
Many phenomena and processes in nature 
are related to excited electronic states and 
their time development. Examples of such 
processes are light absorption, fluorescence 
and ion-atom collisions. Moreover, many 
experimental methods such as femtosecond 
pump-probe laser spectroscopy and photo-
emission spectroscopy rely on processes 
related to excited electronic states. In this 
thesis, a method called Ehrenfest dynamics 
is developed within the projector augmen-
ted-wave formalism and implemented to the 
GPAW program. The implemented method 
is used for studying ion bombardment of 
graphene and photoexcitation dynamics of a 
ligand-protected gold cluster. The work pro-
vides new computational tools for studying 
nonadiabatic processes, improves the 
understanding of electronic stopping in 
graphitic nanostructures and provides new 
information on possible emission enhan-
cement mechanisms in protected gold 
clusters.  
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Many phenomena and processes in nature are related to excited electronic states and their time 
development, for example light absorption, fluorescence and ion-atom collisions. Moreover, 
many experimental methods such as femtosecond pump-probe laser spectroscopy and photo-
emission spectroscopy rely on processes related to excited electronic states. Consequently, a 
proper description of the excited electron-ion system and the coupled electron-ion dynamics 
is crucial for the understanding of excited-state processes, interpreting a large amount of ex-
perimental data collected with methods that involve electron excitation as well as for develo-
ping new technology based on excited-state phenomena. Especially the modeling of nonadia-
batic coupled electron-ion motion, which incorporates interactions between the wavefunctions 
of the electrons and the nuclei, poses an extremely tough challenge. Not only are the wavefunc-
tions themselves cumbersome to model, but simulating the nonadiabatic dynamics of electrons 
and nuclei to a reasonable accuracy is a highly difficult theoretical and computational task. 
  
During the recent years, a method called Ehrenfest dynamics has been successfully used for 
simulating nonadiabatic electron-ion dynamics in conjunction with the time-dependent den-
sity functional theory (TDDFT). It has been successfully applied to studying, for example, 
ion bombardment of carbon, gold and aluminium targets, photoexcitation dynamics of biomo-
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implementations are based on pseudopotentials, which simplify the implementation as compa-
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method generally increases the accuracy of the calculations as compared to pseudopotential-
based calculations. 
  
The main result of this thesis is the development and implementation of Ehrenfest dyna-
mics within the PAW formalism. The formalism has been implemented to the electronic 
structure program GPAW. The implemented Ehrenfest dynamics method is used for two 
applications motivated by experimental findings: ion bombardment of graphene sheets and 
dynamics of a ligand-protected gold cluster after excitation by light. In this thesis Ehrenfest 
dynamics equations are also derived for the combination of localized basis functions sets and 
the PAW method. Special focus is given to the rigorous derivation of the quantum-classical 
forces from the Lagrangian action integral. 
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Monet luonnon ilmiöt ja prosessit liittyvät virittyneisiin elektronitiloihin ja näiden aikakehi-
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1. Introduction

Many phenomena and processes in nature are related to excited electronic

states and their time development. Examples of such processes are light

absorption, fluorescence, electron transfer and ion-atom collisions. More-

over, many experimental methods rely on activating the electron-ion sys-

tem to excited states for detection. The foremost of such methods are fem-

tosecond pump-probe laser spectroscopy, time-dependent photolumines-

cence spectroscopy, and scanning tunneling microscopy. Consequently,

a proper description of the excited electron-ion system and the coupled

electron-ion dynamics is crucial for the understanding of many natural

processes, interpreting a large amount of experimental data, and equally

well for developing new technology based on excited-state phenomena

such as light-driven molecular machines and novel photovoltaic techno-

logy [1, 2]. A full description of excited states at the atomic and electronic

levels represents major computational challenges due to the difficulties

in describing excited-state wavefunctions accurately and due to the large

demands on computational resources [1, 3]. Especially the modelling of

coupled electron-ion motion, which incorporates interactions between the

wavefunctions of the electrons and the nuclei, poses an extremely tough

challenge. In addition to the wavefunctions themselves being cumber-

some to model, simulating the nonadiabatic dynamics of electrons and

nuclei accurately is a highly difficult theoretical and computational task.

In principle, the time-dependent Schrödinger equation (TDSE) describes

the time evolution of an electron-ion system rigorously. It takes into ac-

count all the interactions between the electrons and the nuclei in an exact

manner. However, the problem of the TDSE is its extreme computational

cost. Namely, in its exact form, it can be used for simulating systems

consisting of only a few particles [4]. Subsequently, approximations are

required for studying the properties of more realistic systems consisting

1
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of tens or hundreds of atoms. In order to simulate nonadiabatic processes,

the time-scale of which is typically between several and hundreds of fem-

toseconds, both a significant amount of computational resources and ad-

vanced approximations to the TDSE are required. Fortunately, the time-

dependent density functional theory (TDDFT) [1, 5] provides a compu-

tationally affordable theoretical framework for simulating nonadiabatic

processes. Before the TDDFT methodology is discussed in more detail, its

foundation, the density functional theory (DFT) [5] is introduced.

Traditionally, DFT [6, 7] has been used for the theoretical investigation

of ground-state properties of materials. In DFT, the main idea is to replace

the many-electron-description of a physical system (meaning molecules,

solids, surfaces, etc., or combinations of these) with an electron density-

based description. Physically relevant quantities such as the electronic

energy are expressed as functionals of the electron density. Consequently,

the number of degrees of freedom in the calculations is reduced from 3Ne

to three, Ne being the number of electrons in the system. Since its inven-

tion, DFT has been an extremely popular method among computational

materials scientists. The original papers by Hohenberg, Kohn and Sham

(Refs. [6] and [7]) have more than 10000 citations each, and the number

is evergrowing.

However, DFT is not suitable for treating excited electronic states quan-

titatively. The time-dependent DFT, originally developed by Runge and

Gross [8], extends DFT to time-dependent problems and significantly im-

proves the treatment of excited states. The later theoretical develop-

ments in TDDFT [9, 10, 11] and the development of molecular dynamics

schemes based on the TDDFT formalism [12, 13, 14, 15, 16, 17] have

paved the way for studying complicated processes related to excited elec-

tronic states such as laser manipulation of molecules, ion bombardment

of carbon nanostructures and photoexcitation dynamics of molecules. Two

complementary implementations of TDDFT exist: (i) the linear-response

formalism, in which a matrix equation is solved in a particle-hole ba-

sis, and excited-state properties such as excitation energies and oscillator

strengths are calculated from the eigenvectors and eigenvalues of the so-

called Casida matrix, and (ii) the time-propagation scheme which is based

on propagating the time-dependent Kohn-Sham (TDKS) equations in the

time domain. In the time-propagation implementation of TDDFT, the sys-

tem is typically excited with a weak delta-function pulse of a dipole field,

which excites all the frequencies. Excited-state properties can be subse-
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quently calculated from the system’s dipole moment oscillations.

In order to simulate the dynamics of the nuclei, molecular dynamics

schemes must be employed on top of the TDDFT methodology. In nonadia-

batic processes, the time-evolution of the electron-ion system is governed

by several different electronic potential energy surfaces as compared to

adiabatic processes that are governed by a single one. Standard ab ini-

tio molecular dynamics (AIMD) techniques [3] such as the Car-Parrinello

MD (CPMD) or the Born-Oppenheimer MD (BOMD) are founded on the

latter assumption, and hence cannot be used for simulating nonadiabatic

processes. Fortunately, a method called Ehrenfest dynamics offers a com-

putationally affordable framework for studying nonadiabatic processes

by coupling the quantum equations of motion for electrons with classical

equations of motion for nuclei via an average potential energy surface.

Combining the time-propagation realization of TDDFT with Ehrenfest

dynamics (TDDFT-ED) has gained a significant amount of popularity for

simulating nonadiabatic electron-ion motion. TDDFT-ED has been suc-

cessfully used for studying, for example, collisions between atomic oxy-

gen and graphite clusters [18], laser-controlled dissociation of the C2H2
+

molecule [19], excited carrier dynamics in carbon nanotubes [20], elec-

tron and hole dynamics in dye-sensitized solar cells [21], and microscopic

mechanisms in collisions between hydrogen atoms and graphene [22].

However, the choice of the basis set for the electronic single-particle (Kohn-

Sham) wavefunctions plays a major role in the complexity of implemen-

ting TDDFT-based Ehrenfest dynamics. The simplest way is to use pseudo

potentials, in which the rapidly oscillating parts of the wavefunctions near

the nuclei are replaced by smooth functions. The resulting pseudo wave-

functions can be represented on a real-space grid or expanded in terms

of localized basis functions. Alternatively, the problem of rapidly oscil-

lating wavefunctions close to the ionic cores can be solved by employing

the projector augmented-wave (PAW) method. As compared to pseudopo-

tentials, the PAW method improves the description of the d electrons and

alleviates the computational effort by reducing the number of basis func-

tions required to represent the wavefunctions [23]. The difficulty of using

the PAW method for TDDFT-ED is caused by the moving ions, which in-

troduce additional correction terms to the Ehrenfest dynamics equations,

thus complicating the implementation. The complications due to the ba-

sis functions moving with changing ionic positions are very relevant since

the PAW method is nowadays one of the leading methods for handling the

3
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problem of rapidly oscillating wavefunctions in ground-state DFT calcu-

lations.

In this thesis, TDDFT-based Ehrenfest dynamics is investigated in three

different cases: (i) localized, atom-centered basis functions, (ii) the PAW

formalism, and (iii) a combination of the PAW formalism and localized

basis functions. As a scientifically novel invention, Ehrenfest dynamics

within the PAW formalism is developed and implemented to the elec-

tronic structure program GPAW. Additionally, for future implementations,

Ehrenfest dynamics equations for the combined formalism of the PAW

method and localized basis function sets are derived. Finally, the deve-

loped PAW-based Ehrenfest dynamics method is used for studying two

different kinds of nonadiabatic processes motivated by experimental find-

ings: ion bombardment of graphene sheets and photoexcitation dynamics

of a small ligand-protected gold cluster.

The thesis is structured as follows. In Chapter 2, the concept of nona-

diabatic processes and phenomena is introduced in more detail and illus-

trative examples of such processes are given. Chapter 3 describes the

theoretical background of the thesis: the basics of DFT, the concepts and

methodology of TDDFT, and the basics of the nonadiabatic dynamics theo-

ry. Chapter 4 focuses on the development of Ehrenfest dynamics within

the TDDFT framework and the PAW method. The derivation of the PAW-

based Ehrenfest dynamics is presented in Sections 4.2.1 and 4.2.2, while

the implementation of the developed formalism to the GPAW program

is described in Section 4.2.3. Finally, in Section 4.3, TDDFT-ED equa-

tions for the combination of the PAW method and localized basis function

sets are derived. In Section 5.1, the results from the ion bombardment

simulations are presented and analysed, while Section 5.2 describes the

simulation setting for the gold-cluster photoexcitation dynamics calcula-

tions and the results obtained with the developed Ehrenfest dynamics

method. Finally, in Chapter 6 the results and major findings of the thesis

are concluded. Furthermore, future of methods for simulating nonadia-

batic electron-ion dynamics is discussed. Besides being an essential con-

tribution to international code and theory development, this thesis offers

an introduction to TDDFT, nonadiabatic dynamics, and their combined

implementation in practice.

4



2. Nonadiabatic processes and
phenomena

In the Introduction chapter the term ’a nonadiabatic process’ is presented.

What constitutes such a process? From a quantum mechanics standpoint,

in an adiabatic process, the quantum-mechanical system changes gradu-

ally enough that its many-body wavefunctions remain eigenstates of the

Hamiltonian of the system through the slowly changing conditions. In

other words, the system has enough time to adjust to the slowly chan-

ging conditions. To the contrary, in a nonadiabatic process the conditions

affecting the system force it to change so rapidly that its wavefunctions

start to deviate from the eigenstates of the system Hamiltonian.

The one-dimensional, one-body quantum-mechanical harmonic oscilla-

tor is a simple and illustrating example. Increasing the spring constant

k is classically equivalent to increasing the stiffness of a spring, whereas

quantum-mechanically the effect is a narrowing of the potential energy

curve of the system Hamiltonian. If k is increased adiabatically (dk/dt →
0), the system at time t will be in an instantaneous eigenstate ψ(t) of the

current Hamiltonian Ĥ(t), corresponding to the initial eigenstate of Ĥ(t0).

However, in the case of a rapidly increased spring constant (dk/dt >> 0),

the system undergoes a nonadiabatic process, in which it does not have

enough time to adapt to the changing conditions. While the norm of

the electronic wavefunction is conserved, the eigenstate ψ(t) of the new

Hamiltonian Ĥ(t), no longer resembles the initial state ψ(t0). Instead,

the final state is composed of a linear combination of many different eigen-

states of Ĥ(t) which sum to reproduce the form of the initial state.

In a more complex context related to this thesis, in an adiabatic process

the system evolves on a single electronic potential energy surface (PES). A

PES describes the electronic energy of a system in terms of the positions

of the nuclei. For a given atomic configuration, the value of the PES is

obtained in the general case by solving the electronic time-independent
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Schrödinger equation. The interaction between the electrons and the nuc-

lei can cause the system to switch from one PES to another, thus causing

the process to become nonadiabatic, i.e., the time-evolution of the system

including transitions between different PESs.

An illustrating example of this is the bombardment of a material with

energetic ions. A low-energy ion perturbs the electronic structure of the

target slightly. After the projectile has left the impact region, the elec-

trons of the target return to the initial configuration (adiabatic case). In

the case of a high-energy ion, on the contrary, the process becomes nona-

diabatic: the changes occur so rapidly that the electronic structure of the

target is significantly perturbed, and the electrons remain in an electronic

excited state instead of the ground state after the projectile has left the

target. Moreover, the atomic forces obtained for a system in an excited

electronic state can significantly differ from the forces obtained when the

system is in its electronic ground state. The traditional AIMD meth-

ods, based on the assumption that the electronic subsystem evolves on

a single PES, lead to major errors if there are nonadiabatic regions which

involve transitions between different PESs. In order to simulate nona-

diabatic processes, methods capable of describing electron-ion dynamics

involving several PESs such as Ehrenfest dynamics and trajectory sur-

face hopping (TSH) must be used. In the following sections, two exam-

ples of typical nonabatic processes are presented: ion bombardment of a

graphene nanoflake and dynamics of formaldimine after photoexcitation.

The Ehrenfest dynamics method implemented in this thesis works well in

the first case, while the second case poses major problems for it.

2.1 Electronic excitations in ion bombardment

In recent years, one of the successful application areas of the methods for

simulating nonadiabatic electron-ion dynamics has been the ion stopping

processes, in which a certain target material is bombarded with ions of

varying masses and impact energies. In the stopping process, the projec-

tile ion loses some of its energy to both the nuclei and the electrons of

the target. The first process is called is called nuclear stopping, whereas

the loss of projectile’s energy to the electrons of the target is called elec-

tronic stopping. The electronic stopping process occurs on a femtosecond

time-scale and is inherently nonadiabatic. Subsequently, standard AIMD

techniques fail to capture the energy transferred from the projectile to
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the electrons of the target. In Publication I, we simulated the dynam-

ics of a hydrogen atom impacting a graphene nanoflake C40H16. Figure

2.1 presents the difference δn(r, t) = n∗(r, t) − n0(r) between the ground-

state electron density of the C40H16 molecule, n0(r), and the excited state

electron density n∗(r, t) obtained using our implementation of Ehrenfest

dynamics in the GPAW program.

In Fig. 2.1(a) the projectile has just passed the target, and subsequently

changes in the electron density can only be seen in the vicinity of the

impact point. Since the the excitation of the target system occurs in less

than a femtosecond, the excitation has spread significantly only 0.07 fs

after the previous time (Fig. 2.1(b)). At the end of the simulation (t = 1.54

fs), where the projectile is already far away from the target, changes in

the electron density can be observed even in the hydrogen atoms furthest

away from the impact point. This is an example of a nonadiabatic process,

for which Ehrenfest dynamics works well. The reason for this is that

a single trajectory governs the dynamics, and the C40H16 molecule has

many close-lying excited states. In such cases, the mean-field approach of

Ehrenfest dynamics is well justified.

2.2 Photoexcitation dynamics of formaldimine

Next, a typical nonadiabatic process related to the excitation of a molecule

by light is presented: dynamics of the formaldimine (H2C = NH) molecule

after light absorption [24]. Irradiation of a molecule by energetic photons

or other particles can excite it from the electronic ground state to one of

the excited states. After the excitation, the nuclear configuration starts

to change slowly. The electron-ion dynamics proceeds in the excited state

until the interaction between the electrons and the nuclei causes the sys-

tem to switch from the excited state back to its electronic ground state,

either via non-radiative relaxation through an intersection of potential

energy surfaces, or via radiative relaxation, i.e., by emitting light. The

latter process is called spontaneous emission, while the whole absorption-

emission process is called fluorescence. In the fluorescence process the

system is typically excited to one of its higher-lying excited states after

light absorption, from which the system proceeds through intermediate

lower-lying excited states eventually back to the ground state.

In the case of the formaldimine molecule, absorbing light excites the

molecule from the electronic ground state S0 to the first excited state S1.
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(a) t = 1.12 fs

(b) t = 1.19 fs

(c) t = 1.54 fs

Figure 2.1. The difference between the excited state [n(r, t)] and ground state [n0(r)]
densities of the C40H16 molecule after the impact of a hydrogen atom at three
different times during the Ehrenfest dynamics simulation. The impact point
is the center of the centremost hexagon of the molecule. The red color repre-
sents an increase in the electron density, while blue corresponds to decreased
density.
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Figure 2.2. Schematic view of the photoexcitation dynamics of formaldimine. The S0

(blue line) and S1 (red line) energy curves are plotted qualitatively against
a hypothetical reaction coordinate whose main contributor is the N-H twist
angle. The drawing has been inspired by Fig. 1 in Ref. [24].

Next, the molecule starts moving down the potential energy slope, and

subsequently the N-H twist angle starts to increase. When the twist an-

gle reaches 90 degrees, the system enters a region of strong nonadiabatic

coupling since the S0 and S1 potential energy surfaces cross. In this re-

gion, a transition back the the electronic ground state occurs. Depending

on the conditions affecting the system, the final configuration of the nuclei

is either the original configuration R or the new isomer configuration P.

Quantum-mechanically this means that in the nonadiabatic region, the

nuclear wavefunction splits into two parts. This type of branching pro-

cesses should generally not be simulated using Ehrenfest dynamics due

to its mean-field nature and the subsequent inability to properly describe

branching. In contrast, the other popular semi-classical method, the TSH

algorithm (see, for example, Ref. [2]) in general works well for simulating

the dynamics of molecules after photoexcitation.
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3. Theoretical background

The most widely used set of methods for simulating the electron-ion dy-

namics of molecules and solids is called ab initio molecular dynamics

(AIMD), which has led to a large number of experimentally verified theo-

retical predictions [3]. Standard AIMD techniques such as Car-Parrinello

MD or Born-Oppenheimer MD are based on the density functional theory

(DFT) [6, 7]. DFT has been one of the most popular methods among com-

putational physicists for calculating the ground state properties of ma-

terials since the 1960s. However, DFT-based MD techniques are often

restricted to the electronic ground state and hence cannot be used for sim-

ulating the nonadiabatic dynamics of coupled electrons and ions. Fortu-

nately, the development of the time-dependent density functional theory

[8] and further advancements have paved the way for Ehrenfest dynamics

and other nonadiabatic dynamics methods to be used in conjunction with

TDDFT for modelling of nonadiabatic processes in solids and molecules.

In this chapter, the theoretical background for simulating nonadiabatic

processes is introduced: (i) the density functional theory and the projector

augmented-wave method, (ii) time-dependent density functional theory,

and (iii) the Ehrenfest dynamics and trajectory surface hopping methods

for simulating nonadiabatic coupled electron-ion dynamics. Atomic units

are used throughout this thesis unless otherwise mentioned.

3.1 Density functional theory

DFT has been the most popular method among computational materials

physicists for calculating the properties of materials, since it provides a

great compromise between accuracy and computational costs. It is based

on two key ideas: (i) the ground state properties of a many-electron sys-

tem are uniquely determined by an electron density that only depends
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on the three spatial coordinates [6], and (ii) the very complicated many-

body problem of interacting electrons in a static external potential can

be transformed onto a much simpler problem of non-interacting electrons

moving in an effective potential [7]. In its exact form, DFT is equivalent to

the many-electron Schrödinger equation (SE) for electrons. However, this

would require an exact DFT functional, and hitherto no such functional

has been discovered. Even with approximative functionals, DFT provides

a reasonably accurate, computationally affordable framework for the cal-

culation of materials properties.

In general, ground state properties of materials, such as bond lengths

and bond energies, can be obtained from the stationary many-body Schrö-

dinger equation (SE) for the many-body wavefunction Ψ and the energy

eigenvalue E,

Ĥ(r,R)Ψ(r,R) = EΨ(r,R), (3.1)

in which R = (R1,R2, . . . ,RNn) and r = (r1, r2, . . . , rNe) are the positions

of the Nn nuclei and Ne electrons, respectively. The Hamiltonian operator

Ĥ reads as

Ĥ = T̂e + T̂n + Ve,e + Vn,e + Vn,n, (3.2)

where T̂e and T̂n are the kinetic energy operators of the electrons and

the nuclei, respectively. Ve,e, Vn,e and Vn,n are the potentials describing

electron-electron, nucleus-electron and nucleus-nucleus interactions, re-

spectively. Solving the many-body SE is computationally feasible only for

very small systems which cannot be used for accurate modeling of ma-

terials properties. Therefore, approximations for the many-body SE are

required.

The first approximation is the so-called Born-Oppenheimer approxima-

tion which states that due to the nuclei being several orders of magnitude

heavier than the electrons, they can be considered fixed in the electronic

time scale. Subsequently, the many-body wavefunction Ψ can be fac-

torized into an electronic wavefunction Φ(r) and a nuclear wavefunction

Ω(R). Within this approximation, we obtain two decoupled Schrödinger

equations, one for the electronic part,

(T̂e + Ve,e(r) + Vn,e(r,R))Φ(r) = EelΦ(r) (3.3)

and one for the nuclear part,

(T̂n + Vn,n(R) + Eel)Ω(R) = EΩ(R). (3.4)

Above, Eel is the electronic energy, which is obtained by solving the first

equation. Finally, the total energy of the system, E, is obtained from the
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latter equation. Still, solving the electronic many-body SE (3.3), is com-

putationally challenging because it depends on 3Ne variables. In order to

overcome this problem, Hohenberg and Kohn proved that observables can

be expressed in terms of the electron density instead of wavefunctions [6].

This is the basis for the density functional theory.

3.1.1 Kohn-Sham theory

Kohn and Sham worked the ideas of Hohenberg and Kohn further, in-

venting a practical scheme for calculating materials properties using the

electron density as the main quantity [7]. They proved that the origi-

nal system of interacting electrons can be mapped onto a system of non-

interacting eletrons moving in an effective potential. The Kohn-Sham

(KS) electronic energy functional for any particular system can be written

as

Eel[n(r)] = Ts[n(r)] + Eext[n(r)] + EH [n(r)] + Exc[n(r)], (3.5)

where n(r) is the electron density which depends on the three spatial vari-

ables r = (x, y, z). Ts represents the kinetic energy of the non-interacting

electrons, Eext is the energy due to the external potential (typically caused

by ions), EH is the Hartree energy describing the Coulomb repulsion bet-

ween the electrons, and Exc is the remaining energy contribution called

the exchange-correlation (XC) energy. The objective is to minimize the KS

energy for fixed ionic positions. This can be carried out by solving a set of

electronic single-particle equations called the Kohn-Sham equations,[
−1

2
∇2 + VKS(r)

]
ψk(r) = εkψk(r), (3.6)

VKS(r) = Vext(r) +

∫
n(r′)
|r− r′|dr

′ + Vxc(r). (3.7)

Above, ψk denotes the Kohn-Sham wavefunction of the single-particle

state k, εk is its KS energy eigenvalue, and the electronic density n is

calculated from the KS wavefunctions as

n(r) =
∑
k

fk|ψk(r)|2, (3.8)

where fk is the occupation number of the electronic state k. The terms Vext

and Vxc = δExc/δn correspond to the external and exchange-correlation

potentials, respectively. The solution of the KS equations has to be self-

consistent since the KS potential includes functionals of the electron den-

sity.

13



Theoretical background

Having introduced the Kohn-Sham wavefunctions, the Kohn-Sham en-

ergy functional (3.5) can be written as

Eel[n(r)] =
∑
k

fk

∫
ψ∗
k(r)

(
−∇2

2

)
ψk(r)dr+

∫
n(r)Vext(r)dr

+
1

2

∫ ∫
n(r)n(r′)
|r− r′| dr

′dr+ Exc[n(r)]. (3.9)

The first three terms of the KS energy can be calculated exactly, but

the exact form of the XC energy Exc is not known. If the XC energy

was known, the KS scheme would be equivalent to the many-electron

Schrödinger equation (3.3). Therefore, approximative XC energy func-

tionals are required in order to calculate materials properties. The most

common approximations for the XC functional are the local-density ap-

proximation (LDA) and the generalized gradient approximation (GGA)

[25, 26]. In the LDA, the XC energy is calculated by assuming a homoge-

neous electron gas everywhere in space, i.e.,

ELDA
xc [n(r)] =

∫
n(r)εHEG

xc [n(r)]dr, (3.10)

where εHEG
xc is the XC energy per particle of a homogeneous electron gas.

In spite of the very simple approach, the LDA works well in general for

solids. However, it has a tendency of severely underestimating the band

gaps of semiconductors [27]. Moreover, the atomization energies obtained

using the LDA typically deviate significantly (10-20 %) from the experi-

mental values [26].

In the GGA, also the gradient of the electron density is taken into ac-

count. There are several different versions of the GGA, all of which can

be written in the form

EGGA
xc [n(r)] =

∫
F (n(r),∇n(r))dr, (3.11)

where the functional F is chosen to fit either data gathered from exper-

iments or to fulfill the requirements for the exact XC functional. Com-

pared to the LDA, the GGA usually improves atomization energies, en-

ergy barriers and total energies towards experimental values [25]. One of

the most popular GGAs among materials physicists is the PBE functional

[26]. More advanced XC functionals, such as the hybrid functionals HSE

[27], B3LYP [28] and PBE0 [29], also exist. In the hybrid functionals, the

idea is to mix a part of the Hartree-Fock exact exchange,

EHF
x = −1

2

∑
k,l

∫ ∫
ψ∗
k(r)ψ

∗
l (r)ψk(r

′)ψl(r
′)

|r− r′| drdr′, (3.12)
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with the PBE and/or the LDA exchange and correlation. As compared to

the LDA and the different GGAs, hybrid functionals generally improve

lattice constants and band gaps, but are computationally significantly

more expensive. Finally, methods based on many-body perturbation theo-

ry such as the GW approximation (see, for example, Ref. [30]) and the ran-

dom phase approximation (RPA) further improve the agreement between

calculations and experiments as compared to hybrid functionals. How-

ever, the very high computational cost of these methods often restricts

their use to small systems.

3.1.2 Projector augmented-wave method

One of the main challenges in solving the Kohn-Sham equations comes

from the rapid oscillations of the wavefunctions in the vicinity of the

atom cores, which makes it numerically challenging to represent this

part of the wavefunctions. In most of the modern DFT programs, the

problem is solved using pseudopotentials, in which the idea is to replace

the rapidly oscillation wavefunctions near the atom cores with smooth

ones. Moreover, only the valence electron states are explicitly included in

the calculations, while the core electron states are kept frozen. The va-

lidity of the frozen-core approximation was established more than three

decades ago [31]. However, traditional pseudopotentials such as Troullier-

Martins [32], require that the norm of the wavefunctions is conserved

inside the core region. This requirement significantly increases compu-

tational costs. Moreover, pseudopotentials are subject to problems with

transferability. So-called ultra-soft pseudopotentials (USPP) remove the

norm-conservation requirement and decrease computational cost compa-

red to norm-conserving ones.

A method that takes the USPP idea even further is the projector aug-

mented-wave method developed by Blöchl [33]. The PAW method is based

on a transformation between the computationally feasible ”smooth” pseudo

wavefunctions and the physically relevant all-electron wavefunctions. One

of the most important features of the PAW method is that it becomes exact

if sufficiently many projector functions (introduced below) are used [34].

The linear transformation between the pseudo wavefunctions |ψ̃n〉 of

valence electron states and the corresponding all-electron wavefunctions

|ψn〉 reads as

|ψn〉 = T̂ |ψ̃n〉 , (3.13)
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where n is the quantum state label, which consists of a band index and

can include spin and wave vector indices as well. Note that here the wave-

function is presented as a Hilbert space object |ψn〉, and its real-space pro-

jection can be obtained through ψn(r) = 〈r|ψn〉. The PAW transformation

is chosen as the identity operator plus an additive atom-centered contri-

bution,

T̂ = 1 +
∑
a

T̂ a, (3.14)

where a is the atom label. The atomic contribution is calculated by choos-

ing a set of smooth pseudopartial waves φ̃ai (r), and requiring that the

transformation T̂ maps those on the atomic valence orbitals φai (r) of that

atom [34]. In this manner, the all-electron behaviour can be incorporated

by the smooth pseudo wavefunctions. Since the corresponding all-electron

wavefunctions are smooth far away from the atom cores, one defines a

certain cut-off radius rc, outside of which the pseudo partial waves match

the all-electron ones, such that φai (r) = φ̃ai (r) for r > rc. Consequently, the

atomic contribution T̂ a is localized to an augmentation sphere for r < rc.

Finally, localized projectors p̃ai are chosen as a dual basis to the pseudo

partial waves. The partial-wave-projector basis must be complete within

the augmentation sphere, and hence we obtain the following requirements

∑
i

|φ̃ai 〉 〈p̃ai | = 1, 〈φ̃ai |p̃aj 〉 = δij . (3.15)

Subsequently, the PAW transformation (3.14) takes the following form

[34],

T̂ = 1 +
∑
a,i

(|φai 〉 − |φ̃ai 〉) 〈p̃ai | . (3.16)

Using Eq. (3.16), the all-electron KS wavefunctions can be recovered from

the pseudo wavefunctions through

ψn(r) = ψ̃n(r) +
∑
a,i

[φai (r)− φ̃ai (r)] 〈p̃ai |ψ̃n〉 . (3.17)

The all-electron wavefunctions are never calculated explicitly, but in-

stead all-electron values of observables are calculated using manipula-

tions which are based on coarse grids or one-dimensional accurate radial

grids. Applying Eqs. (3.14) and (3.16), the all-electron expectation value

(due to the valence states) of any semi-local operator Ô can be written as

〈Ô〉 =
∑
n

fn 〈ψ̃n|Ô|ψ̃n〉+
∑
n,a,i,j

fn 〈ψ̃n|p̃ai 〉 〈φai |Ô|φaj 〉 〈p̃aj |ψ̃n〉

−
∑
n,a,i,j

fn 〈ψ̃n|p̃ai 〉 〈φ̃ai |Ô|φ̃aj 〉 〈p̃aj |ψ̃n〉 , (3.18)
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where fn is the occupation number of electronic state n. Inside the aug-

mentation spheres, the first and third terms in Eq. (3.18) cancel out each

others, which leaves the all-electron contribution. Outside the spheres,

the pseudo partial waves equal the all-electron ones, and thus the two

atomic contributions cancel each other. An advantageous feature of the

PAW method is that the atomic matrix elements of Ô in the second and

third terms of Eq. (3.18) can be calculated beforehand for isolated atoms

on very accurate radial grids. Therefore, operations on pseudo quantities,

such as 〈ψ̃n|Ô|ψ̃n〉 are the ones performed in the actual calculations.

In order to simplify the notation, one defines the atomic density matrices

Da
ij =

∑
n

〈p̃ai |ψ̃n〉 fn 〈ψ̃n|p̃aj 〉 , (3.19)

since these fully describe the relation between the atomic terms in Eq.

(3.18) and the pseudo wavefunctions. Using Eq. (3.19), the expectation

value of operator Ô can be expressed as

〈Ô〉 =
∑
n

fn 〈ψ̃n|Ô|ψ̃n〉+
∑
a,i,j

Da
ji(〈φai |Ô|φaj 〉 − 〈φ̃ai |Ô|φ̃aj 〉). (3.20)

Thus far, the treatment of the core electron states has not been dis-

cussed. In order to perform computationally affordable calculations, the

frozen-core approximation is used. This means that the core states are

assumed to be localized within the augmentation spheres and are not

modified by the change in the chemical environment. The core states in

the PAW method are therefore taken from reference calculations for free

atoms. Moreover, even though the PAW method is in principle exact, the

PAW quantities such as the semi-local operators (3.18) must be evaluated

numerically, for example using plane waves or real-space grids. This in-

troduces numerical errors in the evaluation of the pseudo wavefunctions

in Eq. (3.18). Furthermore, in practice the number of partial waves and

projectors is finite, which means that the completeness conditions are not

perfectly fulfilled. Nevertheless, the accuracy of the PAW method can

be directly controlled by increasing the number of projectors and partial

waves.

Having established Eq. (3.20), the electron density can be written as

n(r) = ñ(r) +
∑
a

[na(r−Ra)− ña(r−Ra)], (3.21)
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where the individual terms read as

ñ(r) =
∑
n

fn|ψ̃n|2 +
∑
a

ñac (|r−Ra|) (3.22)

na(r) =
∑
i,j

Da
ijφ

a
i (r)φ

a
j (r) + nac (r), (3.23)

ña(r) =
∑
i,j

Da
ijφ̃

a
i (r)φ̃

a
j (r) + ñac (r). (3.24)

Above, the all-electron core density nac (r) and the pseudo core density

ñac (r), have been separated. The latter can be chosen as some smooth con-

tinuation of the core density inside the augmentation spheres. In order to

fully establish the PAW method for calculations in practice, smooth local-

ized compensation charges must be introduced on each atom. There are

two key reasons for this: (i) to avoid dealing with the troublesome nuclear

point charges and (ii) to compensate for the lack of norm conservation in-

side the augmentation sphere. The compensation charge procedure is well

explained in Refs. [23] and [34]. Within the PAW formalism, the Kohn-

Sham total (electronic) energy can be expressed as a sum of a pseudo term

Ẽel and atomic corrections, i.e.,

Eel = Ẽel +
∑
a

(Ea − Ẽa). (3.25)

The pseudo term reads as

Ẽel =
∑
n

fn 〈ψ̃n| −
1

2
∇2|ψ̃n〉+

∑
a

∫
ñ(r)v̄a(|r−Ra|)dr

+
1

2

∫ ∫
ρ̃(r)ρ̃(r′)
|r− r′| drdr

′ + Exc[ñ], (3.26)

where ρ̃ is a neutral charge density (see Ref. [34]) and v̄a is an arbitrary po-

tential that vanishes for r > rac . It is generally chosen to make the atomic

potential smooth while its contribution to the total energy vanishes if the

partial-wave expansion is complete [23]. The atomic corrections Ea and

Ẽa to the KS energy in Eq. (3.25) are thoroughly detailed in Refs. [23]

and [35], whereas the calculation of the PAW forces is well explained in

the Appendix of Ref. [34]. The PAW method is a powerful method for com-

putationally efficient DFT calculations. As compared to norm-conserving

pseudopotentials, it reduces the computational effort by allowing one to

use a larger grid spacing in real-space grid calculations or in the case of

plane waves, a smaller cut-off energy [23]. Moreover, it improves the de-

scription of the d electrons. Finally, the PAW method also reduces the

computational burden in TDDFT calculations as compared to pseudopo-

tentials, since accurate results can be obtained with a larger time step

[36].
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3.2 Time-dependent DFT

Density functional theory has been one of the most successful methods for

calculating materials properties for the past 50 years. However, the focus

in materials science is rapidly turning towards modelling of processes and

phenomena involving excited electronic states such as electron injection

in novel solar cell materials [37], collisions between energetic ions and

various target materials [22, 38, 39, 40], or photoexcitation dynamics of

molecules [16, 41]. Subsequently, there has been an evergrowing need

for developing methods beyond the standard DFT approach, and widen

the applications beyond ground-state properties towards those of excited

states. In the past two decades, the time-dependent DFT [1] has become a

popular method for calculating materials properties related excited elec-

tronic states as well as for simulating processes, in which nonadiabatic

electron-ion dynamics plays a significant role.

There are two main realizations of TDDFT: the time-propagation scheme

and the linear-response method. The most general realization of TDDFT

is the former scheme, in which the time-dependent Kohn-Sham equations

are integrated from a given initial state over the time domain.

3.2.1 Time-propagation realization of TDDFT

In the time-propagation formulation of the TDDFT, the key equation is

the time-dependent version of the Kohn-Sham equations, simply called

the time-dependent Kohn-Sham equation. The derivation of the TDKS

equation starts from the quantum-mechanical action integral [2]

A[n] =

∫ t1

t0

〈Φ[n]|i ∂
∂t

− Ĥe|Φ[n]〉 dt, (3.27)

where Φ[n](t) is the time-dependent many-electron wavefunction associ-

ated to the time-dependent electron density n(r, t), and Ĥe is the elec-

tronic Hamiltonian. Runge and Gross proved that the variation principle

applies to the action integral (3.27) [8]. Subsequently, it can be formulated

in terms of the singe-particle KS orbitals ψk(r, t),

A[n] =
∑
k

∫ t1

t0

〈
ψk(r, t)

∣∣∣i ∂
∂t

− 1

2
∇2

∣∣∣ψk(r, t)
〉
dt

−
∫ t1

t0

[∫
n(r, t)

(
Vext(r, t) +

1

2

∫
n(r′, t)
|r− r′|dr

′
)
dr

]
dt−Axc, (3.28)

where Vext is the time-dependent external potential, and Axc is the ex-

change-correlation action. Note that the time-dependent Kohn-Sham or-

bitals might also depend on the atomic positions R. This is the case,
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for example, in the PAW formalism or in calculations using localized ba-

sis function sets. For simplicity, the possible R-dependency is omitted

throughout this section. Applying the variational principle to the action

integral (3.28) subject to the constraint that the electron density can be

calculated from the single-particle orbitals as n(r, t) =
∑

k |ψk(r, t)|2 leads

to the TDKS equations [8],

i
∂

∂t
ψk(r, t) = [−1

2
∇2 + VKS(r, t)]ψk(r, t) = Ĥψk(r, t), (3.29)

where the electronic Hamiltonian Ĥ has been defined. The time-dependent

version of the Kohn-Sham (or effective) potential reads as

VKS(r, t) = Vext(r, t) +

∫
n(r′, t)
|r− r′|dr

′ +
δAxc[n(r, t)]

δn(r, t)
. (3.30)

The exchange-correlation part in general cannot be calculated from the

electron density at time t by using the XC energy expression Exc. The

reason is that exchange and correlation not only depend on the density

at time t but also on the past densities n(r, τ), where τ ∈ [0, t). This

feature of the XC is called temporal non-locality. Consequently, the XC

part in TDDFT is both temporally and spatially non-local. Fortunately,

in practical calculations using the ground-state approximations of the XC

energy such as the LDA or the PBE for the electron density n(r, t), or more

formally [10],

Axc[n] ≈ Aad
xc [n] =

∫ t1

t0

Exc[n]|n=n(r,t)dt, (3.31)

works well in many cases. The approximation given by Eq. (3.31) is called

the adiabatic approximation of TDDFT, and it is used in all the calcu-

lations of this thesis. The adiabatic approximation and its pitfalls are

discussed in more detail in Sec. 3.2.3.

Next, the solution of the TDKS equations (3.29) is discussed. The formal

solution reads as

ψn(r, t) = Û(t, 0)ψ0
n(r), (3.32)

where ψ0
n is the ground state KS wavefunction of the electronic state n,

and Û is the time-evolution operator defined through [42]

Û(t, 0) = T e−i
∫ t
0 dτĤ(τ) =

∞∑
k=0

(−i)k
k!

∫ t

0
dτ1

∫ t

0
dτ2 . . .

∫ t

0
dτk

× T [Ĥ(τ1)Ĥ(τ2) . . . Ĥ(τk)]. (3.33)

Above, T is the time-ordering operator. However, this formula is not fea-

sible for practical calculations. Instead, the time-evolution operator Û is

divided into smaller parts. Using the property Û(t1, t2) = Û(t1, t3)Û(t3, t2),
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the full time-evolution operator can be written as a product of time evolu-

tion operators which propagate the system by time steps Δt,

Û(t, 0) =

N−1∏
i=0

Û(ti +Δt, ti), (3.34)

where N is the number of time steps, t0 = 0 and tN = t. Thus, the prob-

lem is reduced to the propagation with a single time step (the position-

dependence of ψn is dropped for convenience),

ψn(t+Δt) = Û(t+Δt, t)ψn(t). (3.35)

The time-evolution operator satisfies two significant properties. First, it

is unitary for hermitian Hamiltonians,

Û †(t+Δt, t) = Û−1(t+Δt, t). (3.36)

This property describes the conservation of the probability of the wave

packet [42]. Second, Û is time-reversal symmetric, which means that the

following relation holds

Û(t+Δt, t) = Û−1(t, t+Δt). (3.37)

In practical calculations, numeric propagators should satisfy the proper-

ties (3.36) and (3.37) to a reasonable accuracy.

Various numerical approximations for the time-evolution operator exist.

One of the most commonly used approximations is the Crank-Nicholson

(CN) method, where the approximative time-evolution operator is written

as

ÛCN(t+Δt, t) =

[
Î + i

Δt

2
Ĥ(t+Δt/2)

]−1 [
Î − i

Δt

2
Ĥ(t+Δt/2)

]
, (3.38)

where Î is the identity operator. This is typically cast into solving a linear

system for the KS wavefunction ψn,[
Î + i

Δt

2
Ĥ(t+Δt/2)

]
ψn(t+Δt) =

[
Î − i

Δt

2
Ĥ(t+Δt/2)

]
ψn(t). (3.39)

The CN propagator is unitary and time-reversible, i.e., it fulfills the re-

quirements for the exact time-evolution operator. Consequently, it is often

used in time-propagation TDDFT calculations. Another popular scheme

is the enforced time-reversal symmetry (ETRS) method, which is derived

by requiring that propagating backwards by Δt/2 should be equivalent

to propagating forward by Δt/2 starting from t + Δt and t, respectively.

Using this assumption, the ETRS propagator can be written as [42]

ÛETRS = exp

{
i
Δt

2
Ĥ(t+Δt)

}−1

exp

{
−iΔt

2
Ĥ(t)

}
. (3.40)
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The exponential has to be calculated approximatively using Taylor series,

the Suzuki decomposition or the Lanczos scheme, which are described in

more detail in Ref. [42]. The final ETRS equation, depends on the method

chosen for approximating the exponential. More advanced, less commonly

used propagation schemes such as the Magnus expansions also exist, but

they are very rarely feasible for practical calculations due to their high

computational costs.

Finally, many propagators require the knowledge of the Hamiltonian at

some times τ between the times t and t+Δt. The Hamiltonian Ĥ(τ) can-

not be calculated exactly as it depends on the time-dependent density. In

order to overcome this, the time-dependent self-consistency scheme can

be used. The scheme can be expressed as follows: (i) extrapolate Ĥ(τ); (ii)

insert the extrapolated Hamiltonian into the time-propagation equation

and solve for ψ(t+Δt); (iii) calculate Ĥ(t+Δt) from the propagated wave-

functions; (iv) calculate Ĥ(τ) by interpolating between Ĥ(t) and Ĥ(t+Δt),

and finally (v) repeat the steps (ii)-(iv) until self-consistency is reached.

3.2.2 Linear-response formulation of TDDFT

In order to calculate the excitation energies of an electronic system, the

linear-response formulation of TDDFT (LR-TDDFT) provides a compu-

tationally affordable framework. The time-dependent external potential

Vext in the TDKS equations (3.29) can be written as a sum of the static

external potential of the unperturbed system and a time-dependent per-

turbation, i.e., Vext = V0(r) + δV (r, t). The linear density-response δn(r, t)

to the time-dependent perturbation δV (r, t), is given by

δn(r, t) =

∫ ∫
χ(r, t, r′, t′)δV (r′, t′)dr′dt′, (3.41)

where χ(r, t, r′, t′) is called the density-density response function or the

susceptibility. Since χ only depends on the time difference t − t′, it is

usually formulated in the frequency (or energy) space by applying the

Fourier transform to Eq. (3.41),

δn(r, ω) =

∫
χ(r, r′, ω)δV (r′, ω)dr′. (3.42)

Using the Runge-Gross theorem, an alternative way to calculate the lin-

ear density-response is through the susceptibility of the non-interacting

(Kohn-Sham) system, χs(r, r
′, ω). The resulting equation within the adia-
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batic approximation (3.31) reads as [10]

δn(r, ω) =

∫
χs(r, r

′, ω)
[
δV (r′, t)

+

∫
δn(r′′, ω)

(
1

|r′ − r′′| +
δ2Exc

δn(r′)δn(r′′)

)
dr′′

]
dr′. (3.43)

By inserting the density-response (3.42) into Eq. (3.43), and defining the

following Hartree-exchange-correlation kernel

fHxc(r, r
′) =

1

|r− r′| +
δ2Exc

δn(r)δn(r′)
, (3.44)

Eq. (3.43) takes the form of an integral equation. The resulting equation

is often called the Dyson equation, and it reads as∫
χ(r, r′, ω)δV (r′, ω)dr′ =

∫
χs(r, r

′, ω)
(
δV (r′, ω)

+

∫ [∫
χ(r′′, r′′′, ω)δV (r′′′, ω)dr′′′

]
fHxc(r

′, r′′)dr′′
)
dr′. (3.45)

Solving Eq. (3.45) for the inverse susceptibility yields a (formal) relation

between χ and χs,

χ−1(r, r′, ω) = χ−1
s (r, r′, ω)− fHxc(r, r

′). (3.46)

In order to solve Eq. (3.43) in practice, one formulates it in the basis of

the KS orbitals {ψi} with spins σi, KS eigenvalues εiσ and occupations fi.

In the KS orbital basis, the full interacting susceptibility can be written

in terms of the susceptibility matrix elements χijσ,klτ (ω) as [2]

χ(r, r′, ω) =
∑

ijσ,klτ

[ψiσ(r)ψ
∗
jσ(r)ψkτ (r

′)ψ∗
lτ (r

′)]χijσ,klτ (ω). (3.47)

The corresponding matrix elements of the non-interacting LR suscepti-

bility read as

χs
ijσ,klτ (ω) = δστδikδjl

fjσ − fiσ
ω − (εiσ − εjσ)

. (3.48)

Now, using the matrix representation of the density response of the fully

interacting system in the frequency space,

δPijσ(ω) =
∑
klτ

δVklτ (ω)χijσ,klτ (ω), (3.49)

and the relation between the inverse susceptibilities (3.46), we obtain the

following matrix representation of the linear-response equation (3.42),

∑
klτ

[
[χs]

−1
ijσ,klτ −Kijσ,klτ

]
δPklτ (ω) = δVijσ(ω), (3.50)
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where the elements of the coupling matrix K read as

Kijσ,klτ =

∫
ψ∗
iσ(r)ψjσ(r)

(
1

|r− r′| +
δ2Exc

δnσ(r)δnτ (r′)

)
ψkσ(r

′)ψ∗
lτ (r

′)drdr′.

(3.51)

The inverse non-interacting susceptibility in Eq. (3.50) can be computed

from

[χs]
−1
ijσ,klτ = δσ,τδi,kδj,l

ω − (εkσ − εiσ)

fiσ − fkσ
. (3.52)

If the KS orbital basis is ordered according to the occupation, Eq. (3.50)

can be split into particle-hole and hole-particle sectors. First, the occupied

and unoccupied orbitals are labeled with i, j, k, . . . and a, b, c, . . . , respec-

tively. Then, adopting the commonly used notation in LR-TDDFT, Xiaσ =

δPiaσ, Yiaσ = δPaiσ, the linear-response equation (3.50) takes the following

matrix form,

(
ω

⎡
⎣I 0

0 −I

⎤
⎦−

⎡
⎣A B

B
∗

A
∗

⎤
⎦)

⎡
⎣X
Y

⎤
⎦ =

⎡
⎣ δV
δV∗

⎤
⎦ . (3.53)

The matrix inside the parentheses corresponds to the matrix representa-

tion of the full interacting response function χ. In the response theory, the

excitation energies are the poles of the response function. Therefore, the

excitation energies ωn can be obtained by solving the generalized eigen-

value equation [10],⎡
⎣A B

B
∗

A
∗

⎤
⎦
⎡
⎣Xn

Yn

⎤
⎦ = ωn

⎡
⎣I 0

0 −I

⎤
⎦
⎡
⎣Xn

Yn

⎤
⎦ , (3.54)

in which the matrix elements read as

Aiaσ,jbτ = δσ,τδi,jδa,b(εaσ − εiσ) +Kiaσ,jbτ , Biaσ,jbτ = Kiaσ,bjτ . (3.55)

Note that Eq. (3.54) has paired excitation (ωn > 0) and de-excitation

(ωn < 0). In most of the LR-TDDFT calculations, all contributions arising

from de-excitation are neglected. This is called the Tamm-Dancoff appro-

ximation (TDA), and it corresponds to setting B = 0 in Eq. (3.54). Within

the TDA, the excitation energies can be obtained from the simplified LR-

TDDFT equation

AXn = ωnXn, (3.56)

which is simpler to solve in practice than Eq. (3.54).

Finally, it is possible to reduce the generalized eigenvalue equation to

a matrix equation of the same dimensions as the TDA equation (3.56).

Namely, for the LDA and the GGA functionals, the matrix A − B turns
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out to be positive definite and easily invertible [10, 43]. Subsequently,

Eq. (3.54) can be reformulated as the following Hermitian eigenvalue

equation

ΩFn = ω2
nFn, (3.57)

where Ω = (A− B)1/2(A+ B)(A− B)−1/2 and Fn = (A− B)−1/2(Xn +Yn).

The eigenvalue equation (3.57) is often called the Casida equation. The

elements of the Casida matrix Ω can be computed from [2, 36]

Ωijσ,klτ = δστδikδjl(εlτ − εjσ)
2 + 2

√
fijσεjiσfklτ εlkτKijσ,klτ , (3.58)

where εjiσ = εjσ − εiσ and fijσ = fiσ − fjσ are the energy and occupation

number differences of the KS states, respectively.

3.2.3 Exchange and correlation in TDDFT

The exchange-correlation energy Exc in ground-state DFT includes all

the interactions in the system that the kinetic, potential and Hartree

terms in the Kohn-Sham energy (3.5) do not account for. The reason for

its problematic nature is its spatial non-locality, which means that the

exchange-correlation energy density (from which the energy can be in-

tegrated) not only depends on the electronic density at point r but also

on the densities at other points r′. Unfortunately, in TDDFT, the XC

part becomes even more complicated because time-dependence introduces

temporal non-locality into exchange and correlation. In other words, the

exchange-correlation potential at time t depends also on the densities of

the previous times. The non-locality of XC in both space and time is some-

times called ultra non-locality [44].

In TDDFT, the most general way to define exchange and correlation is

through the quantum-mechanical action potential (the second and third

terms on the right-hand side of Eq. (3.28)),

Apot =

∫ t1

t0

(Eext[n(r, t)] + EH [n(r, t)])dt+Axc, (3.59)

where Eext and EH are the external and Hartree energies of DFT. As

very little is known of the XC action integral Axc, approximations are

required to carry out TDDFT calculations in practice. The most widely

used approximation is the adiabatic approximation given by Eq. (3.31),

in which the ground-state XC energy expression is used for the instan-

taneous density n(r, t) to obtain the XC potential required for the TDKS

equation (3.29). In the adiabatic approximation, the dependence of XC
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on the past densities (temporal non-locality), is completely ignored. In

LR-TDDFT, this results in a frequency-independent Hartree-exchange-

correlation kernel (3.44). Generally, both the spatial and temporal non-

locality of XC can cause significant problems. P. Elliot et al. demonstrated

that the exact time-dependent exchange-correlation functional displays

dynamical step structures that have a spatially and temporally non-local

dependence on the electron density [45]. This urges one to be careful

when interpreting results obtained with any adiabatic XC functional in

TDDFT. Especially troublesome cases for the adiabatic approximation are

double excitations and charge-transfer-type excitations [44]. In fact, ob-

taining double excitations with a frequency-independent kernel fHxc in

LR-TDDFT is not possible [46]. Therefore, there is an evergrowing need

for developing TDDFT functionals beyond the adiabatic approximation

that account for both the spatial and the temporal non-locality of XC.

3.2.4 Time-propagation TDDFT in the PAW formalism

One of the main goals of this thesis is to develop and implement Ehrenfest

dynamics within the PAW and TDDFT formalisms. Next, the application

of the PAW methodology to TDDFT is briefly presented. The Ehrenfest

dynamics implementation is based on the time-propagation realization of

TDDFT, and hence the first task is to transform the TDKS equation (3.29)

to the PAW formalism. First, the all-electron Kohn-Sham wavefunction

ψn(r, t) is replaced by ψn(r, t) = T̂ ψ̃n(r, t). Then, operating Eq. (3.29) from

the left with the adjoint of the PAW transformation operator, yields

iT̂ † ∂
∂t

[T̂ ψ̃n(r, t)] = T̂ †Ĥ(t)T̂ ψ̃n(r, t). (3.60)

Elaborating this further gives

iT̂ †T̂ ∂ψ̃n

∂t
=
[
T̂ †Ĥ(t)T̂ − iT̂ †∂T̂

∂t

]
ψ̃n(r, t). (3.61)

In order to write Eq. (3.61) in a more compact form, one defines the PAW

overlap operator as S̃ = T̂ †T̂ and the PAW Hamiltonian including the

external time-dependent potential as H̃(t) = T̂ †Ĥ(t)T̂ . The second term

on the right-hand side of Eq. (3.61) describes the effect of the movement

of the nuclei on the development of electronic states over time. It is an

essential term in coupled electron-ion dynamics and must not be neglected

unless the movement of the nuclei can be considered negligible. Following

the notation by Qian et al. [47], we denote this term by P̃ , i.e.,

P̃ (t) = −iT̂ †∂T̂
∂t
. (3.62)
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Finally, using these shorthand notations, the TDKS equation (3.61) takes

the form

iS̃
∂ψ̃n

∂t
= [H̃(t) + P̃ (t)]ψ̃n(r, t). (3.63)

Equation (3.63) is one of the most central equations of this thesis, as it pro-

vides the dynamics of electrons in the TDDFT-based Ehrenfest dynamics

approach for simulating coupled electron-ion dynamics in nonadiabatic

processes. However, it has to be coupled with the dynamics of the nuclei.

In Chapter 4 we describe implementing Eq. (3.63) as well as the coupled

electron-ion dynamics in practice. Next, we introduce the Ehrenfest dy-

namics formalism in a general framework, and also briefly discuss other

methods for simulating nonadiabatic processes.

3.3 Methods for simulating nonadiabatic processes

In principle, all types of nonadiabatic processes can be simulated accu-

rately by solving the many-body TDSE for the coupled electrons and nuc-

lei,

i�
∂

∂t
Ψ(r,R, t) = ĤΨ(r,R, t). (3.64)

In the following presentation, the reduced Planck constant � is included

in the equations in order to better demonstrate the approximative trans-

formation of nuclei from quantum-mechanical wave packets to classical

point-like particles. Otherwise, atomic units are used throughout as in

the previous sections. The Hamiltonian Ĥ for the electronic (labeled with

i ja j) and nuclear (labeled with α and β) degrees of freedom reads as

Ĥ(r,R) = −
∑
a

�
2

2Mα
∇2

α −
∑
i

�
2

2
∇2

i +
∑
i<j

1

|ri − rj |

−
∑
i,α

Zα

|Rα − ri|
+
∑
α<β

ZαZβ

|Rα −Rβ |

= −
∑
α

�
2

2Mα
∇2

α −
∑
i

�
2

2
∇2

i + V (r,R) = −
∑
α

�
2

2Mα
∇2

α + Ĥe. (3.65)

Above, Zα is the atomic number of atom α. Note that the potential V

includes not only the interaction between the electrons and the nuclei, but

also the electron-electron and nucleus-nucleus interactions. The many-

body TDSE is in general extremely difficult to solve, and can be done only

for systems consisting of a few atoms at most. Next the computationally

affordable Ehrenfest dynamics method is derived by applying a suitable

ansatz to Eq. (3.64).
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Ehrenfest dynamics is the oldest approach to on-the-fly molecular dy-

namics. Earlier, it was mainly used for studying scattering and collision

problems with a very limited number of degrees of freedom [3]. The deve-

lopments in TDDFT have enabled the use of Ehrenfest dynamics for much

larger and more realistic systems, and subsequently the combination of

Ehrenfest dynamics and TDDFT has garnered a significant amount of

attention in the recent decade. Applications have ranged from studying

electronic stopping in various target materials and photoexcitation dy-

namics of biomolecules to investigating electron injection in novel solar

cell materials.

In the Ehrenfest approach to molecular dynamics, the electrons are trea-

ted using quantum mechanics, while the nuclei are treated classically.

Different electronic adiabatic states are coupled through nuclear motion,

and the electron-ion dynamics typically includes contributions from sev-

eral adiabatic states. The nuclei themselves are coupled back to the elec-

tronic system. We first derive the time-dependent self-consistent field

(TDSCF) equations by applying the following ansatz for the total wave-

function Ψ

Ψ(r,R, t) ≈ Φ(r, t)Ω(R, t) exp

[
i

�

∫ t

t0

E(t′)dt′
]
, (3.66)

where Ω and Φ denote the nuclear and electronic wavefunctions, res-

pectively. A phase factor E was introduced for convenience,

E(t) =
∫

Φ∗(r, t)Ω∗(R, t)ĤeΦ(r, t)Ω(R, t)drdR, (3.67)

so that the final equations simplify significantly [3]. Then, by inserting

ansatz (3.66) into the many-body TDSE, multiplying from the left by the

adjoints of Φ and Ω, and integrating over the electronic and nuclear de-

grees of freedom, one arrives at the coupled TDSCF equations [3]

i�
∂Φ(r, t)

∂t
= −

∑
i

�
2

2me
∇2

iΦ+

[∫
Ω∗(R, t)V (r,R)Ω(R, t)dR

]
Φ(r, t),

(3.68)

i�
∂Ω(R, t)

∂t
= −

∑
α

�
2

2Mα
∇2

αΩ+

[∫
Φ∗(r, t)Ĥe(r,R)Φ(r, t)dr

]
Ω(R, t).

(3.69)

As can be seen in the set of equations above, in the TDSCF method

both the electrons and the nuclei move quantum-mechanically in time-

dependent effective potentials. The potentials are calculated as expec-

tation values by integrating over the other class of degrees of freedom.
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Therefore, the ansatz (3.66) yields a mean-field description of the coupled

dynamics of electrons and ions.

3.3.1 Ehrenfest dynamics

Ehrenfest dynamics is based on taking the classical limit of Eq. (3.69). As

a first step, the nuclear wavefunction is factorized into an amplitude and

a phase term,

Ω(R, t) = A(R, t) exp

[
i

�
S(R, t)

]
, (3.70)

which have been assumed real-valued. Substituting this expression for

the nuclear wavefunction into Eq. (3.69) yields, for the real and imaginary

parts,

∂S

∂t
+
∑
α

1

2Mα
(∇αS)

2 +

∫
Φ∗ĤeΦdr = �

2
∑
α

1

2Mα

∇2
αA

A
, (3.71)

∂A

∂t
+
∑
α

1

Mα
(∇αA)(∇αS) +

∑
α

1

2Mα
A∇2

αS = 0. (3.72)

These two sets of equations are fully equivalent to the original TDSCF

equation for the nuclei (3.69). By taking the classical limit � → 0 [3], Eq.

(3.71) takes the following form

∂S

∂t
+
∑
α

1

2Mα
(∇αS)

2 +

∫
Φ∗ĤeΦdr = 0. (3.73)

The second term in Eq. (3.73) describes the kinetic energy of the nuclei.

Namely, the classical Hamilton function for given conserved total energy

can be defined in terms of the nuclear positions R and the classical mo-

menta p as

H(R,p) = T (p) + V (R) =
∑
α

p2
α

2Mα
+ V (R). (3.74)

By using the transformation pα = ∇αS, one sees that Eq. (3.73) is isomor-

phic to the equation of motion in the Hamiltonian-Jacobi formulation [3].

Subsequently, it can be reformulated as

∂S

∂t
= −[T +

∫
Φ∗ĤeΦdr]. (3.75)

By taking the gradient ∇α of both sides (T vanishes as it only depends on

atomic momenta), one obtains

dpα

dt
= −∇α

∫
Φ∗(r, t)Ĥe(r,R)Φ(r, t)dr = −∇α 〈Ĥe(r,R(t))〉 . (3.76)

In other words, each classical atom α moves according to the Newton’s

equations of motion on a potential energy surface given by the expectation
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value of the electronic Hamiltonian. Equations (3.72) and (3.73) describe a

set of nuclear trajectories moving in the average potential, and Eq. (3.72)

describes the continuity of the flux. At this point, it should be noted that

the averaging approach of Ehrenfest dynamics is an approximation which

can cause severe errors if there are nonadiabatic interactions between e-

nergetically far-lying electronic states or if the nuclear wavefunction splits

into two or more parts during the dynamics. Nevertheless, when used

in conjunction with TDDFT, Ehrenfest dynamics is computationally one

of the most efficient approaches for simulating nonadiabatic dynamics of

large systems.

However, the electronic part (3.68) of the TDSCF equations still con-

tains the quantum-mechanical nuclear wavefunction Ω, instead of clas-

sical point-like nuclei. The next step is to replace the nuclear density

Ω(R, t)∗Ω(R, t) by delta functions centered at the classical positions R in

the limit � → 0. Applying the delta-function approximation to Eq. (3.68)

yields the following equation for the electrons

i�
∂Φ

∂t
=

(
−
∑
i

�
2

2me
∇2

iΦ+ V (r,R)

)
Φ(r;R, t) = Ĥe(r,R)Φ(r;R, t).

(3.77)

Now, the final result has been obtained: Eqs. (3.76) and (3.77) define

Ehrenfest dynamics. Next, the transitions between electronic adiabatic

states and the related nonadiabatic quantities are discussed.

3.3.2 Nonadiabatic coupling elements and vectors

Even though the TDSCF approach is clearly a mean-field theory, it de-

scribes transitions between electronic states. In order to see this, the

electronic wavefunction Φ is expanded in a basis of electronic adiabatic

states Φk,

Φ(r;R, t) =
∞∑
k=0

ck(t)Φk(r;R), (3.78)

where the coefficients ck(t) describe the time-evolution of the state occu-

pations and are properly normalized, i.e.,
∑

k |ck(t)|2 = 1. The adiabatic

states Φk can be chosen to correspond to the wavefunctions obtained by

solving the stationary electronic Schrödinger equation,

Ĥe(r,R)Φk(r;R) = EkΦk(r;R). (3.79)

Now, plugging the expansion of the electronic wavefunction (3.78) into the

Ehrenfest dynamics equations (3.76) and (3.77), yields the following set of
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equations for the nuclei and the electrons

MαR̈α(t) = −∇α

∫
Φ∗ĤeΦdr

= −
∑
k

|ck(t)|2∇αEk +
∑
k,l

c∗kcl(El − Ek)d
kl
α , (3.80)

i�ċk(t) = ck(t)Ek − i�
∑
l

cl(t)σkl, (3.81)

where the nonadiabatic coupling vectors dα
kl and coupling elements σkl

between adiabatic electronic states k and l have been defined. They can

be computed from

dα
kl = 〈Φk|∇αΦl〉 , (3.82)

σkl = 〈Φk|
∂Φl

∂t
〉 =

∑
α

Ṙα · dα
kl, (3.83)

where the chain rule has been used, Ṙα being the velocity of atom α.

Equations (3.81) and (3.80) nicely demonstrate how nonadiabatic transi-

tions between different electronic states are incorporated in Ehrenfest dy-

namics. The nonadiabatic couplings (NACs) given by Eq. (3.83) describe

the interaction between the electronic and nuclear motion in the regions

of strong coupling between electronic adiabatic states and give a measure

of the deviation of the ”exact” dynamics of quantum electrons and clas-

sical nuclei from the adiabatic Born-Oppenheimer dynamics. Note that

the many-electron quantities (3.82) and (3.83) have little use in practical

TDDFT-based Ehrenfest dynamics calculations, since TDDFT-ED is based

on propagating single-particle wavefunctions.

3.3.3 Applicability and pitfalls of Ehrenfest dynamics

In Ehrenfest dynamics, the forces on the nuclei are calculated as the gra-

dient of the average energy 〈Ĥe(r,R(t))〉. Since the square of the expan-

sion coefficients ck(t) describes of the occupation of adiabatic state k, the

mean-field approximation underlying Ehrenfest dynamics is valid only if

the classical trajectories corresponding to the different electronic states do

not differ significantly. In Ehrenfest dynamics, after having left a region of

strong nonadiabatic coupling, the system keeps evolving on the average

potential surface even though it should collapse to one of the electronic

adiabatic states. When the nuclear trajectories corresponding to different

states are different, the Ehrenfest trajectory becomes physically mean-

ingless even if the expectation values of quantum observables provided

by the trajectory are seemingly acceptable.
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Another deficiency of Ehrenfest dynamics is its wrong thermodynami-

cal limit. Parandenkar and Tully proved that it fails to satisfy the de-

tailed balance condition, which means that the quantum subsystem does

not approach the same temperature as the classical bath that drives it

[48]. Subsequently, Ehrenfest dynamics generally works well for sub-

picosecond time-scale processes, in which atomic rearrangements along

the reaction channels associated with the different electronic states in-

volved in the mean-field dynamics do not differ significantly. Examples of

such processes include collisions between energetic ions and (relatively)

static targets [22, 39, 40], Coulomb explosion triggered by a projectile

ion [49] and photo-induced charge transfer on a short time-scale [50].

Ehrenfest dynamics works well for solids in general because there are

many close-lying electronic states, and the classical trajectories associated

with different electronic states behave similarly. In the case of molecules,

the LR-TDDFT-based TSH algorithm (see Sec. 3.3.4) is often a more reli-

able method since significant atomic rearrangements are typical in photo-

chemical molecular reactions, and the mean-field approximation of Ehren-

fest dynamics might lead to inaccurate results.

3.3.4 Trajectory surface hopping

The most common alternative to Ehrenfest dynamics for simulating nona-

diabatic electron-ion dynamics is the TSH method which is typically used

in conjunction with LR-TDDFT. Next, we describe a LR-TDDFT-based

TSH scheme presented in Ref. [15]. First, surface hopping is briefly dis-

cussed in a more general framework.

The surface hopping scheme is based on a multi-determinant expansion

of the total wavefunction, in contrast to the single-determinant one in

Ehrenfest dynamics,

Ψ(r,R, t) =
∑
k

Φk(r;R)Ωk(R, t), (3.84)

where the wavefunctions Φk are obtained as solutions of the time-inde-

pendent Schrödinger equation. Inserting the ansatz (3.84) into the TDSE,

multiplying by Φ∗
j from the left-hand side and integrating over all elec-

tronic degrees of freedom gives the following equation

i
∂Ωk(R, t)

∂t
=

(
−
∑
α

�
2

2Mα
∇2

α + Eel
k (R)

)
Ωk(R, t)

−
∑
α,j

�
2

2Mα
σ
(2)
kj (R)Ωj(R, t)−

∑
α,j �=k

�
2

Mα
dα
kj(R) · ∇αΩj(R, t), (3.85)
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in which dα are the first-order nonadiabatic coupling vectors defined by

Eq. (3.82), while σ(2) are the second-order coupling elements. The nona-

diabatic couplings are negligible if the separation of the adiabatic po-

tential energy surfaces is large. To the contrary, in regions of configu-

rational space where the potential surfaces cross or nearly cross, there

is a strong coupling between electronic and nuclear degrees of freedom.

Consequently, in such regions, the NACs play a significant role, and the

electron-ion dynamics becomes nonadiabatic. In the adiabatic Born-Op-

penheimer approximation, the NACs are neglected. Subsequently, the

electrons and the nuclei are completely decoupled in BOMD.

Plugging the polar representation of the nuclear wavefunction (3.70)

into Eq. (3.85) and equating the real and imaginary parts results in so-

called nonadiabatic Bohmian dynamics (NABDY) equations, which are

described in Ref. [2]. However, the NABDY formalism has severe limi-

tations for practical calculations such as the very tricky calculation of

derivatives of the amplitudes Aj(R, t) and the phases Sj(R, t) in the con-

figurational space. The TSH method is an approximation of the NABDY,

which is based on the independent trajectory approximation (ITA). In the

ITA the wavepacket nature of the nuclei is approximated as a collection

of independent classical trajectories. The amplitude of the nuclear wave-

function Ωj is approximated as

|Aj(R, t)|2 ≈
N(R, dV, t)

Ntot

1

dV
, (3.86)

where Ntot is the total number of classical trajectories, and N(R, dV, t) is

the number of classical trajectories found in the volume element dV [2].

Linear-response TDDFT-based TSH

Prior to describing the details of the LR-TDDFT based TSH algorithm,

further results from LR-TDDFT are briefly presented. Generally, in time-

dependent perturbation theory, the response of the electron density to a

periodic perturbation with the frequency ω and the amplitude δV ± can

be written in terms of the linear-response orbitals {ψ±
j } defined by the

coupled KS equations presented in Ref. [51]. In the Sternheimer formu-

lation of LR-TDDFT, excitation energies can be calculated by solving the

eigenvalue problem [2],
No∑
i,j

(Ĥδij − εij) |ψ±
j 〉+ δV SCF(±ω) |ψi〉 = ∓ω |ψ±

i 〉 , (3.87)

where the KS orbitals {ψj} and Lagrange multipliers εij = εi − εj have

been determined from a ground-state DFT calculation. No is the num-
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ber of occupied orbitals, and δV SCF is the response of the KS potential to

the first order perturbation in the electronic density. It is composed of the

Hartree and XC kernels and is determined self-consistently via the linear-

response orbitals. This kernel corrects the KS orbital energies to true

energy differences between the electronic states. In the TDA, the Stern-

heimer equation (3.87) can be approximated by a Hermitian eigenvalue

problem after neglecting the linear-response associated with the {ψ+} or-

bitals [52].

In order to carry out TSH calculations in practice, the many-electron

wavefunction of excited state k is approximated from the Kohn-Sham

single-determinant wavefunction |Φ0〉 as [15]

|Φk〉 ≈
No∑
o=1

No+Nv∑
v=No+1

ckov(â
†
vâo) |Φ0〉 =

No∑
o=1

No+Nv∑
v=No+1

ckov |Φv
o〉 , (3.88)

where the indices o and v represent occupied and unoccupied orbitals,

respectively, and âj is the annihilation operator acting on state j. The

wavefunction coefficients cov can be calculated from

ckov =

√
εv − εo
ωk

〈ψ−
o |ψν〉 , (3.89)

where ψ−
o is a linear-response orbital, obtained from the Sternheimer

equation (3.87), ε denotes the KS eigenvalues, and ωk is the excitation

energy. The time-dependent many-electron wavefunction Ψ(r,R, t) is ex-

panded as a linear combination of KS Slater determinants,

|Ψ(t)〉 = C0(t) |Φ0〉+
∞∑
j=1

Cj(t)
∑
o,v

cjov |Φv
o〉 . (3.90)

Substituting this expression into the TDKS equation (3.29), the following

equation is obtained for the expansion coefficients Ck(t)

i
∂Ck

∂t
=

Nad∑
j=0

[Ck(t)Vkj − iCj(t)σkj ], (3.91)

where the nonadiabatic coupling elements are given by Eq. (3.83), and

Nad is the number of maximum adiabatic states in the simulation since

the summation has to be truncated in practice. Vkj is the potential matrix

element 〈Φk|Ĥe|Φj〉. It is diagonal in the adiabatic basis and the diagonal

elements can be replaced by the differences Ṽjj = Vjj − 〈Φ0|Ĥe|Φ0〉. Using

LR-TDDFT, the term Ṽjj can simply be interpreted as the TDDFT exci-

tation energy ωj which can be obtained by solving the Casida equation

(3.57) or the Sternheimer equation (3.87). Subsequently, Eq. (3.91) can be
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simplified to the following form for the new coefficients C̃k [15]

i
∂C̃k

∂t
= C̃kωk − i

Nad∑
j=0

C̃j(t)σkj . (3.92)

The nonadiabatic coupling elements are typically calculated using finite

differences.

Once the expansion coefficients and the coupling elements have been

computed, the switching probability gkj between states j and k within the

time interval [t, t + Δt] can be calculated using Tully’s fewest-switches

algorithm [53],

gkj(t,Δt) ≈ −2

∫ t+Δt

t

	[C̃j(τ)C̃
∗
k(τ)σjk(τ)]

C̃k(τ)C̃
∗
k(τ)

dτ. (3.93)

The LR-TDDFT-based TSH scheme proceeds in the following manner at a

single time step:

(i) Calculate the excitation energies from the Casida equation (3.57)

and the approximative many-electron wavefunctions from Eq. (3.88).

(ii) Calculate the nonadiabatic coupling elements σkj using Eqs. (3.82)

and (3.83) and the overlap matrix between Kohn-Sham orbitals at

times t and t+Δt.

(iii) Solve Eq. (3.92) to obtain the coefficients C̃k and calculate the switch-

ing probability using the formula (3.93). Use a random number and

the fewest-switches criterion (see Ref. [53]) to determine if the sys-

tem switches PES or not.

(iv) If the system switches PES, calculate the nuclear forces from the

new PES using LR-TDDFT (see, for example, Ref. [52]).

(v) Finally, if a switch is accepted, scale the ionic velocities isotropically

such that the total energy of the system is conserved.

The LR-TDDFT-based TSH algorithm is a complex yet powerful method

for simulating nonadiabatic dynamics as it captures at least some of the

quantum effects arising from the wavefunction nature of the nuclei and

satisfies the detailed balance principle [2]. However, the computational

cost of the TSH method is clearly higher than that of TDDFT-based Ehren-

fest dynamics because (i) many independent calculations must to be car-

ried out due to the statistical nature of TSH and (ii) calculation of the

nonadiabatic coupling elements and the LR-TDDFT forces can be com-

putationally very expensive for large systems. Nevertheless, TSH is a
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complementary method to Ehrenfest dynamics. If a large amount of com-

putational resources is available, it is a reasonably accurate method for

simulating the photoexcitation dynamics of molecules.

The classical approximation for the nuclei used in both Ehrenfest dy-

namics and the TSH-based methods can lead to serious problems when

the nuclear quantum effects play a major role. This is the case when, for

example, decoherence, interference or tunneling occur during the dyna-

mics [2]. In order to simulate nonadiabatic processes, for which the clas-

sical nuclei approximation is not accurate enough, one has to use methods

going beyond the semi-classical description of the coupled electron-ion dy-

namics such as the ab initio multiple spawning [54] (AIMS) or the vari-

ational multi-configuration Gaussian wavepacket [55] (vMCG) method.

In these methods, the main idea is to treat the nuclei and the electrons

as Gaussian wavepackets. While the description of the nuclear quantum

effects is significantly improved, the computational cost of wavefunction-

based methods limits the use of the AIMS, vMCG and similar methods to

small systems.
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4. Implementation of Ehrenfest
dynamics within the PAW formalism

Chapter 3 focuses on the theoretical foundations of TDDFT and nonadi-

abatic dynamics. In this Chapter, one of the main results of this the-

sis is presented: development and implementation of Ehrenfest dynamics

within the PAW framework. First, Ehrenfest dynamics is discussed in a

general finite basis (Section 4.1). The formalism was developed a decade

ago (see, for example, Ref. [14] and references therein), and it is very

relevant as a background for the derivation and implementation of the

PAW-based Ehrenfest dynamics. The PAW-based TDDFT-ED formalism

is presented in Section 4.2.

4.1 Ehrenfest dynamics for general localized basis sets

In this section, Ehrenfest dynamics for general atomic position-dependent

basis sets {χk(r,R)} is presented. One of the most common position-

dependent bases is the linear combination of atomic orbitals (LCAO), in

which the KS wavefunctions are expanded in terms of orbitals localized to

different atoms.

4.1.1 Electron dynamics and the total energy

First, the time-dependent KS wavefunction for the electronic state n is

expanded in terms of the localized basis functions χk as

ψn(r,R, t) =
∑
k

cnk(t)χk(r,R), (4.1)

where cnk are the basis function coefficients. Then, the following Hamil-

tonian and overlap matrices are defined,

Hij = 〈χi|Ĥ|χj〉 , Sij = 〈χi|χj〉 . (4.2)
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Now, by plugging the expansion (4.1) into the (all-electron) TDKS equa-

tion (3.29), one obtains

i
∑
k

∂cnk
∂t

χk = Ĥ[
∑
k

cnkχk − icnk
∂χj

∂t
]. (4.3)

By operating Eq. (4.3) from the left by ψ∗
n, and integrating over the spatial

degrees of freedom (r), and denoting by cn the vector containing the basis

function coefficients of the electronic state n, Eq. (4.3) can be written in

the matrix form

iS
∂cn
∂t

= [H+P]cn. (4.4)

In Eq. (4.4) the P matrix is also defined. It is analogous to the P̃ term in

the TDKS equation within the PAW formalism (3.63). Its matrix elements

read as

Pij = −i 〈χi|
∂χj

∂t
〉 = −i

∑
a

Ṙa · 〈χi|
∂χj

∂Ra
〉 = −i

∑
a

Ṙa · [Da]ij , (4.5)

where the chain rule has been used, Ṙa is the velocity of the atom a, and

the Da matrix has been defined. Thus far we have only discussed the

propagation of the electrons using the TDKS equation. However, since

Ehrenfest dynamics is a semi-classical method, atomic forces must be de-

fined in a physically reasonable manner. It ought to be emphasized that

this is not a trivial question, since there have been many types of force im-

plementations, ranging from the traditional Hellmann-Feynman force, to

the most general force expression calculated from the Lagrangian action

integral.

To begin with, the total Hamiltonian of the quantum-classical system

can be written as

H =
∑
a

1

2
MaṘ

2
a + Eel, (4.6)

where Eel is the electronic energy, also containing the nucleus-nucleus

interaction for convenience. The total time derivative of the Hamiltonian

reads as

dH
dt

=
∑
a

Ṙa · Fa +
dEel

dt

=
∑
a

Ṙa ·
(
Fa +

∂Eel

∂Ra
−
∑
n

fnc
∗
n(HS−1Da + c.c.)cn

)
, (4.7)

where Fa is the force acting on the atom a, and fn is the occupation num-

ber of the electronic state n. In the equation above, the force can be chosen

in such a manner that it cancels out the rest of the terms, i.e., that it con-

serves the total energy of the quantum-classical system.
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4.1.2 Atomic forces

Based on the considerations of the previous section, it is a reasonable idea

to define an energy-conserving (EC) force as

FEC
a = −∂Eel

∂Ra
+
∑
n

fnc
∗
n(HS−1Da + c.c.)cn. (4.8)

However, while the conservation of the total energy is a physically reaso-

nable basis for defining a force, the most general force for quantum-clas-

sical dynamics is obtained by requiring the stationarity of the quantum-

classical action [14]. In the Kohn-Sham formalism, the action A can be

written as a sum of a classical action Ac and a quantum-mechanical one

Aq as follows

A = Ac+Aq =

∫ t1

t0

[∑
a

1

2
MaṘ

2
a

]
dt+

∫ t1

t0

[∑
n

fn 〈ψn|i
∂

∂t
− ∇2

2
|ψn〉

]
dt−Apot,

(4.9)

the potential part Apot (within the adiabatic approximation) includes the

external, Hartree, and the exchange-correlation energies

Apot =

∫ t1

t0

(Eext[n] + EH [n] + Exc[n])dt

=

∫ t1

t0

[∫
n(r,R, t)

(
Vext(r,R, t) +

1

2

∫
n(r′,R, t)
|r− r′| dr′

)
dr+ Exc[n]

]
dt.

(4.10)

The external potential Vext includes both the nucleus-nucleus and electron-

nucleus interactions, as well as possible time-dependent perturbations

such as an electric field or a laser pulse. In practical TDDFT calcula-

tions, the exchange-correlation energy Exc is typically chosen to be that of

the LDA or the PBE. Consequently, within the adiabatic approximation

of TDDFT, the quantum-classical action can be written as

A =

∫ t1

t0

[∑
a

1

2
MaṘ

2
a

]
dt+

∫ t1

t0

[∑
n

fn 〈ψn|i
∂

∂t
|ψn〉 − Eel

]
dt =

∫ t1

t0

Ldt,

(4.11)

where Eel is the electronic (Kohn-Sham) energy and we have defined the

quantum-classical Lagrangian L as

L = Lc + Lq =
∑
a

1

2
MaṘ

2
a +

∑
n

fn 〈ψn|i
∂

∂t
|ψn〉 − Eel, (4.12)

where Lc =
∑

a
1
2MaṘ

2
a and Lq denotes the quantum-mechanical part of

the Lagrangian. The stationary points of the quantum-classical action

are given by the Euler-Lagrange (EL) equations. If the conjugate of the
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wavefunction of electronic state n is chosen as the Lagrangian variable,

the EL equations read as

∂L
∂ψ∗

n

− d

dt

∂L
∂ψ̇∗

n

= i
∂ψn

∂t
− Ĥψn(r,R, t) = 0, (4.13)

i.e., one obtains the usual TDKS equation. Instead, if the position of the

atom a is chosen as the Lagrangian variable, the EL equations take the

following form

∂L
∂Ra

− d

dt

∂L
∂Ṙa

=
∂Lq

∂Ra
− d

dt

∂Lq

∂Ṙa

−MaR̈a = 0. (4.14)

Consequently, according to Newton’s second law, the force acting on the

atom a is obtained through

Fa =
∂Lq

∂Ra
− d

dt

∂Lq

∂Ṙa

. (4.15)

Next, the basis expansion of the electronic wavefunctions is inserted into

the quantum part of the Lagrangian (4.12), and the resulting equation

reads as

Lq =
∑
n

fnc
∗
n[iS

∂cn
∂t

−Pcn]− Eel, (4.16)

where the matrices have been defined by Eqs. (4.2) and (4.5). The time

derivatives of the basis function coefficients cn can be obtained from the

TDKS equation (4.4). After plugging them into Eq. (4.16), the force from

Eq. (4.15) can be calculated, and subsequently one obtains the following

expression

Fa = −∂Eel

∂Ra
+
∑
n

fnc
∗
n[D

∗
aS

−1H+ c.c.+D∗
aS

−1P+ c.c.+ i(Ga −G+
a )]cn,

(4.17)

where the matrices Ga have been defined as

[Ga]ij =
〈∂χi

∂t
| ∂χj

∂Ra

〉
=
〈∑

b

Ṙb ·
∂χi

∂Rb
| ∂χj

∂Ra

〉
, (4.18)

[G+
a ]ij =

〈 ∂χi

∂Ra
|∂χj

∂t

〉
=
〈 ∂χi

∂Ra
|
∑
b

Ṙb ·
∂χj

∂Rb

〉
. (4.19)

This expression can be written as a sum of the energy-conserving force

(4.8) plus corrections,

Fa = FEC
a + FC

a

= FEC
a +

∑
n

fnc
∗
n[D

∗
aS

−1P+ c.c.+ i(Ga −G+
a )]cn, (4.20)

where the additional term FC
a accounts for the conservation of the quan-

tum-classical momentum [14].
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The force (4.17) derived from the Lagrangian action integral conserves

both the total energy (4.6) and the total momentum,

p =
∑
a

MaṘa +
∑
n

fn 〈ψn| − i∇|ψn〉 , (4.21)

of the quantum-classical system, while the EC force (4.8) only conserves

the total energy. In practical simulations, the atomic velocities are typ-

ically quite small, ranging from 10−4 a.u. to 10−2 a.u. Subsequently,

the contribution from the FC
a term containing atomic velocity-dependent

matrices to the atomic forces can be expected to be insignificant in most

cases. This term might play a role in the case of multiple, very rapid

atomic rearrangements, but in such cases the breakdown of the mean-

field approximation underlying Ehrenfest dynamics can be expected to be

a more severe issue than the violation of momentum conservation. Ne-

vertheless, if the FC
a term can be implemented in a straightforward and

computationally efficient manner, we recommend using the force expres-

sion derived from the Lagrangian action for quantum-classical dynamics.

Finally, Ehrenfest dynamics in a general position-dependent basis can be

summarized with the following two equations for the coupled electrons

and nuclei

iS
∂cn
∂t

= [H− i
∑
a

Ṙa ·Da]cn, (4.22)

MaR̈a = −∂Eel

∂Ra
+
∑
n

fnc
∗
n[D

∗
aS

−1(H+P) + c.c.+ i(Ga −G+
a )]cn. (4.23)

4.2 Ehrenfest dynamics in the PAW formalism

Next, we focus our attention to TDDFT in the PAW formalism, which

has been fairly recently implemented to the electronic structure program

GPAW [36]. GPAW [23, 35] is an electronic structure code that is mostly

based on the Python programming language, while the computationally

intensive parts have been written using the C programming language.

It started as a real-space-grid based program, but nowadays it also in-

cludes the plane-wave basis and localized basis function sets. In addition

to the basic ground state-DFT and TDDFT features, the program also in-

cludes, for example, modules for electron transport, beyond-DFT (such as

the random-phase approximation, RPA [56]) and GW calculations [30].

Consequently, GPAW is a very versatile code that not only offers the

possibility to calculate/simulate many different types of properties and
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phenomena, but also the choice of different basis sets unlike many other

electronic structure codes. In this section, Ehrenfest dynamics within the

PAW formalism is presented, and its implementation to the GPAW pro-

gram is described. The following presentation is largely based on Publica-

tion I. Let us start by discussing the electronic part of Ehrenfest dynam-

ics.

4.2.1 Electron dynamics

Ehrenfest dynamics within the PAW formalism resembles the finite basis

formalism presented in Sec. 4.1. The difference is that in the PAW method

there is a dual-basis defined by two different function sets, the projec-

tors p̃ai and the pseudo-partial waves φ̃ai . The atomic position-dependency

then arises from the PAW transformation operator T̂ which contains the

position-dependent projectors and partial waves. Now, from Sec. 3.2.4 we

recall the TDKS equation in the PAW formalism (3.63), which contains the

additional P̃ term (Eq. (4.24)) arising from the position-dependent PAW

transformation operator. This term resembles the P matrix presented in

Sec. 4.1. Qian et al. [47] arrived at the following expression for the P̃

term,

iP̃ = T̂ †∂T̂
∂t

=
∑
a

Ṙa · (1 + t̂†a)
∂

∂Ra
(1 + t̂a) =

∑
a

Ṙa · D̂a, (4.24)

where t̂a =
∑

i(|φai 〉 − |φ̃ai 〉) 〈p̃ai | is an atomic projector operator, and the

operator D̂a has been defined in the spirit of the formalism of Sec. 4.1.

However, Eq. (4.24) assumes that the overlap of the PAW augmentation

spheres is zero. In practical calculations, we have observed that this is

most often a valid assumption. In the scope of Publication II, Eq. (4.24)

turns out to yield reasonable results even in the case of a significant aug-

mentation sphere overlap.

In the Appendix of Publication I, we prove that the operator D̂a can be

written in the following form

D̂a =
∑
i1,i2

|p̃ai1〉
[
(〈φai1 |φ

a
i2〉 − 〈φ̃ai1 |φ̃

a
i2〉)

〈 ∂p̃ai2
∂Ra

∣∣∣
+

(〈
φai1 |

∂φai2
∂Ra

〉
−
〈
φ̃ai1 |

∂φ̃ai2
∂Ra

〉)
〈p̃ai2 |

]
. (4.25)

By defining a shorthand notation

Oa
i1i2 = 〈φai1 |φ

a
i2〉 − 〈φ̃ai1 |φ̃

a
i2〉 (4.26)
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for the overlap between the all-electron and pseudo partial waves and

denoting the derivative term in Eq. (4.25) by

Δa
i1i2 =

〈
φai1

∣∣∣∂φai2
∂Ra

〉
−
〈
φ̃ai1

∣∣∣∂φ̃ai2
∂Ra

〉
, (4.27)

the operator D̂a takes a convenient form

D̂a =
∑
i1,i2

[
|p̃ai1〉O

a
i1i2

〈 ∂p̃ai2
∂Ra

∣∣∣+ |p̃ai1〉Δ
a
i1i2 〈p̃

a
i2 |
]
. (4.28)

4.2.2 Atomic forces

The next task is to derive an expression for the atomic forces within the

PAW formalism. First, we recall that the correct way to derive the forces

is to require that the quantum-classical action (4.11) is stationary. There-

fore, we start from the quantum part of the action integral,

Aq =

∫ t1

t0

[∑
n

fn 〈ψn|i
∂

∂t
− ∇2

2
|ψn〉

]
−Apot, (4.29)

where the potential action is given by Eq. (4.10). Next, expanding the

quantum-classical Lagrangian (4.12) of Eq. (4.11) using the PAW method

gives

L =
∑
a

1

2
MaṘ

2
a +

∑
n

fn

[
〈T̂ ψ̃n|i

∂

∂t
|T̂ ψ̃n〉

]
− Eel = Lc + Lq

=
∑
a

1

2
MaṘ

2
a +

∑
n

fn

[
〈ψ̃n|iT̂ †∂T̂

∂t
|ψ̃n〉+ i 〈ψ̃n|S̃|

∂ψ̃n

∂t
〉
]
− Eel, (4.30)

where Lc and Lq are defined similarly as in Section 4.1.2. The force acting

on atom a is obtained by requiring that the variation of the total action

with respect to the position of that atom vanishes, i.e.,

δA
δRa

=
∂L
∂Ra

− d

dt

∂L
∂Ṙa

=
∂Lq

∂Ra
− d

dt

∂Lq

∂Ṙa

−MaR̈a = 0. (4.31)

According to Eq. (4.31) and Newton’s second law, the force is then ob-

tained by varying the quantum-mechanical action. After some intermedi-

ate steps, we arrive at the following expression for the atomic forces

Fa =
δAq

δRa
=− ∂Eel

∂Ra
+
∑
n

fn

[
〈ψ̃n|D̂†

aS̃
−1H̃ + c.c.+ D̂†

aS̃
−1P̃ + c.c.|ψ̃n〉

− i 〈ψ̃n|
dT̂ †

dt

∂T̂
∂Ra

|ψ̃n〉+ i 〈ψ̃n|
∂T̂ †

∂Ra

dT̂
dt

|ψ̃n〉
]
. (4.32)

We can immediately recognize that this expression contains a term re-

sembling the EC force in the general finite basis. Equation (4.32) can be

written in the form

Fa = FEC
a + FC

a , (4.33)
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in which the EC force is defined as

FEC
a = −∂Eel

∂Ra
+
∑
n

fn

[
〈ψ̃n|D̂†

aS̃
−1H̃ + c.c.|ψ̃n〉

]
. (4.34)

The correction term FC
a , which accounts for the conservation of the quan-

tum-classical momentum, can be further expanded using the chain rule

and assuming zero overlap between the augmentation spheres of different

atoms,

FC
a = iṘa ·

∑
n

fn 〈ψ̃n|Ĉa|ψ̃n〉 , (4.35)

where the operator Ĉa reads as

Ĉa = (Ṙa · D̂†
a)S̃

−1D̂a − D̂†
aS̃

−1(Ṙa · D̂a)

+
∂T̂ †

∂Ra
(Ṙa ·

∂T̂
∂Ra

)− (Ṙa ·
∂T̂ †

∂Ra
)
∂T̂
∂Ra

. (4.36)

However, due to (i) the errors arising from the approximations of Ehren-

fest dynamics itself, (ii) the complexity of the momentum-correcting terms

(4.36) and their heavy computational cost in practical simulations, and

(iii) their relative insignificance as typically atomic velocities |Ṙa| 
 1

a.u., the FC
a term has not been implemented in this thesis. Moreover,

the good agreement between simulation and experiment in Publication

II shows that the EC force works well also in the case of highly ener-

getic ions impacting graphene sheets. To summarize, Ehrenfest dynamics

within the PAW formalism can thus be simulated with the following coup-

led equations

iS̃
∂ψ̃n

∂t
= (H̃ − i

∑
a

Ṙa · D̂a)ψ̃n, (4.37)

MaR̈a = −∂Eel

∂Ra
+
∑
n

fn 〈ψ̃n|D̂†
aS̃

−1H̃ + c.c.|ψ̃n〉 = FEC
a . (4.38)

4.2.3 Implementation of Ehrenfest dynamics to the GPAW
program

The practical implementation of the Ehrenfest dynamics equations has

not yet been discussed. In this section, the implementation of TDDFT-ED

to the electronic structure program GPAW (Publication I) is presented. By

using the shorthand notation of Eqs. (4.26) and (4.27), and defining

g̃n = S̃−1H̃ψ̃n, (4.39)

we can write the term containing g̃n on the right-hand side of Eq. (4.34)

as

〈ψ̃n|D̂†
aS̃

−1H̃|ψ̃n〉 =
∑
i1,i2

〈p̃ai1 |g̃n〉
[〈
ψ̃n

∣∣∣ ∂p̃ai2
∂Ra

〉
Oa

i1i2 + 〈ψ̃n|p̃ai2〉Δ
a
i1i2

]
. (4.40)
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In order to implement this force expression as straightforwardly to the

GPAW program as possible, we take a glance at the ground-state force

expression [23]

FGS
a = −dEel

dRa
= −∂Eel

∂Ra
−
∑
n

fnεn[〈ψ̃n|S̃|
dψ̃n

dRa
〉+ c.c.].

= −∂Eel

∂Ra
+
∑
n

fnεn 〈ψ̃n|
∂S̃

∂Ra
|ψ̃n〉 , (4.41)

where the last equality is obtained using d/dRa 〈ψ̃n|S̃|ψ̃n〉 = 0. Since the

operators S̃ and D̂a are real-valued, the following relation holds

D̂†
a + D̂a =

∂S̃

∂Ra
. (4.42)

This means that the energy-conserving force (4.34) is equivalent to the

ground-state force (4.41) in the ground state or in the case of adiabatic

processes, where the relation H̃ψ̃n = εS̃ψ̃n is valid. However, in the case

of nonadiabatic processes, this is no longer true, and therefore the EC

force should be used for TDDFT-based Ehrenfest dynamics. Comparing

Eqs. (4.34) and (4.41), it is obvious that for the electronic energy gradient

already existing terms in the GPAW program can be used. On the con-

trary, the second term in the EC force (calculated using Eq. (4.40)) must

replace the term containing the atomic gradient of S̃ in the ground-state

force (4.41).

The next task is to determine a practical way of computing the inverse

overlap operator S̃−1 which is required for calculating the g̃n term (4.39).

In this work, S̃−1 is computed using two different methods. In the first

approach, we assume that it is block diagonal and can be written as a

sum of the identity operator and atom-centered correction terms,

S̃−1 = 1 +
∑
a

∑
i1,i2

|p̃ai1〉C
a
i1i2 〈p̃

a
i2 | , (4.43)

where Ci1i2 are the inverse overlap coefficients. They can be obtained by

requiring that

S̃−1S̃ = 1, (4.44)

where we assume that the augmentation sphere overlap is zero. In the

case of non-zero overlap, this approach might yield significant errors.

Thus, a second, more accurate approach is developed, in which no sig-

nificant assumptions are being made, but instead the linear equation

S̃x̃ = H̃ψ̃n (4.45)
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is solved iteratively using the conjugate gradient (CG) method. This ap-

proach for calculating S̃−1 is more accurate than the approximative met-

hod (4.43) and less sensitive to numerical errors due to a large grid spa-

cing. S̃−1 calculated with the CG method is also computationally slight-

ly more expensive. Nevertheless, solving Eq. (4.45) to a high accuracy

should only take a few iterations, as long as the overlap operator S̃ is

reasonably well-conditioned.

Finally, the solution of the coupled TDKS and Newton equations of mo-

tion, Eqs. (4.37) and (4.38), is discussed. We use the following splitting

for the propagation of coupled electrons and ions:

ÛN,e(t, t+Δt) = ÛN (t, t+Δt/2)Ûe(t, t+Δt)ÛN (t+Δt/2, t+Δt) +O(Δt3),

(4.46)

where the nuclei (ÛN ) are propagated using the traditional Velocity Verlet

method, while the so-called semi-implicit Crank-Nicholson (SICN) method

is used for the electronic states (Ûe). In the SICN method, the PAW Hamil-

tonian is first approximated to be constant during the time step. Then,

by solving the following linear equation, one obtains the future-time pre-

dicted wavefunctions ψ̃pred
n ,[

S̃ + i
Δt

2
(H̃(t) + P̃ )

]
ψ̃pred
n (t+Δt) =

[
S̃ − i

Δt

2
(H̃(t) + P̃ )

]
ψ̃n +O(Δt2).

(4.47)

Then, the predicted wavefunctions are used to calculate the Hamiltonian

in the middle of the time step,

H̃(t+Δt/2) = H̃1/2 =
1

2
(H̃(t) + H̃pred(t+Δt)) +O(Δt2). (4.48)

The final, propagated wavefunctions can be obtained from

[S̃+ i
Δt

2
(H̃1/2+ P̃ )]ψ̃n(t+Δt) = [S̃− iΔt

2
(H̃1/2+ P̃ )]ψ̃n(t)+O(Δt3). (4.49)

In principle, the corrector step could be repeated several times in order to

further increase the accuracy of the new wavefunctions ψ̃n(t +Δt). How-

ever, this would make sense only in the case of a higher-order propaga-

tor than Crank-Nicholson. Higher-order propagators such as fourth-order

implicit Runge-Kutta methods, in turn, are computationally too expen-

sive for grid-based Ehrenfest dynamics. To conclude, the propagation of

the coupled electron-ion dynamics proceeds using the following five-step

scheme within the time step Δt,
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1.

R̈(t) =
FEC(R(t), n(t))

M
(4.50)

R(t+Δt/2) = R(t) + Ṙ(t)
Δt

2
+

1

2
R̈(t)

(
Δt

2

)2

(4.51)

Ṙ(t+Δt/4) = Ṙ(t) +
1

2
R̈(t)

Δt

2
(4.52)

2.

R̈(t+Δt/2) =
FEC(R(t+Δt/2), n(t))

M
(4.53)

Ṙ(t+Δt/2) = Ṙ(t+Δt/4) +
1

2
R̈(t+Δt/2)

Δt

2
(4.54)

3.

ψ̃n(t+Δt;R(t+Δt/2)) = ÛSICN(t, t+Δt)ψ̃n(t;R(t+Δt/2)) (4.55)

4.

R̈(t+Δt/2) =
FEC(R(t+Δt/2), n(t+Δt))

M
(4.56)

R(t+Δt) = R(t+Δt/2) + Ṙ(t+Δt/2)
Δt

2
+

1

2
R̈(t+Δt/2)

(
Δt

2

)2

(4.57)

Ṙ(t+ 3Δt/4) = Ṙ(t+Δt/2) +
1

2
R̈(Δt/2)

Δt

2
(4.58)

5.

Ṙ(t+Δt) = Ṙ(t+ 3Δt/4) +
1

2
R̈(t+Δt)

Δt

2
(4.59)

update n(t+Δt,R(t+Δt/2)) → n(t+Δt,R(t+Δt)) (4.60)

Further details of the implementation of the PAW-based Ehrenfest dy-

namics to the GPAW program and several test calculations are presented

in Publication I.

4.3 Ehrenfest dynamics in the combined framework of localized
basis function sets and the PAW method

Next we consider Ehrenfest dynamics using localized basis functions. Typ-

ically, the basis functions are localized to atoms and hence the formalism

is called the linear combination of atomic orbitals. The LCAO formalism

generally decreases the computational effort compared to carrying out the
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calculations on a real-space grid, due to the former’s fast and efficient ma-

trix operations in comparison with slower dealing with operators on a

three-dimensional grid. Typically, the LCAO calculations are two orders

of magnitude faster than those carried on the real-space grid [16]. How-

ever, controlling the robustness and accuracy of the calculations with the

LCAO method can be an issue. The reason for this is that the quality of

the wavefunctions cannot be controlled with a single parameter, the grid

spacing h, but instead it depends on the type of localized orbitals used. In

GPAW, by default, double zeta-polarized (DZP)-type orbitals are used for

the calculations in the LCAO mode.

Unlike in previous implementations of TDDFT-ED employing atom-cen-

tered basis functions (for example, Refs. [13], [16] and [57]), the LCAO

method in GPAW is based on the PAW method instead of pseudopoten-

tials. Accordingly, the LCAO implementation in GPAW can be considered

slightly more accurate and robust than the methods using standard norm-

conserving or ultra-soft pseudopotentials. On the downside, the formal-

ism becomes more complicated because the PAW projectors and partial

waves are also centered on atoms. In this section, we derive the TDDFT-

ED equations for the combined LCAO-PAW formalism and discuss their

implementation in practice.

4.3.1 Electron dynamics in the LCAO-PAW formalism

In the PAW implementation of the LCAO basis, the pseudo wavefunctions

are expanded in terms of a set of basis functions Φμ, which are fixed,

strictly localized atomic-orbital-like functions represented numerically as

|ψ̃n〉 =
∑
μ

cnμ |Φμ〉 . (4.61)

By substituting this expansion into the TDKS equation (3.63), we get

iS̃
∑
μ

(
∂cnμ
∂t

|Φμ〉+ cnμ
∂ |Φμ〉
∂t

)
= (H̃ + P̃ )

∑
μ

cnμ |Φμ〉 , (4.62)

By operating from the left with 〈ψ̃n| =
∑

ν c
∗
nν 〈Φν |, and rearranging the

terms, one obtains a matrix equation

iS
∂cn
∂t

= [H+P]cn, (4.63)

where the vector cn contains the expansion coefficients of electronic state

n, and the elements of the matrices in the TDKS equation are calculated
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as

Sνμ = 〈Φν |S̃|Φμ〉 , Hνμ = 〈Φν |H̃|Φμ〉 , (4.64)

Pνμ = 〈Φν |P̃ |Φμ〉 − i 〈Φν |S̃|
∂Φμ

∂t
〉 . (4.65)

Using the short-hand notation given by Eqs. (4.26) and (4.27), the first

term in the P matrix can be written as

P (1)
νμ = −i 〈Φν |

∑
a

Ṙa · (T̂ † ∂T̂
∂Ra

)|Φμ〉 = −i 〈Φν |
∑
a

Ṙa · D̂a|Φμ〉

= i
∑
a,i,j

Ṙa ·
[
〈Φν |p̃ai 〉Oa

ij 〈∇p̃aj |Φμ〉+ 〈Φν |p̃ai 〉Δa
ij 〈p̃aj |Φμ〉

]
. (4.66)

The second term in Eq. (4.65) can be expanded by assuming zero overlap

of the PAW augmentation spheres, in which case the PAW overlap opera-

tor reads as S̃ = 1 +
∑

a,i,j |p̃ai 〉Oa
ij 〈p̃aj |. Consequently, the second term in

the P matrix takes the following form

P (2)
νμ = −i 〈Φν |S̃|

∂Φμ

∂t
〉 = −i 〈Φν |1 +

∑
a,i,j

|p̃ai 〉Oa
ij 〈p̃aj |

∣∣Ṙaμ · ∂Φμ

∂Raμ

〉

= −iṘaμ ·

⎡
⎣〈Φν |

∂Φμ

∂Raμ

〉+
∑
a,i,j

〈Φν |p̃ai 〉Oa
ij 〈p̃aj |

∂Φμ

∂Raμ

〉

⎤
⎦ . (4.67)

Above, Raμ is the position of the atom, to which the basis function Φμ is

localized. Combining everything together, the matrix elements Pνμ can be

computed with the following formula,

Pνμ = i
∑
a,i,j

Ṙa ·
[
Pa
iνO

a
ij 〈∇p̃aj |Φμ〉+ Pa

iνΔ
a
ijPa

jμ

]

− iṘaμ ·
[
〈Φν |

∂Φμ

∂Raμ

〉+
∑
a,i,j

Pa
iνO

a
ij 〈p̃aj |

∂Φμ

∂Raμ

〉
]
, (4.68)

where Pa
iμ = 〈p̃ai |Φμ〉. This expression can be implemented to any elec-

tronic structure program that is based on atom-centered orbitals and the

PAW method. However, a more tedious task is yet to be completed: deri-

ving an expression for the atomic forces.

4.3.2 Atomic forces in the LCAO-PAW formalism

In a similar fashion as in Section 4.2.2, deriving the atomic forces starts

from the action integral (4.11). In order to simplify the derivation, we

define a Lagrangian integrand Ln
q for the electronic state n,

Ln
q = 〈ψn|i

∂

∂t
|ψn〉 = 〈T̂ ψ̃n|i

∂

∂t
|T̂ ψ̃n〉 . (4.69)
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In Section 4.2.2 it was already established that the atomic force is equal

to the variation of the quantum-mechanical part of the action integral.

Subsequently, using Eq. (4.69) the force can be written as

Fa =
δAq

δRa
= −∂Eel

∂Ra
+
∑
n

fn

[
∂Ln

q

∂Ra
− d

dt

∂Ln
q

∂Ṙa

]
. (4.70)

In order to proceed from this expression, one first expands the Lagrangian

term Ln
q using the PAW transformation and the localized orbital expan-

sion for the pseudo wavefunctions, and obtains the expression

Ln
q = i

〈∑
μ

cnμΦμ

∣∣∣∣T̂ †∂T̂
∂t

∑
μ

cnμΦμ+ S̃

[∑
μ

(
∂cnμ
∂t

Φμ+cnμ
∂Φμ

∂t

)]〉
. (4.71)

Next, the following short-hand notation is introduced to simplify the ex-

pressions. The number of basis functions is denoted by M . The vector

cn = [cn1, cn2, . . . , cnM ]T contains the expansion coefficients of the pseudo

wavefunction ψ̃n, the vector Φ = [Φ1(r−R1),Φ2(r−R2), . . . ,ΦM (r−RM )]T

contains the basis functions such that
∑

μ cnμΦμ = cTnΦ. Vectors Φ̇ and ċn,

then, contain the time derivatives of the basis functions and the expan-

sion coefficients, respectively. Using this notation, Eq. (4.71) takes the

form

Ln
q = i 〈cTnΦ|iP̃cTnΦ+ S̃(ċTnΦ+ cTn Φ̇)〉 , (4.72)

where the definition of the P̃ operator (4.24) has been used. Now, we

calculate the first term inside the brackets in Eq. (4.70) and obtain the

following expression,

∂Ln
q

∂Ra
= i

〈
cTn

∂Φ

∂Ra
|iP̃cTnΦ+ S̃(ċTnΦ+ cTn Φ̇)

〉
+ i

〈
cTnΦ

∣∣∣i ∂P̃
∂Ra

cTnΦ

+ iP̃cTn
∂Φ

∂Ra
+

∂S̃

∂Ra
(ċTnΦ+ cTn Φ̇) + S̃

(
ċn

∂Φ

∂Ra
+ cTn

∂Φ̇

∂Ra

)〉
. (4.73)

The next task is to compute the second term inside the brackets in Eq.

(4.70). First we calculate the derivative of Ln
q with respect to Ṙa,

∂Ln
q

∂Ṙa

= i
〈
cTnΦ

∣∣∣D̂ac
T
nΦ+ S̃cTn

∂Φ

∂Ra

〉
. (4.74)

After a few algebraic steps, the term inside the brackets in Eq. (4.70)

takes the following form

− i

(
∂Ln

q

∂Ra
− d

dt

∂Ln
q

∂Ṙa

)
=
〈
cTn

∂Φ

∂Ra

∣∣∣(∑
α

Ṙα · D̂α)c
T
nΦ+ S̃(ċTnΦ+ cTn Φ̇)

〉

+
〈
cTnΦ

∣∣∣(∑
α

Ṙα · ∂D̂α

∂Ra
)cTnΦ+ (

∑
α

Ṙα · D̂α)c
T
n

∂Φ

∂Ra
+ D̂†

a(ċ
T
nΦ+ cTn Φ̇)

〉

−
〈
cTnΦ

∣∣∣(∑
α

Ṙα · ∂D̂a

∂Rα
)cTnΦ+ (

∑
α

Ṙα · ∂S̃

∂Rα
)cTn

∂Φ

∂Ra

〉

− 〈ċTnΦ+ cTn Φ̇|D̂ac
T
nΦ+ S̃cTn

∂Φ

∂Ra
〉. (4.75)
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In principle, the atomic forces in the LCAO-PAW based TDDFT-ED can

be calculated using Eqs. (4.70) and (4.75). However, inserting the time

derivatives of the coefficients cn into Eq. (4.75) results in a complicated

and computationally demanding expression. Subsequently, for the practi-

cal implementation of the forces, Eq. (4.75) is approximated to a simpler

form. In order to obtain an approximative force expression for the LCAO-

PAW Ehrenfest dynamics, the LCAO-based correction terms are assumed

to contribute most to Eq. (4.75). In general, the number of LCAO basis

functions Φμ belonging to the atom a is larger than the number of pro-

jectors p̃ai attached to it. Moreover, the overlap between the LCAO basis

functions belonging to different atoms is generally more significant than

that of the PAW basis functions. Next we assume that the atomic veloci-

ties are reasonably small such that the PAW-related terms such as Ṙα ·D̂α

can be neglected, and the products of the time derivatives of the localized

functions and their gradients,
∂Φμ

∂Ra

dΦν

dt
=
∂Φμ

∂Ra

(
Ṙaν ·

∂Φν

∂Raν

)
, (4.76)

can be left out. After the afore mentioned simplifications, one obtains the

following approximation of Eq. (4.75)

− i

(
∂Ln

q

∂Ra
− d

dt

∂Ln
q

∂Ṙa

)
≈
〈
cTn

∂Φ

∂Ra

∣∣∣S̃ċTnΦ〉+ 〈cTnΦ|D̂†
a(ċ

T
nΦ+ cTn Φ̇)〉

− 〈ċTnΦ|S̃cTn
∂Φ

∂Ra
+ D̂ac

T
nΦ〉 − 〈cTn Φ̇|D̂ac

T
nΦ〉 = Mn. (4.77)

By defining the matrices Ba, Ca and Ga as follows,

[Ba]μν = 〈Φμ|S̃|
∂Φν

∂Ra
〉 , [Ca]μν = 〈Φμ|D̂a|Φν〉 , [Ga]μν = 〈Φμ|D̂†

a|
dΦν

dt
〉 ,

(4.78)

and their conjugate transposes

[B+
a ]μν = 〈∂Φμ

∂Ra
|S̃|Φν〉 , [C+

a ]μν = 〈Φμ|D̂†
a|Φν〉 , [G+

a ]μν = 〈dΦμ

dt
|D̂a|Φν〉 ,

(4.79)

Eq. (4.77) can be written in a compact form,

Mn = c∗n[B
+
a +C+

a ]
∂cn
∂t

+ c∗n[Ga −G+
a ]cn − ∂c∗n

∂t
[Ba +Ca]cn. (4.80)

Finally, using the matrix representation of the TDKS equation (4.63) to

calculate the time derivatives of the vectors cn, we obtain an expression

for the approximative force for LCAO-PAW-based Ehrenfest dynamics,

Fa = −∂Eel

∂Ra
+
∑
n

fn

[
∂Ln

q

∂Ra
− d

dt

∂Ln
q

∂Ṙa

]
≈ −∂Eel

∂Ra
+ i

∑
n

fnM
n

= −∂Eel

∂Ra
+
∑
n

fn

[
2	{c∗n[B+

a +C+
a ]S

−1(H+P)cn}+ ic∗n[Ga −G+
a ]cn

]
.

(4.81)
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To conclude, by introducing Da = Ba +Ca as a short-hand notation, we

propose that an accurate enough representation of the LCAO-PAW-based

Ehrenfest dynamics is given by the following coupled equations of motions

for the electrons (coefficients cn) and the nuclei,

iS
∂cn
∂t

= [H+P]cn = [H− i
∑
a

Ṙa ·Da]cn, (4.82)

MaR̈a = −∂Eel

∂Ra
+
∑
n

fn

[
2	{c∗nD+

a S
−1(H+P)cn}+ ic∗n[Ga −G+

a ]cn

]
,

(4.83)

where the matrices H and S were introduced earlier in Eq. (4.64). It

should be noted that implementing the dynamics of the nuclei requires a

practical method for calculating the gradient of the electronic energy Eel.

In the GPAW program, calculating the gradient results in a complicated

expression (see Ref. [34]) due to the details of the LCAO and PAW imple-

mentations. Hence, Eq. (4.83) is not elaborated any further. Equations

(4.82) and (4.83) can be used to implement the (approximative) LCAO-

PAW-based Ehrenfest dynamics to any code employing the PAW method

and localized basis sets, as long as the nuclei are not moving at very high

velocities.

Finally, LCAO-PAW-based Ehrenfest dynamics was studied in the GPAW

program framework. The P matrix was calculated using Eq. (4.66), while

the ground-state force described in Ref. [34] was used. It can be obtained

by neglecting both the P and Ga matrices in Eq. (4.83) and assuming (in-

correctly for nonadiabatic dynamics) that S−1Hcn = εncn. The time propa-

gation of the expansion coefficients cn was performed using a fourth-order

implicit Runge-Kutta method with a time step of 10 attoseconds. We first

repeated the NaCl molecule test presented in Publication I, and found the

total energy to be quite well conserved within a simulation time of 150

fs, the maximum error being 2-3 meV depending on the time step. The

total energy error without the P matrix was several eVs. Therefore the

implementation of the P matrix was most likely correct. However, the

simple implementation of the LCAO-PAW Ehrenfest method did poorly in

the next test: the vibration of a ligand-protected Au11 cluster, in which

random initial kinetic energies obtained from a Boltzmann distribution

corresponding to the room temperature (T = 300 K) were assigned to dif-

ferent atoms. Namely, even within the first femtosecond, the total energy

error was already more than 30 meV. Since the P matrix appeared to

be correctly implemented, based on the NaCl tests, it is likely that the
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ground-state force is simply not accurate enough for LCAO-PAW Ehren-

fest dynamics simulations of the gold cluster. Investigation of this issue

in more detail and the implementation of the force given by Eq. (4.83) are

left as future work.
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5. Applications of the PAW-based
Ehrenfest dynamics implementation

In order to test the validity of the developed Ehrenfest dynamics method,

and to find new interesting physics with it, calculations for two major ap-

plications were carried out: ion bombardment of graphene and graphene-

like structures, and photoexcitation dynamics of a ligand-protected gold

cluster. In the case of protected clusters, ligands refer to groups of vari-

ous atoms surrounding a metallic core. In the case of gold clusters, they

typically consist of phosphorus -and carbon-based atom groups.

In the first application (Publication II), the interaction between ener-

getic ions and graphitic targets was investigated, with the focus on cal-

culating a quantity called the electronic stopping power (Se). To put it

simply, Se describes the energy lost (per unit length) by the projectile to

the electrons of the target material when traversing through the target.

Recently, TDDFT-based Ehrenfest dynamics has been used to study the

response of solids to ion irradiation. In particular, the amount of ener-

gy deposited into electronic excitations under impacts of energetic ions

[22, 38, 39, 40] and fragmentation of nanostructures due to the combina-

tion of electronic and vibronic excitations [58] have been addressed. How-

ever, in the previous works, the simulations have been limited to cases, in

which core electron excitations do not play a significant role. Also, previ-

ous calculations have focused only on a few certain channels in the target

material. In experiments, on the contrary, Se is obtained as an average

from a large amount of independent bombardments. In this thesis, using

our TDDFT-ED implementation in GPAW, the average Se over the whole

graphene surface was calculated using first-principles methods.

In the protected cluster application, the nonadiabatic dynamics of a

ligand-protected Au2 cluster after photoexcitation was investigated. The

goal was to characterize the relation between the charge-transfer pro-

cesses occurring during the dynamics and the optical properties of the
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cluster, and therefore be able to understand and propose ways of enhan-

cing the photon emission by protected clusters. In general, metal nanopar-

ticles stabilized or protected by organic matter are systems with great

potential for photothermal, catalytic, and imaging applications [59, 60].

Small metal nanoparticles, the core of which is composed of a few atoms,

interacting with a biological environment can fluoresce, and are a novel

class of luminescent nanomaterials [59, 60, 61]. Motivated by the vast

number of potential applications, luminescence of protected and stabi-

lized metal clusters has been studied experimentally in the past decade

[62, 63, 64]. In the small size range gold clusters, either stabilized by

organic matter, or with a strong ligand-protection have been found to dis-

play luminescent properties [65, 66]. Additionally, experiments for clus-

ters containing tens of metal atoms have shown a ligand-dependent en-

hancement of emission. The luminescent properties of protected clusters

have been proposed to originate from an excited state localized in the li-

gands [67, 68]. Nevertheless, the exact mechanism at the origin of the

luminescence and the role of the ligands in the process have not been

elucidated. Subsequently, a better understanding of the ligand-metal in-

teraction is required to properly investigate the mechanisms causing the

luminescence phenomena observed in protected clusters. The simulations

in this thesis provided insight into two types of mechanisms that can be

tuned to enhance emission properties of protected clusters in solution.

The mechanisms have different time scales, but both are coupled with

electronic charge redistribution.

5.1 Ion bombardment of graphene

The application of Ehrenfest dynamics in conjunction with TDDFT to elec-

tronic stopping calculations is justified for the following reasons:

(i) High-energy ions have a small de Broglie length, and thus well-

defined trajectories. Hence, possible splitting of the nuclear wave-

function in the nonadiabatic region should be negligible, and subse-

quently the nuclei can be treated classically.

(ii) The mean-field approach of Ehrenfest dynamics works well in gene-

ral when there are many close lying electronic states, which is the

case in solids.

(iii) Since we are only interested in energy deposition, which occurs on
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a femtosecond time scale in the vicinity of the target material, we

do not have to account for mechanisms which are related to energy

conversion to atomic vibrations.

Many insights into the dependence of Se on the projectile velocity have

been obtained from first principles with the explicit account for the atomic

structure of the target. For example, the anomalous stopping of light ions

in gold [39], oscillatory dependence of Se on the projectile atomic number

Z for slow ions [69], and the effect of correlations between electronic and

nuclear stopping on defect production at the initial stages of radiation

damage development [40], have been investigated. However, in typical

electronic stopping calculations, only a few channels, such as the center of

the benzene ring or the C-C bond, have been chosen. In experiments there

are thousands of independent bombardments, which means that a much

larger area is probed. Subsequently, Se obtained from experiments is an

average over the whole graphitic system. In this thesis the problem was

addressed by developing a method for calculating the average electronic

stopping power over all possible impact parameters in the graphene unit

cell, from several independent trajectories.

Finally, core electron excitations in neither the target nor the projectile

have yet been taken into account in electronic stopping simulations. We

approached this problem in our calculations by including core or semi-core

states via the PAW method and investigated the accuracy of this approach

for the Li ion and more massive projectiles.

In our simulations, we bombarded single- and multi-layer graphene with

ions of varying masses and velocities. One of the main reasons for choo-

sing graphene as the target is its simplicity. Namely, calculations for grap-

hene are computationally less expensive than those for graphite, and the

results can, nevertheless, be compared to experimental data for graphitic

targets. In all calculations, the adiabatic LDA XC functional was used,

and the spacing of the real-space grids was 0.2 Å. Most of the calculations

were carried out using 5 × 5 supercells containing 50 carbon atoms, but

we also performed calculations with supercells of 128 atoms and obtained

very similar results: the change in Se was less than one percent. In ad-

dition, calculations for AA-stacked slabs composed from up to 6 stacked

graphene layers containing 50 atoms each were carried out. Periodic

boundary conditions were used in all three dimensions. The initial state

for the TDDFT-ED simulations was obtained from a ground-state DFT

calculation, in which the projectile was placed in the same cell as the tar-
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get. The error stemming from the net charge in the periodic supercell was

checked to be small. The main quantity of interest was the energy de-

posited into the target (Edep), which can be converted to Se using the tar-

get thickness. In order to compare with experimental results for graphite,

the target thickness was chosen as the graphite interlayer spacing (or its

multiple). The deposited energy Edep was calculated as the difference bet-

ween the projectile kinetic energies half a graphite interlayer before and

after passing through the target.

5.1.1 Electronic stopping calculations for low-mass ions

First, we investigated the collision of low-mass ions with a single graphene

sheet. We chose the hydrogen (H+) and helium (He2+) ions as projectiles

and calculated the spatially-averaged deposited energies as functions of

the impact energy EI by taking into account the symmetry of the lattice

and by restricting the calculations to the triangle shown in the inset of

Fig. 1. At this point, the methodology for calculating the average over the

triangle is explained. First we chose the center of the carbon hexagon as

the impact point and calculated Ehex
dep = E0. Next, we calculated several in-

dependent trajectories for various points inside the triangle and assumed

a reasonable behaviour of the deposited energy as a function of the polar

coordinates. A sensible trial function is

Fest(r, φ) = E0e
αr+βφ, (5.1)

where r is the distance from the center of hexagon, and φ is the angle

calculated with respect to the straight horizontal line going through the

center of the hexagon. There the electron density, and hence also the

deposited energy, has a minimum. It is reasonable to assume a non-linear

dependence of Edep on r because the electronic density starts to increase

rapidly toward the ionic cores. The angular dependency in Eq. (5.1) takes

into account that the rate of increase of the electronic density depends

on whether the ionic core (highest) or a certain point in the C-C bond is

approached (the lowest rate occurs on the trajectory through the middle

of the bond).

The parameters α and β in Eq. (5.1) are calculated by fitting the esti-

mate function Fest to the stopping data with the standard non-linear least

squares fitting technique. Finally, the average over the triangle Ēdep, can
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Figure 5.1. (a) Energy deposited into the graphene target for H and He projectiles as a
function of initial projectile energy. The ED values represent an estimated
average calculated according to Eq. (5.2). The TRIM results represent ex-
perimental data. The inset shows the hexagon (H), the center of C-C bond
(B) and the centroid (C) impact points. The triangle over which the deposited
energy is averaged is outlined with the red color. (b) Energy deposited into
the graphene target as a function of the nuclear charge Z1 of singly charged
projectiles for the center-of-hexagon and center-of-bond impact points. The
velocity of the projectiles is 0.63 a.u. The lines are guides to the eye.

be straightforwardly calculated from

Ēdep =

∫
AT

Fest(r)dr

AT
, (5.2)

where AT is the area of the triangle. Due to the symmetry, this is an

estimate for the integral over the whole graphene surface.

The results of our calculations, along with the results obtained using

the TRIM code [70, 71], are shown in Fig. 5.1(a). The TRIM results

represent experimental data averaged over various carbon targets. The

deposited energy for H+ matches the TRIM results (and hence, the exper-

iments) very well in a wide range of energies. Moreover, the agreement

between previous theoretical results for graphene fragments [14] and our

results is good. Our calculations correctly predict the position of the max-

imum on the Edep curve, which is associated with the velocity-matching

effect: a resonance in the classical sense when projectile residence time

near the atom matches the orbital period of the electron. The results for

the He ion agree reasonably well with the TRIM results, even though

the TDDFT-ED values are slightly higher than those given by TRIM. The

PAW method yielding such a good agreement with experiments indicates

that core electron excitations in the carbon atoms under impacts of H and

He ion projectiles are not important. In other words, the overlap of the

augmentation spheres of the closest carbon atom and the projectile, does

not introduce a significant error to the calculations.

Next, we extended our TDDFT-ED calculations to heavier, singly ioni-
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zed projectiles from Li to P by calculating Edep in the limit of low ion

energies. The deposited energy is presented in Fig. 5.1(b) as a function

of the nuclear charge Z1. The projectile velocity was fixed to 0.63 a.u.,

which corresponds to a kinetic energy of 10 keV for a proton. Velocities

in experiments have varied typically between 0.2 a.u. and 0.8 a.u., hence

with 0.63 a.u. direct comparison with experimental results is possible.

When comparing the calculated data to the experimental electronic stop-

ping values presented in Refs. [72] and [73], it is evident that TDDFT-ED

qualitatively reproduces the experimentally observed oscillating Se as a

function of the nuclear charge. The oscillations are due to the different

electronic shell structures and sizes of the projectiles [72].

In the electronic stopping cases studies above, the predictive power of

our TDDFT-ED method in electronic stopping calculations has turned out

to be very good. However, we had not yet considered cases, in which the

effects of core electron excitations on Se are significant. The next step in

this thesis work was to investigate situations in which these effects play

a significant role.

5.1.2 Results for heavier projectiles

First, the deposited energy for the Li+ ion projectiles was calculated. The

reason for this is that the Li 1s state is not energetically very deep, and

therefore the core electrons of the projectile might play a significant role

in the electronic stopping process. In our calculations, we found the 1s

energy to be ELi(1s) = −58.5 eV. In order to probe the effect of core electron

excitations on the stopping process, we explicitly included the Li 1s state

as a pseudo wavefunction ψ̃1s(r) within the PAW formalism instead of

keeping the ion core frozen. The core states of the target (carbon) atoms

were kept frozen. For comparison, we also performed calculations with

the ordinary frozen-core PAWs for Li. We chose the centroid of the triangle

(C), shown in the inset of Fig. 5.1(a), as our impact point, since from the

calculations for the H and He projectiles, we learned that the centroid

point provides an estimate for the average stopping power, deviating from

the more accurately calculated average by at most 5 %. Unlike in the case

of the H and He projectiles, in this case the kinetic energy lost by the

projectile ion also includes the energy deposited into the excitation of the

projectile electrons and projectile ionization.

The results of our calculations are presented in Fig. 5.2(a). The core

electron excitations of the Li projectile turned out to have a major effect
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on the deposited energy. Figure 5.2(a) demonstrates how the frozen-core-

Li results start to differ significantly from the experimental data when the

impact energy exceeds 40 keV/u. At the same time, including the 1s state

of the Li projectile explicitly in the calculations drastically improves the

agreement with the experiment. The difference between our calculated

extended PAW results and the corresponding experimental data is not

larger than 20 % for all the impact energies. This is significantly worse

than the agreement between simulation and experiment in the case of the

hydrogen and helium projectiles. Nevertheless, our calculated results are

in good qualitative agreement with the experimental data. Especially the

position of the peak in the Edep curve well matches the one obtained from

the TRIM code.

In order to better understand the difference between the results ob-

tained with the ordinary and extended PAW methods, we calculated the

projectile charge state Z∗ after the collision (Fig. 5.2(b)). This was carried

out by integrating the all-electron density around the projectile with an

integration radius of 3 Å. This gives 99 % of the electronic charge for an

isolated Li atom in its ground state. Figure 5.2(b) clearly shows how the

charge state of the projectile changes during the simulation when its im-

pact energy is high enough. We observed that at very high velocities, the

projectile loses charge even before the impact, i.e., a part of the electron

cloud around the projectile core starts ”lagging behind”. A possible ex-

planation for this is that the electronic structure of the projectile is nona-

diabatically perturbated by its ionic core’s rapid movement. It remains

a future topic of research, whether this is a technical issue due to the

limitation of moving an ion through a fixed grid at a high velocity, or the

phenomenon can be seen in experiments also. The loss of charge is also

evident in Fig. 5.3(b), where the deposited energy has been calculated for

targets composed from a different number of graphene layers.

Having analysed the stopping of Li ions, we investigated the possibil-

ity of extending the PAW method to the core or semi-core states in the

case of heavier projectiles. First, we carried out stopping calculations for

Na ions, using two different approaches: (i) keeping the 1s state frozen,

while the 2s and 2p semi-core states were treated using the extended PAW

approach, and (ii) using the ordinary frozen core PAW approach with all

states except the 3s ones frozen. Again, the centroid of the triangle was

chosen as the impact point. We investigated the electronic stopping pro-

cess also in the case of three layers of graphene. The results are shown in
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Figure 5.2. (a) Energy deposited into the graphene target for Li projectile as a function
of the projectile energy. The ED values represent an estimate for the aver-
age deposited energy obtained from Ehrenfest dynamics calculations. The
extended PAW approach is denoted by xPAW. The TRIM results are the ex-
perimental data averaged over graphitic targets. (b) Projectile charge Z∗ at
the end of the simulation as a function of the projectile energy. The lines are
guides to the eye.

Fig. 5.3(a). The frozen-core results deviate significantly from the experi-

mental ones even at the lowest considered projectile energy. By extending

the PAW method to the semi-core states of the Na projectile, Se is again

drastically improved to match the experimental data better. However, the

quantitative agreement is slightly worse than in the simulations for the

Li projectile, further indicating that the extended PAW approach should

only be used for qualitative studies of electronic stopping.

Next, we studied the dependence of the results on the number of grap-

hene layers in more detail by calculating the layer-normalized (Edep / NL)

deposited energy for the Li, Ne and Na projectiles. The extended PAW

method was used for the Li and Na projectiles in the same fashion as be-

fore, while in the case of Ne, the 1s state was frozen. The impact point

was the center of hexagon. The calculated results are presented in Fig.

5.3(b). We found that the normalized deposited energy decreases with the

number of layers, suggesting that the electronic structure of the projectile

changes in the collision with the first layer, and some energy is deposited
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Figure 5.3. (a) Energy deposited (per layer) into the graphene target for the Na projectile
as a function of the projectile energy. The ED values represent an estimate
for the average deposited energy. The extended PAW approach is denoted by
xPAW, and NL denotes the number of graphene layers. The TRIM curve is
the experimental data averaged over carbon targets. (b) Deposited energy
per layer obtained with different ions and impact energies as a function of
the number of graphene layers. The impact point in all calculations was the
center of the hexagon. The lines are guides to the eye.

into the projectile excitation/ionization. Furthermore, the deposited ener-

gy stays roughly constant after the impact with the first layer, suggesting

that the projectile charge state does not change significantly after the ini-

tial impact. We carried out similar calculations for the Li projectile with

the 1s state frozen and found the deposited energy to be practically inde-

pendent of the number of layers. The Li and Na results obtained with the

extended PAW method confirm that taking the core states into account

has a non-negligible effect on the electronic stopping process. Extending

the PAW method for the core and semi-core states gives a reasonably good

qualitative description of the electronic stopping curve, even though quan-

titatively there is a lot of room for improvement. Also, since the results

obtained for the Na projectile are worse than those obtained for Li, as

compared to experimental data, the extended PAW method might not be

robust and thus should only be considered as a first step in attempting to
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account for the core electron excitations in the electronic stopping process.

5.1.3 Discussion of the results

In conclusion, we demonstrated that TDDFT-ED combined with the PAW

formalism can provide an accurate impact-parameter-dependent descrip-

tion of the electronic stopping power for a wide range of ions and impact

energies. Moreover, our method for calculating the average deposited en-

ergy (and thus, the electronic stopping power Se), turns out to give a good

agreement with experiments in comparison to simply calculating Se for

certain channels such as the center of a C-C bond. Consequently, the

method is also suggested for calculating the average Se in other 2D ma-

terials besides graphene, for example hexagonal boron nitride. It should

be pointed out that recent and future stopping power measurements for

specific scattering angles of the ions passed through thin graphitic mem-

branes [74] and single graphene sheets should make it possible to com-

pare the average stopping power obtained with Ehrenfest dynamics with

actual experimental data.

Moreover, our results suggest that taking the core electron excitations

in the projectile into account is crucial for a quantitative description of

electronic stopping of fast ions in bulk solids and nanostructures. How-

ever, the somewhat simple approach of extending the PAW method to

include core or semi-core states of the projectile is not perfectly robust.

While a reasonably good agreement with experiment is obtained for the

Li projectile for all the impact energies, at the highest calculated energies

the charge state of the projectile clearly changes during the simulation,

and defining the electronic stopping power is a tricky question. Regard-

less, the changing charge state of the projectile is a very interesting phe-

nomenon from the standpoint of nonadiabatic processes. Intuitively, if the

projectile is accelerated to a high velocity adiabatically, its charge state re-

mains constant. In experiments, the acceleration process is continuous in

contrast to the discrete (time steps) acceleration process in simulations.

Nevertheless, the process occurs rapidly due to the strong electric and

magnetic fields used in the experimental devices and therefore it is en-

tirely possible that electrons eventually ”fly away” off the projectile during

the acceleration phase.

None of the analytical and semi-analytical theories of ion stopping can

describe electronic stopping of both slow and fast ions on the same footing.

Therefore, our first-principles approach is a significant step forward since
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it gives reasonably accurate electronic stopping powers over a wide impact

energy range and several different projectiles. By extending the simula-

tions to a longer time scale, one can describe the evolution of the atomic

structure during the conversion of the deposited energy from electronic

to vibronic degrees of freedom. However, it remains to be seen whether

Ehrenfest dynamics is the method of choice for the simulation of such

processes, keeping in mind its deficiencies.

5.2 Excited-state simulation of a protected gold cluster

For calculating the ground state properties of protected metal clusters,

a model termed the ’superatom model’ has been successfully applied to

modelling of their optical, catalytic, and structural properties [75, 76, 77,

78, 79]. The superatom model is a modification of the well established

"electron shell model" or "jellium model" for bare clusters. To take into

account the nontrivial effect of the ligand layer, the number of ”metal”

or ”jellium” electrons is modified by a counting rule that depends on the

chemical nature of the ligands. Indeed, in the low-energy range, the main

features in an absorption spectrum of a protected cluster correspond, for

the most part, to the allowed transitions between the remaining metallic

electrons [76, 78].

Typically, the TSH method, in conjunction with LR-TDDFT, has been

used for photoexcitation dynamics studies. For details of the LR-TDDFT-

based TSH implementation and its applications, see the comprehensive

review article by Curchod et al. [2]. However, the computational cost of

evaluating the nonadiabatic couplings and the linear-response forces is

in general high. Moreover, the requirement of several independent tra-

jectories is computationally taxing. Consequently, Ehrenfest dynamics is

a valid alternative to TSH in photoexcitation dynamics studies as long

as the branching of the nuclear wavefunction is not an issue. Especially,

to our knowledge, TDDFT-ED facilitates charge transfer studies as the

electron density of the excited system can be straightforwardly calculated

from the Kohn-Sham wavefunctions.

In Publication III, the photoexcitation dynamics of a protected Au2 com-

plex was studied using TDDFT-based Ehrenfest dynamics. The recent

crystal structure determination of a stable Au2(SC2H4Ph)-(PPh3)2 com-

plex [80] opened up the opportunity to study the photoexcitation dynamics

of protected gold clusters using first-principles methods.
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5.2.1 Simulation setup

Simulating electron-ion dynamics following photoexcitation with TDDFT-

ED requires a good approximation for the initial excited electronic state.

In the LR-TDDFT-based TSH schemes, the Casida approximation (3.88)

for the many-electron wavefunctions is used to create the initial excited

state within the TDDFT-level of accuracy. However, as a many-electron

wavefunction approximation, its use for single-particle based time-propa-

gation TDDFT is, to our knowledge, not feasible. Fortunately, a method

called Δ-SCF has been recently shown to provide excitation energies that

are very close to the LR-TDDFT in accuracy and equally importantly, in

qualitative agreement with accurate quantum-chemistry methods [81]. In

the Δ-SCF method, the excitation is created by changing the occupation

numbers of the KS orbitals, and then solving the KS equations for the ex-

cited system. In our simulations, we calculated the initial (first) excited

state S1 of the gold cluster using the Δ-SCF method, and then propa-

gated the system starting from S1 according to the TDDFT-ED equations.

The original Δ-SCF implementation in GPAW is described in Ref. [82].

In principle, this is simply photoexcitation dynamics in the first excited

state of the gold cluster, which can be computed using Born-Oppenheimer-

type schemes for excited states. Nevertheless, the incorporation of non-

adiabatic effects is crucial, since it is not known beforehand whether nona-

diabaticity is present in the photoexcitation dynamics or not, and hence

our more advanced (as compared to BO-type methods) TDDFT-ED app-

roach is justified.

The crystal structures were obtained from the experimentally reported

structures, from which the coordinates of a single cluster were isolated.

The ligands SC2H4Ph and PPh3 were replaced, respectively, by SCH3 and

PH3. These are very typical replacements in the protective cluster cal-

culations and have been thoroughly validated before [75]. We performed

calculations for the resulting Au2(SCH3)-(PH3)+1
2 cluster with 5 Å vacuum

around the ligands and zero (Dirichlet) boundary conditions. The cluster

was relaxed up to the forces being below 0.05 eV/Å. The spacing of the

real-space grid was 0.2 Å in all simulations. The electronic states H(1s),

C(2s2p), S(3s3p), P(3s3p), and Au(6s6p5d) were included as valence elec-

tron states. Finally, the (adiabatic) PBE exchange-correlation functional

was used in all calculations.

The initial excited state of the simulation was created by first promoting
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an electron from the highest occupied molecular orbital (HOMO) to the

lowest unoccupied molecular orbital (LUMO). Then, solving the Kohn-

Sham equations after the promotion (Δ-SCF), yielded a decent approxi-

mation for the first excited state. Moreover, we used LR-TDDFT to study

the electronic excitations of the Au2 complex. For every excitation from

the LR-TDDFT method, the eigenvector containing the weights of the

electron-hole pairs was analysed by retaining the electron-hole pairs with

maximum weight. Atomic charge states (extra or missing local charge

with respect to the atomic number) were determined using the Bader

analysis method [83, 84].

The superatomic and the LR-TDDFT analyses are explained in detail

in Publication III, thus they are not presented here. Instead, the fo-

cus is on the results obtained from the Ehrenfest dynamics calculations.

After analysing the ground and first excited states of the complex, we

examined the photoexcitation dynamics using the combination of Δ-SCF

and TDDFT-ED. The Δ-SCF excitation energy was found to be 4.59 eV,

which agrees well with the excitation energy of 4.63 eV obtained in our

LR-TDDFT calculations. Unfortunately, the experimental band gap is not

known for this gold cluster, but generally LR-TDDFT works well for gold

clusters [85]. Therefore, the quality of the first excited state S1 should

be reasonably good. Small initial velocities randomly sampled from the

Boltzmann distribution were assigned to the nuclei to mimic thermal fluc-

tuations and to break the symmetries of the molecule. Using TDDFT-ED,

we calculated the time evolution of the protected cluster up to about 300

fs. The time step in the calculations was 6 attoseconds.

5.2.2 Evolution of the electron-ion system

First, we investigated the evolution of the electronic energy and the ki-

netic energies of the nuclei as a function of time. The evolution of the ki-

netic energies of the core (two gold atoms) and the ligands is presented in

the upper panel of Figure 5.4. The lower panel shows the corresponding

evolution of the S1 and S0 potential energies. The ground-state energy

corresponding to the S0 potential energy surface was obtained by perform-

ing standard DFT calculations with the PBE XC functional in the atomic

positions obtained from the TDDFT-ED calculations. We found that the

maximum kinetic energy transferred to the core in the simulations is 0.35

eV. This can be compared with a nonadiabatic dynamics simulation of a

bare gold cluster, in which the same amount of transferred energy was ob-
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Figure 5.4. (a) Kinetic energy of the gold core and the ligands as a function of time.
Small, random initial velocities were assigned to the nuclei to mimic ther-
mal fluctuations. (b) Evolution of the S0 and S1 energies of the Au2 cluster as
a function of time. The S1 energy is the Kohn-Sham energy calculated from
the time-propagated wavefunctions, while the S0 energy has been obtained
from ground-state DFT calculations in the atomic configurations obtained
from the TDDFT-ED simulations.

tained [86]. The ligands acquire more kinetic energy over time than the

gold core. Furthermore, the amount of energy transferred from the elec-

trons to the ligands increases rapidly after 170 fs and attains a maximum

of about 0.7 eV at 230 fs (Figure 5.4(a)). At the maximum kinetic energy,

the velocities of the ligand nuclei ranged from 0.04 Å/fs to 0.2 Å/fs (hydro-

gens). In order to test the effect of the initial kinetic energy of the complex

on the dynamics, calculations with different kinetic energies were carried

out. The amount of kinetic energy transferred to the ligands was found

to increase with increasing initial kinetic energy of the cluster, while the

amount of kinetic energy transferred to the gold core remained roughly

unchanged. For the ligands, the amount of energy transferred from the

electrons to the nuclei during the excited-state dynamics thus depends on

the initial kinetic energy of the complex. This is because the complexity

of the ligand dynamics increases with increasing initial kinetic energy,

whereas the dynamics of the slowly moving core atoms remains roughly

the same.

Figure 5.4(b) shows that the S0 and S1 energies stay well-separated until

about 50 fs, after which the energies start to approach each other. The
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minimum separation of 0.66 eV occurs at about 150 fs. Thereafter, the

energy difference stays almost constant for a few tens of femtoseconds.

Towards the end, the energies start to separate again, the difference being

about 1.2 eV at the end of the simulation. Subsequently, the TDDFT-ED

simulations do not suggest a non-radiative relaxation pathway through a

conical intersection at least within the first 300 fs of the dynamics.

This would indicate that the timescale for the possible non-radiative de-

cay is much longer. This observation is in agreement with the experiments

for the protected clusters Au25 and PdAu24, for which a time-constant of

1 ps might be related to a non-radiative decay path to from excited states

to S0 [87].

5.2.3 Bader and LR-TDDFT analysis of the dynamics

In order to investigate the charge-transfer processes in the photoexcita-

tion dynamics of the Au2 complex, Bader charges from the time-dependent

all-electron density were calculated. The results are presented in Figure

5.5. Upon excitation, the electronic charge is redistributed. The Au2 and
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Figure 5.5. (a) Bader charges calculated as a function of time for the Au dimer, the two
PH3 groups, and the SCH3 group; 0− corresponds to the Bader charges of
the ground state, while 0+ is the situation immediately after excitation. (b)
Bader charges calculated for the Au atoms, the S atom, and the CH3 group
separately. The lines are guides for the eye.

CH3 groups have slightly lower (Bader) charges in the excited state than

in the ground state, which corresponds to a small gain in electron charge.
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On the contrary, in the S and PH3 regions, a significant amount of re-

distribution takes place. The S atom turns out to donate a considerable

amount of electronic charge, about 0.1 |e|, which roughly corresponds to

the charge gained by the PH3 ligands. Moreover, three distinctive regions

can be clearly recognized in Figure 5.5. The first region between 0 and 50

fs shows the gold dimer losing some charge to both the SCH3 and the two

PH3 protective units, which is nicely demonstrated by Fig. 5.5(a). After

this, the gold core starts to slowly acquire more charge from the ligands.

After 150 fs, the dimer becomes rapidly negatively charged. Moreover, the

charges of the two gold atoms start to differ significantly from each other.

The asymmetric distribution of charge suggests a new ligand-metal bond-

ing configuration, which results in one of the Au-S bonds becoming weaker

and the other one stronger.

In order to investigate this further, the evolution of the Au-Au and Au-S

bond lengths was analysed. The bond lengths are presented in Fig. 5.6.

One finds that the decrease of the charge of the Au2 dimer is related to

the decrease of the dimer’s bond length. The minimum bond length, dmin

= 2.39 Å, is reached at about 170 fs. Moreover, the rapid loss of charge
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Figure 5.6. Evolution of the Au-Au bond length and both Au-S bond lengths as a function
of time. The order of the Au atoms is the same as in Figure 5.5(b).

of the S atom after 150 fs is related to lengthening of both Au-S bonds in

Figure 5.6. A short time after (above 200 fs), the bond between one of the

gold atoms and the S atom is significantly weaker than in the beginning.

Subsequently, the change in the charge of the second gold atom in Figure

5.5 clearly shows in the changing charge of the closest PH3 group. Finally,

the distance between the first gold atom and the C atom was found to

decrease slightly towards the end of the calculation. A likely explanation

for this is that the Au-C bond length is affected by both the interligand
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and core-ligand charge transfer processes.

Next, the photoexcitation dynamics results were investigated in more

detail using LR-TDDFT. The LR-TDDFT oscillator strengths can be used

as a measure for the probability of an electronic transition from an excited

state back to the ground state. The oscillator strengths are dimensionless

and can be written (in a.u.) as [36]

fI =
2

3
ωIμ

2
I , (5.3)

for the transition from the ground state |0〉 to an excited state |I〉. The

transition dipole moment μI reads as

μI = −〈0|
Ne∑
k=1

rk|I〉 , (5.4)

whereNe is the number of electrons in the system with the position of elec-

tron k denoted as rk. In the LR-TDDFT formalism, the oscillator strength

can be computed from the eigenvector FI of the Casida matrix Ω in Eq.

(3.57) and the Kohn-Sham transition dipoles μijσ = 〈ψiσ|r|ψjσ〉 in the fol-

lowing manner

fI =
2

3

∣∣∣∣∑
ijσα

[μijσ]α

√
(fiσ − fjσ)(εjσ − εiσ)[FI ]ijσ

∣∣∣∣
2

, (5.5)

where fiσ is the occupation of the electronic state i with spin σ, and α is

the polarization direction (x, y or z).

We carried out LR-TDDFT calculations for the nuclear trajectories ob-

tained from the TDDFT-ED simulations starting in the S1 state. The first

three excitation energies ω1, ω2, and ω3 and the corresponding oscillator

strengths f1, f2, and f3 as a function of time were studied. These oscillator

strengths are related to transitions back to ground state from S1, S2 and

S3, respectively. Figure 5.7 summarizes our findings from the LR-TDDFT

calculations on top of the TDDFT-ED trajectory. The LR-TDDFT excita-

tion energy ω1 closely matches the difference between the S1 and S0 ener-

gies obtained by carrying out Δ-SCF -and ground-state DFT calculations

for the atomic coordinates obtained from the Ehrenfest dynamics simula-

tions (see Fig. 5.4). Subsequently, carrying out LR-TDDFT calculations

on top of the Ehrenfest trajectory should be a reasonable way of obtain-

ing further information of the dynamics. Figure 5.7(b) demonstrates two

clearly different time scales: within the first 50 fs, f1 reaches a maximum,

which indicates a possibility of decay back to the ground state via emis-

sion. According to Figure 5.4(b), the separation of the first excited state
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Figure 5.7. (a) First three LR-TDDFT excitation energies as a function of time. (b) Os-
cillator strengths calculated using LR-TDDFT as a function of time. The LR-
TDDFT calculations were carried out in the atomic configurations obtained
from the TDDFT-ED simulations. The lines are just a guide for the eye.

and the ground state is more than 4 eV where the maximum in f1 occurs,

which corresponds to the measured emission energy range of stabilized

and protected dimers and trimers [65]. Upon closer inspection, we find

the maximum occurring around t = 20 fs. The oscillator strength remains

very close to zero after the initial maximum. Finally, toward the end of

the trajectory where the asymmetric distribution of the core charge starts

taking place, the oscillator strength f1 slowly starts to increase again.

5.2.4 Discussion of the results

To enhance the charge-transfer-excitation (and thus to enhance the re-

verse charge-transfer-emission), the use of groups in the thiolate ligands

with stronger electron donating capabilities has been suggested [59]. The

results obtained here agree with this observation: upon excitation, a char-

ge transfer originating from the sulphur atom towards the phosphine

groups is observed. After excitation, a metal-to-ligand charge transfer

process takes place. At the same time, the oscillator strength related to

the first excited state S1, f1, increases (Fig. 5.7(b)). Since the S and P

atoms have opposite roles, the accumulation of charge around the P atoms

and the increased oscillator strength suggest that the use of groups in the

phosphine ligand with stronger electron-accepting capabilities would also
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increase the intensity of the emission.

If the observed dynamics and charge transfer during the first tens of

femtoseconds are also present in the metal clusters protected by more

complex layers, the total time of the emission process would be the sum

of the time required to form the ligand-localized state plus a short fem-

tosecond time-scale transition process between S1 and S0. However, in

reality, the system might undergo several transitions from higher-lying

excited states to lower-lying ones before reaching the first excited state

S1. According to the LR-TDDFT analysis presented in Sec. 5.2.3 and

Publication III, the oscillator strengths for the transitions from S3 to S0
and from S1 to S0 are very similar at 20 fs (see Figure 5.7). Moreover,

Fig. 5.7(a) shows that the S1 and S3 states are energetically very close.

It is entirely possible that the system undergoes two quick transitions

to reach the ground state: first from S3 to S1 through a conical intersec-

tion and then by spontaneous emission from S1 to S0. It would be an

interesting project to investigate the dynamics of this Au2 cluster using

TSH-based methodology to find out more details of the photoexcitation

dynamics. The Δ-SCF method, unfortunately, is not a reliable method

for describing higher-lying states than the first excited state. Moreover,

the deficiencies of Ehrenfest dynamics might lead to severe trouble if the

dynamics is initialized from a Δ-SCF approximation of the S3 state.

Finally, in the second mechanism for possible enhancement of the emis-

sion properties of the cluster, a hundreds of femtosecond long ligand-to-

metal charge transfer process takes place. It ends with an asymmetric

charge distribution inside the gold core. The oscillator strength increases

toward the end of the simulation (Tend = 300 fs) where the charge distribu-

tion of the gold atoms is at its maximum asymmetry. This mechanism may

(at least partly) explain the experimentally observed luminescent proper-

ties of binuclear gold complexes [88]. Further exploration is required to

find out if the mechanism is also present in the excited-state dynamics of

larger protected metal clusters.
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6. Conclusions and future outlook

In this thesis, we developed Ehrenfest dynamics-based methods for simu-

lating the nonadiabatic dynamics of coupled electrons and ions within the

time-dependent density functional theory formalism. First, we derived

the Ehrenfest dynamics equations within the projector augmented-wave

formalism and implemented the PAW-based Ehrenfest dynamics to the

electronic structure program GPAW. We used the PAW-based Ehrenfest

dynamics method to investigate (i) electronic stopping in graphene and

(ii) photoexctiation dynamics of a small ligand-protected gold cluster. In

addition to developing PAW-based Ehrenfest dynamics, we derived the

Ehrenfest dynamics equations for the combined formalism of the PAW

method and localized, atom-centered basis sets.

In the first application of our PAW-based Ehrenfest dynamics method,

we bombarded graphene with ions of varying masses and energies. Unlike

in previous first-principles electronic stopping studies, we averaged the

electronic stopping power over the graphene unit cell, in contrast to cal-

culating it only for a few projectile trajectories. In this manner, we could

compare our results more realistically to experimental values averaged

over graphitic targets. In the case of hydrogen and helium ion projectiles,

the agreement between our calculated results and experiments turned out

to be very good. In the case of the more massive projectiles Li and Na, the

core electron excitations and the charge state of the projectile were found

to have a significant contribution to the electronic stopping power Se, sig-

nalling that the core states of the projectile should be explicitly included

in ion bombardment simulations in the case of more massive projectiles

than H or He. The extended PAW method, in which the core or semi-core

states of the projectile were included as pseudo wavefunctions within the

PAW formalism, resulted in a qualitative agreement between experiment

and simulation for the Li and Na projectiles. On the other hand, quan-
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titative agreement turned out to be significantly worse than in the case

of H and He ion projectiles, suggesting that the rather simple approach

can be regarded as a good starting point but more advanced approxima-

tions are required to properly treat the core electron excitations in ion

bombardment calculations. Nevertheless, with our Ehrenfest dynamics

method, the charge state of the projectile during the simulation can be

estimated, which will be useful when comparing the calculated results to

experimental findings with regard to the charge state of the projectile.

Finally, in the second application of our TDDFT-ED method, we simu-

lated the dynamics of the Au2 cluster after photoexcitation. The initial

excited state was created using the Δ-SCF method. We investigated the

charge transfer processes in the gold cluster and assessed the probability

for spontaneous emission using oscillator strengths obtained by carrying

out LR-TDDFT calculations for the atomic configurations obtained from

the Ehrenfest dynamics calculations. The oscillator strength of the tran-

sition from the ground state S0 to the first excited state S1, f1, turned out

to have a peak at the beginning of the simulation. By using the oscillator

strength as a rough estimate for the probability of spontaneous emission,

the peak in f1 suggests the possibility of emission. After investigating the

charge transfer processes taking place in more detail, we proposed that

the use of groups with stronger electron-accepting properties in the phos-

phine ligands might provide a way of enhancing the emission properties

of protected clusters. At the end of the simulation, f1 started to increase

again, which was found to be related to the asymmetric charge distribu-

tion in the gold core.

The work presented in this thesis can be continued in several diffe-

rent ways. First, the implementation of Ehrenfest dynamics based on the

combination of the PAW method and localized atom-centered orbitals in

some electronic structure program would be highly motivated by the ma-

jor speed-up as compared to the real-space-grid based Ehrenfest dynamics

method. As the LCAO method significantly reduces the computational ef-

fort, Ehrenfest dynamics simulations for very large systems consisting of

thousands of atoms would be possible. Nevertheless, implementing the

LCAO-PAW force expression (4.83) might prove to be a tedious task in

practice. Moreover, the code has to be efficiently parallelized for simula-

tions of very large systems.

Second, the advent of advanced experimental techniques (for example,

those presented in Ref. [74]) allows the experimental measurement of the
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electronic stopping power of nanometer-sized or even thinner systems in-

stead of general bulk targets. Subsequently, the application of Ehren-

fest dynamics to ion bombardment simulations is highly motivated as

the microscopic mechanisms found using the first-principles methodology

can directly be compared to experimental findings. Moreover, the first-

principles electronic stopping work of this thesis can be further extended

by studying the process from the viewpoint of trajectory surface hopping.

While the final electronic state obtained in Ehrenfest dynamics calcula-

tions is a mixed one, the LR-TDDFT-based TSH method could provide

more detailed information of the excited states involved in the electronic

stopping process.

Finally, we briefly discuss possible future developments in the nonadia-

batic dynamics theory. First, the adiabatic approximation used in TDDFT,

i.e., ignoring the temporal non-locality of exchange and correlation, might

prove to be ever more problematic as both the time-scale of the nonadia-

batic dynamics simulations and the complexity of the investigated physi-

cal systems increase. Developing advanced TDDFT functionals should be

a key priority for the future as it would, for example, allow the study of

dynamical processes related to the problematic double excitations.

Furthermore, theoretical improvements to Ehrenfest dynamics can be

expected. The most radical way of improving the Ehrenfest description

of the nonadiabatic dynamics is to reformulate most of the theory star-

ting from the exact factorization of the time-dependent many-body wave-

function presented in Ref. [89]. Alternatively, smaller improvements, in

a similar fashion as the phase corrections to the TSH-based methods

[90], might prove to be fruitful enough to alleviate some of the major

problems of Ehrenfest dynamics such as its inability to describe branch-

ing or decoherence. One example is an added decoherence penalty func-

tional to the Ehrenfest dynamics equations proposed by Akimov et al. [91].

Even without additional corrections, TDDFT-based Ehrenfest dynamics

will continue to provide useful information about the nonadiabatic dy-

namics of large systems for many years to come, thanks to the ever in-

creasing amount of available computational resources.
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Many phenomena and processes in nature 
are related to excited electronic states and 
their time development. Examples of such 
processes are light absorption, fluorescence 
and ion-atom collisions. Moreover, many 
experimental methods such as femtosecond 
pump-probe laser spectroscopy and photo-
emission spectroscopy rely on processes 
related to excited electronic states. In this 
thesis, a method called Ehrenfest dynamics 
is developed within the projector augmen-
ted-wave formalism and implemented to the 
GPAW program. The implemented method 
is used for studying ion bombardment of 
graphene and photoexcitation dynamics of a 
ligand-protected gold cluster. The work pro-
vides new computational tools for studying 
nonadiabatic processes, improves the 
understanding of electronic stopping in 
graphitic nanostructures and provides new 
information on possible emission enhan-
cement mechanisms in protected gold 
clusters.  
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