
Non-linear eigenproblems are encountered 
in a wide range of engineering applications, 
primarily in association with the criticality 
study of equilibrium sets. This doctoral 
dissertation proposes a novel interpretation 
of non-linear eigenproblems as intersection 
points of parametric curves with a fixed 
rank matrix manifold in the ambient matrix 
space. Therefore, a detailed geometric study 
of fixed rank matrix manifolds is developed 
throughout the chapters from different 
angles of view. First, an investigation of 
Riemannian induced metric properties via 
the computation of geodesics. Then, a study 
of symmetry properties using the Lie group 
theory. Finally, we propose an algorithm to 
compute the Riemannian distance function 
on the fixed rank matrix manifold by 
minimizing curve lengths. The notable 
engineering application that is proposed in 
the end is a sensitivity analysis procedure 
for the eigenspace map, which enables to 
assess the a-priori error done on the 
buckling mode in a computational linear 
perturbation buckling analysis step. 
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geometry tools. Non-linear eigenproblems are generalizations of the linear eigenproblem that 
comprise higher order terms with respect to the bifurcation parameter. They arise from 
singularity investigations of dynamical system equilibrium sets: for a vast majority of physical 
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The tools used are taken from differential geometry. The parameter dependent Jacobian 
matrix evaluated at the primary equilibrium branch defines the non-linear eigenproblem. 
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in the ambient matrix space. At a bifurcation point, the Jacobian matrix is rank deficient, by 
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Väitöstyössä selvennetään differentiaaligeometrian menetelmin epälineaarisen 

ominaisarvoanalyysin aspekteja. Epälineaarinen ominaisarvotehtävä on yleistys lineaarisesta 
ominaisarvotehtävästä siten, että bifurkaatioparametrin suhteen korkeampaa astetta olevat 
matriisitermit otetaan huomioon. Kyseinen tehtävä esiintyy dynaamisten systeemien 
tasapainopistejoukkojen singulaarisuustarkasteluissa, sillä suurelle osalle fysikaalisista 
ongelmista ominaisarvotehtävään liittyvä ominaisavaruus antaa bifurkoivan suunnan 
sigulaaripisteeseen piirretyllä tangenttikartiolla. 

Keskeiseksi tutkimusongelmaksi nousee siten ominaisavaruuden herkkyys dynaamisen 
systeemin sisäisten parametrien vaihtelulle. Tässä työssä tarkastellaan erityisesti tapausta, 
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Foreword

This doctoral thesis is an outcome of a long investigation, involving both theo-
retical research in computational mathematics and applied engineering practice in
the field of structural engineering. The triggering event that launched the project
in the first place, was the spectacular failure of a load bearing structure in a large
scale public building in Jyväskylä, central Finland. In the winter of year 2003, a 55
meter long and 4.8 meter high glued laminated timber truss, supporting the roof
structure of an exhibition hall, collapsed suddenly under just a moderate snow load.

According to the report of the Finnish Safety Investigation Authority, [25], the
structural failure was primarily due to poorly implemented assembly procedures.
Although the report did not mention any stability issue behind the collapse, it was
clear that without a proper understanding of the buckling behaviour of similar slen-
der structures, it was only a matter of time when similar accidents reoccur. Indeed,
looking at the reports of the Finnish Safety Investigation Authority from years 2003
to 2013, one can notice an abnormally high failure percentage of similar structures
due to snow load. The structures bear the following resemblance: they are large
span trusses that support the roof structure of public and industrial buildings, there
is no bracing to prevent lateral sway of the lower chord, and, one can identify global
out-of-plane buckling as a failure mechanism in many cases.

Engineering practice in structural design offices relies, in Finland, heavily on
finite element computation for stress analysis and on design codes for member
dimensioning. Therefore, the first leading idea was to investigate the accuracy of
those two toolboxes with respect to stability analysis. The design codes for steel
structures, [22], provide guidelines for local buckling analysis of slender structural
elements in a structural assembly. These guidelines are based on the Ayrton-Perry
formula for computing the reduction factor of a compressed slender member and
have long research history, both theoretical and applied. There is, therefore, no
doubt that the design nomograms for local buckling analysis are both accurate and
reliable.

Structural stability analysis is, however, multi-scaled by nature, and as far as
the global analysis is concerned, it relies entirely on the numerical computational
tools available in the structural design office. Unlike the scientific research commu-
nity, which is accustomed to home made, state of the art computational algorithms,
the structural design and analysis community primarily relies on commercial finite
element packages. It was, therefore, natural for me to investigate, in the first place,
the accuracy and reliability of the numerical algorithms proposed in commercial
software, since they form a bottleneck in the entire process of structural stability
analysis.

vii



viii FOREWORD

The computational tool for solving structural stability problems, that is being
proposed in most commercial finite element software, [3, 75, 7], is called the linear
eigenvalue predictor. After conducting several comparative runs using the linear
eigenvalue predictor and a full non-linear eigenproblem solver, it turned out, that if
usually the result proposed by the linear eigenvalue predictor matched the reference
solution, for some type of structures, however, the results did not match at all. This
was, in particular, the case of initially plane structures that were allowed to buckle
in out-of-plane modes.

Intrigued by this unexplained behaviour, I decided to change entirely the an-
gle of view: instead of concentrating on specific structural example cases, and
analysing them one by one, I considered the structural stability problem as a geo-
metric singularity of the equilibrium set defined by a particular dynamical system.
By introducing the dynamical system theory and associated notations, I actually
generalized the scope of application to comprise not only structural stability prob-
lems, but also stability problems encountered in domains of research as various as
chemistry or population dynamics. A particular branch of dynamical system theory
applied to parameter dependent systems, called the bifurcation theory, focuses on
the local geometry of equilibrium sets in the neighbourhood of singular points. By
noting, that the non-linear eigenproblem associated to the stability analysis of a
structure is bound to the bifurcating direction at a singular point by the eigenspace,
the research question finally became clear.

For a vast majority of physical problems, the eigenspace associated with the
non-linear eigenproblem is identified with the bifurcating direction, physically speak-
ing with the buckling mode. Hence, it became of primary importance to assess the
sensitivity of the resulting eigenspace when parameters of the underlying eigenprob-
lem were modified. The non-linear eigenproblem is characterized, in a most general
setting, by a rank deficient matrix, called the Jacobian matrix. The crucial idea was
to consider the space of all such matrices, and to realize that the set of all fixed rank
matrices is actually a submanifold embedded in the ambient matrix space. It was,
therefore, natural to consider the eigenspace as a map from the fixed rank matrix
manifold to a projective space, and the sensitivity analysis of the eigenspace map as
a ratio of distance functions. Noticing that the distance function on the projective
space is given by the angle between two affine lines, and that the distance function
on the fixed rank matrix manifold is given by the Riemannian distance function, all
the elements to implement sensitivity analysis of the eigenspace map were gathered.

The algorithm for computing the sensitivity of the eigenspace map was then
implemented as follows. The distance function takes as parameters two points: a
reference point and a second point, which is taken from the neighbourhood of the
reference point. Assuming that the Jacobian matrix given by linear eigenvalue pre-
dictor, which is provided by the commercial finite element software, is the reference
point on the fixed rank matrix manifold, the second point has to be selected from
a sphere of given radius centred around the reference point. This consideration
brought us to the investigation of Riemannian distance functions and spheres on
fixed rank matrix manifolds. It must be said, that besides being useful as elements
of the sensitivity analysis algorithm, I was surprised, after drawing some pictures,
by the aesthetics of spheres on fixed rank matrix manifolds.



FOREWORD ix

Historically, the research behind this doctoral dissertation evolved from applied
structural engineering considerations to highly theoretical aspects of numerical com-
putation involving modern mathematical tools taken from singularity theory, differ-
ential geometry, algebraic geometry and algebraic topology. It must be underlined,
that this study presents no novelty value in any of the aforementioned research
fields in mathematics, and therefore standard textbook level knowledge in each of
those fields is sufficient to read this dissertation. The novelty value of this work
resides in the application of textbook level geometrical tools to non-linear numer-
ical analysis commonly used in engineering. Incidentally, a couple of interesting
results are found, and I hope that those results might be of some value outside the
engineering world, for example in computational geometry.

It must also be stressed, that in contrast with the usual research pattern well
established in normal science, to cite the famous term put forth by Thomas S.
Kuhn, [42], the present research is not related to any hot topic in engineering
mechanics. Therefore, it can hardly be seen as an attempt to provide a knowledge
increment to any current field of activity. It is important to notice, also, that the list
of references provided at the end of this manuscript strongly reflects this position.
To find a proper characterization of the current work, again, in terms of Thomas
S. Kuhn’s theory of science, one could classify it as an attempt to articulate the
existing paradigm in engineering mechanics - in computational stability to be more
precise. The present day paradigm in engineering analysis consists in the undisputed
rule of numerical methods based on continuum discretization. If the behaviour of
numerical solvers applied to linear problems is fairly well understood, in contrast,
non-linear problems might present unexpected behaviour when solved numerically.
The message of this dissertation to practising engineers consists, therefore, in a
caveat with respect to computational stability problems.

Since the target audience of this work is constituted primarily of engineers, I
decided to expose as many technical details as possible, so that the reader is able
to follow the discussion in depth. Some of the results presented in the chapters
of this dissertation are, therefore, known from textbooks in mathematics. Other
results, which are not found in textbooks, may seem too trivial to be presented from
a mathematician’s perspective, but to engineers, not least to myself, they present
valuable continuity in the understanding of the narrative.

The present dissertation and the research work behind it would not have been
possible without the help and advice of Professor Reijo Kouhia, to whom I am
grateful for exemplary supervision. Likewise, I would like to thank University Lec-
turer Djebar Baroudi for invaluable aid in algorithm programming and discussing
new ideas. Finally, I would like to thank Professor Juha Paavola as the head of the
department of Civil and Structural Engineering in Aalto University for providing
financial support and supervision during the process of research as well as Professor
Jukka Tuhkuri as the head of the Graduate Program of Engineeing Mechanics for
funding the research work. Last, but not least, I would like to express my gratitude
to my family for their support on this long journey.





CHAPTER 1

Introduction

In this introductory chapter, we shall first give a brief account of the field of
bifurcation and stability analysis of dynamical systems from elder days to
modern times. Although historically, the notion of stability originated sep-
arately in various fields of physics, particular attention shall be paid here to
set forth the interdisciplinary character of bifurcation and stability analysis.
In particular, a detailed review of related computational methods shall be
provided. The whole purpose of this historical overview is to provide the
reader with a necessary background for situating and focusing the research
problem.

1.1. About dynamical systems and eigenanalysis

Dynamical system theory can be loosely described as a collection of mathe-
matical tools that have proven their effectiveness in the analysis of deterministic
non-trivial time depending phenomena. The major advantage of dynamical sys-
tem theory is the capacity of regrouping under a least common denominator a
wide range of phenomena from physics to ecology, biology, sociology and macroe-
conomics. As long as there is an evolution law available for a given system, for
example the Lotka-Volterra law of predator and prey in population dynamics, or
a governing differential equation for a mechanical system, the power of dynamical
system theory manifests itself by providing us with a canonical form in which any
evolution law can be transformed to.

Dynamical system theory and formalism does not provide value-added features
as far as the quantitative behaviour of a given system is concerned. To predict
how a smoothly evolving system behaves in a neighbourhood of a known state, one
just solves the evolution law by “usual” means, that is by solving time dependent
algebraic or differential equations. Problems start to show up when the assumption
of a smooth evolution no longer holds. In nature, we can see every day non-smooth
phenomena, when suddenly an apparently steady state changes drastically over
a short period of time until it reaches again another stable state. The difficulty
of predicting local weather originates precisely from that non-smoothness of the
solution. It is, indeed, precisely that type of questions the dynamical system theory
can give answers to. In other words, in dynamic system theory, one focuses on
finding the points where qualitative changes occur.

If we take a more technical perspective, and recall that the steady state solution
is implicitly solved from the zero set of an equilibrium defining map, then tracking
drastic qualitative changes implies from the technical point of view that we monitor
rank changes in the linearisation of the equilibrium defining map. Looking at the
rank of the Jacobian matrix of the equilibrium defining map, one can tell that the
equilibrium set no longer has a uniquely defined tangent space at the specific point
where the rank is lower compared to its neighbourhood. In other words, such a

1



2 1. INTRODUCTION

point of the state space where the rank of the Jacobian matrix drops is precisely
the point where the equilibrium set bifurcates1, that is two irreducible components2

cross each other.
From the numerical and matrix algebra point of view, the action of tracking a

rank drop of a matrix can be formulated as finding the solution to an eigenvalue
problem. Indeed, the solution gives us information about two things: first the
eigenvalue indicates the location of the bifurcation point, second the eigenvector
indicates the bifurcating direction, or in the event of rank drops larger than one,
it gives the linear subspace which contains the bifurcating directions. To summa-
rize, eigenanalysis is a central mathematical tool in stability theory, and it is the
unavoidable first step in any bifurcation and stability analysis.

1.2. A short review of stability analysis

Stability analysis of steady state solutions of dynamical systems is, as we al-
ready noted above, conditioned by the investigation of bifurcation points. In order
to give a more complete picture, we shall provide a short account on the evolution
of stability criteria, here below.

1.2.1. Intuitive characterization of stability. Let’s imagine that the struc-
tural behaviour and the failure mechanism can be described qualitatively by a pair
of words: the first word describes smooth, continuous behaviour while the second
one describes a sudden, often dramatic change in this behaviour. For a vertically
loaded bridge structure, one could imagine the words bend - break. The behaviour
of soluble ions in water as the concentration increases could be described by the
pair solution - precipitation. If we try to compress a ruler in the direction of its axis
the words describing the behaviour would be be straight - be buckled. That type of
imaginative pair of words are often used to catch the essence of sudden change in
behaviour. For more examples, one can refer to the introduction in the textbook
by R. Seydel, Practical Bifurcational and Stability Analysis, [72]. Human nature
strives for predictability, hence it prefers smooth, continuous changes to sudden
events. Intuitively, one can call this an informal characterization of the difference
between stable and unstable behaviour. If one considers a given state of equilib-
rium, that equilibrium is said to be stable if the response of the system to small
perturbations stays small. Otherwise, the equilibrium is said to be unstable. In
other words, instability always implies large motion of the system, switching from
one steady state configuration to another.

In the field of structural mechanics, stability problems are mostly occurring
within a quasi static frame. However, the notion of stability does not need to be
restricted to quasi static cases and, as a matter of fact, there are many dynamical
applications where stability plays a major role, too. Examples of stability problems
for dynamical systems are often taken from biology, chemistry and astronomy. Due
to the fact that historically stability problems have emerged in different fields of
science, there is nowadays available not a unique definition of stability criterion, but
rather, as one can find in the literature, there are several definitions to be applied in
different situations. Broadly, two categories of definitions emerge in the literature:

1Notice that a limit point, too, can be considered as a bifurcation point [28].
2In stability and bifurcation theory one commonly calls such irreducible components branches

of equilibrium



1.2. A SHORT REVIEW OF STABILITY ANALYSIS 3

the energy criterion used for quasi-static systems and dynamic criteria used for
dynamic systems. The energy criterion is, however, available only for conservative
systems.

1.2.2. Formal definitions of stability. Phenomena involving non-linear be-
haviour and stability considerations were studied in various contexts long before any
formal attempts to define the notion of stability were made. However, as far as for-
mal definitions are concerned, one can probably trace the potential energy criterion
for stability back to Lagrange in Mécanique Analytique [45] and Dirichlet in Uber

die Stabilität des Gleichgewichts [17]. This energy criterion, or the “Lagrange-
Dirichlet” criterion for stability as it has been called in [18], applies to conservative
systems only, and, in essence, it states that the equilibrium state of a system is
stable if and only if the potential energy functional is locally strictly convex. A
corollary of this theorem, widely used in structural stability even nowadays, states
that an equilibrium point of a conservative system is stable if and only if the second
variation of the potential energy evaluated at that point is positive definite. An
infinite dimensional formulation of this result has been published by Trefftz, [79],
and is widely known as the Trefftz criterion for stability.

The major handicap of the Lagrange-Dirichlet criterion is that the set of systems
that the criterion can be applied to, contains only conservative systems. To avoid
that drawback, A.M. Lyapunov proposed in [49] the “Lyapunov’s second method
for stability”. This method consists in finding a real valued function similar to a
potential energy function, which would decide the stability of a non-conservative
system. Despite the apparent attractiveness of this approach, it has not reached
wide popularity in engineering applications.

In the meanwhile, another source of stability related problems emerged from sci-
entific and engineering applications. Although astronomical data has been observed
for centuries, it was not until 1892 when stability considerations were included in
this field by H. Poincaré, [61], triggered by the results of J.L. Lagrange on the
stability of planetary orbits, [44]. The concept of “Lagrange stability” was intro-
duced as a criterion for the stability of dynamical systems. In the same year, A.M.
Lyapunov published his dissertation concerning the stability of dynamical systems,
[49], which led to a similar but slightly different criterion known as the “Lyapunov
criterion for stability”. Subsequently, several criteria were introduced with more or
less imposing conditions on convergence speed, such as the asymptotic stability and
the exponential stability criteria. A full review of this type of stability criteria can
be found in [37].

From the application point of view, there is a notable difference between the en-
ergy based stability criterion and the dynamic criterion for stability. The difference
becomes clear with the introduction of internal system parameters as parameters
that control the behaviour of the system with respect to stability. Although it is
not forbidden to apply the Lagrange-Dirichlet criterion to time dependent prob-
lems, provided that the initial conditions appear as internal parameters, a more
natural approach is undoubtedly the application of a dynamic stability criterion.
On the contrary, in applications that depend on some internal parameter in a time
independent way, and that are therefore qualified as quasi-static, the natural choice
of a stability criterion is an energy based one. Informally, a quasi-static system is
stable according to the Lagrange-Dirichlet criterion if a small change in the system

parameter leads to small change in the configuration. That informal definition is to
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be compared with the definition of dynamic stability criteria, where initial condi-
tions together with a differential equation define the evolution of a system in time.
Hence, a system is stable according to the Lyapunov criterion if a small change in
the initial conditions leads to small change in the response.

The question of equivalence between the Lagrange-Dirichlet stability criterion
and the asymptotic stability criterion has given some matter of thought to re-
searchers. A system that is asymptotically stable is stable in the sense of Lyapunov,
and the solution converges to a static limit. It has been proved quite easily, [18],
that the Lagrange-Dirichlet criterion in a finite dimensional case is equivalent to
the asymptotic stability criterion. However, in case of infinite dimensional systems,
that arise typically in continuum mechanics, the equivalence is more difficult to
show. W.T. Koiter has shown in his thesis, [38], and has discussed the issue in
[39], and has found that for all practical purposes the two criteria are equivalent.
Nevertheless, the problem of showing the equivalence in all cases is still an open
one.

1.2.3. The early days of structural stability. As stated earlier, a real
structural engineering problem involving slender components is, by assumption, a
geometrically non-linear problem. It means that the evolution of the displacements
as the load varies is not linear, and in some situations small load increments can lead
to large deflections. The problem of the elastica is a very old one, and is a classic
benchmark case to illustrate geometric non-linearity induced by what engineers
often call the “P -Δ” effect. An epistemological review of the problem by Raph
Levien ,[48], cites Galileo in 1638 as the first person to have discussed the problem,
and James and Daniel Bernoulli to have defined and partially solved it. However,
it was Euler, in 1744, that published an exhaustive account of the solutions, [21],
and as a by-product found the famous “Euler buckling cases”, which are merely a
subset of the solutions of the elastica, assuming small deflections. The predictions
of critical loads could not, however, be verified by the experiments because of the
initial imperfection sensitivity.

For a long time, the elastica problem and the Euler buckling loads remained
very theoretical results, since engineering applications in building and industry were
stocky structures usually made of masonry. The scarcity of slender structures in
the ancient times was obviously one of the main reasons why stability problems
did not occur in engineering applications. However, in the beginning of the 20th
century, the rise of the steel and concrete industry, together with the proliferation
of ambitious engineering and architectural projects, put a new demand on a reliable
stability theory and non-linear analysis methods. The linear frame analysis, using
the force and the displacement methods, was soon generalized to geometrically
non-linear cases, where the stiffness and flexibility matrices depended on the axial
displacements and axial force, respectively, [85, 13, 34].

As industrialization developed in the second half of the 20th century, applica-
tions in naval and aeronautical industries craved for ever slenderer structures, and
hence “second order” theories for thin walled beams due to V.Z. Vlasov, [83], plates
and shells due to T. von Kármán and A. Föppl, [84, 26], appeared.

1.2.4. Modern stability analysis. One can characterize the early days of
structural stability as the discovery of new engineering applications prone to in-
stabilities, and a successful analysis of such systems by ad hoc methods. However,
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it is clear that by the middle of the 20th century, there was a need for a unifying
theory that could understandably explain stability related behaviour within a more
general framework, independently of any chosen application.

Since numerical computational techniques were not yet developed, an analytic
approach was the only possible way at the time. Besides, in a general context, the
qualitative approach was a rather natural choice, which implied that the problem
setting had to be centred around the recognition and the categorization of a particu-
lar case. In other words, one had to relate a specific problem, described by a specific
initial value problem, to a standard, easily recognizable form of that initial value
problem. The related specific and standard descriptions are equivalent in the sense
that they both describe systems that essentially behave in the same way. There-
fore the standard descriptions provide “labels” for the taxonomical boxes, called the
fundamental catastrophes, where each specific problem can be put into.

However, there were some technical issues that had to be solved first. One
major issue concerned dimensions in excess. One had to find a method to reduce

a large problem in order to get rid of all redundant state variables. In particular,
a method had to be found which could reduce an infinite dimensional problem
based on a continuum model to a finite dimensional one. Luckily, progress in
functional analysis, such as the generalization of the implicit function theorem to
Banach spaces, [30], advances in nonlinear perturbation theory, [61], and nonlinear
integral equations, [50, 69], led to the gradual development of what nowadays is
called the Lyapunov-Schmidt reduction.

W.T. Koiter, [38], was the first one in the field of structural stability to use a
reduction method on infinite dimensional elastic conservative systems and to cate-
gorize the resulting bifurcation diagrams as stable symmetric, unstable symmetric
and asymmetric. The first category was recognized as imperfection insensitive,
whereas the second two were imperfection sensitive. Perhaps, an even more im-
portant result for engineers was the “power laws” that gave a reduction factor to
the critical buckling load within the frame of initial post-buckling theory. Initial
post-buckling analysis was subsequently given a lot of interest in many publications
[70, 77, 12, 32].

However, one has to wait until 1973 to see an exhaustive account of all possible
catastrophe theories in the famous publication by René Thom, [76]. Indeed, for
a system with only two generalized displacements and four control parameters for
loads and imperfection magnitudes, there exists exactly seven fundamental catas-
trophes: the fold, the cusp, the swallowtail, the butterfly, the hyperbolic, elliptic
and parabolic umbilic ones. This general theory, which is called, depending on the
nuance and taste, the catastrophe theory, the singularity theory, the unfolding the-
ory, the group theory or also the bifurcation theory, has engendered a wide range
of publications and research results. As pioneers of the singularity and catastrophe
theory, one has to cite also E.C. Zeeman and V.I. Arnold, [88, 6]. A textbook
worth of mentioning on singularity theory is the classic by M. Golubitsky and D.G.
Schaeffer: Singularities and Groups in Bifurcation Theory [28].

1.2.5. Numerical aspects in continuation and branch switching. Diffi-
culties in getting exact analytic solutions for moderately complex systems in terms
of the critical load and the post-critical behaviour, soon led to the establishment
of various approximate solutions based on energy methods. A noteworthy method,
known as the Rayleigh quotient method, was established by Rayleigh, [62], and it
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gives an upper bound for the critical load of a structure. An even better upper
bound is given by the Timoshenko quotient [78]. The Ritz method, which consists
in minimizing the energy of a system where the displacement is approximated by
a linear combination of linearly independent functions, can possibly give very good
approximations if the trial functions are carefully chosen.

Nevertheless, genuine numerical methods applied to non-linear problems gain
in popularity only after the onset, in the second half of the 20th century, of the
finite element method. Historically, the first step towards solving the equilibrium
path of a non-linear problem was obtained by an incremental approach, [57, 86].
It soon turned out, however, that in order to pass across singular points appearing
on the equilibrium path, a more robust method had to be conceived. Today, the
continuation method, which is also called the path-following method, is a standard
procedure that uses the arc length of the equilibrium path as a basis for incremen-
tation. In conjunction with non-linear eigenvalue problems, there is an additional
task that needs to be performed at every increment, namely the stability check of
the given equilibrium point. Practically, it comes to the evaluation of the positive
definiteness of the tangent stiffness matrix evaluated at the point, and if there is a
change of signature between the previous and the current point, it follows that a
bifurcation point is present somewhere in between. This type of method for finding
a critical point can be characterized as an indirect one, since it only gives upper and
lower bounds for the critical value and it has often been credited to E. Riks [65].
Subsequently, there has been numerous studies on that issue, [1, 4, 64, 40, 20, 41].

Although continuation methods and their implementation in indirect critical
point finding are nowadays robust and reliable, using those approaches needs some
experience from the operator. In particular, one has to choose properly the initial
step length, as well as some other parameters, which implies that a proper under-
standing of the computation algorithm is necessary. Further, for large systems it
can be time consuming to compute the full equilibrium path if only the critical
value is being sought. Therefore, the idea of applying the Newton method to an
augmented system3 came in the early 70’s, and has been credited to J. Keener and
H. Keller [35], although the names of G. Moore and A. Spence come out regularly,
especially in the field of applied mathematics (the Moore-Spence defining system),
[56]. Other important contributions, [71, 87], as well as more recent studies, [51],
show that there is still progress going on. The main problem of this so called direct
method is that it is difficult to find a suitable initial guess within the radius of
convergence of the Newton algorithm. One possible approach is to combine the
indirect and direct methods so that the direct method uses as an initial guess the
upper or lower bound found by the indirect method. However, that approach inher-
its the drawbacks of the indirect method related to a rather complex user interface.
One alternative possibility would be an initial guess that suits any type of problem.
For example, one could imagine that choosing the origin as a starting point for
the Newton iteration leads to appropriate convergence in “nearly” linear structures.
Nevertheless, such a strategy is not yet robust enough to be used in commercial
finite element software.

3The augmented system consists of the equilibrium condition, the criticality condition and a
normalization condition for the eigenvector
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As a matter of fact, there exists a third possibility in terms of methods to
solve non-linear eigenvalue problems: the polynomial approximation of the non-
linear eigenproblem with respect to the load parameter. Notice that the point of
approximation can be any pre-critical reference state, although most often, it is
chosen to be the origin. Though the method itself bears some resemblance to the
Taylor series approximation, and hence can be considered from the mathematical
point of view as basic textbook material, it seems that it has not been widely
studied by the scientific community. It has been used in some studies by Gallagher,
[27, 63], and by J. Huitfeldt, [31], as means to predict a singular point lying
ahead on the equilibrium path, in which case the polynomial approximation is
evaluated at an incremental point on the equilibrium path - and not at the origin.
Nowadays, the linear approximation with respect to the load parameter evaluated
at the origin is standard textbook material, and is mentioned in most textbooks
dealing with linear and non-linear finite element methods [14, 8]. Furthermore, the
fact that commercial finite element software use the linearised eigenvalue method
as a standard procedure to approximate the eigenvalues and eigenmodes of a non-
linear eigenvalue problem, [3, 75], tells something about the importance of this
method in engineering design.

1.2.6. The role of imperfections in engineering stability problems. In
the real world, bifurcating systems do not exist. They are merely a limit case for
the study of unfold systems, i.e. systems with imperfections. If a given perfect sys-
tem exhibits a bifurcation phenomenon with unstable secondary equilibrium path,
then the corresponding system with initial imperfections exhibits a snap-through
phenomenon. On the other hand, if a given perfect system exhibits a bifurcation
phenomenon with stable secondary equilibrium path, then the corresponding sys-
tem with initial imperfections exhibits a stable behaviour, too.

Clearly, the role of imperfections is emphasized for perfect systems with un-
stable secondary path, since the snap-through load for the imperfect system can
be much less than the bifurcation load. As we have already stated, W.T. Koiter
was the first to study theoretically the role of imperfections in stability of struc-
tures. The results are the famous “power laws”, that describe the principles and
give bounds for the maximum load carrying capacity of imperfect structures.

For systems with a stable secondary path, the engineering response to cope
with systems with initial imperfections consists in comparing the maximal stress in
the non-linear structure to some design value of a yield stress. From the solution of
that inequality one gets a reducing factor that has to be applied to the maximum
normal force that a member in compression can withstand. The expression that
gives this reducing factor is commonly called the Ayrton-Perry formula, [22].

With modern numerical methods available, engineers usually carry out stabil-
ity analyses on discretized systems, where the discretization has been applied on
continuous systems by using the finite element approach, for example. In the most
general case, one can apply the linearised eigenproblem description to an arbitrary
three dimensional continuum problem. However, since in structural analysis the
stability issue is particularly important in slender structures, it follows that one
usually applies dimensionally reduced models, like the beam or shell model, prior
to the application of the linearisation and the discretization processes. Notice,
that it is not clear at the moment whether the processes of dimension reduction,
eigenproblem linearization and continuum discretization are commutative or not.
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Because imperfections are small by nature and difficult to localize, especially
in complex structures, it often follows that the geometrical model that an engineer
applies the computation on, is a geometrically perfect one, i.e. from the mathe-
matical point of view it is a bifurcation problem. In order to analyse a real world
problem, the engineer has to input artificially some geometric initial imperfections.
The big question is: what kind of initial imperfections?

For simple structures an intuitive guess would probably lead to a correct so-
lution. It is clear, that a sinusoidal initial imperfection would lead to a lowest
maximum load in an imperfection sensitivity analysis of the basic Euler buckling
case of a strut. However, in the presence of complex structures, it is virtually impos-
sible to guess in advance the non-linear behaviour even for an experienced designer.
The method that is widely referred to, [58], consists in using the eigenvectors ob-
tained from the eigenanalysis of a geometrically perfect system. The eigenvector
corresponding to the smallest positive eigenvalue or a linear combination of eigen-
vectors corresponding to a collection of smallest positive eigenvalues is used as a
“seed” for initial geometric imperfections.

Hence, the stability analysis of a structure is customarily operated in two steps:
first, an eigenanalysis of a geometrically perfect system is carried out and the results
are stored for later use. Second, a full non-linear analysis, using a path-following
method, is carried out on a system with initial imperfections seeded by the eigen-
vectors obtained in the first step. A direct implication of that two step design
pattern is that since the second step is conditioned by the first one, it is important
to be able to assess the eventual computational error in the eigenanalysis step. The
stability analysis pattern is summarized in Figure 1.

input: geometrically perfect model

linear perturbation
buckling analysis step

model with initial geometric
imperfections in the direction of eigenmodes qi

and amplitudes εi.

non-linear path-following
analysis step

output: load carrying capacity
for each imperfection amplitude value

{(αi, qi)}i, eigenpairs

Figure 1. Flowchart for computational stability analysis
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1.3. Problem setting, scope and position of the current study

The problem setting can be viewed from two perspectives: first, an applied
setting where we try to find an a-priori error assessment method for a particular
problem that arises in the context of computational stability. Second, if we con-
sider an enlarged perspective, our ultimate target is a deeper understanding of the
geometry of the tangent cone at a bifurcation point and its sensitivity to variations
in system parameters.

1.3.1. Applied research question: error assessment of the branching
direction. The initial problem setting of the present doctoral thesis was triggered
by the realization that it is important to get a correct branching direction, which
could be successfully used as an initial imperfection in a subsequent initial imper-
fection analysis. In the event of a bifurcation problem, a non-linear eigenanalysis
enables us not only to localize the rank drop points on the primary equilibrium
branch, but it also gives us the branching direction tangent to the bifurcating equi-
librium branch. It therefore follows, that in order to be able to assess the correctness
of the solution obtained from a non-linear eigenproblem we must be able to study
its sensitivity with respect to the numerical algorithm.

As we have stated previously, there are broadly three numerical algorithms
available for solving a non-linear eigenproblem: path following method with sig-
nature tracking, augmented eigensystem solved by Newton’s method, and finally
replacing the non-linear eigenproblem by a linearised one. Obviously, the last al-
gorithm is the most crude one, but it happens to be, nevertheless, the most widely
used in commercial engineering finite element packages. Hence, our primary effort
is targeted at the investigation of the sensitivity of the non-linear eigenanalysis
solution with respect to linearisation. In particular, we are interested in the rela-
tive error of the branching direction obtained from a linearised eigenproblem with
respect to a hypothetical reference solution.

However, as we later realized, sensitivity analysis of the branching direction
can be justified in a much larger context than we initially thought. Indeed, we
can consider that the linearisation of a non-linear eigenproblem is just one possible
source of errors among many others, which include a possible variation in design
parameters of the system or any simplifications used in the mathematical model.
To encompass all possible sources of errors that may potentially affect the result of
a non-linear eigenanalysis, we have to consider a generalized variation of the math-
ematical model that governs the behaviour of our system. Although formulating
such a generalized variation is way too complex, one can notice, that from the per-
spective of the branching direction, the only thing that matters is the variation of
the push-forward operator of the equilibrium defining map. Because the local co-
ordinate expression of the push-forward operator, evaluated at a bifurcation point,
is a rank deficient matrix, we are brought to the investigation of fixed rank matrix
manifolds.

1.3.2. Deep research question: the geometry of fixed rank matrix
manifolds. How do fixed rank matrix manifolds possibly relate to tangent cones
at bifurcation points in the state space? First, notice that bifurcation points are
points of the equilibrium set where the equilibrium set locally fails to be a smooth
manifold. Intuitively, it means that the tangent space at a bifurcation point is
not defined: instead of having a tangent space, we have a tangent cone, which
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can be loosely understood as a union of tangent spaces to each of the bifurcating
equilibrium branches. Recall that the push forward of the equilibrium defining map
expressed in local coordinates is customarily referred to as the Jacobian matrix of
the equilibrium defining function, so from a practical point of view we determine
the location of a bifurcation point by inspecting rank drops in the Jacobian matrix.

At a bifurcation point, the Jacobian matrix is, therefore, rank deficient, and the
linear subspace, which contains all branching directions, is given by the kernel of the
Jacobian matrix. If we want to study how the branching directions change if we vary
some internal parameters of the system, we have to study the variation of the kernel
of the Jacobian matrix as the Jacobian matrix evolutes in some neighbourhood of
the reference point on the fixed rank matrix manifold. A natural choice for a
neighbourhood on the fixed rank matrix manifold is the sphere, that is the set of
points of fixed rank that are all at a given distance from the centre point. The
natural way to measure a distance on the manifold is the Riemannian distance

function.
Hence, we have come to a point, where the crucial element of our investigation

of the sensitivity analysis of the branching direction is connected to the formulation
and understanding of the geometry of a sphere on a fixed rank matrix manifold.
It is no doubt that the study of such objects has a value of it own. Notice that
the study of geodesics on fixed rank matrix manifold, which is a pre-requisite to
the study of Riemannian distance functions and spheres on fixed rank matrix man-
ifolds is a topic of ongoing investigation by P.-A. Absil, S. Bonnabel, G. Meyer,
R. Sepulchre, B. Vandereycken, S. Vandewalle as well as other co-authors in the
references [82, 54, 81, 9, 55, 2]. Especially, the Riemannian manifold structure
of fixed rank manifolds is of central interest in [53]. Some of the recent results
are related to machine learning, as is, for example the work by U. Shalit and co-
authors, [73], as well as the work by N. Boumal and P.-A. Absil, [10]. The paper by
R. Keshavan and S. Oh, [36] invokes interesting matrix decompositions, which are
then applied to study the structure of Grassmann manifolds. Most of the references
cited above are application induced and therefore published in journals dealing with
applied mathematics and computer sciences. There are, however, contributions to
the study of matrix manifolds that are oriented more theoretically, such as [5], and
in conjunction with the game theory and algebraic geometry. References exhibiting
this last point of view can be found in the works by P. Parrilo and his co-authors,
[74, 68, 23, 60].

As a general comment on the recent scientific activity around matrix manifolds
in general and fixed rank manifolds in particular, one can tell that most of the
studies invoke a computational or engineering application issue to motivate the
geometric study of mathematical objects. In this sense the present work is not an
exception, although to our knowledge it is the first time that civil engineering and
stability related issues are taken to motivate the study of Riemannian aspects of
fixed rank matrix manifolds.

1.4. An overview of the content

In order to keep the size of this book as manageable as possible, we choose not to
include results of standard textbook differential geometry, even though the content
of the book itself is consistently written “on smooth manifolds”. Therefore, we start
right away with the core topic and assume that the reader has sufficient knowledge
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in Riemannian geometry on smooth manifolds and Lie theory of orthogonal matrix
spaces. For introductory courses to differential geometry, the reader will be asked
to refer to the textbooks by J.M. Lee, [47, 46], or, alternatively to a more recent
textbook by L. Tu: [80].

After the brief general introduction given in the present chapter, we set up the
scene in Chapters 2 and 3 in rather technical terms. Indeed, the aim of those two
chapters is to convince the reader of the importance of the link between equilib-
rium sets of dynamical systems and the geometry of fixed rank manifolds. To be
consistent with our differential geometry approach, we express our objects related
to dynamical system theory in a smooth manifold context, although this is not
mandatory from the point of view of the subsequent chapters. The core result is
that we set forth our primary object of interest, which is a parameter dependent
Jacobian matrix of the equilibrium defining map. The study of bifurcation points
of our equilibrium set corresponds to the study of rank drops of our parameter de-
pendent Jacobian matrix, and hence we are brought to the study of the geometry
of fixed rank and rank deficient matrix manifolds.

Chapter 4 then brings us to the core of the subject, which is the geometry
of fixed rank matrix manifolds. After showing that fixed rank matrix sets are
embedded closed submanifolds of the ambient matrix space with corresponding di-
mensions, we give some examples of coordinate charts, as well as some information
on the topology of fixed rank matrix manifolds. This prepares us for the forthcom-
ing chapters, in which we implement numerical procedures for the computation of
geodesics on fixed rank matrix manifolds.

Chapter 5 exposes some technical issues related to Riemannian geometry on
fixed rank matrix manifolds with respect to a smooth chart of our predilection.
The target of the chapter is ultimately to be able to compute numerically geodesics
on fixed rank matrix manifolds of arbitrary dimension and rank.

Chapter 6 gives a complementary view on the problem by enabling some alge-
braic considerations on fixed rank matrix manifolds. The idea is to show that fixed
rank manifolds are homogeneous spaces relative to a specific Lie group action. That
Lie group action that we refer to is suggested by the singular value decomposition of
elements in the fixed rank matrix manifolds. It turns out that with an appropriate
use of the matrix equation rule, we construct our Lie group and the corresponding
left action in a natural way using Kronecker product of diagonal and special or-
thogonal matrices. The study of that Lie group via the matrix exponential gives us
valuable information about the structure of the corresponding homogeneous space.

Chapter 7 exposes some computational results. In our study of the Jacobian
matrix evaluated at a bifurcation point, we are primarily interested in the sensitivity
of the result with respect to arbitrary changes in system parameters. In other words,
we would like to compute the sphere centred at the Jacobian matrix in the fixed
rank matrix manifold. The sphere corresponds to all possible equidistant positions
that the Jacobian matrix can move to, if we vary some system parameters. Hence,
the sphere is the very object on which we carry out our sensitivity analysis.

Finally, Chapter 8 reveals our ultimate goal, the one that is also suitable for
applications. As a matter of fact, our interest is turned towards the study of the
sensitivity of the kernel of our Jacobian matrix assuming that it sweeps through
the entire domain, which is the sphere. In terms of applications, it means that we
can compute the error that we have made with respect to the eigenvector a priori.
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Assuming that the actual numerical result, given by a linearised eigenproblem, is
assigned to the centre of the sphere, and the a-priori unknown reference solution,
given by the non-linear eigenproblem, is represented by an arbitrary point on the
sphere, we are in a position to compute the a-priori error between the corresponding
kernels. As we swept through all the points on the sphere, we can find maximum,
minimum and average values of the error, all of which depend on a single parameter:
the radius of the sphere.



CHAPTER 2

Equilibrium sets of dynamical systems

The purpose of this chapter is to motivate the subsequent study of fixed rank
matrix manifolds. The dynamic system theory provides a unified interface
together with an extensive toolbox for the behavioural study of physical
systems, and we shall use that pre-existing interface to make a link between
our theoretical studies and actual physical applications.

For the sake of generality, we shall introduce appropriate elements of
dynamical system theory on manifolds. This is not a pre-requisite for the
subsequent chapters. However, to our understanding a differential geometry
treatment of the various objects involved in the study of dynamical systems
gives a deeper insight in the emerging topological and geometrical issues.
In addition, differential geometry enable the use of ”higher level” tools com-
pared to plain linear algebra and calculus in Euclidean spaces. One such tool
that is intensively used throughout this work is the Submersion theorem.

Sections 2.1 and 2.2 introduce, with the help of specific examples, the
notions of configuration space and the corresponding state space. Differ-
ential geometry enables us to consider the configuration space as a smooth
manifold and the state space the corresponding tangent bundle, which gives
valuable geometric insight to the dynamical system theory. Section 2.3 then
takes us to the core of the problem: on what conditions a portion of an
equilibrium set is a smooth manifold? Finally section 2.4 gives some tools
to analyse the local geometry of equilibrium sets in the neighbourhood of
singular points.

2.1. Dynamical systems on manifolds

Dynamical systems are, by quoting Yu. Kuznetsov, [43], “the mathematical
formalization of the scientific concept of a deterministic process”. In other words,
the future behaviour of a time dependent system can be predicted by the present
state and the laws that predict the evolution. A dynamical system is thus composed
of two components: the state space, denoted by S, which is the the set of all possible
states that the system can reach, and the evolution operator Fl ∶ R × S → S, which
predicts how the system evolutes in time, starting from an initial state p0 ∈ S:
at time t the system has reached the state Fl(t, p0) = p ∈ S. In the language of
differential geometry, we call it a flow. A flow is a one-parameter group action
of the additive group (R,+) on the state space, i.e. for any t1, t2 ∈ R we have
Fl(t2,Fl(t1, p0)) = Fl(t1 + t2, p0). Of course, a flow must, in addition, fulfil the
initial condition Fl(0, p0) = p0.

In applications, giving an evolution operator to represent a physical system is
not very usual. More often than not, however, a dynamic system is given implic-
itly by differential equations that relate the generalized coordinates to their time
derivatives and the initial state. The evolution operator is then the family of solu-
tions fulfilling the differential equations. Notice that the Fundamental theorem of
flows (Theorem 12.9, [47]) states that any flow is uniquely generated by a smooth

13
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vector field. The flow corresponds then to the collection of the integral curves of
the defining vector field. One such an integral curve starting at an initial point p0
is called a trajectory, or an orbit through the initial point.

From a practical point of view, which is adopted for instance in the textbook
“Practical Bifurcation and Stability Analysis”by R.Seydel, [72], the dynamic system
is defined by an initial value problem, which is the integral curve problem defined
by a vector field. Hence, in order to define a dynamical system, we need to define
the following two components:

● The state space.
● The governing initial value problem.

Next, we shall see in detail how the governing initial value problem is formulated
if the underlying state space is a smooth manifold.

2.1.1. Global expressions of the governing initial value problem. Us-
ing the language of differential geometry, a defining initial value problem for a
continuous time dependent system is called an integral curve problem, [47]. An
integral curve problem is formulated for a given smooth vector field defined on the
state space manifold. If F ∶ S → TS is a smooth vector field that defines the right
hand side of the system, and the map γ̇ ∶ I → TS, for some interval I ⊂ R, denotes
the tangent vector field along the smooth curve γ ∶ I → S, then the defining integral
curve problem is given as follows:

γ̇(t) = (F ○ γ)(t) , ∀t ∈ I , γ(0) = p0 . (2.1)

In the previous definition, we assumed that the smooth curve γ goes through the
initial point p0 at the origin t = 0. The smooth curve γ, that is a solution to
equation 2.1, is called a trajectory starting at p0. It is a smooth curve on the state
space manifold, such that at each point of that smooth curve the tangent vector
matches the defining vector field. Hence, the trajectory of an integral curve problem
is related to the evolution operator as follows: Fl(t, p0) = γ(t) such that γ(0) = p0.

What about the case when the equilibrium defining vector field is a time de-
pending quantity? In that case, we have to consider a vector field on the time-space
domain F ∶ S × R → TS × TR. Then, a smooth curve in the time-space is defined
by Γ ∶ t ↦ (γ(t), t ), where γ ∶ I → S is a smooth curve on S, which can possibly
intersect itself. Then, an integral curve problem similar to the one given in equation
(2.1) holds in the time-space domain, too: Γ̇(t) = (F ○ Γ)(t), for all t ∈ I and for
the initial condition Γ(0) = (p0,0). This equation can be simplified if one consid-
ers the time-vertical projection p ∶ S × R → R and the time-horizontal projection
p� ∶ S ×R→ S. For convenience, we shall denote the time-vertical projection of the
equilibrium defining vector field by FV = p∗ ○ F and the time-horizontal projection
of the equilibrium defining vector field by FH = p�∗ ○ F . Then the integral curve
problem can be split into two orthogonal parts:

{ 1 = FV(γ(t), t )
γ̇(t) = FH(γ(t), t )

, ∀t ∈ I , γ(0) = p0 (2.2)

Clearly, the time-vertical component of the equilibrium defining vector field is a
constant vector field, and can thus be ignored.

2.1.2. Local expressions of the governing initial value problem. With
respect to local coordinates, the equation 2.2 above is equivalent to a system of
n differential equations of n local coordinates. Hence, if (US , ϕS) is a smooth
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coordinate chart on the state space manifold S with local coordinates given by
ϕS(p) = (x1∣p , . . . , xn∣p) for any p ∈ US and the local basis for the tangent space

TpS is given by { ∂
∂x1 ∣p , . . .

∂
∂xn ∣p}, then the local form of the defining equation is

given as the following first order system of differential equations:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

ξ̇1(t) = f 1( ξ1(t), . . . , ξn(t), t )
⋮ ⋮

ξ̇n(t) = fn( ξ1(t), . . . , ξn(t), t )
, ∀t ∈ I , ( ξ1(0), . . . , ξn(0) ) = ϕS(p0) . (2.3)

In the local formulation, we have used the following shorthand notation ξi = ϕS
i ○γ,

which denotes the local components of the smooth curve γ. Likewise, the notation

ξ̇i = ϕS
i∗ ○ γ̇ = dϕS

i○γ
dt

denotes the local form of the tangent vector γ̇ as shown in the
following commutative diagram:

I US ⊂ S ϕS(US)

TR TS TRn

γ ϕS

d
dt

(ϕS ○ γ)∗ ○ d
dt

○ (ϕS ○ γ)−1

γ∗ ϕS∗

ξ̇

γ̇

If we look at the right hand side of the local formulation of the governing differential
equations, Equation 2.3, notice that the local component form of the defining vector
field is given by f = (ϕS ○p�)∗ ○F ○ϕ−1 = ϕS∗ ○FH ○ϕ−1. The expression is motivated
by the commutative diagram:

US ×R ⊂ S ×R ϕS(US) ×R

TS × TR TS TRn

ϕ = (ϕS , id)

F f = ϕS∗ ○ FH ○ϕ−1

p�∗ ϕS∗

FH

Notice also, that if we express the defining vector field on the state space using
coordinate functions as follows: FH(p, t) = F i

H
(p, t) ∂

∂xi ∣p for any p ∈ US , then by

pushing the vector field forward by the chart map we get the following expression

ϕS∗ ○ FH ○ ϕ−1 = F i

H
○ϕ−1 ϕS∗ ○

∂

∂xi
○ϕS−1 .

Because {(ϕS∗ ○ ∂
∂xi ○ϕS−1)∣x}1≤i≤n is the expression of the local basis TxR

n, it
follows that the expressions of the local coordinate functions are given by

f i = F i

H
○ϕ−1 . (2.4)

Altogether, by pushing forward the integral curve equation 2.1 sidewise by ϕS∗ we
get our local expression 2.3 of the governing initial value problem.

2.1.3. Examples. To convince the reader that the differential geometry ap-
proach for dynamical systems is not just abstract formalism, but has practical
applications as well, we shall introduce some illustrative examples. Indeed, if we
concentrate on mechanical systems, we can notice that as soon as we introduce
some kinematical restrictions between state variables in the ambient space, we are
potentially dealing with state spaces that have a structure of topological manifolds.
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In addition, if the kinematical restrictions are given by a smooth submersion, then
the state space is an embedded submanifold in the ambient space. A full treatise
of dynamical systems on manifolds, both for discrete and continuous systems, can
be found in the lecture notes by G. Romano [66]. However, in order to be able
to fully appreciate such an approach, the language of differential geometry must
be mastered at a rather high level. Since our pre-requisites in terms of differential
geometry are more modest, we shall expose some examples from classical mechan-
ics with some restrictions. In particular, we will not consider continuous systems
modelled on Banach manifolds, but only classical manifolds modelled on underlying
finite dimensional Euclidean spaces.

A particularly interesting collection of mechanical systems with kinematical re-
strictions is consisted of cyclic mechanical systems, the simple pendulum being an
typical example of. A cyclic mechanical system is such that at least some of the
generalized coordinates are cyclic. If we denote by C the configuration manifold of
a system, in other words the set of all possible positions that the system can take,
then the state space manifold is given by the tangent bundle of the configuration
manifold: S = TC. Since a tangent bundle is a manifold in its own right, the defi-
nition makes sense. For example, a simple pendulum that evolutes in a plane can
reach any point on a sphere of some constant radius. The constraint is therefore
given by the equation c(y1, y2) = (y1)2 + (y2)2 − r2, and the constraint manifold is
C = c−1({0}). This characterization makes sense since c, in this case, is a submer-
sion. For simplicity, assume this radius is equal to the unit, which implies that the
configuration manifold is given by the unit sphere S

1. The state space manifold is
then by definition the tangent bundle of the unit sphere, TS1, and can be illustrated
as a cylinder S = S

1 ×R embedded in a three dimensional space.
Consider a very crude approximation of a cantilever beam given by a simple

pendulum with a mass located at the right end of a rigid massless bar and a linear
rotational spring and damper located at the left end of that bar. Figure 1 illustrates
the system under consideration.

ex

ey

θ

er

eθ

O

| |
r

m,P
θ

θ̇

Figure 1. System with one generalized cyclic coordinate

From the fundamental principle of dynamics applied to rigid body mechanics,
we know that in an inertial frame of reference, the screw1 due to inertial effects of
the system in Figure 1, evaluated at any point, must equal the screw due to external
forces acting on the system. Assume, that the system consists of a massless rod
OP , and a point mass m at P . The density of the dynamic force at any point P is
given by the translational acceleration at that point multiplied by the infinitesimal
mass. The density of dynamic moment can then be computed as the cross product

1A screw is an ordered pair of three dimensional real vectors: a force and a torque in the
case of a wrench, an angular velocity vector and a linear velocity in case of a twist.
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between the position vector OP and the density of dynamic force. If we consider
a local orthonormal basis, {er,eθ,ez}, at P such that er is normal and eθ tangent
to the configuration manifold, then we can write, with respect to that basis, the
following expression of the screw due to inertial effects:

{D}O = { ∫P

d2
OP

dt2
dm

∫P
OP × d2

OP

dt2
dm

} = {mrθ̈ eθ −mr θ̇2 er
mr2 θ̈ ez

} .

The screw associated to system stiffness and friction is computed from the macro-
scopic scale constitutive laws of a rotational spring and a rotational dashpot. The
rotational spring at O exerts a moment on our system equal to −k θ, where the unit
of the rotational spring stiffness coefficients k is Newton-meter per radian. The
rotational dashpot at O exerts a moment on our system equal to −c θ̇, where the
unit of the rotational friction coefficients c are Newton-meter-second per radian.
In addition, we assume that there are no translational spring or dashpot acting on
the system. Hence, the screw due to external forces acting on our system can be
written as follows:

{T}O = { 0

−(c θ̇ + k θ)ez
} .

It follows, that the governing differential equation for the system is given, in the ab-
sence of any other external force, by the following second order differential equation:
mr2 θ̈ + c θ̇ + k θ = 0. Further, by denoting (ω0)2 = km−1r−2 the natural frequency
and 2 ζ = c r−1 k−1/2 m−1/2 the damping ratio, we can write the governing equation in
a non-dimensional first order differential equation form using the formalism given
in equation 2.3. It gives us the local initial value problem:

(ξ̇
1(t)
ξ̇2(t)) = (f

1( ξ1(t), ξ2(t), t )
f 2( ξ1(t), ξ2(t), t )) = (−2 ζ ω0 −ω0

2

1 0
)(ξ

1(t)
ξ2(t)) ,

with ξ1 = θ̇ and ξ2 = θ. As we can see, the equilibrium defining function f is linear
in this particular example. If we want to formulate the integral curve problem on
a smooth manifold, we have to consider a chart map (US , ϕS) on the state space
manifold S = S

1 ×R, where US = (S1/{(−1,0)} )×R. The chart map and its inverse
are then defined as follows:

ϕS ∶ US ⊂ R
3 → R×] − π,π[ ϕS

−1 ∶ R×] − π,π[ → US ⊂ R
3

(y1, y2, y3) ↦ ( y3

arg(y1 + i y2)) (ξ1, ξ2) ↦
⎛
⎜
⎝

cos ξ2

sin ξ2

ξ1

⎞
⎟
⎠

Notice that the argument function is assumed to give here the principal value only,
i.e. an angle between −π and π. In order to compute the defining vector field we
have to use the relation (ϕS−1)∗ ○f ○ϕ = FH. The chart map inverse is diffeomorphic
in the neighbourhood of the origin and the expression of the push forward is given
by:

(ϕS−1)∗ =
⎛
⎜
⎝

0 − sin ξ2

0 cos ξ2

1 0

⎞
⎟
⎠

.
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Hence, the computation of the defining vector field F yields rather complicated
expressions which are non-linear with respect to the ambient space coordinates.

FH(y1, y2, y3, t) =
⎛
⎜
⎝

−y2 y3

y1 y3

−2 ζ ω0 y
3 − (ω0)2 arg(y1 + i y2)

⎞
⎟
⎠

. (2.5)

Notice, that in this simple example given in Figure 1, the state space manifold S
is time independent. In other words, the time-space manifold E = S ×R is a trivial
fibre bundle in this simple example. Since the equilibrium defining vector field F

is time independent, as well, we may illustrate, in this simple example, well the
vector field on the time-space bundle by its projection on the state space bundle
TS and illustrate the trajectory in time-space by its projection on the state space
S starting at an initial point p0 ∈ S. This is exactly what we have done in Figure
2. Note that in this example, as well as in every dynamical system defined on a
smooth manifold state space, it is often easier to carry out computations locally on
the chart domain. As we can see from equation 2.5, expressions of the vector field
in the ambient space are often complicated, and therefore there is no use trying to
compute anything in the ambient space. However, formulating the problem in an
intrinsic way yields a very compact notation and catches the essence of the system
behaviour. In addition, it leaves us free to choose any smooth chart map of our
convenience.

S

FH

p0
�

�

Figure 2. Trajectory, defining vector field and state space

2.2. Time-space and parameter-state space formalism

Motivated by the time-space formalism as it has been exhaustively investigated
in [66], we shall apply exactly the same approach to parameter dependent systems,
as well. First, let’s recall the basic results of time-space formalism on manifolds
and fibre bundle structures.
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2.2.1. Time-space manifold. In our example, we considered a time inde-
pendent constraint c(y1, . . . , yN), where y1, . . . , yN are coordinates of the ambient
space. However, in a general setting, the constraint maps might depend explicitly
on time, coordinates and possibly on coordinate velocities. In other words, we have
constraints of the form ct(y1, . . . , yN) = 0 for holonomic systems and constraints of
the form ct(y1, . . . , yN , ẏ1, . . . , ẏN) = 0 for non-holonomic systems. Assuming that
for each time frame t the constraint maps are submersions, the constraint mani-
fold Ct = c−1t ({0}) is then a submanifold embedded in the ambient space R

2N and
the corresponding state space St is defined as the tangent bundle of the constraint
manifold.

The time-space manifold E can then be given a fibre bundle structure by consid-
ering the disjoint union of each fibre over time. Formally, we define the time-space
manifold as the fibre bundle {E,T ,p,S}, where p ∶ E→ T is the projection from the
total space to the base space, and where S is a typical fibre. The fibre over τ ∈ T ,
is then given as p−1(τ) = Eτ , and for any open neighbourhood IT ⊂ T , there is a
diffeomorphism φ ∶ p−1(IT ) → S × IT such that the following diagram commutes:

p−1(IT ) S × IT

IT

φ

p π

In the diagram, we denoted by π ∶ S×IT → IT the canonical projection on the second
component of the Cartesian product. Hence, we have the composition p = π○φ that
holds on the domain of definition p−1(IT ). Let’s see, then, how this formalism can
be used to formulate concisely an integral curve problem on the time-space manifold.
If we consider a vector field on the time-space manifold: F ∶ E → TE, this vector
field can be decomposed locally into time-vertical and time-horizontal components
using the diffeomorphism φ ∶ p−1(IT ) → S × IT . The decomposition is motivated by
the following diagram:

TT

p−1(IT ) TE TS × TT

TS

F φ∗

π∗

π�∗

FV

FH

Therefore, we can define the time-vertical component of the vector field as FV =
(π ○ φ)∗ ○ F = p∗ ○ F , and the time-horizontal component as FH = (π� ○ φ)∗ ○ F . If
we consider a smooth curve Γ ∶ IT → p−1(IT ) ⊂ E, defined locally by (φ ○ Γ)(τ) =
(γ(τ), τ), it follows that p ○ Γ = id. We can, therefore, define the integral curve
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problem on the time-space manifold as follows:

Γ̇(τ) = (F ○ Γ)(τ) , Γ(0) = e0 ∈ p−1(IT ) ⊂ E , (2.6)

with φ(e0) = (p0,0). It follows, that if we project the equation above on the time-
vertical component, we obtain the following sequence of equivalent equations:

p∗ ○ Γ̇ = p∗ ○ F ○ Γ
p∗ ○ Γ∗ ○ d

dt
= FV ○ Γ

(p ○ Γ)∗ ○ d
dt

= FV ○ Γ
id∗ ○ d

dt
= FV ○ Γ

1 = FV ○ Γ .

(2.7)

The last equation shows, that the time-vertical component of the vector field is a
constant vector field. Notice that this is exactly the same result that we obtained
for trivial time-space bundle structures in Section 2.1. Therefore, only the time-
horizontal component of the vector field carries information. Consider the time-
horizontal projection:

(π� ○ φ)∗ ○ Γ̇ = (π� ○ φ)∗ ○ F ○ Γ
(π� ○ φ ○ Γ)∗ ○ d

dt
= FH ○ Γ

γ∗ ○ d
dt

= FH ○ Γ
γ̇ = FH ○ Γ .

(2.8)

A steady state solution (φ○Γ) ∶ τ ↦ (p0, τ) to the integral curve problem is obtained
when the smooth curve Γ in the time-space manifold goes through the loci where
the time-horizontal projection has zero value:

0∣(π�○φ)(e0) = (FH ○ Γ)(τ) , Γ(0) = e0 ∈ p−1(IT ) ⊂ E , (2.9)

where φ(e0) = (p0,0). In other words, we have (FH ○ Γ)(τ) = (FH ○ φ−1)(p0, τ) =
0∣p0

. Hence, Γ is said to be a steady state solution of the integral curve problem

Γ̇ = F ○ Γ subject to the initial conditions Γ(0) = φ(p0,0) if and only if φ∗ ○ F
evaluated anywhere on the time line φ−1(p0, τ) is a time-constant (0,1) vector field
on TS × TT . Notice that steady state solutions play a major role in analyses of
quasi-static systems and we shall return to that question later in more detail.

2.2.2. Parameter-time-state space manifold. In time-space formalism,
we introduced a fibre bundle structure, called the time-space manifold, that has
the time component T as the base space. In case of parameter dependent systems,
the state space and/or the defining vector field F may depend on some parameters,
such as dead loads, material parameters or geometrical initial imperfections. Those
parameters are by nature time-independent. They reflect a collection of systems
with varying parameter values, for example structures with different initial imper-
fections, or a single structure with a parameter that is increased in a quasi-static
way. An example of the latter case is given by a structure with an external loading
that is increased very slowly.

It therefore makes sense to consider a fibre bundle structure for parameter
dependent systems, where the base space is a product manifold A × T , where T
is the time-component and A denotes a k-dimensional manifold that represents all
parameters of interest. The fibre bundle {E,A × T ,p,S} is then endowed with a
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projection from the total space to the base space, p ∶ E → A × T , and a typical
fibre S. The fibre over (a, τ) ∈ A × T is then denoted by p−1(a, τ) = E(a,τ), and
for any open neighbourhood IA × IT ⊂ A × T of (a, τ), there is a diffeomorphism
φ ∶ p−1(IA × IT ) → S × IA × IT such that the following diagram commutes:

p−1(IA × IT ) S × IA × IT

IA × IT

φ

p π

The smooth map π ∶ S × IA × IT → IA × IT is the canonical projection on the sec-
ond component of the Cartesian product. Exactly in the same way as we did in
time-space formalism, we can extend our integral curve problem to comprise pa-
rameter dependent systems. Let’s reuse some of the notation we have introduced
already. Consider, now, a vector field on the parameter-time-state space fibre bun-
dle: F ∶ E → TE. This vector field can be decomposed locally into parameter-
time-vertical and parameter-time-horizontal components using the diffeomorphism
φ. The decomposition is motivated by the following diagram:

TA× TT

p−1(IA × IT ) TE TS × TA× TT

TS

F φ∗

π∗

π�∗

FV

FH

Let’s define, therefore, the parameter-time-vertical component of the vector field as
FV = (π ○ φ)∗ ○ F = p∗ ○ F , and the parameter-time-horizontal component as FH =
(π�○φ)∗○F . If we consider a collection of smooth curves Γa ∶ IT → p−1(IA×IT ) ⊂ E,
defined by (φ ○ Γa)(τ) = (γ(τ), a, τ), where γ ∶ IT → S is a locally defined smooth
curve. From the projection (p ○ Γa)(τ) = (a, τ) ∈ IA × IT , we can see that the
first component is time independent, and the second component is the identity.
This information will be used later. First, define the integral curve problem on the
parameter-time-state space manifold as follows:

Γ̇a(τ) = (F ○ Γa)(τ) , Γa(0) = e0∣a ∈ p
−1(IA × IT ) ⊂ E , (2.10)

with φ(e0∣a) = (p0, a,0). Based on the argumentation given above, we have the
following expression of the parameter-time-vertical component:

p∗ ○ Γ̇a = p∗ ○ F ○ Γa

(p ○ Γa)∗ ○ d
dt

= FV ○ Γa

(0,1) = FV ○ Γa ,

(2.11)
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which clearly shows that the parameter-time-vertical component does not carry any
information. Hence, only the parameter-time-horizontal component is of interest.
That component has the following expression:

(π� ○ φ)∗ ○ Γ̇a = (π� ○ φ)∗ ○ F ○ Γa

(π� ○ φ ○ Γa)∗ ○ d
dt

= FH ○ Γa

γ∗ ○ d
dt

= FH ○ Γa

γ̇ = FH ○ Γa .

(2.12)

A steady state solution to the integral curve problem is obtained when the smooth
curve Γa, defined by (φ ○ Γa)(τ) = (p0, a, τ) in the parameter-time-state space
manifold goes through the loci where the parameter-time-horizontal projection has
zero value:

0∣(π�○φ)( e0∣a) = (FH ○ Γa)(τ) , Γa(0) = e0∣a ∈ p
−1(IA × IT ) ⊂ E . (2.13)

In other words, the smooth curve Γa is a steady state solution of the integral curve
problem Γ̇a = F ○Γa subject to the initial conditions Γa(0) = φ−1(p0, a,0) if and only
if the vector field φ∗ ○ F evaluated at the time line φ−1(p0, a, τ) is a time-constant
vector field (0,0,1) in TS × TA× TT .

2.2.3. Parameter-state space manifold in quasi-static context. Besides
the time-space and the parameter-time-state space fibre bundle structures, which
we have exposed in the previous paragraphs, there is a third way to cope with
the interdependency of paramters, time and state variables. This third way is
especially interesting in the quasi-static context, when both the state space and
the equilibrium defining vector fields are time-independent, but can be paramater-
dependent, though.

Hence, in quasi-static context we choose our base space of the fibre bundle struc-
ture to be the k-dimensional parameter manifold A. The fibre bundle {E,A,p,S}
is then endowed with a projection from the total space to the base space, p ∶ E→A,
and a typical fibre S. The fibre over a ∈ A is then denoted by p−1(a) = Ea, and
for any open neighbourhood IA ⊂ A there is a diffeomorphism φ ∶ p−1(IA) → S × IA
such that the following diagram commutes:

p−1(IA) S × IA

IA

φ

p π

The smooth map π ∶ S×IA → IA is the canonical projection on the second component
of the Cartesian product. Now, we have to re-define our integral curve problem.
Consider a vector field on the parameter-state space fibre bundle: F ∶ E → TE.
This vector field can be decomposed locally into parameter-vertical and parameter-
horizontal components using the diffeomorphism φ ∶ p−1(IA) → S×IA. The following
diagram motivates this decomposition:
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TA

p−1(IA) TE TS × TA

TS

F φ∗

π∗

π�∗

FV

FH

,

Define the parameter-vertical component of the vector field as FV = (π ○ φ)∗ ○ F =
p∗○F , and the parameter-horizontal component as FH = (π�○φ)∗○F . Consider also
a collection of smooth curves Γa ∶ R→ p−1(IA) ⊂ E, such that (φ○Γa)(t) = (γ(t), a),
where γ ∶ I → S is a locally defined smooth curve. Notice, that the smooth curve
Γa(t) is contained within the fibre p−1(a) ∈ E for any time frame t. We can define,
then, the integral curve problem on the parameter-state space manifold as follows:

Γ̇a(t) = (F ○ Γa)(t) , Γa(0) = e0∣a ∈ p
−1(IA) ⊂ E , (2.14)

with φ(e0∣a) = (p0, a). Based on the same argumentation as above, we have the
following expression of the paramater-vertical component:

p∗ ○ Γ̇a = p∗ ○ F ○ Γa

(p ○ Γa)∗ ○ d
dt

= FV ○ Γa

0 = FV ○ Γa ,

(2.15)

which clearly shows that the parameter-vertical component is constantly zero and
therefore carries no information. Hence, only the parameter-horizontal component
is of interest. That component has the following expression:

(π� ○ φ)∗ ○ Γ̇a = (π� ○ φ)∗ ○ F ○ Γa

(π� ○ φ ○ Γa)∗ ○ d
dt

= FH ○ Γa

γ∗ ○ d
dt

= FH ○ Γa

γ̇ = FH ○ Γa .

(2.16)

A steady state solution to the integral curve problem is obtained when the constant
smooth curve Γa, defined by (φ ○ Γa)(t) = (p0, a) goes through the loci where the
parameter-horizontal projection has zero value:

0∣(π�○φ)( e0∣a) = (FH ○ Γa)(t) , Γa(0) = e0∣a ∈ p
−1(IA) ⊂ E . (2.17)

In other words, the constant curve Γa is a steady state solution of the integral
curve problem Γ̇a = F ○ Γa, subject to the initial condition Γa(0) = e0∣a, if and
only if F evaluated at e0∣a is a zero vector for any value of the parameter a. This
characterization of a steady state solution is the foundation of the investigation of
equilibrium sets that we shall expose down below.

However, before we consider any theoretical investigation of equilibrium sets,
lets illustrate our concept of parameter-state space fibre bundle in the quasi-static
context.
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2.2.4. Examples. To illustrate parameter dependent systems and their defin-
ing vector fields, let’s modify slightly our example introduced in Section 2.1, such
that the new system is a parameter dependent one. The system under considera-
tion consists of the same simple pendulum as for the previous example, except an
external force Q applied at P , as drawn in Figure 3.
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Figure 3. System with one external parameter

As in the previous paragraph, the governing equations of the parameter de-
pendent system shown in Figure 3 are derived from the fundamental principle of
dynamics. Notice, that the screw due to inertial effects of the parameter dependent
system is identical to the one given for the system without external parameters in
Figure 1. The screw due to external forces acting on the system comprise, in addi-
tion to the rotational spring and dashpot terms, a term due to the applied external
force, Q, directed parallel to the horizontal axis. The corresponding moment at the
origin is therefore OP ×Q. Hence, in the parameter dependent case, the screw of
external forces is given as follows:

{T}O = { Q

−(c θ̇ + k θ)ez + ∥Q∥ r sin θ ez
} .

The governing equation for this parameter dependent system is therefore given
by the following non-linear differential equation: mr2 θ̈ + c θ̇ + k θ = ∥Q∥ r sin θ.
That equation can, in turn, be written in a non-dimensional first order differential
equation form using the formalism given in equation 2.3. It gives us the local
initial value problem with the following components of the local equilibrium defining
function: f 1(ξ1, ξ2, α, t) = α sin(ξ2)−2 ζ ω0 ξ

1 −ω0
2 ξ2 and f 2(ξ1, ξ2, α, t) = ξ1, where

we defined α = ∥Q∥m−1 r−1. The local equilibrium defining function is given with
respect to some coordinate charts (US , ϕS) of S and (UA, ϕA) of IA as follows:
f = (ϕS)∗ ○ FH ○ φ−1 ○ϕ−1, where ϕ = (ϕS , ϕA).

In Figure 4, we have drawn the paramater-horizontal component FH of the
equilibrium defining vector field on the fibre p−1(a) for three parameter values:
a = 0, a = â and a > â, where â denotes the bifurcating value of the parameter.
Notice, that in this simple system under consideration the fibre bundle is a trivial
bundle: E = S × A. Therefore the expression of the fibre is p−1(a) = S × {a}. If
we connect with a dashed line all the points (p0, a) ∈ S × {a} that are initial values
for steady state solutions, we obtain an image of the zero set of the defining vector
field. In the following section, we shall call it the equilibrium set. Notice, that the
equilibrium set is a subset of the smooth manifold E, but as we can see in Figure
4, it is not necessarily a smooth manifold itself. In particular, at the bifurcation
point, where two branches of the equilibrium set cross each other, the equilibrium
set locally fails to be a smooth manifold.
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Figure 4. Zero set of the parameter depending vector field

2.3. Equilibrium sets and smooth manifolds

Looking again at Figure 4, we can easily see that the steady state solutions
to the initial value problem Γ̇a = F ○ Γa with Γa(0) = e0∣a are the constant curves
(φ○Γa)(t) = (p0, a) such that the equilibrium defining vector field has zero value on
the tangent space T e0∣aE for any choice of parameter a. The equilibrium set can be,

therefore, defined as the collection of initial conditions e0∣a = φ(p0, a), which lead to
steady state solutions Γa(t) = e0∣a. Therefore, we shall denote the equilibrium set of
a parameter dependent dynamical system defined by a smooth vector field F ∶ E→
TE, and its parameter-horizontal projection F = (ϕS)∗ ○FH = (ϕS)∗ ○ (π� ○ φ)∗ ○ F
as we are doing in the following paragraph.

2.3.1. Definition of equilibrium sets. The equilibrium set E is defined lo-
cally, for any open neighbourhood IA of the base space A, as the zero set of the
locally defined parameter-horizontal projection of the defining vector field. Hence,
we have E ∩ p−1(IA) = F−1({0}), where

F−1({0}) = { e ∈ p−1(IA) ⊂ E ∶ F∣e = 0 ∈ TϕS(p)R
n , φ(e) = (p, a) } .

In the definition of the zero set of F , we used the fact that a vector is a zero vector
if and only if each of its coordinates with respect to any local coordinate chart
is zero at a given point. In the previous example, we had an illustration of an
equilibrium set that is not a manifold, since it does not have a uniquely defined
tangent space at the bifurcation point. The Submersion theorem (Theorem A.14)
states, that a level set of a smooth map between manifolds is a manifold if and only
if the map is a submersion. In our case, the map that needs to be investigated is,
of course, the parameter-horizontal projection F = (ϕS)∗ ○FH ∶ p−1(IA) ⊂ E→ TRn.
Recalling that the map is a submersion if it is full rank everywhere on its domain
of definition, we may actually try find suitable restrictions of our smooth map to
appropriate sub-domains in such a way that the restricted map is a submersion and
therefore the corresponding level-set a smooth submanifold.

Conversely, if we find a point where the smooth map that defines our equilib-
rium set has a rank drop, it follows that the corresponding point is a bifurcation



26 2. EQUILIBRIUM SETS OF DYNAMICAL SYSTEMS

point, that is a point where the tangent space to the equilibrium set is not defined.
The study of rank drop in the Jacobian matrix is, indeed, the first criterion that we
have to look at during our numerical path-following algorithm if we want to track
bifurcation points, [65, 1, 64, 40, 4, 41].

2.3.2. Computation of the Jacobian matrix. In order to use the Submer-
sion theorem (Theorem A.14), we have to consider the rank of the push-forward
map of F = (ϕS)∗ ○ FH ∶ p−1(IA) ⊂ E → TRn. Consider the following commutative
diagram:

U ⊂ S × IA p−1(IA) ⊂ E TS

ϕ(U) ⊂ R
n ×R

k TRn ≅ R
n

TRn × TRk TTRn ≅ TRn

φ−1 FH

ϕ = (ϕS , ϕA)

f = F ○ φ−1 ○ ϕ−1

(ϕS)∗

f∗ = (Jx Jα)

F

Because φ is a diffeomorphism, it follows that the push-forward map φ∗ is an
isomorphism, [47]. Accordingly, (φ−1)∗ = (φ∗)−1 is an isomorphism, too. Therefore,
the rank of (ϕS)∗ ○ FH is equal to the rank of (ϕS)∗ ○ FH ○ φ−1 = f ○ ϕ. Since the
push-forward map of f ○ϕ is (f ○ϕ)∗ = f∗ ○ϕ∗, and since ϕ∗ is an isomorphism, in
the end, the rank of the map (ϕS)∗ ○FH is equal to the matrix rank of the Jacobian
matrix f∗ = ( Jx Jα ). The definitions of the Jacobian submatrix blocks are given as
follows:

[Jx]ij =
∂f i

∂xj
, [Jα]ij =

∂f i

∂αj
. (2.18)

Notice, that the expression of the push-forward map f∗ can be deduced from the
definition (f∗ ○V )(g) = V (g ○f), where V is a smooth vector field on ϕ(U) and g a
smooth map on TRn. If we denote the local coordinates as ϕS(p) = (x1, . . . , xn)∣p
and ϕA(a) = (α1, . . . , αk)∣a, we get the following expressions for an arbitrary vector
V =Xi ∂xi +Ai ∂αi :

(f∗ ○ V )∣(x,α) (g) = V ∣(x,α) (g ○ f)

=Xj ∂g ○ f
∂xj

∣
(x,α)

+Aj ∂g ○ f
∂αj

∣
(x,α)

= ∂g

∂yi
∣
f(x,α)

(Xj ∂f i

∂xj
∣
(x,α)

+Aj ∂f i

∂αj
∣
(x,α)

)

= ∂yg∣f(x,α) (Jx Jα)∣(x,α) (
X

A
)

Hence, we have established, that the zero set F−1({0}) is a smooth manifold em-
bedded in the ambient parameter-state space E if and only if the Jacobian matrix
f∗ is full rank everywhere on the domain of definition.
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2.4. The geometry of equilibrium sets near singular points

From the discussion in the previous section about equilibrium sets, one can
deduce the following: either the equilibrium set (or some open subset of the equi-
librium set) is a smooth manifold and all points in that subset are regular, meaning
that there is a properly defined tangent space at each point, or there are some points
in the equilibrium set that are singular. Singular points of the equilibrium set are
precisely those points at which the Jacobian J = f∗ is rank deficient. For simplicity,
denote the defining map by F = (ϕS)∗ ○ FH and its push-forward by J = F∗.

2.4.1. Tangent space at regular point. A corollary of the Submersion the-
orem is that the tangent space to any point of the level set of a smooth submersion
is equal to the kernel of the push forward of that smooth submersion. As a matter
of fact, that lemma is proven in [47], (Lemma 5.29), but for the comfort of the
reader we shall give here below a sketch of the proof using the notation that has
been previously defined.

Proposition 2.1 (Tangent space to a regular point on the equilibrium set):
Let e denote a regular point on the equilibrium set E. Then, we have TeE = ker(J ∣e).

Proof: Assume that e ∈ p−1(IA) ∩ E for some open neighbourhood IA of the base
space A. Since e is a regular point, the Jacobian matrix J ∣(ϕ○φ−1)(e) is a full rank

matrix. It implies, by the smoothness argument, that there is an open neighbour-
hood V ⊂ p−1(IA) containing e, such that the Jacobian matrix is full rank. Therefore
the defining map F ∶ E → TRn ≅ R

n is a submersion on V. Denote U = E ∩ V. The
Submersion theorem implies that U ⊂ V is an embedded submanifold. Consider
therefore the inclusion map ι ∶ U ↪ V ⊂ E. The composition map F ○ ι is there-
fore the constant zero map on the tangent bundle TRn ≅ R

n. Accordingly, the
push-forward map F∗ ○ ι∗ is a zero map, too, because in local coordinates it is the
derivative of a constant map. Consider therefore the following diagram:

U V ⊂ p−1(IA) ⊂ E {0} ⊂ Tn
R
≅ R

n

TE TE {0} ⊂ TTRn ≅ TRn

ι F

V

ι∗ J

(J ○ ι∗) ○ V = 0

One can see that any smooth vector field V ∶ U → TE which can be identified
without any loss of generality with the smooth vector field ι∗ ○ V ∶ U → TE is
pushed forward by J = F∗ to the zero vector field 0 ∶ Rn → TRn. In other words,
ι∗ ○ V ∈ kerJ , which means that im ι∗ ⊂ kerJ . Further, if we consider the rank
nullity theorems for the linear maps ι∗∣e ∶ TeE → TeE and J ∣e ∶ TeE → T0R

n and
also recall that the map ι∗∣e is injective while the map J ∣e is surjective, we get the
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following pair of equations:

dim(TeE)
*,,,,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,,,,,.

=k

= dimker( ι∗∣e)
*,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,.=0

+dim im( ι∗∣e) ,

dim(TeE)
*,,,,,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,,,,,.
=n+k

= dimker(J ∣e) + dim im(J ∣e)
*,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,.=n

,

whence we infer that dimker(J ∣e) = dim im( ι∗∣e), which, together with the asser-
tion im( ι∗∣e) ⊂ ker(J ∣e), implies that im ι∗ = kerJ for any e ∈ U . In other words,
we have shown that TeE = ker J ∣e for any regular point e ∈ E . �

2.4.2. Tangent cone at singular point. What can we say about the local
geometry of the equilibrium set near singular points? Because at those points, the
equilibrium set precisely fails to be a smooth manifold, it means that the tangent
space at a singular point is not defined. Intuitively, a singular point is a point of
the equilibrium set where two or more irreductible components intersect each other,
but it can also be an isolated singular point. Notice, that we have borrowed a
term, irreducible component, that is widely used in algebraic geometry, [16]. In
topology, a set is reducible if it can be written as an union of two or more of its
closed proper subsets. Otherwise, the set is said to be irreducible. Likewise, in
algebraic geometry, a variety is called reducible if it can be expressed as a union of
two or more varieties, and it is irreducible otherwise.

If the equilibrium set consists, in the neighbourhood of a singular point, of an
intersection of irreducible components, we may therefore ask what are the tangent
spaces to those irreducible components at the singular point and what does their
union look like? Again, we have to borrow a word from the vocabulary of algebraic
geometry, namely the notion of tangent cone, which encapsulates the idea of the
intersection of tanget spaces to irreducible components at singular points. Even
though a precise definition of the tangent cone in terms of varieties and ideals
is beyond the scope of this work2, one can not underestimate the strong parallel
between algebraic geometry and singularity theory, [76, 28].

Before we go into a detailed investigation of irreducible components and tangent
cones, there is an important result we want to show. It states that it is possible
to construct a slice chart in the neighbourhood of the singular point such that the
equilibrium set is locally contained within that slice.

Proposition 2.2 (Slice of the ambient state space):
If ê ∈ E ⊂ E is a singular point of rank r with respect to a equilibrium defining map

F , then for some open subset V ⊂ p−1(IA) ⊂ E containing the singular point ê there

exists a embedded (n + k − r)-dimensional submanifold G ⊂ V such that E ∩ V ⊊ G
and TêG = ker J ∣ê.

Proof: For short, denote Ĵ = (J ○ϕ ○φ)(ê), where Ĵ ∶ TRn ×TRk → TRn is a rank

r < n linear map. From the rank nullity theorem n + k = dimkerĴ + r, we see that
by defining d = dimkerĴ , we have d = n + k − r, with k < d < n. From the following

2An interested reader may, again, refer to [15, 19, 16]
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two equations, we get the dimensions of the co-kernel and co-image:

n + k = dimkerĴ
*,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,.
=n+k−r

+dim(kerĴ)�
*,,,,,,,,,,,,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,,,,,,,,,,,,.=r

n = dim(imĴ)�
*,,,,,,,,,,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,,,,,,,,,,.=n−r

+dim imĴ
*,,,,,,,,,,,,,,-,,,,,,,,,,,,,.=r

Notice, that since the co-image (kerĴ)� and the kernel kerĴ are orthogonal sub-

spaces of TRn × TRk, and likewise the image imĴ and the co-kernel (imĴ)� are
orthogonal subspaces of TRn, we can define the following coordinates:

● u = (u1, . . . , ur) of (kerĴ)� and v = (v1, . . . , vd) of kerĴ .

● w = (w1, . . . ,wr) of imĴ and t = (t1, . . . , tn−r) of (imĴ)�.
Further, let’s express the Jacobian matrix in the following block diagonal form:
Ĵ = P ⊺(A B

C CA−1B
)Q, where A ∈ Mr×r

r is invertible and P ∈ O(n) and Q ∈ O(n + k)
are some permutation matrices. It follows that the co-image and the kernel as well
as the image and the co-kernel have the following expressions:

(kerĴ)� = {Q⊺( u
B⊺A−⊺ u ) ∶ u ∈ Rr} , kerĴ = {Q⊺(A−1Bv−v ) ∶ v ∈ Rd} ,

imĴ = {P ⊺( w
CA−1w ) ∶ w ∈ Rr} , (imĴ)� = {P ⊺(A−⊺C⊺ t−t ) ∶ t ∈ Rn−r} .

Assuming that (ϕ○φ)(ê) = (0,0), we can construct the following two isomorphisms:

G ∶ R
r ×R

d → ϕ(U) ⊂ R
n ×R

k

(u, v) ↦ Q⊺( Ir A−1B
B⊺A−⊺ −Id )( u

v ) ,

H ∶ R
r ×R

n−r → (F ○ φ−1)(U) ⊂ R
n

(w, t) ↦ P ⊺( Ir A−⊺C⊺

CA−1 −In−r )(w
t ) ,

such that G(0,0) = (ϕ ○ φ)(ê) = (0,0), and H(0,0) = F(ê) = 0. One can check that
both G and H are invertible by computing the block matrix inverse. Now, by using
the shorthand notation f = F ○ φ−1 ○ϕ−1 we may define the following map:

Ψ ∶ R
r ×R

d → R
r ×R

d

(u, v) ↦ ((( Ir 0 ) ○H−1 ○ f ○G)(u, v) , v )
and compute the corresponding push forward map evaluated at (ϕ ○ φ)(ê):

Ψ̂∗ = (( Ir 0 )H−1∗ ĴG∗( Ir

0 ) ( Ir 0 )H−1∗ ĴG∗( 0

Id )
0 Id

) ,

which clearly is invertible. Hence, by the inverse function theorem, we infer that the
map Ψ ∶ Ψ−1(Ṽ ) → Ṽ is a diffeomorphism on some neighbourhood Ψ−1(Ṽ ) ⊂ R

r×Rd

containing the point (Ψ ○G−1 ○ ϕ ○ φ)(ê) = (0,0). Consider the following map:

ψ ∶ V = (φ−1 ○ ϕ−1 ○G ○Ψ−1)(Ṽ ) → Ṽ

e → (Ψ ○G−1 ○ ϕ ○ φ)(e)
Because the map ψ is a composition of diffeomorphisms, it follows that (V, ψ) is a
smooth chart for E. For convenience, consider also the map μ = ( Ir 0 )○H−1 defined
on the tangent bundle TRn. It follows from the identity (Ψ ○Ψ−1)(w, v) = (w, v),
that

(( Ir 0 ) ○H−1 ○ f ○G ○Ψ−1)(w, v) = w

(( Ir 0 ) ○H−1 ○ F ○ φ−1 ○ϕ−1 ○G ○Ψ−1)(w, v) = w

(μ ○ F ○ ψ−1)(w, v) = w
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Let’s show that we can build a slice chart from the last equation. Because (V, ψ)
is a smooth chart, and because we have now (μ ○ F ○ ψ−1)(0, v) = 0, if we denote
G = (μ ○ F)−1({0}), it also follows that ψ(V ∩ G ) is a d-slice of ψ(V). Hence G
is a d-submanifold embedded in V. It is easy to see that since F(e) = 0 implies
(μ ○ F)(e) = 0 for some e ∈ V, the converse being false, it follows that E ∩ V ⊊ G.
Finally, the claim that the tangent space TêG is setwise equal to the kernel of the
Jacobian ker J ∣ê follows form the fact that both are d-dimensional linear subspaces
of the ambient tangent space TêE. �

It is often useful to picture in one’s mind a graphical interpretation of the state
space reduction. In Figure 5, we have readily pictured such a view of the state
space together with the equilibrium set and the submanifold G.

ψ ○ φ−1 ○ ϕ−1
�

�

kerĴ

π

ϕA(UA)

ϕS(US)

(ϕ ○ φ)(G)

�

(ϕ ○ φ)( E ∩ p−1(IA) )

ψ(E ∩ V)

Figure 5. Graphical interpretation of the state space reduction

Proposition 2.2 can be viewed as a coordinate free extension of the Lyapunov-
Schmidt reduction to smooth manifolds. Of course, it is coordinate free in the sense
that all the smooth charts that we used in the proof were selected arbitrarily. A
direct corollary of Proposition 2.2 is that we can define a reduced equilibrium map
such that the equilibrium set in the ambient state space is equal to the intersection
of the zero set of the reduced equilibrium map and the coordinate slice. Formally,
let’s formulate that claim as follows:

Corollary 2.3 (Zero set of the reduced equilibrium map):
Assuming the smooth map ν = ( 0 In−r )○H−1 ∶ TRn → R

n−r, the following assertions

hold:

i): F−1({0}) = (μ ○ F)−1({0}) ∩ (ν ○ F)−1({0})
ii): (μ ○ F ○ ψ−1)∗ = ( Ir 0 ) at the origin.

iii): (ν ○ F ○ ψ−1)∗ = ( 0 0 ) at the origin.
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Proof: Notice that we can actually build the reduced equilibrium defining map as
follows: ν○F ∶ p−1(IA) ⊂ E→ R

n−r. Considering the following equivalent assertions:

{ (μ ○ F)(e) = 0
(ν ○ F)(e) = 0

⇔ (( Ir 0
0 In−r ) ○H−1 ○ F )(e) = 0 ⇔ F(e) = 0 ,

we have actually proven the claim i). To prove the two last assertions, consider the
LDU block decomposition of H∗ and compute the block inverse:

H−1∗ = (I
r −A−⊺C⊺S−1CA−1 A−⊺C⊺S−1

S−1CA−1 −S−1 )P , with S = In−r +CA−1A−⊺C⊺

Therefore, we get the following expression for the composition H−1∗ Ĵ = (A B
0 0 )Q, and

further the expressionH−1∗ ĴG∗ = (A+BB⊺A−⊺ 0
0 0

). It implies that Ψ∗ = (A+BB⊺A−⊺ 0

0 Id ),
and therefore we have H−1∗ ĴG∗Ψ−1∗ = ( Ir 0

0 0 ). Hence, it follows that (μ ○ F ○ ψ−1)∗ =
( Ir 0 ) whereas (ν ○ F ○ ψ−1)∗ = ( 0 0 ) if evaluated at the origin. �

Because G is a smooth manifold, one can consider smooth regular curves on it:
γ ∶] − ε, ε[→ G such that γ(0) = (ê) and γ̇(0) ≠ 0. This brings us to an interesting
question, which is the following: how many of those smooth curves on the smooth
manifold G are also smooth curves on E ∩ V? Notice that it does not make sense
to talk about smoothness per se on the equilibrium set, because the notion of
derivation is not defined on a topological space. However, if we consider E ∩ V as
a subset of the smooth manifold G, then we can define a smooth curve on E ∩ V to
be a smooth path on G that is contained within E ∩V. For convenience, let’s define
the local expression of the reduced equilibrium map:

Definition 2.4 (Reduced equilibrium map, local expression):
Consider the projection π ∶ ψ(V) ⊂ R

r ×R
d → R

d defined by π ∶ (u, v) ↦ v and the
inclusion map ι ∶ (π ○ψ)(V) ⊂ R

d ↪ R
r ×Rd defined by ι ∶ v ↦ (0, v). Then, we shall

define the local expression of the reduced equilibrium map as follows:

φ ∶ (π ○ ψ)(V) ⊂ R
d → R

n−r
v ↦ (ν ○ F ○ ψ−1 ○ ι)(v)

For a later use, we also have to define the quadratic polynomials associated to
the Hessian of the reduced equilibrium map. The Hessian refers here to the second
differential of each component function of the reduced equilibrium map. Therefore,
if we use the language of algebraic geometry, we are defining homogeneous quadratic
polynomials on the polynomial ring R[x1, . . . , xd] that is defined on the field of real
numbers and has d coordinates.

Definition 2.5 (Hessian of the reduced equilibrium map):
Denote φ∗∗ the Hessian of the reduced equilibrium map and define it componentwise
as follows: [φk∗∗]ij = ∂i∂jφ

k. Define the homogenous quadratic polynomials qk ∈
R[x1, . . . , xd] for 1 ≤ k ≤ n − r associated to φ∗∗ as follows: qk(x) = 1

2
x⊺ φk∗∗∣0 x.

For short, denote the corresponding vector valued map q = (q1, . . . , qn−r)⊺ and its
Jacobian matrix

∂xq = (
∂1q1 ... ∂dq1⋮ ⋱ ⋮

∂1qn−k ... ∂dqn−k
)
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Consider the simplest case when we have only one bifurcation parameter, i.e.
k = 1, which means that n−r = d−1. Therefore it means that the reduced equilibrium
defining map is given by d − 1 smooth component functions that each depend on
d coordinates. In that simplest case, we can prove, without excessive effort, the
existence of regular smooth curves on G through the singular point ê that are also
curves on the equilibrium set.

Proposition 2.6 (Existence of curves on the equilibrium set):
Assuming A is a one-dimensional parameter space, there exists a regular smooth

curve γ ∶]ε, ε[→ G in the neighbourhood of a singular point ê with γ(0) = ê and such

that F ○ γ ≡ 0 if and only if the following conditions are met:

i): The projective variety defined by the set of quadratic polynomials asso-

ciated to the Hessian of the reduced equilibrium map is non-empty, i.e.

V(q)/{0} ≠ ∅.
ii): The Jacobian matrix of the set of quadratic polynomials, denoted ∂xq∣x0

∈
M(d−1)×d, is full rank at x0 ∈V(q)/{0}.

Proof: Denote by q1, . . . , qd−1 ∈ R[x1, . . . , xd] the quadratic polynomials associated
to the Hessian of the reduced equilibrium map φ ∶ (π ○ ψ)(V) ⊂ R

d → R
d−1 and let

q = (q1, . . . , qd−1)⊺ denote the corresponding vector valued map. Consider the two
following remarks:

● Since we have defined the local expression of the reduced equilibrium map,
it is natural to define the local expression of the smooth regular curve γ

as follows: η ∶] − ε, ε[→ (π ○ ψ)(G) ⊂ R
d defined by t ↦ (π ○ ψ ○ γ)(t).

Therefore, it is sufficient to show that there exists a regular smooth curve
η ∶] − ε, ε[→ (π ○ ψ)(G) ⊂ R

d such that φ ○ η ≡ 0.
● Any Cartesian point v ∈ (π ○ ψ)(V) ⊂ R

d can be expressed in polar co-
ordinates v = t a, where t = ∥v∥ and a ∈ S

d−1. Considering an arbitrary
local coordinate chart (A,α) on S

d−1, we may express a point a ∈ S
d−1

locally by a = μ(θ), where we denoted for convenience μ = α−1 and

θ = (θ1, . . . , θd−1) ∈ α(A) = Ã denotes a point in local coordinates.

For some fixed direction a, the Taylor expansion of the expression φ(t a) with respect
to t at t = 0 is given by:

φ(t a) = 1
2
t2 a⊺ φ∗∗∣0 a +O(t3) ,

so we have φ( t μ(θ) ) = t2K(t, θ) for some map K ∶ R× Ã→ R
d−1. For convenience,

consider ω ∶ (t, θ) ↦ t μ(θ) and Ω ∶ (t, θ) ↦ t2K(t, θ). Second differentiation of the
left and right hand side yields:

∂tt(φ ○ ω)∣
(t,θ)

= μ⊺∣
θ
φ∗∗∣tμ(θ) μ∣θ

∂tθ(φ ○ ω)∣
(t,θ)

= φ∗∣tμ(θ) ∂θμ∣θ + t μ∣
θ
φ∗∗∣tμ(θ) ∂θμ∣θ

∂ttΩ∣(t,θ) = 2 K ∣
(t,θ)

+ 4t ∂tK ∣
(t,θ)

+ t2 ∂ttK ∣
(t,θ)

∂tθΩ∣(t,θ) = 2t ∂θK ∣
(t,θ)

+ t2 ∂tθK ∣
(t,θ)
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Because second differentials of right hand side must match those of left hand side,
we infer the following two identities:

μ⊺∣
θ
φ∗∗∣tμ(θ) μ∣θ = 2 K ∣

(t,θ)
+ 4t ∂tK ∣

(t,θ)
+ t2 ∂ttK ∣

(t,θ)

t−1 φ∗∣tμ(θ) ∂θμ∣θ + μ∣
θ
φ∗∗∣tμ(θ) ∂θμ∣θ = 2 ∂θK ∣

(t,θ)
+ t ∂tθK ∣

(t,θ)

Since φ∗∣tμ(θ) = t μ⊺∣
θ
φ∗∗∣0 + O(t2), we infer t−1 φ∗∣tμ(θ) ∂θμ∣θ 77→

t→0

μ⊺∣
θ
φ∗∗∣0 ∂θμ∣θ.

Hence, we have the following two expressions:

K ∣
(0,θ)

= 1
2
μ⊺∣

θ
φ∗∗∣0 μ∣θ

∂θK ∣
(0,θ)

= μ⊺∣
θ
φ∗∗∣0 ∂θμ∣θ

Next, we would like to use the Inverse function theorem to show that K(t, θ) = 0 can
be solved with respect to t in the neighbourhood of (0, θ0). Note, that if v = t μ(θ)
is some point on the reduced equilibrium set other than the origin, then we have
K(t, θ) = 0 for t > 0. Since K is a continuous function, it implies that K(0, θ0) = 0
for some θ0. Therefore, we are able to use the Inverse function theorem the way
we are using it if and only if the following two conditions hold: i) K(0, θ0) = 0 for
some θ0. ii) The matrix ∂θK is invertible at (0, θ0).
i): Note, that K(0, θ0) = (q ○ μ)(θ0). Since we assumed that the projective

variety V(q)/{0} is non-empty, it means that we have a non-zero x0 such
that q(x0) = 0. Since q(ax0) = a2 q(x0) = 0 for any real valued a, we
may as well choose a = ∥x0∥−1, and denote ax0 = μ0 ∈ S

d−1. Since the
unit sphere is a d − 1 dimensional submanifold, we have a chart (A,α)
containing μ0 such that there exists θ0 ∈ Ã such that μ(θ0) = μ0 and
K(0, θ0) = 0.

ii): Consider the map

F ∶ R ×R
d−1 → R ×R

d−1
(t, θ) ↦ ( t,K(t, θ) + θ0 )

with the push-forward at t = 0 is given by

F∗∣(0,θ) = ( 1 0
∂tK ∂θK

)∣
(0,θ)

.

It is clear that F∗∣(0,θ) is invertible if and only if ∂θK ∣
(0,θ)

is invertible.

Again, note that ∂θK ∣
(0,θ)

= ∂xq∣μ(θ) ∂θμ∣θ. Since ∥μ(θ)∥ = 1 identically, it

implies that μ(θ) ∂θμ∣θ = 0 for any θ, in particular we have μ0 orthogonal
to any of the columns of ∂θμ∣θ0 . Since ∂xq∣x0

is assumed to be full rank,

it means that the dimension of the kernel is one, ans since ∂xq∣x x =
2 q(x) for any x, we infer that ker ∂xq∣x0

= sp{x0}. On the other hand,

for any non-zero β0 ∈ R
d−1 we have μ08 ∂θμ∣θ0 β0, which implies that

∂xq∣μ0
∂θμ∣θ0 β0 ≠ 0. Therefore, we infer that ∂xq∣μ0

∂θμ∣θ0 , that is the

matrix ∂θK ∣
(0,θ)

is invertible.

By the Inverse function theorem, there is a neighbourhood of (0, θ0) noted V such
that F ∶ V → F (V ) is a diffeomorphism. Consider the following notation for the
inverse F −1(t, θ) = ( τ(t, θ) , χ(t, θ) ). Then from the identity on F (V ), we have

F ○F −1 = ( τ , K(τ, χ)+θ0 ). Hence, we infer that τ(t, θ) = t andK( t, χ(t, θ) )+θ0 = θ.
Evaluation at θ = θ0 yields:

K( t, χ(t, θ0) ) = 0 , ∀ t ∈] − ε, ε[ ,
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where ε > 0 is a given constant. Then we have

φ( t (μ ○ χ)(t, θ0) ) = t2K( t, χ(t, θ0) ) = 0 .

If we define η(t) = t (μ ○χ)(t, θ0), with η̇(0) = (μ ○χ)(0, θ0) ≠ 0, we have proved the
initial claim φ ○ η ≡ 0. �

A direct corollary of Proposition 2.6 is that the conditions for the existence of
smooth regular curves on the reduced equilibrium set also gives us clues about the
shape of the tangent cone both in the reduced and the original state space.

Corollary 2.7 (Tangent cone at singular point):
Let q1, . . . , qd−1 ∈ R[x1, . . . , xd] denote the quadratic polynomials associated to the

Hessian of the reduced equilibrium map φ ∶ (π ○ ψ)(V) ⊂ R
d → R

d−1. The tangent

cone at the origin to φ−1({0}) is then given by the set

C0 = {x0 ∈V(q1, . . . , qd−1)/{0} ∶ ∂xq∣x0
∈M(d−1)×d

d−1 }

The tangent cone to E ∩ V is given by (ψ−1 ○ ι)∗(C0).

Proof: By Proposition 2.6, a regular curve η ∶] − ε, ε[→ (π ○ ψ)(G) is a curve in
φ−1({0}) if and only if η̇(0) ∈V(q1, . . . , qd−1)/{0} and ∂xq∣η̇(0) ∈M(d−1)×d is full rank.

Because η̇(0) is tangent to η(] − ε, ε[) ⊂ φ−1({0}) at the origin, it is by definition
contained within the tangent cone. By sweeping through all such regular curves η
and the corresponding tangent vectors at the origin η̇(0) = x0, we get our tangent
cone. �

The geometric interpretation of Proposition 2.6 and Corollary 2.7 is the follow-
ing. Using the language of algebraic geometry, we are looking for the intersection of
the quadric surfaces defined by a set of homogeneous polynomials qk(x) = x⊺ φk∗∗∣0 x.
A point x0 of such intersection is a candidate for being an element of the tangent
cone. Indeed, x0 is tangent to some irreducible component of the reduced equi-
librium set if and only if there is a regular curve that has a velocity vector at the
origin that matches our candidate point x0. Hence, the geometric object we want
to solve is the projective variety V(q1, . . . , qd−1), and the corresponding algebraic
object is the homogeneous ideal I = ⟨q1, . . . , qd−1⟩. Appropriate use of projective
elimination theory, [16], yields a pleasant solution for the projective variety, but
as we already stated, the use of Groebner bases and elimination theory goes out of
scope of the present work. Hence, we propose a solution to the simplest case with
k = 1 and r = n − 1, which also happens to be the most representative, as well.

If the rank of the Jacobian matrix is r = n − 1, then we have d = n + k − r = 2,
and therefore our reduced equilibrium equation in local formulation is given by
φ ∶ (π ○ ψ)(V) ⊂ R

2 → R. The corresponding quadratic map is q1(x) = x⊺ φ1∗∗∣0 x
and it has a zero set that is quadric surface in R

2. In two dimensions, the quadric
surfaces are quickly classified:

● If the homogeneous quadratic map has two strictly positive/negative eigen-
values, then the corresponding quadric is the isolated origin.

● If the homogeneous quadratic map has one zero and one non-zero eigen-
value, then the corresponding quadric is a single line.
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● If the homogeneous quadratic map has one strictly positive and one strictly
negative eigenvalue, then the corresponding quadric is a union of two
distinct lines.

Hence, we have a transversal bifurcation if and only if the quadratic map associ-
ated to the reduced equilibrium defining map is indefinite, i.e. it has a positive
and a negative eignevalue. If the quadratic map is semi-definite, we have a tangen-
tial bifurcation, and if the quadratic map is positive/negative definite, we have a
degenerate bifurcation.

These clues give us valuable information about the tangent cone at the singular
point, and especially the general method using projective elimination theory is
something worth a proper investigation. However, from the computational point of
view there is a major drawback in the method presented here above. The drawback,
which is not prohibitive though, is related to the fact that in order to investigate
the tangent cone, we have to first compute the Hessian of the reduced equilibrium
map, hence we need to compute the second derivatives of the equilibrium defining
map. For large systems, this computation has its cost, that might be non-negligible.
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2.5. Table of notations

C configuration manifold
S = TC state space manifold
Fl ∶ S ×R→ S evolution operator, flow
{E,T ,p,S} time-space fibre bundle
{E,A× T ,p,S} parameter-time-state space fibre bundle
F ∶ S → TS time independent equilibrium defining

vector field (E.D.V)
F ∶ S ×R→ TS × TR time dependent E.D.V. field on trivial

bundle
F ∶ S × A ×R→ TS × TA× TR parameter-time dependent E.D.V. field

on trivial bundle
F ∶ E→ TE equilibrium defining vector field on fibre

bundle
φ ∶ p−1(IT ) ⊂ E→ IT × S time-space fibre bundle local diffeomorphism
φ ∶ p−1(IA × IT ) ⊂ E→ IA × IT × S parameter-time-state space fibre bundle

local diffeomorphism
π ∶ S × T → T time-vertical projection
π� ∶ S × T → S time-vertical projection
π ∶ S × A × T → A× T parameter-time-vertical projection
π� ∶ S × A × T → S parameter-time-horizontal projection
FV = (π ○ φ)∗ ○ F = p∗ ○ F time-vertical or parameter-time-vertical

component
FH = (π� ○ φ)∗ ○ F time-horizontal or parameter-time-horizontal

component
(US , ϕS), (UA, ϕA), (UT , ϕT ) coordinate charts of S, IA ⊂ A and IT ⊂ T
U = US ×UA ×UT chart domain
ϕ = (ϕS , ϕA, ϕT ) chart map
(U,ϕ) coordinate chart of S × IA × IT
e ∈ E point on the fibre bundle
(p, a, τ) = φ−1(e) ∈ S × IA × IT point on the fibre bundle
(x,α, t) ∈ ϕ(U) local coordinates
{E,A,p,S} parameter-state space fibre bundle used

in quasi static context
U = US ×UA chart domain in quasi-static context
ϕ = (ϕS , ϕA) chart map in quasi static context
(p, a) = φ−1(e) ∈ S × IA point on the fibre bundle in quasi static context
(x,α) ∈ ϕ(U) local coordinates in quasi static context
F = (ϕS)∗ ○ FH equilibrium defining map
f = F ○ φ−1 ○ϕ−1 equilibrium defining map, local expression
E equilibrium set, E ∪ p−1(IA) = F−1({0})
J = F∗, J = f∗ Jacobian matrix, intrinsic and coordinate expressions
G coordinate slice containing the equilibrium set
(V, ψ) slice chart

Table 1. Table of notations for Chapter 2



CHAPTER 3

Bifurcating directions and eigenanalysis

The previous chapter was dedicated to the intrinsic study of equilibrium
sets near singular points in a very general setting. This chapter focuses
instead on some special issues related to the tangent cone computation.
In particular, we shall show that if we assume that the system has some
symmetry properties, then we can get one of the irreducible components of
the tangent cone directly from the jacobian matrix without any cumbersome
second order derivative computations.

In section 3.1 we shall first re-formulate the Lyapunov-Schmidt reduc-
tion in such a way that it preserves the bifurcation parameter space. Then,
section 3.2 is given for the sake of detailing the symmetry properties and
their implications. Then, in section 3.3, we get to the core of the prob-
lem and state some useful results. Finally, section 3.4 makes some remarks
about the link that exists between non-linear eigenproblems and bifurcating
direction solving.

3.1. A parameter space preserving reduction of the state space

In the previous chapter, we made an attempt to describe the geometry of equi-
librium sets in the neighbourhood of singular points using a rather general formu-
lation. The resulting geometric object of particular interest was found to be the
tangent cone, and it was computed with the help of the Hessian of the reduced
equilibrium map in local coordinates. The advantage of this method is its gener-
ality. However, from the numerical perspective, as we already made the point, it
has a major drawback related to the fact that the second derivatives of the equi-
librium defining map have to be computed numerically. In particular, commercial
finite-element packages have typically no built-in option for the computation of the
second derivatives. It is therefore a pertinent question to ask whether there is an al-
ternative way of computing the tangent cone, or at least some of its subsets without
computing second derivatives.

It turns out that there is a particular case when we get the bifurcating direc-
tions of the tangent cone simply by investigating the Jacobian matrix, i.e. first
order derivatives. That particular case, which encompasses all systems with an
equilibrium set that have a symmetry plane containing the bifurcation parame-
ter space, is fortunately very abundant in nature. Hence, it makes sense to write
some rather interesting results for that special case only. First, we have to re-write
Proposition 2.2 in a slightly new way, namely in such a way that we preserve the
bifurcation parameter space. This first intermediary result is commonly referred to
in the literature as the Lyapunov-Schmidt reduction, [28]. Proposition 2.2 shows
us the existence of a slice chart that locally contains the equilibrium set. In other
words, it “flattens” the ambient state space in such a way that we are able to use
a reduced version of our equilibrium defining equation instead of the original one.
Together with Corollary 2.3, which shows that a point is in equilibrium if and only

37
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if it is contained both within the coordinate slice and the reduced equilibrium set,
we have found a way to formulate the Lyapunov-Schmidt reduction in a coordinate
independent form.

Hence, the Lyapunov-Schmidt reduction is a crucial tool in singularity theory,
which decomposes the ambient tangent space at a singular point into appropriate
orthogonal subspaces and the ambient state space manifold into corresponding co-
ordinate slices. However, the Lyapunov-Schmidt reduction is unique only up to
a particular choice of the orthogonal decomposition of the ambient tangent space.
The most natural choice for the projection subspaces would be, of course, the kernel
and the co-image of the entire Jacobian matrix, and that is precisely what we did
in Proposition 2.2. However, other choices can be considered as well if we make
some additional assumptions. Recall that the ambient state space is a fibre bun-
dle {E,A,p,S}, where A denotes the base space that contains parameter related
information. The representative fibre S, on the other hand contains information
about state variables. The classical Lyapunov-Schmidt reduction takes advantage
of the product decomposition in such a way that it preforms an orthogonal subspace
decomposition on the parameter-horizontal component Tp̂S, only.

Notice, that in opposite to Proposition 2.2, the classical Lyapunov-Schmidt
reduction assumes that the rank r of the full Jacobian matrix Ĵ = ( Ĵx Ĵα ) is equal

to the rank rx of its left n × n submatrix Ĵx, which implies that Ĵ and Ĵx have
identical images. Of course by choosing an appropriate permutation of the local
state space coordinates, one always obtains a system that fulfils the property r = rx.

Proposition 3.1 (Classical Lyapunov-Schmidt reduction):
If ê ∈ E is a rank r singular point with respect to a equilibrium defining map F with

a Jacobian matrix Ĵ = ( Ĵx Ĵα ) such that Ĵ and Ĵx have same rank, then there is a

slice chart (W , θ) of G ⊂ p−1(IA) ⊂ E that preserves the bifurcation parameter space,

i.e. θ ∶ W ⊂ p−1(IA) → R
r × R

d−k × R
k is a chart map such that the following two

assertions hold:

i): ( ( 0 0 Ik ) ○ θ )(e) = (ϕA ○ φ)(e) for any choice of e ∈ W
ii): ( ( Ir 0 0 ) ○ θ )(e) = 0 for any choice of e ∈ G ∩W

Proof: Consider the following block matrix expression of the Jacobian matrix
Ĵ = (J ○ ϕ ○ φ)(ê) of the equilibrium defining map:

Ĵ = ( Ĵx Ĵα ) , with Ĵx = P ⊺(A Bx

C CA−1Bx
)Qx and Ĵα = P ⊺( Bα

CA−1Bα
) ,

where A ∈ Mr×r
r is invertible and P ∈ O(n) and Qx ∈ O(n) are some permutation

matrices. Such a decomposition is possible, of course, if and only if Ĵ and Ĵx have
same rank. From the rank nullity theorem of the rank r map Ĵx ∶ TRn → TRn, we
have n = dx + r, where dx = dimkerĴx, and such that 0 < dx ≤ n holds. Since we
have n + k = d + r form the rank nullity theorem applied to the map Ĵ , it follows
that dx = d − k > 0. Dimensional analysis shows that:

dimkerĴx = d − k , dim(kerĴx)� = r ,

dim imĴx = r , dim(imĴx)� = d − k .

By considering appropriate orthogonal subspaces, we can define the following coor-
dinates:

● u = (u1, . . . , ur) of (kerĴx)� and v = (v1, . . . , vd−k) of kerĴx.
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● w = (w1, . . . ,wr) of imĴx and t = (t1, . . . , td−k) of (imĴx)�.
It follows that the co-image and the kernel as well as the image and the co-kernel
of the n × n submatrix Ĵx have the following expressions:

(kerĴx)� = {Q⊺x(
u

B⊺xA
−⊺ u ) ∶ u ∈ Rr} , kerĴx = {Q⊺x(A−1Bx v−v ) ∶ v ∈ Rd−k} ,

imĴx = {P ⊺( w
CA−1w ) ∶ w ∈ Rr} , (imĴx)� = {P ⊺(A−⊺C⊺ t−t ) ∶ t ∈ Rd−k} .

Assuming that (ϕ○φ)(ê) = (0,0), we can construct the following two isomorphisms:

G ∶ R
r ×R

d−k ×R
k → ϕ(U) ⊂ R

n ×R
k

(u, v,α) ↦ (Q
⊺
x 0
0 Ik

)(
Ir A−1Bx 0

B⊺xA
−⊺ −Id−k 0

0 0 Ik

)( u
v
α
) ,

H ∶ R
r ×R

d−k → (F ○ φ−1)(U) ⊂ R
n

(w, t) ↦ P ⊺( Ir A−⊺C⊺

CA−1 −Id−k )(w
t ) ,

such that G(0,0,0) = (ϕ ○ φ)(ê) = (0,0) and H(0,0) = F(ê) = 0. Straightforward
computation of the inverses shows that the maps G and H are invertible. Now, by
using the shorthand notation f = F ○ φ−1 ○ϕ−1, we may define the following map:

Θ ∶ R
r ×R

d−k ×R
k → R

r ×R
d−k ×R

k

(u, v,α) ↦ ((( Ir 0 ) ○H−1 ○ f ○G)(u, v,α) , v , α ) ,

and compute the corresponding push forward map evaluated at (ϕ ○ φ)(ê):

Θ̂∗ =
⎛
⎜⎜
⎝

( Ir 0 )H−1∗ ĴxG∗(
Ir

0
0
) ( Ir 0 )H−1∗ ĴxG∗(

0

Id−k

0
) ( Ir 0 )H−1∗ ĴαG∗(

0
0

Ik
)

0 Id−k 0
0 0 Ik

⎞
⎟⎟
⎠

.

Because we have H−1∗ Ĵx = (A Bx

0 0
)Qx and H−1∗ Ĵα = (Bα

0
) , and further the expression

H−1∗ ( Ĵx Ĵα )G∗ = (A+BxB
⊺
xA

−⊺ 0 Bα

0 0 0
), we can build up the following construction:

Θ̂∗ = (
A+BxB

⊺
xA

−⊺ 0 Bα

0 Id−k 0

0 0 Ik

)

The push forward map is clearly invertible. Hence by the inverse function theorem,
we infer that the map Θ ∶ Θ−1(W̃ ) → W̃ is a diffeomorphism on some neighbourhood

Θ−1(W̃ ) ⊂ R
r × R

d−k × R
k containing the point (Θ ○G−1 ○ ϕ ○ φ)(ê). Consider the

map

θ ∶ W = θ−1(W̃ ) → W̃ ⊂ R
r ×R

d−k ×R
k

e ↦ (Θ ○G−1 ○ ϕ ○ φ)(e) .

Because it is a composition of diffeomorphisms, it follows that (W , θ) is a smooth
chart of the ambient state space. For convenience, consider also the smooth map
μ ∶ TRn → R

r defined by the expression μ = ( Ir 0 ) ○ H−1. It follows from the
identity (Θ○Θ−1)(w, v,α) = (w, v,α) that (μ○F ○θ−1)(w, v,α) = w. Let’s show that
we can build a slice chart from the last equation. Since (W , θ) is a smooth chart
and because we have the following identity: (μ ○ F ○ θ−1)(0, v, α) = 0, if we denote
G = (μ ○ F)−1({0}), it also follows that θ(W ∩ G ) is a d-slice of θ(W). �

As for the coordinate invariant version of the Lyapunov-Schmidt reduction,
we can quickly show that the equilibrium set is locally given by the intersection
of the zero sets of the projected equilibrium maps on the image and the co-kernel,



40 3. BIFURCATING DIRECTIONS AND EIGENANALYSIS

respectively, i.e. F−1({0}) = (μ○F)−1({0}) ∩ (ν ○F)−1({0}). Notice that we defined
the map ν ∶ TRn → R

d−k as follows: ν = ( 0 Id−k ) ○H−1. Additionally, computation
the respective push forwards gives:

(μ ○ F ○ θ−1)∗∣0 = ( Ir 0 0 ) (ν ○ F ○ θ−1)∗∣0 = ( 0 0 0 )

Recalling that we have H−1∗ Ĵx = (A Bx

0 0
)Qx and H−1∗ Ĵα = (Bα

0
), we can prove the

previous claim by the following straightforward computation:

(μ ○ F ○ θ−1
ν ○ F ○ θ−1)∗

∣
0

=H−1

∗ ( Ĵx Ĵα )G∗Θ̂−1

∗

= (A Bx Bα

0 0 0
) (Qx 0

0 Ik )G∗Θ̂−1∗

= (A+BxB
⊺
xA

−⊺ 0 Bα

0 0 0
)(
(A+BxB

⊺
xA

−⊺)−1 0 −(A+BxB
⊺
xA

−⊺)−1Bα

0 Id−k 0

0 0 Ik

)

= ( Ir 0 0
0 0 0

)
Altogether, we have shown, so far, that the coordinate invariant version of the
Lyapunov-Schmidt reduction and the classical version are very similar despite some
small differences. Notice, that the use of the classical Lyapunov-Schmidt reduction
requires that we re-define the local expression of the reduced equilibrium map as
well:

Definition 3.2 (Reduced equilibrium map, local expression):
Consider the projection π ∶ θ(W) ⊂ R

r×Rd−k×Rk → R
d−k×Rk defined by (u, v,α) ↦

(v,α) and the inlusion map ι ∶ (π ○ θ)(W) ⊂ R
d−k × R

k ↪ R
r × R

d−k × R
k defined

by (v,α) ↦ (0, v, α). Then, we shall define the local expression of the reduced
equilibrium map as follows:

φ ∶ (π ○ θ)(W) ⊂ R
d−k ×R

k → R
d−k

(v,α) ↦ (ν ○ F ○ θ−1 ○ ι)(v,α)

Notice that as it was shown in the previous discussion, the push-forward of the
reduced equilibrium map vanishes altogether: φ∗∣0 = (ν ○ F ○ θ−1)∗∣0 ι∗ = ( 0 0 ).

Now, how does the re-formulation of the Lyapunov-Schmidt reduction in Propo-
sition 3.1 help us in our quest for the bifurcation direction without computing ex-
plicitely the second derivatives? It turns out that in order to proceed, we have to
first describe what is a symmetric bifurcation, and we are going to do this precisely
in the next section.

3.2. On systems with symmetry properties

As we have already hinted, there is a particularly abundant class of physical
problems in nature for which the computation of bifurcating directions is partic-
ularly easy. That class of problems is called: the class of symmetric bifurcations.
As the name already suggests, the bifurcation diagram for such problems, i.e. the
reduced equilibrium set, has some particular symmetry properties. The physical
interpretation of a symmetric bifurcation is that for a given post-critical load the
system has always a choice between two opposite configurations.

The mathematical definition of a system with a symmetric bifurcation is a
system such that its the bifurcation parameter space is a symmetry plane of its
bifurcation diagram. The bifurcation diagram is the name commonly given to the
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reduced equilibrium set, i.e. the zero set of the map φ ∶ (π ○ θ)(W) ⊂ R
d−k ×R

k →
R

d−k as defined in 3.2. This definition is not, however, very useful since it uses the
reduced space, which is something we have to compute first in order to be able to
assess whether the system is symmetric or not. Hence, we would like to have a
simple way to determine the symmetry property of a system.

Lemma 3.3 (Symmetry properties of bifurcations):
If the defining vector field F ∶ E → TRn is locally an odd function with respect to

the parameter-horizontal component for any a ∈ IA ⊂ A, then the underlying system

has a symmetric bifurcation diagram.

Proof: Assuming that f ∶ ϕ(U) → tRn is the local form of the equilibrium defining
map, and φ ∶ (π ○ θ)(W) ⊂ R

d−k × R
k → R

d−k the reduced form of that equilib-
rium defining map, then we have to show, in the end, the following statement: if
f(−x,α) = −f(x,α), then (v,α) ∈ φ−1({0}) if and only if (−v,α) ∈ φ−1({0}) for any
choice of (v,α) ∈ (π ○ θ)(W). Let’s first show that

f(−x,α) = −f(x,α) ⇒ φ(−v,α) = −φ(v,α) .

That claim is easy to prove from the following sequence of equivalent statements:

f(−x,α) = −f(x,α)
(f ○G ○Θ−1 ○Θ ○G−1)(−x,α) = −(f ○G ○Θ−1 ○Θ ○G−1)(x,α)

(F ○ θ−1)(Θ(−u,−v,α)) = −(F ○ θ−1)(Θ(u, v,α))
(F ○ θ−1)(−w,−v,α) = −(F ○ θ−1)(w, v,α)

Assuming that e ∈ G ⊂ p−1(IA), we have w = 0, and hence we can continue with the
following sequence statements:

(F ○ θ−1)(0,−v,α) = −(F ○ θ−1)(0, v, α)
(ν ○ F ○ θ−1 ○ ι)(−v,α) = −(ν ○ F ○ θ−1 ○ ι)(v,α)

φ(−v,α) = −φ(v,α) .

Finally, let’s show that “φ is an odd function with respect to v” is a statement that
implies the assertion:

(v,α) ∈ φ−1({0}) ⇔ (−v,α) ∈ φ−1({0}) .

Let’s first show that the condition “φ is odd with respect to v” implies that (v,α) ∈
φ−1({0}) ⇒ (−v,α) ∈ φ−1({0}). Assume first that (v,α) ∈ φ−1({0}) with φ odd
with respect to v. It then follows that φ(v,α) = 0 which implies that −φ(v,α) = 0,
which using the oddness property in turn implies that φ(−v,α) = 0, which is another
way of saying that (−v,α) ∈ φ−1({0}). Now, let’s show that φ is odd with respect
to v also implies that (v,α) ∈ φ−1({0}) ⇐ (−v,α) ∈ φ−1({0}). We assume therefore
that (−v,α) ∈ φ−1({0}) for φ odd with respect to v. It follows that φ(−v,α) = 0,
which implies that −φ(−v,α) = 0 which, if we use the oddness property, in turn
implies that φ(v,α) = 0, i.e. (v,α) ∈ φ−1({0}). �

Notice, that the converse of Lemma 3.3 is not true, because defining vector
fields that have even component functions, also lead to a symmetric bifurcation
diagram, although in the case of even vector fields the bifurcation diagram can also
result in an isolated singular point or a tangential bifurcation.
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3.3. Bifurcating direction for corank 1 symmetric bifurcation

The roadmap for the remaining part of our investigation is the following: now,
when we have some additional information about the equilibrium defining map,
which is the locally odd function property, let’s compute the Hessian of the reduced
equilibrium defining map and try to apply Proposition 2.6 to check for the existence
of curves on the equilibrium set. Notice, that even if the proof of Proposition 2.6
has been written using the slice chart (V, ψ) of the state space, exactly the same
result can be obtained if we use, instead, the slice chart (W , θ).

In this section, we shall concentrate on a special case of singular points, namely
those points for which the corank is equal to one. The corank of the Jacobian
matrix Ĵx is, by definition, the dimension of the left nullspace of the Jacobian
matrix, in other words the dimension of its cokernel. It follows, that the corank,
dim(imĴx)� = d−k, also gives the number of components of the reduced equilibrium
defining function. Considering a slight abuse of notation, we shall denote the corank
of a singular point to be the corank of the Jacobian matrix evaluated at that singular
point.

Proposition 3.4 (Tangent cone for corank 1 symmetric bifurcation):
Consider the slice chart (W , θ) of the state space around a corank 1 singular point

ê ∈ E. Assume that the bifurcation parameter space is one dimensional. Recall that

the projected chart map is given by π ○ θ ∶ W → R ×R. If the defining vector field is

odd and the Hessian of the reduced equilibrium map does not vanish at the origin,

then the reduced tangent cone is given by:

C0 = sp{( 0
1 )} ∪ sp{( 1

0 )} .

Proof: For corank 1 singular points we assume that the dimension of the co-kernel
dim(imĴx)� = n−r = d−1 is equal to 1, hence d = 2. We shall apply this condition at
the very end of the proof, so consider first what happens if we consider an arbitrary
d ≥ 1. By virtue of Lemma 3.3, especially looking at its proof, we notice that if
the defining vector field is odd, then the reduced defining map in local formulation
φ ∶ (π ○ θ)(W) ⊂ R

d−1 × R → R
d−1 is odd with respect to the first d − 1 variables,

i.e. φ(−v,α) = −φ(v,α). Therefore, a simple Taylor series expansion at the origin
of the left and right hand side of the equation shows that:

φ(−v,α) = 1
2
v⊺ ∂vvφ∣0 v − α ∂vαφ∣0 v

⊺ + 1
2
α2 ∂ααφ∣0 +O(∥(v,α)∥3)

−φ(v,α) = −1
2
v⊺ ∂vvφ∣0 v − α ∂vαφ∣0 v

⊺ − 1
2
α2 ∂ααφ∣0 +O(∥(v,α)∥3)

Because the equation φ(−v,α) = −φ(v,α)must hold for an arbitrary choice of (v,α),
it follows that ∂vvφ

i∣
0
= 0 ∈ M(d−1)×(d−1) and ∂ααφ

i∣
0
= 0 ∈ M1×1 for any 1 ≤ i ≤ d − 1.

Hence, the Hessian is given by the following expression:

φi∗∗∣0 = ( 0 (∂vαφi)⊺
∂vαφ

i 0
)∣

0

.

If we consider the associated d − 1 quadratic forms qi(v,α) = α ∂vαφ
i∣
0
v, the alge-

braic variety V(q1, . . . , qd−1) has a very simple expression:

V(q1, . . . , qd−1) = sp{e1, . . . , ed−1} ∪ sp{ed} ,

where {e1, . . . , ed} denotes the canonical basis of Rd−1 ×R. By Proposition 2.6, this
is also the expression of the local tangent cone if in addition the Jacobian matrix
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( ∂vq ∂αq ) relative to the map q = (q1, . . . qd−1) is full rank for any direction taken in
V(q1, . . . , qd−1). Since we have:

( ∂vq ∂αq )∣(v,0) = (0 ∂vαφ
1∣
0
v

0 ∂vαφ
d−1∣

0
v
) , ( ∂vq ∂αq )∣(0,1) = ( ∂vαφ

1∣
0

0

∂vαφ
d−1∣

0
0
) ,

It is easy to see that ( ∂vq ∂αq )∣(v,0) can never be full rank for d > 2. On the other

hand, ( ∂vq ∂αq )∣(0,1) can possibly be full rank. If we assume so, it follows that

sp{ed} ⊂ C0. The case d = 2 is particularly interesting, because then we have

( ∂vq ∂αq )∣(1,0) = (0 ∂vαφ
1∣
0
) , ( ∂vq ∂αq )∣(0,1) = (∂vαφ1∣

0
0) ,

which both are full rank, assuming, of course, that the Hessian does not vanish
altogether. Hence for a corank 1 singular point, we have found an algebraic variety
V(q1) = sp{e1} ∪ sp{ed} such that ( ∂vq1 ∂αq1 )∣e1 and ( ∂vq1 ∂αq1 )∣e2 are both full
rank. By Proposition 2.6, it follows that C0 =V(q1) = sp{e1} ∪ sp{ed}. �

The outcome of Proposition 3.4 is very clear. If we assume that the singular
point under consideration is a corank 1 singular point and the equilibrium set is
defined by an odd vector field, then the tangent cone in the reduced state space
is simply the union of the reduced coordinate axis! This is a remarkable property,
and as we will soon show in Corollary 3.5 the direct implication of that property is
that one of the irreducible components of the tangent cone in the original tangent
state space can be computed directly form the Jacobian matrix. We shall call that
particular irreducible component the bifurcating direction. Looking at Figure 1, on
can find an example of such a situation, where the equilibrium set consists of two
irreducible components EI and EII, denoted respectively the primary and secondary
equilibrium components.

�

π ○ θ ○ φ−1 ○ϕ−1

�

ϕA(UA)

ϕS(US)

(kerĴx) × {0}

kerĴ

EII

EI

Figure 1. An example of corank 1 symmetric bifurcation
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Corollary 3.5 (Bifurcating direction for corank 1 symmetric bifurcation):
The bifurcating direction in the tangent state space at a corank 1 singular point

ê ∈ E relative to an odd equilibrium defining vector field is given by:

(kerĴx) × {0} ⊂ TêE

Proof: As per Proposition 3.4, the tangent cone at the singular point ê is given
locally by the topological space C0 = sp{( 0

1 )} ∪ sp{( 1
0 )}. The local bifurcating

direction is by definition sp{( 1
0 )} ⊂ C0. Let’s push that direction forward by

(θ−1 ○ ι)∗∣0 = G∗ ○ Θ̂−1 ○ ι∗. Considering the following computation:

(Θ̂−1

∗ ○ ι∗)( v
0 ) = ( (A+BxB

⊺
xA

−⊺)−1 0 −(A+BxB
⊺
xA

−⊺)−1Bα

0 1 0
0 0 1

)( 0
v
0
) = ( 0

v
0
) ,

we may infer the following equation:

(G∗ ○ Θ̂−1 ○ ι∗)( v
0 ) = (Q

⊺
x 0
0 1

)(
In−1 A−1Bx 0

B⊺xA
−⊺ −1 0

0 0 1

)( 0
v
0
)

= (Q
⊺
x 0
0 1

)(A−1Bxv−v
0

) .

Since we have previously found that kerĴx = {Q⊺x(A−1Bx v−v ) ∶ v ∈ R}, it follows that
the following assertion holds: (G∗ ○ Θ̂−1 ○ ι∗)( v

0 ) ∈ (kerĴx) × {0}. �

Hence, we have shown that the condition that the bifurcation is symmetric, i.e.
it is defined by an odd vector field, is a sufficient condition such that (kerĴx)×{0}
is equal to the tangent space in local coordinates to the secondary, i.e. bifurcating,
component EII. A straightforward computation shows that the expression of the
tangent space to the primary equilibrium component EI is spanned by the following
vector:

(Q
⊺
x 0
0 1

)
⎛
⎜
⎝

−(A +BxB
⊺
xA
−⊺)−1Bα

−B⊺xA−⊺(A +BxB
⊺
xA
−⊺)−1Bα

1

⎞
⎟
⎠

,

which means that the tangent space to the primary equilibrium component at a
corank 1 singular point can also be computed directly from the expression of the
Jacobian matrix. Now, one can raise another question: what is the necessary
condition such that (kerĴx) × {0} gives the bifurcating direction? A quick look at
the proof of Proposition 3.4 shows that the local direction ( 1

0 ) is still a component of
the local tangent cone even if the lower right component of the Hessian is non-zero,
i.e. ∂ααφ∣0 ≠ 0. Hence, we infer that the necessary condition is that

∂vvφ∣0 = 0 and ∂αvφ∣0 ≠ 0 .

One can see that in order to check whether the necessary condition holds, one needs
to compute the Hessian whereas in order to check the sufficient condition one need
only to look at the defining vector field.

3.4. Numerical eigenanalysis applied to bifurcating direction solving

Stability analysis has a remarkably wide range of different meanings depending
on what kind of discipline it is applied to. Hence, it is not rare that the language and
tools used by engineers when describing and computing stability related phenomena
do not have an instant match with the corresponding language and tools used by
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singularity and catastrophe theorists. This is in spite of the fact that the phenomena
under consideration are precisely the same, just the angle of view is different.

In the present work, one of the goals that have been set is to narrow the
gap between the theoretical and practical disciplines. Hence, because singularity
theorists are interested before and above all by the recognition problem, i.e. an
exhaustive classification of all different kind of singularities, they are very seldom
interested in any of the computational aspects related to stability analyses that
might occur in the original multi-dimensional state space. Likewise, engineers are
very keen on computational details, but they make a lot of implicit restrictions on
the type of problems for which a given computational method actually gives any
meaningful result.

In the discussion above, throughout chapters 2 and 3, we have shown that the
algebraic object (kerĴx) × {0} has a very specific geometric meaning with respect
to the underlying parameter dependent dynamic system. We have shown that in
case of a symmetric corank 1 bifurcation it is precisely the bifurcating direction.
If we translate that meaning to the engineering language, we have shown that the
solution of the non-linear eigenproblem

Jx∣e∈EI q = 0 ,

which is given in terms of the singular point ê and the eigenvector q ∈ Rn, is such
that the vector ( q

0 ) ∈ R
n+1 spans the bifurcating direction. Now, if we want to

actually compute the numerical value of the singular point and the bifurcating
direction such as they are defined by the eigenproblem above, we have to set up a
numerical algorithm.

Historically, there are a number of different numerical strategies available for
finding an approximate value for the singular point and the bifurcating direction.
Three broad categories of non-linear eigenproblem solving strategies can be distin-
guished : the path following methods, augmented eigenproblem iterative solvers
and finally polynomial approximation based predictors. The last category of so-
lutions is the one that motivated our study in the first place, but for the sake of
completeness, let’s review all three categories.

3.4.1. Path following methods. In commercial finite element software pack-
ages path following methods are often dubbed as “Riks methods”, due to E. Riks,
[65], although path following methods have been the object of many subsequent
studies [1, 4, 64, 40, 41] to cite just some selected few of them. Path following
methods as such do not help in tracking the singular points, but if the algorithm is
provided with an extra line of code that tracks down changes in the positive defi-
nite character of the system Jacobian, then we have a powerful tool to locate the
singular point between two successive iteration points on the primary equilibrium
path.

An overlook of a generic path following algorithm is the following. Let g ∶
R

n+1 → R
n denote the local expression of the equilibrium defining map with (x0, α0)

being a known reference equilibrium state. Notice that the graph

Γg = {(x,α, y) ∈ R2n+1 ∶ y = g(x,α)}
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is a n + 1-dimensional submanifold and the zero set g−1({0}) contains irreducible
components EI,EII, . . . that are assumed smooth 1-dimensional submanifolds con-
tained within Γg. The algorithm consists of two steps: the predictor step and the
corrector step.

● In the predictor step, one finds a point

X
(i)
pred

= (x(i)
pred

, α
(i)
pred

, g(x(i)
pred

, α
(i)
pred

) ) ∈ Γg ,

where the values x
(i)
pred

and α
(i)
pred

are given by:

(x(i)
pred

, α
(i)
pred

) = (x(i), α(i)) + s(ẋ(i), α̇(i)) .

Notice, that (x(i), α(i)) ∈ EI is the current point at equilibrium, (ẋ(i), α̇(i)) ∈
T(x(i),α(i))EI is a unit tangent vector to the equilibrium curve at the current
equilibrium point and s is a chosen pseudo arc-length parameter value.

● In the corrector step, one has to climb up along the submanifold Γg from

the current predicted point X
(i)
pred

, to the next equilibrium point X(i+1) =
(x(i+1), α(i+1),0) ∈ EI ⊂ Γg. There are numerous ways to carry out the
details of the corrector step, but the general principle in all of them is

to find a suitable corrector direction ΔX
(i)
corr ∈ TX(i)Γg within the tangent

space with the following expression:

ΔX(i)corr =
⎛
⎜⎜
⎝

In 0
0 1

∂xg∣(x(i)
pred

,α
(i)
pred
) ∂αg∣(x(i)

pred
,α
(i)
pred
)

⎞
⎟⎟
⎠
(Δx

(i)
corr

Δα
(i)
corr

) .

One seeks to solve then iteratively the corrector step formulated as follows:

g(x(i)
pred

+Δx
(i)
corr, α

(i)
pred

+Δα
(i)
corr) = 0 with the additional restriction that

the norm of the corrector direction is minimal.

Notice, that at each equilibrium step i, one can perform a regularity check of the
matrix ∂xg∣(x(i),α(i)). If between two consecutive equilibrium points, (x(i), α(i))
and (x(i+1), α(i+1)), there is a change in the signature of the real part of any of
the eigenvalues of the Jacobian matrix, then there is a singular point (x̂, α̂) located
between the two consecutive equilibrium points.

3.4.2. Augmented eigenproblem iterative solvers. In the path-following
method, the solution to the posed eigenproblem comes as a by-product of the pri-
mary target, which is to sketch portions of the equilibrium set. The iterative solver
applied to an augmented eigenproblem is a more straightforward attempt to get a
numerical approximation for the singular point and the bifurcating direction. In
numerical engineering applications the non-linear eigenproblem typically takes the
following, augmented form, [35, 56]:

Definition 3.6 (Augmented eigenproblem):
Let g ∶ Rn+1 → R

n denote the local expression of the equilibrium defining map
with (x0, α0) being a known reference equilibrium state. Then, the augmented
eigenproblem that characterizes the singular point (x̂, α̂) is given by:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

g(x,α) = 0
∂xg∣(x,α) q = 0

N(q) = 0
,
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where N ∶ Rn → R is a map called the “normalization condition”.

The set of 2n + 1 equations with 2n + 1 unknowns denoted X = (x, q,α) is
solved by any iterative method of the Newton iteration family. Hence, if we set
the vector valued function G(x, q,α) = (g(x,α), ∂xg∣(x,α) q,N(q)), we are brought

to solve iteratively the equation G(X) = 0, which explicitly means that we have

to solve the recurrence relation X(i+1) =X(i) − (G∗∣X(i))−1G(X(i)). Assuming that

the Newton method converges for some initial guess X(0) = (x0, q0, α0), we have

X(i) 77→
i→∞ (x̂, q̂, α̂). All of that supposes that we compute the push-forward:

G∗∣X =
⎛
⎜⎜
⎝

∂xg∣(x,α) 0 ∂αg∣(x,α)
∂xxg∣(x,α) q ∂xg∣(x,α) ∂xαg∣(x,α) q

0 ∂qN ∣
q

0

⎞
⎟⎟
⎠

,

which clearly implies the computation of the second derivatives, which, as we al-
ready have noted, could be prohibitive for large systems. Hence, we are once again
standing in front of the same question: is there any alternative for solving the eigen-
problem, even approximately, without having to compute the second derivatives?

3.4.3. Polynomial approximation based predictors. One simple answer
to the previous question, that has not received much attention in the literature, is
to solve a truncated Taylor series expansion of the non-linear eigenproblem instead
of the original one. One can always speculate about the reason why this method
has not received due attention from the numerical computation community. To
our understanding, the reason that first comes to mind is the apparent lack of
any scientific challenge: the result seems to be too obvious to be worth of any
investigation. Technically, the problem boils down to the question of finding some
approximations of the zeros of a non-linear function by considering the zeros of the
corresponding linearised function. The quality of the approximation depends, of
course, on the shape of the non-linear function itself, on the point of evaluation of
the linearised function, and finally on the degree of at which the Taylor series is
truncated. In general, taken aside the Kantorovich theorem or any other radius of
convergence issue, [59], there is no proper way to evaluate a-priori the accuracy of
the first iterate in a Newton iterative solver.

Nevertheless, the linearised eigenproblem solver is present is many commercial
finite element software. One can read, for instance, in the online Abaqus theory
manual that the eigenvalue buckling prediction tool gives a good estimation for
“stiff” structures, that is structures with an almost linear pre-buckling response.
According to the same manual, the physical problem is formulated in the following
way: starting from an arbitrary reference state, one considers an elastic deforma-
tion with small displacement gradients, often called a linear perturbation of a pre-
deformed state. The perturbed system is therefore governed by equations that are
linear with respect to the magnitude of the perturbation, customarily denoted by
Δα. Among all possible perturbed states the eigenproblem solver seeks such states
that allow, for some critical value of Δα, the existence of non-trivial incremental
displacement fields with arbitrary magnitudes as valid solutions to the problem.

The discretization of the linearly perturbed system using standard finite ele-
ment formulation yields a generalized linear eigenproblem (K0+ΔαK1)q = 0, where
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K0 is the stiffness matrix at the reference state and K1 the differential stiffness ma-
trix. The stiffness matrices are computed starting from the energy expressions that
were formulated using the finite strain theory. Notice, that the linear perturbation
theory implicitly assumes that the eigenvector q effectively spans the bifurcating
direction, although, that the assumption holds only in special cases, as we have
already shown in the previous discussion.

An alternative approach, to the linearised eigenproblem consists in a lineariza-
tion of the equilibrium equations g(x,α) = 0 and the criticality condition ∂xg∣(x,α) q =
0 with respect to the bifurcation parameter α, for which we have taken here the
same interpretation as for the magnitude of the linear perturbation. The lineariza-
tion procedure at a reference state (x0, α0) can be described as follows: assuming
that the coordinate x of any point on the primary equilibrium component EI can be
re-parametrized with respect to α such that (ξ(α), α) ∈ EI, we may expand the left
hand side of the equilibrium equations in Taylor series at the reference state with
respect to the bifurcation parameter:

g(ξ(α), α) = ( ∂xg∣(x0,α0) ξ̇(α0) + ∂αg∣(x0,α0) )(α − α0) +O(∥(α − α0)∥2) ,

Because g(ξ(α), α) = 0 for arbitrary α, it follows that each coefficient has to vanish.

Hence, we infer the expression for the velocity vector ξ̇(α0):

ξ̇(α0) = −(∂xg∣(x0,α0))
−1

∂αg∣(x0,α0) .

Likewise, we can expand the left hand side of the criticality condition ∂xg∣(ξ(α),α) q =
0 with respect to the bifurcation parameter:

∂xg∣(ξ(α),α) = ∂xg∣(x0,α0)+( ∂xxg∣(x0,α0) ξ̇(α0)+∂αxg∣(x0,α0) )(α−α0)+O(∣(α−α0)∣2) ,

whence by setting the following shorthand notations:

∂xg∣(x0,α0) =K0 ,

− ∂xxg∣(x0,α0) (∂xg∣(x0,α0))
−1

∂αg∣(x0,α0) + ∂αxg∣(x0,α0) =K1 ,

α − α0 =Δα ,

we can end up with the following relation between the original non-linear eigen-
problem and the polynomial approximation truncated at first order terms:

∂xg∣(ξ(α),α) q = (K0 +ΔαK1)q +O(∣Δα∣2)

It is assumed that the reference solution (α̂, q̂) of the original non-linear eigenprob-
lem ∂xg∣(ξ(α),α) q = 0 is approximated by the solution (αlin, qlin) of the linearised

eigenproblem (K0 +ΔαK1)q = 0. However, a quick look at the literature shows
that any mention about error assessment relative to linear eigenproblem predictor
methods are scarce, indeed.

As we already mentioned, the Abaqus manual emphasises the importance of
the stiffness of the structure in pre-buckling state in order to obtain correct ap-
proximations. To our understanding this is merely a conjecture. It certainly works
well for most cases, but as the short example here below shows, one can easily find
pathological cases.
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3.4.4. Discussion on numerical solution strategies. The algorithms given
in the preceding paragraph can be used alone as a single analysis step or in conjunc-
tion with other analysis steps to enhance efficiency and robustness of the overall
numerical analysis. Such numerical strategies are abundant, and we shall describe
here only two of them. Pathological examples shall be exposed to illustrate draw-
backs and caveats related to some of the proposed strategies.

input: initial equilibrium point

at reference state (x(0), α(0))

path following
predictor + corrector step

Jacobian matrix

J
(i)
x = ∂xg∣(x(i),α(i))

Eigenvalue
signature change

Linearized eigensolver (K0 +ΔαK1)q = 0

applied at (x(i), α(i))

Augmented eigenproblem solver
G(x, q,α) = 0

starting at (x(i), q(i), α(i))

output: critical point (x̂, q̂, α̂)

(x(i), α(i))

no, increment i

yes, get initial guess (x(i), α(i))

initial guess for eigenmode q(i)

Figure 2. Non-linear eigenproblem analysis strategy 1

The first strategy consists in appending a path following non-linear static anal-
ysis step by an augmented eigenproblem iterative solver step. The iterative eigen-
problem solver is launched when there is a signature change in the Jacobian of the
defining function. Figure 2 shows the flowchart that describes the content of this
strategy. Although the strategy described in Figure 2 is robust, it has not been
adopted in commercial finite element software. One of the reasons why the pro-
posed strategy has not been implemented on a large scale, so far, is probably due to
the complexity and high cost in terms of computation time. Another reason is that
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this strategy has been developed, initially in discrete state space context. Deriving
the same algorithms in a continuum context might not be easy to implement.

The common way to derive the buckling equations in finite element software,
[3, 75, 7], is to consider a linear perturbation on internal Cauchy stresses σ, and
external traction vectors t and body forces b given in the current configuration.
Hence, if we assume the coefficient λ to be small, we can apply a linear perturbation
to a base state defined by σ0, t0 and b

0 in the direction Δσ, Δt and Δb. The
principle of virtual power gives the integral form of the balance equation. It can be
obtained by multiplying the local balance of linear momentum ρ v̇ = ∇ ⋅σ + b by an
arbitrary velocity v̂ tangent to the configuration manifold. Hence from

∫
Ω
ρ v̇ ⋅ v̂ dV = ∫

Ω
(∇ ⋅σ + b) ⋅ v̂ dV , (3.1)

which can be transformed, using the divergence theorem, into the following canon-
ical form:

∫
Ω
(ρ v̇ ⋅ v̂ +σ ∶ ∇v̂)dV = ∫

∂Ω
t ⋅ v̂ dS + ∫

Ω
b ⋅ v̂ dV . (3.2)

In a quasi-static context, the inertia term vanishes, and hence, if we make the
substitutions:

σ = σ0 + λΔσ , t = t0 + λΔt , b = b
0 + λΔb , (3.3)

we end up with the following equation:

(∫
Ω
σ0 ∶ ∇v̂ dV − ∫

∂Ω
t0 ⋅ v̂ dS − ∫

Ω
b
0 ⋅ v̂ dV )+

λ (∫
Ω
Δσ ∶ ∇v̂ dV − ∫

∂Ω
Δt ⋅ v̂ dS − ∫

Ω
Δb ⋅ v̂ dV ) = 0 . (3.4)

Without going into the detail of the conversion from spatial to material formu-
lations, it can be mentioned, that by applying appropriate interpolations for the
velocity field v̂, we end up with the above mentioned discretized eigenproblem,
(K0 +λK1)q = 0. The matrix K0 represents the base state stiffness and the matrix
K1 represents the incremental stiffness. The solution strategy to find a solution to
this linear buckling prediction is, then, fairly straightforward.

input: reference configuration
(previous analysis step)

Linearized eigensolver (K0 + λK1)q = 0

output: eigenpairs {λi, qi}

{λi, qi}

Figure 3. Non-linear eigenproblem analysis strategy 2

Next, we shall expose two examples that illustrate pathological behaviour of the
eigenproblem analysis strategy 2 in comparison with strategy 1. The first example
is a two degree of freedom structure consisting of springs and rigid bars, and the
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second example shows similar out-of-plane buckling behaviour in a more realistic
setting.

Example 3.7 (Example of pathological behaviour in out-of-plane buckling):
This first example shows a simple system with three degrees of freedom that models
the out-of-plane buckling behaviour of initially plane trusses. A detailed description
of the model is available in [24]. The model consists of two rigid bars AB and
BC connected at B by a rotational linear spring. Point A is also connected by a
rotational spring to the fixed frame of reference. The assembly ABC models the
compressed vertical members in a plane truss that can buckle at the midpoint. The
lateral displacement of point A is prevented, but the points B and C are free to
move in any direction within the plane orthogonal to OLOR. Additionally the point
C is connected to OL and OR by translational linear springs. This is supposed
to model the diagonal members of the plane truss that work in tension. Figure 4
illustrates the behaviour of the system.

Initially plane truss model

F

A

B

C

O
R

O
L

mode q̂II ∈ TEII

F

A,OL,OR

A′

B

B′

C

C ′

�
�

mode q̂III ∈ TEIII

F

A,OL,OR

A′

B

B′

C

C ′

�
�

mode qlin
II

∈ TE lin
II

F

A,OL,OR

A′

B

B′

C

C ′

�
�

Equilibrium set
of non-linear system

EI

EII

EIII

TEII

TEIII

Equilibrium set
of linearized system

E lin
I

TE lin
II

Jacobian curve and fixed rank
matrix manifold in matrix space

�

K0 + λlinK1

�
∂xg∣(x̂1,λ̂1)

�
∂xg∣(x̂2,λ̂2)

�

∂xg∣(x0,λ0) =K0

Figure 4. Example of pathological behaviour in out-of-plane
buckling problem

First, notice that because we assumed that the translational springs OLC and
ORC are linear, it follows that the pre-buckling response to a load increment is
linear. Hence by it is customarily assumed that the linearised buckling prediction
gives a decent result. Consider the two drawings of equilibrium sets in Figure 4:
the one on the left is drawn for the non-linear system and the one on the right is
drawn for the linearised system. It is obvious from the picture that the tangent
spaces at singular points to secondary equilibrium components TEII and TEIII for
the non-linear system do not match at all with the tangent space to the secondary
equilibrium component of the linearised system, denoted by TE lin

II
.
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Do we have explanation for this pathological behaviour? Looking at the cor-
responding Jacobian matrices that we draw as set of points in the matrix space
Mn×n of corresponding dimension, we can try to explain what is happening in this
particular example. As a matter of fact, in this particular case, the Jacobian matrix
evaluated at the primary equilibrium component is always block diagonal, which
means that we can restrict our study to each matrix block separately.

The example that we have shown exhibits a symmetric bifurcation. Because for
symmetric bifurcations the tangent cones at singular points consist of two orthogo-
nal directions, it is natural to decompose the tangent state space into the primary

state subspace TEI and the orthogonal complement, (TEI)�, called the secondary

state subspace. Notice that TEII and TEIII are both contained in the secondary
subspace (TEI)�. Likewise the tangent space TE lin

II
is contained within (TE lin

I
)�.

For our particular system we can notice the following two issues:

● The matrix block relative to the primary subspace is constant.
● The matrix block relative to the secondary subspace depends on the bi-
furcation parameter in a non-linear way.

The first lesson is that the linearity of the primary equilibrium component does not
necessarily imply the linearity of the matrix block relative to the secondary sub-
space. Hence, a linearisation of the eigenproblem can give fundamentally different
results as far as the tangent directions are concerned. The second idea that we can
retain from the previous discussion, is that the investigation of the set of Jacobian
matrices in the matrix space is the key to this paradox. In particular, the study
of the intersection of these sets with fixed rank matrix submanifolds, as well as the
geometry of the fixed rank submanifold itself, gives us important information about
the mechanisms that govern the outcome of a linear eigenproblem predictor.
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Example 3.8 (Example of pathological behaviour in out-of-plane buckling):
This second example gives a more realistic model of plane trusses with out-of-
plane behaviour. The model of a initially plane truss with upper and lower chords
in addition to four diagonal members has been assembled using beam elements in
such a way that there is compatibility of displacements, rotations and cross-sectional
warping at each nodal point. Each beam element has been modelled using Euler-
Bernoulli beam theory in bi-axial flexion, torsion and compression. Vlasov theory,
[83], for open thin-walled cross-sections has been used when applicable. Otherwise,
Saint-Venant torsion theory has been used for either solid cross-sections or closed
thin-walled cross-sections.

In Figure 5, one can see the result of three separate computational analyses
for the same underlying structure. From left to right, we have the lowest positive
critical value and the corresponding out-of-plane buckling mode for the linearised
eigenproblem (Subfigure 5a), the quadratic eigenproblem (Subfigure 5b) and the
original non-linear eigenproblem (Subfigure 5c). The system in subfigure 5a has
been solved using the strategy proposed in Figure 3, whereas the system in Subfigure
5c has been solved using the strategy proposed in Figure 2. The respective buckling
modes are depicted in an axonometric view, and a plane view orthogonal to the
main longitudinal axis of the truss. One can easily see that often, in particular
in this case, the quadratic eigenproblem can give accurate results even when the
linearised eigenproblem fails.

e
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e2

e3
F lin

=
701kN

F lin
=

701kN

1.8
m

4.8 m

e3

e2

(a) Linear eigensolver
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e3
F qua

=
496kN

F qua
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496kN

1.8
m

4.8 m

e3

e2

(b) Quadratic eigensolver
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e2

e3
Fnl

=
495kN

Fnl
=
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1.8
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e3

e2

(c) Non-linear eigensolver

Figure 5. Example of pathological behaviour in out-of-plane
buckling problem

These two examples showed that the key to answer the multiple questions that
have been posed so far lies in the understanding of the various geometric objects
in the matrix space. In particular, the investigation of the geometry of fixed rank
matrix submanifolds in the ambient matrix space provides, as we soon shall see in
the subsequent chapters, valuable information that can be used to deduce a-priori
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error information relative to the non-linear eigenproblem and the associated linear
prediction.

3.5. Table of notations

{E,A,p,S} parameter-state space fibre bundle used
in quasi static context

(US , ϕS) coordinate chart of S
(UA, ϕA) coordinate chart of IA ⊂ A
U = US ×UA chart domain
ϕ = (ϕS , ϕA) chart map
(U,ϕ) coordinate chart of S × IA
e ∈ E point on the fibre bundle
(p, a) = φ−1(e) ∈ S × IA point on the fibre bundle
(x,α) ∈ ϕ(U) local coordinates
F = (ϕS)∗ ○ FH equilibrium defining map
f = F ○ φ−1 ○ϕ−1 equilibrium defining map, local expression
E equilibrium set, locally defined by

E ∪ p−1(IA) = F−1({0})
J = F∗ Jacobian matrix
J = f∗ Jacobian matrix, local expression
G coordinate slice
(W , θ) parameter space preserving slice chart
π ∶ (u, v,α) ↦ (v,α) projection on the reduced space
ι ∶ (v,α) ↦ (0, v, α) inclusion from the reduced space
φ ∶ (π ○ θ)(W) → R

d−k reduced equilibrium map

Table 1. Table of notations for Chapter 3



CHAPTER 4

Fixed rank matrix submanifolds

In this chapter, we shall prove, Proposition 4.5, an important claim that
the set of matrices of fixed rank constitutes a smooth submanifold in the
ambient matrix space. This result can also be found in [47]. We shall
also describe some alternatives to define a smooth structure on fixed rank
matrix manifolds. Throughout the discussion, we try to illustrate the central
concepts geometrically with the highly illustrative case of rank 1 symmetric
2 × 2 matrix submanifold.

4.1. The matrix space and its subsets

We have been motivating in Chapters 2 and 3 the study of the geometry of
fixed rank matrix manifolds by the crucial role played by the Jacobian matrix of a
dynamical system in the computation of the bifurcation direction. Let’s summarize
some central results shown in Chapters 2 and 3:

● At regular points of the equilibrium set, the tangent space can be inter-
preted as the linearisation of the corresponding equilibrium component
and it is obtained by computing the kernel of the push forward of the
equilibrium defining map (Proposition 2.1).

● At singular points we have shown that by applying locally an appropriate
diffeomorphism, called a state space reduction, we obtain reduced equi-
librium sets in the reduced state space. (Proposition 2.2 and Corollary
2.3).

● A thorough investigation of the reduced equilibrium sets showed us under
which conditions it is possible to obtain parametrizations of irreducible
components (Proposition 2.6). In particular for systems with one dimen-
sional parameter space and corank 1 bifurcations, we found an elegant
way to compute the tangent cone.

● We noticed that from the computational point of view the use of second
derivatives could be prohibitive for large systems. Hence, we have to
find a way for computing the bifurcating directions, i.e. subsets of the
tangent cone, directly from the Jacobian matrix. A slight modification
of the reduction diffeomorphism (Proposition 3.1) gave us a bifurcation
parameter preserving reduced state space. In particular for symmetric
bifurcations, we noticed that the reduced tangent cone was given by the
union of the reduced state space coordinate axes, and that the bifurcating
direction was given by the Jacobian matrix (Proposition 3.4 and Corollary
3.5).

● Finally, we noticed in Section 3.4, that commercial finite element packages
rely, precisely, on the implicit identification of the bifurcating direction
with the kernel of the Jacobian matrix in the numerical computation of
the linear buckling prediction.

55
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Hence, we are taken to the study of general m × n real matrix spaces as the
containing sets of Jacobian matrices J = ( Jx Jα ) relative to some physical systems.
In particular, the set of square n×n matrix spaces is of great interest, because this
is the space where the submatrix Jx evolutes. Of course, since we want to compute
the bifurcating direction, we are interested especially in the locations where the
submatrix Jx becomes rank deficient. The container set of those singular matrices
is the set of fixed rank matrices, which as we soon shall see constitutes an embedded
submanifold in the ambient matrix space.

In this book, we shall always consider the set of matrices as a vector space and
endow it with a natural inner product, which is the Hilbert-Schmidt inner product.
In the following sections, we shall also study in detail the properties of certain
subsets of the matrix space, in particular the subsets of matrices of at least a given
rank and matrices of fixed rank.

4.1.1. The ambient m×n matrix inner product space. Hereby, we shall
show that the set of m×n matrices and as a special case the set of symmetric square
matrices are inner product vector spaces.

Proposition 4.1 (The set of m × n matrices):
The set of m×n real valued matrices, noted Mm×n, is an inner product vector space

of dimension mn. The collection {Em×n

ij }1≤i≤m
1≤j≤n

is an orthonormal basis with respect

to the Hilbert-Schmidt inner product.

Proof: Let’s show that Mm×n is isomorphic to R
mn. Consider the vectorisation

operator
vec ∶ Mm×n → R

mn

M = (m1 ⋯ mn ) ↦ (
m1⋮
mn

) ,

where the m1, . . . ,mn are the comlumns of M . It is easy to show that the reshape
operator is the inverse of the vectorization operator:

resm×n ∶ R
mn → Mm×n

(x1, . . . , xmn) ↦
⎛
⎜
⎝

x1 ⋯ xm(n−1)+1

⋮ ⋱ ⋮
xm ⋯ xmn

⎞
⎟
⎠

.

In our notation we have identified the mn-tuple and the corresponding mn× 1 col-
umn vector. Since the vectorization operator is linear and bijective, it is an isomor-
phism. The definition of the Hilbert-Schmidt inner product ⟨M,N⟩HS = tr(N⊺M) =
⟨vec(M),vec(N)⟩Rmn completes the proof since ⟨Em×n

ij ,Em×n

kl ⟩HS = tr(En×m

lk Em×n

ij ) =
δik δjl. �

4.1.2. The ambient n×n symmetric matrix inner product space. Some-
times, it is necessary to work with symmetric square matrices. The next proposition
shows that the set of such matrices can be considered as a vector space.

Proposition 4.2 (The set of n × n symmetric matrices):
The set of n×n real valued symmetric matrices, noted MSYM(n×n), is an inner product

vector space of dimension n(n + 1)/2. The union of the collection {En×n

ii }1≤i≤n
and { 1√

2
(En×n

ij +En×n

ji )}1≤j<i≤n constitutes an orthonormal basis with respect to the

Hilbert-Schmidt inner product.
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Proof: Let’s show that MSYM(n×n) is isomorphic to R
n(n+1)/2. Consider the half-

vectorisation operator

hvec ∶ MSYM(n×n) → R
n(n+1)/2

M ↦ m11 e1 +
n

∑
j=2

(
j−1
∑
k=1

√
2mkj ej(j−1)/2+k +mjj ej(j+1)/2)

,

where {e1, . . . , en(n+1)/2} denotes the canonical basis for R
n(n+1)/2 and where the

(i, j) matrix entry of M is denoted by mij . It is easy to show that the half-reshape
operator is the inverse of the half-vectorization operator:

hresn×n ∶ R
n(n+1)/2 → MSYM(n×n)

x ↦ x1En×n

11 +
n

∑
i=2

⎛
⎝
i−1
∑
j=1

xi(i−1)/2+j
En×n

ij +En×n

ji√
2

+ xi(i+1)/2En×n

ii

⎞
⎠

,

where x = (x1, . . . , xn(n+1)/2). Since the half-vectorization operator is linear and bi-
jective, it is an isomorphism. For symmetric matrix spaces it is natural to define
the inner product using the half-vectorization operator: ⟨M,N⟩HS = tr(N⊺M) =
⟨hvec(M),hvec(N)⟩

R
n(n+1)/2 . Considering the equations ⟨En×n

kk ,En×n

ll ⟩HS = δkl, to-

gether with ⟨En×n

kk , 1√
2
(En×n

ij +En×n

ji )⟩HS = 1√
2
δki δkj = 0 for any 1 ≤ j < i ≤ n and in

addition the equations ⟨ 1√
2
(En×n

ij +En×n

ji ), 1√
2
(En×n

kl +En×n

lk )⟩HS = δjk δil + δjl δik for

any 1 ≤ j < i ≤ n and 1 ≤ l < k ≤ n leads to the conclusion. �

Note that the following results will be primarily formulated for the general
non-symmetric case, but it is obvious that similar results can be obtained for the
symmetric square matrix case as well.

4.1.3. Open submanifolds of the ambient matrix space. The next result
shows that rectangular matrices of at least a given rank are open submanifolds in
the ambient matrix space of same dimension. This result can be found in differential
geometry textbooks, for example in [47].

Proposition 4.3 (Matrices of at least a given rank):
The set of rectangular matrices of at least a given rank k, such that 0 ≤ k ≤
min(m,n) is an open submanifold in the manifold of rectangular matrices Mm×n.

Denote the set of rectangular matrices of at least a given rank Mm×n

≥k .

Proof: We shall show that Mm×n

≥k is an open subset of Mm×n, hence by Proposition
A.3, it is an open submanifold.

● Consider U the set of matrices in Mm×n that have a full rank k × k upper
left submatrix:

U = {(A B
C D ) ∈Mm×n ∶ det(A) ≠ 0} .

Clearly U ⊂ Mm×n

≥k , because if we perform the following lower-diagonal-
upper block matrix decomposition on an element of M ∈ U , we will get
the following result:

(A B

C D
) = ( Ik 0

C A−1 Im−k

) (A 0
0 D −C A−1 B

) (Ik A−1 B

0 In−k

) .
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Since the rank of a matrix does not change if we multiply it by a full rank
matrix, we can infer that rank(M) = rank(A 0

0 D−CA−1 B
) ≥ k. To show that

U is an open set in Mm×n, consider the continuous map

G ∶ Mm×n → R

(A B
C D ) ↦ det(A) .

It is clear that the pre-image of the open subset R/{0} is precisely U , i.e.
G−1({0}) = U . Since G is continuous, U is open in Mm×n.

● Obviously, not all matrices of rank at least k belong to U . However, by
applying suitable permutations we can transform any matrix in Mm×n to
an element of U . Consider the following isometry on Mm×n:

R ∶ Mm×n → Mm×n

M ↦ P ⊺M Q = (A B
C D ) ,

where P ∈ Mm×m and Q ∈ Mn×n are some appropriate permutation matri-
ces. Note UR = R−1(U) the subset of Mm×n given by the isometry R. To see
that it is an open subset just note that the composition G○R is continuous.
From the identity (G ○ R)−1(R/{0}) = R−1 ○ G−1(R/{0}) = R−1(U) = UR,
we infer that UR, as the pre-image of an open set by a continuous map, is
open in Mm×n. Since an arbitrary union of open sets is an open set, the
set of matrices of rank at least k,

Mm×n

≥k = ⋃
R

UR ,

is an open subset in Mm×n.

Alltogether since Mm×n

≥k is an open subset in Mm×n, we infer by Proposition A.3 that
it is an open submanifold.

Corollary 4.4 (Matrices of full rank):
The set of full rank rectangular matrices is an open submanifold in the ambient

matrix space of same dimension.

Proof: The set of matrices of full rank is just a special case of the previous example
with k = min(m,n). Hence the set of matrices of full rank Mm×n

min(m,n) is an open

submanifold in Mm×n. �

4.2. Sets of fixed rank matrices as embedded submanifolds

The core result of this chapter is that sets of matrices of fixed rank are embedded
submanifolds in the matrix space. The proof of this claim can be found in textbooks
on differential geometry, for example in [47]. For the convenience of the reader, we
provide here below our own version of the proof.

Proposition 4.5 (Matrices of fixed rank):
The set of m×n real valued matrices of fixed rank k, noted Mm×n

k is a closed embedded

m×n− (m− k) × (n− k) dimensional submanifold in the ambient space of matrices

of rank at least k, noted Mm×n

≥k .

Proof: We shall show that the set of rectangular matrices of fixed rank k noted
Mm×n

k is a closed embedded submanifold of the set of matrices of rank at least k,
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noted Mm×n

≥k . To prove this claim we shall use the Submersion theorem (Theorem
A.14). The key point here is to find a suitable submersion defined on appropriate
open subsets of Mm×n

≥k such that the zero set of that submersion is precisely the set
of all matrices of rank k, with 0 ≤ k < min(m,n). The outline of the proof is the
following. a): Show that set of matrices with full rank k × k upper left submatrix,
noted V , is an open subset of Mm×n

≥k . b): Find a way to define the set of matrices in
V that are exactly of rank k. c): Construct a submersion on V , such that its zero
set is precisely V ∩Mm×n

k . By using the Submersion theorem, show that V ∩Mm×n

k is
an embedded submanifold of Mm×n

≥k of codimension (m−k)×(n−k). d): Generalize
the previous step to concern any matrix that is at least or rank k by composing
with an appropriate isometry. e): Show that Mm×n

k is an embedded submanifold of
Mm×n

≥k .

a): Consider V , the set of matrices in Mm×n, that have a full rank k×k upper
left submatrix:

V = {(A B
C D ) ∈Mm×n ∶ det(A) ≠ 0} .

Clearly any matrix in V is a matrix of rank at least k, because if we
perform the following lower-diagonal-upper block matrix decomposition
on an element of M ∈ V we will get the following result:

(A B

C D
) = ( Ik 0

C A−1 Im−k

) (A 0
0 D −C A−1 B

) (Ik A−1 B

0 In−k

) .

Since the rank of a matrix does not change if we multiply it by a full rank
matrix, we can infer that rank(M) = rank(A 0

0 D−CA−1 B
) ≥ k. To show that

V is an open set in Mm×n

≥k , consider the continuous map

G ∶ Mm×n → R

(A B
C D ) ↦ det(A) .

It is clear that the pre-image of the open subset R/{0} is precisely V , i.e.
G−1(R/{0}) = V . Since G is continuous, V is open in Mm×n. Since V

happens to be a subset of Mm×n

≥k , V is also open in Mm×n

≥k ⊂ Mm×n by the
subspace topology.

b): How do we know when a matrixM ∈ V is exactly of rank k? Obviously, the
necessary and sufficient condition is that the lower-right (m− k) × (n− k)
submatrix in the block diagonal form is zero. Hence we end up with the
following condition:

D −C A−1 B = 0 ⇔ M ∈ V ∩Mm×n

k .

c): From the previous condition, it is easy to construct the following map:

F ∶ V → M(m−k)×(n−k)

(A B
C D ) ↦ D −C A−1 B

.

Certainly, the map is smooth and we have F −1({0}) = V ∩Mm×n

k . Now,
in order to use the Submersion theorem, we have to show that F is a
submersion. Consider, therefore, an arbitrary smooth curve γ ∶] − ε, ε[→
V such that γ(0) = (A B

C D ) and γ̇(0) = (X Y
Z Δ ). Consider then the push

forward F∗ ○ γ̇:

(F∗ ○ γ̇)∣t = (F∗ ○ γ∗ ○ d
d t
)∣

t
= (F ○ γ)∗∣t d

d t
∣
t
= d(F ○ γ)

d t
∣
t

,
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which gives us the identity (F∗ ○ γ̇)(0) = d(F○γ)
d t

∣
t=0

. Since, by definition,

(F ○ γ)(0) = D − C A−1 B, it follows, if we use the shorthand notation
K = A−1 B and L = C A−1, that (F∗ ○ γ̇)(0) = LXK − ZK − LY +Δ. The
last equation suggests that we can rewrite that equation using Kronecker
products and the matrix equation rule (see Lemma B.2):

vec (F∗ ○ γ̇)(0) = (K⊺ ⊗L −K⊺ ⊗ Im−k −In−k ⊗L In−k ⊗ Im−k)
⎛
⎜⎜⎜
⎝

vecX
vecZ
vecY
vecΔ

⎞
⎟⎟⎟
⎠

.

This vectorized form of (F∗ ○ γ̇)(0) shows directly that the linear map F∗
is full rank at any point on V , and hence by the Submersion theorem we
may say that F −1({0}) = V ∩Mm×n

k is a co-dimension (m − k) × (n − k)
embedded submanifold of Mm×n

≥k .
d): Obviously, not all matrices of rank at least k belong to V . However, by

applying suitable permutations we can transform any matrix of rank at
least k to an element of V . Consider the following isometry on Mm×n:

R ∶ Mm×n → Mm×n

M ↦ P ⊺M Q = (A B
C D ) ,

such that A ∈ Mk×k is invertible with P ∈ Mm×m and Q ∈ Mn×n some
appropriate permutation matrices. Denote by VR = R−1(V ) the open sub-
set of Mm×n

≥k given by the isometry R. To see that it is an open subset,
just note that the composition G ○ R is continuous. From the identity
(G ○R)−1(R/{0}) = R−1 ○G−1(R/{0}) = R−1(V ) = VR, we infer that VR, as
the pre-image of an open set by a continuous map, is open in Mm×n. Since
VR ⊂Mm×n

≥k , it is open in the set Mm×n

≥k by the subspace topology.
Note that the isometry R is also a submersion, and that the com-

position of submersions is a submersion. Hence (F ○ R)∗ = F∗ ○ R∗ is a
submersion and the zero set of the composition can be computed as fol-
lows: (F ○ R)−1({0}) = (R−1 ○ F −1)({0}) = R−1(V ∩Mm×n

k ) = VR ∩Mm×n

k .
This shows that VR ∩Mm×n

k is a co-dimension (m − k) × (n − k) embedded
submanifold of Mm×n

≥k .
e): To show that Mm×n

k is an embedded submanifold of Mm×n

≥k , one has to
show that each point M ∈ Mm×n

k has a neighbourhood VR ∩ Mm×n

k that
is a m × n − (m − k) × (n − k) dimensional embedded submanifold of VR.
Clearly, this is the case, since for each point M ∈ Mm×n

k we can find a
suitable permutation R.

�

The previously exposed proof might seem too abstract, so we provide another,
more constructive way to show the essential points of the proof. Let’s construct a
slice chart ΨR ∶ VR → ΨR(VR) ⊂ R

mn as follows:

ΨR(M) =

⎛
⎜⎜⎜⎜⎜⎜
⎝

vec ( Ik 0 )R(M) ( Ik
0
)

vec( Ik 0 )R(M) ( 0
In−k

)
vec( 0 Im−k )R(M) ( Ik

0
)

vec (F ○R)(M)

⎞
⎟⎟⎟⎟⎟⎟
⎠

.



4.3. EXAMPLES OF CHARTS ON FIXED RANK MATRIX MANIFOLDS 61

The definition of the chart map holds, of course, for any M ∈ VR, which implies that
M = R−1(A B

C D ) such that A ∈ Mk×k

k . Note that then we may rewrite the previous
expression as follows:

ΨR(R−1(A B
C D ) ) =

⎛
⎜⎜⎜
⎝

vecA
vecB
vecC

vec (D −C A−1 B)

⎞
⎟⎟⎟
⎠

,

whence it is easy to see that if D = C A−1 B, the last (m−k)×(n−k) components of
ΨR(M) are zero. Hence, we infer that ΨR(VR ∩Mm×n

k ) is a m×n−(m−k)× (n−k)
slice of ΨR(VR). The slice chart construction that we have given will serve as
a building block for our definition of a smooth structure on fixed rank matrix
manifolds. Note also that for symmetric square matrix spaces, we may redefine the
slice chart ΨR ∶ VR → ΨR(VR) ⊂ R

n(n+1)/2 as follows:

ΨR(R−1( A B
B⊺ D

) ) =
⎛
⎜
⎝

hvecA
vecB

hvec (D −B⊺A−1 B)

⎞
⎟
⎠

,

where we have assumed that A ∈MSYM(k×k)

k , B ∈Mk×(n−k) and D ∈MSYM((n−k)×(n−k)).

4.3. Examples of charts on fixed rank matrix manifolds

First, we shall investigate one of the numerous possibilities to construct a
smooth chart on the fixed rank matrix manifold. It is the most straightforward one,
and although for some special cases, there are better choices for smooth structures,
the atlas we are going to present works well for matrices of arbitrary dimensions.
Let’s construct a neighbourhood UR = VR ∩Mm×n

k , and a corresponding chart map
ϕR, which conserves the first m×n−(m−k)×(n−k) components of the slice chart
ΨR.

Definition 4.6 ((UR, ϕR) coordinate chart):
Let R ∶ Mm×n → Mm×n be an isometry defined by M ↦ P ⊺M Q = (A B

C D ) such that
A ∈Mk×k

k for some permutation matrices P ∈Mm×m and Q ∈Mn×n.

● Define the neighbourhood UR = VR ∩Mm×n

k . Recall that VR = {M ∈Mm×n ∶
det( ( Ik 0 )R(M) ( Ik

0
) ) ≠ 0}.

● Define the chart map ϕR(M) = (x1, . . . , xk(m+n−k)) = (xA, xB, xC) such
that

xA = (x1, . . . , xk2

) = vec( Ik 0 )R(M) ( Ik
0
)

xB = (xk2+1, . . . , xnk) = vec( Ik 0 )R(M) ( 0
In−k

)
xC = (xnk+1, . . . , xk(m+n−k)) = vec( 0 Im−k )R(M) ( Ik

0
)

Next, we shall prove that the open neighbourhoods we defined cover the man-
ifold, and that in addition the chart maps are smoothly compatible.

Proposition 4.7 (A smooth atlas of fixed rank matrix manifolds):
The collection A = {(UR, ϕR)}R constitutes a smooth atlas for Mm×n

k .

Proof: The outline of the proof goes as follows: a) Show that {UR}R is an open
cover of Mm×n

k when R describes all possible permutations. b) Show that the chart
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map is a homeomorphism. c) Show that two arbitrary charts are smoothly com-
patible.

a): To show that UR is open, recall that VR is open in Mm×n

≥k , and that Mm×n

k ⊂
Mm×n

≥k . Therefore, by the subspace topology, UR = VR ∩Mm×n

k is open in
Mm×n

k . Because any M ∈ Mm×n

k has a k × k invertible minor, there is at
least one column permutation matrix Q and one row permutation matrix
P such that P ⊺M Q = R(M) has an invertible upper left k×k submatrix.
This shows that M ∈ UR for some isometry R, hence that {UR}R covers
Mm×n

k .
b): It is clear that ϕR is continuous, because it is a composition of R, the

submatrix operator and the vec operator, all of which are continuous.
The explicit inverse is the following:

(ϕR)−1(x) = P (A B
C CA−1 B

)Q⊺ ,

where we have definedA = resk×k(x1, . . . , xk2), B = resk×(n−k)(xk2+1, . . . , xnk)
and C = res(m−k)×k(xnk+1, . . . , xk(m+n−k)). The map (ϕR)−1 is continuous,
because it is a composition of the reshape operator, the map (A,B,C) ↦
(A B
C CA−1 B

) and R−1, all of which are continuous on the domain ϕR(UR).
Hence, the chart map is a homeomorphism.

c): The transition function is ((ϕR̃)−1 ○ϕR)(xA, xB, xC) = (x̃A, x̃B, x̃C), with
x̃A = vec( Ik 0 ) P̃ ⊺ P (A B

C CA−1 B
)Q⊺ Q̃ ( Ik

0
)

x̃B = vec( Ik 0 ) P̃ ⊺ P (A B
C CA−1 B

)Q⊺ Q̃ ( 0
In−k

)
x̃C = vec( 0 Im−k ) P̃ ⊺ P (A B

C CA−1 B
)Q⊺ Q̃ ( Ik

0
) ,

where A = resk×k(xA), B = resk×(n−k)(xB) and C = res(m−k)×k(xC). Since the
transition function is defined on UR ∩UR̃, it implies that A = resk×k(xA) is
invertible, and hence it follows the inverse A−1 is smooth on the domain
of definition. This shows that the charts are smoothly compatible.

�

ϕ

a b

d

a

b

��

Figure 1. Exampes of charts of the MSYM(2×2)

1 manifold
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Let’s investigate the previously constructed smooth atlas more in detail. The
information we would like to know is how much the charts are overlapping each
other and whether it is possible to cover with only one chart the manifold domain
almost entirely. The next lemma shows that for a given isometry R, the chart
domain UR covers, indeed, most of the fixed rank matrix manifold Mm×n

k , and that
the complement is actually just the boundary of UR.

Lemma 4.8 (Properties of the chart (UR, ϕR)):
The complement of UR in Mm×n

k is equal to the boundary of UR, i.e. Mm×n

k /UR =
∂ UR.

Proof: Recall G ∶ Mm×n → R, defined by G(M) = det( ( Ik 0 )M ( Ik
0
) ). We have

previously shown that (G ○R)−1(R/{0}) = VR. The proof goes as follows: a) First
show that Mm×n

k /UR = (G ○R)−1({0}) ∩Mm×n

k . b) Then show that (G ○R)−1({0})
has no interior points as a subset in the normed vector space Mm×n. This implies
that (G ○R)−1({0}) ∩Mm×n

k has no interior points as a subset in Mm×n

k . c) Finally
show that (G ○R)−1({0}) ∩Mm×n

k = ∂ UR.

a): Considering the fact, that the image of a union is the union of images, we
have the assertion Mm×n = (G○R)−1( (R/{0})∪{0}) = VR∪(G○R)−1({0}).
By intersecting with the set of matrices of exactly rank k we get:

Mm×n ∩Mm×n

k = (VR ∪ (G ○R)−1({0}) ) ∩Mm×n

k

Mm×n

k = (VR ∩Mm×n

k ) ∪ ( (G ○R)−1({0}) ∩Mm×n

k )
Mm×n

k = UR ∪ ((G ○R)−1({0}) ∩Mm×n

k )

Hence we may evaluate the complement of UR:

Mm×n

k /UR = (UR ∪ ((G ○R)−1({0}) ∩Mm×n

k ))/UR

= (G ○R)−1({0}) ∩Mm×n

k .

In the evaluation of the last equation, we used the fact that the sets UR

and (G ○R)−1({0}) ∩Mm×n

k have no common points.
b): Let’s show that (G ○R)−1({0}) has no interior points as a subset in the

normed vector space Mm×n. Consider M ∈ (G○R)−1({0}) and an arbitrary
point N ∈ Bε(M), where Bε(M) denotes the open ball in Mm×n of radius
ε > 0. Then, assuming that N ≠ M we may write N = M + ρ Δ

∥Δ∥HS
for

some arbitrary matrix Δ and 0 < ρ ≤ ε. Computation of the determinants
of the upper left k × k submatrix yields:

(G ○R)(N) = (G ○R)(M)
*,,,,,,,,,,,,,,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,,,,,,,,,,,,,,,.=0

+ ρ

∥Δ∥HS
det( ( Ik 0 )P ⊺ΔQ ( Ik

0
) )

*,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,.≠0

,

which shows that it is not possible to contain Bε(M) in (G ○ R)−1({0})
for any ε > 0 and any centre point M ∈ (G ○R)−1({0}). Hence, we infer
that Int (G ○R)−1({0}) is empty if considered as a subset of Mm×n. Recall
that the subset Mm×n

≥k is open in Mm×n, so we infer that the interior of
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(G ○R)−1({0}) ∩Mm×n

≥k is empty as well. Therefore we may write:

∅ = Int( (G ○R)−1({0}) ∩Mm×n

≥k )

= Int( ((G ○R)−1({0}) ∩Mm×n

k ) ∪ ((G ○R)−1({0}) ∩Mm×n

>k ) )

⊃ Int( (G ○R)−1({0}) ∩Mm×n

k ) ∪ Int( (G ○R)−1({0}) ∩Mm×n

>k ) )
⊃ Int( (G ○R)−1({0}) ∩Mm×n

k ) .

In the preceding computation we have used the fact that the interior of
(G○R)−1({0})∩Mm×n

>k is empty and that the union of interiors is contained

in the interior of unions. Hence we have Int( (G ○R)−1({0})∩Mm×n

k ) = ∅.
c): Combining the results obtained in a) and b) we get Int(Mm×n

k /UR ) = ∅, in
other words that Mm×n

k /UR = ∂(Mm×n

k /UR ). Recalling that the boundary
of a set equals the boundary of its complement, we have finally proven the
claim Mm×n

k /UR = ∂UR.

�

Lemma 4.8 is important, because it tells that we can work with an atlas con-
sisting of only two charts instead of the previously proposed atlas in Proposition
4.7, where there is as many charts as there are permutations. Looking at Figure 2
one can see the idea.

(G ○R)−1({0})

∂UR

Mm×n

k

Figure 2. Illustration of the subset ∂UR

Next, we shall see how to implement this idea. Recall from basic linear algebra
that any matrix is just the coordinate representation of a linear map between vector
spaces. This identification holds for fixed rank matrices as well, and that is the
reason why one may speak equivalently of a rank k linear map or a rank k coordinate
representation of that linear map, commonly called a matrix. The core idea is to
find an appropriate isometry S that transforms any pair of points M,N ∈Mm×n

k to
a pair of points S(M), S(N) ∈ UR.

An isometry means, in this context, that the map S preserves inner products.
In the matrix space, we define the Hilbert-Schmidt product ⟨M,N⟩HS = tr(N⊺M ) =
⟨vecM , vecN ⟩Rmn to be our inner product in the ambient space Mm×n. It is easy
to see that ⟨S(M), S(N)⟩HS = ⟨M,N⟩HS whenever we define S ∶ M ↦ P ⊺M Q for
any orthogonal matrices P ∈Mm×m and Q ∈Mn×n.

Another way to interpret isometries in the matrix space is to consider the
corresponding isometry in the orthogonal group O(mn). Consider vecS(M) =
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Q⊺ ⊗ P ⊺ vecM , which enables us to identify S ↔ Q⊺ ⊗ P ⊺ ∈ O(mn). If we restrict
ourselves to the special orthogonal group, i.e. S ↔ Q⊺ ⊗ P ⊺ ∈ SO(mn), then
S is identified with rigid body rotations. Further, we shall call a generic rigid
body rotation S ↔ Q⊺ ⊗ P ⊺ ∈ SO(mn) such a rigid body rotation that does not

transform a basis vector ei e
⊺
i to some other basis vector ±eσ(i) e⊺μ(j), were σ and μ

denote permutations. For computational purposes the word random can be used
to replace the word generic.

4.3.1. A minimal smooth structure. Recall, that in the previous section
we constructed a smooth structure for the fixed rank matrix manifold that contained
a large number of coordinate charts. Actually, there was a chart for each pair of
permutations of the space R

m and R
n. In this section we shall try to find a way to

get rid of all unnecessary charts so that we can work with only a minimal number
of them.

Proposition 4.9 (A minimal smooth structure):
For any generic rigid body rotation S, the collection { (U,ϕ) , (US, ϕS) } constitutes

a smooth atlas for Mm×n

k .

Proof: First show that the collection {U,US} covers the smooth manifold Mm×n

k .
Consider an arbitrary point M ∈ Mm×n

k . If M ∈ U , then M is trivially contained in
a coordinate chart of the atlas candidate. Consider then M ∈Mm×n

k /U . By Lemma
4.8, we have M ∈ ∂U . Because S is a random rigid body rotation and since, as we
have seen, G−1({0}) is a subspace of Mm×n, we infer that the following implication
holds.

M ∈ G−1({0}) ⇒ S(M) ∈ G−1(R/{0}) .

The implication holds, still, if we constraint M to be exactly a rank k matrix:

M ∈ ∂U ⇒ S(M) ∈ U .

Notice, that in the considerations above we used the identitiesG−1({0})∩Mm×n

k = ∂U

and G−1(R/{0})∩Mm×n

k = U . Therefore we conclude that M ∈ US, which shows that
{U,US} covers Mm×n

k . To show that the two chart maps are homeomorphisms and
smoothly compatible, consider the fact that this is just a special case of what has
already been proven in Proposition 4.7. �

Corollary 4.10 (A minimal smooth structure):
For an arbitrary given point M ∈ Mm×n

k , if we define S to be the singular value

decomposition map of M , i.e. S(M) = P ⊺M Q = Σ = diag(σ1, . . . , σk,0, . . . ,0),
then { (U,ϕ) , (US, ϕS) } constitutes a smooth atlas for Mm×n

k .

Proof: Just note that the singular value decomposition of an arbitrary matrix is

a generic rigid body rotation and apply Proposition 4.9. �

We shall stop here, for a while, the investigation of smooth charts on fixed
rank matrix manifolds and turn in the next chapter to an important issue if we
want to make numerical computations on fixed rank matrix manifolds. Namely,
we have to define the Riemannian metric tensor and Riemann-Christoffel symbols
with respect to our coordinate chart. However, notice that the important idea of
rotating the coordinate basis of the fixed rank matrix manifold will be picked up
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again in Chapter 6, when we will investigate how, by applying rotation and scaling
one can bring symmetry properties out of fixed rank matrix manifolds.

4.4. Table of notations

Mm×n the set of m × n real valued matrices
{e(m)1 , . . . , e(m)m } canonical basis for Rm

{e(n)1 , . . . , e(n)n } canonical basis for Rn

{Em×n

ij }1≤i≤m
1≤j≤n

canonical basis, Em×n

ij = e(m)i e(n)j

⊺

vec ∶Mm×n → R
mn vectorization operator

resm×n ∶ Rmn →Mm×n reshape operator
⟨⋅, ⋅⟩HS ∶Mm×n ×Mm×n → R Hilbert-Schmidt inner product,

⟨M,N⟩HS = tr(N⊺M)
MSYM(n×n) or MSYM(n) the set of n × n symmetric real valued matrices
MSYM(n×n)

k or MSYM(n)

k the set of n × n symmetric real valued matrices
of rank k

hvec ∶MSYM(n×n) → R
n(n+1)/2 half-vectorization operator

hresn×n ∶ Rn(n+1)/2 →MSYM(n×n) half-reshape operator
Mm×n

≥k the set of m × n real valued matrices of rank
at least k

Mm×n

k the set of m × n real valued matrices of exactly
rank k

R ∶Mm×n →Mm×n permutation operator over matrix entries
⊗ ∶Mm×n ×Mp×q →Mmp×nq Kronecker product
(UR, ϕR) coordinate chart on Mm×n

k relative to
the permutation R

A = {(UR, ϕR)}R smooth atlas of Mm×n

k

Table 1. Table of notations for Chapter 4



CHAPTER 5

Riemannian geometry on fixed rank matrix

manifolds

This chapter treats the technical details related to Riemannian geometry
on fixed rank matrix submanifolds. Differential geometry provides compact
formulation of various results, which is precisely one of the strong points.
However, as soon as we need to implement numerically, for example the ge-
odesic equation, we have to find out expressions that reflect the coordinate
chart that is being used. In our case, we have to express the Riemannian
metric tensor using the block structure of fixed rank matrix, as shown in
Chapter 4. Since we are using induced metrics, the simplest way to compute
the metric tensor is first to compute the push-forward of the inclusion map,
Section 5.1. Then, the expression of the metric tensor, Section 5.2, can
be deducted very naturally. Finally, the expression of Riemann-Christoffel
symbols, Section 5.3, gives us all the elements that are needed for the com-
putation of individual geodesics and geodesic spheres, on fixed rank matrix
manifolds, Section 5.4. Note, that in each section we try to keep track both
of the results that are valid both in a general ambient matrix space and in
a symmetric ambient matrix space.

5.1. Push-forwards of matrix maps on fixed rank matrix manifolds

In Chapter 4, we motivated the study of fixed rank matrix manifolds by the
fact that for a given dynamic system the Jacobian of an equilibrium defining map
evaluated at a singular point is a matrix J of rank k. If we consider a slilghtly
perturbed system, then the corresponding perturbed Jacobian evaluated at the
singular point is also a matrix J̃ of rank k in some neighbourhood of the unperturbed
Jacobian matrix J . Therefore, we are naturally lead to investigate the geometry of
neighbourhoods on the fixed rank matrix manifolds. Euclidean geometry is about
measuring angles and distances, so by analogy, what we would like to do, is being
able to measure distances and angles on the fixed rank matrix manifold, at least
locally.

This chapter, therefore, concentrates on adding a new layer of mathematical
machinery upon the fixed rank matrix manifold structure that we investigated in
Chapter 4. This new piece of machinery enables us to perform calculus, and in
particular to measure distances locally, almost with the same ease as if we were
dealing with Euclidean spaces. In order to compute local distances between points
on the fixed rank matrix manifold, we must define first an inner product. It is
customary to use the Riemannian induced metric tensor to define the inner product
on submanifolds [47], where the induced metric tensor is given by the pullback of
the metric tensor of the ambient space. In our case, since we are working in the
ambient matrix space, the natural choice for an inner product would be the Hilbert-
Schmidt inner product.

67
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As we have seen in Chapter 4, the ambient matrix space Mm×n is isomorphic
to the vector space R

mn via the vectorization and the reshape operators. The
expressions of the various objects we are going to introduce, such as the metric
tensor and the Riemann-Christoffel symbols, are all written in a very compact
form, using the Kronecker product notation and the matrix differentiation rules
given in Appendix B. The reason is, that the compact notation enables us to
implement these objects very easily in a programming environment in order to
compute numerical representations of objects such as spheres on fixed rank matrix
manifolds. We shall start by introducing a useful result, which gives an expression
of the push-forward of a smooth matrix valued map defined on fixed rank matrix
manifolds.

5.1.1. Push-forwards of matrix maps on fixed rank matrix manifolds,
general case. First, we shall expose the result in a general case, where the matrix
valued map is defined on a fixed rank matrix submanifold that is embedded in a
general rectangular matrix space.

Proposition 5.1 (Expression of the push-forward of a matrix map):
Let F ∶ Mm×n

k → Mp×q be a smooth matrix valued map. Then, the push-forward has

the following local expression in the coordinate chart (UR, ϕR).

(F ○ϕ−1
R
)∗ = (∂AF ○ ϕ−1R ∂BF ○ ϕ−1R ∂CF ○ϕ−1R ) ∈Mpq×k(m+n−k) ,

where the submatrices ∂AF ○ ϕ−1R ∈ Mpq×k2

, ∂BF ○ ϕ−1R ∈ Mpq×k(n−k) and ∂CF ○ϕ−1R ∈
Mpq×(m−k)k denote the matrix derivative as per Lemma B.14 with respect to the local

coordinates (x1, . . . , xk(m+n−k)) = ( (vecA)⊺,(vecB)⊺,(vecC)⊺ ), assuming that A ∈Mk×k

k ,

B ∈Mk×(n−k) and C ∈M(m−k)×k.

Proof: Let V ∈ T(Mm×n

k ) be a smooth vector field on the fixed rank matrix man-
ifold. Then, by the definition of the push-forward map, for any smooth map f

defined on the matrix space Mp×q we have the identity (F∗ ○ V )(f) = V (f ○ F ).
Hence, by evaluating the expression at a point M ∈ Mm×n

k we get the following
simplification:

(F∗ ○ V )∣
M
(f) = V i∣

M

∂ f ○ F
∂ xi

∣
M

= V i∣
M

∑
1≤k≤p
1≤l≤q

∂ Fkl

∂ xi
∣
M

∂

∂ Nkl

∣
F (M)

f .

By identifying ∂
∂Nkl

∣
F (M)

↔ Ep×q

kl , where Ep×q

kl are the basis vectors for the matrix

space Mp×q, we get

(F∗ ○ V )∣
M
↔ V i∣

M
∑

1≤k≤p
1≤l≤q

∂ Fkl

∂ xi
∣
M

Ep×q

kl = V i∣
ϕR(M)

∂ F ○ϕ−1
R

∂ xi
∣
ϕR(M)

.

By considering (V 1, . . . , V k(m+n−k)) = ( (vecX)⊺,(vecY )⊺,(vecZ)⊺ ) the vector coor-
dinates in TMMm×n

k with respect to the standard basis of the coordinate chart



5.1. PUSH-FORWARDS OF MATRIX MAPS ON FIXED RANK MATRIX MANIFOLDS 69

(UR, ϕR), we get

V i∣
ϕR(M)

∂ F ○ϕ−1
R

∂ xi
∣
ϕR(M)

= (∂AF ○ϕ−1R ∂BF ○ϕ−1R ∂CF ○ϕ−1R )∣
ϕR(M)

⎛
⎜
⎝

vecX
vecY
vecZ

⎞
⎟
⎠

^̂̂
^̂̂
^̂̂
^̂̂
^ϕR(M)

Since we get the local expression of the push-forward from (F∗ ○ V )∣
M

= (F ○ϕ−1
R
)∗∣ϕR(M)

( (ϕR)∗ ○ V )∣
M
, we may conclude the following:

(F ○ϕ−1
R
)∗ = (∂AF ○ ϕ−1R ∂BF ○ ϕ−1R ∂CF ○ϕ−1R )

�

5.1.2. Push-forwards of matrix maps on fixed rank matrix manifolds,
symmetric case. How does the push-forward matrix of our map F look like if we
restrict the ambient space of the fixed rank matrix subamnifold to be the space
of square symmetric matrices? This question is relevant, because in a while we
shall investigate the geometry of fixed rank matrix submanifolds embedded in the
square symmetric matrix space. Therefore, we have to start by defining of the
duplicate operator, an operator that maps the local coordinates of a fixed rank
square symmetric matrix to the local coordinates of a fixed rank general square
matrix.

Definition 5.2 (Duplicate operator):
Let (UR, ϕR) and (USYM

R
, ϕSYM

R
) be coordinate charts for Mn×n

k and MSYM(n×n)

k re-

spectively. For any point M = Q ( A B
B⊺ B⊺A−1 B

)Q⊺, where Q ∈Mn×n is a permutation
matrix, the chart maps are defined as follows:

ϕR(Q ( A B
B⊺ B⊺A−1 B

)Q⊺) =
⎛
⎜
⎝

vecA
vecB
vecB⊺

⎞
⎟
⎠

ϕSYM

R
(Q ( A B

B⊺ B⊺A−1 B
)Q⊺) = (hvecA

vecB
)

Denote by duplicate operator the linear map D ∶ ϕSYM

R
(USYM

R
) → ϕR(USYM

R
) defined

by the following matrix:

D =
⎛
⎜
⎝

vec ○ hresk×k 0
0 Ik(n−k)×k(n−k)

0 T k(n−k)×k(n−k)

(k,n−k)

⎞
⎟
⎠
∈Mk(2n−k)×k(2n−1−k)/2

The inverse duplicate operator D−1 ∶ ϕR(USYM

R
) → ϕSYM

R
(USYM

R
) defined by the fol-

lowing matrix:

D−1 = (hvec ○ res
k×k 0 0

0 Ik(n−k)×k(n−k) 0
) ∈Mk(2n−1−k)/2×k(2n−k) .

Note that the duplicate operator is actually nothing else than a transition map
between two local coordinate charts, (USYM

R
, ϕSYM

R
) and (UR, ϕR), of the square

symmetric matrix space. Now, we are ready to give a concise expression of the
push-forward of a matrix valued map defined on MSYM(n)

k .

Corollary 5.3 (Expression of the push-forward of a matrix map, symmetric case):
Let F ∶ MSYM(n)

k → Mp×q be a smooth matrix valued map. Then, the push-forward

has the following local expression in the coordinate chart (USYM

R
, ϕSYM

R
).

(F ○ (ϕSYM

R
)−1)∗ = (F ○ ϕ−1

R
)∗ ○D ∈Mpq×k(2n+1−k)/2 ,
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Proof: Note that we have (F ○ (ϕSYM

R
)−1)∗ = (F ○ ϕ−1

R
)∗ ○ (ϕR ○ (ϕSYM

R
)−1)∗ and

(ϕR ○ (ϕSYM

R
)−1)∗ =D. �

5.1.3. Expression of the push-forward of the inclusion map, general
case. One direct application of Proposition 5.1 is given by considering the smooth
map F to be the inclusion map. Recall, that in order to compute the induced metric
tensor on the fixed rank matrix manifold, we have to compute first the push-forward
of the inclusion map. The inclusion map, or equivalently its composition with the
chart map inverse ι ○ ϕ−1

R
∶ ϕR(UR) → Mm×n is, itself, a matrix valued function

defined on a the open subset ϕR(UR) ⊂ Mk×k ×Mk×(n−k) ×M(m−k)×k, if we identify a
matrix triplet (A,B,C) ∈Mk×k ×Mk×(n−k) ×M(m−k)×k with its vectorized counterpart
( (vecA)⊺,(vecB)⊺,(vecC)⊺ ) ∈ Rk(m+n−k). In other words, we have a matrix valued map
defined on a Cartesian product of matrix spaces. This observation serves us as a
motivation for the study of matrix derivatives that we shall develop in the following
paragraph. Let’s start the discussion by defining the inclusion map.

Definition 5.4 (Inclusion map for the fixed rank matrix manifold):
The inclusion map ι ∶ Mm×n

k ↪ Mm×n identifies the fixed rank k matrix M with its
image in the ambient space. Hence M ↔ ι(M). For any M ∈ UR, we can thus
identify

ι(M) ↔M = R−1(A B
C CA−1 B

)

Further, let’s formally give the expression of the push-forward of the inclusion
map in the general case when the ambient space is the space of rectangular, not
necessarily symmetric matrices. Note that later we shall give a variant of this result
that holds for square symmetric cases.

Proposition 5.5 (Push-forward of the inclusion map, general case):
The local expression of the push-forward of the inclusion map with respect to the

chart (UR, ϕR), where R(M) = P ⊺M Q for some permutation matrices P ∈ Mm×m

and Q ∈Mn×n is given by:

(ι ○ ϕ−1
R
)∗ = (Q⊗ P ) (∂Aι ○ϕ−1 ∂Bι ○ϕ−1 ∂Cι ○ϕ−1) ∈Mmn×k(m+n−k) ,

with the following submatrix expressions:

∂Aι ○ϕ−1 = ( Ik×k

0(n−k)×k
) ⊗ ( Ik×k

0(m−k)×k
) − ( 0k×k

B⊺A−⊺
) ⊗ ( 0k×k

C A−1
)

∂Bι ○ϕ−1 = ( 0k×(n−k)

I(n−k)×(n−k)
) ⊗ ( Ik×k

C A−1
)

∂Cι ○ϕ−1 = ( Ik×k

B⊺A−⊺
) ⊗ ( 0k×(m−k)

I(m−k)×(m−k)
)

Proof: Recall that by definition M ∈ UR if and only if R(M) ∈ U . Hence, we infer
that ϕR(M) ∈ ϕR(UR) holds if and only if (ϕ○R)(M) ∈ ϕR(UR). In other words, we
have ϕR = ϕ○R, which implies that ι○ϕ−1

R
= R−1(ι○ϕ) = P (ι○ϕ)Q⊺. Application of

the product differentiation rule consistent with the directional derivative (Lemma
B.15) yields

(∂Aι ○ϕ−1R ∂Bι ○ ϕ−1R ∂Cι ○ϕ−1R ) = (Q⊗ P ) (∂Aι ○ϕ−1 ∂Bι ○ϕ−1 ∂Cι ○ϕ−1)
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Let’s apply the block matrix differentiation rule (Lemma B.18) to the matrix deriva-

tives ∂Aι ○ ϕ−1, ∂Bι ○ϕ−1 and ∂Cι ○ ϕ−1:

∂Aι ○ϕ−1 = ( Ik×k

0(n−k)×k
) ⊗ ( Ik×k

0(m−k)×k
) ∂A A + ( 0k×(n−k)

I(n−k)×(n−k)
) ⊗ ( 0k×(m−k)

I(m−k)×(m−k)
) ∂A C A−1 B

∂Bι ○ϕ−1 = ( 0k×(n−k)

I(n−k)×(n−k)
) ⊗ ( Ik×k

0(m−k)×k
) ∂B B + ( 0k×(n−k)

I(n−k)×(n−k)
) ⊗ ( 0k×(m−k)

I(m−k)×(m−k)
) ∂B C A−1 B

∂Cι ○ϕ−1 = ( Ik×k

0(n−k)×k
) ⊗ ( 0k×(m−k)

I(m−k)×(m−k)
) ∂C C + ( 0k×(n−k)

I(n−k)×(n−k)
) ⊗ ( 0k×(m−k)

I(m−k)×(m−k)
) ∂C C A−1 B

Substitute the matrix derivatives by their actual expressions (application of Corol-
lary B.17 enables us to compute those expressions):

∂A A = Ik×k ⊗ Ik×k ∂A C A−1 B = −(A−1 B)⊺ ⊗ (C A−1)
∂B B = I(n−k)×(n−k) ⊗ Ik×k ∂B C A−1 B = I(n−k)×(n−k) ⊗ (C A−1)
∂C C = Ik×k ⊗ I(m−k)×(m−k) ∂C C A−1 B = (A−1 B)⊺ ⊗ I(m−k)×(m−k) ,

which gives us the expressions of the matrix derivatives:

∂Aι ○ϕ−1 = ( Ik×k

0(n−k)×k
) ⊗ ( Ik×k

0(m−k)×k
) − ( 0k×(n−k)

(A−1 B)⊺) ⊗ (0
k×(m−k)

C A−1
)

∂Bι ○ϕ−1 = ( 0k×(n−k)

I(n−k)×(n−k)
) ⊗ ( Ik×k

0(m−k)×k
) + ( 0k×(n−k)

I(n−k)×(n−k)
) ⊗ (0

k×(m−k)

C A−1
)

∂Cι ○ϕ−1 = ( Ik×k

0(n−k)×k
) ⊗ ( 0k×(m−k)

I(m−k)×(m−k)
) + ( 0k×(n−k)

(A−1 B)⊺) ⊗ ( 0k×(m−k)

I(m−k)×(m−k)
)

Multilinearity of the tensor product between linear maps allows us to simplify the
two last equations but not the first one. �

5.1.4. Expression of the push-forward of the inclusion map, symmet-
ric case. The previously derived expressions hold for a general matrix space. For
some purposes, it might be interesting to compute geodesics on fixed rank matrix
manifolds embedded in the square symmetric matrix space. For this purpose, we
shall reiterate our previously obtained results.

Definition 5.6 (Inclusion map for the fixed rank symmetric matrix manifold):
The inclusion map ι ∶ MSYM(n×n)

k ↪ MSYM(n×n) identifies the fixed rank k symmetric
matrixM with its image in the ambient space. Hence, M ↔ ι(M). For anyM ∈ UR,
we can thus identify

ι(M) ↔M = R−1( A B
B⊺ B⊺A−1 B

)

Further, let’s formally give the expression of the push-forward of the inclusion
map in the square symmetrix ambient matrix space case.

Proposition 5.7 (Push-forward of the inclusion map, symmetric case):
The local expression of the push-forward of the inclusion map with respect to the

chart (UR, ϕR), where R(M) = Q⊺M Q for some permutation matrix Q ∈ Mn×n, is
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given by:

(ι ○ (ϕSYM

R
)−1)∗ = (Q⊗Q) (∂Aι ○ ϕ−1 ∂Bι ○ϕ−1 ∂Cι ○ ϕ−1) D ∈Mn2×k(2n+1−k)/2 ,

where D is the duplicate operator. The submatrix expressions are given as follows:

∂Aι ○ϕ−1 = ( Ik×k

0(n−k)×k
) ⊗ ( Ik×k

0(n−k)×k
) − ( 0k×k

B⊺A−⊺
) ⊗ ( 0k×k

B⊺A−⊺
)

∂Bι ○ϕ−1 = ( 0k×(n−k)

I(n−k)×(n−k)
) ⊗ ( Ik×k

B⊺A−⊺
)

∂Cι ○ϕ−1 = ( Ik×k

B⊺A−⊺
) ⊗ ( 0k×(n−k)

I(n−k)×(n−k)
) = T(n,n) ∂Bι ○ϕ−1 T(n−k,k)

Proof: The proof is a direct application of Corollary 5.3 to the result of Proposition
5.5. �

5.2. Expressions of the metric tensor

In this section, we shall utilize the previously computed expressions of the push-
forwards of inclusion maps to compute the induced metric tensor. Recall that the
induced metric tensor is the pullback of the metric tensor in the ambient space by
the inclusion map. The following lemma yields the details of this concept.

Lemma 5.8 (Induced metrics on the matrix manifold):
Let ⟨⋅, ⋅⟩HS ∶ TMm×n × TMm×n → R denote the Hilbert-Schmidt norm in the matrix

space defiend by ⟨A,B⟩HS = tr(A⊺B) = ⟨vecA,vecB⟩Rmn . Then the induced metrics

g ∈ T2(Mm×n

k ) on the fixed rank matrix submanifold is given by:

g(V,W ) = ⟨ι∗ ○ V, ι∗ ○W ⟩HS ,

where V,W ∈ T(Mm×n

k ) are smooth vector fields and ι ∶ Mm×n

k ↪ Mm×n denotes the

inclusion map.

Proof: Consider the following commutative diagram:

Mm×n

k Mm×n

T 2Mm×n

k T 2Mm×n

ι

ι∗ ○ gHS ○ ι = g ⟨⋅, ⋅⟩HS = gHS

ι∗

Then, for any smooth vector fieldsX,Y ∈ T(Mm×n

k ) we have the identities: g(V,W ) =
(ι∗ ○ gHS ○ ι)(V,W ) = (gHS ○ ι)(ι∗ ○ V, ι∗ ○W ) = ⟨ι∗ ○ V, ι∗ ○W ⟩HS. �

Recall also, that the induced metric tensor defines Riemannian metrics on the
underlying smooth manifold, which is the fixed rank matrix manifold on our case.
Next, we will recall some points related to the association of metric tensors to
linear maps, which in turn can be identified with square symmetric matrices. The
following identifications allow us to define the linear map G associated with the
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metric tensor, and also the inverse G−1 associated with the conjugate metric tensor:

G ∶ TMm×n

k → T ∗Mm×n

k

V ↦ V ⊺G
↕ ↕

V i ∂i ↦ V i gij dx
j

TMm×n

k ← T ∗Mm×n

k ∶ G−1

G−⊺ ω⊺ ↤ ω

↕ ↕
ωi g

ij ∂j ↤ ωi dx
i

Recall also, that G−1 ○G = ITMm×n
k

and G ○G−1 = IT∗Mm×n
k

, which implies gik gkj =
δij and gik g

kj = δ
j
i , respectively. For practical considerations, we shall use the

following notation to designate the column vectors of the conjugate metric tensor:
Wj = G−⊺ ej .

5.2.1. Riemannian metric tensor on the fixed rank matrix manifold,
general case. In the following paragraph, we would like to compute the metric
tensor g ∈ T2(Mm×n

k ), or actually the associated linear mapG, using the block matrix
formulation introduced in the previous section. First, define the submatrices that
constitute the block matrix form of the matrix associated to the metric tensor.

Definition 5.9 (Linear map corresponding to the metric tensor):
Define the linear map G ∈ C∞(Mm×n

k ;MSYMk(m+n−k)) corresponding to the metric
tensor by the following symmetric block matrix:

g(V,V ′) = V ⊺GV ′ =
⎛
⎜
⎝

vecX
vecY
vecZ

⎞
⎟
⎠

⊺
⎛
⎜
⎝

GAA GAB GAC

G⊺
AB

GBB GBC

G⊺
AC

G⊺
BC

GCC

⎞
⎟
⎠

⎛
⎜
⎝

vecX ′
vecY ′
vecZ ′

⎞
⎟
⎠
, ∀ V,V ′ ∈ T(Mm×n

k ) ,

whereX,X ′ ∈ C∞(Mm×n

k ;Mk×k), Y,Y ′ ∈ C∞(Mm×n

k ;Mk×n−k), Z,Z ′ ∈ C∞(Mm×n

k ;Mm−k×k).

Next, let’s give expressions of those sub-matrices with respect to some coordi-
nate chart of the fixed rank matrix manifold.

Proposition 5.10 (Local expression of the metric tensor):
Assume M = R−1(A B

C CA−1 B
) ∈ UR ⊂ Mm×n

k and consider the shorthand notations

K = A−1 B and L = CA−1. Then the matrix blocks of the linear map corresponding

to the matrix tensor have the following expressions:

GAA∣M = Ik ⊗ Ik + (KK⊺) ⊗ (L⊺L) ∈MSYM(k2×k2)

GAB ∣M = −K ⊗ (L⊺L) ∈Mk2×k(n−k)

GAC ∣M = −(KK⊺) ⊗L⊺ ∈Mk2×(m−k)k

GBB ∣M = In−k ⊗ Ik + In−k ⊗ (L⊺L) ∈MSYM(k(n−k)×k(n−k))

GBC ∣M =K⊺ ⊗L⊺ ∈Mk(n−k)×(m−k)k

GCC ∣M = Ik ⊗ Im−k + (KK⊺) ⊗ Im−k ∈MSYM((m−k)k×(m−k)k)

Proof: For any arbitrary vector fields V,V ′ ∈ T(Mm×n

k ), the definition of induced
metrics (see Lemma 5.8) gives us the following local expression of the metric tensor
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with respect to the coordinate chart (UR, ϕR):

g(V,V ′) = ⟨ι∗ ○ V, ι∗ ○ V ′⟩HS

= ⟨(ι ○ϕ−1
R
)∗ ○ (ϕR)∗ V, (ι ○ϕ−1R )∗ ○ (ϕR)∗ V ′⟩HS

= ((ϕR)∗ V )⊺ (ι ○ϕ−1)∗⊺ (P ⊺ ⊗Q⊺)(P ⊗Q)(ι ○ϕ−1)∗((ϕR)∗ V ′)
= ((ϕR)∗ V )⊺ (ι ○ϕ−1)∗⊺ (ι ○ϕ−1)∗

*,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,.
=G

((ϕR)∗ V ′)

=
⎛
⎜
⎝

vecX
vecY
vecZ

⎞
⎟
⎠

⊺
⎛
⎜
⎝

GAA GAB GAC

GBA GBB GBC

GCA GCB GCC

⎞
⎟
⎠

⎛
⎜
⎝

vecX ′
vecY ′
vecZ ′

⎞
⎟
⎠

Recalling that we have the following expression for the push-forward of the inclusion
map:

∂Aι ○ϕ−1
⊺ = ( Ik 0 ) ⊗ ( Ik 0 ) − ( 0 K ) ⊗ ( 0 L⊺ ) ∂Aι ○ϕ−1 = ( Ik

0
) ⊗ ( Ik

0
) − ( 0

K⊺ ) ⊗ ( 0
L )

∂Bι ○ϕ−1
⊺ = ( 0 In−k ) ⊗ ( Ik L⊺ ) ∂Bι ○ϕ−1 = ( 0

In−k ) ⊗ ( Ik

L
)

∂Cι ○ϕ−1
⊺ = ( Ik K ) ⊗ ( 0 Im−k ) ∂Cι ○ϕ−1 = ( Ik

K⊺ ) ⊗ ( 0

Im−k )

we get the block matrix components of the metric tensor by implementing the mixed
tensor product (ι ○ ϕ−1)∗⊺ (ι ○ ϕ−1)∗. �

5.2.2. Riemannian metric tensor on the fixed rank matrix manifold,
symmetric case. If we restrict our ambient matrix space to the space of square
symmetric matrices, then as we already have seen when computing the inclusion
map push-forwards, then the dimension of our fixed rank matrix manifold drops
from k(2n−k) to k(2n+1−k)/2, which means that the dimension of the metric tensor
has to change accordingly. We shall define the metric tensor and its corresponding
linear map in the square symmetric ambient case by the superscript SYM.

Definition 5.11 (Linear map corresponding to the metric tensor, symmetric case):
Define the linear map GSYM ∈ C∞(MSYMn

k ;MSYMk(2n+1−k)/2) corresponding to the
metric tensor of the fixed rank matrix manifold embedded in the square symmetric
matrix space by the following symmetric block matrix:

gSYM(V,V ′) = V ⊺GSYM V ′ = (hvecX
vecY

)
⊺
( GSYM

AA
GSYM

AB

(GSYM

AB
)⊺ GSYM

BB

)(hvecX
′

vecY ′ ) ,

where X,X ′ ∈ C∞(MSYMn

k ;MSYMk) and Y,Y ′ ∈ C∞(MSYMn

k ;Mk×n−k).

The expression of the metric tensor in the square symmetric ambient case is
then given by the following corollary:

Corollary 5.12 (Expression of the metric tensor, symmetric case):
Assume M = R−1( A B

B⊺ B⊺A−1 B
) ∈ USYM

R
⊂MSYMn

k and consider the shorthand notation

K = A−1 B. Then the metric tensor for a fixed rank matrix manifold embedded in a

square symmetric matrix space is given by:

GSYM∣
M
=D⊺ G∣

M
D .
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Then the corresponding matrix blocks are given as follows:

GSYM

AA
∣
M
= dup⊺ GAA∣M dup

GSYM

AB
∣
M
= (dup⊺ + T(k,k)) GAB ∣M

GSYM

BB
∣
M
= 2 GBB ∣M + 2 GBC ∣M T(k,n−k) ,

with dup = vec ○ hresk×k ∈ Mk2×k(k+1)/2, and the following expressions for the subma-

trices:

GAA∣M = Ik ⊗ Ik + (KK⊺) ⊗ (KK⊺) ∈MSYM(k2×k2)

GAB ∣M = −K ⊗ (KK⊺) ∈Mk2×k(n−k)

GBB ∣M = In−k ⊗ Ik + In−k ⊗ (KK⊺) ∈MSYM(k(n−k)×k(n−k))

GBC ∣M =K⊺ ⊗K ∈Mk(n−k)×(m−k)k .

Proof: Recall that by Proposition 5.7, we have the following expression for the
push-forward of the inclusion map to the square symmetric ambient space:

(ι ○ (ϕSYM

R
)−1)∗ = (Q⊗Q) (∂Aι ○ϕ−1 ∂Bι ○ ϕ−1 ∂Cι ○ϕ−1) D ∈Mn2×k(2n+1−k)/2 .

Hence, the equation GSYM∣
M

= D⊺ G∣
M

D is a straightforward application of the
definition of the metric tensor:

GSYM = (ι ○ (ϕSYM

R
)−1)∗⊺ (ι ○ (ϕSYM

R
)−1)∗

=D⊺ (ι ○ϕ−1)∗⊺ (Q⊺ ⊗Q⊺)(Q⊗Q) (ι ○ ϕ−1)∗D
=D⊺GD .

Now, let’s compute the detailed expressions. Recall that the duplicate operator D
has the following expression according to Definition 5.2:

D =
⎛
⎜
⎝

dup 0
0 Ik(n−k)

0 T(k,n−k)

⎞
⎟
⎠
∈Mk(2n−k)×k(2n−1−k)/2 ,

with dup = vec ○ hresk×k ∈ Mk2×k(k+1)/2 being the duplicate operator for the k × k

subspace. We also recall the following block matrix expressions of the push-forward
of the inclusion map: ∂Aι ○ϕ−1 = ( Ik

0
) ⊗ ( Ik

0
) − ( 0

K⊺ ) ⊗ ( 0
K⊺ ), ∂Bι ○ ϕ−1 = ( 0

In−k ) ⊗
( Ik

K⊺ ) and ∂Cι ○ϕ−1 = T(n,n) ∂Bι ○ϕ−1 T(n−k,k). Hence, we may simplify the following
expression:

(∂Aι ○ ϕ−1 ∂Bι ○ϕ−1 ∂Cι ○ ϕ−1) D = (∂Aι ○ϕ−1 dup (In2 + T(n,n))∂Bι ○ ϕ−1) ,

where we have used the identity ∂Cι ○ϕ−1 T(k,n−k) = T(n,n) ∂Bι ○ ϕ−1. Therefore, we
infer the following expression for the linear map corresponding to the metric tensor:

GSYM = ( dup⊺GAA dup (dup⊺ + T(k,k))GAB

G⊺
AB

(dup + T(k,k)) 2GBB + 2GBC T(k,n−k)
) .

�
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5.3. Expressions of Riemann-Christoffel symbols

The Riemann-Christoffel symbols contain derivatives of the metric tensor. There-
fore we shall start the present section by setting forth those quantities. First, for
the general ambient matrix space, then for the square symmetric ambient matrix
space.

5.3.1. Matrix derivatives of the metric tensor, general case. Since the
metric tensor itself is given as a Kronecker product of matricesK = A−1 B, L = C A−1

and the identity matrix, the expression of the derivatives are rather complicated.
We shall therefore first introduce Lemma 5.13, which gives the matrix derivatives
of the maps K and L and their respective transpositions. Recall that the transpo-
sition matrix T(p,q) ∈ Mpq×pq is defined in Lemma B.7 and the identity map matrix

derivative E(p,q) ∈Mp2×q2 is defined in Corollary B.13.

Lemma 5.13 (Matrix derivatives of the maps K and L):

∂K

∂ A
= −(Ik ⊗A−1)E(k,k)(Ik ⊗K) ∂K

∂B
= (Ik ⊗A−1)E(k,n−k)

∂K⊺

∂ A
= −(Ik ⊗K⊺)T(k,k)(Ik ⊗A−⊺) ∂K⊺

∂ B
= T(k,n−k)(In−k ⊗A−⊺)

∂ L

∂ A
= −(Ik ⊗L)E(k,k)(Ik ⊗A−1) ∂ L

∂ C
= E(m−k,k)(Ik ⊗A−1)

∂ L⊺

∂ A
= −(Ik ⊗A−⊺)T(k,k)(Ik ⊗L⊺) ∂ L⊺

∂ C
= (Im−k ⊗A−⊺)T(m−k,k)

Proof: The proof is straightforward application of the matrix product differentia-
tion rule (Lemma B.11) and the matrix inverse derivative rule (Corollary B.13). �

Looking at the expressions of the block matrices of the metric tensor (Propo-
sition 5.10), we see that in addition to the expression of K and L we have also
expressions of the matrix products KK⊺ and L⊺L that occur in the Kronecker
products. Hence in the following lemma, we shall give Vetter’s matrix derivatives
of those product maps.

Lemma 5.14 (Matrix derivatives of the maps KK⊺ and L⊺L):

∂KK⊺

∂ A
= −(Ik ⊗A−1)E(k,k) (Ik ⊗KK⊺) − (Ik ⊗KK⊺)T(k,k) (Ik ⊗A−⊺)

∂KK⊺

∂ B
= (Ik ⊗A−1)E(k,n−k) (In−k ⊗K⊺) + (Ik ⊗K)T(k,n−k) (In−k ⊗A−⊺)

∂ L⊺L
∂ A

= −(Ik ⊗A−⊺)T(k,k) (Ik ⊗L⊺L) − (Ik ⊗L⊺L)E(k,k) (Ik ⊗A−1)

∂ L⊺L
∂ C

= (Im−k ⊗A−⊺)T(m−k,k) (Ik ⊗L) + (Im−k ⊗L⊺)E(m−k,k) (Ik ⊗A−1)
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Proof: The proof is a straightforward application of the matrix product differ-
entiation rule (Lemma B.11) with substitution of expressions obtained in Lemma
5.13. �

The next lemma gives expressions of the block component derivatives of the
metric tensor. Substitution of expressions given by Lemma 5.13 and 5.14 into
Lemma 5.15 gives expressions that can be easily programmed in a numerical scheme.

Lemma 5.15 (Expressions of matrix derivatives of the metric tensor):
The Vetter’s matrix derivatives of the block components of G are given by the fol-

lowing expressions. First, the matrix derivatives with respect to A:

∂ GAA

∂ A
= ∂KK⊺

∂ A
⊗ (L⊺L) + (Ik ⊗ T(k,k))(

∂ L⊺L
∂ A

⊗ (KK⊺))(Ik ⊗ T(k,k))

∂ GAB

∂ A
= −∂K

∂ A
⊗ (L⊺L) − (Ik ⊗ T(k,k))(

∂ L⊺L
∂ A

⊗K)(Ik ⊗ T(k,n−k))

∂ GAC

∂ A
= −∂KK⊺

∂ A
⊗L⊺ − (Ik ⊗ T(k,k))(

∂ L⊺

∂ A
⊗ (KK⊺))(Ik ⊗ T(m−k,k))

∂ GBB

∂ A
= (Ik ⊗ T(k,n−k))(

∂ L⊺L
∂ A

⊗ In−k)(Ik ⊗ T(k,n−k))

∂ GBC

∂ A
= ∂K⊺

∂ A
⊗L⊺ + (Ik ⊗ T(n−k,k))(

∂ L⊺

∂ A
⊗K⊺)(Ik ⊗ T(m−k,k))

∂ GCC

∂ A
= ∂KK⊺

∂ A
⊗ Im−k

Note that from the symmetry of the metric tensor, we have ∂ GBA

∂ A
= (∂ GAB

∂ A⊺
)⊺,

∂ GCA

∂ A
= (∂ GAC

∂ A⊺
)⊺ and ∂ GCB

∂ A
= (∂ GBC

∂ A⊺
)⊺, which yields the remaining expressions of

matrix derivatives withe respect to A:

∂ GBA

∂ A
= −∂K

⊺

∂ A
⊗ (L⊺L) − (Ik ⊗ T(n−k,k))(

∂ L⊺L
∂ A

⊗K⊺)(Ik ⊗ T(k,k))

∂ GCA

∂ A
= −∂KK⊺

∂ A
⊗L − (Ik ⊗ T ⊺(m−k,k))(

∂ L

∂ A
⊗ (KK⊺))(Ik ⊗ T(k,k))

∂ GCB

∂ A
= ∂K

∂ A
⊗L + (Ik ⊗ T ⊺(m−k,k))(

∂ L

∂ A
⊗K)(Ik ⊗ T(k,n−k))
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Then, the derivatives with respect to B and C:

∂ GAA

∂ B
= ∂KK⊺

∂ B
⊗ (L⊺L) ∂ GAA

∂ C
= (Im−k ⊗ T(k,k))(

∂ L⊺L
∂ C

⊗ (KK⊺))(Ik ⊗ T(k,k))

∂ GAB

∂ B
= −∂K

∂ B
⊗ (L⊺L) ∂ GAB

∂ C
= −(Im−k ⊗ T(k,k))(

∂ L⊺L
∂ C

⊗K)(Ik ⊗ T(k,n−k))

∂ GAC

∂ B
= −∂KK⊺

∂ B
⊗L⊺ ∂ GAC

∂ C
= −(Im−k ⊗ T(k,k))(

∂ L⊺

∂ C
⊗ (KK⊺))(Ik ⊗ T(m−k,k))

∂ GBB

∂ B
= 0

∂ GBB

∂ C
= (Im−k ⊗ T(k,n−k))(

∂ L⊺L
∂ C

⊗ In−k)(Ik ⊗ T(k,n−k))

∂ GBC

∂ B
= ∂K⊺

∂ B
⊗L⊺ ∂ GBC

∂ C
= (Im−k ⊗ T(n−k,k))(

∂ L⊺

∂ C
⊗K⊺)(Ik ⊗ T(m−k,k))

∂ GCC

∂ B
= ∂KK⊺

∂ B
⊗ Im−k ∂ GCC

∂ C
= 0

Again, from symmetry considerations of the metric tensor it is easy to deduct

∂ GBA

∂ B
= −∂K

⊺

∂ B
⊗ (L⊺L) ∂ GBA

∂ C
= −(Im−k ⊗ T(n−k,k))(

∂ L⊺L
∂ C

⊗K⊺)(Ik ⊗ T(k,k))

∂ GCA

∂ B
= −∂KK⊺

∂ B
⊗L

∂GCA

∂ C
= −(Im−k ⊗ T(k,m−k))(

∂ L

∂ C
⊗ (KK⊺))(Ik ⊗ T(k,k))

∂ GCB

∂ B
= ∂K

∂ B
⊗L

∂GCB

∂ C
= (Im−k ⊗ T(k,m−k))(

∂ L

∂ C
⊗K)(Ik ⊗ T(k,n−k))

Proof: Straightforward implementation of the Kronecker product matrix deriva-
tive rule B.12. �

5.3.2. Matrix derivatives of the metric tensor, symmetric case. When
the ambient matrix space is a symmeric matrix space, then for any symmetric
matrixM = R−1( A B

B⊺ B⊺A−1 B
) ∈ USYM

R
we haveA ∈MSYMk

k andB ∈Mk×(n−k). From the
shorthand notations K = A−1 B and L = B⊺A−1 =K⊺, we infer that the expressions
of the matrix derivatives of the metric tensor in the symmetric case are trivially
obtained by substituting L =K⊺ in Lemmas 5.13, 5.14 and 5.15.

5.4. Computation of geodesics on fixed rank matrix manifolds

A geodesic γ is by definition a smooth curve with zero acceleration [46]. In other
words, the derivative along the curve γ of the velocity vector field γ̇ ∈ T(γ) must
vanish identically. This characterization of the geodesic leads us to the geodesic
equation, which enables us to compute the local coordinate functions of the geodesic
from the following second order non-linear initial value problem:

⎧⎪⎪⎨⎪⎪⎩

γ̈k(t) + γ̇i(t) γ̇j(t) Γk
ij ∣γ(t) = 0 ∀ 1 ≤ k ≤ n

γ(0) = p and γ̇(0) = V
(5.1)

The computation of geodesics, in general, can not be implemented analytically.
From the theorem of existence and uniqueness [46] we know, however, that the
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initial value problem has a unique solution in some neighbourhood. When consid-
ering numerical integration of initial value problems, it is customary to transform a
higher order initial value problem to a first order one. In the following discussion,
we shall show how we transform the geodesic equation into a first order initial value
problem. In differential geometry language, this transformed first order initial value
problem can be interpreted as the defining equation for an integral curve defined
on the tangent bundle.

Let’s explain this idea more in detail. Recall, that a geodesic is a smooth curve
such that it’s acceleration is identically zero. In other words, the covariant derivative
along the geodesic of the velocity field has to vanish identically, i.e. (Dt γ̇)(t) = 0.
Of course, γ̇ ∈ T(γ) has to be an extendible vector field along the geodesic curve γ.
This determining equation can be easily transformed into an equivalent first order
one:

(Dt γ̇)(t) = 0 ⇔ { γ̇(t) = (V ○ γ)(t)
(∇V V )∣

γ(t)
= 0

(5.2)

It is easy to see that since γ is extendible, there exists a smooth vector field V

that agrees with γ̇ along the curve. Then, we can simplify the second equation and
give it in the following form: (V ○ γ)(V k) + (V i ○ γ)(V j ○ γ) (Γk

ij ○ γ) = 0, where

we have substituted ∇∂i
∂j = Γk

ij∂k. By substituting the first equation γ̇ = V ○ γ
and noting that γ̇(V k) = (γ∗ ○ d

dt
)(V k) = d

dt
(V k ○ γ) = γ̈k we obtain the geodesic

equation γ̈k(t) + γ̇i(t) γ̇j(t) Γk
ij ∣γ(t) = 0. Further, let’s define a smooth map F that

corresponds to the Riemann-Christoffel terms of the geodesic equation:

Definition 5.16 (Right hand side components of the geodesic equation):
Let F ∶ TMm×n

k → TMm×n

k denote a smooth map between manifolds defined locally
as follows:

F (M,V ) = − V p∣
M

V q ∣
M

Γk
pq ∣M ∂k∣M

Then the geodesic equation can be given as the following first order initial value
problem:

(Dt γ̇)(t) = 0 ⇔ { γ̇(t) = ν(t)
ν̇(t) = F (γ(t), ν(t)) (5.3)

where ν ∈ T(γ) is a vector field along the curve γ. In our implementation, we
shall pay particular attention to the expressions of the Riemann-Christoffel sym-
bols. Indeed, as we have already seen in the previous sections, we would like to
find a formulation that is easily programmable under any scientific programming
platform using Kronecker products to describe higher order tensors instead of loop-
ing over indices. That is the reason, why we shall give the components of the right
hand side map F using matrix and Kronecker product formulation together with
matrix derivatives. The technical details related to these subjects are described in
Appendix B.

5.4.1. Computing geodesics on fixed rank matrix manifolds, general
case. It is obviously not convenient to give the Riemann-Christoffel symbols them-
selves in a matrix form using Kronecker products. However, it turns out that the
image of any given vector component e⊺i F (M,V ) of the defining map can be given
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as the image of a linear functional Ω⊺i ∣(M,V )
that operates on a k3(m + n − k)3 di-

mensional vector ( (vec∂AG)⊺, (vec∂BG)⊺, (vec∂CG)⊺ )∣
M
. That vector, is nothing

else than the vectorized form of the matrix derivatives of the metric matrix.
How do we compute that sequence Ω⊺1 , . . . ,Ω⊺k(m+n−k) of linear functionals?

Looking at the geodesic equation, we see that it depends on the components of the
vector V , the dual metric tensor and finally the derivatives of the metric tensor.
What we would like to do, is to isolate all the components of the vector V and
the dual metric tensor in a linear functional that operates on the derivatives of the
metric tensor. First, let’s transform Definition 5.16 of the right hand side vector
field in the geodesic equation from a tensor notation to a matrix notation.

Lemma 5.17 (Expression of the right hand side components, general case):
Consider smooth vector fields V ∈ T(Mm×n

k ) and W1, . . . ,Wk(m+n−k) ∈ T(Mm×n

k )
given by the columns of the dual metric tensor G−1 ∈ C∞(Mm×n

k ;MSYMk(m+n−k)). The

right hand side components of the geodesic equation can be expressed as follows:

e⊺i F (M,V ) = 1
2
V ⊺∣

M
Wi∣M (G) V ∣

M
− V ⊺∣

M
V ∣

M
(G) Wi∣M

Proof: The expression results from a straightforward computation with respect to
the standard basis of the chart (UR, ϕR) starting from Definition 5.16.

F (M,V ) = − V p∣
M

V q ∣
M

Γi
pq ∣M ∂i∣M

= −1
2
V p∣

M
V q ∣

M
gij ∣

M
(∂pgqj ∣M + ∂qgpj ∣M − ∂jgpq ∣M) ∂i∣M

= − V p∣
M

V q ∣
M

gij ∣
M

∂pgqj ∣M ∂i∣M + 1
2
V p∣

M
V q ∣

M
gij ∣

M
∂jgpq ∣M ∂i∣M

Recall the identification Wj = G−⊺ ej ↔ gij ∂i, which implies that e⊺i Wj ↔ gij . Note
also that by symmetry of the metric tensor, we have e⊺i Wj = e⊺j Wi. A substitution
of those identifications yields:

V q V p ∂pgqj gij ↔ V ⊺ V (G)Wi

↕ ↕ ↕
V ⊺ eq e⊺qV (G)ej e⊺j Wi

V p gij ∂jgpq V q ↔ V ⊺Wi(G)V
↕ ↕ ↕

V ⊺ ep e⊺pWk(G)eq e⊺q V

Further, by identifying e⊺i F (M,V ) ↔ F (M,V )(dxi), and proceeding to appropri-
ate substitutions we finally get:

e⊺i F (M,V ) = 1
2
V ⊺∣

M
Wi∣M (G) V ∣

M
− V ⊺∣

M
V ∣

M
(G) Wi∣M .

�

For computational purposes, we need the expressions given in Lemmas 5.17
and 5.19. A straightforward application of Lemma B.21 gives us very neat matrix
expressions of the right hand side components of the geodesic equation. For the
general case, they are the following.

Proposition 5.18 (Expression of the right hand side components, general case):
Consider a smooth vector field V ∈ T(Mm×n

k ) and the metric tensor component ma-

trix G ∈ C∞(Mm×n

k ;MSYMk(m+n−k)). The right hand side components of the geodesic
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equation can be expressed as follows:

e⊺i F (M,V ) = Ω⊺i ∣(M,V )
(
vec∂AG
vec∂BG
vec∂CG

)∣
M

with the smooth maps Ω1, . . . ,Ωk(m+n−k) ∶ TMm×n

k → R
k3(m+n−k)3 given as follows:

Ω⊺i ∣(M,V )
= 1

2
W ⊺

i ∣M (
Ik⊗V ⊺⊗Ik⊗V ⊺ 0 0

0 In−k⊗V ⊺⊗Ik⊗V ⊺ 0

0 0 Ik⊗V ⊺⊗Im−k⊗V ⊺
)∣

M

+

− V ⊺∣
M

⎛
⎝

Ik⊗W ⊺
i ⊗Ik⊗V ⊺ 0 0

0 In−k⊗W ⊺
i ⊗Ik⊗V ⊺ 0

0 0 Ik⊗W ⊺
i ⊗Im−k⊗V ⊺

⎞
⎠

^̂̂
^̂̂
^̂̂
^̂
M

Proof: Start form the result of Lemma 5.17 and apply Lemma B.21 to get the
following expressions:

V ⊺∣
M

Wi∣M (G) V ∣
M
= W ⊺

i ∣M
⎛
⎜
⎝

vec (Ik ⊗ V ⊺)∂AG(Ik ⊗ V )
vec (Ik ⊗ V ⊺)∂BG(In−k ⊗ V )
vec (Im−k ⊗ V ⊺)∂CG(Ik ⊗ V )

⎞
⎟
⎠

^̂̂
^̂̂
^̂̂
^̂̂
^M

V ⊺∣
M

V ∣
M
(G) Wi∣M = V ⊺∣

M

⎛
⎜
⎝

vec (Ik ⊗ V ⊺)∂AG(Ik ⊗Wi)
vec (Ik ⊗ V ⊺)∂BG(In−k ⊗Wi)
vec (Im−k ⊗ V ⊺)∂CG(Ik ⊗Wi)

⎞
⎟
⎠

^̂̂
^̂̂
^̂̂
^̂̂
^M

Then by applying the matrix equation rule (Lemma B.2), one gets the result. �

5.4.2. Computing geodesics on fixed rank matrix manifolds, symmet-
ric case. Since we are also interested, in particular, in the case where the ambient
matrix space is a symmetric one, we shall rewrite the previous lemma for that par-
ticular case, too. In the symmetric case, the image of any given vector component
e⊺i F (M,V ) can be given as the image of a linear functional Ω⊺i ∣(M,V )

that operates

on a (k(2n + 1 − k)/2)3 dimensional vector ( (hvec∂AG)⊺, (vec∂BG)⊺ )∣
M
. The se-

quence Ω⊺1, . . . ,Ω⊺k(2n+1−k)/2 of linear functionals is computed in the same way as

for the general case.

Lemma 5.19 (Expression of the right hand side components, symmetric case):
Consider smooth vector fields V ∈ T(MSYMn

k ) and W SYM

1 , . . . ,W SYM

k(2n+1−k)/2 ∈ T(MSYMn

k )
given by the columns of the dual metric tensor (GSYM)−1 ∈ C∞(MSYMn

k ;MSYMk(2n+1−k)/2).
The right hand side components of the geodesic equation can be expressed as follows:

e⊺i F
SYM(M,V ) = 1

2
V ⊺∣

M
W SYM

i ∣
M
(GSYM) V ∣

M
− V ⊺∣

M
V ∣

M
(GSYM) W SYM

i ∣
M

Proof: As for Lemma 5.17, except that the computation is done with respect to
the standard basis of the chart (USYM

R
, ϕSYM

R
). �

Again, as for the general case, for the symmetric case, too, we need matrix ex-
pressions of the right hand side vector filed for computational purposes. A straight-
forward application of Lemma B.22 gives us very neat matrix expressions of the
right hand side components of the geodesic equation. For the symmetric case, they
are the following.

Proposition 5.20 (Expression of the right hand side components, symmetric case):
Consider a smooth vector field V ∈ T(MSYMn

k ) and the metric tensor component
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matrix G ∈ C∞(MSYMn

k ;MSYMk(2n+1−k)/2). The right hand side components of the

geodesic equation can be expressed as follows:

e⊺i F
SYM(M,V ) = (ΩSYM

i )⊺∣
(M,V )

( hvec∂AGSYM

vec∂BGSYM )∣
M

with the smooth maps ΩSYM

1 , . . . ,ΩSYM

k(m+n−k) ∶ TMSYMn

k → R
(k(2n+1−k)/2)3 given as

follows:

(ΩSYM

i )⊺∣
(M,V )

= 1
2
(W SYM

i )⊺∣
M
( dup−1 (Ik⊗V ⊺⊗Ik⊗V ⊺)dup 0

0 In−k⊗V ⊺⊗Ik⊗V ⊺ )∣M +

− V ⊺∣
M
( dup−1 (Ik⊗(WSYM

i )⊺⊗Ik⊗V ⊺)dup 0

0 In−k⊗(WSYM
i )⊺⊗Ik⊗V ⊺ 0

)∣
M

Proof: Start form the result of Lemma 5.19 and apply Lemma B.22 to get the
following expressions:

V ⊺∣
M

W SYM

i ∣
M
(GSYM) V ∣

M
= (W SYM

i )⊺∣
M
(hvec (I

k ⊗ V ⊺)∂AG
SYM(Ik ⊗ V )

vec (Ik ⊗ V ⊺)∂BG
SYM(In−k ⊗ V ))∣

M

V ⊺∣
M

V ∣
M
(GSYM) W SYM

i ∣
M
= V ⊺∣

M
(hvec (I

k ⊗ V ⊺)∂AG
SYM(Ik ⊗W SYM

i )
vec (Ik ⊗ V ⊺)∂BG

SYM(In−k ⊗W SYM

i ))∣
M

Then, by applying the matrix equation rule (Lemma B.2) one gets the result. �

This ends the rather technical investigation of Riemannian properties of fixed
rank matrix manifolds. An example of a geodesic on the symmetric 2×2 rank 1 ma-
trix manifold is illustrated in Figure 1. Notice, again, that the main reason for the
existence of this chapter is to provide a convenient notational framework to enable
an easy implementation of the geodesic equation in a programming environment.

ϕR

x y

z

�

�

N = γV (1)
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��
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�

(ϕR ○ γV )(1)

(ϕR ○ γV )(0)
�
�
�
�
�
�
�
�������������� (ϕR)∗ V

Figure 1. Example of a geodesic on the 2 × 2 rank 1 matrix manifold
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5.5. Table of notations

Mm×n

k the set of m × n rank k matrices
MSYM(n)

k the set of symmetric n × n rank k matrices
(UR, ϕR) coordinate chart on Mm×n

k

relative to the permutation R

M = R−1(A B
C CA−1B

) ∈ UR point on chart domain
xA = (vecA)⊺
xB = (vecB)⊺
xC = (vecC)⊺
ϕR(M) = ( xA,xB ,xC ) = x local chart coordinates
V = R−1(X Y

Z ZK+LY −LXK ) vector in TMMm×n

k , K = A−1B, L = CA−1.
V A = (vecX)⊺
V B = (vecY )⊺
V C = (vecZ)⊺
(ϕR)∗ ○ V = ( V A,V B ,V C ) local vector coordinates

(F∗ ○ V )∣
M
= ( ∂AF ∂BF ∂CF )∣

M
(
V A

V B

V C
) directional derivative of a map F on Mm×n

k

ι ∶Mm×n

k ↪Mm×n inclusion map
gHS = ⟨⋅, ⋅⟩HS Hilbert-Schmidt inner product in Mm×n

g = ι∗ ○ gHS ○ ι induced inner product in Mm×n

k

G ∈MSYM(k(m+n−k) ) associated matrix g(V,W ) = V ⊺GW

Γk
ij ∶Mm×n

k → R Riemann-Christoffel symbols
F ∶ TMm×n

k → TMm×n

k Right-hand side defining map
of geodesic equations

D ∈Mk(2n−k)×k(2n−k−1)/2 duplicate operator
GSYM =D⊺GD metric matrix for symmetric space

Table 1. Table of notations for Chapter 5





CHAPTER 6

Lie group actions on fixed rank manifolds

This chapter introduces still another aspect of fixed rank matrix manifolds.
These manifolds shall be considered as homogeneous spaces with respect to
an appropriate Lie group. After a short motivation for the Lie theory in
section 6.1, we show, in Section 6.2, Proposition 6.5, that a clever use of the
singular value decomposition together with the matrix equation rule from
the Kronecker product algebra leads to a transitive left action of a Lie group
on the fixed rank matrix manifold. Section 6.3 gives expressions of vertical
and horizontal spaces, and Section 6.4 the induced metrics.

Finally, Section 6.5 focuses on the special case of rank deficient square
matrix manifolds. It turns out, that in this special case the quotient map
from the Lie group to the quotient space is also a smooth covering map,
and therefore one can consider images of one-parameter subgroups on the
fixed rank matrix manifold. With some basic considerations from algebraic
topology, we come up with a characterization homotopy equivalence classes
of curves relative to given starting and ending points.

6.1. Motivation for the study of Lie group actions

The study of fixed rank matrix manifolds equipped with a Riemannian metric
tensor provided us a vast numerical toolbox that is able to answer to specific geo-
metric questions. Those methods can be implemented and numerical examples can
be easily computed. It provides essential intuitive information about “how things
work” in higher dimensions. However, in order to get deeper information about
the underlying geometric objects, one has to rely on more algebraic approaches.
A standard way of finding algebraic properties on smooth manifolds is to consider
them as homogeneous spaces with respect to some appropriate Lie group. Let’s re-
call some vocabulary. In the forthcoming discussion the following concepts related
to Lie-theory are being used:

● A Lie group G is a topological group that is also a smooth manifold
in which the group operation of multiplication and inversion are smooth
maps.

● A Lie group (left/right) action on a smooth manifold M is a smooth map
θ ∶ G ×M → M for which compatibility and identity axioms hold, i.e.
θ(A, θ(B,M)) = θ(A ○B,M) and θ(I,M) =M .

● The Lie group action is called transitive if, for any two elements M and
N in the smooth manifold M, one can find an element A in the Lie group
such that θ(A,M) = N . If the smooth manifold can be endowed with a
transitive Lie group action, it is called a homogeneous space.

● The orbit of a transitive Lie group action through a pointM on the smooth
manifold, is the image of the Lie group action such that the second operand
is fixed, i.e. θ(G,M) = {θ(A,M) ∈ M ∶ A ∈ G}. The corresponding orbit
map is defined as θM ∶ G→M.

85
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● One can find a closed Lie subgroup, called the stability group (or isotropy
group) of a point M ∈ M, and denoted by StabM ⊂ G, such that the action
of the stability group leaves M unchanged: θ(StabM ,M) = {M}.

● It can be shown that the quotient space G/StabM is a smooth manifold
diffeomorphic to the original manifold M.

Notice that the last point is a very important one, because it enables us to study the
invariant geometric properties of our underlying manifold by studying algebraic and
topological properties on the quotient space. In particular, if we build such specific
one-parameter subgroups that are unique for a given direction in the corresponding
Lie algebra (we call them Lie exponential maps or also matrix exponentials), then
we can study interesting topological properties of the fixed rank matrix manifolds.
In particular, we can compute its fundamental group and tell whether or not it is
simply connected and if not, then how many holes do we have in the manifold.

Computation of these topological properties is very important, because then we
can infer the number of distinct homotopy classes relative to two distinct points on
the fixed rank matrix manifold. Each homoptopy class is defined by a matrix expo-
nential, but it can also be identified to a geodesic that connects the two endpoints.
Inspired by the algebra-geometry dictionary found in algebraic geometry [16], we
shall set up our own version of an algebra geometry dictionary that is focused on
one hand on the topological algebra properties of homogeneous spaces and on the
other hand on the geometric properties of Riemannian manifolds.

Lie group G
surjective orbit map77777777777→ homogeneous space M

Isotropy group StabE ⊂ G
surjective orbit map77777777777→ {E} ⊂M

quotient space G/StabE

diffeomorphic←777777→ M

horizontal space HIG
isomorphic←77777→ tangent space TEM

Table 1. Algebra-geometry dictionary

In case the homogeneous space under consideration is a fixed rank manifold,
denoted by Mm×n

k , we can notice that the equivalence relation between matrices
induces a transitive group action. Recall that two matrices of same size are equiv-
alent if they have same rank. This means that if two matrices are equivalent, then
the first one can be transformed to the second one by pre- and post-multiplying by
some invertible matrices. A clever use of the matrix equation rule (see Lemma B.2)
leads us naturally to a transitive group action, where the elements of the Lie group
are Kronecker products of two invertible matrices. This type of approach has been
successfully adopted in [81], although the object of interest is restricted to positive
definite symmetric matrices.

To our understanding, a more powerful approach can be taken if we use the
singular value decomposition as a mean to find the appropriate Lie group and the
corresponding transitive action that makes our fixed rank manifold a homogeneous
space. Again, by using the matrix equation rule twice one can transform the matrix
equation given by a singular value decomposition into an expression that matches a
Lie group action from the left. An attentive reader may already guess that the Lie
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group is given by Kronecker products of orthogonal groups and diagonal groups.
Because a Kronecker product of a matrix group can be trivially shown to be a
matrix group itself, the conclusion follows. The detail of this discussion is given in
section 6.2.

In section 6.3, we concentrate on linear approximations of quotient spaces. As
we will see, the tangent space to the underlying Lie group naturally decomposes
into a vertical and horizontal space and the horizontal space can be understood as
a tangent space to the quotient space. Recall from the Lie theory that the tangent
space at the identity is called the Lie algebra, and that we can define unique one-
parameter subgroups with the help of matrix exponentials. This is very practical,
since numerically we are able to compute matrix exponentials as well as matrix
logarithms on special orthogonal groups.

Unfortunately, the horizontal space is not a Lie algebra in general, and therefore
the construction of unique one-parameter subgroups using matrix exponentials is
doomed to fail. However, there is a special case, namely the case of square matrix
manifolds of rank deficit 1, denoted by Mn×n

n−1, when the Lie group G is a covering

space of the quotient space G/StabE. This follows directly from the fact that in
the particular case of square rank 1 deficient matrix manifolds the isotropy group
StabE is a discrete set, and therefore the quotient map π ∶ G→ G/StabE is actually
also a smooth covering map. It follows that the corresponding horizontal space
can be endowed with a Lie algebra structure, and therefore one can construct one-
parameter subgroups on the quotient space using matrix exponents:

π ○ ΓV ∶ [0,1] → G/StabE

t ↦ π(etV ) .

Here, V is a vector in the horizontal space HIG = g(G). If we focus on this special
case of square matrix manifolds of rank deficit 1, we are able to append one more
line to our algebra-geometry dictionary. This line concerns the relation between
one-parameter subgroups in the quotient space and geodesics on the fixed rank
matrix manifold, and they are related in such a way that for any two points on the
fixed rank manifold, there is a one-to-one relation between geodesics connecting
those points and corresponding one-parameter subgroups.

one-parameter subgroup π ○ ΓV

one-to-one←77777→ geodesic in Mn×n
n−1

Table 2. Algebra-geometry dictionary revisited

This can be easily seen by considering the homotopy equivalence classes relative
to the endpoints. Recall, that two continuous maps between topological space are
homotopically equivalent relative to the endpoints, if the first map can be smoothly
transformed to the second such that all of the maps share the same endpoints.
We will show later that on the quotient space one can find a finite number of
homotopy equivalence classes relative to endpoints, and that each of those homotopy
equivalence classes corresponds to a homotopy class on the matrix manifold. Since
a geodesic is locally unique, a homotopy class can be represented by that geodesic.

Now, once we have set the scene in a very broad manner, let’s focus for a
while on the details of the deductive pattern that enabled us to set up the algebra-
geometry dictionary.
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6.2. Fixed rank manifolds as homogeneous spaces

There are numerous issues that have to be clarified on our way to show, even-
tually, that fixed rank manifolds are homogeneous spaces and further that we can
find appropriate isotropy groups and construct useful quotient spaces. The first
issue is to find a nice Lie group candidate that can be used to define a transitive
action on the fixed rank matrix manifold. As we already hinted, the singular value
decomposition is the key to this issue.

6.2.1. The singular value decomposition of fixed rank matrices. It
turns out that the ideal tool that fulfils the task of finding a representative element
for the quotient space G/StabE is the singular value decomposition. Indeed, the
singular value decomposition of a rank k rectangularm×nmatrix can be understood
as an algorithm for finding an ordered set of k singular values together with a
corresponding pair of orthogonal matrices of dimensionm×m and n×n respectively.
Note that the singular value decomposition is not unique because the orthonormal
set of eigenvectors that span a given eigenspace is unique only up to an orthogonal
transformation. In the next lemma, we shall try to show that the singular value
decomposition operated on matrix blocks can be used elegantly to get an exhaustive
collection of all orthogonal matrices that together with an ordered set of singular
values constitute the singular value decomposition of a given rectangular fixed rank
matrix.

Lemma 6.1 (Block singular value decomposition of Mm×n

k ):

Let M = (A B
C CA−1 B

) ∈ Mm×n

k with A ∈ Mk×k

k , and consider the ordered set of non-

zero singular values σ1, . . . , σk of respective multiplicities n1, . . . , nk. Consider the

notation Σ = diag(σ1, . . . , σk) together with the following ones

S = Ik +A−1 BB⊺A−⊺ , T = Ik +A−⊺C⊺C A−1 ,

S′ = In−k +B⊺A−⊺A−1 B , T ′ = Im−k +C A−1 A−⊺C⊺ ,

and the singular value decomposition Y ⊺ (T −1/2AS−1/2)Z = Σ, where Y ∈ SO(k)
and Z ∈ SO(k). Then, we can find unique orthogonal matrices K ∈ SO(m) and

L ∈ SO(n) defined by

K = ( T −1/2 Y −A−⊺C⊺ (T ′)−1/2
C A−1 T −1/2 Y (T ′)−1/2 ) , L = ( S−1/2 Z −A−1B (S′)−1/2

B⊺A−⊺ S−1/2 Z (S′)−1/2 ) ,

such that the singular value decomposition of M is given by the expression P ⊺M Q =
(Σ 0
0 0 ), where the orthogonal matrices P ∈ O(m) and Q ∈ O(n) are given as follows:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

P ∈ K (D 0
0 O(m − k))

Q ∈ L (D 0
0 O(n − k))

, ∀D ∈
⎛
⎜
⎝

O(n1) 0 0
0 ⋱ 0
0 0 O(nk)

⎞
⎟
⎠

Proof: By assumption, we have M = (A B
C CA−1 B

) with A ∈ Mk×k

k . Then we may
express the symmetric matrices M M⊺ and M⊺M as follows:

M M⊺ = (A
C
) S (A⊺ C⊺) , M⊺M = (A

⊺
B⊺) T (A B) .
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Squares of singular values ofM are obtained from the eigenvalues of bothM M⊺ and
M⊺M . Let ( a1

a2
) denote an eigenvector of M M⊺ and ( b1

b2
) denote an eigenvector

of M⊺M . Then we may write the following set of equations:

AS (A⊺ a1 +C⊺ a2) = λa1 ,

C S (A⊺ a1 +C⊺ a2) = λa2 ,

A⊺ T (Ab1 +B b2) = λb1 ,

B⊺ T (Ab1 +B b2) = λb2 .

Assume first λ ≠ 0. Solving from the first and third equations A⊺ a1 + C⊺ a2 =
λS−1 A−1 a1 and Ab1 + B b2 = λT −1 A−⊺ b1 and then substituting those expressions
in the second and fourth equation, respectively yields:

λC S S−1 A−1 a1 = λa2 ,

λB⊺ T T −1 A−⊺ b1 = λb2 ,

whence we infer that C A−1 a1 = a2 and B⊺A−⊺ b1 = b2. Substitution of the expres-
sions of a2 and b2 back in the original equations yields the following two eigenvalue
equations in a1 and b1 only:

ASA⊺ T a1 = λa1 ,

A⊺ T AS b1 = λb1 .

Rearranging the equations, and noting that since both S and T are positive definite,
it makes sense to take the square root of those matrices, we obtain the following
result:

(T 1/2 AS1/2)(T 1/2 AS1/2)⊺ y = λy ,

(T 1/2 AS1/2)⊺(T 1/2 AS1/2) z = λz ,

where y = T 1/2 a1 and z = S1/2 b1. Denote by Y = (y1, . . . , yk) and Z = (z1, . . . , zk)
two positively oriented orthonormal bases corresponding to the collection of eigen-
values λ1 ≥ ⋯ ≥ λk > 0. It follows that Y ⊺(T 1/2 AS1/2)Z = Σ, where we denoted

by Σ = diag(
√
λ1, . . . ,

√
λk) the diagonal matrix containing the ordered singular

values of (T 1/2 AS1/2), which are also the non-zero singular values of the original
matrix M . Recall that if an eigenvalue of a diagonalisable matrix has an algebraic
multiplicity ni, then the dimension of the corresponding subspace is ni as well. It
follows from C A−1 a1 = a2 and B⊺A−⊺ b1 = b2 that the submatrices P1 and Q1 are
given by the following expressions:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

P1 = ( T −1/2

C A−1 T −1/2
)Y D

Q1 = ( S−1/2

B⊺A−⊺ S−1/2)ZD

, ∀D ∈
⎛
⎜
⎝

O(n1) 0 0
0 ⋱ 0
0 0 O(nk)

⎞
⎟
⎠

.
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Now, consider the case when λ = 0. Then, the four eigenproblems are expressed as
follows:

AS (A⊺ a1 +C⊺ a2) = 0 ,

C S (A⊺ a1 +C⊺ a2) = 0 ,

A⊺ T (Ab1 +B b2) = 0 ,

B⊺ T (Ab1 +B b2) = 0 .

Since AS and A⊺ T are invertible, we infer that A⊺ a1+C⊺ a2 = 0 and Ab1+B b2 = 0
respectively, and hence the relation between a1 and a2 on one hand and between
b1 and b2 on the other are given by a1 = −A−⊺C⊺ a2 and b1 = −A−1B b2. By setting
u = (T ′)1/2 a2 and v = (S′)1/2 b2, where u and v are unit length we get the expressions
of P2 and Q2:

P2 = (−A
−⊺C⊺ (T ′)−1/2
(T ′)−1/2 ) U , Q2 = (−A

−1B (S′)−1/2
(S′)−1/2 ) V ,

where U ∈ O(m − k) and V ∈ O(n − k) can be arbitrarily chosen. A quick check
shows that P = (P1 P2 ) ∈ O(m). Considering the following expressions

P ⊺1 P1 = Y ⊺T −1/2(Ik +A−⊺C⊺C A−1)T −1/2Y = Ik ,

P ⊺1 P2 = Y ⊺T −1/2(−A−⊺C⊺ +A−⊺C⊺ )(T ′)−1/2Z = 0k×(m−k) ,

P ⊺2 P1 = Z⊺(T ′)−1/2(−C A−1 +C A−1)(T )−1/2Y = 0(m−k)×k ,

P ⊺2 P2 = Z⊺(T ′)−1/2(A−⊺C⊺C A−1 + Im−k)(T ′)−1/2Z = Im−k ,

we infer that P ⊺ P = (P ⊺1 P1 P ⊺1 P2

P ⊺2 P1 P ⊺2 P2
) = Im. Then considering the expression

P1 P
⊺
1 +P2 P

⊺
2 = ( T −1 T −1 A−⊺C⊺

C A−1 T −1 C A−1 T −1 A−⊺C⊺)+(
A−⊺C⊺ (T ′)−1 C A−1 −A−⊺C⊺ (T ′)−1

−(T ′)−1 C A−1 (T ′)−1 )

together with the identity (T ′)−1 C A−1 = C A−1 T −1 shows that P P ⊺ = P1 P
⊺
1 +

P2 P
⊺
2 = Im. A similar argumentation on the matrix Q shows that Q = (Q1 Q2 ) ∈

O(n). Furthermore a starightforward computation shows that

P ⊺M Q = (P
⊺
1 M Q1 P ⊺1 M Q2

P ⊺2 M Q1 P ⊺2 M Q2
) = (Y

⊺ (T −1/2AS−1/2)Z 0k×(n−k)

0(m−k)×k 0(m−k)×(n−k)
) .

An identification of the matrices K and L shows that P ⊺M Q = (Σ 0
0 0 ) if and only

if K⊺M L = (Σ 0
0 0 ), and a computation of the respective determinants gives

∣K ∣ = ∣ T −1/2 Y −A−⊺C⊺ (T ′)−1/2
C A−1 T −1/2 Y (T ′)−1/2 U ∣ = ∣T −1/2 Y ∣ ∣(T ′)1/2∣ = ∣Y ∣ ,

∣L∣ = ∣ S−1/2 Z −A−1B (S′)−1/2 V
B⊺A−⊺ S−1/2 Z (S′)−1/2 ∣ = ∣S−1/2 Z ∣ ∣(S′)1/2∣ = ∣Z ∣ .

Since we assumed Y ∈ SO(k) and Z ∈ SO(k), it follows that K ∈ SO(m) and
L ∈ SO(n). �

Essentially, Lemma 6.1 tells us that although the singular value decomposition
of a fixed rank k matrix M is not unique, we can still find unique representative
elements for the left and right orthogonal matrices, denoted K ∈ O(m) and L ∈
O(n) respectively, such that K⊺ML = (Σ 0

0 0 ). How about all other left and right
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orthogonal matrices P ∈ O(m) and Q ∈ O(n) such that P ⊺MQ = (Σ 0
0 0 )? It turns

out that they are elements of the orbit through L ⊗K of a certain subgroup of
O(n) ⊗O(m). Let’s precise, what subgroup we are talking about.

Lemma 6.2 (A remarkable subgroup of O(n) ⊗O(m)):
Denote Rn ⊗Rm the following subset of O(n) ⊗O(m):

Rn ⊗Rm = {(D 0
0 O(n−k) ) ⊗ (D 0

0 O(m−k) ) ∈ O(n) ⊗O(m) ∶ D ∈ ( ±1 0 0
0 ⋱ 0
0 0 ±1 )} .

We claim that Rn ⊗Rm is a closed subgroup of O(n) ⊗O(m).

Proof: We have to show that Rn ⊗ Rm is an embedded submanifold of the Lie
group O(n)⊗O(m) and that the inclusion map is a group homomorphism. Indeed,
the inclusion map ι ∶ Rn⊗Rm ↪ O(n)⊗O(m) is trivially an embedding, because it
is merely the restriction of the identity map to Rn ⊗Rm. In addition, the product
map is well defined because the product of two elements in Rn ⊗ Rm stays in
Rn ⊗Rm. This implies that the inclusion map is a group homomorphism. The Lie
subgroup Rn ⊗ Rm also happens to be a topologically closed subset. Indeed, by
inspecting the continuous map F ∶ O(n) ⊗O(m) → Mk ⊗Mk defined by Q ⊗ P ↦
(( Ik 0 )Q( Ik

0
) ) ⊗ ( ( Ik 0 )P ( Ik

0
) ) we see that

F −1(∪( ±1 0⋱
0 ±1 ) ⊗ ( ±1 0⋱

0 ±1 ) ) = Rn ⊗Rm .

Since Rn⊗Rm is the pre-image of the closed subset by a continuous map it is closed
in the topological sense. �

Again, by Theorem 7.15 in [47], the action of a closed Lie subgroup Rn⊗Rm on
the Lie group O(n) ⊗O(m) is smooth, free and proper and therefore the quotient
space O(n) ⊗O(m)/Rn ⊗Rm is a smooth manifold. Note, however, that Rn ⊗Rm

fails to be a normal subgroup of O(n)⊗O(m), and hence the quotient space is not
a Lie group, but merely a smooth manifold.

So if we come back to the previously asked question about all other left and
right orthogonal matrices P ∈ O(m) and Q ∈ O(n) such that P ⊺MQ = (Σ 0

0 0 ), it
follows directly form Lemma 6.1 that Q ⊗ P is contained in the orbit given by
(L ⊗ K)(Rn ⊗ Rm), where K ∈ O(m) and L ∈ O(n) are the unique orthogonal
matrices that decompose the matrix M ∈Mm×n

k .
Before we put forth, in Proposition 6.5, our candidate for a transitive Lie group

action on the fixed rank matrix manifold, let’s motivate our choice of that candidate
in the following discussion. Consider the singular value decomposition of a fixed
rank matrix M ∈ Mm×n

k . Denote the einselement as follows: Em×n

k = ( Ik 0
0 0

) ∈ Mm×n

k .
The next lemma shows how an arbitrary fixed rank matrix can be expressed as a
linear operator that operates from the left on the vectorized form of the einselement.

Lemma 6.3 (The SVD as a left action on the einselement):
Any fixed rank matrix M ∈Mm×n

k can be given in the following form:

M = resm×n ( resmn×mn (XRvec Imn )vecEm×n

k ) ,

where the matrices X,R ∈M(mn)2×(mn)2 have the following expressions:

X ∈ { ((S 0

0 In−k ) ⊗ (S 0

0 Im−k )) ⊗ (O(n) ⊗O(m)) ∶ S ∈ diag(Rk+) } ,

R ∈ (In ⊗ Im) ⊗ (Rn ⊗Rm) .
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Proof: Consider an arbitrary fixed rank matrix M ∈ Mm×n

k , which can be decom-
posed as follows M = P (Σ 0

0 0 )Q⊺. Assume that the multiplicities of the singular
values are generic, i.e. each singular value σ1, . . . σk has a multiplicity 1. The
notations are the same as the ones given in Lemma 6.1, that is:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

P ∈ K (D 0
0 O(m−k) )

Q ∈ L (D 0
0 O(n−k) )

, ∀D ∈ (
O(n1) 0 0

0 ⋱ 0

0 0 O(nk)
) = diag({±1}, . . . ,{±1}) ,

where K ∈ O(m) and L ∈ O(n) are uniquely determined (up to permutations) by
the matrix entries of M . Hence, the matrix decomposition may be written for some
arbitrary matrices U ∈ O(m−k), V ∈ O(n−k) and D ∈ diag({±1}, . . . ,{±1}) ∈Mk×k

as follows:

M =K(D 0
0 U )(

√
Σ 0

0 Im−k )Em×n

k (
√
Σ 0

0 Im−k )(D 0
0 V ⊺

)L⊺

= resm×n ( (L⊗K)((
√
Σ 0

0 In−k ) ⊗ (
√
Σ 0

0 Im−k ))((D 0
0 V ) ⊗ (D 0

0 U ))vecEm×n

k )

Notice that since we have the following expressions:

vec ((L⊗K)((
√
Σ 0

0 In−k ) ⊗ (
√
Σ 0

0 Im−k ))) = ((
√
Σ 0

0 In−k ) ⊗ (
√
Σ 0

0 Im−k )) ⊗ (L⊗K)vec Imn

vec (((D 0
0 V ) ⊗ (D 0

0 U ))(In ⊗ Im)) = (In ⊗ Im) ⊗ ((D 0
0 V ) ⊗ (D 0

0 U ))vec Imn

it follows naturally that the arbitrary fixed rank matrix M can be expressed using
twice the matrix equation rule:

M = resm×n ( resmn×mn (XRvec Imn )vecEm×n

k ) ,

together with the following shorthand notations:

X = ((
√
Σ 0

0 In−k ) ⊗ (
√
Σ 0

0 Im−k )) ⊗ (L⊗K) ∈M(mn)2×(mn)2 ,

R = (In ⊗ Im) ⊗ ((D 0
0 V ) ⊗ (D 0

0 U )) ∈M(mn)2×(mn)2 .

Noticing that actually R ∈ (In ⊗ Im) ⊗ (Rn ⊗Rm) concludes the proof. �

Let’s summarize some of the results we obtained in this first task on our in-
vestigation of homogeneous space characterization of fixed rank manifolds. Recall,
that it consisted in finding, how the singular value decomposition could be possibly
used to formulate a Lie group, which could be used to define a left action on the
fixed rank manifold. So far, in Lemma 6.1, we have shown that the singular value
decomposition of a fixed rank matrix was not unique, but that we could find a
fixed component in the orthogonal matrices and a variable component. That vari-
able component, as we have shown in Lemma 6.2, could be identified as a closed
subgroup of the orthogonal matrix group.

Further, Lemma 6.3 showed us how we can transform the matrix equation
given by the singular value decomposition into a linear map that operates on the
vectorized form of a special point on the fixed rank matrix manifold. The trick in
this transformation consisted in using twice the matrix equation rule. The same
lemma gives us also very clear indications about how the Lie group candidate should
look like.
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6.2.2. Finding candidates for transitive Lie group actions on fixed
rank manifolds. Notice that Lemma 6.3 suggests us to define a Lie group G and
a closed Lie subgroup StabE ⊂ G in the matrix space M(mn)2×(mn)2 as a double
Kronecker product of orthogonal and positive diagonal matrices. The following
lemma formalizes and proves each of those claims.

Lemma 6.4 (A remarkable Lie group in M(mn)2×(mn)2):

The subset G ⊂M(mn)2×(mn)2 is a Lie group, where G is defined as follows:

G = {((S 0

0 In−k ) ⊗ (S 0

0 Im−k )) ⊗ (O(n) ⊗O(m)) ∶ S ∈ diag(Rk
+) } .

The subset StabE ⊂ G, where StabE = (In ⊗ Im) ⊗ (Rn ⊗Rm) is a closed subgroup

of G.

Proof: We have to show that the product and inverse maps are smooth, i.e. for
any X,X ′ ∈ G the map (X,X ′) ↦ XX ′ ∈ G is smooth and the map X ↦ X−1 ∈ G
is smooth. Considering S,S′ ∈ diag(Rk+) and K,K ′ ∈ O(m) and L,L′ ∈ O(n) such
that we have:

X = ((S 0

0 In−k ) ⊗ (S 0

0 Im−k )) ⊗ (L⊗K) ,

X ′ = ((S′ 0

0 In−k ) ⊗ (S′ 0

0 Im−k )) ⊗ (L′ ⊗K ′) .

Then, the product map gives:

XX ′ = (( SS′ 0

0 In−k ) ⊗ (SS′ 0

0 Im−k )) ⊗ ((LL′) ⊗ (KK ′)) ∈ G ,

which is clearly a smooth map. Likewise, we have the expression for the inverse
map:

X−1 = (( S−1 0

0 In−k ) ⊗ (S−1 0

0 Im−k )) ⊗ (L⊺ ⊗K⊺) ∈ G ,

which is also smooth, since the matrix S has only strictly positive entries and the
transpose operation is always a smooth one. Hence G is a Lie group. To show
that StabE ⊂ G is a closed Lie subgroup we have to show that the inclusion map
ι ∶ StabE ↪ G is an embedding and a group homomorphism. Noticing that both
properties follow trivially form Lemma 6.2 proves the claim. �

Now we have gathered all the necessary elements to construct a transitive Lie
group action on fixed rank matrix manifolds. The following proposition formalizes
that construction.

Proposition 6.5 (A transitive Lie group action on fixed rank matrix manifolds):
The following smooth map defines a transitive left action of the Lie group G on the

fixed rank matrix manifold:

Θ ∶ G ×Mm×n

k → Mm×n

k

(X,M) ↦ resm×n ( resmn×mn (X vec Imn )vecM ) .

Proof: First show that the proposed map Θ ∶ G ×Mm×n

k → Mm×n

k is a Lie group
action, i.e. that it fulfils the compatibility and identity requirements. Consider an
arbitrary M ∈Mm×n

k and arbitrary X,X ′ ∈ G given as follows:

X = (( S 0

0 In−k ) ⊗ (S 0

0 Im−k )) ⊗ (L⊗K) ,

X ′ = (( S′ 0

0 In−k ) ⊗ (S′ 0

0 Im−k )) ⊗ (L′ ⊗K ′) .
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Notice also that we have

resmn×mn (X vec Imn ) = (L⊗K)(( S 0

0 In−k ) ⊗ (S 0

0 Im−k )) ,

resmn×mn (X ′ vec Imn ) = (L′ ⊗K ′)((S′ 0

0 In−k ) ⊗ (S′ 0

0 Im−k )) .

As far as the compatibility requirement is concerned we can see that it holds from
the following sequence of equations:

Θ(X,Θ(X ′,M)) = resm×n ( resmn×mn (X vec Imn )vecΘ(X ′,M) )
= resm×n ( resmn×mn (X vec Imn ) resmn×mn (X ′ vec Imn )vecM )
= resm×n ( ((LL′) ⊗ (KK ′))((SS′ 0

0 In−k ) ⊗ (SS′ 0

0 Im−k ))vecM )
= resm×n ( resmn×mn (X vec Imn )vecM )
= Θ(XX ′,M) .

The identity requirement is quite straightforward, as the following lines show:

Θ(I(mn)2 ,M) = resm×n ( resmn×mn ( Imn ⊗ Imn vec Imn )vecM )
= resm×n ( Im ⊗ InvecM )
= ImMIn =M .

The transitivity of the Lie group action Θ ∶ G × Mm×n

k → Mm×n

k can be show by
finding an explicit expression for X ∈ G such that for any pair M,N ∈Mm×n

k we have
Θ(X,M) = N . Let’s assume that the fixed rank matrices M,N ∈ Mm×n

k have the
following singular value decompositions: P ⊺

M
MQM = (ΣM 0

0 0
) and P ⊺

N
NQN = (ΣN 0

0 0
).

Hence by setting the following notations:

XM = ((
√
ΣM 0

0 In−k ) ⊗ (
√
ΣM 0

0 Im−k )) ⊗ (QM ⊗ PM) ,

XN = ((
√
ΣN 0

0 In−k ) ⊗ (
√
ΣN 0

0 Im−k )) ⊗ (QN ⊗ PN) ,

we have Θ(XM ,Em×n

k ) =M and Θ(XN ,E
m×n

k ) = N . Hence by looking at the follow-
ing sequence of identities, we may find a suitable expression for X ∈ G:

Θ(X,M) = N

Θ(X,Θ(XM ,Em×n

k )) = Θ(XN ,E
m×n

k )
Θ(XXM ,Em×n

k ) = Θ(XN ,E
m×n

k )
Hence by choosing X = X−1

M
XN , we have found by construction a point from the

Lie group, such that the transitivity requirement holds. �

Recall that the orbit through a point M ∈ Mm×n

k is the image Θ(G,M) =
{N ∈ Mm×n

k ∶ N = Θ(X,M) , ∀X ∈ G}. There is one particular orbit that is of
paramount interest to us, namely the orbit through the einselement: Θ(G,Em×n

k ) ∈
Mm×n

k . Therefore, it makes sense to define the orbit map through the einselement

as follows:
ΘE ∶ G → Mm×n

k

X ↦ Θ(X,Em×n

k ) .

Hence, we have a convenient way to write the expression of the orbit through the
einselement: Θ(G,Em×n

k ) = ΘE(G), and eventually we will be able to investigate
images by the orbit map of any subgroups of G. One of such subgroups that we are
looking forward to find is , of course, the isotropy subgroup through the einselement.
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6.2.3. Finding the isotropy group and evaluating the quotient space.
Now, we have found a transitive Lie group action on the fixed rank matrix manifold,
and therefore shown that the fixed rank matrix manifold is a homogeneous G-space,
we have to ask the question, whether or not the group action map is injective with
respect to its first argument. Another way of asking that question would be simply
whether the orbit map is injective, i.e. does ΘE(X) = ΘE(Y ) imply thatX = Y ∈ G?
The answer is, unfortunately, negative, and it follows directly from the fact that
the singular value decomposition is not unique, as we previously showed in Lemma
6.1.

Recall that the isotropy group through a point M on the fixed rank matrix
manifold is a subgroup of G such that the action on the point M is stable by any
element of the subgroup. Hence, formally the isotropy group (or stability group, as
it is also called) is given as follows:

StabM = {X ∈ G ∶ Θ(X,M) =M }
It follows directly from that definition that the stability group through the einsele-
ment is given as follows: StabE = Θ−1

E
({Em×n

k }), i.e. that the stability group through
the einselement is simply the pre-image of the einselement singleton by the orbit
map. The next lemma shows that we have a very neat expression for the stability
group through the einselement.

Lemma 6.6 (Stability group through the einselement):
The closed subgroup StabE = (In ⊗ Im) ⊗ (Rn ⊗Rm) is precisely the stability group

through the einselement.

Proof: All we have to show is that ΘE(StabE) = {Em×n

k }. A simple computation
shows that

ΘE(StabE) = Θ((In ⊗ Im) ⊗ (Rn ⊗Rm),Em×n

k )
= resm×n ( resmn×mn ( (In ⊗ Im) ⊗ (Rn ⊗Rm)vec Imn )vecEm×n

k )
= resm×n (Rn ⊗Rm vecEm×n

k )
= RmEm×n

k Rn

= (D 0
0 O(m−k) )( Ik 0

0 0
)(D 0

0 O(n−k) )
= (D2 0

0 0
) = {Em×n

k } ,

where D ∈ diag({±1}, . . . ,{±1}) ∈Mk×k

k has the property D2 = I. �

For any element X ∈ G, we denote by X StabE the left coset of the subgroup
StabE ∈ G with respect to X. The orbit space is defined as the collection of all left
cosets:

G/StabE = {X StabE ⊂ G ∶ X ∈ G} .

The denomination “orbit space” is justified by the fact that the left coset X StabE ⊂
G can also be viewed as the orbit by the right action of StabE on G through the
point X. Formally define the right action as follows:

Ξ ∶ StabE ×G → G

(L,X) ↦ XL
.

It is therefore easy to see that Ξ(StabE,X) = X StabE is on one hand the orbit
through X of the right action of the stability subgroup on the Lie group G, and
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on the other hand it is the left coset. Another, equivalent, denomination of the
orbit space is the quotient space. That denomination is justified by the fact that
one can view a left coset as an equivalence class as well. Assuming the equivalence
relation X ∼ Y if and only if Y = XL for some L ∈ StabE, we may consider the
equivalence class [X] = {Y ∈ G ∶ ∃L ∈ StabE , Y = XL}. Notice that there is a
one-to-one relation between left cosetsX StabE and equivalence classes [X]. Hence,
the quotient space may also be viewed as the collection of all equivalence classes:

G/StabE = { [X] ∶ X ∈ G} .

It is customary to define the quotient map as the surjective map defined on the
total space:

π ∶ G → G/StabE

X ↦ [X]
Let’s recall the various results we have on quotient spaces.

● Theorem 7.15 (The quotient manifold theorem) in [47] has two variants.
Let H be a Lie group and M a smooth manifold:

– Consider a right action Ξ ∶ H ×M→M such that Ξ(L, p) = pL that
is smooth, free and proper. Then, the orbit space M/H = {pH ∈
M ∶ ∀p ∈ M} of left cosets is a topological manifold of dimension
dimM − dimG and has a unique smooth structure such that the
quotient map π ∶ M →M/H is a smooth submersion.

– Consider a left action Ξ ∶ H ×M → M such that Ξ(L, p) = Lp that
is smooth, free and proper. Then, the orbit space H/M = {Hp ∈
M ∶ ∀p ∈ M} of right cosets is a topological manifold of dimension
dimM − dimG and has a unique smooth structure such that the
quotient map π ∶ M →H/M is a smooth submersion.

● Theorem 7.15 in [47] (The quotient of Lie group theorem). Let G be
a Lie group and H ⊂ G a closed Lie subgroup. Then, the right action
Ξ ∶ H × G → G such that Ξ(L,X) = XL is smooth, free and proper.
The left coset space G/H is a smooth manifold and the quotient map
π ∶ G→ G/H is a smooth submersion.

● Theorem 7.19 in [47] (The characterization of homogeneous spaces). Let
M be a homogeneous G-space by the left action Θ ∶ G ×M →M. Then,
the isotropy group StabM ⊂ G through an arbitrary point M ∈ M is a
closed Lie subgroup, the quotient space G/StabM is a smooth manifold,
and the map f ∶ G/StabM → M defined by [X] ↦ Θ(X,M) is a diffeo-
morphism.

The application of Theorem 7.15 in [47] to our situation gives information about the
dimension of the quotient space. The dimension of the quotient space is therefore
given by the formula dimG/StabE = dimG − dimStabE. Since we have

dimG = k + m(m−1)
2

+ n(n−1)
2

,

dimStabE = (m−k)(m−k−1)
2

+ (n−k)(n−k−1)
2

.

Computation of the difference yields:

k + m(m−1)
2

+ n(n−1)
2

− (m−k)(m−k−1)
2

− (n−k)(n−k−1)
2

= (m + n − k)k ,

which is the dimension of the quotient space. Theorem 7.15 in [47] tells that the
quotient space G/StabE is not only a topological manifold, but it is also endowed
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with a unique smooth structure, and finally Theorem 7.19 in [47] states that the
quotient space G/StabE is diffeomorphic to the fixed rank matrix manifold Mm×n

k .
The diffeomorphism is given explicitly by the map:

f ∶ G/StabE → Mm×n

k

[X] ↦ ΘE(X) .

This closes our discussion on fixed rank manifolds viewed as homogeneous spaces.
Next, we shall see how the quotient space structure can be used to evaluate inter-
esting subspaces of the tangent space to the Lie group G.

6.3. Vertical and horizontal spaces

The tangent space of the quotient space is customarily computed through an
orthogonal decomposition in a vertical space and a horizontal space. The Lie group
G is also a smooth manifold, so the tangent space TXG to any point X of that
smooth manifold is well defined. The closed Lie subgroup SE is a submanifold of
G because the inclusion map is an embedding. Recall that Theorem 7.15 in [47]
states that since the action of the closed Lie subgroup StabE on the Lie group
G is smooth, free and proper the quotient space G/StabE is a smooth manifold,
and the quotient map π ∶ G → G/StabE is a smooth submersion. By virtue of the
Submersion theorem, level sets π−1([X]) =X StabE ⊂ G are embedded submanifolds
in G for some fixed X. The corresponding tangent space is customarily called the
vertical space, and denoted by VXG = TX(X StabE). Since the vertical space is a
linear subspace of the tangent space TXG, it follows that there is an orthogonal
complement, which we call the horizontal space. Denote it as follows: HXG =
(VXG)�. It follows readily that the two subspaces are in direct sum: HXG⊕VXG =
TXG.

In order to give a progressive increase in complexity when exposing the discus-
sion about vertical and horizontal spaces, we shall first introduce the vertical and
horizontal spaces relative to the Kronecker product of orthogonal spaces.

Lemma 6.7 (The tangent space of the Kronecker product of orthogonal spaces):
The tangent space at Q⊗ P ∈ O(n) ⊗O(m) is given by:

TQ⊗PO(n) ⊗O(m) = (o(n) ⊕ o(m) )(Q⊗ P ) = (Q⊗ P )(o(n) ⊕ o(m) ) ,

where o(n)⊕o(m) = o(n)⊗Im+In⊗o(m) denotes the Kronecker sum of the respective

Lie algebras of O(n) and O(m).

Proof: Consider two arbitrary smooth curves P ∶ [0,1] → O(m) and Q ∶ [0,1] →
O(n). The Kornecker product Γ = Q⊗ P of those two curves is a smooth curve in
O(n) ⊗O(m). Computation of the velocity vector of that smooth curve yields

Γ̇ = ( (Q̇Q⊺) ⊗ In + Im ⊗ (ṖP ⊺) )(Q⊗ P )
= (Q⊗ P )( (Q⊺Q̇) ⊗ In + Im ⊗ (P ⊺Ṗ ) ) .

Note that since Q and P are orthogonal matrices, by deriving the identities QQ⊺ =
Q⊺Q = In and PP ⊺ = P ⊺P = Im we get Q̇Q⊺ = −(Q̇Q⊺)⊺, Q̇⊺Q = −(Q̇⊺Q)⊺,
ṖP ⊺ = −(ṖP ⊺)⊺ and Ṗ ⊺P = −(Ṗ ⊺P )⊺. Hence we infer that Q̇Q⊺,Q⊺Q̇ ∈ o(n) and

ṖP ⊺, P ⊺Ṗ ∈ o(m). From the definition of the tangent space TL⊗KO(n) ⊗O(m) =
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{Γ̇(0) ∶ Γ(0) = L⊗K} we get

TL⊗KO(n) ⊗O(m) = { ( (Q̇(0)L⊺) ⊕ (Ṗ (0)K⊺) ) (L⊗K) }
= (o(n) ⊕ o(m) ) (L⊗K)

and

TL⊗KO(n) ⊗O(m) = { (L⊗K)( (L⊺Q̇(0)) ⊕ (K⊺Ṗ (0)) ) }
= (L⊗K) (o(n) ⊕ o(m) )

If we consider L ⊗K = In ⊗ Im, then the tangent space at the identity is given by
TIn⊗ImO(n) ⊗O(m) = o(n) ⊕ o(m), which is by definition the Lie algebra. �

Next, let’s clarify the notions of vertical and horizontal spaces. Note first that
(Q ⊗ P )(Rn ⊗ Rm) is a submanifold of O(n) ⊗ O(m). This comes form the fact
that Rn ⊗Rm is a closed Lie subgroup of O(n)⊗O(m), and therefore by Theorem
7.15 in [47] the quotient space (O(n) ⊗ O(m))/(Rn ⊗ Rm) is a smooth manifold
with the quotient map being a smooth submersion. Level sets of the quotient
map (Q ⊗ P )(Rn ⊗ Rm) ⊂ O(n) ⊗O(m) for Q ⊗ P fixed are therefore embedded
submanifolds. The vertical space is therefore given as the tangent space to that
submanifold.

Lemma 6.8 (Vertical space of O(n) ⊗O(m)):
For any given point Q⊗P ∈ O(n)⊗O(m) the vertical space VQ⊗PO(n)⊗O(m) is a

subspace of TQ⊗PO(n) ⊗O(m) given by VQ⊗PO(n) ⊗O(m) = (Q⊗ P )g(Rn ⊗Rm),
where

g(Rn ⊗Rm) = ( 0 0
0 o(n−k) ) ⊕ ( 0 0

0 o(m−k) )
denotes the Lie algebra of the Lie subgroup Rn ⊗Rm.

Proof: Let U ∶ [0,1] → O(m − k) and V ∶ [0,1] → O(n − k) be smooth curves such
that U(0) = Im−k and V (0) = In−k. Therefore the map

ΓV(t) = (Q⊗ P ) ( Ik 0
0 V (t) ) ⊗ ( Ik 0

0 U(t) )

is a smooth curve with values in (Q ⊗ P ) (Rn ⊗Rm). The velocity vector of that
map is given by:

Γ̇V = ΓV ( ( 0 0
0 V ⊺V̇

) ⊕ ( 0 0
0 U⊺U̇

) ) .

Hence, we infer that the vertical space VQ⊗P = {Γ̇V(0) ∶ ΓV(0) = Q ⊗ P}, which
is a subspace of the tangent space TQ⊗PO(n) ⊗ O(m) is given by the following
expression:

VQ⊗PO(n) ⊗O(m) = (Q⊗ P ) ( ( 0 0
0 o(n−k) ) ⊕ ( 0 0

0 o(m−k) ) ) .

�

The horizontal space is, by definition, the orthogonal complement to the vertical
space in TQ⊗PO(n) ⊗O(m). Therefore, we can compute it by enforcing the inner
product of two vectors to vanish. The inner product we choose is the Hilbert-
Schmidt inner product, which is the natural metric in any matrix space.

Lemma 6.9 (Horizontal space of O(n) ⊗O(m)):
For any given point Q ⊗ P ∈ O(n) ⊗ O(m) the subspace of TQ⊗PO(n) ⊗ O(m)
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called the horizontal space HQ⊗PO(n)⊗O(m) defined by the orthogonality condition

HQ⊗PO(n) ⊗O(m)8VQ⊗PO(n) ⊗O(m) and is given by the following expression:

HQ⊗PO(n) ⊗O(m) = (Q⊗ P ) {(o(k) Y

−Y ⊺ 0
) ⊕ (o(k) X

−X⊺ 0
) ∶ X ∈Mk×(m−k)

Y ∈Mk×(n−k) }

Proof: The horizontal space is the orthogonal complement of the vertical space in
TQ⊗PO(n) ⊗O(m). Therefore, consider a smooth curve in O(n) ⊗O(m)

ΓH(t) = L(t) ⊗K(t) ,

with K ∶ [0,1] → O(m) and L ∶ [0,1] → O(n) being smooth curves and such that
ΓH(0) = Q⊗ P . Also recall the expression of ΓV from Lemma 6.8:

ΓV(t) = (Q⊗ P ) ( Ik 0
0 V (t) ) ⊗ ( Ik 0

0 U(t) ) ,

where U ∶ [0,1] → O(m − k) and V ∶ [0,1] → O(n − k) are smooth curves such that
U(0) = Im−k and V (0) = In−k. The respective velocity vectors are given as follows:

Γ̇H = ΓH( (L⊺L̇) ⊕ (K⊺K̇) ) ,

Γ̇V = ΓV ( ( 0 0
0 V ⊺V̇

) ⊕ ( 0 0
0 U⊺U̇

) ) ,

and evaluation at t = 0 of the velocity vectors Γ̇V and Γ̇H yields:

Γ̇V(0) = (Q⊗ P ) ( ( 0 0
0 ν ) ⊕ ( 0 0

0 μ ) ) ,

Γ̇H(0) = (Q⊗ P )(Ψ⊕Θ ) ,

where we introduced the following notation μ = U̇(0), ν = V̇ (0), Θ = P ⊺K̇(0),
Ψ = Q⊺L̇(0). We have to restrict Γ̇H(0) in such a way that it is always orthogonal

to Γ̇V(0). We get the constraint by setting the following expression to vanish:

tr Γ̇⊺
V
(0)Γ̇H(0) = tr ( ( 0 0

0 ν⊺
) ⊕ ( 0 0

0 μ⊺ ) )(Ψ⊕Θ )
= tr ( ( 0 0

0 ν⊺
)Ψ ) ⊕ ( ( 0 0

0 μ⊺ )Θ ) + tr ( 0 0
0 ν⊺

) ⊗Θ + tr ( 0 0
0 μ⊺ ) ⊗Ψ

=m tr ( 0 0
0 ν⊺

)Ψ + n tr ( 0 0
0 μ⊺ )Θ

The expression vanishes for all possible choices of μ and ν if and only if the lower
right submatrices of Ψ and Θ are zero, i.e. for the following two conditions:

( 0 In−k )Ψ( 0

In−k ) = 0 , ( 0 Im−k )Θ( 0

Im−k ) = 0 .

�

It follows from the definitions of the vertical and horizontal spaces that their
direct sum is precisely the tangent space TQ⊗PO(n) ⊗O(m). Because we identify
equivalence classes in the quotient space with the corresponding pre-images by the
quotient map, i.e. [Q⊗P ] ↔ (Q⊗P )(O(n)⊗O(m)) it follows that we can identify
the horizontal space with the tangent space to the quotient space:

HQ⊗P (O(n) ⊗O(m)) ≅ TQ⊗P ( (O(n) ⊗O(m))/(Rn ⊗Rm) ) .

How could we possibly connect this result to our original quotient space G/StabE?
The generalization is, as we shall see soon, rather straightforward.
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Corollary 6.10 (Vertical space):
For any given point X ∈ G the vertical space VXG ⊂ TXG is given by

VXG =X ( Imn ⊗ g(Rn ⊗Rm) )

Proof: Define the smooth map ΓV ∶ [0,1] →X StabE as follows:

ΓV(t) =X ( (In ⊗ Im) ⊗ (( Ik 0
0 V (t) ) ⊗ ( Ik 0

0 U(t) )) ) ,

where U ∶ [0,1] → O(m − k) and V ∶ [0,1] → O(n − k) are smooth curves such that
U(0) = Im−k and V (0) = In−k. The velocity vector of that smooth curve is given by:

Γ̇V = ΓV ( (In ⊗ Im) ⊗ (( 0 0
0 V ⊺V̇

) ⊕ ( 0 0
0 U⊺U̇

)) ) .

Hence, we infer that the vertical space VX = {Γ̇V(0) ∶ ΓV(0) = X}, which is a
subspace of the tangent space TXG is given by the following expression:

VXG =X ( (In ⊗ Im) ⊗ (( 0 0
0 o(n−k) ) ⊕ ( 0 0

0 o(m−k) )) )
=X ( Imn ⊗ g(Rn ⊗Rm) )

�

Again, because we identify equivalence classes in the quotient space with the
corresponding pre-images by the quotient map, which we formally denote by [X] ↔
X StabE, it follows that we can identify the horizontal space with the tangent space
to the quotient space: HXG ≅ TX(G/StabE ). The following corollary gives an
expression for the horizontal space based on the orthogonality condition.

Corollary 6.11 (Horizontal space):
For any given point X ∈ G the subspace of TXG, called the horizontal space HXG

and defined by the orthogonality condition HXG = (VXG)�, is given by the following

expression:

HXG =X (g(D) ⊕ (HIO(n) ⊗O(m) ) )

where g(D) denotes the Lie algebra of the Lie group D = {(
√
Σ 0

0 In−k )⊗ (
√
Σ 0

0 Im−k ) ∶
Σ ∈ diag(Rk+) } and HIO(n) ⊗O(m) the horizontal space evalueated at the identity

to the quotient space (O(n) ⊗O(m))/(Rn ⊗Rm).

Proof: Define the smooth map ΓH ∶ [0,1] → G as follows:

ΓH(t) = ((
√

Υ(t) 0

0 In−k
) ⊗ (

√
Υ(t) 0

0 Im−k
)) ⊗ (Q(t) ⊗ P (t)) ,

with Υ ∶ [0,1] → diag(Rk+), K ∶ [0,1] → O(m) and L ∶ [0,1] → O(n) being smooth
curves and such that ΓH(0) =X. The velocity vector of that smooth curve is given
by:

Γ̇H = ΓH ( ((
√
Υ−1
√̇
Υ 0

0 0
) ⊕ (

√
Υ−1
√̇
Υ 0

0 0
)) ⊕ ((L⊺L̇) ⊕ (K⊺K̇)) ) .

Evaluation at t = 0 of the velocity vectors Γ̇V and Γ̇H yields:

Γ̇V(0) =X ( Imn ⊗ (( 0 0
0 ν ) ⊕ ( 0 0

0 μ )) ) ,

Γ̇H(0) =X ( ((Δ 0
0 0 ) ⊕ (Δ 0

0 0 ))⊕(Ψ⊕Θ) ) ,



6.4. METRICS ON THE QUOTIENT SPACE G/StabE 101

where we introducted the following notation μ = U̇(0), ν = V̇ (0), Θ = P ⊺K̇(0),
Ψ = Q⊺L̇(0). We have to restrict Γ̇H(0) in such a way that it is always orthogonal

to Γ̇V(0). We get the constraint by setting the following expression to vanish:

⟨Γ̇V, Γ̇H⟩∣0 = tr(Imn ⊗ (( 0 0
0 ν⊺

) ⊕ ( 0 0
0 μ⊺ )))X⊺X(((Δ 0

0 0 ) ⊕ (Δ 0
0 0 )) ⊕ (Ψ⊕Θ))

= tr(((
√
Σ 0
0 I

) ⊗ (
√
Σ 0
0 I

)) ⊗ (( 0 0
0 ν⊺

) ⊕ ( 0 0
0 μ⊺ )))(((Δ 0

0 0 ) ⊕ (Δ 0
0 0 )) ⊕ (Ψ⊕Θ))

= (trΣ)2 tr ( ( 0 0
0 ν⊺

)Ψ ) ⊕ ( ( 0 0
0 μ⊺ )Θ ) + tr ( 0 0

0 ν⊺
) ⊗Θ + tr ( 0 0

0 μ⊺ ) ⊗Ψ

= (trΣ)2 (m tr ( 0 0
0 ν⊺

)Ψ + n tr ( 0 0
0 μ⊺ )Θ )

The expression vanishes for all possible choices of μ and ν if and only if the lower
right submatrices of Ψ and Θ are zero, i.e. for the following two conditions:

( 0 In−k )Ψ( 0

In−k ) = 0 , ( 0 Im−k )Θ( 0

Im−k ) = 0 .

�

In the present section, we have computed vertical and horizontal spaces for the
quotient space G/StabE. To summarize the content of the discussion, one might
say that although the horizontal space looks almost like a Lie algebra, it fails to be
one, at least in the most general setting. However, we shall soon see that there are
some special cases, when the horizontal space can be endowed with a Lie algebra
structure. This is important to us, because we want to be able to define matrix
exponentials on the horizontal space in order to investigate the behaviour of one-
parameter groups on the quotient manifold and on the fixed rank matrix manifold.
Hence, we have to find first on what condition a horizontal space can be considered
as a Lie algebra. This is the object of section 6.5.

However, before we start investigating specific settings, let’s make a few remarks
on the induced metrics that one can define on the quotient space, thus endowing
the quotient space with a Riemannian manifold structure.

6.4. Metrics on the quotient space G/StabE

If Γ ∶ [0,1] → G/StabE is a smooth curve, then Γ̇(t) is a velocity vector in the
horizontal space HΓ(t)G. It turns out that the metric tensor on the quotient space
has a particularly appealing expression.

Lemma 6.12 (Expression of the metric tensor):
Consider a base point X ∈ G given by

X = ((
√
Σ 0

0 In−k ) ⊗ (
√
Σ 0

0 Im−k )) ⊗ (Q⊗ P)

and any two vectors V,V ′ ∈ HXG given by the following expressions:

V ∣
X
=X ( ((Δ 0

0 0 ) ⊕ (Δ 0
0 0 )) ⊕ (Ψ⊕Θ) ) ,

V ′∣
X
=X ( ((Δ′ 0

0 0
) ⊕ (Δ′ 0

0 0
)) ⊕ (Ψ′ ⊕Θ′) ) .

Then, the metric tensor is given by the following block diagonal quadratic form:

⟨V ′∣
X
, V ∣

X
⟩ =

⎛
⎜
⎝

vecΨ′
dvecΔ′
vecΘ′

⎞
⎟
⎠

⊺
⎛
⎜
⎝

GΨΨ(Σ) 0 0
0 GΔΔ(Σ) 0
0 0 GΘΘ(Σ)

⎞
⎟
⎠

⎛
⎜
⎝

vecΨ
dvecΔ
vecΘ

⎞
⎟
⎠

.



102 6. LIE GROUP ACTIONS ON FIXED RANK MANIFOLDS

Proof: The computation of the Hilbert-Schmidt inner product yields

⟨V ′∣
X
, V ∣

X
⟩ = tr(((Δ 0

0 0 )⊕(Δ 0
0 0 ))⊕(Ψ⊺⊕Θ⊺))X⊺X(((Δ′ 0

0 0
)⊕(Δ′ 0

0 0
))⊕(Ψ′⊕Θ′))

Let’s use the following shorthand notations:

A = (Δ 0
0 0 ) ⊕ (Δ 0

0 0 ) , B = Ψ⊕Θ ,

A′ = (Δ′ 0
0 0

) ⊕ (Δ′ 0
0 0

) , B′ = Ψ′ ⊕Θ′ ,

where A,A′ ∈ g(D), B,B′ ∈ HIO(n)⊗O(m) and
√
C = (

√
Σ 0

0 In−k )⊗ (
√
Σ 0

0 Im−k ) ∈ D.

Noting that X⊺X = C ⊗ Imn, we can reformulate the inner product as follows:

⟨V ′∣
X
, V ∣

X
⟩ = tr (A⊺ ⊕B⊺)(

√
C ⊗ I)(

√
C ⊗ I)(A′ ⊕B′)

= tr ( (A⊺
√
C) ⊗ I +

√
C ⊗B⊺ )( (

√
CA′) ⊗ I +

√
C ⊗B′ )

= tr ( (A⊺CA′) ⊗ I + (A⊺C) ⊗B′ + (CA′) ⊗B⊺ +C ⊗ (B⊺B′) )

Note that the trace of a skew symmetric matrix is zero, hence tr (A⊺C) ⊗ B′ =
tr (CA′) ⊗B⊺ = 0. Further simplification gives:

⟨V ′∣
X
, V ∣

X
⟩ = nm tr (A⊺CA′) + trC tr (B⊺B′)

Considering the following expressions:

A⊺CA′ = (ΔΣΔ′ 0
0 0

) ⊗ (Σ 0

0 In−k ) + (ΣΔ′ 0
0 0

) ⊗ (ΔΣ 0
0 0 )+

+ (ΔΣ 0
0 0 ) ⊗ (ΣΔ′ 0

0 0
) + (Σ 0

0 Im−k ) ⊗ (ΔΣΔ′ 0
0 0

)
B⊺B′ = (Ψ⊺Ψ′) ⊕ (Θ⊺Θ′) +Ψ⊺ ⊗Θ′ +Ψ′ ⊗Θ⊺ ,

and recalling again that the trace of a skew-symmetric matrix is zero, we get the fol-
lowing expression after reinsertion of the original notation the shorthand notations
α(Σ) = tr (Σ 0

0 Im−k ) and β(Σ) = tr (Σ 0

0 In−k ):

⟨V ′∣
X
, V ∣

X
⟩ = nm ( (α(Σ) + β(Σ) ) trΔΣΔ′ + 2 trΔΣ trΣΔ′ )+

+ α(Σ)β(Σ) tr (Ψ⊺Ψ′) ⊕ (Θ⊺Θ′) .

If we consider the following matrix blocks:

GΨΨ(Σ) = nα(Σ)β(Σ) In ,

GΔΔ(Σ) =mn ( (α(Σ) + β(Σ))Σ + (dvecΣ)(dvecΣ)⊺ ) ,

GΘΘ(Σ) =mα(Σ)β(Σ) Im ,

it is easy to write the inner product in the following quadratic form:

⟨V ′∣
X
, V ∣

X
⟩ =

⎛
⎜
⎝

vecΨ′
dvecΔ′
vecΘ′

⎞
⎟
⎠

⊺
⎛
⎜
⎝

GΨΨ(Σ) 0 0
0 GΔΔ(Σ) 0
0 0 GΘΘ(Σ)

⎞
⎟
⎠

⎛
⎜
⎝

vecΨ
dvecΔ
vecΘ

⎞
⎟
⎠

�
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6.5. The special case of rank deficient square matrices

In this section, we shall investigate in detail the geometry of the matrix manifold
Mn×n

n−1, which we call the set of square matrices with rank deficit one, or shortly just
the rank deficient square matrix set. Notice, that matrices in that set are not
necessarily symmetric. The reason why we intend to study that special case is due
to its importance in applications: in structural stability problems, for example, we
first hunt down simple critical points, which involve a once rank deficient square
Jacobian matrix. The second reason to study in detail the special case of rank
deficient square matrices is due to the relative simplicity of that case. Indeed,
more than one times rank deficient rectangular matrices, contain subtleties that
are beyond the scope of the present study.

Recall, that the whole purpose of the rather technical discussion on Lie group
actions on fixed rank matrix manifolds, and on the resulting quotient spaces, is
to get an idea of the topology of the fixed rank matrix manifold in the sense of
algebraic topology. Hence, we would like to know how many “holes” there are in
the fixed rank matrix manifold, since it clearly is not a simply connected space. By
looking at the topology of the quotient space, which is diffeomorphic to the fixed
rank manifold, we may deduce some topological aspects of the fixed rank matrix
manifold.

The motivation behind this discussion about the topology of the fixed rank
matrix manifolds is the following. Recall from Riemannian geometry that if our
sphere is contained within the normal neighbourhood, the sphere is easy to compute,
because the Riemannian exponential map is a diffeomorphism, and hence there is a
unique geodesic between two given points in the normal neighbourhood. However,
for points outside the normal neighbourhood, there are more than one geodesics that
connect two given points, and hence the knowledge topological aspects enables us
to count the number of geodesics, and possibly even tell which one is the shortest
one. This is really important, since the concept of the sphere is based on the
Riemannian distance function, which means that we must find a reliable tool to
figure out how many geodesics we have at hand and which one is the shortest one.
A more systematic investigation of this topic shall be carried out in Chapter 7, but
in order to be able to freely discuss different aspects of the sphere, we must still fix
some technical issues in the remainder of this chapter.

6.5.1. Expression of the quotient space. It turns out that the quotient
space G/StabE has very nice properties when the matrix manifold that the Lie
group acts on, is a rank deficient square matrix manifold, Mn×n

n−1. First, notice
that by Corollary 7.16, [47], if the closed Lie subgroup StabE is discrete, then the
quotient map π ∶ G→ G/StabE is also a smooth covering map, making G a covering
space of G/StabE.

Recall the definition and a few properties of covering spaces. A continuous
surjective map between topological spaces π ∶ T → B is called a covering map if for
any point x in the base space B, there is an open neighbourhood Ux ∈ B of x such
that the pre-image π−1(Ux) ⊂ T is a disjoint union of open sets in the total space.
Such a neighbourhood Ux is called an evenly covered neighbourhood. For any x ∈ B,
the cardinality of π−1({x}) is called the number of sheets in the total space.

Without going too much into the details of algebraic topology, just recall one
basic result, which tells that the number of sheets π−1({x}) in a covering space
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T above a point x ∈ B equals the number of loops through x. A loop through x

denotes a homotopy equivalence class of continuous paths starting and ending at
x. For more details, one can see, for example, Proposition 1.32 in [29].

In our specific case when the matrix manifold is Mn×n
n−1, the stability group StabE

is discrete, as the following lemma shows:

Lemma 6.13 (Expression of the discrete stability group):
The stability subgroup of the einselement, StabE = (In⊗In)⊗(Rn⊗Rn) is a discrete

subgroup with the cardinality given by Card(StabE) = 2n.

Proof: A straightforward application of the definition given in Lemma 6.2 shows us
that Rn ⊗Rn = {D ⊗D ∈ O(n) ⊗O(n) ∶ D ∈ diag({±1}, . . . ,{±1})}, which means
that the set Rn⊗Rn is a discrete one with cardinality 2n. Therefore, the isoptropy
subgroup StabE = (In ⊗ In) ⊗ (Rn ⊗Rn) is also discrete because it has the same
cardinality. �

Since the stability subgroup is discrete, by Corollary 7.16 in [47], the quotient
map π ∶ G → G/StabE is a smooth covering map making thus G a covering space
of G/StabE with 2n sheets. Next, we shall see that the horizontal space to our Lie
group G, which represents the tangent space to the quotient space G/StabE, can
be actually endowed with a Lie algebra structure.

6.5.2. Expression of the horizontal space. A simple look at Corollary 6.11
tells that the expression of the horizontal space

HXG =X (g(D) ⊕ (HIO(n) ⊗O(n) ) )

simplifies in such a way that one can find a Lie algebra structure. Considering
the underlying fixed rank matrix manifold to be Mn×n

n−1, then we have the following
expressions: HIO(n) ⊗O(n) = g(O(n) ⊗O(n)), which implies that the horizontal
space at the identity is a Lie algebra HIG = g(D) ⊕ g(O(n) ⊗O(n)). Let’s prove
that claim in the following lemma.

Lemma 6.14 (The horizontal space is a Lie algebra):
Let Mn×n

n−1 be the homogenous G-space diffeomorphic to the quotient space G/StabE.

Then the corresponding horizontal space HIG is a Lie algebra.

Proof: Note that although G/StabE is not a Lie group, it is still possible that
the corresponding horizontal space is a Lie algebra, as the following discussion
shows. Let’s show that HIG is a vector space to which we can associate a Lie
bracket operation. First, because the horizontal space is by definition the orthogonal
complement in TIG to the vertical space, it is a subspace, and hence a vector
space. Second, from the expression of the horizontal space to the quotient space
(O(n) ⊗O(n))/(Rn ⊗Rn) we get

HIO(n) ⊗O(n) = {( o(n−1) Y

−Y ⊺ 0
) ⊕ ( o(n−1) X

−X⊺ 0
) ∶ X ∈M(n−1)×1

Y ∈M(n−1)×1 } = o(n) ⊕ o(n) .

Then the operation [⋅, ⋅] ∶ HIG ×HIG → HIG defined by [V,V ′] = V V ′ −V ′V defines
a Lie bracket operation. What we have to show here is that the image set of the
Lie bracket operation is precisely the horizontal space. Because the Lie bracket
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of a Kronekcer sum is the Kronecker sum of Lie brackets, if we use the following
shorthand notations

A = (Δ 0
0 0 ) ⊕ (Δ 0

0 0 ) , B = Ψ⊕Θ ,

A′ = (Δ′ 0
0 0

) ⊕ (Δ′ 0
0 0

) , B′ = Ψ′ ⊕Θ′ ,
we will get the following expression for the Lie bracket on the horizontal space:

[V,V ′] = [A⊕B,A′ ⊕B′]
= [A,A′] ⊕ [B,B′]
= (( [Δ,Δ′] 0

0 0
) ⊕ ( [Δ,Δ′] 0

0 0
)) ⊕ ([Ψ,Ψ′] ⊕ [Θ,Θ′])

Because [Δ,Δ′] = 0, it is easy to see that [V,V ′] ∈ 0⊕ 0⊕ o(n) ⊕ o(n) ⊂ HIG. �

Note that if the underlying fixed rank matrix space is not a square matrix space
or it has a rank deficiency strictly larger than one, then the image of the lie bracket
operation for skew-symmetric matrices in HIO(n) ⊗O(n) fails to stay within that
subspace. However, as we just have shown, if the underlying matrix space is Mn×n

n−1,
then the horizontal space at the identity is a Lie algebra, which means that we may
consider one-parameter subgroups defined by matrix exponentials that have values
on the quotient space.

6.5.3. One-parameter subgroups. A one-parameter subgroup is, by defini-
tion, a continuous group homomorphism from the real line to another topological
group. In this case, we consider Γ ∶ (R,+) → (G, ⋅) such that Γ(t1+t2) = Γ(t1)Γ(t2).
For matrix groups, the matrix exponential is a way to construct a one-parameter
subgroup. Thus, for any matrix group, the matrix exponential smoothly maps an
element from the matrix Lie algebra to the matrix Lie group. Is that matrix ex-
ponential map a diffeomorphism? Usually not, because it is not surjective. For
example, if one takes the matrix group to be the orthogonal group, O(n), the cor-
responding Lie algebra is the set of skew-symmetric matrices, o(n), but then, from
the Jacobi identity det(eΨ) = etr(Ψ) = 1, we infer that the image eo(n) = SO(n).
Therefore, all matrices Q ∈ O(n) such that detQ = −1 have no pre-image by the
matrix exponential in the Lie algebra.

This is a rather annoying point since we are about to study one-parameter
subgroups. It would be, actually, much more comfortable if the Lie group was the
special orthogonal group, SO(n), or some construction based on special orthogonal
groups. Notice that the map: mexp ∶ SO(n) → so(n) is a diffeomorphism if we
define the inverse map mexp−1 =mlog to be the principal logarithm1

How does that wishful thinking relate to the fixed rank matrix manifold that
we just characterized as a homogeneous space by using the singular value decom-
position? Recall from basic linear algebra, that if a matrix is square with real
entries and has a non-negative determinant, then the singular value decomposition
of that square matrix can be interpreted as a composition of a rotation, a scaling
and another rotation. Based on that, we can formulate the following proposition:

Proposition 6.15 (The rank deficient matrix manifold as a homogeneous space):
Let G = {((S 0

0 1 ) ⊗ (S 0
0 1 )) ⊗ (SO(n) ⊗ SO(n)) ∶ S ∈ diag(Rn−1+ ) } denote a Lie group

1The principal logarithm of a special orthogonal matrix corresponds to the unique skew
symmetric matrix that has complex conjugate eigenvalues within the interval ] − iπ, iπ[∈ Im.



106 6. LIE GROUP ACTIONS ON FIXED RANK MANIFOLDS

and StabE the isotropy subgroup for the einselement En×n
n−1 ∈Mn×n

n−1. Then the follow-

ing assertions hold:

i): The fixed rank matrix manifold Mn×n
n−1 is a homogeneous G-space.

ii): Mn×n
n−1 is diffeomorphic to G/StabE.

ii): π ∶ G→ G/StabE is a smooth covering map with ∑E(n)
k=0 (k

n
) sheets.

iv): HIG = {((Δ 0
0 0 ) ⊕ (Δ 0

0 0 )) ⊕ (so(n) ⊕ so(n)) ∶ Δ ∈ diag(Rn−1)} = g(G).

Proof: As already stated, a basic result of spectral theory is that for M ∈ Mn×n,
with detM ≥ 0 we have a singular value decomposition P ⊺MQ = Σ, where P,Q ∈
SO(n) and Σ ∈ diag(Rn+). Hence, if we consider the fixed rank manifold Mn×n

n−1,
the singular value decomposition of any point M on that manifold is given by
P ⊺MQ = (Σ 0

0 0 ), where P,Q ∈ SO(n). Hence, by Lemma 6.4 we infer that Mn×n
n−1 is

a homogeneous G-space, where

G = {((S 0
0 1 ) ⊗ (S 0

0 1 )) ⊗ (SO(n) ⊗ SO(n)) ∶ S ∈ diag(Rn−1+ ) } .

The corresponding stability subgroup of the einselement En×n
n−1 is then given by

StabE = (In ⊗ In)⊗ (Rn ⊗Rn), where the subgroup Rn ⊗Rn ⊂ SO(n)⊗ SO(n) has
been re-defined as follows: Rn⊗Rn = {D ⊗D ∶ D ∈ diag({±1}, . . . ,{±1}) ⊂ SO(n)}.
Computation of the cardinality of the isotropy subgroup concludes the proof, be-
cause it shows that the isotropy subgroup is finite, and hence by Corollary 7.16,
[47], the quotient map is a smooth covering map. The application of Lemma 6.14
shows that the horizontal space is precisely the Lie algebra. �

Now, we can start to investigate one-parameter subgroups in the Lie group G

and see how to connect such objects to their images in the quotient space. Recall,
that since we assumed that the once rank deficient square matrix manifold is a
homogeneous G-space, it follows that G is a covering space of G/StabE. Therefore,
for any subset in the quotient space, there is a pre-image by the covering map that
consists of (possibly) N disjoint subsets in the covering space G, where N denotes
the number of sheets in the covering. This assertion holds in particular for any
point [ΓV (t)] ∈ G/StabE for some fixed t ∈ [0,1], where ΓV is a one-parameter
subgroup in G. Assuming that V = ((Δ 0

0 0 ) ⊕ (Δ 0
0 0 )) ⊕ (Ψ ⊕Θ) ∈ g(G), from the

following expression

π−1([ΓV (t)]) = {(( etΔ 0
0 1

) ⊗ ( etΔ 0
0 1

)) ⊗ ((etΨDi) ⊗ (etΘDi)) ∈ G}
1≤i≤N ,

where Di ∈ diag({±1}, . . . {±1}) ⊂ SO(n), it is clear that elements of π−1([ΓV (t)])
are not one-parameter subgroups, since by the Baker-Campbell-Hausdorff formula
the expression mlog(etΨDi) is given by a power series in t with skew-symmetric
matrix coefficients.

However, by loosening some of our requirements, let’s see if it is possible to
construct one-parameter subgroups on the covering space G such that the starting
point of each of those one-parameter subgroups belong to the same fibre π−1([X])
and the end point of each of those one-parameter subgroups belong to the same
fibre π−1([Y ]). Let’s make a proper definition of such one-parameter subgroups.

Definition 6.16 (Representative one-parameter subgroups):
Let Xi ∈ π−1([X]) and Yj ∈ π−1([Y ]) be start and end points for the following bunch
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of one-parameter subgroups:

ΓXi,Yj
∶ [0,1] → G

t ↦ mexp(tmlog(YjXi))Xi
.

Elements in the collection {ΓXi,Yj
}1≤i,j≤N are called representative one-parameter

subgroups with respect to the starting point [X] and the endpoint [Y ].

It is easy to see from the definition that for any choice of indexes i and j we
have (π ○ ΓXi,Yj

)(0) = [X] and (π ○ ΓXi,Yj
)(1) = [Y ]. Now, let’s have a look at

some specific curves on the quotient space and the corresponding representative
one-parameter subgroups. If we assume [X] = [Y ] = [I], one can notice that the
images of the representative one-parameter subgroups ΓIi,Ij

by the covering map

are loops in the quotient space, because (π ○ ΓIi,Ij
)(0) = [I] = (π ○ ΓIi,Ij

)(1). The
next lemma tells also something about the properties of such loops.

Lemma 6.17 (Geodesic loops through the identity):
Consider loops through [I] ∈ G/StabE given as follows: π ○ Λij ∶ [0,1] → G/StabE,

where Λij = ΓIi,Ij
∶ [0,1] → G is a geodesic that can not be smoothly contracted to a

point if i ≠ j.

Proof: Consider the identity equivalence class [I] ∈ G/StabE, and its pre-image
π−1([I]) = {(In ⊗ In) ⊗ (Di ⊗ Di)}1≤i≤N , where N is the number of sheets, and
Di ∈ diag({±1}, . . . ,{±1}) ∈ SO(n). It follows that a one-parameter group that
connects two points from π−1([I]) ∈ G is a loop in G/StabE. From the definition
Λij = ΓIi,Ij

we have Λij(t) = exp(tVij)Ii, where
Ii = (In ⊗ In) ⊗ (Di ⊗Di) ∈ G ,

Vij = (0⊕ 0) ⊕ (mlog(DjDi) ⊕mlog(DjDi)) ∈ g(G) .

It is easy to see that Λij(0) = Ii and Λij(1) = Ij , and therefore π ○ Λij ∶ [0,1] →
G/StabE is a loop. Because the matrix exponential map on a special orthogonal
group also defines a geodesic with respect to the ambient space induced Riemannian
metric, it follows that Λij is a geodesic on G between Ii and Ij . Hence, the distance
is given by L(Λij) = ∥Vij∥, where the right hand side can be evaluated by Lemma

6.12 to ∥Vij∥ =
√
2n3/2∥mlog(DjDi)∥. Therefore, we infer that the length of the

loop is non-zero if and only if i ≠ j. Since it is the shortest distance, too, it implies
that the loop π ○Λij can not be smoothly contracted to a point. �

Now, how could we possibly enlarge our construction of geodesic loops through
the identity to some other loops of more generel nature, while still going through the
identity? First, notice that pre-images of geodesic loops through the identity are
unique smooth curves for some given start and endpoints Ii and Ij in the covering
space. Hence, if we want to go more general, we have to give up on the uniqueness
and smoothness requirements.

Let’s build a compound loop starting and ending at the identity [I] and going
through an arbitrary point [X]. Such a compound loop is smooth form [I] to [X]
and then again from [X] to [I], but it is merely C0 continuous at [X]. One can
build such a loop by concatenating two one-parameter subgroups ΓIi,X

and ΓIj,X

in such a way that the first curve is forward parametrized with double speed for
t ∈ [0, 1

2
] and the second is backward parametrized with double speed for t ∈ [1

2
,1].
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The important property of such compound loops is that they are homotopically
equivalent to geodesic loops that share same starting and ending points.

Lemma 6.18 (Compound loops through the identity):
Consider a compound loop through [I] ∈ G/StabE given by the following represen-

tative compound one-parameter subgroups: ΓIi,X
⋆ ΓIj,X

∶ [0,1] → G, such as

(ΓIi,X
⋆ ΓIj,X

)(t) = { ΓIi,X
(2t) , 0 ≤ t ≤ 1

2

ΓIj,X
(2(1 − t)) , 1

2
≤ t ≤ 1

.

Such compound loops ΓIi,X
⋆ΓIj,X

are homotopically equivalent to the corresponding

geodesic loops Λij.

Proof: First, notice that the compound one-parameter subgroup on G can be
transformed using the Baker-Campbell-Hausdorff formula into a corresponding com-
pound curve on the Lie algebra. Hence we have

(ΓIi,X
⋆ ΓIj ,X

)(t) = { mexp(2tmlog(XIi))Ii , 0 ≤ t ≤ 1
2

mexp(2(1 − t)mlog(XIj))Ij , 1
2
≤ t ≤ 1

.

By virtue of the Baker-Campbell-Hausdorff formula, there exists smooth maps Ψ1 ∶
[0, 1

2
] → g(G) and Ψ2 ∶ [12 ,1] → g(G), such that

mexp(Ψ1(t)) =mexp(2tmlog(XIi))mexp(mlogIi) ,

mexp(Ψ2(t)) =mexp(2(1 − t)mlog(XIj))mexp(mlogIj) .

Since the matrices in consideration do not necessarily commute, the expression is a
power series one. Likewise, for the geodesic loop Λij(t) = exp(tmlog(IiIj))Ij we can
find smooth maps on the Lie algebra. However, unlike the case of the compound
one-parameter subgroup, the expression of the smooth map on the Lie algebra is
a simple one due to the fact that the matrices tmlog(IiIj) and mlog(Ij) actually
commute. Hence we have:

Λij(t) = exp(mlog(Ii) + tmlog(IiIj))
Therefore, it is easy to construct a continuous map H ∶ [0,1] × [0,1] → G such
that H ∶ (t, s) ↦ H(t, s) and H(t,0) = Λij(t) and H(t,1) = (ΓIi,X

⋆ ΓIj,X
)(t). The

explicit expression is given as follows:

H(t, s) = { mexp(sΨ1(t) + (1 − s)(mlog(Ii) + tmlog(IiIj))) , 0 ≤ t ≤ 1
2

mexp(sΨ2(t) + (1 − s)(mlog(Ii) + tmlog(IiIj))) , 1
2
≤ t ≤ 1

.

Clearly the map H is continuous with respect to both parameters on the domains
[0, 1

2
] × [0,1] and [1

2
,1] × [0,1]. Considering the expression

H( 1
2
, s) = { mexp(sΨ1(12) + (1 − s)(mlog(Ii) + 1

2
mlog(IiIj))) , 0 ≤ t ≤ 1

2

mexp(sΨ2(12) + (1 − s)(mlog(Ii) + 1
2
mlog(IiIj))) , 1

2
≤ t ≤ 1

,

we can see that the limits from above and below agree because Ψ1(12) = Ψ2(12).
Hence, the map H is continuous on [0,1] × [0,1], and therefore we may infer that
Λij is homotopic to ΓIi,X

⋆ ΓIj,X
. �

One can draw an illustrative example of a compound loop and a geodesic loop
by considering, without any loss of generality, the special orthogonal matrix group.
Notice that since the Lie group G is constructed as a Kronecker product of special
orthogonal groups, and that the left cosets are non-trivial only with respect to the
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ΓIi,X

ΓIj,X

ΓIi,X
⋆ ΓIj,X

Λij

Figure 1. Illustration of compound loops and geodesic loops
through the identity

SO(n) part, it follows that a description in SO(3) will give a full picture of the
object. Figure 1 gives a due representation of two one-parameter subgroups that
are being concatenated to a compound loop, that itself is homotopic to a geodesic
loop.

The important corollary that we can extract from Lemma 6.18, is that two
one-parameter subgroups ΓIi,X

∶ [0,1] → G and ΓIj,X
∶ [0,1] → G can not be

transformed continuously from one to the other precisely because the concatenation
of the two curves is a loop in the quotient space: [ΓIi,X

⋆ ΓIj,X
] ∶ [0,1] → G/StabE

that circumvents a hole. Hence, we infer that two curves on the fixed rak matrix
manifold given by f ○[ΓIi,X

] ∶ [0,1] →Mn×n
n−1 and f ○[ΓIj ,X

] ∶ [0,1] →Mn×n
n−1 that have

common starting end ending points can not be continuously transformed from one
to the other.

It is easy to see that two such curves, f ○[ΓIi,X
] ∶ [0,1] →Mn×n

n−1 and f ○[ΓIj,X
] ∶

[0,1] → Mn×n
n−1, in the fixed rank matrix manifold define themselves two distinct

homotopy equivalence classes relative to their starting and ending points. Therefore,
when we compute numerically Riemannian geodesics on the fixed rank manifold
with respect to the induced metrics, we know that there are as many geodesics
sharing the same starting and ending points as there are sheets in the covering
space. A Riemannian geodesic between two given points can be therefore seen as
the unique representative of a homotopy equivalence class relative to those starting
and ending points. Therefore, as we claimed in the very beginning of this chapter,
one-parameter subgroups in the covering space are in a one-to-one relation with
Riemannian geodesics on the fixed rank matrix manifold.
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6.6. Table of notations

En×n

k einselement in Mn×n

k

G a Lie group that acts transitively on Mn×n

k

Θ ∶ G ×Mn×n

k →Mn×n

k a transitive Lie group left action
ΘE ∶ G→Mn×n

k orbit map through the Einselement, ΘE ∶X ↦ Θ(X,En×n

k )
StabE = Θ−1

E
({En×n

k }) stability subgroup through the einselement
Ξ ∶ StabE ×G→ G right action of the stability subgroup on G

XStabE = Ξ(StabE,X) left coset, i.e. orbit of the right action Ξ through X

G/StabE orbit space, i.e. collection of left cosets
equivalently collection of all equivalence classes [X]

π ∶ G→ G/StabE quotient map π ∶X ↦ [X]
f ∶ G/StabE →Mn×n

k diffeomorphism relating the orbit space
to the homogeneous G-space

g(G) Lie algebra of G
VXG vertical space in TXG

HXG horizontal space in TXG

Γ ∶ (R,+) → (G, ⋅) one-parameter subgroup on G

ΓXi,Yj
∶ [0,1] → G representative collection of one parameter subgroups

such that (π ○ ΓXi,Yj
)(0) = [X] and (π ○ ΓXi,Yj

)(1) = [Y ]
Table 3. Table of notations for Chapter 6



CHAPTER 7

Spheres on fixed rank matrix manifolds

In this chapter, we will show how to compute spheres on fixed rank matrix
manifolds. Since the definition of the sphere relies on the Riemannian dis-
tance function, it follows that we have to find an algorithm that enables us
to enumerate all the geodesics between two given points, and in addition
be able to find the shortest one. The topic will be introduced, in Section
7.2, using an ad-hoc approach in a very simple low dimensional case. The
benefits of that description are that it provides us with some valuable ge-
ometrical views on the abstract objects that we are about to manipulate.
Subsequently, in Section 7.3, we expose an algorithm that computes the
Riemannian distance function, and, finally, in Section 7.4, we show how to
compute spheres on fixed rank matrix manifolds.

7.1. Motivation: spheres in sensitivity analysis

As we already hinted in Chapter 1, one of the ultimate goals of the whole study
is to be able to perform sensitivity analyses on fixed rank matrix manifolds. First,
recall the idea of a sensitivity analysis of a map between topological spaces. The idea
is the following: given a reference point on the domain space, the sensitivity of the
map at the reference point is defined as the distance in the co-domain space between
the image of the reference point and the image of a point in the neighbourhood of
the reference point. We shall get back to the definition of the sensitivity of a map
in the next chapter, but in the meanwhile, notice the role that the neighbourhood

of the reference point plays in the definition.
What can the neighbourhood of a reference point possibly look like? Notice,

that if the domain is an Euclidean space, the most natural way to select a neigh-
bourhood would be a ball of a given radius ε centred at the reference point. Since
the domain under consideration is a Riemannian manifold, and the Riemannian
metric tensor induces a Riemannian distance function on the manifold, our domain
of definition is actually a metric space. Hence, it makes sense to talk about balls and
spheres on the fixed rank Riemannian matrix manifold. If (M, g) is a Riemannian
manifold with g ∶ M → T 2M being the metric tensor and distg ∶ M ×M → R the
corresponding Riemannian distance function, then the ball of radius ε centred at
p ∈ M is given by the following expression:

Bε(p) = {q ∈M ∶ distg(p, q) < ε} .

As a consequence, the corresponding sphere, ∂Bε(p), is given as the boundary of
the ball, i.e. ∂Bε(p) = {q ∈ M ∶ distg(p, q) = ε}. It is clear from the definition of
the sphere on a Riemannian manifold, that the hardest part is to find an algorithm
to compute the Riemannian distance function. Recall the definition of a geodesic
starting at p ∈ M in the initial direction X ∈ TpM. We denote such a geodesic
as follows: γ(p,X) ∶ [0,1] → M and it is related to the exponential map as follows:

111
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γ(p,X)(t) = exp∣p (tX). Hence, if ∥X∥ = ε, it follows that γ(p,X)(1) = exp∣p (X) is the
ending point of a geodesic of length ε. Hence we have

∂Bε(p) ⊂ exp∣p (∂Bε(0)) ,

where the sphere ∂Bε(0) ∈ TpM simply denotes the Euclidean sphere of radius ε

centred at the origin of the tangent space. Notice, that we have equality between
the sets if and only if the sphere in the tangent space is totally contained within the
normal neighbourhood, V ⊂ TpM. In other words, on the intersection V ∩ ∂Bε(0),
the image by the exponential map is contained within the sphere of radius ε:

∂Bε(p) ⊃ exp∣p (V ∩ ∂Bε(0)) .

The problematic part is the complement of V ∩ ∂Bε(0) in ∂Bε(0). From the def-
inition of the normal neighbourhood, it follows that on the complement we have
multiple initial directions that end up at the same end point. Hence we have X,X ′ ∈
∂Bε(0)/(V∩∂Bε(0)) such thatX ≠X ′, but still exp∣p (X) = exp∣p (X ′). The task at
hand is to enumerate all possible initial directionsX1, . . . ,XN such that they all end
up at the same image point by the exponential map: exp∣p (X1) = ⋯ = exp∣p (XN).
Another, even more difficult task, is to sort the initial directions in decreasing order
with respect to the length.

The next section gives the reader an intuitive view of all those considerations by
investigating the simplest possible non-trivial case of fixed rank matrix manifolds.
The fixed rank one matrix manifold of 2× 2 symmetric matrices can be depicted as
a bi-cone of revolution, and that is the reason why we take a while of our time to
examine this didactic case.

7.2. Introduction of a study case: the cone of revolution

In order to get a more intuitive insight in the geometry of spheres on fixed
rank matirx manifolds, we shall start by introducing the 2 × 2 symmetric positive
semi-definite rank 1 matrix space, denoted MSYM(2)

1,PD . We shall show in the following
discussion, that with the help of the half-vectorization operator we can picture
the manifold MSYM(2)

1
as a bi-cone of revolution. Accordingly, the restriction of

that manifold to positive semi-definite matrices, MSYM(2)
1,PD , can be identified with the

positive part of the bi-cone. The parametrizations in the ambient space of the cone
of revolution and the smooth chart map are given here ad-hoc, and therefore they
are not directly generalizable to higher dimensions. However, the didactic value of
this special case is particularly important since it gives concrete images of certain
mathematical objects that would remain, otherwise, on a rather abstract level.

7.2.1. A natural distance preserving chart map for the cone of revo-
lution. Due to obvious geometric resemblances, which shall be set forth here below,
we shall hereby identify the matrix set of symmetric 2×2 positive semi-definite rank
1 matrices as the cone of revolution or, equivalently the set MSYM(2)

1,PD . We can easily
find a natural chart map for the positive part of the cone of revolution, which also
has the remarkable property that it is a distance preserving chart.

Recall from Chapter 4, Proposition 4.2, that the set of 2×2 symmetric matrices
can be associated with the basis B = {e1 e⊺1 , 1√

2
(e1 e⊺2 + e2 e

⊺
1) , e2 e⊺2 }. It is easy

to see that the basis is positively oriented and it is orthonormal with respect to the
Hilbert-Schmidt inner product. Note also that the basis B can be identified with
the canonical orthonormal basis of R3, given by hvec(B) = {e1,e2,e3}. How could
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we then characterize the set of matrices in MSYM(2)

1 that are of fixed rank 1? Clearly,
it is given by the quadric surface defined by the determinant map. The quadric
defined by the determinant is given with respect to the standard basis. Can we
find, then, another basis such that the same quadric can be expressed, with respect
to that basis, as a cone of revolution? The next proposition shows that the answer
to that question is positive.

Proposition 7.1 (Geometry of the 2× 2 symmetric singular matrix submanifold):
The 2 × 2 symmetric rank 1 matrix submanifold is a cone of revolution around the

axis spanned by 1√
2
(e1 e⊺1 +e2 e⊺2) from which the apex, which is coinciding with the

origin, has been removed.

Proof: Consider the positively oriented orthonormal basis hvec(B̃) obtained from
the basis hvec(B) by a rotation of 45 degrees in the positive direction around the
basis vector e2 of R3:

hvec(B̃) = {
⎛
⎜⎜
⎝

1√
2

0
− 1√

2

⎞
⎟⎟
⎠
,
⎛
⎜
⎝

0
1

0

⎞
⎟
⎠
,

⎛
⎜⎜
⎝

1√
2

0
1√
2

⎞
⎟⎟
⎠
} ,

e1 e2

e3

ẽ1

ẽ3

which gives, back in the matrix space, the following basis:

B̃ = { 1√
2
(e1 e⊺1 − e2 e

⊺
2) , 1√

2
(e1 e⊺2 + e2 e

⊺
1) , 1√

2
(e1 e⊺1 + e2 e

⊺
2) } .

If (a, b, c) are the components in hvec(B) and (ã, b̃, c̃) are the components in

hvec(B̃), then we have the following correspondance between the components:

a = 1√
2
(ã + c̃) , b = b̃ , c = 1√

2
(−ã + c̃) .

In other words, a matrix M = ( a b/√2

b/√2 c
) expressed with respect to the canonical

basis B is expressed as M = 1√
2
( ã+c̃ b̃

b̃ −ã+c̃ ) with respect to the basis B̃. If we impose

the determinant of the matrix M to vanish, then we have a constraint equation
c̃2 = ã2 + b̃2, which is precisely the equation of a cone of revolution around the axis
spanned by ẽ3 ↔ 1√

2
(e1 e⊺1+e2 e⊺2) and such that the apex coincides with the origin.

Since the origin, i.e. the zero matrix, is rank zero, it has to be removed from the
set. �

We know, now, that the fixed rank 1 matrix submanifold embedded in the 2×2
symmetric matrix space is a cone of revolution. Although this information does not
exactly help us to calculate anything precise, it gives us a clue how to parametrize
the surface in an intelligent way. Indeed, since the cone has constant zero Gaussian
curvature, we know that we can construct a coordinate chart for the surface by
“cutting” the cone along a generatrix and ”gluing” the geometric shape obtained in
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such a way on a plane. As we will see in a while, such a coordinate chart is not
unique, but it has many advantages, in particular it preserves distances.

Unfortunately, we can not cover the whole manifold with a single distance
preserving chart. Recall that the origin, i.e. the apex of the cone of revolution, is
excluded from MSYM(2)

1 , which means that the fixed rank matrix manifold consist of
two separate sets, which are not connected: the positive semi-definite part and the
negative semi-definite part. This can be easily seen by identifying the set of rank
1 symmetric positive semi-definite matrices, MSYM(2)

1,PD , with the positive part of the
cone defined in Proposition 7.1, apex excluded. Let’s define a distance preserving
chart on MSYM(2)

1,PD . First consider the inclusion map ι ∶ MSYM(2)
1,PD ↪ MSYM(2), which

sends any M ∈ MSYM(2)
1,PD to ι(M) = ( m11 ±√m11 m22

±√m11 m22 m22
). Note that m11 ≥ 0 and

m22 ≥ 0 but m11 +m22 > 0. Now, we give the following definition for a chart map
on the rank 1 symmetric positive semi-definite 2 × 2 matrix set.

χ

e2

ẽ1

ã = z cosψ

b̃ = z sinψ

M

ψ

KL

ẽ3

ẽ1

c̃ = z

���

�

KL

O

e1 e2

e3

ẽ1

ẽ3

K

L
�

O

ψ

M

χ(M)
θ = ψ√

2

χ(K)χ(O)

Figure 1. Coordinate chart for the rank 1 symmetric positive
semi-definite 2 × 2 matrix manifold

Proposition 7.2 (Coordinate chart on MSYM(2)
1,PD ):

Define the chart map and the inverse chart map of the coordinate chart (MSYM(2)
1,PD , χ)

as follows:

(χ ○ ι−1)( m11 ±√m11 m22

±√m11 m22 m22
) = (m11 +m22 ,

1√
2
atan

±√m11m22

m11 −m22

)

(ι ○ χ−1)(ρ, θ) = ρ

2
(1 + cos

√
2θ sin

√
2θ

sin
√
2θ 1 − cos

√
2θ
) .

Proof: Let’s first show the inverse chart map expression. Recall from Proposition

7.1 that a matrix M ∈MSYM(2)
1,PD can be written as ι(M) = 1√

2
( ã+c̃ b̃

b̃ −ã+c̃ ) together with
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the constraints c̃2 = ã2+ b̃2 and c̃ > 0. By implementing the substitution ã = z cosψ,
b̃ = z sinψ and c̃ = z and then by further substituting ρ =

√
2 z and θ = ψ/

√
2, we

get:

ι(M) = 1√
2
(ã + c̃ b̃

b̃ −ã + c̃
)

= 1√
2
(z(1 + cos ψ) z sin ψ

z sin ψ z(1 − cos ψ))

= ρ

2
(1 + cos

√
2θ sin

√
2θ

sin
√
2θ 1 − cos

√
2θ
) = (ι ○ χ−1)(ρ, θ) .

Figure 1 illustrates the choice of coordinates. Now, let’s calculate the chart map
expression. Recall from Proposition 7.1 that for a matrix M = (m11 m12

m12 m22
) ∈MSYM(2)

1,PD

we have m11 ≥ 0, m22 ≥ 0 and m12 = ±√m11m22. In addition, we have the following

correspondences with the coordinates of B̃.

ã = 1√
2
(m11 −m22) , b̃ =

√
2m12 , c̃ = 1√

2
(m11 +m22) .

From the substitutions ã = z cosψ and b̃ = z sinψ we infer that ψ = atan b̃
ã
=

atan m12

m11−m22
and hence that θ =

√
2atan m12

m11−m22
. From the substitution c̃ = z

we get ρ =
√
2 c̃ = m11 + m22. A trivial computation shows that the two maps

are inverses of each other and smooth functions between Euclidean spaces. Hence,
we infer that the chart is a smooth chart of the set of rank 1 symmetric positive
semi-definite matrices. �

Now, we have to prove that the coordinate chart proposed in 7.2 is distance
preserving, in other words that a straight line on the chart co-domain is a geodesic
on the manifold. Intuitively, this idea holds since we built the chart map by cutting
the cone along a generatrix and then spreading the obtained sector on a plane.

Proposition 7.3 (Distance preserving property of the chart (MSYM(2)
1,PD , χ)):

The chart (MSYM(2)
1,PD , χ) is a distance preserving one.

Proof: Let’s show that a straight line defined by Define the metric tensor from
the induced metrics g(X,Y ) ∶= ⟨(ι∗ ○X), (ι∗ ○ Y )⟩HS. Then, we have the following
expression for the associated matrix with respect to the chart (MSYM(2)

1,PD , χ):

G∣
M
= (1 0

0 ρ2
)∣

M

.

Note that the matrix entries can be easily computed from the following push-forward
expressions:

(ι∗ ○ ∂
∂ ρ

)∣
M

= 1

2
(1 + cos

√
2θ sin

√
2θ

sin
√
2θ 1 − cos

√
2θ
)∣

M

,

(ι∗ ○ ∂
∂ θ

)∣
M
= ρ√

2
(− sin

√
2θ cos

√
2θ

cos
√
2θ sin

√
2θ

)∣
M

.
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A straight line in the chart co-domain between two points χ(M) and χ(N) is given
by the following equation:

(ρ(t) cos θ(t)
ρ(t) sin θ(t)) = (1 − t) (ρ∣M cos θ∣

M

ρ∣
M

sin θ∣
M

) + t (ρ∣N cos θ∣
N

ρ∣
N
sin θ∣

N

) ,

for t ∈ [0,1]. Then, we may infer the following expressions for the curve in the chart
co-domain:

ρ(t) =
√
(1 − t)2 ρ∣

M

2 + t2 ρ∣
N

2 + 2 (1 − t) t ρ∣
M

ρ∣
N
cos(θ∣

M
− θ∣

N
)

θ(t) = atan ( (1 − t) ρ∣
M

sin θ∣
M
+ t ρ∣

N
sin θ∣

N

(1 − t) ρ∣
M

cos θ∣
M
+ t ρ∣

N
cos θ∣

N

)

We have to show then that the geodesic equation holds for the curve γ ∶ [0,1] →
MSYM(2)

1,PD defined by (χ ○ γ)(t) = (ρ(t) , θ(t) ). Recall the definition of the Riemann-
Christoffel symbols Γk

ij = 1
2
gkl (∂igjl+∂jgli−∂lgij). A straightforward computation

shows that the only non-zero symbols are Γθ
ρθ = 1/ρ and Γρ

θθ = −ρ. Hence, the
geodesic equation is given by:

{ ρ̈ − ρ θ̇2 = 0

θ̈ + 2 1
ρ
ρ̇ θ̇ = 0

To show that the previous two equations hold, consider the differentiation of θ(t),
which gives us the identity ρ2(t) θ̇(t) = ρ∣

M
ρ∣

N
sin(θ∣

N
− θ∣

M
). Clearly, the right

hand side of that equation is a constant function. Differentiating the identity yields
then 2ρ ρ̇ θ̇ + ρ2 θ̈ ≡ 0, which proves that the second equation holds. Now, consider
the function ρ2(t) = A + 2 tB + t2C, with the following auxiliary constants:

A = ρ∣
M

2

B = ρ∣
M

ρ∣
N
cos(θ∣

N
− θ∣

M
) − ρ∣

M

2

C = ρ∣
M

2 + ρ∣
N

2 − 2 ρ∣
M

ρ∣
N
cos(θ∣

N
− θ∣

M
)

First, differentiation of ρ2(t) gives ρ(t) ρ̇(t) = B + tC, and second differentiation
yields ρ̇2(t) + ρ(t)ρ̈(t) = C, whence we imply ρ3(t) ρ̈(t) = ρ2(t)C − ρ2(t) ρ̇2(t) =
AC−B2. Computation of the quantity AC−B2 = ρ∣

M

2
ρ∣

N

2
sin2(θ∣

N
− θ∣

M
) enables

us to conclude from the identity ρ3 ρ̈ ≡ (ρ2 θ̇)2 that the first equation, ρ̈ − ρ θ̇2 = 0,
holds. �

7.2.2. Expression of the normal neighbourhood for the cone of rev-
olution. We have found an appealing and easy to use formulation of a geodesic
on the rank 1 symmetric positive semi-definite 2 × 2 manifold. It means that we
are ready to answer the following question: how does the normal neighbourhood
look like on TMMSYM(2)

1,PD ? Let’s compute the normal neighbourhood. Recall that
the normal neighbourhood is by definition a subdomain VM of the tangent space
TMMSYM(2)

1,PD where the restricted exponential map exp
M

∶ VM → MSYM(2)
1,PD is a diffeo-

morphism. In particular the restricted exponential map has to fullfill the injectivity
condition:

exp
M
(V ) = exp

M
(V ′) ⇔ V = V ′ for any V,V ′ ∈ VM .

Note that we defined previously an arbitrary smooth curve on MSYM(2)
1,PD as follows:

(χ ○ γ)(t) = (ρ(t) , θ(t) ). The definition holds, in particular, for geodesics. A
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differentiation yields χ∗ ○ γ̇ = (ρ̇, θ̇), which is, by definition, the local form of a

tangent vector to the curve. Let V = V ρ ∂
∂ρ
∣
M

+V θ ∂
∂θ
∣
M

be a vector in TMMSYM(2)
1,PD .

Then, by the definition of the exponential map (χ ○ exp
M
)(V ) = (χ ○ γ∣

(M,V )
)(1) we

infer that the initial direction is the following: (V ρ, V θ) = (ρ̇, θ̇)(0). Let’s find now
the full expression of the exponential map.

Lemma 7.4 (Expression of the exponential map):
The exponential map is given by the following expression:

(χ ○ exp
M
)(V ) =

⎛
⎝
ρ∣

M

√
(1 + V ρ/ ρ∣

M
)2 + (V θ)2

atan V θ

1+V ρ/ρ∣M

⎞
⎠

Proof: In Proposition 7.3, we have shown that a straight line on the chart co-
domain is identified with a geodesic on the manifold. The geodesic was given as a
straight line between the points χ(M) and χ(N) in the following Cartesian form:

(ρ(t) cos θ(t)
ρ(t) sin θ(t)) = (1 − t) (ρ∣M cos θ∣

M

ρ∣
M

sin θ∣
M

) + t (ρ∣N cos θ∣
N

ρ∣
N
sin θ∣

N

) ,

Looking at the picture below we can re-formulate the geodesic expression using the
initial point χ(M) together with a direction angle η and a distance ε:

χ(M)
θ∣

M

χ(N)

θ∣
N ρ

∣ M
si
n
θ
∣ M

ρ
∣ N

si
n
θ
∣ N

ρ∣
M
cos θ∣

M
ρ∣

N
cos θ∣

N

η

The re-formulated expression of the geodesic looks like the following one:

(ρ(t) cos θ(t)
ρ(t) sin θ(t)) = (ρ∣M cos θ∣

M

ρ∣
M

sin θ∣
M

) + t (ε cos(η + θ∣
M
)

ε sin(η + θ∣
M
)) .

A simple trigonometric computation shows that the following two relations hold:

{ ε cosη = ρ∣
N
cos(θ∣

N
− θ∣

M
) − ρ∣

M

ε sinη = ρ∣
N
sin(θ∣

N
− θ∣

M
) .

A quick computation shows that ε2 = C, where C is the constant defined in the
proof of Proposition 7.3. On the other hand, by computing the norm of the tangent
vector, we get g(γ̇, γ̇)(t) = ρ̇2(t)+ρ2(t) θ̇2(t) = C, which shows that it is a constant
function. Evaluation at t = 0 yields:

(V ρ)2 + (ρ∣
M
)2 (V θ)2 = ε2 ,

which gives the length of the geodesic as a function of the initial values. Another re-
lation from the proof of Proposition 7.3 tells that ρ2(t) θ̇(t) = ρ∣

M
ρ∣

N
sin(θ∣

N
− θ∣

M
)
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is a constant function. Appropriate substitutions, after evaluation of the identity
at t = 0, yield ρ∣

M
V θ = ε sinη. Altogether we get the following two relations:

{ ε cosη = V ρ

ε sinη = ρ∣
M

V θ

A simple substitution gives us finally the explicit expression of the exponential map:

(χ ○ exp
M
)(V ) =

⎛
⎝
ρ∣

M

√
(1 + V ρ/ ρ∣

M
)2 + (V θ)2

atan V θ

1+V ρ/ρ∣M

⎞
⎠
= (ρ∣N

θ∣
N

) .

�

Clearly, the exponential map is defined and smooth for all values of V . How
about the inverse map (also sometimes called the logarithm map)? The explicit
expression of the logarithm map is the following:

(χ ○ exp
M
)−1(ρ∣

N
, θ∣

N
) =

⎛
⎝
ρ∣

N
cos θ∣

N
− ρ∣

M

ρ∣N
ρ∣M sin θ∣

N

⎞
⎠
= (V

ρ

V θ) .

However, in order to be able to inverse the exponential map, we have to find the
domain of definition on which it is bijective. In partiular, we have to find the star-
shaped subdomain of the tangent space on which the exponential map is injective.
The next figure and the following lemma tries to provide an answer to that question.
Figure 2 shows an illustrative counter-example where a point on the co-domain of

χ ○ exp∣M

χ ○ exp∣
M

χ(M)

χ(M)

(χ ○ exp∣
M
)(V )

ε

η

χ(M)

χ(M)

(χ ○ exp∣
M
)(V ′)

ε′

η′

V

TMMSYM2

1,PSD

V

V ρ

V θ

V ′

Figure 2. The normal neighbourhood on the 2 × 2 positive semi-
definite rank 1 matrix set

the chart map χ can be, as a matter of fact, reached from a same starting point by
two distinct geodesics with two distinct initial directions. Lemma 7.5 shows where
this kind of construction is not possible.



7.2. INTRODUCTION OF A STUDY CASE: THE CONE OF REVOLUTION 119

Lemma 7.5 (Expression of the normal neighbourhood):
The normal neighbourhood, noted V is the subset of the tangent space at M defined

by the points (V ρ, V θ) ∈ TMMSYM(2)
1,PSD for which the following restriction holds:

−(1 + V ρ

ρ∣
M

) tan(
√
2 − 1)π < V θ < (1 + V ρ

ρ∣
M

) tan(
√
2 − 1)π , ∀V ρ >= ρ∣

M

Proof: Looking at Figure 2, where the normal neighbourhood has been denoted
by the solid gray hatch, one can deduce the delimiting lines of the normal neigh-
bourhood from the following two parametric curves

(V ρ(t), V θ(t)) = (t cos(
√
2 − 1)π − ρ∣

M
,

t

ρ∣
M

sin(
√
2 − 1)π) , t ≥ 0

(V ρ(t), V θ(t)) = (t cos(
√
2 − 1)π − ρ∣

M
,− t

ρ∣
M

sin(
√
2 − 1)π) , t ≥ 0

Solving the parameter t out of the two parametric expressions yields two functions:

V θ+ (V ρ) = (1 + V ρ

ρ∣
M

) tan(
√
2 − 1)π , V ρ ≥ ρ∣

M

V θ− (V ρ) = −(1 + V ρ

ρ∣
M

) tan(
√
2 − 1)π , V ρ ≥ ρ∣

M
.

The normal neighbourhood is then the area on the left of the bounds given by
V θ+ and V θ− . Hence, a point (V ρ, V θ) in the normal neighbourhood is such that
V θ− (V ρ) < V θ < V θ+ (V ρ) for any V ρ ≥ ρ∣

M
. Appropriate substitution yields the

inequality

−(1 + V ρ

ρ∣
M

) tan(
√
2 − 1)π < V θ < (1 + V ρ

ρ∣
M

) tan(
√
2 − 1)π , ∀V ρ ≥ ρ∣

M
,

which defines the domain on which the exponential map is injective, i.e. exp∣
M
(V ) =

exp∣
M
(V ′) implies that V = V ′. Since we have found an explicit expression for the

logarithmic map, it implies that on the domain under consideration the exponential
map is surjective, as well. Both the expression of the exponential and logarithmic
maps are smooth which shows that the exponential map is a diffeomorphism, hence
that the domain under consideration is, indeed, a normal neighbourhood. �

7.2.3. Geodesic spheres and spheres on the cone of revolution. Our
next object of interest is the geodesic sphere. The geodesic ball is defined in [46]
as follows: if Bε(0) is a ball on the tangent space at M , a point on the mani-
fold, and the exponential map exp∣

M
is a diffeomorphism on Bε(0), then the im-

age set exp∣
M
(Bε(0) ) is called the geodesic ball. In a similar way, one defines a

closed geodesic ball and a geodesic sphere as the image sets exp∣
M
(Bε(0) ) and

exp∣
M
(∂Bε(0) ), respectively. Note also that the radius ε > 0 is measured with

respect Riemannian distance function, which in this case is simply the length of the
unique geodesic.

Figure 3 gives an example of a geodesic sphere exp∣
M
(∂Bε(0) ) on the 2 × 2

positive semi-definite rank 1 matrix set. Obviously, the radius ε of the geodesic
sphere has to be less than the distance ρ∣

M
from the centre pointM to the boundary

of the fixed rank matrix manifold, which, in this precise case, is the origin. However,
this is only a necessary, not a sufficient condition. The sufficient condition is, that
the distance from the centre of the geodesic sphere to the boundary of the normal
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neighbourhood is more than the radius of the geodesic sphere. Hence, by referring to
Figure 2, one can find that the sufficient condition for a sphere ∂Bε(0) ⊂ TMMSYM(2)

1,PD

to be contained within the normal neighbourhood VM is that ε < ρ∣
M

sin(
√
2− 1)π.

χ ○ exp∣M

χ ○ exp∣
M

(χ ○ exp∣
M
)(Wε)

�

χ(M)

�

χ(M)(χ ○ exp∣
M
)(Wε)

�

χ(M)

�

χ(M)

TMMSYM2

1,PSD

V

V ρ

V θ

Wε

Figure 3. Example of a geodesic sphere on the 2×2 positive semi-
definite rank 1 matrix set, ε < ρ∣

M

For our purposes the definition of a geodesic sphere, as given in [46], is too
restrictive. The reason is that the pre-image of the geodesic sphere is a subset of
the normal neighbourhood, and as we can see from Lemma 7.5, a restriction to
the normal neighbourhood rules out an important part of the the tangent space.
Therefore, we propose another approach to grasp the notion of all those points on
a manifold that can be reached by a geodesic of length exactly ε, but not by any
shorter geodesic.

The notion of Riemannian distance function between two points on a Rie-
mannian manifold is defined as the minimum of the length of all possible geodesics
that connect those given points. Hence, a sphere on the Riemannian manifold,
which we define as the set of points that lay at a Riemannian distance ε around
a given center point. In case the sphere, ∂Bε(0) ⊂ TMMSYM(2)

1,PD , is fully contained
within the normal neighbourhood, each point of that sphere corresponds to a single
geodesic, and therefore the length of that geodesic is also the Riemannian dis-
tance between the centre point and the point on the sphere. However, for any
point V on the complement of VM ∩ ∂Bε(0) in ∂Bε(0), there is another point V ′,
which implies that there are two geodesics γ(M,V ) and γ(M,V ′) with identical start-
ing point M and ending point N . The Riemannian distance is therefore given as
distg(M,N) =min{L(γ(M,V )),L(γ(M,V ′))} =min{∥V ∥, ∥V ′∥}.

Looking at Figure 4, one can deduct that on the symmetric 2×2 rank 1 positive
semi-definite matrix manifold the set Wε ⊂ ∂Bε(0), which is the pre-image of a
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sphere by the exponential map, is given by an arc. The characteristics of that arc
can be computed from the expression of the geodesic length ε by setting it constant
and solving out the location of the second point N , which is located on the geodesic
sphere. The following lemma summarizes that result:

χ ○ exp∣M

χ ○ exp∣
M

(χ ○ exp∣
M
)(Wε)

�

χ(M)

�

χ(M)

(χ ○ exp∣
M
)(Wε)

�

χ(M)

�

χ(M)

TMMSYM2

1,PSD

V

V ρ

V θ

Wε

Figure 4. Example of a sphere on the 2× 2 positive semi-definite
rank 1 matrix set, ε > ρ∣

M

Lemma 7.6 (Expression of a sphere on MSYM(2)
1,PD ):

The pre-image by the exponential map of a sphere, noted Wε is the subset of the

tangent space at M , defined by the points (V ρ, V θ) ∈ ∂Bε(0) ⊂ TMMSYM(2)
1,PD contained

within the ellipse of equation

(V ρ

ε
)2 + ( V θ

ε/ρ∣M )
2

= 1 ,

such that the polar angle is restricted in absolute value by the limit value:

ηmax = arccos(− ρ∣M
ε

sin2 π√
2
− cos π√

2

√
1 − ( ρ∣M

ε
)2 sin2 π√

2
)

Proof: Recall, that in the tangent space, we have the following equations

{ ε cosη = V ρ ,

ε sinη = ρ∣
M

V θ ,

which clearly describe an ellipse centred at the origin of the tangent space. The
implicit equation of the ellipse is

(V ρ

ε
)2 + ( V θ

ε/ρ∣M )
2

= 1 .

It follows, that the pre-image by the exponential map of the sphere of radius ε on
MSYM(2)

1,PD is contained within the ellipse. Further, looking at Figure 4, one can see
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that the angle θ∣
N
− θ∣

M
= π√

2
describes a point N that is located on the opposite

side of the cone with respect to M . Geometrical considerations tell us, that between
those two points, there are exactly two geodesics of equal length. It means that
the configuration, where a point is located on the opposite side of the cone with
respect to the first point, is a limit case. Let’s investigate that limit case in detail.
Recall the following relation, where the angle θ∣

N
− θ∣

M
has been substituted by π√

2

to reflect the limit case behaviour.

{
ε cosη = ρ∣

N
cos π√

2
− ρ∣

M
,

ε sinη = ρ∣
N
sin π√

2
.

Solving out the polar parameter η yields a second order equation in ρ∣
N
/ε. By

denoting x = ρ∣
M
/ε and y = ρ∣

N
/ε, the equation is: y2−2yx cos π√

2
+x2 = 1. Solving

the equation for y yields:

ρ∣N
ε

= ρ∣M
ε

cos π√
2
−
√

1 − ( ρ∣M
ε
)2 sin2 π√

2
.

Now, by substituting the value of ρ∣
N
/ε into the equation ε cos η = ρ∣

N
cos π√

2
− ρ∣

M
,

we get the limit value for the polar angle η:

ηmax = arccos(− ρ∣M
ε

sin2 π√
2
− cos π√

2

√
1 − ( ρ∣M

ε
)2 sin2 π√

2
)

�

To summarize our short investigation of this special case of the MSYM(2)
1,PD matrix

manifold, let’s go through the main points of the discussion. We have identified the
2 × 2 symmetric positive definite rank 1 matrix set with the cone of revolution in
R

3 and found a distance preserving smooth chart. That distance preserving chart
enabled us to compute analytical expressions of the exponential map, the normal
neighbourhood and the geodesic sphere. Likewise, by considering the Riemannian
distance function we were able to find pre-images of spheres on the fixed rank matrix
manifold, and therefore we are in a position to draw these spheres. In Figures 5
and 6, we have shown two cases: first a case where the radius of the sphere is less
than the distance from the centre to the origin, second a case where the radius of
the sphere is greater than the distance from the centre to the origin.

7.3. The Riemannian distance function on fixed rank manifolds

The purpose of this section is to generalize some of the ideas exposed in the
previous section, where we investigated the 2×2 symmetric positive definite rank one
matrix manifold. Let’s start by summarizing the different objects that we have put
forth in the previous section. The first object that we considered on 2×2 symmetric
positive definite rank one matrix manifolds was the Riemannian geodesic, which
also led to the definition of the Riemannian exponential map, and eventually to
the Riemannian logarithm map. By looking at the diffeomorphic properties of the
exponential map, one could eventually figure out the normal neighbourhood and
geodesic spheres. The sphere on the 2×2 symmetric positive definite rank one matrix
manifold could be computed only if the Riemannian distance function is defined and
could be easily computed. Because the logarithm map was given explicitely, the
expression of the Riemannian distance function was available readily.
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Figure 5. Sphere on MSYM(2)
1,PD , relative distance > 1
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Figure 6. Spheres on MSYM(2)
1,PD , relative distance < 1

In the more general case of fixed rank matrix manifolds Mn×n
n−1, things do not

work out as nice as they did in the 2× 2 symmetric positive definite rank one case.
In a general setting, the Riemannian geodesic and the corresponding exponential
map can be computed only numerically, using the procedure described in Chapter
5. The logarithm map, as it turns out, is way too complex and expensive to be
computed numerically. Accordingly, it is not possible to compute the Riemannian
distance function, either, at least not directly.

7.3.1. Illustration of minimization curves. As we just stated, the Rie-
mannian distance function can not be computed directly using the Riemannian
logarithm map. However, since we are able to compute the matrix logarithm, we
can use it to compute one-parameter subgroups and eventually transform them
into get geodesics. The clue here is to minimize the one-parameter subgroups with
fixed extremities. Since by virtue of Theorem 6.6, [46], every minimizing curve
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is a geodesic when given a unit speed parametrization, by transforming the one-
parameter subgroups into minimizing curves we actually get the geodesics as well.
Let’s illustrate the concept with some figures.

G
π

G/StabE

f
Mn×n

n−1

I1 →X1 I2 →X2

I1 →X2 I2 →X1

[I] → [X]

[I] → [X]

f([X])

f([I])
��

��
��

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

f([X])

f([I])

Figure 7. one-parameter subgroups and geodesics, case 1

Recall, first, that the square rank deficient matrix manifold is a homogeneousG-
space, and hence it is diffeomorphic to the quotient spaceG/StabE, where StabE ⊂ G

denotes the isotropy subgroup through the einselement. Recall, from Chapter 6,
Section 6.2 that we denoted the corresponding diffeomorphism f ∶ G/StabE →Mn×n

n−1.
Recall also, that we defined a representative one-parameter subgroup (Definition
6.16) to be the map ΓIi,Xj

∶ [0,1] → G such that (π ○ ΓIi,Xj
)(0) = [I] and (π ○

ΓIi,Xj
)(1) = [X], where π ∶ G→ G/StabE denotes the smooth covering map.

Looking at Figure 7, it is easy to see that for any fixed 1 ≤ i ≤ N , each repre-
sentative one-parameter subgroup starting at Ii and ending at Xj , for 1 ≤ j ≤ N

defines a homotopy equivalence class in G/StabE relative to the endpoints [I] and
[X]. Denote that equivalence class by [π ○ ΓIi,Xj

]. Note that in the illustration of
Figures 7 and 8, we have N = 2, which means that there are two sheets hovering
above the quotient space.

By comparing figures 7 and 8, we can see that there are two, fundamentally
different cases. Figure 7 illustrates the case, where only one of the one-parameter
subgroups (represented in solid line) can be smoothly transformed to a geodesic
(represented in dotted line). In contrast, looking at Figure 7, one can see, that
both one-parameter subgroups can be smoothly transformed to geodesics.

The first case corresponds, therefore, to a situation, where the initial velocity
of the geodesic is contained within the normal neighbourhood, and the second
case corresponds to two distinct initial velocities taken from outside the normal
neighbourhood. Hence, for two given points on the fixed rank matrix manifold, we
have at least one and at most N geodesics relative to the initial and final points,
where N is the number of sheets hovering above the quotient space. Next, we shall
see, how to construct each of the geodesics as a minimizing curve starting from one-
parameter subgroups. Once we have an exhaustive list of all minimizing curves, each
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G
π

G/StabE

f
Mn×n

n−1

I1 →X1 I2 →X2

I1 →X2 I2 →X1

[I] → [X]

[I] → [X]

f([X])

f([I])
�
�
�
�

�

�

�
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�

�
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Figure 8. one-parameter subgroups and geodesics, case 2

of which belongs to a distinct homotopy class, the length of the shortest of those
minimizing curves gives us the Riemannian distance between the extremities.

Now, let’s illustrate the same ideas concerning homotopy classes of curves rel-
ative to the extremities and minimization algorithms over those classes of curves.
This time, since we have chosen to illustrate our purpose in the 3× 3 matrix space,
there are 4 distinct homotopy classes available. Figures 9 to 12 illustrate the out-
come of the minimization algorithm over each one of those homotopy classes. In
each figure, we have the following legend:

● The solid line represents the geodesic curve that was found as a solution
to an initial value problem.

● The dashed line represents the one-parameter subgroup that represents
the homotopy class and serves as a starting point for the minimization
algorithm

● The dotted line represents the outcome of the minimization algorithm.

The common starting point for the curves was chosen to be the einselement and
the common ending points for each curve was chosen randomly:

γ(0) =
⎛
⎜
⎝

1 0 0
0 1 0
0 0 0

⎞
⎟
⎠

, γ(1) =
⎛
⎜
⎝

1.1019 0.1641 0.1091
0.0941 0.0803 0.1350
0.1449 0.0809 0.1269

⎞
⎟
⎠

The randomly chosen initial velocity vector was the following:

(ϕ∗ ○ γ̇)(0) = (0.1017,0.0939,0.1607,−0.9366,0.1174,0.1633,0.1477,0.1247) .

However, the initial direction was chosen in such a way that it lies in a neighbour-
hood of the rank 1 matrix diag(1,0,0).

The minimization algorithm that was used to compute each of the dotted curves
was the conjugate gradient based unconstrained minimization method provided by
the MATLAB standard toolbox [33]. It can be noticed, that one and only one of the
four minimization processes converges to the solution of the initial value problem,
namely the one shown in Figure 10. However, if we plot the sequence of curves
that the minimization algorithm produces at each iteration, we can clearly see that
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Figure 9. Minimizing curve from homotopy class 1

Figure 10. Minimizing curve from homotopy class 2

there is convergence for each run. Although this can not be directly inferred from
the figures, it provides numerical evidence to the claims that we have already stated
above: each homotopy class of curves has a length minimizing curve. If we plot
the length of each one-parameter subgroup in the homotopy class and the length
of the corresponding minimizing curve, as we have done in Figure 13, we can see
that the order of the curves is more or less preserved with respect to the length. In
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Figure 11. Minimizing curve from homotopy class 3

Figure 12. Minimizing curve from homotopy class 4

particular, the following important observation ensues: the shortest one-parameter
subgroup gives, after minimization, the shortest minimizing curve.

Each subplot represents in a figure represents a projection of the 8-dimensional
space to a given hyperplane. If we denote an arbitrary point on the manifold M3×3

2
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as follows:

γ(t) =
⎛
⎜
⎝

a11(t) a12(t) b11(t)
a21(t) a22(t) b21(t)
c11(t) c12(t) m33(t)

⎞
⎟
⎠

, m33(t) = (c11(t)
c12(t)

)
⊺
(a11(t) a12(t)
a21(t) a22(t)

)
−1

(b11(t)
b21(t)

) ,

then we can illustrate curves in M3×3
2 as a juxtaposition of eight projected curves on

the hyperplanes {a11,m33}, {a12,m33}, {a21,m33}, {a22,m33}, {b11,m33}, {b21,m33},
{c11,m33} and {c12,m33}.

0

1

2

3

4

5

6

class 1 class 2 class 3 class 4class 1
i

�

�

�

�

�� ��
��

��

� �0
i

�� �i

Figure 13. Enumeration of lengths of one parameter subgroups,
�0i , and corresponding minimizing curves, �i.

7.3.2. An algorithm for computing the Riemannian distance func-
tion. The Riemannian distance function on the fixed rank matrix manifold, de-
noted dist ∶ Mn×n

n−1 ×Mn×n
n−1 → R, is defined as the minimum of the length of each

minimising curve relative to some fixed initial and final points. Hence, by formu-
lating appropriately the minimization problem defined by the length of a smooth
curve with fixed extremities yields, as a result, the minimizing curve. Figure 14,
shows the flowchart of the algorithm that computes the Riemannian distance.

The notation used in Figure 14 is explained as follows. In order to formulate the
minimizing problem in such a way that we can get a handle on the minimizing curve
for each homotopy class relative to the extremities, it is natural to choose the collec-
tion of one-parameter subgroups as an initial guess for the minimization problem. If
we denote {X1, . . . ,XN} = π−1([X]) as the fibre over [X] in the covering space, the
collection of one-parameter subgroups is given by {mexp○W̄j}1≤j≤N ⊂ C∞([0,1];G).
The smooth curves {W̄j}1≤j≤N ⊂ C∞([0,1];g(G)) are easily defined via the matrix
logarithm W̄j ∶ t ↦ tmlog(YjX

−1). It therefore follows, that the one-parameter sub-
groups that we are considering, are actually defined as matrix exponents of some
linear maps {W̄j}, and that the corresponding minimizing curves can be expressed

as a matrix exponents of non-linear maps Wj = W̄j + Ŵ ∈ C∞([0,1];g(G)), where
Ŵ denote some bubble modes.
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dist ∶Mn×n
n−1 ×Mn×n

n−1 → R

input: M,N ∈Mn×n
n−1

f−1(M) = [X] ∈ G/StabE f−1(N) = [Y ] ∈ G/StabE

X ∈ π−1([X]) ⊂ G {Yj}1≤j≤N ⊂ π−1([Y ]) ⊂ G

{βk} ⊂ C∞( [0,1];R ) :
βk(0) = 0 = βk(1)

W̄j ∈ C∞( [0,1];g(G) ) :
W̄j(t) = tmlog(Yj X

−1)

Ŵ = ∑ Ŵk βk ∈ C∞( [0,1];g(G) ) Wj = W̄j + Ŵ ∈ C∞( [0,1];g(G) )

{Ŵk} ⊂ g(G) ΘM ○mexp ○Wj ∈ C∞( [0,1];Mn×n
n−1 )

L(ΘM ○mexp ○Wj ) ∈ R

�j = infŴk
L(ΘM ○mexp ○Wj ) ∈ R

{�j}1≤j≤N

output: dist(M,N) =minj{�j} ∈ R

f−1

π−1

for each j

ΘM ○mexp

L

minimize over {Ŵk} ⊂ g(G)

minimize over 1 ≤ j ≤ N

π−1

Figure 14. Algorithm for the computation of the Riemannian distance

The bubble modes Ŵ ∈ C∞([0,1];g(G)) are given with respect to some func-
tion basis {βk} ⊂ C∞([0,1];R) that vanish at the extremities. Hence, by carefully

choosing a set of matrix-valued coefficients {Ŵk} ⊂ g(G) that multiply the function

basis, we get our non-linear bubble mode Ŵ (t) = ∑k Ŵk βk(t) such that the length
of the curve ηj = ΘM ○mexp ○Wj ∈ C∞([0,1];Mn×n

n−1) is minimized. One can also
easily check that the smooth curve ηj has extremities at ηj(0) = M and ηj(1) = N

as it should be.
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Let’s now expose some of the details related to the algorithm that are necessary
for an implementation. Recall that we assumed that M,N ∈Mn×n

n−1 are the starting
and ending point of each curve ηj ∈ C∞([0,1];Mn×n

n−1). Let X ∈ G be the starting
point in the covering space and {Yj} ⊂ G be the corresponding end points. Their
expressions are given as follows:

X = ((
√
ΣM 0
0 0

) ⊗ (
√
ΣM 0
0 0

)) ⊗ (QM ⊗ PM) ,

Yj = ((
√
ΣN 0
0 0

) ⊗ (
√
ΣN 0
0 0

)) ⊗ ((QNDj) ⊗ (PNDj)) ,

where Di ∈ diag({±1}, . . . ,{±1}) ⊂ SO(n). Then the smooth curves {W̄j} given in
the algorithm can be expressed in the following form in terms of Kronecker sums:

W̄j(t) = t ( ( 1
2
Δ̄∣

1
0

0 0
) ⊕ ( 1

2
Δ̄∣

1
0

0 0
)) ⊕ ( Ψ̄j ∣1 ⊕ Θ̄j ∣1) ,

with Δ̄∣
1
= mlog(ΣNΣ

−1
M
), Ψ̄j ∣1 = mlog(QNDjQ

⊺
M
) and Θ̄j ∣1 = mlog(PNDjP

⊺
M
).

Likewise, we can consider the amplitudes of the bubble functions as follows:

Ŵk = (( 1
2
Δ̂k 0

0 0
) ⊕ ( 1

2
Δ̂k 0

0 0
)) ⊕ (Ψ̂k ⊕ Θ̂k) .

Since the test functions have to vanish at t = 0 and at t = 1, the natural choice for the
basis functions are sinuses: βk(t) = sin(π k t). The expression of the corresponding
smooth curve on the fixed rank matrix manifold ηj is therefore given as follows:

ηj(t) = eΘj(t)( eΔ(t) 0
0 0

) e−Ψj(t) .

where the inner functions are defined as follows:

Θj(t) = t Θ̄j ∣1 +∑
k

Θ̂k sin(k π t) ,

Δ(t) = t Δ̄∣
1
+∑

k

Δ̂k sin(k π t) ,

Ψj(t) = t Ψ̄j ∣1 +∑
k

Ψ̂k sin(k π t) .

In order to compute the length functional of the previously defined smooth curve
ηj , we have to compute its time derivative η̇j , since, by definition of the length

functional we have L(ηj) = ∫
1

0 ∥η̇j(t)∥dt. The expression for the derivative of a
matrix exponential can be given in a series expansion using the Baker-Campbell-
Hausdorff formula. The expression uses the adjoint action adΘ ∶ g(G) → g(G)
defined by adΘ(V ) = [Θ, V ]:

d
dt
∣
t
(mexp ○Θ) = eΘ(t) 1 − e−adΘ(t)

adΘ(t)

( dΘ
dt
∣
t
) ,

where the endomorphism 1−e−adΘ
adΘ

∶ g(G) → g(G) has the following series expansion
expression:

1 − e−adΘ

adΘ

=
∞
∑
i=0

(−1)i
(i+1)!(adΘ)i ,

which enables us to write out explicitly the following first terms of the series:

1−e−adΘ
adΘ

(Θ̇) = Θ̇ − 1
2!
[Θ, Θ̇] + 1

3!
[Θ, [Θ, Θ̇]] − . . .
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Let’s apply the matrix exponential derivation theory to the smooth curve ηj =
ΘE ○mexp ○Wj . The computation of the speed vector using the series form of the
matrix exponential derivative yields:

η̇ = eΘ (1−e−adΘ
adΘ

(Θ̇)( eΔ 0
0 0

) + ( Δ̇eΔ 0
0 0

) + ( eΔ 0
0 0

)( 1−e−adΨ
adΨ

(Ψ̇))⊺) e−Ψ .

Recalling that the trace of any product of a symmetric by a skew-symmetric matrix
is zero, we get the following expression for the norm of our velocity vector:

∥η̇∥2 = ∥ 1−e−adΘ
adΘ

(Θ̇)( eΔ 0
0 0

) − ( eΔ 0
0 0

)1−e−adΨ
adΨ

(Ψ̇) ∥2 + ∥ Δ̇eΔ ∥2 .

The computation of the length functional then follows from the numerical assess-

ment of the integral L(ηj) = ∫
1

t=0 ∥η̇j(t)∥dt. Using a numerical minimization al-
gorithm on the length functional, which we formally denote by �j = infŴk

L(ηj),
gives us the minimizing curve and the corresponding length. Further, taking the
minimum over each sheet yields the numerical value of the Riemannian distance
function between the staring point M and the ending point N on the fixed rank
matrix manifold.

7.4. Computation of spheres on fixed rank matrix manifolds

The sphere of radius ρ > 0 centred at a point M on the fixed rank matrix man-
ifold Mn×n

n−1 is simply defined as the set of points located at a Riemannian distance
ρ from M . If we want to compute numerically points on the sphere on fixed rank
matrix manifolds, the most natural strategy is to consider a sphere of radius ρ on
the tangent space TMMn×n

n−1, and compute its image by the Riemannian exponential
map. This sphere can be called the sphere of initial directions. If the sphere of
initial directions is fully contained within the normal neighbourhood, then its im-
age by the exponential map gives us directly the geodesic sphere, which is also the
sphere in the topological sense with respect to the Riemannian distance.

However, if some of the initial directions are located outside the normal neigh-
bourhood, the image by the exponential map does not give us the Riemannian
sphere on the fixed rank matrix manifold. Instead, for each initial direction, we
have to check, using the Riemannian distance function algorithm given in Section
7.3, whether or not the norm of the given initial direction, which is also the length
of the corresponding geodesic, actually equals the value of the Riemannian distance
function. The idea of that algorithm is illustrated in Figure 15.

From the numerical point of view, the algorithm has to be implemented by
choosing a uniform distribution of initial directions v ∈ ∂Bρ(0) ⊂ TMMn×n

n−1. Since
the tangent space TMMn×n

n−1 is a n2−1 dimensional one, ∂Bρ(0) is a n2−2 dimensional
sphere, and according to [52], to generate uniformly distributed random points on
the n2 − 2 dimensional sphere, it suffices to generate a n2 − 1 dimensional vector of
normal deviates and then just normalize that vector. We shall come back to that
idea in more detail in the next chapter.

Application of the algorithm described in Figure 15 on the collection of uni-
formly distributed initial directions gives us then a distribution of points on the
Riemannian sphere on the fixed rank matrix manifold. Notice, that if we have
a uniform distribution on the entire domain ∂Bρ(0), the distribution is uniform
on any subset of that domain, too. In particular, it is uniform on the subset
(exp∣

M
)−1(∂Bρ(M)) ⊂ ∂Bρ(0).
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input: ∀ v ∈ ∂Bρ(0) ⊂ TMMn×n
n−1

γv ∈ C∞([0,1];Mn×n
n−1) :

γv(0) =M

M = γv(0) ∈ R
N = γv(1) ∈ R

L(γv) ∈ R = dist(M,N) ∈ R

output: N ∈ ∂Bρ(M) ⊂Mn×n
n−1

compute the geodesic

L t = 0

t = 1
dist

true

Figure 15. Algorithm for the computation of a sphere on fixed
rank matrix manifold centred at the einselement

Before we move to the next chapter, let’s investigate some properties of spheres
on Riemannian manifolds. In our case, the Riemannian manifold in question is
a rank deficient square matrix manifold, Mn×n

n−1, which also happens to be a space
covered by a Lie group according to the following sequence: G→ G/StabE →Mn×n

n−1.
As we have previously seen, this particular situation leads to the important fact that
there is a finite number of geodesics connecting two given starting and endpoints.

7.4.1. Properties of spheres on Mn×n
n−1. Let’s denote, as in the previous

discussion, by ∂Bε(M) ⊂Mn×n
n−1 the sphere on the fixed rank matrix manifold, which

also happens to be a Riemannian manifold. The definition of the sphere is given
in the usual way, via the Riemannian distance function. Is the sphere a smooth
manifold? How does its pre-image look like in the tangent space? There are many
interesting questions that we are trying to get elements of answers to. First, let’s
focus on the tangent space. We have already discussed the fact that within the
normal neighbourhood, every sphere centred at the origin is mapped to a geodesic
sphere on the Riemannian manifold. Can we enlarge this concept to encompass
portions of spheres that possibly lie outside the normal neighbourhood?

Recall that the normal neighbourhood is, by definition, a neighbourhood of the
origin on the tangent space where the exponential map is a diffeomorphism. We
also know that the exponential map is surjective everywhere on its domain, because
on path connected components of the manifold, any two points can be connected by
a minimizing curve that also happens to be a geodesic up to a re-parametrization.
The question is re-directed now towards injectivity: what can we say about the
injectivity property of the exponential map on portions of the Euclidean sphere in
the tangent space? Let’s start with a definition:
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Definition 7.7 (Maximal open subset of a sphere where the exponential map is
injective):
Assume ∂Bε(0) ⊂ TMMn×n

n−1, the sphere of radius ε centred at the origin. Denote by
Wε the maximal open subset of exp−1

M
(∂Bε(M) ) ⊂ ∂Bε(0) such that exp

M
∶ Wε →

exp
M
(Wε) is injective.

In Definition 7.7, the maximality property is considered with respect to the
inclusion, i.e. if Z is an open subset of exp−1

M
(∂Bε(M) ) containing Wε, and the

injectivity property for the exponential map holds on Z, then Z = Wε. Clearly, as
we stated above, the Riemannian exponential map is injective on N ∩Wε, where
N ⊂ TMMn×n

n−1 denotes the normal neighbourhood. Because the maximal subset Wε

is contained within the pre-image by the exponential map of the sphere ∂Bε(M), it
follows that any initial direction V ∈ Wε has a length ε, and it is also the Riemannian
distance between the starting point M and the endpoint N . Hence, to summarize,
let V,V ′ ∈ Wε such that exp

M
(V ) = N = exp

M
(V ′), ∥V ∥ = ∥V ′∥ = ε and for any

W ∈ TMMn×n
n−1 such that exp

M
(W ) = N , we have ∥W ∥ > ε.

Because the sphere ∂Bε(0) is a smooth manifold embedded in the n2 − 1 di-
mensional Euclidean space TMMn×n

n−1, it also follows that Wε is an open manifold
in ∂Bε(0). Altogether, Wε is a smooth manifold. How about its image by the
exponential map? If we manage to show, that the exponential map restricted to
Wε is a diffeomorphism, then it easily follows that the image set exp

M
(Wε) is also

a smooth manifold.
First, let’s show that the push forward of the exponential map is an isometry,

and therefore it may be inferred that it is an isomorphism and eventually use the
inverse function theorem to show that the exponential map itself is a diffeomorphism
on some neighbourhood.

Lemma 7.8 (Properties of the push-forward of the exponential map):
Let (M, g) denote a Riemannian manifold, and expp ∶ TpM → M the exponen-

tial map restricted to p ∈ M. For arbitrary vectors X,Y ∈ T (TpM) ≅ TpM, the

following expression holds:

⟨(expp)∗∣X (X), (expp)∗∣X (Y )⟩ = ⟨X,Y ⟩

Proof: The expression is a direct consequence of the Gauss lemma, see Theorem
6.8 in [46]. Assume X ∈ TpM is fixed. Decompose Y = X� + αX, where X� is
an arbitrary vector orthogonal to X. In order to prove the identity above, let’s
consider the following expression:

⟨X,Y ⟩ = ⟨X,X� + αX⟩ = α∥X∥2 .

On the other hand, consider also the following expression:

⟨(expp)∗∣X (X), (expp)∗∣X (Y )⟩ =
⟨(expp)∗∣X (X), (expp)∗∣X (X�)⟩ + α ∥ (expp)∗∣X (X)∥2 .

Consider a smooth curve σ ∶] − s0, s0[→ ∂Bρ(0) ⊂ TpM such that σ(0) = X ∈
TpM. Because ∥σ(s)∥ is constant, it follows that d

ds
⟨σ,σ⟩ = 2⟨dσ

ds
, σ⟩ = 0. Hence, in

particular, σ̇(0) =X� ∈ TX(TpM), where the dot indicates the derivative. Then we
may consider the admissible family of curves Γ ∶] − s0, s0[×[0,1] → M defined by
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Γ(s, t) = expp(t σ(s)). Then, notice that we have the following expressions:

∂tΓ∣(0,1) = (expp)∗∣X (X) , ∂sΓ∣(0,1) = (expp)∗∣X (X�) .

Further, let’s show that the inner product ⟨∂tΓ, ∂sΓ⟩ is independent of the parameter
t. The following computation clearly demonstrates it:

∂t⟨∂tΓ, ∂sΓ⟩ = ⟨Dt∂tΓ, ∂sΓ⟩ + ⟨∂tΓ,Dt∂sΓ⟩
= 0 + ⟨∂tΓ,Ds∂tΓ⟩
= 1

2
∂s⟨∂tΓ, ∂tΓ⟩ = 1

2
∂s(∥∂tΓ∥2)

However, because Γ(s, ⋅) ∶ [0,1] →M is a geodesic, it follows that ∥∂tΓ∥ is constant,
and equal to ρ = ∥X∥, which is the radius of the sphere on which σ is constrained.
Hence, we have ∂s⟨∂tΓ, ∂tΓ⟩ = 0, for all (s, t) ∈] − s0, s0[×[0,1], which implies, in
particular, that

⟨∂tΓ, ∂sΓ⟩∣(0,1) = ⟨∂tΓ, ∂sΓ⟩∣(0,0) ,

which translates into the following identity if we use the exponential map:

⟨(expp)∗∣X (X), (expp)∗∣X (X�)⟩ = ⟨(expp)∗∣0 (X), (expp)∗∣0 (0)⟩ .

The right hand side evaluates to zero, because (expp)∗∣0 is the identity map under

the identification T0(TpM) ≅ TpM. This leads directly to the conclusion, because

⟨(expp)∗∣X (X), (expp)∗∣X (Y )⟩ = 0 + α ∥ (expp)∗∣X (X)∥2 = ⟨X,Y ⟩ .

�

Lemma 7.8 tells us that the push forward of the exponential map conserves
angles between two vectors, provided that one of the vectors is the initial direction
of the geodesic along which the second vector is being transported. Although this
characterization does not fully fulfil the requirements for the map to be an isometry,
it is, nevertheless, enough to show that the push forward of the exponential map
is an isomorphism, and that its determinant is constant and equal to one. Strictly
speaking, the push forward of the exponential map is a path isometry (also called
arcwise isometry), because it preserves the length of geodesics. Indeed, for any
geodesic γ ∶ [0,1] →M, we have the following identities:

∥γ̇(t)∥ = ∥ (expγ(0))∗∣t γ̇(0) ( γ̇(0) )∥ = ∥γ̇(0)∥

Let’s show now that Lemma 7.8 leads to the conclusion that the push-forward of
the exponential map is an isomorphism with determinant equal to one everywhere.

Corollary 7.9 (Properties of the push-forward of the exponential map):
Let (M, g) denote a Riemannian manifold, and expp ∶ TpM → M the exponen-

tial map restricted to p ∈ M. For any vector X ∈ TpM, the push-forward map

(expp)∗∣X ∶ TX(TpM)→ Texpp(X)
M is an isomorphism with det (expp)∗∣X = 1.

Proof: According to Lemma 7.8, for any vectors X,Y ∈ T (TpM) ≅ TpM, the
following expression holds:

⟨(expp)∗∣X (X), (expp)∗∣X (Y )⟩ = ⟨X,Y ⟩ .
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Therefore, assuming an arbitrary chart (U,ϕ) on M, denote by Ai
j ∣X = ∂ϕi○expp

∂Xj ∣
X

the components of the matrix A∣
X
, which simply is the expression of the push-

forward (expp)∗∣X with respect to the standard coordinates of the chart. Denote

also by G∣x the matrix expression of the metric tensor with respect to the standard
coordinates. Then we have:

⟨(expp)∗∣X (X), (expp)∗∣X (Y )⟩ = ⟨X,Y ⟩
X⊺(A∣

X
)⊺ G∣x A∣

X
Y =X⊺ G∣x Y ,

which holds, as we mentioned, for any choice of vectors X and Y . Therefore, we
infer:

(A∣
X
)⊺ G∣x A∣

X
= G∣x ,

which, by taking the determinent sidewise yields (det A∣
X
)2 = 1. Hence, we have

det A∣
X
= ±1. Because A∣

0
= I, it follows that det A∣

X
= 1. �

Because we have shown that the push-forward of the exponential map is an
isomorphism at any point X ∈ TpM, it is possible, now, to use the inverse map
theorem to show that the exponential map itself is a diffeomorphism on some neigh-
bourhood U ⊂ TpM of X. Notice that if we consider X to be the origin, then the
neighbourhood under consideration is simply the normal neighbourhood.

As a final result in this section, let’s show that the open subset Wε contained
in exp−1

M
(∂Bε(M) ) ⊂ ∂Bε(0) ⊂ TMMn×n

n−1 is diffeomorphic to its image on the fixed
rank matrix manifold Mn×n

n−1.

Proposition 7.10 (A subset of the Euclidean sphere diffeomorphic to its image by
the exponential map):
The restricted exponential map expp ∶ Wε → expp(Wε) is a diffeomorphism.

Proof: The exponential map expp ∶ Wε → expp(Wε) is injective on the whole
domain, by definition. It is also surjective. Hence, the exponential map is invertible
on Wε. Because the push-forward map (expp)∗∣V ∶ TV (Wε) → Texpp(V )

expp(Wε) is
an isomorphism for any V ∈ Wε. Hence, by the inverse function theorem expp ∶
Wε → expp(Wε) is a local diffeomorphism. A bijective local diffeomorphism is a
diffeomorphism on the entire domain of definition Wε. �

Notice that the boundary of the set Wε is precisely the set of points on the tan-
gent space for which the expp ∶ Wε → expp(Wε) is not injective. Indeed, if V ∈ ∂Wε

is such that the exponential map is injective at V , then there is a neighbourhood
Uq of expp(V ) = q such that the exponential map is injective on the pre-image
(expp)−1(Uq). Hence, the exponential map is injective on (expp)−1(Uq)∪Wε. How-
ever, by the maximality property of (expp)−1(Uq) ∪ Wε ⊂ Wε, which means that
(expp)−1(Uq) is empty. Therefore we infer the following important statement:

expp(Wε) = ∂Bε(p) . (7.1)

In other words, the image by the restricted exponential map expp of the closure of
Wε is setwise equal to the sphere centered at p on the fixed rank matrix manifold.
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7.4.2. Visualization of spheres on the M2×2
1 manifold. This last para-

graph is consecrated to the exhibition of some numerical results. In the beginning
of this chapter we have already investigated quite thoroughly the geometry of the
2 × 2 symmetric rank one matrix manifold, and in particular we have drawn some
illustrative examples of spheres on the manifold as well as their pre-images on the
tangent space. Now, we shall show some numerical results for the 2 × 2 rank 1
matrix manifold. Notice, that unlike the symmetric case, here the manifold is a
three dimensional space embedded in a four dimensional ambient space. Because
it is not possible to draw objects in a four dimensional space, we shall show the
image of the sphere by the standard chart map (see Chapter 4).

Figures 16a through 16a show therefore spheres on the fixed rank matrix mani-
fold computed with respect to the Riemannian distance function. The object shown
in each of the rightmost subfigures actually the image of the sphere by the coordi-
nate chart map, but for practicality, we shall identify the object with the sphere on
the manifold itself. The object shown on the leftmost subfigure is the pre-image of
the sphere by the exponential map, shown here as a subset of the three dimensional
tangent space. The relative distance in the figure captions denote the ratio of the
distance of the centre point, ( σ 0

0 0 ), of the sphere to the radius, ε, of the sphere.

(a) Pre-image of sphere (b) Sphere

Figure 16. Relative distance from origin 2.0
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(a) Pre-image of sphere (b) Sphere

Figure 17. Relative distance from origin 1.0

(a) Pre-image of sphere (b) Sphere

Figure 18. Relative distance from origin 0.98
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(a) Pre-image of sphere (b) Sphere

Figure 19. Relative distance from origin 0.96

(a) Pre-image of sphere (b) Sphere

Figure 20. Relative distance from origin 0.98
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(a) Pre-image of sphere (b) Sphere

Figure 21. Relative distance from origin 0.9

(a) Pre-image of sphere (b) Sphere

Figure 22. Relative distance from origin 0.8
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(a) Pre-image of sphere (b) Sphere

Figure 23. Relative distance from origin 0.5

(a) Pre-image of sphere (b) Sphere

Figure 24. Relative distance from origin 0.05
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(a) Pre-image of sphere (b) Sphere

Figure 25. Relative distance from origin 0.01
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7.5. Table of notations

(M, g) Riemannian manifold
distg ∶ M ×M→ R Riemannian distance function
Bε(p) = {q ∈ M ∶ distg(p, q) < ε} open ball of radius ε
∂Bε(p) = {q ∈M ∶ distg(p, q) = ε} boundary of the ball
γp,X ∶ [0,1] →M geodesic starting at p ∈ M in the direction X ∈ TpM
exp∣p ∶ TpM→M resticted exponential map, exp∣p (tX) = γp,X(t)
mexp ∶ g(G) → G matrix exponent on the Lie algebra
mlog ∶ G→ g(G) principal matrix logarithm
L ∶ C∞([0,1];M)→ R length functional of a smooth curve
� ∈ R length of minimizing curve
Wε ⊂ ∂Bε(0) ⊂ TpM subset of the sphere on which the

exponential map exp∣p is a diffeomorphism

Wε = (exp∣p)−1(∂Bε(p)) pre-image of a spere on the manifold M
Table 1. Table of notations for Chapter 7



CHAPTER 8

Sensitivity analysis of the eigenspace map

While Chapter 7 was mainly consecrated to the account of properties of
spheres on fixed rank manifolds, in this chapter, we finally show some prac-
tical situations where we can use such objects. The most natural application
that comes to mind, is the sensitivity analysis of a smooth map defined on
the manifold. In Section 8.1, we shall therefore first recall the definitions
of measures of sensitivity on topological metric spaces and on Riemannian
manifolds. One particular smooth map that we are especially interested in,
is the eigenspace map, which maps a rank deficient matrix to the corre-
sponding eigenspace. Hence, in Section 8.2 we shall make a description of
a numerical algorithm that computes the sensitivity of the eigenspace map
on fixed rank matrix manifolds. Finally, in Section 8.3, we present some
computational results obtained using the previously described algorithm.

8.1. About sensitivity analysis

In the very beginning of Chapter 7, we mentioned the role of sensitivity anal-
ysis as a motivating topic for the study of neighbourhoods on topological spaces.
We came up with the idea, that if the neighbourhood had some specific isotropy
properties, it could be then efficiently used in sensitivity analysis as the domain of
definition of the function the sensitivity is being analysed. In metric spaces, i.e.
topological spaces endowed with a distance function, the particular type of neigh-
bourhood that first comes to mind is a ball of given radius and centred at a selected
point of reference on the metric space. The measure of sensitivity should therefore
be built on the ratio of two distances. In the denominator, we have the distance of
two points of the domain and in the numerator we have the distance between the
images of the corresponding points in the co-domain.

In the present chapter, our first task is to show that our intuitive formula-
tion of the sensitivity analysis problem on topological spaces, and in particular on
Riemannian manifolds, makes sense and coincides with the definition of the local
sensitivity analysis that is customarily used on Euclidean spaces. For a thorough
exhibition of relevant sensitivity analysis topics, the reader is advised to get ac-
quainted with the textbook Global Sensitivity Analysis. The Primer, [67].

8.1.1. Sensitivity analysis on topological metric spaces. As stated pre-
viously, we characterize intuitively the measure of sensitivity as a ratio of two
positive real numbers: a distance in the co-domain of our continuous function di-
vided by a distance in the domain. Which two points in the domain should we then
choose? In order to be useful, the sensitivity analysis tool, that we are about to
define here, should not depend on too many parameters. Keeping that requirement
in mind, we shall proceed by first defining a measure of sensitivity between two
distinct points.

143
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Definition 8.1 (Measure of sensitivity of a continuous map on metric spaces):
Let (X,distX) and (Y,distY ) be topological metric spaces and f ∶ X → Y denote
a continuous map. For any p, q ∈ X, we denote by ef ∶ X ×X → R the measure of
sensitivity of f with respect to the points p and q. The corresponding definition is
given as the following ratio:

ef(p, q) =
distY ( f(p) , f(q) )

distX(p, q)

The drawback of this definition is, that with two points p and q to check, we
have a huge number of possibilities to choose from. In other words, the measure
of sensitivity of our function depends on n2degreed of freedom, where n is the
dimension of the domain. Our wish is, however, to reduce the dependence upon
parameters to the minimum. Therefore, we shall introduce some statistical values
of the measure of sensitivity, and thereby reduce the number of parameters to n+1.
The parameters are the reference point and the radius of the sphere around the
reference point.

Definition 8.2 (Statistical values of the measures of sensitivity):
Let (X,distX) and (Y,distY ) be topological metric spaces and f ∶ X → Y denote a
continuous map, and ef ∶X×X → R be a measure of sensitivity for that map. Then,
for any p ∈ X, we denote, respectively, the maximum and minimum values of the
measure of sensitivity ef at a distance ε relative to p ∈X as follows: êf ∶X ×R→ R

and ěf ∶ X × R → R. The definitions of the measures of sensitivity are given as
follows:

êf(p, ε) = sup
q∈∂Bε(p)

ef(p, q) , ěf(p, ε) = inf
q∈∂Bε(p)

ef(p, q) .

In addition, if X is a measurable space, with Σ ⊂ P(X) being a sigma-algebra and
μ ∶ Σ→ R+ a measure on X, then we denote by ēf ∶X ×R→ R average value of the
measure of sensitivity ef at a distance ε relative to p ∈ X. The definition is given
as follows:

ēf(p, ε) = 1
μ(∂Bε(p) ) ∫∂Bε(p)

efdμ

The definitions of the statistical values of the measure of sensitivity are given
in Definition 8.2 in the most general context. The reason behind this choice is that
the meaning of the mathematical objects and the relations between them comes
forth in an obvious way. Indeed, when we specialize our definitions to more specific
spaces, the meanings are overshadowed by technical details. On the other hand,
in the more specific setting of Riemannian manifolds, it is precisely the presence
of tangible details that enables us to carry out sensitivity analyses numerically,
something that is not possible in the context of pure topological spaces.

Before we carry on our investigation to Riemannian manifolds, let’s find out
how compatible Definition 8.2 is with classical local definitions of sensitivity. Recall,
that the classical local measure of sensitivity for maps between Euclidean spaces
is controlled simply by the Jacobian matrix of the map. Hence, if we consider our
topological metric spaces and denote X = R

m and Y = R
n, then the measure of

sensitivity of any smooth map f ∶ Rm → R
n is given as follows. Assume x ∈ R

m,
and a ∈ ∂B1(0) ⊂ TxR

m. The measure of sensitivity with respect to the points x
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and y = x + ε a is given as follows:

ef(x,x + ε a) = ∥f(x + ε a) − f(x)∥
∥x + ε a − x∥

= ∥ ∂xf ∣x a∥
∥a∥ +O(ε) .

Hence, it follows from the previous equation, that if we take the supremum on both
sides of the equality sign, we end up with the following expression for the maximum
measure of sensitivity of the map:

êf(x, ε) = sup
y∈∂Bε(x)

ef(x,x + ε a)

= sup
a∈∂B1(0)

∥ ∂xf ∣x a∥
∥a∥ +O(ε)

= ∥ ∂xf ∣x ∥ +O(ε) .

Hence, we have found that the maximum value of the measure of sensitivity for
a smooth map between Euclidean spaces is equal to the induced matrix norm of
the Jacobian matrix up to higher order terms in ε. This relation between the
measure of sensitivity for maps between topological spaces and the norm of the
Jacobian matrix of a map between Euclidean normed spaces shows, that Definition
8.2 converges to a known result whenever we specify our domain and co-domain
to be Euclidean spaces. Next, we shall consider another type of domains and co-
domains, more specific than topological spaces but yet more general than Euclidean
normed spaces.

8.1.2. Sensitivity analysis on Riemannian manifolds. Let’s specialize,
now, our definitions of the measure of sensitivity to Riemannian manifolds. Recall
from the previous chapter, that it is precisely the Riemannian metric, which gener-
ates the Riemannian covariant derivative, which in turn generates the Riemannian
exponential map that, finally, provides us with the Riemannian distance function.
The Riemannian distance function turns the smooth manifold into a metric space,
and therefore it enables us to map a subset of the Euclidean sphere in the tangent
space to a sphere on the Riemannian manifold. Let’s use the idea described here
above in the following re-definition of the measure of sensitivity on Riemannian
manifolds:

Definition 8.3 (Measure of sensitivity of a smooth map on Riemannian manifolds):
Let (M, gM) and (N , gN) be Riemannian manifolds with distM and distN being the
corresponding Riemannian distance functions. Let f ∶ M → N denote a smooth
map. For any points p, q ∈ M, we denote by ef ∶ M × M → R the measure of
sensitivity of f with respect to the points p and q. The corresponding definition is
given as the following ratio:

ef(p, q) =
distN( f(p) , f(q) )

distM(p , q )

The definition of the measure of sensitivity on Riemannian manifolds does
not differ much from the definition given in the context of topological spaces, if
we set aside smoothness properties. However, the crucial difference comes to the
surface if we use the exponential map to describe a point q = expp(V ) at a certain
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distance from the reference point p. If we assume that the initial direction V ∈
TpM is constrained within the normal neighbourhood, then, obviously the quantity
distM(p , expp(V ) ), is equal to the length of the corresponding geodesic, γ(p,V ),
which is also equal, by definition to the length of the initial direction, ∥V ∥gM .

Recall form Chapter 7, Section 7.4 the definitions of various objects related to
spheres on Riemannian manifolds. First, recall the sphere of radius ε and centred
at a point p on a Riemannian manifold. It is denoted by ∂Bε(p) ⊂ M. Consider
also its pre-image by the exponential map: expp

−1(∂Bε(p)) ⊂M ⊂ ∂Bε(0) ⊂ TpM.
Notice that the pre-image of the sphere, expp

−1(∂Bε(p)) ⊂M, possibly contains
points on which the exponential map is not injective. It therefore makes sense to
exclude those points from our next object of interest. Recall Definition 7.7, which
declares the object Wε ⊂ expp

−1(∂Bε(p)) to be the maximal open subset of a sphere
where the exponential map is injective.

The open subset Wε is our object of predilection, because, as we showed it in
Proposition 7.10, it is diffeomorphic to an open subset of the sphere in the Rie-
mannian manifold, and the diffeomorphism that relates the two spaces is, precisely,
the exponential map. This is a crucial pivot of our theory, because it enables to
consider integrals on the sphere in the Riemannaian manifold as integrals on open
subsets of the Euclidean sphere in the tangent space.

Indeed, in order to compute numerically sensitivity measure statistical values,
we have to use numerical integration on manifolds. We know from [52], that in
order to get a statistically even distribution of points on a n-sphere embedded in a
n+ 1 dimensional Euclidean space, it is sufficient to consider a normal distribution
over each coordinate of the embedding space. Such a set of vectors, where each co-
ordinate of each vector in the set is normally distributed, gives, after normalization,
an even distribution of the n-sphere, ∂Bε(0) ⊂ TpM. Because an even distribution
of points on a set is also an even distribution of points on any of its subsets, it
follows that the algorithm presented by Marsaglia, [52], is also useful to get an
even distribution of points on the maximal subset, Wε.

This even distribution of points on the domain of integration is a crucial tool
that we shall use when computing the statistical values of the measures of sensitivity
on Riemannian manifolds.

Definition 8.4 (Statistical values of measures of sensitivity on Riemannian mani-
folds):
Let (M, gM) and (N , gN) be m and n dimensional Riemannian manifolds with
distM and distN being the corresponding Riemannian distance functions. Let
f ∶ M → N denote a smooth map, and Sε(p) ⊂ ∂Bε(p) ⊂ M a smooth mani-
fold. We denote by êf ∶ M×R→ R and ěf ∶ M×R→ R, respectively, the maximum,
and minimum values of the measure of sensitivity ef at a distance ε relative to
p ∈ M. The definitions are given as follows:

êf(p, ε) = sup
q∈Sε(p)

ef(p, q) , ěf(p, ε) = inf
q∈Sε(p)

ef(p, q) .

By assuming that ω ∈ Λm−1(Sε(p)) is a top level differential form on Sε(p), we
denote by ēf ∶ M ×R → R the average value of the measure of sensitivity, and it is
defined as follows:

ēf(p, ε) =
1

Ω
∫Sε(p)

efω ,
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where Ω = ∫Sε(p) ω denotes the volume of Sε(p).

In Definition 8.4, we used a notation Sε(p) ⊂ ∂Bε(p) ⊂ M, where Sε(p) is
qualified as a smooth manifold. That qualification is necessary, because the sphere
itself is not a smooth manifold, and if we want to compute integrals, the domain of
integration has to be a smooth manifold.

If we make the connection with the preceding chapter and the definitions ex-
posed here above, it naturally follows that expp(Wε) = Sε(p). Because we have
shown that Wε is an open submanifold of the Euclidean sphere in the tangent
space, and that the exponential map is a diffeomorphism on Wε, it follows that the
image set Sε(p) is also a smooth manifold.

Recall some integration theory on smooth manifolds from [47]. One particu-
larly interesting property of the integral on smooth manifolds is the diffeomorphism
invariance. As it is stated in Proposition 10.20, [47], if G ∶ U → V is a diffeomor-
phism, and we have a top level form ω ∈ Λn(V), then ∫V ω = ∫U G∗ω. If we translate
the diffeomorphism invariance property to match our problem at hand, we would
get the following statement:

Proposition 8.5 (Properties of the average value of the measure of sensitivity):
Let ēf ∶ M × R → R denote the average value of the measure of sensitivity and

expp ∶ Wε → Sε(p) the restricted exponential map. Assume ω ∈ Λn−1(Sε(p)) and

η ∈ Λn−1(Wε). Then, we have the following expression of the average value of the

measure of sensitivity:

ēf(p, ε) =
1

Ω
∫Sε(p)

efω = 1

Ω
∫Wε

(ef ○ expp−1)η , where Ω = ∫Sε(p)
ω = ∫Wε

η .

Proof: Application of the diffeomorphism invariance property (Proposition 10.20,
[47]) on the integral ∫Sε(p) efω yields the following coordinate independent expres-

sion:

∫Sε(p)
efω = ∫Wε

(expp)∗(efω)

= ∫Wε

(ef ○ expp)(expp)∗ω .

In order to simplify the right hand side further on, we have to proceed locally. Let
(U,ϕ) and (V,ψ) be smooth charts of Sε(p) and Wε respectively. Denote by ϕ(q) =
(ξ1, . . . , ξn−1)∣

q
the local coordinates on U ⊂ Sε(p) and by ψ(Y ) = (ζ1, . . . , ζn−1)∣

Y

the local coordinates on V ⊂ Wε. Then, the top level forms ω ∈ Λn−1(Sε(p)) and
η ∈ Λn−1(Wε) are given by the following local expressions:

ω = udξ1 ∧⋯∧ dξn−1 , η = v dζ1 ∧⋯∧ dζn−1 ,

where u ∈ C∞(U ;R) and v ∈ C∞(V ;R) are some smooth real valued maps. Then,
by virtue of Lemma 9.11, [47], we have the following relation:

(expp)∗ω = (expp)∗(udξ1 ∧⋯∧ dξn−1)

= (u ○ expp)det
∂ϕi ○ expp

∂ζj
dζ1 ∧⋯∧ dζn−1 .

We know, by virtue of Corollary 7.9, that the determinant of the push-forward of
the exponential map is constantly equal to 1. If we further set v = u ○ expp, we get
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the following expression for the pullback of the differential form ω:

(expp)∗ω = v dζ1 ∧⋯∧ dζn−1 = η .

Substitution in the coordinate free expression yields the conclusion:

∫Sε(p)
efω = ∫Wε

(ef ○ expp)(expp)∗ω = ∫Wε

(ef ○ expp)η .

A similar reasoning for the integral ∫Sε(p) ω = ∫Wε
η completes the proof. �

The lesson to learn from Proposition 8.5, is that by applying the diffeomorphism
invariance property, which is better known as the change of variable rule for integrals
in Euclidean spaces, the scale factor associated to the exponential map is constant,
and equal to one.

As far as numerical integration is concerned, Proposition 8.5 makes it really
easy. Recall, that we assumed that there is an equidistant distribution of points
available on the Euclidean sphere, as described by the procedure given in [52].
It means that we have a collection of initial directions {Vi}i∈I ⊂ ∂Bε(0) ⊂ TpM
available. By ruling out any direction Vi that is not in W , we get an equidistant
distribution on Wε. Denote it {Vi}i∈J ⊂ Wε. By virtue of proposition 8.5, we have

ēf(p, ε) =
1

Ω
∫
V ∈Wε

(ef ○ expp−1)(V ) η∣
V

.

Because the {Vi}i∈J ⊂ Wε are equidistant, there is a partition of Wε by {Ui}i∈J ,
where each Ui is a neighbourhood of Vi, and the areas Ωi = ∫Ui

η are equal1. If we
adopt the parallelogram numerical integration, we may assume that the function
value is constant on each Ui, i.e. (ef ○ expp−1)(V ) = (ef ○ expp−1)(Vi) for all V ∈ Ui.
Hence, we get the following expression for the average value of the measure of
sensitivity:

ēf(p, ε) =
∑i∈J(ef ○ expp−1)(Vi)Ωi

∑i∈J Ωi

= ∑i∈J(ef ○ expp−1)(Vi)
card(J) .

In other words, by taking the discrete average of the map ef ○ expp−1 at each Vi, we
get our expression of the average value of the measure of sensitivity.

8.2. Application of sensitivity analysis to the eigenspace map

Why the eigenspace map? Recall, from our discussions in chapters 2 and 3, the
importance of the eigenspace associated with the criticality condition of a dynamical
system equilibrium state. We showed, in Corollary 3.5, that for an odd equilibrium
defining function, the bifurcating direction for a corank 1 singular point is precisely
given by the eigenspace of the Jacobian matrix.

Chapters 4 through 7, then, expose necessary technical details relative to the
geometry of fixed rank matrix manifolds: the space our rank deficient Jacobian
matrix evolutes in. So, now we have made a full circle, and come back to the initial
question: how does the bifurcation direction variate, when we slightly change pa-
rameters of the dynamical system? Translated into the language of matrix algebra,
the same question would sound as follows: how does the eigenspace variate, when
we slightly change the entries of the Jacobian matrix? Because we are working

1Actually, this is a claim that needs to be proven. However, since it is not a central issue, we
shall assume the claim to hold without proof.
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with smooth manifolds, it still makes sense to translate the same question into the
language of Riemannian geometry: what is the sensitivity of the eigenspace map
with respect to a displacement on the fixed rank matrix manifold by a Riemannian
distance of ε?

In order to be able to numerically implement the previously posed question,
we have to define first the eigenspace map on fixed rank matrix manifolds and the
distance function on projective spaces. To re-use efficiently the results previously
established in this chapter, just consider the eigenspace map to be an example
candidate for the smooth map f ∶ M → R. Assume, therefore, from now on that
the Riemannian manifold under consideration is the fixed rank matrix manifold
Mn×n

n−1. Therefore, we shall define the eigenspace map simply as follows:

Definition 8.6 (The eigenspace map):
Denote the following smooth map to be the eigenspace map:

ker ∶ Mn×n
n−1 → P

n−1
M ↦ {x ∈ Rn ∶ M x = 0}

The distance function on the projective space P
n−1 is given by the absolute

value of the angle between two lines in the ambient affine space R
n. Alternatively,

one can take the absolute value of the cosine between the two affine lines. Hence,
we have:

dist
P
n−1 ∶ P

n−1 × P
n−1 → R

([a], [b]) ↦ ∣⟨ua, ub⟩∣
, (8.1)

where ua = a/∥a∥ and ub = b/∥b∥ denotes the unit vectors associated to the equiva-
lence classes [a] and [b]. Substitution of the distance function on projective spaces
to the sensitivity measure map yields the following compact form:

eker(M,N) = dist
P
n−1(ker(M) , ker(N) )
distMn×n

n−1
(M , N ) . (8.2)

Further, a direct application of the eigenspace map and the distance function on
projective spaces to the statistical values of the sensitivity measure map yield the
following exact expressions for the maximum, minimum and average values:

êker(M,ε) = 1
ε

sup
V ∈Wε

dist
P
n−1(ker(M) , ker ○ exp

M
(V ) ) , (8.3a)

ěker(M,ε) = 1
ε

inf
V ∈Wε

dist
P
n−1(ker(M) , ker ○ exp

M
(V ) ) , (8.3b)

ēker(M,ε) = 1
εΩ ∫

V ∈Wε

dist
P
n−1(ker(M) , ker ○ exp

M
(V ) ) η∣

V
. (8.3c)

Since our goal is to compute numerical values for the statistical values of the sen-
sitivity measure map, let’s write down, in the sequel, the corresponding numerical
approximates:

êker(M,ε) ≈ 1
ε
max
i∈J {dist

P
n−1(ker(M) , ker ○ exp

M
(Vi) )} , (8.4a)

ěker(M,ε) ≈ 1
ε
min
i∈J {dist

P
n−1(ker(M) , ker ○ exp

M
(Vi) )} , (8.4b)

ēker(M,ε) ≈ 1
ε card(J) ∑

i∈J
dist

P
n−1(ker(M) , ker ○ exp

M
(Vi) ) . (8.4c)

In Figure 1, we have drawn a flowchart of the algorithm. It takes three objects
as an input: the dimension of the space, n, the reference point M in the fixed
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rank matrix manifold Mn×n
n−1 , and the radius ε > 0 of the sphere on the manifold.

Recall, that the radius is defined with respect to the Riemannian distance distg ∶
Mn×n

n−1 ×Mn×n
n−1 → R, which itself uses the induced metric tensor g ∈ T2(Mn×n

n−1 ). The
algorithm produces in the output the three statistical values of the measure of
sensitivity of the eigenspace map with respect to the reference point M and the
radius ε.

input: n ∈ N, M ∈ (Mn×n
n−1 , g), ε > 0

{Vi}i∈I ⊂ ∂Bε(0) ⊂ TMMn×n
n−1

∥Vi∥g = distg(M , exp
M
(Vi) )

J ⊃ {i}

di = dist
P
n−1(ker(M) , ker ○ exp

M
(Vi) )

êker(M,ε) = 1
ε
max
i∈J {di}

ěker(M,ε) = 1
ε
max
i∈J {di}

ēker(M,ε) = 1
ε card(J) ∑

i∈J
di

output: êker(M,ε), ěker(M,ε), ēker(M,ε)

true

false

next i

Figure 1. Algoritm to compute the sensitivity of the eigenspace map

8.3. Presentation of some computational results

The algorithm presented in Figure 1 is ready to be implemented for numerical
computation, and as a matter of fact, we have already used part of this algorithm
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when we computed the spheres on Riemannian manifolds and their pre-images, as
shown in Figures 16 through 25 in Chapter 7.

However, before we proceed into the exposure of numerical results, let’s dis-
cuss the different ways in which sensitivity analysis can be used. Of course, in our
context, we are especially interested in the additional information that sensitivity
analysis of the eigenspace map gives in the structural analysis context. Recall, from
chapters 2 and 3, that the eigenproblem we are about to check the sensitivity, was
linked to the stability analysis of a dynamical system in the following way: for
symmetric bifurcations, the bifurcating direction of a co-dimension 1 singularity is
equal to the eigenspace defined by the rank deficient Jacobian matrix associated
to the system. For simplicity, we shall identify from now on the following three
concepts:

bifurcating direction ↔ eigenspace ↔ buckling mode

In Chapter 3, we also reviewed some of the numerical strategies available for
solving a non-linear eigenproblem that typically arises from a non-linear dynamical
system and the corresponding equilibrium sets. The term non-linear has to be
taken with caution, however, because it is not always self-evident what type of
non-linearity we are talking about. In particular, notice that an equilibrium path,
that is an irreducible component of the equilibrium set, can be intrinsically non-
linear and it is represented by a parametrization, which can be linear or non-
linear. The intrinsic non-linearity intuitively measures how much a curve deviates
from a straight line (or a geodesic) in the ambient space. The non-linearity of the
parametrization, on the other hand, measures how much the actual parametrization
deviates from an arc-length parametrization.

It follows, that although for historical reasons much importance is given in sta-
bility analysis to the parametrization by the distinguished bifurcation parameter,
any equilibrium branch can be re-parametrized using arc-length parametrization.
Therefore, as a corollary, it follows that the non-linearity measure that really mat-
ters is the intrinsic (or geometric) non-linearity. Resolving the tangent cone at
a singular point of the equilibrium set requires, in full generality, the computa-
tion of second order derivatives of the equilibrium defining map. However, as we
just pointed out, in many cases, the bifurcating direction, which is a subset of the
tangent cone, can be computed directly from the eigenspace map.

8.3.1. Illustrative examples of the eigenspace map. Let’s therefore con-
sider the first example of a dynamical system, as shown in Figure 2, that illustrates
the peculiar behaviour of the eigenspace map. We have drawn, in the upper right
corner, an algebraic variety that represents the equilibrium set of a dynamical sys-
tem. In the same picture, we have also drawn the tangent cone at the singular
point. Without a loss of generality, we have considered here a trivial primary path,
illustrated by the irreducible component that coincides with the vertical axis. No-
tice, that the set of Jacobian matrices that we evaluate at each point of the primary
equilibrium path can be depicted as the image of the smooth curve Jx ∶ EI →Mn×n in
the ambient matrix space. The intersection of that geometrically non-linear curve
with the fixed rank matrix manifold Mn×n

n−1 is a rank deficient Jacobian matrix that

we denote by Ĵx. All these objects have been drawn in the upper left picture of



152 8. SENSITIVITY ANALYSIS OF THE EIGENSPACE MAP

Figure 2. The eigenspace map, ker ∶Mn×n
n−1 → P

n−1, takes the point Ĵx ∈Mn×n
n−1 to the

projective point (or the affine line) ker(Ĵx), that equals the bifurcating direction,
as we know from the previous discussion. An important thing to notice, is that if
we are only interested in how the tangent cone looks like, then the Jacobian matrix
map gives us all information we need. Higher order derivatives of the equilibrium
defining map contain superfluous information from our point of view.
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Mn×n
n−1

�
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Mn×n
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x
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R
n
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P
n−1 ⊂ R

n
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ker(Ĵ lin

x ) × {0}

�

R
n

ker(Ĵx) × {0}

�

P
n−1 ⊂ R

n

�

Figure 2. Eigenspace map sensitivity analysis, example n.1

Recall, that the objects we have computed so far in Figure 2 are the so called
reference objects, which are unavailable in engineering computations. Therefore, we
have to use the linear predictor, which linearises the non-linear curve Jx ∶ EI →Mn×n

at the origin of the given parametrization. If Jx(EI) ⊂Mn×n, the image of the non-
linear map is considered as a smooth manifold embedded in the ambient matrix
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space, then the tangent space at the origin, denoted by T0Jx(EI) ⊂Mn×n is a linear

subspace of TJx(0)M
n×n. Let’s denote by Ĵ lin

x ∈Mn×n
n−1 the rank deficient matrix at the

intersection of T0Jx(EI) and Mn×n
n−1. It follows, that the image point ker(Ĵ lin

x ) ∈ Pn−1
is supposed to approximate the projective point ker(Ĵx). However, the example
exposed in Figure 2 shows, that this approximation does not always work.

As a matter of fact, sensitivity analysis of the eigenspace map at the point
Ĵ lin

x ∈ Mn×n
n−1 gives us upper and lower bounds, as well as a mean value for the

distance between the points ker(Ĵx) and ker(Ĵ lin

x ). Because we don’t know how to

compute the point Ĵx in engineering applications, we have to consider, instead the
sphere ∂Bε(Ĵ lin

x ) ⊂ Mn×n
n−1, where the radius ε remains a free parameter that has to

be estimated. In the lower left picture, we have drawn an equidistant distribution
of initial directions of geodesics on the subset exp−1(∂Bε(Ĵ lin

x ) ) ⊂ TĴlin
x
Mn×n

n−1. The
image of that distribution by the eigenspace map is then drawn in the lower right
picture. Notice that in the first example, as shown in Figure 2, the image fills the
entire projective space.

In contrast, Figure 3, which depicts a similar, but slightly different example,
the image by the eigenspace map of the sphere centred at Ĵ lin

x fills only a portion of
the projective space. Looking closely at the non-linear Jacobian matrix map and its
linear predictor in the second example, we can see, that the sphere ∂Bε(Ĵ lin

x ) ⊂Mn×n
n−1

looks topologically different from the one depicted in the first example, Figure 2.
In the first example, the sphere circumvents the boundary of the fixed rank matrix
manifold, whereas in the second example it does not. This topological difference
explains why an equidistant distribution of initial directions is mapped to the entire
projective space or merely to a subset.

8.3.2. A-priori versus a-posteriori error analysis of the eigenspace
map. A measure, closely related to the sensitivity map, as defined in 8.1 and 8.3,
is the error map. As we have already previously shown, the distance between two
projective points [a], [b] ∈ Pn−1 is given by the absolute value of the inner product
between the corresponding affine unit vectors: dist

P
n−1([a], [b]) = ∣⟨ua , ub ⟩∣. It

follows naturally, that because the error between two identical projective points
must be zero, the error map between two projective points is given by the following
difference:

err
P
n−1 ∶ P

n−1 × P
n−1 → R

([a], [b]) ↦ 1 − dist
P
n−1([a], [b]) .

The two projective points taken as arguments by the error map are, actually, images
of some fixed rank matrices by the eigenspace map. Hence, we have [a] = kerM
and [b] = kerN . Without a loss of generality, we may consider M to be a diagonal
matrix. This assertion follows from the fact that the inner product in a vector space
is invariant with respect to an isometry. Again, without a loss of generality, we may
consider N to be the image by the exponential map of a vector in the tangent space.
Hence, denote N = exp

M
(V ), where V ∈ Wε ⊂ (exp

M
)−1(∂Bε(M) ). Like we did it

in the case of the sensitivity map, we can compute statistical values of the error
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Figure 3. Eigenspace map sensitivity analysis use case 2

map as follows:

Êker(M,ε) = sup
V ∈Wε

err
P
n−1(ker(M) , (ker ○ exp

M
)(V ) ) , (8.5a)

Ēker(M,ε) = 1
Ω ∫

V ∈Wε

err
P
n−1(ker(M) , (ker ○ exp

M
)(V ) ) η∣

V
, (8.5b)

Ěker(M,ε) = inf
V ∈Wε

err
P
n−1(ker(M) , (ker ○ exp

M
)(V ) ) . (8.5c)

Looking back at the expressions of the statistical values of the sensitivity measure,
we can get the following relations between the sensitivity measure and the error
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measure:

Êker(M,ε) = 1 − ε êker(M,ε) , (8.6a)

Ēker(M,ε) = 1 − ε ēker(M,ε) , (8.6b)

Ěker(M,ε) = 1 − ε ěker(M,ε) . (8.6c)
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Figure 4. Statistical values of eigenspace error in MSYM(2)

1

For the special case of the 2 × 2 symmetric rank 1 matrix manifold, with a
choice of the centre point M = ( σ 0

0 0 ), we can plot an error diagram on a logarithmic
scale, as shown in Figure 4. Looking at that figure, we can see that the minimum
error is always zero. The maximum error is exactly one for relative distances σ/ε
smaller than one, and for relative distances larger than one, the maximum error
curve decreases in a linear way, with respect to the log-log plot. The average error
plot follows quite closely the maximum error plot up to a shift by a constant value.

Likewise, we have plotted, in Figure 5, a similar error diagram for the special
case of 2 × 2 rank 1 matrix manifold. Again, the choice of the center point is
M = ( σ 0

0 0 ), and we have plotted the maximum and average errors on a logarithmic
scale. We can notice that the overall aspect of the maximum and average error
curves is very similar to the ones observed for the symmetric case.
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Figure 5. Statistical values of eigenspace error M2×2
1

The a-priori error analysis is an exercise that does not depend on any particular
reference system. As it can be seen from Figure 4, the a-priori error analysis
concentrates solely on the geometry of the underlying fixed rank matrix manifold,
and tries to distillate useful information by discarding all geometrically non-intrinsic
properties and statistically irrelevant data. In the case of a 2 × 2 matrix space, we
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have only one free parameter: the ratio of the one and only singular value of the
reference matrix to the radius of the sphere: σ/ε. Accordingly, for a n × n matrix
space, we have n − 1 free parameters: σ1/ε, . . . , σn−1/ε.

A pertinent a-priori error analysis implies that the practising engineer knows
how to estimate the free parameters. In practice, it means that the Jacobian matrix
evaluated at the reference solution, where the Jacobian map is the one defined
by the linear predictor, has to be decomposed in singular values to obtain a set
{σ1, . . . , σn−1}. Assuming a radius of a sphere of one, that is ε = 1, one fixes, rather
arbitrarily, a measure of the non-linearity of the Jacobian map. It follows then that
one can read from the appropriate error plot the corresponding error with respect
to the eigenspace map.

8.3.3. Illustrative examples from structural mechanics. Let’s discuss
further the relation between the a-priori error analysis and the a-posteriori error
analysis with respect to the eigenspace map. In the a-posteriori error analysis, one
assumes that both the solution obtained from the linear eigenproblem predictor
and the solution from the full non linear eigenproblem are available. Recall, that
the various methods available to solve full non-linear eigenproblems were discussed
in Chapter 3.
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Figure 6. Numerical buckling modes for initially plane truss with
4 diagonals

In the following paragraphs, we shall discuss some applications of the a-posteriori
error analysis taken from structural engineering, and see how the results converge
with the a-priori error analysis. The set of systems that we are going to investigate
consists of initially plane trusses with out-of-plane buckling behaviour possibility.
In order to reflect actual engineering situations, the lateral displacement of the up-
per chord nodes has been prevented. The truss geometry has been parametrized
in such a way that the total length to height ratio, L/H, as well as the member
slenderness ratio i/d appear as parameters of the problem. Since the purpose of
these illustrative examples is not to test a particular mechanical model, but rather
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to compare how numerical eigenproblem solvers perform on a real engineering prob-
lem, we shall not provide here all details related to modelling. Our claim is, that for
any mechanical system, no matter what type of mathematical model and discreti-
sation method is used, there are always some parameter values for which numerical
eigenproblem solvers fail to perform well.

Consider first an initially plane truss with four diagonal members, as shown in
Figure 6. For simplicity, all members are rectangular hollow sections of equal cross
sectional properties. For a particular choice of geometric parameters, we can find a
pathological behaviour with respect to the buckling mode predictions. The leftmost
picture in Figure 6 shows the buckling mode obtained from the result of the linear
eigenproblem predictor. The center picture shows the buckling mode obtained from
the result of a quadratic predictor, and the rightmost one the result of the full non-
linear eigenproblem. It is easy to see, that the quadratic predictor approximates
the non-linear eigenproblem accurately, while the linear predictor approximation is
a failure.
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Figure 7. A-posteriori eigenspace map error nomogram for ini-
tially plane truss with 4 diagonals

In figure 7, we have drawn a nomogram for the corresponding four diagonal
member truss. In the nomogram, the solid hatched domain corresponds to an
error with respect to the eigenspace map larger than 10 percent. For engineering
purposes, maximal stress isocurves have been plotted, as well.

In Figure 8, we have plotted, likewise, an initially plane truss with six diagonal
members. Again, the cross sectional properties for all members are considered to be
constant. The illustration in Figure 8 shows a pathological behaviour comparable
to the one we have already discussed in the case of the truss with four diagonal
members.
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Figure 8. Numerical buckling modes for initially plane truss with
6 diagonals

Likewise, we have plotted a nomogram in Figure 9, that illustrates the location
in the parameter space of trusses that present an error with respect to the eigenspace
map larger than 10 percent.
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Figure 9. A-posteriori eigenspace map error nomogram for ini-
tially plane truss with 6 diagonals

With these examples we shall close our brief discussion about the various ways
how a-priori and a-posteriori error analyses can be used to track down pathological
behaviour in polynomial predictor based approaches of non-linear eigenproblem
solving.
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8.4. Table of notations

ef ∶ M ×M→ R measure of sensitivity of the map f on the manifold M
êf ∶ M ×R→ R maximum of the measure of sensitivity of the map f

ēf ∶ M ×R→ R average of the measure of sensitivity of the map f

ěf ∶ M ×R→ R minimum of the measure of sensitivity of the map f

P
n−1 projective space in R

n

ker ∶Mn×n
n−1 → P

n−1 eigenspace map
dist

P
n−1 ∶ Pn−1 × P

n−1 → R distance map on the projective space
err

P
n−1 ∶ Pn−1 × P

n−1 → R error map on the projective space, err
P
n−1 = 1 − dist

P
n−1

Êker ∶Mn×n
n−1 ×R→ R maximum error of the eigenspace map

Ēker ∶Mn×n
n−1 ×R→ R average error of the eigenspace map

Ěker ∶Mn×n
n−1 ×R→ R minimum error of the eigenspace map

Table 1. Table of notations for Chapter 8





Conclusions

Our exploratory journey through the fascinating land of geometry in numerical
methods has come to an end, for now. There is no doubt that many discoveries in
that largely unexplored domain still await for new expeditions to be unearthed.

Classically, geometric interpretations of algorithms in linear algebra computa-
tions have been restricted to Euclidean domains, precisely because of the vector
space properties of most such applications. This work, however, has shown that
geometric interpretations can be applied to more sophisticated numerical analyses,
where the underlying domains are no longer Euclidean. In fact, understanding the
articulation between geometrical descriptions and corresponding algebraic objects
not only gives us a palpable interpretation of an abstract issue. It foremost builds
up a language, containing precise definitions, images and results, that conveys new
ideas that can be tested both on an abstract and applied levels.

Manipulation of objects and communication of ideas on an abstract level im-
plies the existence of a precise syntax, which is often referred to as an algebra in
mathematics. An algebra-geometry dictionary is provided to make the connection
between the abstract level and intuitively simple cases that can be easily engraved
in ones pictorial memory. Finally, an important part of the communication is an
algorithm library that enables numerical computation of example cases and testing
of benchmark problems.

Algebraic geometry successfully merges abstract level theorems, such as the
Hilbert Nullstellensatz, geometric interpretations, such as the ideal-variety corre-
spondence, and numerical methods, such as the Buchberger algorithm. Trying to
align ourselves on the pattern used in algebraic geometry, we have exposed in this
book a system of investigation of a particular phenomenon in numerical analyses.
The important property of this system of investigation is, that it proposes various
aspects and levels of observation:

● A link between dynamical systems and non-linear eigenvalue problems via
the bifurcating direction - eigenspace correspondence.

● A top level abstract observation of non-linear eigenvalue problem be-
haviour via the geometric study of fixed rank matrix manifolds both as
Riemannian manifolds and as homogeneous spaces.

● An algorithm to compute the sensitivity of the eigenspace map of fixed
rank matrix manifolds.

● Application of the eigenspace map sensitivity algorithm to compute a-
priori error estimates for the polynomial eigenproblem predictor.

The work done so far can be qualified, at most, as exploratory by nature. Many
aspects need further investigation, in particular the following, potentially promising,
items:
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● The relation of the intrinsic and extrinsic curvature measures of the fixed
rank matrix manifolds to the senisitivity of the eigenspace map.

● A consistent and thorough use of algebraic geometry instead of differential
geometry both in the description of the dynamical system equilibrium set
as an algebraic variety and the fixed rank matrix manifold as an algebraic
variety, as well.

● A numerical implementation of the algebraic geometry singularity anal-
ysis via the tangent cone computation in replacement of the classical
Lyapunov-Schmidt reduction.

● Numerical implementation of the equilibrium set decomposition into ir-
reducible components using algebraic geometry within a finite element
context.

A major obstacle, common to both solved and unsolved items, is the huge gap
between the technical character of the mathematical tools being used, and the ca-
pacity of assimilation on the engineering user side. Therefore, lot of effort has to be
put not only on theoretical studies, but also on publication at various levels of appli-
cation, from the design engineer to the finite element software manufacturer. The
ultimate challenge, from this point of view, is to persuade the user side to consider
commercial numerical tools not as a black box any more, but as a multipurpose
toolbox with specific proficiencies and limitations.



APPENDIX A

Submanifolds

In this chapter, we shall investigate in detail a certain class of smooth man-
ifolds, namely the submanifolds. In section A.2, we will discuss how open
subsets of smooth manifolds are smooth manifolds in their own right. Ex-
amples from matrix spaces will be given to illustrate the theory. Then, in
section A.3 we try to find when other types of subsets of manifolds, not
necessary open ones, are smooth manifolds. We shall consecrate an impor-
tant part of our attention to the study of two important cases: level sets
of sumbersions, described in the Submersion theorem (Theorem A.14), and
images of embeddings that are worked out in the Embedding theorem (The-
orem A.15). Both of those theorems, local in nature are based in the Inverse
function theorem (Theorem A.13) and they will be extensively used in the
subsequent chapters of this monograph.

A.1. Generalities on submanifolds

Submanifolds are of particular interest to us since they represent a large num-
ber of example manifolds. Actually, it turns out that in many cases it is more
straightforward to construct manifolds as submanifolds from subsets of manifolds
than using the definition of a smooth manifold. There are many different ways
to construct submanifolds, and as examples we may cite the open submanifolds,
graphs of smooth maps, level sets of smooth submersions and images of smooth im-

mersions. The last three examples are embedded submanifolds, which means that
we can find an explicit surrounding space that embeds the manifold. As a matter
of fact there is a theorem called the “Whitney embedding theorem”, which states
that any smooth m-dimensional manifold can be smoothly embedded in a smooth
2m-dimensional euclidean space. However, since the proof is non-constructive, it
does not explicitly give any construction of how a given manifold can be expressed
as a set of points in a larger Euclidean space.

Considering the next chapters in which we shall show how different objects
that we know well from structural stability theory, like the total potential energy
functional, can actually be expressed as a type of submanifolds. For example,
we shall see that the graph of the total potential energy functional is a embedded
submanifold. The primary path of equilibrium, which is computed from the zero set
of the equilibrium defining functions, is also a submanifold embedded in the state
space. Finally, the image of the jacobian map defined on the primary equilibrium set
is a submanifold in the matrix set. In order to give the reader a full understanding
of the machinery behind these associations, we shall carefully explain how each of
the constructions (open submanifolds, graphs of smooth maps, level sets of smooth
submersions and images of smooth immersions) are actually smooth manifolds.
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A.2. Open submanifolds

We shall show that any open subset of a smooth manifold is a smooth manifold
where the smooth structure is defined as the collection of smooth charts of the
containing smooth manifold such that the domain is contained in the open subset.
First show that any topological subspace of a Hausdorff space, in particular an
open one, is itself a Hausdorff space. Then show that any topological subspace of
a second countable space is second countable.

Lemma A.1 (Subspace of Hausdorff space is Hausdorff):
Let M,T be a topological Hausdorff space. Then any subset U ⊂M with the subspace

topology TU = {A ∩B ⊂ U ∶ B ∈ T } is a Hausdorff space.

Proof: Show that any subset U ⊂M is Hausdorff. We know that M is Hausdorff,
which means that for every distinct points p and q of M there are disjoint open
neighborhoods V ⊂ M and W ⊂ M of p and q respectively. If we consider the
subspace topology, then the intersections U ∩ V and U ∩W are open sets in the
subspace topology. The points p and q can be arbitrary points of M , hence in
particular the previous assessment holds for arbitrary distinct points p, q ∈ U , which
have open neighborhoods U ∩V and U ∩W . Those neighborhoods are disjoint since
(U ∩ V ) ∩ (U ∩W ) = U ∩ (V ∩W ) = U ∩∅ = ∅. �

Lemma A.2 (Subspace of second countable is second countable):
Let M,T be a topological second countable space. Then any subset U ⊂M with the

subspace topology TU = {A ∩B ⊂ U ∶ B ∈ T } is a second countable space.

Proof: Show that any subset U ⊂M is second countable knowing that M is second
countable and that U is endowed with the subspace topology. Since M is second
countable each open set V ⊂M can be written as a countable union of elements of
the topological basis B = {Bi}i for M . Hence we have

V = ⋃
i∈J

Bi ,

where J is a countable set of indexes. Then considering the subspace topology, the
sets U ∩Bi are open in U , and hence an arbitrary open set A = U ∩V can be written
as follows:

A = U ∩ ⋃
i∈J

Bi = ⋃
i∈J

U ∩Bi ,

which shows that BU = {U ∩Bi}i is a topological basis for U , and that any open
set A of U can be written with a countable union of elements of BU . �

Proposition A.3 (Open submanifold):
Let M be a smooth n-manifold, and U ⊂M any open subset. Then U is a manifold

with a smooth structure given by the collection of charts

AU = {smooth charts (V,ϕ) forM such that V ⊂ U} ,

which is a smooth atlas for U .

Proof: First note that by Lemmas A.1 and A.2 the open subset U ⊂ M is both
a Hausdorff and second countable topological space. Next, show that the domain
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covered by the charts in AU is exactly U . Finally show that each chart in AU is
smoothly compatible with each other.

● Since for each chart (V,ϕ) ∈ AU we know that the domain of the chart V
is included in U , then by taking the union of all those domains we get an
open set which is still included in U :

⋃
(V,ϕ)∈AU

V ⊂ U

Now, to show the inclusion the other way round consider a point p ∈ U

such that p ∉ ⋃(V,ϕ)∈AU
V . This counter assumption means that there

are points in U not covered by any of the charts of AU , although there
are some charts of M which cover those points. Hence we can find a
smooth chart (W,θ) of M such that p ∈ W ∩ U . Therefore the transition
function ϕ ○ θ−1∣θ(V ∩W ) is a smooth function. However, since V = V ∩ U

the transition function ϕ ○ θ−1∣θ(V ∩U∩W ) is also smooth, which means that

(V,ϕ) is smoothly compatible with the chart (U ∩W, θ∣
U∩W

). But then it
belongs to the collection AU by definition, i.e. we have (U ∩W, θ∣

U∩W
) ∈

AU . Therefore we may infer that

∀p ∈ U , p ∈ U ∩W ⊂ ⋃
(V,ϕ)∈AU

V

Altogether we may say that the union of all the domains of the charts in
AU is precisely the open set U :

⋃
(V,ϕ)∈AU

V = U

● From the definition of the collection AU it is clear since it is a subset of all
charts of M smoothly compatible with each other, then all the charts in
AU are smoothly compatible with each other. This enable us to conclude
that AU is an atlas of U .

�

A.2.1. Examples of open submanifolds.

Example A.4 (Matrices of at least a given rank):
We shall show that the set of m × n matrices of at least a given rank k, such
that 0 ≤ k ≤ min(m,n) is an open submanifold in the manifold of matrices Mm×n.
Note the set of rectangular matrices of at least a given rank Mm×n

≥k . We shall show
that Mm×n

≥k is an open subset of Mm×n, hence by Proposition A.3, it is an open
submanifold.

● Consider U the set of matrices in Mm×n that have a full rank k × k upper
left submatrix:

U = {(A B
C D ) ∈Mm×n ∶ det(A) ≠ 0} .

Clearly U ⊂Mm×n

≥k , because performing the following lower-diagonal-upper
block matrix decomposition on an element of M ∈ U gives:

(A B

C D
) = ( Ik 0

C A−1 Im−k

) (A 0
0 D −C A−1 B

) (Ik A−1 B

0 In−k

)
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Since the rank of a matrix does not change when we multiply it by a full
rank matrix, we can infer that rank(M) = rank(A 0

0 D−CA−1 B
) ≥ k. To

show that U is an open set in Mm×n, consider the continuous map

G ∶ Mm×n → R

(A B
C D ) ↦ det(A) .

It is clear that the pre-image of the open subset R/{0} is precisely U , i.e.
G−1({0}) = U . Since G is continuous, U is open in Mm×n.

● Obviously, not all matrices of rank at least k belong to U . However, by
applying suitable permutations we can transform any matrix in Mm×n to
an element of U . Consider the following isometry on Mm×n:

R ∶ Mm×n → Mm×n

M ↦ P ⊺M Q = (A B
C D ) ,

where P ∈ Mm×m and Q ∈ Mn×n are some appropriate permutation matri-
ces. Note UR = R−1(U) the subset of Mm×n given by the isometry R. To see
that it is an open subset just note that the composition G○R is continuous.
From the identity (G ○R)−1(R/{0}) = R−1 ○G−1(R/{0}) = R−1(U) = UR we
infer that UR as the pre-image of an open set by a continuous map is open
in Mm×n. Since an arbitrary union of open sets is an open set, the set of
matrices of rank at least k,

Mm×n

≥k = ⋃
R

UR ,

is an open subset in Mm×n.

Example A.5 (Matrices of full rank):
The set of matrices of full rank is just a special case of the previous example
with k = min(m,n). Hence the set of matrices of full rank Mm×n

min(m,n) is an open

submanifold in Mm×n.

A.3. Embedded submanifolds

In the previous section, we showed that open subspaces of a manifold are man-
ifolds of their own right. What about closed subspaces, or subspaces that are
neither closed nor open? In order to answer to that question, we must first set up
some reasonable definition (A.7) for a given topological subspace to be an embedded

submanifold. The crucial issue is whether the embedded submanifold inherits the
smooth structure from the surrounding manifold. We shall show in Proposition
A.11 that an embedded submanifold is a smooth manifold of its own right and that
the inclusion map is a smooth embedding.

Definition A.6 (k-silce):

If Ũ is an open subset of Rm, then a k-slice of Ũ is any subset of the form:

S = {(x1, . . . , xk, xk+1, . . . , xm) ∈ Ũ ∶ xk+1 = ck+1 , . . . , xm = cm}
where ck+1, . . . , cm ∈ R are some constants. We call (x1, . . . , xk) the slice coordinates.

Definition A.7 (Embedded submanifold):
Let M be a smooth m-dimensional manifold. Then a subset K ⊂ M is called an
embedded submanifold of dimension k if for each point p ∈K, there exists a smooth
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chart (U,ϕ) of M containing p, such that ϕ(U ∩ K) is a k-slice of ϕ(U). The
difference m − k is called the codimension of K in M .

M

�

U

K

xk+1=ck+1 ,..., xm=cm

�

ϕ(U ∩K)

ϕ

ϕ(U) ⊂ R
m

Figure 1. Embedded submanifold

Figure 1 gives an image of what the definition of an embedded submanifold is
about. Note that the definition of an embedded submanifold is a local one. The next
proposition shows that an embedded submanifold is a manifold and explains the
reasons of the name “embedded submanifold”. First, introduce three definitions of
different types of smooth maps: the immersion, the submersion and the embedding.

Definition A.8 (Immersion):
For any two smooth manifoldsM andN , an immersion is a smooth map F ∶M → N

with the property that the push-forward F∗ ∶ TpM → TF (p)N is injective at each
point p ∈M (equivalently rankF = dimM).

Definition A.9 (Submersion):
For any two smooth manifolds M and N , a submersion is a smooth map F ∶M → N

with the property that the push-forward F∗ ∶ TpM → TF (p)N is surjective at each
point p ∈M (equivalently rankF = dimN).

Definition A.10 (Embedding):
For any two smooth manifoldsM and N , an embedding is a smooth map F ∶M → N

such that F is an injective immersion and that the smooth map F ∶M → F (M) is
a homeomorphism in the subspace topology1.

Note that the coordinate expression of the push forward of a smooth map
F ∶ M → N is a dimN × dimM matrix. Therefore, F can be an immersion if and
only if it is full rank and N is larger dimension than M , hence M is “immersed”
in N . On the opposite, submersion makes sense if and only if F is full rank and
M is larger dimension than N , meaning that M “submerges” N . An embedding
is a special case of the immersion, the meaning of will be revealed in the following
proposition:

Proposition A.11 (Embedded submanifold is a smooth manifold):
Let M ⊂ N be an embedded m-dimensional submanifold of the n-dimensional smooth

manifold N . With the subspace topology, M is a topological manifold of dimension

m and it has a unique smooth structure such that the inclusion map ι ∶ M ↪ N is

a smooth embedding.

1i.e. a subset U contained in F (M) ⊂ N is open if and only if for any open subset V ⊂ N the
intersection U ∩ V is open.
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Proof: First, we have to show that M is a topological manifold, then that it has
a smooth structure, i.e. that all the transition maps are smooth.

● Let’s show that M is a topological manifold. M is Hausdorff and second
countable by Lemmas A.1 and A.2 respectively because it is a topological
subspace of N which is assumed Hausdorff and second countable.

Next, show that M is locally Euclidean by constructing a topological
atlas. Note π ∶ Rm × R

n−m → R
m is the projection onto the first m

coordinates which maps a point of the domain as follows: (u, v) ↦ u,
where u = (u1, . . . , um) and v = (v1, . . . , vn−m). For any chart (V,ψ) of

N , let U = V ∩M , Ũ = (π ○ ψ)(U) and ϕ = (π ○ ψ)∣
U
∶ U → Ũ . Note that

since M is assumed to be a submanifold, then U is a m-slice of V , and
hence ψ maps a point p ∈ U to (u, vc) ∈ ψ(U), where vc = (c1, . . . , cn−m).
Composition with the projection map yields:

ϕ ∶ U
ψ∣U77→ ψ(U) ⊂ R

m ×R
n−m π7→ Ũ ⊂ R

m

p ↦ (u, vc) ↦ u
.

Let’s show that ϕ is homeomorphism, i.e. a continuous bijection with a
continuous inverse. Consider first the restriction of the function π:

π∣
ψ(U)

∶ ψ(U) → Ũ

(u, vc) ↦ u
.

Clearly π∣
ψ(U)

is injective due to the following argumentation: for any u

and u′ in R
m such that π∣

ψ(U)
(u, vc) = π∣

ψ(U)
(u′, vc), we have u = u′ which

also implies that (u, vc) = (u′, vc). The function π∣
ψ(U)

is also surjective

since by definition Ũ = (π ○ ψ)(U), hence Ũ ⊂ π∣
ψ(U)

(ψ(U)). Clearly,

the function π∣
ψ(U)

is continuous. To prove that claim, consider a open

subset Ã ⊂ Ũ . The pre-image (π∣
ψ(U)

)−1(Ã) = Ã × {vc} is then an open

subset of Ũ × {vc} by the product topology. Since the pre-image of an
arbitrary open subset of the co-domain is an open subset of the domain,
we infer that the function is continuous. To show that the inverse function
(π∣

ψ(U)
)−1 is continuous, consider an open subset B ⊂ ψ(U). Then, by the

product topology there exists an open subset B̃ ⊂ Ũ such that B = B̃×{vc}.
Therefore the image π∣

ψ(U)
(B) = π∣

ψ(U)
(B̃ × {vc}) = B̃ is an open subset

of Ũ , which shows that the inverse function is continuous.
Altogether we have shown that π∣

ψ(U)
is a homeomorphism. Then,

since ψ is also a homeomorphism, we may infer that the composition of
homeomorphic functions π∣

ψ(U)
○ ψ∣

U
= (π ○ ψ)∣

U
= ϕ is a homeomorphism.

Now we have shown that M is a topological m-dimensional manifold.
Since the coordinate representation of the inclusion map is (ψ ○ ι ○ϕ−1)∣

Ũ
=

π∣
ψ(U)

−1
, and we have shown that the right hand side π∣

ψ(U)

−1
is a homeo-

morphism, it is clear that ι∣
U
is a homeomorphism, hence that the inclu-

sion map is a topological embedding.
● Now, we have to prove that the charts constructed above are smoothly
compatible. Consider two slice charts (V,ψ) and (V ′, ψ′) of N . The
transition map (ψ′ ○ ψ−1)∣

ψ(V ′∩V )
is then smooth. We shall define the co-

ordinate maps ϕ′ = (π ○ ψ′)∣
U′

and ϕ = (π ○ ψ)∣
U
and need to show that
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the transition map (ϕ′ ○ ϕ−1)∣
ϕ(U′∩U)

is smooth. From the following ex-
pressions

(ϕ′ ○ ϕ−1)∣
ϕ(U′∩U)

= (π∣
ψ′(U′∩U)

○ ψ′∣
U′∩U

) ○ (π∣
ψ(U′∩U)

○ ψ∣
U′∩U

)−1

= π∣
ψ′(U′∩U)

○ (ψ′ ○ ψ−1)∣
ψ(U′∩U)

○ π∣
ψ(U′∩U)

−1

we see that the transition function (ϕ′ ○ ϕ−1)∣
ϕ(U′∩U)

is a composition of
three smooth functions, and hence smooth. To show that the inclusion
map is a smooth embedding, we have to show that the map is smooth,
that it is an injective immersion, and that it is a homeomorphism onto its
image. The fact that it is a homeomorphism onto its image has already
been shown, and it implies that the inclusion map is injective. Further,
the push forward map ι∗∣p has the coordinate representation

([ ∂uj

∂ui ∣
ϕ(p)

]
1≤i≤m
1≤j≤m

[ ∂vj

∂ui ∣
ϕ(p)

]
1≤i≤m

1≤j≤n−m
) = (Idm 0m×(n−m)) ,

which shows that ι∗∣p is of rank m at any point p ∈ U , hence the inclusion
map is an immersion.

● Uniqueness is not proven here, but one can find a proof in [47]

�

A.3.1. Graphs of functions as submanifolds. Now, when we have dis-
cussed the embedded submanifold definition and its properties, we shall introduce
some important examples of mathematical structures that are embedded subman-
ifolds. As we already promised, we shall show that graphs of smooth functions on
Euclidean domain are embedded submanifolds (see Figure 2). Let U ⊂ R

m be an
open set, and consider the function F ∶ U → R

n. Define the graph of F as follows:

Γ(F ) = { (x, y) ∈ Rm ×R
n ∶ x ∈ U and y = F (x) } (A.1)

R
m

R
n

U

Γ(F )
ϕ

ϕ(Γ(F ))

U ×R
n

Figure 2. Graph of smooth function as submanifold

Proposition A.12 (Graphs as submanifolds):
Assume U is an open subset of Rm and F ∶ U → R

n is a smooth function, then the

graph Γ(F ) is an embedded m dimensional manifold of Rn+k.
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Proof: In order to show that the graph of a function as a topological subspace
is an embedded submanifold, we have to find a coordinate chart in the ambient
space. Therefore, note that Γ(F ) is an open topological subspace in U ×R

n, hence
we may define a coordinate chart (U ×R

n, ϕ) as follows: ϕ ∶ U ×R
n → U ×R

n by
ϕ(x, y) = (x, y − F (x)). The function is smooth and has the inverse ϕ−1(u, v) =
(u, v +F (u)), which is also a smooth function. Note that the graph of the function
is exactly its intersection with the ambient space: Γ(F ) = Γ(F ) ∩ (U ×R

n). Since
ϕ(Γ(F )) = { (u, v) ∈ U ×R

n ∶ v = 0} is a m-slice of ϕ(U ×R
n) = U ×R

n. Therefore
by Definition A.7, it is an embedded m-dimensional submanifold of U ×R

n. �

A.3.2. Level sets of submersions as submanifolds. The next important
result concerns level sets of submersions, which are smooth embedded submanifolds
of some ambient space. We shall start our investigation by claiming that a regular
two-dimensional surface in the ambient three dimensional space is a smooth sub-
manifold. Very often, such surfaces are implicitly given by level sets of some maps.
For example, the unit sphere is given as the level set F −1({1}) = {(x, y, z) ∈ R

3 ∶
F (x, y, z) = x2 + y2 + z2 = 1}. Note that the push-forward of F ∶ R3 → R is the
1×2 matrix (2x,2y,2z), which is clearly full rank at every point of the unit sphere,
hence F is a submersion. This is another way of saying that at every point of the
surface the tangent space is defined in some coordinate system. In other words, we
have to rule out any singularities, such as cusps, so that our surface is a smooth
manifold.

We shall start with the investigations of linear spaces before we generalize to
non-linear ones. Consider the following situation illustrated by figure 3. The am-
bient Euclidean space R

m spanned by (not necessarily orthonormal) basis vectors
{e1, . . . , em} and with corresponding coordinates x1, . . . , xm. Then the abstract tan-
gent space TpR

m is spanned by the partial derivatives { ∂
∂x1 , . . . ,

∂
∂xm }, which form

a (not necessarily orthonormal) basis for the tangent space. Consider a linear space

x3

x1

x2

∂
∂x3 ∣

p

∂
∂x1 ∣

p

∂
∂x2 ∣

p
�

pTpR
m

�

p

S

∂
∂y1 ∣

p

∂
∂y2 ∣

p

∂
∂y3 ∣

p

Figure 3. Level set of a linear map as smooth manifold (Eu-
clidean case)

S of dimension k, also commonly called a hyperplane, as a subspace of the ambient
euclidean space. The hyperplane S is spanned by some vectors { ∂

∂y1 , . . . ,
∂

∂yk }, and
by the incomplete basis theorem the basis for S can be completed to a basis for the
ambient space Rm by m−k basis vectors { ∂

∂yk+1 , . . . ,
∂

∂ym }. Considering the rule for

coordinate change: Y i = ∂yi

∂xj X
j we can give a necessary and sufficient condition for
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a vector Y = Y i ∂
∂yi to be in the hyperplane S, namely Y k+1 = . . . = Y m = 0. There-

fore, we can define a linear function F ∶ Rm → R
m−k such that the push-forward

F∗ ∶ TpR
m → TF (p)R

m−k is given by:

⎛
⎜
⎝

Y k+1
⋮

Y m

⎞
⎟
⎠
=
⎛
⎜⎜
⎝

∂yk+1

∂x1 ⋯ ∂yk+1

∂xm

⋮ ⋱ ⋮
∂ym

∂x1 ⋯ ∂ym

∂xm

⎞
⎟⎟
⎠

*,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,.
=∶F∗

⎛
⎜
⎝

X1

⋮
Xm

⎞
⎟
⎠

Note that since the coordinates y1, . . . , ym depend linearly on the coordinates

x1, . . . , xm, the map F∗ is constant. Let’s note yi = ∂yi

∂xix
j . Considering the iso-

morphism between the linear spaces TpR
m ≅ R

m and TF (p)R
m−k ≅ R

m−k we can
actually identify the map F with its push-forward F∗. Since F∗ is always full rank,
F is a submersion and the hyperplane S is given by the zero set of F .

Now, if we consider a map defined on an arbitrary manifold, things get more
technical. The essential thing: what we showed in the Euclidean case, still holds
locally in a general setting. The key idea is that due to the inverse function theorem
we can find a local map F such that its level set is an embedded submanifold if
we assume that its push-forward is full rank. Let’s begin with the statement of the
inverse function theorem. The proof, which uses the Banach fixed point theorem, is
omitted here because it is considered to be a standard result in functional analysis.
A detailed explanation can be found in [47].

Theorem A.13 (Inverse function theorem):
Suppose M and N are smooth manifolds and F ∶ M → N is a smooth map. If F∗
is invertible at a point p ∈M , then there exist connected neighborhoods U0 of p and

V0 of F (p) such that F ∶ U0 → V0 is a diffeomorphism.

The core result here is the submersion theorem. The proof goes in two steps:
in the first step, we construct a suitable map which is linear with respect to m − k

coordinates and constant with respect to the remaining k coordinates, and in the
second step, we show that the level set of that map suits the definition of an
embedded submanifold.

Theorem A.14 (Submersion theorem):
Let M be a m-dimensional and L a (m − k)-dimensional smooth manifolds. Let

F ∶ M → L be a smooth submersion. Then each level set F −1({c}) of F is a closed

embedded k-submanifold of codimension m − k in M .

Proof: In the first part of the proof, we shall show that there are coordinate
representations of the map F in suitable neighborhoods which linearly maps a
point of the domain as follows:

(x1, . . . , xk, xk+1, . . . , xm) ↦ (xk+1, . . . , xm) . (A.2)

Hence for any smooth charts (U,ϕ) ofM and (W,θ) of L, we shall construct smooth
charts (V,ψ) of M and (Z, ζ) of L such that we have the coordinate representation
ζ ○ F ○ ψ−1(x1, . . . , xk, xk+1, . . . , xm) ↦ (xk+1, . . . , xm). In the second part, we shall
show that such a linear map leads naturally to the requirements for a level set
F −1({c}) ⊂M to be an embedded submanifold.
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● Consider some smooth charts (U,ϕ) of M and (W,θ) of L. Assume a
coordinate representation ϕ(p) = (u, v) such that u = (u1, . . . , uk) and
v = (v1, . . . , vm−k) for any p ∈ U . Consider also the shorthand notation for

the coordinate representation θ ○ F ○ ϕ−1(u, v) = F̂ (u, v). Note that since
we assumed F a submersion, the push-forward F∗ is full rank at every
point p ∈M , hence the coordinate representation

(θ ○ F ○ ϕ−1)∗ = (∂F̂
∂u

∂F̂
∂v

)

is a full rank (m − k) ×m matrix, where ∂F̂
∂u

is a (m − k) × k matrix and
∂F̂
∂v

a (m − k) × (m − k) matrix. Without any loss of generality, we may

assume that ∂F̂
∂v

is non-singular. Indeed, if it is not the case, then by a
simple permutation of coordinate variables we get our assumption. Next,
we would like to obtain somehow an inverse for the map F̂ , but since the
push-forward F̂∗ is not a square matrix, it is not possible to use the inverse
function theorem (Theorem A.13). So, we shall construct a map Φ with
an invertible push-forward Φ∗:

Φ ∶ ϕ(U ○ F −1(W )) ⊂ R
k ×R

m−k → R
k × θ(W ) ⊂ R

k ×R
m−k

(u, v) ↦ Φ(u, v) = (u, F̂ (u, v)) ,

which has then a push-forward matrix expressed as follows in local coor-
dinates:

Φ∗ = (
Ik 0
∂F̂
∂u

∂F̂
∂v

)

Clearly Φ∗ is non-singular, since we assumed the sub-matrix ∂F̂
∂v

to be non-
singular and therefore we may use the inverse function theorem, which tells
that there are neighborhoods Ãϕ(p) ⊂ ϕ(U ○F −1(W )) of ϕ(p) and B̃Φ○ϕ(p) ⊂
R

k × W̃ of Φ ○ ϕ(p) such that Φ ∶ Ãϕ(p) → B̃Φ○ϕ(p) is a diffeomorphism.
Consider the inverse:

Φ−1 ∶ B̃Φ○ϕ(p) → Ãϕ(p)

(r, s) ↦ (μ(r, s), ν(r, s)) ,

where μ and ν are some smooth functions on B̃Φ○ϕ(p). If we consider

the identity function Φ ○ Φ−1 ∶ B̃Φ○ϕ(p) → B̃Φ○ϕ(p), then we have (r, s) =
Φ(μ(r, s), ν(r, s)), and therefore (r, s) = (μ(r, s), F̂ (μ(r, s), ν(r, s))), which
shows that by identification

μ(r, s) = r ,

F̂ (r, ν(r, s)) = s .

With appropriate substitutions, we have Φ−1(r, s) = (r, ν(r, s)) and hence

we may infer that F̂ ○Φ−1(r, s) = s. Therefore, if we consider the map

θ ○ F ○ (Φ ○ϕ)−1 ∶ B̃Φ○ϕ(p) → F̂ ○ Ãϕ(p)

(r, s) ↦ s
,

we actually have constructed a smooth chart (V,ψ) of M , where ψ = Φ○ϕ
and V = (Φ ○ ϕ)−1(B̃Φ○ϕ(p)) and a smooth chart (Z, ζ) of L, where ζ = θ
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and Z = (θ−1 ○ F̂ (Ãϕ(p)). Using these new coordinate charts we have the
following coordinate representation of F :

ζ ○ F ○ ψ−1 ∶ ψ(V ) → ζ(Z)
(r, s) ↦ s

By noting r = (x1, . . . , xk) and s = (xk+1, . . . , xm) we have constructed the
map in (A.2).

● Next, consider a point c ∈ L and the level set F −1({c}) = {p ∈M ∶ F (p) =
c} ⊂ M . In order to show that the level set F −1({c}) is an embedded
submanifold as per Definition A.7, we have to show that for each point
p ∈ F −1({c}), there is a smooth chart (V,ψ) of M containing p, such that
ψ(V ∩F −1({c})) is a k-slice of ψ(V ). Note that by considering the charts

(V,ψ) and (Z, ζ) as previously defined and ζ(c) = (ck+1, . . . , cm), we can
write explicitly the set ψ(V ∩ F −1({c})) as follows:

ψ(V ∩ F −1({c})) = {(r, s) ∈ ψ(V ) ∶ F ○ ψ−1(r, s) = c}
= {(x1, . . . , xk, xk+1, . . . , xm) ∈ ψ(V ) ∶ xk+1 = ck+1, . . . , xm = cm} ,

which shows that it is a k-slice of ψ(V ) by Definition A.7. Hence F −1({c})
is a k-submanifold of M . Note that since F is a continuous function be-
tween topological spaces, the preimage of a closed subset in the codomain
is a closed subset of the domain. The set consisting of a single point
{c} ⊂W is clearly closed, hence F −1({c}) is closed.

�

A.3.3. Images of embeddings as embedded submanifolds. The last case
we have to consider is the case of images of embeddings. Let’s proceed here, too,
by analogy with the Euclidean space, which is simple to illustrate. Consider again

figure 3 and the rule for coordinate change Xi = ∂xi

∂yi Y
j . If the hyperplane S is

spanned by the basis vectors { ∂
∂y1 , . . . ,

∂
∂yk }, then any vector Y = ∑1≤i≤k Y j ∂

∂yj is

in the hyperplane S. Therefore by applying the coordinate change, we may define
a map F ∶ Rk → R

m such that its push-forward F∗ ∶ TpR
k → TF (p)R

m is given by

⎛
⎜
⎝

X1

⋮
Xm

⎞
⎟
⎠
=
⎛
⎜⎜
⎝

∂x1

∂y1 ⋯ ∂x1

∂yk

⋮ ⋱ ⋮
∂xm

∂y1 ⋯ ∂xm

∂yk

⎞
⎟⎟
⎠

*,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,-,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,.
=∶F∗

⎛
⎜
⎝

Y 1

⋮
Y k

⎞
⎟
⎠

Note that since the coordinates x1, . . . , xm depend linearly on the coordinates

y1, . . . , ym, the map F∗ is constant. Let’s note xi = ∂xi

∂yj y
j . Considering the iso-

morphism between the linear spaces TpR
k ≅ R

k and TF (p)R
m ≅ R

m we can actually
identify the map F with its push-forward F∗. Since F∗ is always full rank, F is an
immersion, and even better it is an embedding since it is injective and a homeo-
morphism onto its image.

Theorem A.15 (Embedding theorem):
Let L be a k-dimensional and M a m-dimensional manifolds. The image F (L) of

a smooth embedding F ∶ L→M is an embedded submanifold.
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Proof: The proof of the embedding theorem has a pattern very similar to the proof
of the submersion theorem. Hence in the first part of the proof, we shall show that
there are coordinate representations of the map F in suitable neighborhoods which
linearly maps a point of the domain as follows:

(x1, . . . , xk) ↦ (x1, . . . , xk,0, . . . ,0) . (A.3)

Hence for any smooth charts (W,θ) of L and (U,ϕ) ofM , we shall construct smooth
charts (Z, ζ) of L and (V,ψ) of M , such that we have the coordinate representation
ζ ○ F ○ ψ−1(x1, . . . , xk) ↦ (x1, . . . , xk,0, . . . ,0). In the second part, we shall show
that such a linear map leads naturally to the requirements for an image of a smooth
embedding F (L) ⊂M to be an embedded submanifold.

● Consider some smooth charts (W,θ) of L and (U,ϕ) of M . Assume a
coordinate representation ϕ(p) = u such that u = (u1, . . . , uk) for any
p ∈ W and a coordinate representation ϕ(F (p)) = (r, s) such that r =
(r1, . . . , rk) and s = (s1, . . . , sm−k). Consider also the shorthand notation

for the coordinate representation F̂ (u) ∶= ϕ ○ F ○ θ−1(u) = (P (u) , Q(u) )
and a projection map π ∶ Rm → R

k which maps (r, s) to r. Note that since
we assumed F an immersion, the push-forward F∗ is full rank at every
point p ∈ L, hence the coordinate representation

(ϕ ○ F ○ θ−1)∗ =
⎛
⎝

∂P
∂u

∂Q

∂u

⎞
⎠

is a full rank m×k matrix, where ∂P
∂u

is a k×k matrix and ∂Q

∂u
a (m−k)×k

matrix. Without any loss of generality we may assume that ∂P
∂u

is non-
singular. Indeed, if it is not the case, then by a simple permutation of
coordinate variables we get our assumption. Like in the proof of the
submersion theorem, we shall use the inverse function theorem (Theorem
A.13). In order to do that, construct a map Φ with an invertible push-
forward Φ∗.

Φ ∶ θ(W ∩ F −1(U)) ⊂ R
k → π ○ϕ(U) ⊂ R

k

u ↦ π ○ F̂ (u) = P (u) ,

which has then a push-forward matrix expressed as follows in local coor-
dinates: Φ∗ = ∂P

∂u
. Since Φ∗ is non-singular by assumption we may use

the inverse function theorem, which tells that there are neighborhoods
Ãθ(p) ⊂ θ(W ∩F −1(U)) of θ(p) and B̃Φ○θ(p) ⊂ π ○ϕ(U) of Φ○θ(p) such that

Φ ∶ Ãθ(p) → B̃Φ○θ(p) is a diffeomorphism. If we compose the inverse map

Φ−1 ∶ B̃Φ○θ(p) → Ãθ(p) with F̂ , we will get

ϕ ○ F ○ (Φ ○ θ)−1 ∶ B̃Φ○θ(p) → F̂ ○ Ãθ(p)

r ↦ ( r , Q ○Φ−1(r) ) ,

where we have used the relation P ○Φ−1(r) = r. Consider now the map σ

defiend as follows:

σ ∶ B̃Φ○θ(p) ×R
m−k → B̃Φ○θ(p) ×R

m−k
(r, s) ↦ (r, s −Q ○Φ−1(r)) ,

This map is invertible since it has an explicit inverse σ−1(u, v) = (u, v +
Q ○ Φ−1(u)), and the map and its inverse are both smooth since they
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are both compositions of smooth maps. Therefore, we infer that σ is a
diffeomorphism. Composing ϕ ○ F ○ (Φ ○ θ)−1 with σ yields:

(σ ○ϕ) ○ F ○ (Φ ○ θ)−1 ∶ B̃Φ○θ(p) → σ ○ F̂ ○ Ãθ(p)

r ↦ (r,0)
Hence we actually have constructed a smooth chart (Z, ζ) of L, where

ζ = Φ ○ ϕ and Z = (Φ ○ ϕ)−1(B̃Φ○θ(p)), and a smooth chart (V,ψ) of M ,

where ψ = σ ○ ϕ and V = ϕ−1 ○ F̂ ○ Ãθ(p). Using the new coordinate charts
we have the following coordinate representation of F :

ψ ○ F ○ ζ−1 ∶ ζ(Z) → ψ(V )
r ↦ (r,0)

By noting r = (x1, . . . , xk) we have constructed the map in (A.3).
● To show that F (L) ⊂ M is an embedded submanifold we have to show
first that for any point p ∈ L we have a chart (V,ψ) of M containing p

such that ψ(F (Z)) is a k-slice of ψ(V ). If we consider the charts (V,ψ)
and (Z, ζ) as previously defined, then it is quite clear that

ψ(V ∩ F (Z)) = {(x1, . . . , xk, xk+1, . . . , xm) ∈ ψ(V ) ∶ xk+1 = . . . = xm = 0}
is by definition a k-slice of ψ(V ). Now, we have shown that F (Z) ⊂ F (L)
is an embedded submanifold. What about F (L) itself? To answer to
that question we have to find a slightly modified chart of M such that
F (L) has local slice coordinates in M . First, note that Z is open in L by
assumption and that F −1 is a continuous map since F is an embedding,
hence a homeomorphism onto its image. Therefore, the pre-image F (Z)
is open in F (L). From the subspace topology we know that there is an
open subset V ′ ⊂M such that F (Z) = V ′ ∩ F (L). Hence, by substituting
in the k-slice ψ(V ∩ F (Z)) we get that ψ(V ∩ V ′ ∩ F (L)) is a k-slice of
ψ(V ∩V ′), which shows that the chart (V ∩V ′, ψ∣

V ∩V ′
) is a slice chart for

F (L). Hence, F (L) is an embedded submanifold of M .

�

A.3.4. Examples of embedded submanifolds.

Example A.16 (Matrices of constant rank):
We shall show that the set of rectangular matrices of constant rank k noted Mm×n

k

is a closed embedded submanifold of the set of matrices of rank at least k, noted
Mm×n

≥k . To prove this claim, we shall use the Submersion theorem (Theorem A.14).
The key point here is to find a suitable submersion defined on appropriate open
subsets of Mm×n

≥k such that the zero set of that submersion is precisely the set of all
matrices of rank k, with 0 ≤ k <min(m,n).

The outline of the proof is the following. a): Show that a set of matrices with
full rank k × k upper left submatrix, noted U , is an open subset of Mm×n

≥k . b): Find
a way to define the set of matrices in U that are exactly of rank k. c): Construct a
submersion on U such that the zero set of that submersion is precisely U∩Mm×n

k . By
using the Submersion theorem, show that U ∩Mm×n

k is an embedded submanifold of
Mm×n

≥k of codimension (m−k)×(n−k). d): Generalize the previous step to concern
any matrix that is at least or rank k by componsing with an appropriate isometry.
e): Show that Mm×n

k is an embedded submanifold of Mm×n

≥k .
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a): Consider U the set of matrices in Mm×n that have a full rank k × k upper
left submatrix:

U = {(A B
C D ) ∈Mm×n ∶ det(A) ≠ 0} .

Clearly it is a matrix of rank at least k, because if we perform the following
lower-diagonal-upper block matrix decomposition on an element of M ∈ U
we will get the following result:

(A B

C D
) = ( Ik 0

C A−1 Im−k

) (A 0
0 D −C A−1 B

) (Ik A−1 B

0 In−k

)

Since the rank of a matrix does not change if we multiply it by a full rank
matrix, we can infer that rank(M) = rank(A 0

0 D−CA−1 B
) ≥ k. To show that

U is an open set in Mm×n

≥k , consider the continuous map

G ∶ Mm×n → R

(A B
C D ) ↦ det(A) .

It is clear that the pre-image of the open subset R/{0} is precisely U , i.e.
G−1({0}) = U . Since G is continuous, U is open in Mm×n. Since U happens
to be a subset of Mm×n

≥k , it is also open in it.
b): How do we know when a matrixM ∈ U is exactly of rank k? Obviously, the

necessary and sufficient condition is that the lower-right (m− k) × (n− k)
submatrix is zero. Hence, the condition

D −C A−1 B = 0 ⇔ M ∈ U ∩Mm×n

k .

c): From the previous condition it is easy to construc the following map:

F ∶ U → M(m−k)×(n−k)

(A B
C D ) ↦ D −C A−1 B

.

Certainly, the function is analytical and we have F −1({0}) = U ∩Mm×n

k .
Now we have to show that F is a submersion. To do that, we have to
show that the image of an arbitrary non-zero vector of TU by the push
forward map F∗ ∶ TU → TM(m−k)×(n−k) has to be non-zero. Consider the
following analytic curve:

γ ∶ I → U

t ↦ (A B
C D+tΔ ) ,

where the matrix Δ ∈M(m−k)×(n−k) is an arbitrary non-zero matrix. There-
fore the vector γ̇(0) ∈ TU has arbitrary components Δ in the direction
of the lower-right submatrix. If we consider the push forward F∗ ○ γ̇ and
applly it on an arbitrary map g ∈ C∞(M(m−k)×(n−k)), it may be expressed
in the following way:

(F∗ ○ γ̇)∣t g = γ̇∣
t
(g ○ F )

= d(g ○ F ○ γ)
d t

∣
t

= d(F ○ γ)
d t

∣
t

g ,

which gives us the identity F∗ ○ γ̇(0) = d(F○γ)
d t

∣
t=0

. Since we have (F ○
γ)(t) = D + tΔ − C A−1 B, it follows that (F∗ ○ γ̇)(0) = Δ, which shows
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that since Δ is arbitrary non-zero matrix, F∗ is full rank on U , and hence
by the Submersion theorem we may say that F −1({0}) = U ∩Mm×n

k is a
co-dimension (m − k) × (n − k) embedded submanifold of Mm×n

≥k .
d): Obviously, not all matrices of rank at least k belong to U . However, by

applying suitable permutations we can transform any matrix of rank at
least k to an element of U . Consider the following isometry on Mm×n:

R ∶ Mm×n → Mm×n

M ↦ P ⊺M Q = (A B
C D ) ,

where P ∈ Mm×m and Q ∈ Mn×n are some appropriate permutation matri-
ces. Note UR = R−1(U) the open subset of Mm×n

k given by the isometry
R. To see that it is an open subset, just note that the composition G ○R
is continuous. From the identity (G ○R)−1(R/{0}) = R−1 ○G−1(R/{0}) =
R−1(U) = UR we infer that UR as the pre-image of an open set by a con-
tinuous map is open.

Note that the isometry R is also a submersion, and that the compo-
sition of submersions is a submersion. Hence, (F ○ R)∗ = F∗ ○ R∗ is a
submersion and the zero set of the composition can be computed as fol-
lows: (F ○ R)−1({0}) = (R−1 ○ F −1)({0}) = R−1(U ∩Mm×n

k ) = UR ∩Mm×n

k .
This shows that UR ∩Mm×n

k is a co-dimension (m− k) × (n− k) embedded
submanifold of Mm×n

≥k .
e): To show that Mm×n

k is an embedded submanifold of Mm×n

≥k , consider an
arbitrary matrix M ∈ Mm×n

k . Then, there exist an isometry R such that
M ∈ UR ∩Mm×n

k . Since UR ∩Mm×n

k is an embedded submanifold of Mm×n

≥k ,
there exists a chart (VR, ψR) of Mm×n

≥k such that M ∈ VR and ψR(VR ∩UR ∩
Mm×n

k ) is a m × n − (m − k) × (n − k) slice of ψR(VR), which proves tha
claim.





APPENDIX B

Kronecker products and matrix differentiation

The aim of this appendix is to give a short introduction to matrix calculus,
by which we mean the differentiation of matrix valued functions defined on
a matrix space. The central tool used here is the Kronecker product, for
which some central results will be given in Section B.1 and B.2. Then in
Section B.3, we shall introduce two ways of defining a matrix derivative:
the Vetter’s matrix derivative and the directional matrix derivative.

B.1. Introduction to Kronecker product algebra

When dealing with numerical implementations involving higher order tensors,
one tactic to get readable algorithms and codes is to use the Kronecker product.
Indeed, as we shall soon see, the Kronecker product of two matrices is a matrix of
its own right, but it can also be interpreted as a fourth order tensor. Hence, the
Kronecker product algebra endows us with some machinery needed to treat higher
order tensors, which appear especially when implementing matrix differentiation,
and at the same time we have access to the full range of matrix algebra.

In the following paragraphs, we shall expose some of the central issues related
to the Kronecker product. For enhanced readability, we shall use the explicit di-
mension notation for matrices whenever suitable, i.e. Ap×q denotes a p×q real valued
matrix.

Definition B.1 (The Kronecker product):
For any matrices Ap×q ∈Mp×q and Br×s ∈Mr×r, the Kronecker product Ap×q ⊗Br×s ∈
Mpr×qs is defined as follows:

Ap×q ⊗Br×s =
⎛
⎜
⎝

A11B
r×s ⋯ A1q B

r×s

⋮ ⋱ ⋮
Ap1B

r×s ⋯ Apq B
r×s

⎞
⎟
⎠

.

The Kronecker product is intimately linked to the vectorisation and reshape
operators defined in Chapter 4, Proposition 4.1. The equation that provides the
connection is called the matrix equation rule.

Lemma B.2 (The matrix equation rule):
For any matrices Ap×q ∈ Mp×q and Br×s ∈ Mr×s and Xs×q ∈ Ms×q, the following

equation holds:

(Ap×q ⊗Br×s)vecXs×q = vec(Br×s Xs×q (Ap×q)⊺)

179
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Proof: Straightforward matrix computation shows us:

(Ap×q ⊗Br×s)vecXs×q =
⎛
⎜
⎝

A11B
r×s ⋯ A1q B

r×s

⋮ ⋱ ⋮
Ap1B

r×s ⋯ Apq B
r×s

⎞
⎟
⎠

⎛
⎜
⎝

Xs×q e1
⋮

Xs×q eq

⎞
⎟
⎠

=
⎛
⎜
⎝

∑q
j=1B

r×s Xs×q ej e
⊺
j (Ap×q)⊺ e1

⋮
∑q

j=1B
r×s Xs×q ej e

⊺
j (Ap×q)⊺ ep

⎞
⎟
⎠

=
⎛
⎜
⎝

Br×s Xs×q (Ap×q)⊺ e1
⋮

Br×s Xs×q (Ap×q)⊺ ep

⎞
⎟
⎠
= vec(Br×s Xq×s (Ap×q)⊺ ) .

�

Note that the matrix equation rule proves that the Kronecker product is actu-
ally a tensor product of linear maps. Recall that for a tensor product of two linear
maps a ∶ Rq → R

p and b ∶ Rs → R
r we have

a⊗ b ∶ R
q ⊗R

s → R
p ⊗R

r

v ⊗w ↦ a(v) ⊗ b(w) ,

where v ∈ Rq and w ∈ Rs are arbitrary vectors. Now, if a ∶ Rq → R
p and b ∶ Rs → R

r

are linear maps such that Ap×q is the matrix representation of a expressed in the
standard basis {Ep×q

ij } and Br×s is the matrix representation of b expressed in the

standard basis {Er×s

kl }, then we have:

Ap×q ⊗Br×s ∶ R
qs → R

pr

vec (wv⊺) ↦ vec( (Br×s w)(Ap×qv)⊺ ) ,

which shows that (Ap×q ⊗Br×s)vec (wv⊺) = vec( b(w) (a(v))⊺ ), and therefore that
Ap×q ⊗Br×s ↔ a ⊗ b. The second important rule about Kronecker products is the
mixed product rule.

Lemma B.3 (The mixed product rule):
For any matrices Ap×q ∈ Mp×q and Br×s ∈ Mr×s, Cq×k ∈ Mq×k and Ds×l ∈ Ms×l the

following equation holds:

(Ap×q ⊗Br×s) (Cq×k ⊗Ds×l) = (Ap×q Cq×k) ⊗ (Br×s Ds×l)

Proof: On the base of the definition of the Kronecker product, we get:

(Ap×q ⊗Br×s) (Cq×k ⊗Ds×l) =
⎛
⎜
⎝

A11B
r×s ⋯ A1q B

r×s

⋮ ⋱ ⋮
Ap1B

r×s ⋯ Apq B
r×s

⎞
⎟
⎠

⎛
⎜
⎝

C11D
s×l ⋯ C1k D

s×l

⋮ ⋱ ⋮
Cq1D

s×l ⋯ Cqk D
s×l

⎞
⎟
⎠

=
q

∑
j=1

⎛
⎜
⎝

A1jCj1B
r×s Ds×l ⋯ A1jCjk B

r×s Ds×l

⋮ ⋱ ⋮
ApjCj1B

r×s Ds×l ⋯ ApjCjk B
r×s Ds×l

⎞
⎟
⎠

= (Ap×q Cq×k) ⊗ (Br×s Ds×l)

�
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Next, we shall give an expression for the vectorized quantity of a Kronecker
product in term of one of the vectorized matrix operands. This result will be needed
later when computing the directional matrix derivative of a Kronecker product.

Lemma B.4 (Vectorization of Kronecker product rule):
For any matrices Ap×q ∈Mp×q and Br×s ∈Mr×s, the following two identities hold:

vec(Ap×q ⊗Br×s) = ∑
1≤j≤q

( eq×1

j ⊗ Is×s ⊗ (Ap×q eq×1

j ) ⊗ Ir×r )vecBr×s

vec(Ap×q ⊗Br×s) = ∑
1≤l≤s

( Iq×q ⊗ es×1

l ⊗ Ip×p ⊗ (Br×s es×1

l ) )vecAp×q

Proof: The proof of the first identity is straightforward computation, and it is
given here:

∑
1≤j≤q

( eq×1

j ⊗ Is×s ⊗ (Ap×q eq×1

j ) ⊗ Ir×r )vecBr×s =

vec ∑
1≤j≤q

( (Ap×q eq×1

j ) ⊗ Ir×r )Br×s ( (e⊺j )1×q ⊗ Is×s ) =

vec ∑
1≤j≤q

( (Ap×q eq×1

j ) ⊗ Ir×r )( (e⊺j )1×q ⊗Br×s ) =

vec ∑
1≤j≤q

(Ap×q eq×1

j (e⊺j )1×q) ⊗Br×s = vec(Ap×q ⊗Br×s)

The proof of the second identity is straightforward computation, and it is given
here:

∑
1≤l≤s

( Iq×q ⊗ es×1

l ⊗ Ip×p ⊗ (Br×s es×1

l ) )vecAp×q =

vec ∑
1≤l≤s

( (Ip×p ⊗ (Br×s es×1

l ) )Ap×q (Iq×q ⊗ (e⊺l )1×s) ) =

vec ∑
1≤l≤s

( (Ip×p ⊗ (Br×s es×1

l ) ) (Ap×q ⊗ (e⊺l )1×s) ) =

vec ∑
1≤l≤s

Ap×q ⊗ (Br×s es×1

l (e⊺l )1×s) = vec(Ap×q ⊗Br×s)

�

In particular, we are interested in the special case when one of the matrix
operands is an identity matrix. Hence, the following corollary:

Corollary B.5 (Vectorization of Kronecker product rule):
For any matrix Xp×q ∈Mp×q, the following two identities hold:

vec(Iu×u ⊗Xp×q) = ∑
1≤k≤u

( eu×1

k ⊗ Iq×q ⊗ eu×1

k ⊗ Ip×p )vecXp×q

vec(Xp×q ⊗ Iv×v) = ∑
1≤l≤v

( Iq×q ⊗ ev×1

l ⊗ Ip×p ⊗ ev×1

l )vecXp×q

Proof: The proof is a direct application of Lemma B.4. �

B.2. Transposition of Kronecker products

Transpositions of Kronecker products considered as fourth order tensors are
interesting in certain situations, for example when we want to give an expression
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for the commutation of a Kronecker product in terms of the original Kronecker
product. As we shall see in a while, transposition will also be used to relate the
two definitions of matrix derivative: the one called Vetter’s definition for matrix
derivative and the one called the matrix derivative consistent with the directional
derivative.

Let’s therefore consider the transpose operator for rectangular matrices, how
it is related to the transposition map on a set of indexes, and finally how the
transpose operator could be generalized to transpose certain indexes of a rectangular
matrix obtained via a Kronecker product. Now recall what is a transposition for
a rectangular matrix An1×n2 . Since τ = (1,2) is the only possible transposition for
the set {1,2}, we have by definition:

(An1×n2)⊺(τ) = ∑
1≤i1≤n1

1≤i2≤n2

Ai1i2 E
nτ(1)×nτ(2)

iτ(1)iτ(2)
= ∑

1≤i1≤n1

1≤i2≤n2

Ai1i2 E
n2×n1

i2i1

Note that whenever we have a square matrix, we can write [A⊺]ij = [A]ji, but that
relation does not hold for general rectangular matrices. Note also that whenever it is
clear from the context we shall omit the explicit reference to the transposition map
τ , hence denoting the matrix transpose as usual (An1×n2)⊺(τ) = (An1×n2)⊺ in matrix
algebra. In a similar way as we defined the matrix transpose from a transposition
map on the index set, we shall define the transposition of a Kronecker product using
the transposition maps on the index set in the following way:

Definition B.6 (Transposition of a Kronecker product):
For any matrices An1×n2 ∈Mn1×n2 and Bn3×n4 ∈Mn3×n4 define the following transpo-
sition operator:

(An1×n2 ⊗Bn3×n4)⊺(τ) = ∑
1≤i1≤n1

1≤i2≤n2

∑
1≤i3≤n3

1≤i4≤n4

Ai1i2 Bi3i4 E
nτ(1)×nτ(2)

iτ(1)iτ(2)
⊗E

nτ(3)×nτ(4)

iτ(3)iτ(4)
,

where τ ∶ {1,2,3,4} → {1,2,3,4} is a transposition.

Let’s take two examples to illustrate the purpose of Definition B.6. Take, for
example for τ = (1,2), a transposition on {1,2,3,4}. Then, we have (An1×n2 ⊗
Bn3×n4)⊺(1,2) = (Ap×q)⊺ ⊗ Br×s. Take now another transposition on {1,2,3,4}, τ =
(1,4). Then we have (An1×n2 ⊗Bn3×n4)⊺(1,4) = ∑i1,i2,i3,i4

Ai1i2 Bi3i4 E
n4×n2

i4i2
⊗E

n3×n1

i3i1
,

which does not have any elegant expression in terms of the usual matrix transpose.
However, we shall soon see that the transposition map on an index set can be iden-
tified with an isomorphism that transforms the vectorized matrix to the vectorized
transpose. Next, we shall give a couple of lemmas that give some useful expressions
of transpositions of Kronecker products as images of permutation matrices. Let’s
start with the simplest case, which is the transposition of a rectangular matrix.

Lemma B.7 (The transposition matrix):
For any matrix An1×n2 ∈Mn1×n2 ,we have the following expression for the vectorized

transpose: vec (An1×n2)⊺(1,2) = T(1,2) vecAn1×n2 , where the matrix T(1,2) ∈Mn1n2×n1n2 ,

called the transposition matrix, is given by the following expression:

T(1,2) = ∑
1≤j1≤n1

1≤j2≤n2

E
n1×n2

j1j2
⊗ (En1×n2

j1j2
)⊺ .
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Proof: Applying Lemma B.2 to the matrix equation

(An1×n2)⊺(1,2) = ∑
1≤j1≤n1

1≤j2≤n2

e⊺j2 [(A
n1×n2)⊺]j2j1 ej1 = ∑

1≤j1≤n1

1≤j2≤n2

E
n2×n1

j2j1
An1×n2 E

n2×n1

j2j1
.

yields vec(An1×n2)⊺(1,2) = (∑j1,j2 E
n1×n2

j1j2
⊗ E

n2×n1

j2j1
)vecAn1×n2 , which completes the

proof. �

We shall see that the transposition matrix is very useful when programming
some numerical schemes using the Kronecker product. Next, we need to generalize
the notion of the transposition matrix to Kronecker products.

Lemma B.8 (The transposition matrix for Kronecker products):
For any matrix An1×n2 ∈ Mn1×n2 and Bn3×n4 ∈ Mn3×n4 ,we have the following expres-

sion for the vectorized transpose:

vec (An1×n2 ⊗Bn3×n4)⊺(τ) =Kτ vecA
n1×n2 ⊗Bn3×n4

where τ is a transposition on the set {1,2,3,4} and the corresponding transposition

matrices Kτ ∈Mn1n2n3n4×n1n2n3n4 have the following expressions:

K(1,2) = ∑
1≤j1≤n1

1≤j2≤n2

(En1×n2

j1j2
⊗ In4×n4) ⊗ (En2×n1

j2j1
⊗ In3×n3) ,

K(1,3) = ∑
1≤j1≤n1

1≤j3≤n3

(In2×n2 ⊗ In4×n4) ⊗ (En3×n1

j3j1
⊗E

n1×n3

j1j3
) ,

K(1,4) = ∑
1≤j1≤n1

1≤j4≤n4

(In2×n2 ⊗E
n1×n4

j1j4
) ⊗ (En4×n1

j4j1
⊗ In3×n3) ,

K(2,3) = ∑
1≤j2≤n2

1≤j3≤n3

(En3×n2

j3j2
⊗ In4×n4) ⊗ (In1×n1 ⊗E

n2×n3

j2j3
) ,

K(2,4) = ∑
1≤j2≤n2

1≤j4≤n4

(En4×n2

j4j2
⊗E

n2×n4

j2j4
) ⊗ (In1×n1 ⊗ In3×n3) ,

K(3,4) = ∑
1≤j3≤n3

1≤j4≤n4

(In2×n2 ⊗E
n3×n4

j3j4
) ⊗ (In1×n1 ⊗E

n4×n3

j4j3
) .
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Proof: The proof comes from the application of the matrix equation rule (Lemma
B.2) to the following identities:

(An1×n2 ⊗Bn3×n4)⊺(1,2) = ∑
1≤j1≤n1

1≤j2≤n2

(En2×n1

j2j1
⊗ In3×n3)(An1×n2 ⊗Bn3×n4)(En2×n1

j2j1
⊗ In4×n4)

(An1×n2 ⊗Bn3×n4)⊺(1,3) = ∑
1≤j1≤n1

1≤j3≤n3

(En3×n1

j3j1
⊗E

n1×n3

j1j3
)(An1×n2 ⊗Bn3×n4)(In2×n2 ⊗ In4×n4)

(An1×n2 ⊗Bn3×n4)⊺(1,4) = ∑
1≤j1≤n1

1≤j4≤n4

(En4×n1

j4j1
⊗ In3×n3)(An1×n2 ⊗Bn3×n4)(In2×n2 ⊗E

n4×n1

j4j1
)

(An1×n2 ⊗Bn3×n4)⊺(2,3) = ∑
1≤j2≤n2

1≤j3≤n3

(In1×n1 ⊗E
n2×n3

j2j3
)(An1×n2 ⊗Bn3×n4)(En2×n3

j2j3
⊗ In4×n4)

(An1×n2 ⊗Bn3×n4)⊺(2,4) = ∑
1≤j2≤n2

1≤j4≤n4

(In1×n1 ⊗ In3×n3)(An1×n2 ⊗Bn3×n4)(En2×n4

j2j4
⊗E

n4×n2

j4j2
)

(An1×n2 ⊗Bn3×n4)⊺(3,4) = ∑
1≤j3≤n3

1≤j4≤n4

(In1×n1 ⊗E
n4×n3

j4j3
)(An1×n2 ⊗Bn3×n4)(In2×n2 ⊗E

n4×n3

j4j3
)

�

One might note that the transpose operator given by a composition of transposi-
tions is the composition of transpose operators, i.e. vec(A⊗B)⊺(τ○σ) =Kτ Kσvec(A⊗
B). Hence in the following corollary, we shall give some useful identities for matrix
transposes and Kronecker product commutations.

Corollary B.9 (Useful identities):
Consider the matrices Ap×q ∈ Mp×q and Br×s ∈ Mr×s. Then, the following set of

identities hold for Kronecker product transpose:

(Ap×q ⊗Br×s)⊺(p,q) = (Ap×q)⊺ ⊗Br×s ,

(Ap×q ⊗Br×s)⊺(r,s) = Ap×q ⊗ (Br×s)⊺ ,

(Ap×q ⊗Br×s)⊺(p,q)(r,s) = (Ap×q)⊺ ⊗ (Br×s)⊺ = (Ap×q ⊗Br×s)⊺ ,

and the following set of identities hold for the Kronecker product commutation:

(Ap×q ⊗Br×s)⊺(p,r) = T(p,r) (Ap×q ⊗Br×s) ,

(Ap×q ⊗Br×s)⊺(q,s) = (Ap×q ⊗Br×s)T(q,s) ,
(Ap×q ⊗Br×s)⊺(p,r)(q,s) = T(p,r) (Ap×q ⊗Br×s)T(q,s) = Br×s ⊗Ap×q .

Proof: The proof is an application of Lemma B.7 and Lemma B.8 where the
transpositions are taken with respect to the set of indexes {p, q, r, s}. �

B.3. Matrix differentiation rules

B.3.1. Matrix partial derivative according to Vetter’s definition. First,
let’s consider Vetter’s definition of a matrix derivative as given in [11]. Although
the choice of placing the indexes of the operand matrix and the indexes of the ma-
trix with respect to which we are deiving might seem rather arbitrary, the following
discussion will show that this particular choice is a very practical one.
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Definition B.10 (Matrix partial derivative):
Let M ∶Mp×q →Mr×s be a differentiable map. We denote it’s matrix partial deriva-
tive (or jacobian) the following pr × qs matrix:

∂A M = ∂M

∂A
= ∑

1≤i≤p
1≤j≤q

∑
1≤k≤r
1≤l≤s

∂Mkl

∂ Aij

Ep×q

ij ⊗Er×s

kl

Let’s write down some of the central rules in Kronecker matrix calculus, which
are the Kronecker product differentiation rule, the matrix product differentiation
rule and the chain differentiation rule. Some specific rules, such as the identity,
transpose and inverse map differentiation rules will be given as well. A more ex-
haustive compilation of matrix differentiation rules can be found in [11].

Lemma B.11 (Matrix product differentiation rule):
Consider some matrix valued maps M r×s ∶Mp×q →Mr×s, N s×t ∶Mp×q →Ms×t. Then,

the matrix derivative of the matrix product M r×s N s×t is given by:

∂Ap×q(M r×s N s×t) = ∂Ap×qM r×s (Iq×q ⊗ N s×t) + (Ip×p ⊗ M r×s)∂Ap×qN s×t

Proof: The proof is straightforward computation:

∂Ap×q(M r×s N s×t) = ∑
1≤i≤p
1≤j≤q

∑
1≤k≤r
1≤l≤s
1≤m≤t

Ep×q

ij ⊗Er×t

km (∂Mkl

∂Aij

Nlm +Mkl

∂ Nlm

∂Aij

)

= ∑
1≤i≤p
1≤j≤q

∑
1≤k≤r
1≤l≤s
1≤m≤t

( (Ep×q

ij ⊗Er×s

kl )(Iq×q ⊗ Es×t

lm) ∂Mkl

∂Aij

Nlm+

+ (Ip×p ⊗ Er×s

kl )(Ep×q

ij ⊗Es×t

lm)Mkl

∂ Nlm

∂Aij

)

= ∂Ap×qM r×s (Iq×q ⊗ N s×t) + (Ip×p ⊗ M r×s)∂Ap×qN s×t

�

Lemma B.12 (Kronecker product differentiation rule):
Consider some matrix valued maps M r×s ∶Mp×q →Mr×s, Nu×v ∶Mp×q →Mu×v. Then

the matrix derivative of the Kronecker product M r×s⊗Nu×v is given by the following

expression:

∂M r×s ⊗Nu×v

∂Ap×q
= ∂M r×s

∂Ap×q
⊗Nu×v + (Ip×p ⊗ T(u,r))(

∂ Nu×v

∂Ap×q
⊗M r×s )(T(v,s) ⊗ Iq×q)

Proof: The proof is straightforward computation:

∂M r×s ⊗Nu×v

∂Ap×q
= ∑

1≤i≤p
1≤j≤q

Ep×q

ij ⊗ (∂M
r×s

∂Aij

⊗Nu×v +M r×s ⊗ ∂ Nu×v

∂Aij

) .
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If we simplify the second term on the right hand side, we get:

Ep×q

ij ⊗M r×s ⊗ ∂ Nu×v

∂Aij

= ( Ip×p Ep×q

ij Iq×q ) ⊗ (T(u,r) (
∂ Nu×v

∂Aij

⊗M r×s)T(v,s) )

= (Ip×p ⊗ T(u,r))(Ep×q

ij ⊗ ∂ Nu×v

∂Aij

⊗M r×s)(Iq×q ⊗ T(u,r))

Substitution in the first equation completes the proof. �

As a corollary, we shall give expressions of matrix derivatives of the identity
map and the inverse map. This corollary shows that sometimes the overlined version
of the matrix derivative, i.e. the one that corresponds to the directional derivative
has a much nicer expression than the original matrix derivative as deifined in B.10.

Corollary B.13 (Matrix derivative of identity and inverse maps):
The following relations hold for any matrices A ∈Mp×p

p and B ∈Mp×q:

∂B B = E(p,q)
∂A A−1 = −(Ip×p ⊗A−1)E(p,p) (Ip×p ⊗A−1) ,

where the identity map matrix derivative is defined as E(p,q) = ∑ 1≤i≤p
1≤j≤q

Ep×q

ij ⊗Ep×q

ij .

Proof: The proof is a direct application of the definition of the matrix derivative
B.10, the matrix product differentiation rule as given in Lemma B.11 by recall-
ing that ∂A(AA−1) = 0 and the relation between the matrix derivative and the
directional matrix derivative as given in Lemma B.14. �

B.3.2. Matrix partial derivative consistent with the directional de-
rivative. There is also another useful quantity related to matrix differentiation
that we would like to introduce, namely the matrix directional derivative. Consid-
ering any sufficiently smooth map M ∶Mp×q →Mr×s, and a direction Xp×q ∈ TAM

p×q,
it would be natural to define the directional derivative as follows:

X ∣
A
(M) = dM(A + tX)

dt
∣
t=0

.

From that general definition it is, however, not easy to see at once any relation
with the definition of the matrix partial derivative as given in Definition B.10. The
following lemma provides the missing link.

Lemma B.14 (Expression of vectorized directional matrix derivatives):
Consider a matrix valued map defined on a matrix space: M r×s ∶Mp×q →Mr×s. The

vectorized form of the directional derivative in the direction Xp×q ∈ TAp×qMp×q and

evaluated at the point Ap×q ∈Mp×q is given by the following expression:

vec( Xp×q ∣
Ap×q (M r×s) ) = ∂Ap×qM r×s vecXp×q ,

where we have used the shorthand notation ∂Ap×qM r×s = (∂Ap×qM r×s)⊺(p,s). The

transposition (p, s) refers to the indexes {p, q, r, s} of the Jacobian matrix ∂Ap×qM r×s.

Explicitly, we have

∂Ap×qM r×s = (∂Ap×qM r×s)⊺(p,s) = ∑
1≤i≤p
1≤l≤s

(Es×p

li ⊗ Ir×r) ∂M
r×s

∂ Ap×q
(Iq×q ⊗Es×p

li )
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Proof: The proof is straightforward computation starting from the definition of
the directional matrix derivative:

vec
dM r×s(Ap×q + tXp×q)

dt
∣
t=0

= ∑
1≤i≤p
1≤j≤q

∑
1≤k≤r
1≤l≤s

vec
∂Mkl

∂Aij

∣
A

Xij E
r×s

kl

= ∑
1≤i≤p
1≤j≤q

∑
1≤k≤r
1≤l≤s

∂Mkl

∂Aij

∣
A

vec(Er×p

ki Xp×q Eq×s

jl
)

= ∑
1≤i≤p
1≤j≤q

∑
1≤k≤r
1≤l≤s

∂Mkl

∂Aij

∣
A

(Es×q

lj ⊗Er×p

ki ) vecXp×q

= (∂Ap×qM r×s)⊺(p,s) vecXp×q

Using Lemma B.8 we get the explicit expression of (∂Ap×qM r×s)⊺(p,s) in terms of
∂Ap×qM r×s. �

Let’s write down some of the central rules in Kronecker matrix calculus, which
are the Kronecker product differentiation rule, the matrix product differentiation
rule and the chain differentiation rule. Some specific rules, such as the identity,
transpose and inverse map differentiation rules will be given as well. A more ex-
haustive compilation of matrix differentiation rules can be found in [11].

Lemma B.15 (Matrix product differentiation rule consistent with the directional
derivative):
Consider some matrix valued maps M r×s ∶Mp×q →Mr×s, N s×t ∶Mp×q →Ms×t. Then,

the matrix derivative of the matrix product M r×s N s×t consistent with the directional

derivative is given by:

∂Ap×q(M r×s N s×t) = ( (N s×t)⊺ ⊗ Ir×r )∂Ap×qM r×s + ( It×t ⊗M r×s )∂Ap×qN s×t

Proof: The proof is straightforward computation:

vec X ∣
A
(MN) = vec ∑

i,j

∂M r×sN s×t

∂Aij

Xij

= vec ∑
i,j

k,l,m

( ∂Mkl

∂Aij

Er×p

ki XEq×s

jl N s×t +M r×s Es×p

li XEq×t

jm

∂ Nlm

∂Aij

)

= ∑
i,j
k,l

( ∂Mkl

∂Aij

( (N s×t)⊺Es×q

lj ) ⊗Er×p

ki +Et×q

mj ⊗ (M r×s Es×p

li )∂ Nlm

∂Aij

)vecX

= (( (N s×t)⊺ ⊗ Ir×r )∂Ap×qM r×s + ( It×t ⊗M r×s )∂Ap×qN s×t )vecX

�

Next, we shall show the chain differentiation rule. Note that in the chain
differentiation rule we use the composition sign (⋅ ○ ⋅) to denote a composition of
matrix valued maps. This notion must not be confused with the matrix product of
two matrix valued maps, which was used in the previously described Lemma B.15.
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Lemma B.16 (Matrix chain differentiation rule consistent with the directional de-
rivative):
Consider two smooth matrix valued maps F ∶ Mr×s → Mu×v and G ∶ Mp×q → Mr×s.

Then we have the following expression of the chain differentiation rule:

∂Ap×q(F ○G)∣
Ap×q

= ∂Br×sF ∣
G(Ap×q)

∂Ap×qG∣
Ap×q

Proof: By the definition of a directional matrix derivative and for an arbitrary
tangent vector X ∣

Ap×q ∈ TAp×qMp×q we have:

vec X ∣
Ap×q (F ○G) = vec ∑

i,j,k,l

∂ F

∂Br×s

kl

∣
G(Ap×q)

(er×1

k )⊺ ∂ G

∂Ap×q

ij

∣
Ap×q

es×1

l Xij

= vec ∑
i,j,k,l,m,n

∂ Fmn

∂Br×s

kl

∣
G(Ap×q)

Eu×r

mk

∂ G

∂Ap×q

ij

∣
Ap×q

Es×v

ln Xij

= ( ∑
k,l,m,n

∂ Fmn

∂Br×s

kl

∣
G(Ap×q)

(Ev×s

nl ⊗Eu×r

mk) )vec
∂ G

∂Ap×q

ij

∣
Ap×q

Xij

= ∂Br×sF ∣
G(Ap×q)

∂Ap×qG∣
Ap×q vecX .

On the other hand, the right hand side has by virtue of Lemma B.14 the following

expression vec X ∣
Ap×q (F ○G) = ∂Ap×q(F ○G)∣

Ap×q
vecX. �

As a corollary, we shall give expressions of matrix derivatives of the identity
map and the inverse map. This corollary shows that sometimes the overlined version
of the matrix derivative, i.e. the one that corresponds to the directional derivative
has a much nicer expression than the original matrix derivative as deifined in B.10.

Corollary B.17 (Matrix derivative of identity and inverse maps consistent with
the directional derivative):
The following relations hold for any matrices A ∈Mk×k

p and B ∈Mp×q

∂B B = Iq×q ⊗ Ip×p

∂B B⊺ = T(p,q)
∂A A−1 = −A−⊺ ⊗A−1

Proof: The proof is a direct application of the definition of the matrix derivative
B.10, the matrix product differentiation rule as given in Lemma B.11 by recall-
ing that ∂A(AA−1) = 0 and the relation between the matrix derivative and the
directional matrix derivative as given in Lemma B.14. �

There is still one more useful result, namely the matrix directional derivative
of a block matrix. The next lemma gives the matrix derivative of a matrix defined
by blocks each of which is a matrix valued map. The expression of the derivative
is given as a function of the matrix derivative of each submatrix.

Lemma B.18 (Block matrix directional derivative):
Let M r×s ∶ Mp×q → Mr×s be a smooth matrix valued map and consider the following
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block matrix decomposition:

M r×s = ( Mu×v
K,L

M
u×(s−v)
K,Lc

M
(r−u)×v
Kc,L

M
(r−u)×(s−v)
Kc,Lc

) ,

where K = {1, . . . , u}, L = {1, . . . , v} and Kc and Lc their respective complements

in {1, . . . , r} and {1, . . . , s}. Then the matrix derivative is given as follows:

∂AM r×s = ( Iv×v

0(s−v)×v
) ⊗ ( Iu×u

0(r−u)×u
) ∂AMu×v

K,L
+

+ ( 0v×(s−v)

I(s−v)×(s−v)
) ⊗ ( Iu×u

0(r−u)×u
) ∂AM

u×(s−v)
K,Lc +

+ ( Iv×v

0(s−v)×v
) ⊗ ( 0u×(r−u)

I(r−u)×(r−u)
) ∂AM

(r−u)×v
Kc,L

+

+ ( 0v×(s−v)

I(s−v)×(s−v)
) ⊗ ( 0u×(r−u)

I(r−u)×(r−u)
) ∂AM

(r−u)×(s−v)
Kc,Lc

Proof: Consider a vector X ∣
A
is a vector in TAM

p×q. Then the vectorized direc-
tional derivative is given as follows:

vec X ∣
A
(M r×s) = vec dMr×s(A+tX)

dt
∣
t=0

= vec
⎛
⎜
⎝

dMu×v
K,L(A+tX)

dt

dM
u×(s−v)

K,Lc (A+tX)
dt

dM
(r−u)×v

Kc,L
(A+tX)

dt

dM
(r−u)×(s−v)

Kc,Lc (A+tX)
dt

⎞
⎟
⎠

^̂̂
^̂̂
^̂̂
^̂̂
^̂t=0

= vec ( X ∣
A
(Mu×v

K,L
) X ∣

A
(Mu×(s−v)

K,Lc )
X ∣

A
(M (r−u)×v

Kc,L
) X ∣

A
(M (r−u)×(s−v)

Kc,Lc )
)

From the linearity property of the differentiation and the vectorization operators
we get:

vec X ∣
A
(M r×s) = vec ( Iu×u

0(r−u)×u
) X ∣

A
(Mu×v

K,L
) (Iv×v 0v×(s−v))+

+ vec ( Iu×u

0(r−u)×u
) X ∣

A
(Mu×(s−v)

K,Lc ) (0(s−v)×v I(s−v)×(s−v))+

+ vec ( 0u×(r−u)

I(r−u)×(r−u)
) X ∣

A
(M (r−u)×v

Kc,L
) (Iv×v 0v×(s−v))+

+ vec ( 0u×(r−u)

I(r−u)×(r−u)
) X ∣

A
(M (r−u)×(s−v)

Kc,Lc ) (0(s−v)×v I(s−v)×(s−v))

Application of the matrix equation rule (Lemma B.2) and then of Lemma B.14
completes the proof. �

B.3.3. Relations between Vetter’s matrix derivative and the direc-
tional matrix derivative. Note that the Vetter’s definition for matrix derivative
is not a linear operator that operates on a differentiation direction. We shall define
in the next paragraph a more suitable way to define a matrix derivative that is
also a linear operator that operates of the differentiation direction, and show that
there is a relation between the two definitions of matrix derivatives that is given
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by the transposition operator in Lemma B.14. Note, however that as the following
lemma shows, there is a coordinate free expression that shows the relation between
the Vetter’s definition of a matrix derivative and the directional matrix derivative
X ∣

A
(M) = dM(A+tX)

dt
∣
t=0 = dM(vecA+tvecX)

dt
∣
t=0.

Lemma B.19 (Vetter’s Matrix derivative relation to directional matrix derivative):
Let M ∶ Mp×q → Mr×s be a smooth matrix valued map and X ∣

A
∈ TAM

p×q a tangent

vector. Then, we have

⟨y , (X ∣
A
(M))x⟩Rr = ⟨vecX , vec( (Ip×p ⊗ y⊺) ∂M

∂A
∣
A

(Iq×q ⊗ x) ) ⟩Rpq

for any vectors x ∈ Rs and y ∈ Rr.

Proof: We can simplify the right hand side expression as follows:

(Ip×p ⊗ y⊺) ∂M

∂A
∣
A

(Iq×q ⊗ x) = ∑
1≤i≤p
1≤j≤q

∑
1≤k≤r
1≤l≤s

∂Mkl

∂ Aij

∣
A

(Ip×p ⊗ y⊺)(Ep×q

ij ⊗Er×s

kl )(Iq×q ⊗ x)

= ∑
1≤i≤p
1≤j≤q

∑
1≤k≤r
1≤l≤s

yk
∂Mkl

∂ Aij

∣
A

xl (Ep×q

ij ⊗ 1)

= ∑
1≤i≤p
1≤j≤q

∑
1≤k≤r
1≤l≤s

yk
∂Mkl

∂ Aij

∣
A

xlE
p×q

ij .

Hence, we have

⟨vecX , vec( (Ip×p ⊗ y⊺) ∂M

∂A
∣
A

(Iq×q ⊗ x) ) ⟩Rpq =

∑
1≤i≤p
1≤j≤q

∑
1≤k≤r
1≤l≤s

yk
∂Mkl

∂ Aij

∣
A

xl ⟨vecX , vecEp×q

ij ⟩Rpq =

∑
1≤i≤p
1≤j≤q

∑
1≤k≤r
1≤l≤s

yk
∂Mkl

∂ Aij

∣
A

xlXij =

∑
1≤k≤r
1≤l≤s

yk [X ∣
A
(M)]kl xl = ⟨y , (X ∣

A
(M))x⟩Rr .

�

For matrix valued functions defined on symmetric matrix spaces, we may also

define the symmetric directional derivative as follows: XSYM∣
A
(M) = dM(hvecA+thvecX)

dt
∣
t=0.

Accordingly, we have the following relation between the Vetter matrix derivative
and the symmetric directional derivative:

Corollary B.20 (Vetter’s Matrix derivative relation to directional matrix deriv-
ative, symmetric case):
Let M ∶MSYM(p×p) →Mr×s be a smooth matrix valued map and X ∣

A
∈ TAM

SYM(p×p) a
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tangent vector. Then, we have

⟨y , (XSYM∣
A
(M))x⟩Rr = ⟨hvecX , hvec( (Ip×p ⊗ y⊺) ∂M

∂A
∣
A

(Ip×p ⊗ x) ) ⟩
R
p(p+1)/2

for any vectors x ∈ Rs and y ∈ Rr.

Proof: As for the general case, we get:

(Ip×p ⊗ y⊺) ∂M

∂A
∣
A

(Ip×p ⊗ x) = ∑
1≤i,j≤p

∑
1≤k≤r
1≤l≤s

yk
∂Mkl

∂ Aij

∣
A

xlE
p×p

ij .

Hence we have

⟨hvecX , hvec( (Ip×p ⊗ y⊺) ∂M

∂A
∣
A

(Ip×p ⊗ x) ) ⟩
R
p(p+1)/2 =

∑
1≤i,j≤p

∑
1≤k≤r
1≤l≤s

yk
∂Mkl

∂ Aij

∣
A

xl ⟨hvecX , hvecEp×p

ij ⟩
R
p(p+1)/2 =

∑
1≤i≤j≤p

∑
1≤k≤r
1≤l≤s

yk
∂Mkl

∂ Aij

∣
A

xlXij =

∑
1≤k≤r
1≤l≤s

yk [XSYM∣
A
(M)]kl xl = ⟨y , (XSYM∣

A
(M))x⟩Rr .

�

Recall that by definition a vector, which is an element in the tangent space to
the abstract manifold, is identified with an element in the tangent space to the chart
co-domain. Hence, by definition we have V ∣

M
∶= ((ϕ−1

R
)∗ ○ V )∣

ϕR(M)
for any vector

V ∣
M

∈ TMMm×n

k such that M ∈ UR. Therefore, if the linear map corresponding to
the metric tensor G ∶ Mm×n

k → MSYM(k(n+m−k)×k(n+m−k) ) is a smooth matrix valued
map defined on a constant rank manifold, we infer that V ∣

M
(G) = V ∣

ϕ(M)
(G○ϕ−1

R
).

Lemma B.21 (Evaluation of a vector using matrix derivatives, general case):
Let V ∣

M
∈ TMMm×n

k such that M = R−1(A B
C CA−1 B

) ∈ UR. Then for any smooth

matrix valued map f ∈ C∞(Mm×n

k ;Mp×q) and any vectors a ∈ Rp and b ∈ Rq, we may

write:

a⊺ V ∣
M
(f) b = V ⊺ (

Ik⊗b⊺⊗Ik⊗a⊺ 0 0

0 In−k⊗b⊺⊗Ik⊗a⊺ 0

0 0 Ik⊗b⊺⊗Im−k⊗a⊺
)
⎛
⎝

vec
∂ f
∂ A

vec
∂ f
∂ B

vec
∂ f
∂ C

⎞
⎠

^̂̂
^̂̂
^̂̂
^̂̂
M

Proof: Since M = R−1(A B
C CA−1 B

) ∈ UR, we have the following local expression of
the point (M,V ) ∈ TMm×n

k with respect to the standard basis of (UR, ϕR).

ϕR(M) = (x1, . . . , xk(m+n−k))∣
M
= ( (vecA)⊺, (vecB)⊺, (vecC)⊺ )∣

M

((ϕR)∗ ○ V )∣
M
= (V 1, . . . , V k(m+n−k))∣

M
= ( (vecX)⊺, (vecY )⊺, (vecZ)⊺ )∣

M

By definition of a directional derivative, we have:

V ∣
M
(f) = ∑

1≤i≤k
1≤j≤k

∂ f ○ϕ−1
R

∂ Aij

∣
ϕR(M)

Xij + ∑
1≤i≤k

1≤j≤n−k

∂ f ○ ϕ−1
R

∂ Bij

∣
ϕR(M)

Yij + ∑
1≤i≤m−k
1≤j≤k

∂ f ○ϕ−1
R

∂ Cij

∣
ϕR(M)

Zij .
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Since by using Lemma B.19, we may relate each directional matrix derivative to
a corresponding Vetter’s matrix derivative, it is possible to write the following
expressions:

∑
1≤i≤k
1≤j≤k

∂ f

∂ Aij

∣
M

Xij = ⟨vecX , vec (Ik ⊗ a⊺) ∂ f

∂ A
∣
M

(Ik ⊗ b) ⟩

∑
1≤i≤k

1≤j≤n−k

∂ f

∂ Bij

∣
M

Yij = ⟨vecY , vec (Ik ⊗ a⊺) ∂ f

∂ B
∣
M

(In−k ⊗ b) ⟩

∑
1≤i≤m−k
1≤j≤k

∂ f

∂ Cij

∣
M

Zij = ⟨vecZ , vec (Im−k ⊗ a⊺) ∂ f

∂ A
∣
M

(Ik ⊗ b) ⟩

Putting the pieces together we get the following equation:

a⊺ V ∣
M
(f) b = ⟨V ,

⎛
⎜⎜
⎝

vec (Ik ⊗ a⊺) ∂ f

∂ A
∣
M

(Ik ⊗ b)
vec (Ik ⊗ a⊺) ∂ f

∂ B
∣
M

(In−k ⊗ b)
vec (Im−k ⊗ a⊺) ∂ f

∂ C
∣
M

(Ik ⊗ b)

⎞
⎟⎟
⎠
⟩ ,

which can be transformed in the expression that has to be proven by applying the
matrix equation rule (Lemma B.2) to the left hand side. �

Lemma B.22 (Evaluation of a vector using matrix derivatives, symmetric case):
Let V ∣

M
∈ TMMSYM(n×n)

k such that M = R−1( A B
B⊺ B⊺A−1 B

) ∈ USYM

R
. Then, for any

smooth matrix valued map f ∈ C∞(MSYM(n×n)

k ;Mp×q) and any vectors a ∈ R
p and

b ∈ Rq we may write:

a⊺ V ∣
M
(f) b = V ⊺ ( dup−1(Ik⊗b⊺⊗Ik⊗a⊺)dup 0

0 In−k⊗b⊺⊗Ik⊗a⊺ ) (
hvec

∂ f
∂ A

vec
∂ f
∂ B

)∣
M

Proof: Since M = R−1( A B
B⊺ B⊺A−1 B

) ∈ USYM

R
, we have the following local expression

of the point (M,V ) ∈ TMSYM(n×n)

k with respect to the standard basis of (USYM

R
, ϕSYM

R
).

ϕSYM

R
(M) = (x1, . . . , xk(2n+1−k)/2)∣

M
= ( (hvecA)⊺, (vecB)⊺ )∣

M

((ϕSYM

R
)∗ ○ V )∣

M
= (V 1, . . . , V k(2n+1−k)/2)∣

M
= ( (hvecX)⊺, (vecY )⊺ )∣

M

By definition of a directional derivative, we have:

V ∣
M
(f) = ∑

1≤i≤j≤k
∂ f ○ (ϕSYM

R
)−1

∂ Aij

∣
ϕSYM
R

(M)

Xij + ∑
1≤i≤k

1≤j≤n−k

∂ f ○ (ϕSYM

R
)−1

∂ Bij

∣
ϕSYM
R

(M)

Yij .

Since by using Corollary B.20, we may relate each directional matrix derivative to
a corresponding Vetter’s matrix derivative, we may write the following expressions:

∑
1≤i≤j≤k

∂ f

∂ Aij

∣
M

Xij = ⟨hvecX , hvec (Ik ⊗ a⊺) ∂ f

∂ A
∣
M

(Ik ⊗ b) ⟩

∑
1≤i≤k

1≤j≤n−k

∂ f

∂ Bij

∣
M

Yij = ⟨vecY , vec (Ik ⊗ a⊺) ∂ f

∂ B
∣
M

(In−k ⊗ b) ⟩
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Putting the pieces together, we get the following equation:

a⊺ V ∣
M
(f) b = ⟨V , (hvec (I

k ⊗ a⊺) ∂ f

∂ A
∣
M

(Ik ⊗ b)
vec (Ik ⊗ a⊺) ∂ f

∂ B
∣
M

(In−k ⊗ b)) ⟩

which can be transformed in the expression that has to be proven by applying the
matrix equation rule (Lemma B.2) to the left hand side. �
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84. T. von Kármán, Untersuchungen über knickfestigkeit, Mitteilungen über Forshcunggsarbeiten
auf dem Gebiete des Ingenieurwesens 81 (1910).

85. R. von Mieses and J. Ratzerdorfer, Die knicksicherheit von rahmentragwerken, Zetischrift für
Angew. Math. und Mech. (ZAMM) 6 (1926), 181.



198 BIBLIOGRAPHY

86. K. Washizu, Variational methods in elasticity and plasticity, Oxford Pergamon, 1975.
87. P. Wriggers and J.C. Simo, A general procedure for the direct computation of turning and

bifurcation problems, International Journal for Numerical Methods in Engineering 30 (1990),
155–176.

88. E.C. Zeeman, Catastrophe theory, selected papers, 1972-1977, Addison-Wesley, 1977.





Non-linear eigenproblems are encountered 
in a wide range of engineering applications, 
primarily in association with the criticality 
study of equilibrium sets. This doctoral 
dissertation proposes a novel interpretation 
of non-linear eigenproblems as intersection 
points of parametric curves with a fixed 
rank matrix manifold in the ambient matrix 
space. Therefore, a detailed geometric study 
of fixed rank matrix manifolds is developed 
throughout the chapters from different 
angles of view. First, an investigation of 
Riemannian induced metric properties via 
the computation of geodesics. Then, a study 
of symmetry properties using the Lie group 
theory. Finally, we propose an algorithm to 
compute the Riemannian distance function 
on the fixed rank matrix manifold by 
minimizing curve lengths. The notable 
engineering application that is proposed in 
the end is a sensitivity analysis procedure 
for the eigenspace map, which enables to 
assess the a-priori error done on the 
buckling mode in a computational linear 
perturbation buckling analysis step. 
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