,hk(xk)) is assumed jointly Gaussian and the measurement

noise is independent additive Gaussian, the Kalman filter update equa-

tions (Eq. 2.13) apply as follows:

μk = E[hk(xk)],

Sk = E[(hk(xk) − μk) (hk(xk) − μk)
T] + Rk,

Ck = E[(xk −m−
k ) (hk(xk) − μk)

T],

Kk = Ck S
−1
k ,

mk = m−
k + Kk (yk − μk),

Pk = P−k −Kk Sk K
T
k ,

(2.20)

where the expectations are evaluated using Equations (2.17, 2.18, 2.19).

The assumed density Gaussian filter algorithm then operates by iterating

the prediction step (Eq. 2.16) and the update step (Eq. 2.20).
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2.4.2 Cubature Integration by Sigma-Points

The assumed density Gaussian filter discussed in the previous section

requires the evaluation of various integrals of functions of the state x

weighted by a Gaussian density (Eqs. 2.16, 2.17, 2.18, 2.19). In the gen-

eral case, these integrals cannot be evaluated in closed form. Practically

viable filtering algorithms may be obtained by replacing these integrals

by numeric approximations. Especially, the sigma-point filters are based

on using cubature (numeric integration) rules of the form∫
g(x)N (x | m,P) dx ≈

∑
i

wi xi, (2.21)

where the xi are a finite collection of so-called sigma-points and the wi are

corresponding scalar weights. By change of variables x = m+Lz where L

is such that P = LLT, for example based on the Cholesky decomposition

of P, the integral can be expressed as weighted by the standard normal

distribution as ∫
g(m + Lz)N (z | 0, I) dz. (2.22)

This change of variables motivates selecting the sigma-points xi based on

transforming a set of unit sigma-points ξi by

xi = m + L ξi. (2.23)

Different sigma-point methods are then obtained by different selections

of the weights and the unit sigma-points for approximating the integrals

(Eq. 2.22). In this thesis, we consider the Gauss–Hermite rules as well

as the unscented transform and higher order symmetric spherical-radical

rules. These are reviewed briefly in the following.

For approximating one-dimensional Gaussian integrals∫
g(z)N (0, 1) dz ≈

∑
i

wi ξi, (2.24)

the Gauss-Hermite quadrature rule selects the weights and points so that

when m points are used, the cubature is exact when g is a polynomial of at

most degree 2m−1 (Wu et al., 2006, and references therein). The multidi-

mensional Gauss-Hermite rule is then defined by letting the set of sigma-

points be the Cartesian product of the dimension-wise one-dimensional

Gauss-Hermite points. With m one-dimensional points there are then

mdx sigma-points in total. The weights are set equal to the products of

the corresponding one-dimensional weights.
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The unscented transform (Julier et al., 1995, 2000) is a third order

method in the sense that it gives the correct value for the integral when

the integrand is a polynomial of degree at most three. The scaled version

of the unscented transform proposed by Julier (2002) results by setting

ξ0 = 0,

ξi =
√
λ + dx ei, i = 1, . . . , dx,

ξi = −
√
λ + dx ei−dx , i = n + 1, . . . , 2 dx,

(2.25)

where ei is the ith unit vector and λ = α2(dx + κ) − dx where α, κ are

parameters of the method. The weights are

w0 =
λ

dx + λ
,

wi =
1

2 (dx + λ)
, i = 1, . . . , 2 dx.

(2.26)

For evaluation of the covariance terms, w0 is replaced by λ
dx+λ +1−α2−β,

where β is an additional parameter of the method.

As Solin (2010) pointed out, the symmetric spherical-radial cubature

rule (Arasaratnam and Haykin, 2009) is obtained as a special case of the

unscented transform by setting α = ±1, β = 0, κ = 0 so that

wi =
1

2 dx
, i = 1, . . . , 2 dx,

ξi =
√
dx ei, i = 1, . . . , dx,

ξi = −
√
dx ei−dx , i = dx + 1, . . . , 2 dx.

(2.27)

Higher-order symmetric cubature rules that are exact for polynomials

upto degree p = 5, 7, . . . can be constructed, for example, following Mc-

Namee and Stenger (1967).

2.5 Smoothing

2.5.1 Fixed-Interval Smoothing

Besides the filtering problem, one may also be interested in updating the

estimates of the previous states in light of new observations, known as the

smoothing problem. In this thesis, we concentrate on the fixed-interval

smoothing problem, that is, finding the marginal distribution of the state

at each time step k = 0, . . . , T conditional on all observations upto time T ,

that is, p(xk | y1:T ) for k = 0, . . . , T .
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As pointed out by Kitagawa (1987), the marginal smoothing distribu-

tions of the model defined in Equation (2.4) can be obtained from the fil-

tering results based on the following equation

p(xk | y1:T ) = p(xk | y1:k)

∫
p(xk+1 | xk) p(xk+1 | y1:T )

p(xk+1 | y1:k)
dxk+1. (2.28)

On the right hand side, p(xk+1 | xk) is the dynamic model density, p(xk |
y1:k) and p(xk+1 | y1:k) are the filtering and prediction densities com-

puted during the filtering recursion, and p(xk+1 | y1:T ) is the marginal

smoothing distribution of xk+1. Thus, the smoothing distributions may

be computed using a forward-backward algorithm where first the filter-

ing distributions are computed iteratively for times k = 1, . . . , T and then

the smoothing distributions are computed in a backward iteration (k =

T − 1, . . . , 0) using Equation (2.28).

However, similarly to the filtering problem, the integral in Equation (2.28)

is intractable in the general case. In the linear-Gaussian case (Eq. 2.8),

closed form expressions exist and thus the smoothing distributions can be

obtained based on the Kalman filter results using the so-called Rauch–

Tung–Striebel smoother (Rauch et al., 1965). In the remainder of this

section, we present the Rauch–Tung–Striebel smoother equations in Sub-

section 2.5.2 and discuss sigma-point based approximative smoothing for

nonlinear systems with additive Gaussian noise in Subsection 2.5.3.

2.5.2 Rauch–Tung–Striebel Smoothing

Consider the linear-Gaussian state-space model (Eq. 2.8). As discussed in

Section 2.3, we have p(xk | y1:k) = N (xk | mk,Pk) and p(xk+1 | y1:k) =

N (xk+1 | m−
k+1,P

−
k+1), where the means (m,m−) and covariances (P,P−)

may be computed by the Kalman filter. If the smoothing distribution of

xk+1 is Gaussian,

p(xk+1 | y1:T ) = N (xk+1 | mk+1|T ,Pk+1|T ), (2.29)

the smoothing equation (Eq. 2.28) implies that the smoothing distribution

of xk is also Gaussian, p(xk | y1:T ) = N (xk | mk|T ,Pk|T ) with

Gk = Pk A
T
k (P−k+1)

−1,

mk|T = mk + Gk (mk+1|T −m−
k+1),

Pk|T = Pk + Gk (Pk+1|T −P−k+1)G
T
k .

(2.30)

Since the smoothing distribution p(xT | y1:T ) is by definition equal to the

filtering distribution and thus Gaussian, all smoothing distributions are
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Gaussian by induction. The Rauch–Tung–Striebel smoothing algorithm

then consists of i) running the Kalman filter for k = 1, . . . , T , ii) initalizing

mT |T = mT ,PT |T = PT and iii) iterating Equation (2.30) backwards in

time for k = T − 1, . . . , 0.

2.5.3 Nonlinear Kalman Smoothing

Consider the nonlinear system with additive Gaussian noise (Eq. 2.14).

For this system, the smoothing equations (Eq. 2.28) are intractable, as

even the filtering distributions are intractable. Similarly to the Gaussian

density assumption for filtering, Särkkä and Hartikainen (2010) proposed

the assumed Gaussian density framework for smoothing. The idea is to

approximate the smoothing recursion step for xk by assuming

p(xk+1 | y1:T ) ≈ N (xk+1 | mk+1|T ,Pk+1|T ) (2.31)

and using a Gaussian approximation to the joint distribution p(xk,xk+1 |
y1:k). These Gaussianity assumptions and the Markov property of the

model then imply a Gaussian smoothing distribution p(xk | y1:T ). Fur-

thermore, approximations p(xk | y1:k) ≈ N (xk | mk,Pk), p(xk+1 | y1:k) ≈
N (xk+1 | m−

k+1,P
−
k+1), that are required for the joint Gaussian approxi-

mation to p(xk,xk+1 | y1:k), are available from the assumed density Gaus-

sian filter. To obtain the complete Gaussian approximation, the cross-

covariance is computed from the assumed density Gaussian filtering re-

sults as

Dk+1 =

∫
(xk −mk) (fk(xk) −m−

k+1)
TN (xk | mk,Pk) dxk. (2.32)

From the assumed Gaussian approximations to p(xk+1 | y1:T ) and p(xk,xk+1 |
y1:k) one then obtains the Gaussian smoothing distribution p(xk | y1:T ) =

N (xk | mk|T ,Pk|T ), where

Gk = Dk+1 (P−k+1)
−1,

mk|T = mk + Gk (mk+1|T −m−
k+1),

Pk|T = Pk + Gk (Pk+1|T −P−k+1)G
T
k .

(2.33)

Since the Gaussian integral in Equation (2.32) is generally intractable,

it is evaluated using a sigma-point rule similarly to the Gaussian in-

tegrals arising in the assumed density Gaussian filter. The resulting

sigma-point smoother then consists of i) running a sigma-point filter for

k = 1, . . . , T , ii) initalizing mT |T = mT ,PT |T = PT and iii) iterating Equa-

tion (2.33) backwards in time while evaluating the integral (Eq. 2.32)

using a sigma-point rule.
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2.6 Parameter Estimation

In practice, the state-space model may be defined conditional on some

static parameters θ, so that Equation (2.4) becomes

x0 ∼ p(x0 | θ),

xk ∼ p(xk | xk−1,θ), k = 1, 2, . . . ,

yk ∼ p(yk | xk,θ), k = 1, 2, . . . .

(2.34)

For example, in the linear-Gaussian dynamic system (Eq. 2.8), the transi-

tion matrices Ak, the measurement matrices Hk, the initial distribution

moments m0,P0 and the noise covariances Qk,Rk may depend on the pa-

rameter vector θ. In such settings, estimation of the parameters θ from

the observations is of interest. In the following, we review the Bayesian

posterior distribution approach and the Markov chain Monte Carlo algo-

rithm for approximating the posterior distribution, as well as the max-

imum likelihood approach including the expectation–maximization algo-

rithm for likelihood maximization.

2.6.1 Posterior Approximation by Markov Chain Monte Carlo

The Bayesian approach to parameter estimation is to model the param-

eter as a random variable with a prior distribution p(θ). Estimating the

parameter from observations y1:T then refers to computing the posterior

distribution of the parameters conditional on the data, p(θ | y1:T ).

Computing the posterior distribution is unfortunately typically intractable.

A possible approximation method is the family of Markov chain Monte

Carlo algorithms (MCMC, see, e.g., Gelman et al., 2013). The idea of

MCMC algorithms is to construct a random process θ1,θ2,θ3, . . . that moves

in the support of parameter so that the process has the Markov property

and its limiting distribution is the posterior distribution of interest. In

the following, we review the Metropolis–Hastings algorithm (Hastings,

1970) (see, e.g., Gelman et al. (2013) for the use in the Bayesian context).

The Metropolis–Hastings algorithm is based on selecting a proposal den-

sity q(θ∗ | θi) that defines the probability distribution of a proposed new

value for the parameter conditional on the parameter value at the pre-

vious step. Then, at each iteration of the algorithm one proposes a value

from q and either accepts the proposal with a certain probability, or rejects

it, in which case the old value is repeated. The acceptance probability is

selected so that the Markov chain will have the correct limiting distribu-
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tion. The algorithm is as follows. First, θ0 is initialized. Then, for as

many steps i = 0, 1, . . . as desired:

• θ∗ is drawn from q(θ∗ | θi).

• The acceptance probability α = p(θ∗|y) q(θi|θ∗)
p(θi|y) q(θ∗|θi)

is computed.

• With probability α, θi+1 = θ∗, else θi+1 = θi.

The proof that the limiting distribution of the resulting Markov chain is

the intended posterior distribution is omitted in this thesis. Intuitively,

the acceptance probability corrects for the discrepancy between the target

posterior distribution and the proposal distribution.

The aforementioned acceptance probability requires the ratio of the pos-

terior densities, while the posterior density is intractable. However, the

ratio of the posterior densities can be computed, since the posterior dis-

tribution is proportional to p(θ) p(y | θ) and the proportionality constant

cancels out in the ratio. Then, in the actual algorithm, the acceptance

ratio is computed as

α =
p(θ∗) p(y | θ∗) q(θi | θ∗)
p(θi) p(y | θi) q(θ∗ | θi)

. (2.35)

In the state-space context, even evaluation of the term p(y | θ) may be

intractable as it requires integrating out the latent states x0:T . Combined

with filtering algorithms, one may use the prediction error decomposition

(Särkkä, 2013),

p(y1:T | θ) =

T∏
k=1

p(yk | y1:k−1,θ). (2.36)

The factors on the right hand side may be evaluated by

p(yk | y1:k−1,θ) =

∫
p(yk | xk,θ) p(xk | y1:k−1,θ) dxk, (2.37)

where the second factor of the integral is the prediction distribution of the

state xk. In the linear-Gaussian case, this decomposition gives a way to

compute the likelihood p(y1:T | θ) along the Kalman filter recursion, when

the Kalman filter is run with the parameters θ. This likelihood evalu-

ation may then be plugged into, for example, the Metropolis–Hastings

algorithm to obtain an MCMC algorithm sampling from the posterior dis-

tribution of the parameters of the linear-Gaussian state-space model.
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2.6.2 Maximum Likelihood

If one does not want to define a prior probability distribution for the

parameter, or if the posterior distribution would be tedious to compute,

one may resort to the classical approach of obtaining a point estimate

of the parameter by maximizing the likelihood, or equivalently the log-

likelihood. That is, by selecting

θ̂ML := arg max
θ

log p(y1:T | θ), (2.38)

where the logarithm is typically used due to computational reasons. The

prediction error decomposition (Eq. 2.36) may be used for evaluating

the likelihood in the state-space model case. Furthermore, as some opti-

mization methods employ information about the gradient of the likelihood

function, one may be interested in computing

∂

∂θ
log p(y1:T | θ). (2.39)

In the linear-Gaussian case, this gradient may be evaluated along the

Kalman filter recursion by using the so-called sensitivity equations that

are obtained by differentiating the Kalman filter recursion (Gupta and

Mehra, 1974). An alternative approach based on smoother results is to

use Fisher’s identity (Segal and Weinstein, 1989).

Note that the likelihood maximization framework may also be used to

find the mode of a posterior distribution, since the log-likelihood may be

replaced by the log-posterior by adding the logarithm of the prior,

θ̂MAP := arg max
θ

(log p(y1:T | θ) + log p(θ)) . (2.40)

However, the Bayesian interpretation of this maximum a posteriori esti-

mation is questionable since the posterior mode is sensitive to reparametri-

zations of the model (see, e.g., Druilhet and Marin, 2007, and references

therein).

2.6.3 Expectation–Maximization

The expectation–maximization (EM) algorithm (Dempster et al., 1977) is

an algorithm for maximizing the marginal likelihood or posterior density

in settings with some unobserved variables, that avoids the need to ex-

plicitly evaluate the marginal likelihood. In the state-space model case,

as discussed by Shumway and Stoffer (1982), the EM algorithm may be

applied by considering the latent states as the unobserved variables.
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In the general setting, the log-likelihood has the following lower bound:

log p(y1:T | θ) ≥
∫

q(x0:T ) log
p(x0:T ,y1:T | θ)

q(x0:T )
dx0:T , (2.41)

where q is an arbitrary probability distribution over x0:T . The basic idea

of EM is to iterate alternating between maximizing this bound i) over q

and ii) over θ. When θ = θ(n), the maximum over q is obtained by

q(x0:T ) = p(x0:T | y1:T ,θ
(n)), (2.42)

in which case the bound, when maximizing over θ, equals

log p(y1:T | θ) ≥
∫

p(x0:T | y1:T ,θ
(n)) log

p(x0:T ,y1:T | θ)

p(x0:T | y1:T ,θ(n))
dx0:T , (2.43)

which further decomposes as

=E[log p(x0:T ,y1:T | θ) | θ(n),y1:T ]

−
∫

p(x0:T | y1:T ,θ
(n)) log p(x0:T | y1:T ,θ

(n)) dx0:T .
(2.44)

Since the latter term is independent of θ, it may be ignored when maxi-

mizing over θ. Then, the EM algorithm consists of two steps:

• E-step: compute the function Q(θ,θn) = E[log p(x0:T ,y1:T | θ) | θ(n),y1:T ]

(corresponds to maximizing the bound over q).

• M-step: maximize over θ, i.e., set θ(n+1) := arg maxθ Q(θ,θ(n)).

In the state-space context, the Q-function further factorizes as

Q(θ,θ(n)) = I1(θ,θ
(n)) + I2(θ,θ

(n)) + I3(θ,θ
(n)), (2.45)

where the terms are

I1(θ,θ
(n)) = E[log p(x0 | θ) | y1:T ,θ

(n)], (2.46)

I2(θ,θ
(n)) =

T∑
k=1

E[log p(xk | xk−1,θ) | y1:T ,θ
(n)], (2.47)

I3(θ,θ
(n)) =

T∑
k=1

E[log p(yk | xk,θ) | y1:T ,θ
(n)]. (2.48)

Of these, the first and last term are expectations over the marginal fixed-

interval smoothing distributions, and the middle term is an expectation

over the joint smoothing distribution of two consecutive states. In the

linear-Gaussian case, these are obtained by running the Rauch–Tung–

Striebel smoother. The EM algorithm then consists of iteratively running
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the smoother in the E-step and optimizing the parameters in the M-step.

In the more general case, computing the smoothing distributions is in-

tractable, and thus the E-step cannot be evaluated in closed form.
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3. Particle Filtering

3.1 Sequential Importance Sampling with Resampling

Following Doucet et al. (2001), we present the sequential importance sam-

pling with resampling particle filter algorithm based on first considering

sequential importance sampling as a special case of importance sampling

and then introducing the resampling step.

3.1.1 Importance Sampling

Assume one desires to approximate a distribution p(x) but direct sampling

from p is not possible. In importance sampling, samples are drawn from

another distribution q(x), known as the importance distribution, and then

weighted to correct for the discrepancy between the distributions p and

q. To motivate the importance sampling approach, consider the expected

value of a test function f , that is,∫
f(x) p(x) dx. (3.1)

Defining the unnormalized importance weight function as v(x) = p(x)/q(x),

the integral may be expressed as

=

∫
f(x) v(x) q(x) dx∫

v(x) q(x) dx
, (3.2)

where both integrals are expectations with respect to q. Let us approxi-

mate both integrals using the same Monte Carlo sample x(1),x(2), . . . ,x(N)

drawn from q so that the expression becomes

≈
1
N

∑N
i=1 f(x(i)) v(x(i))

1
N

∑N
i=1 v(x

(i))
. (3.3)

Defining the normalized importance weights as

w(i) =
v(x(i))∑N
j=1 v(x

(j))
, (3.4)
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the approximation may be expressed as

=

N∑
i=1

f(x(i))w(i). (3.5)

Furthermore, since the same weighted Monte Carlo sample may be used

with any test function f , the importance sample may be interpreted as an

approximation to the density p by a linear combination of Dirac deltas,

p(x) ≈
N∑
i=1

w(i) δ(x− x(i)). (3.6)

3.1.2 Sequential Importance Sampling

In principle, the importance sampling approach discussed in the previ-

ous section could be used for state-space models by sampling from p(x0:T |
y1:T ) using some importance distribution q(x0:T | y1:T ). However, as such

it cannot be used sequentially. Furthermore, it may be difficult to directly

construct a reasonable importance distribution for the complete state se-

quence. Sequential importance sampling is based on considering a se-

quence of importance distributions q(x0:k | y1:k) (k = 1, 2, . . .) for target

distributions p(x0:k | y1:k) so that the sequence has the property

q(x0:k+1 | y1:k+1) = q(xk+1 | x0:k,y1:k+1) q(x0:k | y1:k), (3.7)

where q(xk+1 | x1:k,y1:k+1) is a conditional importance distribution for the

latent state at the k+1th step. Then, a sample from q(x0:k+1 | y1:k+1) may

be constructed based on a sample from q(x0:k | y1:k) by augmenting x
(i)
0:k

by xk+1 drawn from q(xk+1 | x(i)
0:k,y1:k+1). The unnormalized importance

weights may be simplified as follows:

v(x
(i)
0:k+1) =

p(x
(i)
0:k+1 | y1:k+1)

q(x
(i)
0:k+1 | y1:k+1)

=
p(x

(i)
k+1 | x(i)

k ) p(yk+1 | x(i)
k+1)

q(x
(i)
k+1 | y1:k,x

(i)
0:k) p(yk+1 | y1:k)

v(x
(i)
0:k).

(3.8)

Furthermore, since the weights are normalized, the constant factor p(yk+1 |
y1:k) can be omitted. The sequential importance sampling algorithm then

operates by initially constructing an importance sampling based sample

for p(x0) and then iterating for k = 1, 2, . . .:

1. For i = 1, . . . , N : draw x
(i)
k ∼ q(x

(i)
k | x(i)

0:k−1,y1:k).

2. For i = 1, . . . , N : compute updated weights v(i)k := w
(i)
k−1

p(x
(i)
k |x

(i)
k−1) p(yk|x(i)

k )

q(x
(i)
k |y1:k,x

(i)
0:k−1)

.
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3. For i = 1, . . . , N : normalize the weights: w(i)
k =

v
(i)
k∑
j v

(j)
k

.

3.1.3 Resampling

A drawback of the aforementioned sequential importance sampling al-

gorithm is that eventually one sample sequence x
(i)
0:k will get almost all

weight and thus the sample becomes degenerate. To fix this problem,

Gordon et al. (1993) introduced the following resampling step: At each

time step, after the sampled values have been drawn and the weights

computed, the weighted sample is replaced by a new sample that is ran-

domly drawn from the original sample, so that the expected number of

times a particle gets selected is proportional to the importance weight of

that particle. After this resampling step is performed, the weights are

reset to 1/N . This sequential importance sampling/resampling algorithm

then consists of first drawing a sample x
(1)
0 , . . . ,x

(N)
0 from p(x0) and then

iterating

1. For i = 1, . . . , N : draw x̃
(i)
k ∼ q(x

(i)
k | x(i)

0:k−1,y1:k).

2. For i = 1, . . . , N : compute updated weights v(i)k := w
(i)
k−1

p(x̃
(i)
k |x

(i)
k−1) p(yk|x̃(i)

k )

q(x̃
(i)
k |y1:k−1,x

(i)
0:k−1)

.

3. For i = 1, . . . , N : normalize the weights: w̃(i)
k =

v
(i)
k∑
j v

(j)
k

.

4. Resample: draw new particles (x
(i)
0:k | i = 1, . . . , N) and reset the weights

to w
(i)
k = 1/N .

This algorithm and its variants are known as particle filters, and the

weighted sample values are typically called particles.

For the resampling algorithm, a typical requirement is that the expected

number of times the particle x̃
(i)
0:k gets replicated equals w̃

(i)
k N , or alter-

natively a stronger condition that for each i, j, the probability that x
(i)
0:k

is selected to be a copy of x̃
(j)
0:k equals the weight w̃

(j)
k . A simple resam-

pling algorithm is the so-called multinomial resampling algorithm where

each new particle is drawn independently. This was used by Gordon et al.

(1993). Various other alternatives have been proposed, see Li et al. (2015)

for a recent review. Note that it is not necessary to perform the resampling
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at every step. Possible alternatives are resampling at fixed intervals, or

when the so-called effective sample size (Liu and Chen, 1995) is below a

threshold. When resampling is not performed, w(i)
k is set equal to w̃

(i)
k in

the above algorithm.

For the purposes of solving the filtering problem, one may simply dis-

card the old states, that is, consider samples x
(1)
k , . . . ,x

(N)
k where x

(i)
k is

the kth state in x
(i)
0:k. Furthermore, as the importance distribution q(x̃

(i)
k |

x
(i)
0:k−1,y1:k) is typically selected so that the conditioning is only on (x

(i)
k−1,yk),

the state values from previous time steps need not be stored in the particle

filter algorithm.

3.2 Importance Distributions

The choice of the importance distribution q(x̃
(i)
k | x

(i)
k−1,yk) impacts the

performance of the algorithm. Natural requirements for implementability

of the algorithm are that evaluating the density pointwise and sampling

from it need to be feasible. Gordon et al. (1993) proposed the use of the

dynamic model density p(xk | x(i)
k−1). In this case, the dynamic model den-

sity and the importance distribution cancel in the weight expression, and

thus the weight factors are proportional to the observation model density.

The resulting algorithm is known as the bootstrap filter.

While the bootstrap filter is simple to implement, the performance of

the filter may be improved by selecting an importance distribution that

matches the target better by taking into account the new observation.

The optimal importance distribution (in terms of minimizing the variance

of the weights) is the conditional distribution of the state conditioned on

the previous state and the new observation, p(xk | x(i)
k−1,yk) (Doucet et al.,

2000, and references therein). However, this optimal importance den-

sity is not generally available in closed form. Doucet et al. (2000) discuss

Gaussian approximations such as the Laplace approximation or a Gaus-

sian distribution formed by using an extended Kalman filter type update

step obtained by linearizing the observation model. Similarly, sigma-point

filters may be used. For example, van der Merwe et al. (2000) proposed the

unscented particle filter that uses the unscented transform based sigma-

point filter to generate a Gaussian importance distribution.

For convergence of the particle filter algorithm (discussed in Section 3.6),

it is beneficial to obtain bounded importance weights. Boundedness de-

pends on the tail behavior of the importance density. To ensure bound-
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edness of the weights, scaling the variance of a Gaussian approximation

based importance distribution or using a t-distribution instead of a Gaus-

sian has been proposed (Cappé et al., 2005).

3.3 Rao–Blackwellization

The Rao–Blackwellized, or marginalized, particle filter (Chen and Liu,

2000; Doucet et al., 2000) may be used in situations where part of the

state can be integrated out analytically. That is, when the state can be

decomposed as xk = (xk,1,xk,2) so that the conditional filtering problem

for one component conditional on the other component, p(xk,2 | y1:k,x0:k,1),

is solvable in closed form. The Rao–Blackwellized particle filter then con-

structs the particle approximation only for the component xk,1 and uses

the analytic approach to the component xk,2.

For example, consider the following conditional linear-Gaussian state-

space model

xk,1 | xk−1 ∼ p(xk,1 | xk−1,1),

xk,2 | xk−1 ∼ N (Ak−1(xk,1)xk−1,2,Qk−1(xk,1)),

yk | xk ∼ N (Hk(xk,1)xk,2,Rk(xk,1)),

(3.9)

with the usual conditional independence properties for the states xk and

observations yk. Conditional on the sequence x0:k,1, this is a linear-Gaussian

state-space model with the state xk,2 and thus the Kalman filter can be

applied. The Rao–Blackwellized particle filter algorithm then is a particle

filter for xk,1 where the Kalman filter is used to evaluate p(xk,1 | x0:k−1,1)

and p(yk | x0:k,1). Note that the conditional independence properties do

not hold when xk,2 is marginalized out and thus the conditioning in the

aforementioned marginal dynamic model and observation model densities

is on the entire history of x·,1.

Schön et al. (2005) apply the Rao–Blackwellized particle filter for var-

ious generalizations of the conditional linear-Gaussian model. Another

case where the Rao–Blackwellized particle filter is applicable is when one

can marginalize over static parameters analytically (e.g. Storvik, 2002).

3.3.1 Rao–Blackwellized Monte Carlo Data Association

Särkkä et al. (2007) suggested a Rao–Blackwellized particle filter for mul-

tiple target tracking. Multiple target tracking (see, e.g., Challa et al.,

2011) refers to the problem of estimating the locations of multiple moving
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targets based on noisy measurements. Generally, a measurement does

not contain information about which target it comes from. Therefore, the

multiple target tracking problem comprises the subproblems of estimat-

ing the locations of the objects, determining which target each measure-

ment comes from (data-association), as well as estimating the number of

targets.

In the Rao–Blackwellized Monte Carlo data association (RBMCDA) by

Särkkä et al. (2007), each target is assumed to have a state following

linear-Gaussian dynamics. Denote by xk,j the state of the jth target at

the kth time-step. Then, for each target, the state sequence is assumed

Markovian with

xk,j | xk−1,j ∼ N (Ak−1 xk−1,j , Qk−1), (3.10)

and the states of different targets are assumed independent of each other.

The measurement model is such that at every step k, a discrete random

variable ck tells which target the measurement comes from. Conditional

on this data-association ck, the measurement is then linear-Gaussian with

yk | ck,xk ∼ N (Hk xk,ck ,Rk). (3.11)

To complete the model, one then needs to define a probability distribution

for the data-associations, in form of conditional distributions p(ck | c1:k−1).
A varying number of targets is handled so that at each step k, ck may be

either some target existing in the state (observed during steps 1, . . . , k−1)

or a new target. The state of a new target follows a Gaussian distribution

N (m0,P0) at the time of its first observation.

Overall, the model described above is a state-space model where the

state consists of the data-associations ck and the states xk,j of the tar-

gets, although the dynamic model is not necessary Markovian in that ck

depends on the entire history c0:k−1. Furthermore, the model is a con-

ditional linear-Gaussian state-space model, where the conditioning is on

c, and thus the Rao–Blackwellized particle filter may be applied. In ad-

dition, since in each sampling step there is a finite number of possible

data-associations, the optimal importance distribution can be used. In

the resulting algorithm, each particle stores the data-association history,

c
(i)
0:k, the number of targets, T (i)

k , and the parameters of the Gaussian con-

ditional distributions of the states of the targets, m(i)
k,j ,P

(i)
k,j . Initially, all

particles are empty and have weight w
(i)
0 = 1/N . Then, for k = 1, . . . the

algorithm iterates the following steps
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1. For each particle i = 1, . . . , N :

(a) For each target j = 1, . . . , T
(i)
k , compute the Kalman filter prediction

to form m
−(i)
k,j ,P

−(i)
k,j .

(b) For each target j = 1, . . . , T
(i)
k , as well as the possible new target

j = T
(i)
k + 1, evaluate the likelihood p(yk | ck = j, c

(i)
0:k−1,y1:k) using the

Kalman filter update step.

(c) Evaluate the optimal importance distribution p(ck | c(i)0:k−1,y1:k).

(d) Draw the data association c
(i)
k from the optimal importance distribu-

tion.

(e) For the selected target, update m
(i)

k,c
(i)
k

,P
(i)

k,c
(i)
k

using the Kalman filter

update step. For other targets, let the updated parameters of state

distributions be equal to the parameters of the predicted state distri-

butions.

(f) Update the weight.

2. Normalize weights.

3. Possible resampling step.

In addition to the simplified description above, Särkkä et al. (2007) con-

sider also the possibility of clutter measurements, that is, measurements

with data-association ck = 0 that are independent of the target states,

and target deletion, that is, the possibility of removing targets from the

state if they are not observed for a long time. Furthermore, for target dy-

namic and measurement models that do not have the conditional linear-

Gaussian structure, they propose an approximative algorithm based on

using nonlinear Kalman filters in place of the Kalman filter within the

Rao–Blackwellized particle filter.
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3.4 Particle Smoothing

In principle, the particle filter may be used for approximating the smooth-

ing distributions p(xk | y0:T ) directly by using the samples (w
(i)
T ,x

(i)
0:T ) and

considering only the kth state in each sampled sequence x
(i)
0:T . However,

there is a degeneracy problem caused by the fact that at each resampling

it is possible that some distinct sequences are removed, while no new val-

ues for the old states are generated during the filtering recursion. It is

then likely that after multiple resamplings, there will be only few, or even

only one, distinct values for the initial sequences x0:k that have survived

the resampling steps. Thus, the particle filter produces a poor approxima-

tion to p(xk | y0:T ). Therefore, it is of interest to use smoothing algorithms

that utilize also those values x
(i)
k generated during the filtering recursion

that are discarded in further resampling steps.

Hürzeler and Künsch (1998) as well as Doucet et al. (2000) proposed a

particle smoothing algorithm that is based on reweighting the samples

(wk,x
(i)
k ) generated during the filtering recursion to obtain weighted sam-

ples (wk|T ,x
(i)
k ) that approximate the smoothing distributions p(xk | y0:T ).

The reweighting is performed in a backward pass based on the smooth-

ing equation introduced by Kitagawa (1987) (see Eq. 2.28). The algorithm

consists of the following steps.

1. Run the particle filter for k = 0, . . . , T , storing all intermediate filtering

distributions (w
(i)
k ,x

(i)
k ).

2. Initialize for i = 1, . . . , N : w(i)
T |T := w

(i)
T .

3. For k = T − 1, T − 2, . . . , 0:

• For i = 1, . . . , N : set

w
(i)
k|T =

N∑
j=1

w
(j)
k+1|T

w
(i)
k p(x

(j)
k+1 | x(i)

k )∑N
l=1w

(l)
k p(x

(j)
k+1 | x(l)

k )
.

A drawback of this reweighting particle smoother is that the compu-

tational complexity is quadratic in the number of particles N since the

reweighting considers all possible pairs of particles. An alternative algo-

rithm is the backward simulation suggested by Godsill et al. (2004), where
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smoothed trajectories are simulated by sampling from the particles gen-

erated in the filter instead of considering all particles.

3.5 Particle Markov Chain Monte Carlo

Particle Markov chain Monte Carlo methods (PMCMC, Andrieu et al.,

2010) are algorithms for approximating the joint posterior of states and

static parameters in state-space models of the form (Eq. 2.34), that is,

the distribution p(x0:T ,θ | y1:T ). They are MCMC algorithms (cf. Sec-

tion 2.6.1), that is, they produce a Markovian random sequence of pairs

(x0:T ,θ) such that the limiting distribution of the Markov chain is the in-

tended posterior distribution. They use particle filtering type steps within

the MCMC algorithm. However, they are not filtering algorithms in that

they cannot be used recursively but are intended for batch estimation con-

ditional on a fixed sequence of observations y1:T .

The PMCMC algorithms may also be used as particle smoothing algo-

rithms simply by letting the parameters θ be constant (Svensson et al.,

2015).

In the remainder of this section, we review the particle marginal Metro-

polis–Hastings and particle Gibbs algorithms discussed by Andrieu et al.

(2010).

3.5.1 Particle Marginal Metropolis–Hastings

The particle marginal Metropolis–Hastings algorithm is based on an es-

timate of the marginal likelihood p(y1:T | θ) obtained from the particle

filter. This estimate is based on approximating the factors of the predic-

tion error decomposition (Eq. 2.36), that is,

p(y1:T | θ) ≈ p̂(y1:T | θ) =

T∏
k=1

p̂(yk | θ,y1:k−1). (3.12)

The estimate of each factor is obtained as a weighted average of the un-

normalized weights:

p̂(yk | θ,y1:k−1) =
N∑
i=1

w
(i)
k−1 v

(i)
k . (3.13)

Recall that if resampling is performed, w(i)
k−1 is equal to 1/N .

The particle marginal Metropolis–Hastings algorithm is based on us-

ing the marginal likelihood estimate in place of the true likelihood in the

Metropolis–Hastings algorithm. The algorithm is as follows:
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1. Pick an initial θ0.

2. Run the particle filter conditional on θ0 to obtain a sample (w
(i)
T ,x

(i)
0:T ), i =

1, . . . , N and the marginal likelihood estimate p̂0.

3. Draw sample state sequence x0:T,0 from x
(1:N)
0:T with probabilities w

(1:N)
T .

4. For j = 1, 2, . . .:

(a) Propose a new parameter value θ∗ ∼ q(θ∗ | θj−1).

(b) Run the particle filter conditional on θ∗ to:

• Evaluate p̂∗ = p̂(y1:T | θ∗).

• Obtain the particles (w
(i)
T , x

(i)
0:T ), i = 1, . . . , N .

(c) Select the proposed state sequence x∗0:T from x
(1:N)
0:T with probabilities

w
(1:N)
T .

(d) Evaluate α = q(θj−1|θ∗)
q(θ∗|θj−1)

p(θ∗) p̂∗
p(θj−1)p̂j−1 .

(e) With probability α, (θj , p̂j ,x0:T,j) = (θ∗, p̂∗,x∗0:T ), else (θj , p̂j ,x0:T,j) =

(θj−1, p̂j−1,x0:T,j−1).

Even though the marginal likelihood estimate is used in place of the

exact marginal likelihood, this algorithm admits the correct posterior dis-

tribution p(x0:T ,θ | y1:T ) as the stationary distribution.

3.5.2 Particle Gibbs

The particle Gibbs algorithm is based on updating the static parameters

and the latent state sequence in two separate steps, one generating new

static parameters (holding the states fixed) and one generating new states

(holding the parameters fixed). For the parameters, one may for example

draw from the conditional posterior p(θ | x0:T ,y1:T ) as in a (blocked) Gibbs

sampler (Geman and Geman, 1984; Gelfand and Smith, 1990). For the

state sequence, sampling from the conditional posterior p(x0:T | θ,y1:T ) is

38



Particle Filtering

typically not feasible. The state update is performed using the conditional

particle filter, which is a modification of the particle filter algorithm that

takes a reference state sequence x∗0:T as input. The conditional particle

filter is the particle filter conditional on the first particle x
(1)
0:T obtaining

the values in the reference path. The practical implementation of the

algorithm is otherwise exactly like the particle filter, except that the first

particle x
(1)
0:T is not sampled but is copied from the reference path and that

in the resampling step, the first particle is guaranteed to survive. That is,

1. For i = 2, . . . , N : draw x̃
(i)
k ∼ q(x̃

(i)
k | x(i)

0:k−1,y1:k,θ). Set x̃(1)
k = x∗k.

2. For i = 1, . . . , N : compute updated weights

v
(i)
k := w

(i)
k−1

p(x̃
(i)
k |x

(i)
k−1,θ) p(yk|x̃(i)

k ,θ)

q(x̃
(i)
k |y1:k−1,x

(i)
0:k−1,θ)

.

3. For i = 1, . . . , N : normalize the weights: w̃(i)
k =

v
(i)
k∑
j v

(j)
k

.

4. Resample conditional on x
(1)
k being copied from x̃

(1)
k and reset weights.

When multinomial resampling is used, the conditional resampling (step

4) can be implemented simply by sampling the particles 2, . . . , N just as

in the normal multinomial resampling.

Then, the procedure of i) picking a reference path, ii) running the con-

ditional particle filter, iii) sampling a path x
(i)
0:T with the probabilities w

(i)
T

has the property that the conditional posterior p(x0:T | θ,y0:T ) is an in-

variant distribution of this procedure. Thus, it can be plugged into an

MCMC algorithm. The resulting particle Gibbs algorithm then consists of

selecting initial values (θ0,x0:T,0) and iterating for j = 1, 2 . . .:

1. Run the conditional particle filter with θj−1 and reference path x0:T,j−1

to obtain (w
(i)
T ,x

(i)
0:T ), i = 1, . . . , N .

2. Draw index K ∈ {1, . . . , N} with probabilities w
(i)
T .

3. Set x0:T,j := x
(K)
0:T .

4. Draw θj ∼ p(θ | x0:T,j ,y1:T ).
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This algorithm admits p(θ,x0:T | y1:T ) as the stationary distribution.

Note that Andrieu et al. (2010) present the conditional particle filter

slightly differently using ancestor sequences of particles. See, for exam-

ple, Lindsten et al. (2014) for the formulation where the fixed path has a

fixed index.

3.6 Convergence

For motivating the use of the particle filter algorithms, an interesting

question is whether one can obtain theoretical guarantees that the ap-

proximations (Eq. 3.6) to the filtering distributions in some sense become

exact when the number of particles approaches infinity. Since the parti-

cle filter is a random algorithm, this becoming exact is to be interpreted

as some kind of convergence of random variables. In this section, we re-

view the convergence concepts used for random variables as well as some

convergence results for particle filters.

3.6.1 Convergence of Random Variables

Consider a sequence of (scalar) random variables x1, x2, . . ., and another

random variable x. There exist various probabilistic concepts of conver-

gence of the sequence x1, x2, . . . to x (see, e.g., Jacod and Protter, 2003).

Here we present only the definitions of almost sure convergence and con-

vergence in Lp.

• x1, x2, . . . converges to x almost surely, if

Pr( lim
i→∞

xi = x) = 1. (3.14)

• x1, x2, . . . converges to x in Lp with 1 ≤ p ≤ ∞, if E(|xi|p) and E(|x|p) are

finite and

lim
i→∞

E(|xi − x|p) = 0. (3.15)

3.6.2 Particle Filter Convergence Results

The survey by Crisan and Doucet (2002) and references therein present

various convergence results for particle filters. In the convergence analy-

sis of particle filters, the observation sequence y1:T is assumed fixed, that

is, the randomness considered is the randomness of the particle filter algo-
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rithm, rather than that of the state-space model. One concept of interest

is the Lp convergence of estimated integrals of test functions to the true

integral of the test function, that is, whether the sequence of approxima-

tions

EN (f(xk) | y1:k) =
N∑
i=1

w
(i)
k f(x

(i)
k ) (3.16)

converges in Lp to the true expectation

E(f(xk) | y1:k) =

∫
p(xk | y1:k) f(xk) dxk. (3.17)

Note that each of the random variables EN (f(xk) | y1:T ) for N = 1, . . .

refers to a different realization of the particle filter algorithm.

The convergence results in, e.g., Crisan and Doucet (2002) assume bound-

ed test functions f . Hu et al. (2011) (see also Hu et al., 2008) extended the

results to show Lp convergence for unbounded test functions for the boot-

strap filter, assuming a slight modification of the particle filter. More re-

cently, this result has been extended to general importance distributions

for L4 convergence, assuming bounded importance weights (Mbalawata

and Särkkä, 2014). The condition on bounded importance weights may be

replaced by a condition on the moments of the importance weights. Var-

ious other convergence results exist in the literature, see, for example,

Del Moral (1996); Crisan and Doucet (2000, 2002); Mbalawata (2014) and

references therein. In the following, we present two theorems used in this

thesis.

• Assuming that the observation model and dynamic model densities are

bounded, and that the unnormalized importance weights v(i)k are bounded

from above as a function of xk−1,xk, as well as certain conditions for the

resampling algorithm, for all p ≥ 2 and bounded test functions f :

E

[∣∣∣∣∣
N∑
i=1

w
(i)
k f(x

(i)
k ) −

∫
p(xk | y1:k) f(xk) dxk

∣∣∣∣∣
p]

≤ ck
‖f‖p
N

p
2

, (3.18)

where ck is a constant and ‖f‖ is the supremum norm of f . Thus, the

estimates EN (f(xk) | y1:T ) converge in Lp to the correct value.

• (Mbalawata, 2014). The previous boundedness condition may be relaxed

by assuming instead that E[|v(i)k |p | xk−1] ≤ ck where the expectation is

over the importance distribution q and the bound is uniform over xk−1.

A particular value of p in the assumption then implies Lp-convergence

with the same p.
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4. Contributions of the Thesis

4.1 Overview

This thesis has three main research topics:

1. Static parameter estimation.

2. Importance distributions for particle filters.

3. Animal population size estimation.

Static parameter estimation is considered in Publication I, Publication

II, and Publication V. Of these, Publication I and Publication V are con-

cerned with applying the expectation–maximization (EM) algorithm to

nonlinear state-space models using particle filters/smoothers or sigma-

point filters/smoothers to evaluate the intermediate quantities required

in the algorithm. Besides EM, we also consider direct likelihood maxi-

mization. In Publication II, particle Markov chain Monte Carlo methods

are combined with the Rao–Blackwellized Monte Carlo data association

algorithm to obtain a method for estimating static parameters in multi-

ple target tracking problems.

Importance distributions of particle filters are considered in Publication

III and Publication IV. In Publication IV, we consider the split-Gaussian

importance distribution for sequential importance sampling/resampling

particle filtering, fitting the split-Gaussian approximation to the optimal

importance distributions in the manner proposed by Geweke (1989) for

(non-sequential) importance sampling. In Publication III, we motivate

the use of a split-Gaussian importance distribution in a certain class of
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models by convergence considerations. There, the parameters of the split-

Gaussian distribution are selected based on the convergence considera-

tion rather than by Geweke’s fitting procedure.

Animal population size estimation is considered in Publication II. Abbas

(2011) studied estimation of large carnivore populations in Finland based

on databases of recorded observations. The problem was formulated as a

multiple target tracking problem and RBMCDA was used to solve it. In

Publication II we applied the suggested parameter estimation to bear ob-

servation data, thus extending the approach of Abbas (2011) to unknown

static parameters.

4.2 Research Topic I: Parameter Estimation

When applied to state-space models, the auxiliary function computed in

the E-step of the expectation–maximization algorithm contains expecta-

tions with respect to smoothing distributions (Eqs. 2.45–2.48). In the non-

linear case, the smoothing problem is not tractable in closed form. How-

ever, approximate EM algorithms may be obtained by using approximate

smoothing algorithms. Roweis and Ghahramani (2001) used the extended

Kalman filter and the corresponding smoother. More recently, Schön et al.

(2011) (see also Schön et al., 2006) proposed the use of the particle fil-

ter and the reweighting particle smoother (cf. Section 3.4), and Gašperin

and Juričić (2011) proposed the use of unscented transform based sigma-

point filter and smoother. The use of sigma-point filters and smoothers

within EM was also considered by Väänänen (2012) in his master’s the-

sis. Chitralekha et al. (2009) also considered particle smoother, unscented

Kalman smoother and extended Kalman smoother based EM. Their UKF-

EM algorithm differs slightly from the one we considered in that they use

Monte Carlo simulation for evaluating the expectations with respect to

the smoothing distribution. In this thesis, we, following Väänänen (2012)

as well as Gašperin and Juričić (2011), used the same sigma-point rules

that are used in the smoother.

In Publication I, we presented and compared the EM algorithms for non-

linear dynamic systems with additive Gaussian noise (cf. Eq. 2.14, with

unknown static parameters added) using either particle or sigma-point

based smoothing approximations. We gave closed-form expressions for
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Table 4.1. From Publication I. Correlations of the final EM estimates versus the direct
ML estimates for all the trajectories in the UNGM example. Reprinted from
Juho Kokkala, Arno Solin, and Simo Särkkä. Expectation Maximization Based
Parameter Estimation by Sigma-Point and Particle Smoothing. In The 17th
International Conference on Information Fusion (FUSION), with permission
from ISIF.

Parameter a b c logQ logR

Particle EM vs. ML 0.998 0.945 0.994 0.977 0.792

Sigma-point EM vs. ML 0.997 0.909 0.989 0.972 0.731

the solution of models that are linear-in-parameters, that is, of the form

xk = f(xk−1,θ) + qk−1,

yk = h(yk,θ) + rk,
(4.1)

with the nonlinear functions f and h decomposed as

f(x,θ) = A(θ) f̃(x),

h(x,θ) = H(θ) h̃(x),
(4.2)

so that the parameters enter the model through the matrices A,H, the

noise covariances, and the moments of the initial state distribution. We

present the closed-form expressions for the optimal parameters (a de-

tailed derivation is given in Publication V) and explain how to evalu-

ate them using either particle smoother or sigma-point smoother results.

Similar linear-in-parameters results were given by Schön et al. (2006).

Their model formulation however differs from the one we considered.

In the numeric experiment section of Publication I, we compared the

particle EM and sigma-point EM approaches in estimating the parame-

ters of a univariate nonstationary growth model of the form

xk ∼ N (a xk−1 + b
xk−1

1 + x2k−1
+ c cos(1.2 (k − 1)), Q),

yk ∼ N (xk/
√

20, R),

θ = (a, b, c,Q,R)

(4.3)

Table 4.1 shows the correlations of the EM estimates versus direct maxi-

mum likelihood estimates obtained by a sigma-point filter, along different

datasets with different generated parameter values. The particle EM ap-

proach seems to match the maximum likelihood estimates better, even

though the maximum likelihood estimates are computed with the sigma-

point filter. In addition, we compared the parameter estimates to pos-

terior distributions computed by particle MCMC, and considered noise

covariance estimation in a multidimensional tracking example.
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In Publication V, we switched attention to comparing different sigma-

point rules, as well as comparing EM and direct (gradient-based) like-

lihood optimization. We compared the third order spherical-radial rule

and higher-order rules based on McNamee and Stenger (1967), as well as

Gauss–Hermite rules. In the numeric experiment section of Publication

V, we considered a five-dimensional target tracking example with simu-

lated data.

In Publication II, we considered full Bayesian parameter estimation,

that is, posterior distribution computation, for static parameters of multi-

ple target tracking models of the type used in RBMCDA (cf. Section 3.3.1).

The key idea is to apply the particle MCMC methods with the Rao–Black-

wellized particle filter that samples the data association sequences c1:T .

The result is an MCMC algorithm targeting the joint posterior of param-

eters and data-association sequences, p(c1:T ,θ | y1:T ). We consider both

particle marginal Metropolis–Hastings and particle Gibbs algorithms.

As an example, we consider targets moving in two dimensions according

to the Ornstein–Uhlenbeck model

dx = λ(x0 − x)dt +
√
q dW, (4.4)

where x0 is a fixed point around which the target moves. As this is a lin-

ear stochastic differential equation, the discrete-time dynamics are of the

linear-Gaussian form (e.g. Jazwinski, 1970). The target states are then 4-

0 50 100

0

50

100

Figure 4.1. From Publication II. Simulated trajectories for the numeric experiment. Tra-
jectories of targets are shown as gray lines, measurements as black dots and
final target locations as black pluses.
Reprinted from Digital Signal Processing, Vol 47, J. Kokkala and S. Särkkä,
Combining particle MCMC with Rao-Blackwellized Monte Carlo data associ-
ation for parameter estimation in multiple target tracking, p. 89, Copyright
(2015), with permission from Elsevier.
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q

Figure 4.2. From Publication II. Posterior distributions of the parameters (√q,λ,σ) and
the number of targets in the simulated scenario. Corresponding prior densi-
ties for parameters are shown as solid lines. Ground-truth values are shown
as black dots on the axis.
Reprinted from Digital Signal Processing, Vol 47, J. Kokkala and S. Särkkä,
Combining particle MCMC with Rao-Blackwellized Monte Carlo data associ-
ation for parameter estimation in multiple target tracking, p. 89, Copyright
(2015), with permission from Elsevier.

dimensional (both the location and the mean location in two-dimensional

coordinates). The discrete-time transition matrix Ak and process noise

covariance Qk depend on the parameters λ and √
q and on the time dif-

ference of two consecutive observations. The observations were assumed

to be simply the target location with additive Gaussian noise with vari-

ance σ2 in both coordinates. The unknown parameters estimated were

θ = (λ,
√
q, σ2).

In the numeric experiment with simulated data, we considered 30 tar-

gets. The fixed mean locations were drawn uniformly in the square [0, 100]×
[0, 100], and target movements were simulated for a time period [0, 1] from

the Ornstein–Uhlenbeck model. Observations were generated at 150 ran-

dom times during the interval. Parameters used were λ = 0.5,
√
q =

10, σ = 0.5. A visualization of the simulated target movements is shown in

Figure 4.1. Posterior distributions obtained with our proposed algorithm

are shown in Figure 4.2. In addition, we compared with results obtained

by running the algorithm with fixed parameter values. The parameter

estimation improved estimation performance in terms of mean OSPA (op-

timal subpattern assignment metric, Schuhmacher et al., 2008) of final

target locations as well as posterior probability of the true number of tar-

gets. This mean OSPA was computed by computing the OSPA metric for
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each posterior sample of (c1:T ,θ) using the mean locations of the targets

conditional on (c1:T ,θ), and then taking the average.

4.3 Research Topic II: Importance Distributions and Convergence
for Particle Filters

Geweke (1989) proposed the split-Gaussian importance distribution for

importance sampling. The idea is to take the Laplace approximation to

the target distribution, and then scale the distribution differently along

different directions from the mode. The distribution is parametrized by

mode μ, a matrix T and scaling factors q, r. A draw from the split-

Gaussian random variable x is obtained by drawing a standard multivari-

ate Gaussian ε, obtaining a split-Gaussian variable η by scaling ε along

each component by qi if the value is positive and by ri if the value is neg-

ative, and finally performing a transformation x = μ + Tη. The density

(expressed in terms of ε) is

SN(x | μ,T,q, r) = (2π)−n/2
1

|T|
1∏n

i=1(qi Iεi≥0 + ri Iεi<0)
e−

1
2
εT ε. (4.5)

In Publication IV, we used a continuous-density version of the split-

Gaussian distribution, where the absolute value of εi is used in construct-

ing ηi, and the probabilities of the sign are selected so that the density is

continuous at the mode (see, e.g., Villani and Larsson, 2006). The density

of this continuous version is (expressed in terms of ε)

SN(x | μ,T,q, r) =

√
2n

πn

1

|T| ∏(qi + ri)
e−

1
2
εT ε. (4.6)

The scaling prodecure suggested by Geweke (1989) is the following. First,

form the Laplace approximation N (μ,Σ). Then, μ is used as the mode of

the split-Gaussian distribution. A decomposition of Σ = TTT is selected,

and then the scaling factors q, r are selected to match the decay of the

target distribution along each column of T. In one dimension, μ,σ are set

as set as the Laplace approximation of the target density p(x) and the

target distribution is evaluated in a grid. For each grid point, a scaling

factor is computed to match the rate of decline of the target distribution

to the rate of decline of the Laplace approximation:

f(δ) = |δ|(2(log p(μ) − log p(μ + δ σ)))−1/2, (4.7)

where μ+δ σ are the grid points for various values of δ. The scaling factors

corresponding to the widest tail are selected:

q = sup
δ>0

f(δ), r = sup
δ<0

f(δ). (4.8)
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In multiple dimensions, the scaling procedure is similar, but performed

along each direction defined by columns of T.

In Publication IV, we proposed the use of the split-Gaussian distribution

in particle filters, using the aforementioned fitting procedure to form an

approximation to the optimal importance distribution. We compared the

split-Gaussian importance distribution against the plain Laplace appox-

imation as well as other Gaussian importance distributions using a one-

dimensional test model. Based on the average number of resamplings

required when using adaptive resampling with an effective sample size

threshold, the split-Gaussian importance distribution had the best perfor-

mance in our experiment. Furthermore, we also proposed a variant of the

fitting procedure for cases where the Laplace approximation is not avail-

able. There, the scaling is performed using the mode of another Gaussian

approximation. If a higher value of the target density is found in the grid,

the mode of the importance distribution is switched. We tested this in a

multi-dimensional tracking example.

In Publication III, we also used a split-Gaussian importance distribu-

tion. In contrast to Publication IV, in Publication III the split-Gaussian

importance distribution was selected based on convergence considerations,

rather than using the fitting procedure. We considered the following state-

space model

xk ∼ N (Ak−1 xk−1, Qk−1),

yk ∼ Poisson(exp(βT
k xk)),

(4.9)

which may be interpreted as a time-varying Poisson regression, with time-

varying coefficients xk and covariates βk. Since the observation contains

information about the state only via the scalar sk = βT
k xk, we considered

importance distributions of such form that sk is drawn from an impor-

tance distribution and then xk is drawn from the dynamic model density

conditional on sk. We first showed that the Laplace approximation based

importance distribution leads to unbounded importance weights, as well

as infinite moments. Therefore, the criteria of the convergence theorems

are not satisfied. Then, we considered a split-Gaussian importance dis-

tribution where the Laplace approximation was used in the sk ≥ mk half,

where mk is the mode of the Laplace approximation, while a widened den-

sity was used in the sk < mk half. This guarantees bounded importance

weights and thus convergence of the particle filter, while still utilizing

information contained in the observation yk.
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4.4 Research Topic III: Animal Population Size Estimation

Abbas (2011) considered animal population size estimation using the RBM-

CDA algorithm. The Natural Resources Institute Finland (formerly the

Finnish Game and Fisheries Research Institute) estimates large carni-

vore populations based on a database of field sightings and direct obser-

vations. To obtain an estimate of the size of the population, or the number

of families, manual analysis by experts is required to determine which ob-

servations are reliable and which observations are from the same family

of animals. Abbas (2011) reformulates the problem as a multiple target

tracking problem, the byproduct of which is a posterior probability distri-

bution on the number of targets.

In Publication II, we applied the developed parameter estimation algo-

rithm to estimating bear population based on the observation database.

In this experiment, we used data from the year 2013 from one game

management district (Kaakkois-Suomen riistanhoitopiiri). The dynamic

model and measurement model were as in the simulated experiment. Pos-

terior distributions on parameters and number of targets are shown in

Figure 4.3. The method converges according to the potential scale reduc-

tion factor criterion (e.g. Gelman et al., 2013) and produces reasonable

looking posterior distributions. However, compared to the expert esti-

mates, our analysis overestimates the number of targets. The experts may

have better information about which observations are unreliable. Fur-

thermore, our prior distributions were possibly too noninformative com-

pared to what can be inferred from data within only one game manage-

ment district.
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Figure 4.3. From Publication II. Posterior distributions of the parameters (√q,λ,σ) and
the number of brown bear families in the Kaakkois-Suomi district (year
2013). Corresponding prior densities for parameters are shown as solid lines.
Reprinted from Digital Signal Processing, Vol 47, J. Kokkala and S. Särkkä,
Combining particle MCMC with Rao-Blackwellized Monte Carlo data associ-
ation for parameter estimation in multiple target tracking, p. 89, Copyright
(2015), with permission from Elsevier.
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5. Discussion

The aim of this thesis was to study and improve inference algorithms for

dynamic systems, by designing importance distributions for particle fil-

ters as well as by developing and comparing methods for static parameter

estimation. Furthermore, the research was applied to animal population

size estimation.

The animal population size estimation was based on the multiple target

tracking formulation originally presented by Abbas (2011) in his Master’s

thesis. Abbas (2011) used Rao-Blackwellized Monte Carlo data associ-

ation (RBMCDA) to track the animals, and subsequently also to obtain

a probability distribution of the population size, based on a database of

recorded observations. In this thesis, the aim was to extend the method

to learn static parameters of the tracking models based on the observa-

tions. For this purpose, in Publication II, we developed a full Bayesian

inference algorithm for multiple target tracking models with unknown

static parameters.

The aforementioned algorithm is based on combining particle MCMC

with RBMCDA. Based on the experiments documented in Publication II,

the method in principle works for this type of data. However, the resulting

population estimates with real data were quite different from the expert

estimates. This may be due to, for example, misspecified dynamic models

or the fact that observations from only one game management district

were used, while in reality the targets may move away from the area of

the district.

Ideally, improving the animal population estimation methodology, either

by introducing more realistic dynamic models or by taking into account

more expert information in the prior distributions, would be performed

by iterative model development and checking in close collaboration with

subject matter experts. To make this kind of interactive work feasible, as
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well as to be able to use observations from the entire country over multiple

years, computational improvements into the algorithm are required. One

possibility would be to use particle Gibbs with ancestor sampling (Lind-

sten et al., 2014) instead of the original particle Gibbs algorithm. As the

model used in our algorithm is conditionally linear-Gaussian, one would

then use the ancestor sampling step presented for Rao–Blackwellized par-

ticle filters by Svensson et al. (2014).

When full Bayesian posterior computation, for example using particle

MCMC, is not feasible due to computational constraints, point estimates

may be sought instead. Another reason for using point estimates is that

one may simply desire to use some reasonable values for static parame-

ters, rather than completely represent the uncertain knowledge about the

parameters. One reasonable point estimate is the maximum likelihood es-

timate, that is, the parameter values that maximize the likelihood of the

observed data. In the state-space model context, the conditional indepen-

dence structure enables evaluating both the likelihood and its gradient

by a recursion computed along the filtering recursion. These may then

be used in any gradient-based optimization algorithm. Besides directly

maximizing the likelihood, expectation–maximization (EM) may be used.

In Publication I and Publication V we discussed and compared static

parameter estimation in nonlinear systems with additive Gaussian noise,

using either particle filters and smoothers or sigma-point filters and smooth-

ers, the latter with various different cubature rules. We discussed both di-

rect gradient-based optimization and the EM algorithm. EM is especially

useful in a certain type of linear-in-parameters models, for which we gave

closed-form expressions for the maximization-step of the EM algorithm.

Recently, Lindsten (2013) suggested a further improvement to the par-

ticle smoother EM, based on the conditional particle filter originally used

in particle Gibbs. The idea is to combine stochastic approximation EM

(Delyon et al., 1999) and the conditional particle filter. This enables using

state estimates obtained in one EM iteration to improve performance of

the smoother in the next EM iteration, in contrast to the basic particle

EM where the only information carried to the next EM iteration is the

new estimate for parameters. An interesting future research topic would

be to investigate whether the sigma-point EM algorithm could also be de-

veloped to, in some sense, incorporate information learned in previous EM

iterations into the smoother. For example, this could be based on ongoing

adaptation of the sigma-point sets (see Duník et al., 2012, for a discussion
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of adaptive selection of the sigma-points).

Development of importance distributions for particle filtering was con-

sidered in Publication III and Publication IV. In Publication IV, we con-

sidered the split-Gaussian importance distribution fit to the optimal im-

portance distribution using the procedure suggested by Geweke (1989).

In Publication III, we motivated the use of the split-Gaussian importance

distribution for a Poisson regression model based on requirements set by

the convergence theory of particle filters. A possible future research topic

would be to generalize this idea to other state-space models beyond the

Poisson regression model.
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Errata

Publication I

On page 2, Eq. (5), the 4th equation should be

Gk = Dk+1 [P−1k+1|k]

and the 6th equation should be

Pk|T = Pk|k + Gk (Pk+1|T −Pk+1|k)GT
k .

These errors occur only in the text, not in the implementation of the ex-

periments.

Publication III

There was a programming mistake in Newton’s method for fitting the

Laplace approximation. Fig. 1 on p. 798 should be replaced with Fig-

ure E.1 of this Errata.

In addition, the number of particles was varied from 100 to 20, 000 in-

stead of from 1, 000 to 20, 000.

The conclusion mostly stands, that is, the Laplace approximation based

particle filter tends to underestimate the test quantity compared to the

batch MCMC estimate, althought there is an outlier in the split-Gaussian

results at around 16, 000 particles.

Publication IV

In Section 3, p. 485, the sentence Then, a standard multivariate Gaussian

ε is drawn and each component of ε is scaled by the scaling factors qi, ri to
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Figure E.1. Fourth central moment of exp(−βT
2 x2) estimated with Laplace and split-

Gaussian particle filters, varying the number of particles from 100 to 20, 000.
The black horizontal line is the MCMC estimate of the same quantity. Note
that the MCMC estimate is shown only for comparison and it is obtained
from a single run, that is, it is not a function of the number of particles.

form a split-Gaussian random variable η is unclear. For each component,

one randomly decides whether i) the component is positive and qi is used

or ii) the component is negative and ri is used. This is correctly explained

in the pseudocode in Algorithm 1 (p. 486).

Publication V

On page 13, Eq. (58), the last term on the second line is missing a factor

Q−1 inside the trace, i.e., it should read

dQ
dA

tr(Q−1AΦAT)

instead of
dQ
dA

tr(AΦAT).
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