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Abstract 
The objective of this study was to develop mathematical models that describe the course of 
delignification and carbohydrate degradation during cooking processes as a function of cooking 
temperature and cooking chemicals concentrations. The cooking processes investigated in this 
work were the kraft and the autohydrolysis processes. In the case of kraft cooking different 
existing delignification models were fitted to experimental data from both soft- and hardwood  
cooks. The fact that data with different temperatures were present enabled the estimation of 
the activation energies for the reactions associated with the models. For the available data it 
turned out that a model containing two lignin components of differing reactivities was 
sufficient for a satisfactory description of the observed delignification. Furthermore, two  
modifications aimed at augmenting the authenticity of the model were conducted. First, 
Donnan theory, accounting for the time development of the chemical concentrations at the 
actual location of the delignification reactions, was incorporated to the model. Second, the rate 
constants in the model were calculated according to the real temperature during heating and 
cooling instead of resorting to the computation simplifying concept of isothermal time. 
Moreover, the square root relationship between the reciprocal lignin content and the 
anthraquinone charge earlier established for soda-anthraquinone cooks was confirmed in the 
kraft-anthraquinone context. For carbohydrate degradation during kraft cooking a model based 
on the endwise reactions peeling, stopping and alkaline hydrolysis was developed. The model 
provided satisfactory fits to the yield data of all the three carbohydrates (cellulose, 
glucomannan and xylan) under scrutiny. The portions of material degraded by the different 
reactions present in the model were calculated based on the parameter estimates obtained from 
the fits. Furthermore, the impact of dissolution was compared to that of the endwise reactions; 
for glucomannan and cellulose the endwise reactions degrade more material than does the 
dissolution, whereas the opposite is true for xylan. The yield loss model for the carbohydrates 
was also combined with a model for the decrease in the degree of polymerization. By 
performing a simultaneous fit of the two models an enhanced estimate of the model parameters 
was obtained. For the autohydrolysis cooks reaction schemes for the delignification and the 
degradation of xylan and glucan were developed and the corresponding kinetic models were 
fitted to the data resulting in estimates for the kinetic parameters. The kinetic models were 
combined with the diffusion equation resulting in a simulation program for the effect of 
cooking on the wood components on chip level. Furthermore, the kinetic models together with 
the Ergun equation for the forced flow of the heated cooking liquor through the packed bed led 

Keywords modeling, reaction kinetics, kraft process, autohydrolysis, lignin, cellulose, 
hemicellulose, yield, degree of polymerization, diffusion, ergun equation 
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Tiivistelmä 
Tämän työn tavoitteena oli kehittää matemaattinen malli kuvaamaan keiton aikana tapahtuvaa 
puun ligniinin ja hiilihydraattien hajoamista sekä hajoamisnopeuksien riippuvuutta 
keittolämpötilasta ja keittokemikaalien konsentraatioista. Sulfaattimenetelmä ja 
kuumavesiuutto olivat tutkimuksen kohteina. Sulfaattikeiton tapauksessa olemassa olevia 
ligniinin hajoamisen kineettisiä malleja sovitettiin sekä lehtipuu- että havupuukeitoista 
saatuun kokeelliseen dataan. Koska keittoja oli suoritettu eri lämpötiloilla, oli mahdollista 
arvioida malliin liittyvien reaktioiden aktivointienergiat. Saatavilla olevan datan tapauksessa 
malli, jossa oli kaksi eri reaktionopeudet omaavaa ligniinin lajia, osoittautui riittäväksi 
kuvaamaan tyydyttävästi havaittua ligniinin määrän vähenemistä. Tämän lisäksi kaksi eri 
tapaa lisätä mallin todenmukaisuutta otettiin käyttöön. Ensinnäkin Donnanin teoria, jonka 
avulla voidaan laskea kemikaalien konsentraatiot siinä kohdin missä varsinainen reaktio 
tapahtuu, liitettiin malliin. Toiseksi mallin reaktiokertoimet laskettiin käyttäen kuumennus-
ja jäähdytysaikajaksojen todellisia lämpötiloja laskuja yksinkertaistavaan isotermiseen aikaan 
liittyvän kuvitteellisen vakiolämpötilan asemesta. Lisäksi vahvistettiin sooda-AQ keitosta 
tutun ligniinimäärän käänteisarvon ja antrakinonimäärän neliöjuuren välisen riippuvuuden 
pätevyys myös sulfaattikeiton tapauksessa. Hiilihydraattien hajoamiselle sulfaattikeitossa 
kehitettiin polymeeriketjujen reunayksikköihin kohdistuviin reaktioihin (peeling, stopping, 
alkaline hydrolysis) perustuva malli. Malli sopi hyvin yhteen kaikkien kolmen puun 
tärkeimpien hiilihydraattien selluloosan, glukomannaanin ja ksylaanin kokeellisten 
saantoarvojen kanssa. Mallin eri reaktioiden kautta hajoavan materiaalin osuus laskettiin 
sovituksista saatujen parametriestimaattien avulla. Tämän lisäksi vertailtiin polymeerien 
liukenemisen merkitys suhteessa polymeeriketjujen reunayksikköihin kohdistuvien 
reaktioiden merkitykseen; glukomannaanin ja selluloosan tapauksessa päätyreaktiot hävittävät 
enemmän ainetta kun liukeneminen, kun taas ksylaanin tapauksessa tilanne on käänteinen. 
Hiilihydraattien saantohävikin malli yhdistettiin myös polymerisaatioasteen vähenemistä 
kuvaavaan malliin. Mainittujen kahden mallien samanaikainen sovitus vahvisti kineettisten 
parametrien estimaatit. Kuumavesiuutolle kehitettiin ligniinin, ksylaanin ja glukaanin 
hajoamisen reaktiokaaviot ja niihin liittyvät kineettiset mallit sovitettiin dataan tuloksena 
kineettisten parametrien estimaatit. Kineettiset mallit yhdistettynä diffuusioyhtälön kanssa 
mahdollistivat keiton simulointiohjelman hakepalasen tasolla. Lisäksi kineettiset mallit 
yhdessä hakepedin läpi kulkevan keittonesteen virtauksen kuvaavan Ergunin yhtälön kanssa 
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Sammandrag 
Avsikten med föreliggande arbete var att utveckla en matematisk modell för förloppet av 
ligninutlösning och kolhydratreduktion under kokprocesser tagande i beaktande inverkan av 
koktemperatur och koncentrationen av kemikalier. Processerna under fokus var 
kraftprocessen och autohydrolysprocessen. I kraftprocessens fall utfördes regression av 
befintliga modeller för ligninutlösning visavi experimentell data från behandling av såväl lövträ 
som barrträ. Eftersom experiment företogs under olika temperaturer kunde 
aktiveringsenergierna för modellernas reaktioner uppskattas. För föreliggande data visade det 
sig att en modell som indelar ligninet i två fraktioner vars reaktivitet skiljer sig från varandra 
är i stånd att i tillfredsställande mån beskriva den observerade utvecklingen av 
lignininnehållet. Två modifikationer av modellen i avsikt att öka dess realism utfördes. För det 
första beskrevs koncentrationsutvecklingen för kemikalier med hjälp av Donnans teori. För det 
andra togs effekten av temperaturutvecklingen under uppvärmnings och nedkylningsfaserna 
i beaktande. Därtill bekräftades den kvadratrotsrelation mellan inversen av ligninhalten och 
halten av antrakinon som tidigare fastställts för soda-antrakinonbehandling ckså för 
behandling med kraft-anrtrakinon. Vad kolhydratreduktionen beträffar konstruerades en 
modell baserad på de reaktioner som riktas mot polymerkedjornas randelement (peeling, stopp 
samt alkalihydrolys). Regressionsanalys av modellen ger god överensstämmelse med 
experimentellt data för alla tre kolhydrater (cellulosa, glukomannan och xylan) som 
analyserades. Andelarna av material sönderdelat av modellens olika reaktioner uppskattades 
på basen av de parameterestimat som uppnåtts genom regressionsanalysen. Vidare jämfördes 
andelen upplöst material med andelen sönderdelat genom reaktionerna mot randgrupperna. 
Det visade sig att de senare ansvarar för merparten av sönderfallet av cellulosa och 
glukomannan medan förhållandet är det omvända beträffande xylan. Modellen för avtagande 
kolhydratutvinning sammanlänkades också med en modell för polymerernas kedjelängd. 
Genom att samtidig regressionsanalys av de två modellerna uppnåddes en utvidgad 
uppskattning av modellparametrarna. För autohydrolys utvecklades scheman för 
ligninutlösning och sönderdelningen av xylan och glukan. Regressionsanalys av de 
motsvarande modellerna gav estimat av modellernas kinetiska parametrar. Modellen 
utvecklades till att beskriva processen på partikel- och reaktornivå genom att inkludera 
diffusions och Erguns ekvationer. 

Nyckelord matematiska modeller, reaktionskinetik, sulfatprocessen, autohydrolys, lignin, 
cellulosa, hemicellulosa, utvinning, polymeriseringsgrad, diffusion, Erguns 
ekvation 
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1. Introduction 

The fractionation of the wood material into its chemical components lies at 
the heart of the biorefinery concept. Unfortunately, from a purely anthropocen-
tric point of view, millions of years of evolution favoring features in the plant 
kingdom that support the ability to carry weight and resist the destructive im-
pact of the elements have created a microstructure, with interlaced chemically 
linked polymers that oppose the engineer’s endeavor to separate them. The pre-
sumptive exploiter has to navigate between the Scylla of not removing enough 
of the lignin and the Charybdis of removing too much of the carbohydrates. 
Temperature, cooking chemicals and treatment time are adjustable parameters 
in the quest for an acceptable quality and yield. A realistic mathematical model 
of the process would serve as an asset to improve the performance. The objective 
of this treatise is to further develop and combine various modeling tools of the 
pulping process as a preparation for a forthcoming comprehensive model. The 
main focus of the work is on the kraft process, which today is the dominant 
pulping process, accounting for approximately 89% of the word production of 
chemical pulp (FAO Yearbook, 2011). In addition, some attention will be on 
pressurized hot water treatment. 

During recent decades several kinetic models for delignification during kraft 
treatment emerged, relating the cooking time and cooking conditions such as 
temperature and concentration of chemicals to the residual lignin. Publication 
1 compares some of the models with regard to the accuracy with which they de-
scribe experimental data from kraft cooks having either hardwood or softwood 
as raw material. Publication 2 then selects one of the lignin models and dis-
cusses the incorporation of the Donnan effect and a realistic description of tem-
perature during heating and cooling in the experimental cooks into the theory. 
Donnan theory models the distribution of various ions between the fiber 
bounded and free water phases, accounting for the existence of large immobile 
ions in the fiber wall. The paper also considers the effect of adding anthraqui-
none on delignification and extends the well-known square root relationship 
between the reciprocal of lignin content and the anthraquinone charge from 
soda-AQ cooks to kraft-AQ cooks.  

Publication 7 develops a model for the yield loss of carbohydrates, due to 
endwise reactions, during alkaline treatment and applies the model to cooks 
with various pretreatments. 

Publication 3 further extends the carbohydrate degradation model of Pub-
lication 7, making a distinction between primary and secondary peeling, and 
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applies it on data from kraft pulping of softwood. The model also includes the 
dissolution of longer polymer fragments into the black liquor. Furthermore, the 
paper discusses the differences between the carbohydrates with regard to the 
effect of cooking temperature and hydroxide concentration. 

Publication 4 links the carbohydrate yield loss model of Publication 3 with 
a model for the decrease in the degree of polymerization. The combination of 
the two models enables an enhanced evaluation of the mutual parameters of the 
models. On the other hand, if only yield loss data is available the time develop-
ment of the degree of polymerization and number of reduced end groups can 
still be calculated deploying the combined model. 

The thesis also considers models for the diffusion of cooking chemicals on chip 
level and for flow phenomena on reactor level, indicating a combination of these 
with the kinetic models for delignification and carbohydrate degradation in or-
der to compute the variation of the pulp quality on chip and reactor level. 

The Publications 5 and 6 discuss delignification and carbohydrate degrada-
tion, respectively during autohydrolysis, presenting reaction schemes and esti-
mating the related rate constants.  

In recapitulation the main objectives of the thesis can be expressed as follows: 
OBJECTIVE 1) is to develop a comprehensive carbohydrate degrading 

model, to complement the prevailing delignification models in kraft treatment. 
OBJECTIVE 2) is to combine the models of a) mass transfer (Diffusion, Don-

nan), b) kinetics and c) hydrodynamic processes occurring in a big scale kraft 
digester. 
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2. Recurrent elements in the model 

There are some concepts that will appear in several of the different sub mod-
els. One such motif is the rate equation describing how the reaction rate depends 
on the concentrations of the reactants. Another central theme is the Arrhenius 
equation connecting reaction rates to the temperature. Closely related to the Ar-
rhenius equation is the notion of isothermal time that leads to a simplified the-
oretical treatment of the heating and cooling stages in the cooking process. As 
for the ion exchange between different aqueous phases, the Donnan theory pro-
vides the means for a description, taking into account the electrochemical po-
tentials related to the aqueous solutions of the ions. 

2.1 Rate equations 

In the present work considerable attention will be given to the decay of poly-
meric species as well as the products generated by that decay. A rate equation 
relates the reaction rate of a chemical reaction to the concentrations of the re-
actants. If the reaction rate r is proportional to the first power of the concentra-
tion of a single reactant A: 

 (1) 

where k is the rate constant, the reaction is said to be of first order. Here it is 
assumed that the reaction represents a decay of the reactant. The purpose of the 
minus sign in the equation is then to meet the convention of the reaction rate 
being a positive number. In the case that C is the only product of the reaction 
the rate of decrease in the reactant equals the rate of increase in the product: 

 (2) 

Solving Eq. 1 with regard to A renders a function of exponential decay: 
 (3) 

Here A0 is the initial concentration of the reactant. 
A reaction having a rate proportional either to the second power of the con-

centration of a single reactant or the product of the concentrations of two reac-
tants, A and B, is a reaction of second order. 

 (4) 

 

 (5) 
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Solving Eq. 4 results in a decay function of the form: 

 (6) 

or equivalently 

 (7) 

The equation system 5 has a more complicated solution. However, if the con-
centration of the second reactant B is much bigger than that of reactant A, the 
decrease in its concentration can be neglected in the equation system, which 
hence can be approximated by a first order reaction, where the constant con-
centration B can be lumped into the rate constant. This kind of reaction is re-
ferred to as a pseudo first order reaction. In congruence with this reaction, the 
rate of which is proportional to the second power of one reactant and the first 
power of another, is termed pseudo second order, if the change in the concen-
tration of the second one is negligible.  

Sometimes, in connection to complicated reactions, the order of the reaction 
is not an integer.   

 (8) 

If p >1 the general solution of (8) is 

 (9) 

The notion of time dependent rate constant has also received some attention. 

 (10) 

Solving this equation renders: 

 (11) 

This function is the Kohlrausch relaxation or the stretched exponential func-
tion. Its origin dates back to the middle of the 19th century when Kohlrausch 
deployed it as an alternative to the ordinary exponential function after observ-
ing that the latter was not able to describe the discharge of a capacitor accu-
rately. As compared to the ordinary exponential function the function to the 
right of Eq. 11 will appear “stretched” for 0< <1 with a slower decay at prolonged 
times. 

In the sequel first order or strictly speaking pseudo first order reaction rate 
models will be the principal alternative in representing the decays of individual 
chemical components as well as the production of some other components as a 
result of the decay of the former ones. Typically, if the reactant A in the equation 
system 4 represents a polymer (lignin, cellulose, etc.) reactant B is a cooking 
chemical (hydroxide) the amount of which can be assumed constant in case of 
high liquor-to-wood ratio in the experimental cooks implemented in order to 
assess the parameters of the kinetic models. In systems more resembling the 
industrial practice with lower liquor to wood ratio and diffusion regulated allo-
cation of the cooking chemicals in the wood chips the appropriate reaction 
model is one where the reaction rate is proportional to the product of the powers 
of the two reactants. Frequently, the first order reaction model per se fails to 
match the empirical decay data which has instigated the construction of models 
combining several simple decays either simultaneously (parallel models) or 
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consecutively (series models). The model with time dependent rate constant has 
an interpretation as a simultaneous combination of an infinite number of simple 
exponential decays and several authors have modeled delignification with it. 

Some researchers have in view of the inability of the first order model to re-
produce the perceived decay attempted pseudo second order reaction models, 
exploiting the characteristic long tail of the power law graph associated with the 
model.  The models by Werthemann (1981, 1982) as well as by Abbot and Bolker 
(1982) considering the effect on delignification accomplished by additive an-
thraquinone build on this approach. Soda cooking was the original framework 
for those models, but we will extend them to kraft cooking. 

At this juncture a point on the consistency of units for rate equations should 
be made. If in the rate equation there are factors consisting of a non integer 
power of a concentration it will, according to a pedantic view, cause the unit of 
the rate constant to contain the reciprocal of this unphysical power of the con-
centration unit (M).  In this case pre-exponential factor is a more appropriate 
term than the frequency factor. In this work the question will be mainly ne-
glected by imagining an invisible denominator of 1 M. 

2.2 Non-exponential decay 

Even though the reactions of higher order lead to a prolonged decay that is 
slower than the exponential decay resulting from first order reactions, their 
shape is still usually too restricted to be able to portray some of the degradation 
occurring in pulping during the entire cooking time. Figure 1 displays the short-
comings of some simple exponential and non-exponential fits. 

Figure 1. Collection of attempted simple uniform fits to delignification data at different tempera-
tures: a) linearized exponential fit, b) linearized exponential fit with fixed initial value, c) nonlinear 
exponential fit, d) power law fit. 
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2.3 Arrhenius equation 

The well-known Arrhenius equation is an empirically confirmed formula for 
the dependence of the reaction rate on the temperature.  

 (12) 

Here k is the rate constant for the reaction, A the pre-exponential or frequency 
factor, Ea the activation energy, R the universal gas constant and T the absolute 
temperature. In this form of the Arrhenius equation the activation energy is ex-
pressed as energy per mole. In the traditional interpretation of the equation the 
activation energy of a reaction represents the energy required for the reaction 
to take place. The pre-exponential factor then expresses the share of material 
with energy exceeding the activation energy. In addition, the pre-exponential 
factor embodies the rate at which reacting molecules come in to contact with 
each other. Since the Arrhenius equation links the temperature to the reaction 
rate, it offers a method for modeling the process during periods of variable tem-
perature. 

Sometimes a modified version of the Arrhenius equation is used, where the 
pre-exponential factor is time dependent 

 (13) 

2.4 Isothermal time 

In experimental runs as well as in industrial practice the cooks of the wood 
material involve an initial stage during which the temperature is elevated to the 
target temperature and, terminating the cook, a stage with falling temperature. 
The variable temperature constitutes a challenge to the attempts to estimate 
values of the kinetic parameters by fitting models to experimental data, because 
the extent of degradation predicted by the model must be calculated as an inte-
gral over time. With shifting temperature the rate constants will change accord-
ing to the Arrhenius equation rendering the integrals more complicated to per-
form, perhaps leading to numerical integration.  Since nonlinear curve fitting 
algorithms like Levenberg-Marquardt involve iterative procedures to accom-
plish the fit, the model curve involving numerical integrals could seriously slow 
down the process. One method to circumvent the difficulties imposed by the 
variable temperature is introducing the concept of isothermal time. For a spe-
cific reaction and a selected target temperature the equivalent isothermal time 
is defined as the time during which the same amount of the reactant would be 
consumed at the target temperature as during the process time with the actual 
temperature. The transformation from process time to equivalent isothermal 
time is performed through the Arrhenius equation as follows. 

Suppose we have a reaction with a rate constant, the temperature dependence 
of which is described by Eq. 12. Divide the cooking time (process time) into a set 
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of short intervals all having the same length t. Assuming first order reactions 
and an actual temperature T, the decrease in the amount of reactant M is: 

 (14) 

 
Demanding the same amount of decrease in M at the target temperature dur-

ing a time interval t’ leads to the equation: 

 (15) 

 
The equivalent isothermal time is then the sum of all the time intervals t’: 

 (16) 

2.5 Mass transfer between external and fiber bound liquid 

The water in the wood fiber suspension exists in at least two separate phases; 
the fiber bound liquid phase and the external liquid phase, the latter including 
water in the lumen. The difficulty in experimentally quantifying the chemical 
conditions of the fiber bound phase, the location of the actual transformation of 
the fibers during pulping, has motivated the formulation of a mathematical 
model for the estimation of the ion concentrations by theoretical calculations. 
The Donnan theory, which was originally developed in the context of ions in 
liquid phases separated by a semipermeable membrane with the size of the ions 
regulating their passage through the membrane, can be applied also for pulp-
water suspensions. (Donnan et al. 1911, Donnan 1995) Phenolic and carboxylic 
anions, being part of the fiber matrix, are immobile components in the fiber 
bound phase thus affecting the distribution of mobile ions between the two 
phases in a manner similar to when part of the ions are restricted by a mem-
brane. The difference in mobility between some of the anions and the other ions 
induce some curious phenomena related to the ion concentration distribution 
between the two phases. For one thing, in the pulp suspension context, the con-
centration of hydroxide ions and other mobile anions is higher in the free phase 
than in the fiber bound phase at (Donnan) equilibrium. Coherently, the opposite 
is true for the cation concentrations. Further, even though electroneutrality with 
high precision is preserved in both the free and fiber bound phases, the small 
aberration in the tendencies for anions and cations to migrate from one phase 
to the other still suffices to create a substantial difference in the electric poten-
tial, called Donnan potential, between the phases. The Donnan theory includes 
the Donnan equilibrium and the Donnan potential concepts in the description 
of the mass transfer between the two phases.  
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Figure 2. Schematic representation of mobile and immobile ions present in free and fiber bound 
phases. 

Let us assume a situation where there are n different ions present in a fiber 
suspension. We denote the concentration of the i:th ion species by miE and miF, 
for the external and fiber bound phase respectively. Then, at Donnan equilib-
rium, the ratio between the molalities of an ion in fiber bound and external liq-
uor is described by 

 (17) 

where  is a dimensionless constant (the Donnan lambda), z is the electrical 
charge of the ion (in terms of the elementary charge e) and mF, mE are the mo-
lalities of the ion in the fiber bound and external phases respectively. The value 
of  for a particular set of conditions can be obtained by simultaneously consid-
ering the acid-base equilibrium, electroneutrality and mass balance (Towers 
and Scallan, 1996). 

Montagna et al. (2015) employed Donnan theory in the account for the one-
dimensional alkali profiles in wood chips during impregnation with starting 
point in the steady state Nernst-Planck equation describing the flux of the ionic 
species i: 

 (18) 

Here Ni is the flux of, Di the diffusivity, Ci the concentration and zi the valence 
of ionic species i. Further, F and R are the Faraday and universal gas constants. 
Finally T is the absolute temperature and  is the electrical potential. The first 
term in the parenthesis is attributed to diffusion, whereas the second to the mi-
gration of charged particles in the electric field. The permanence of electroneu-
trality requires the sum of the electrical currents to be zero. 
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 (19) 

Considering only flow in the x-direction and inserting the x-coordinate of Eq. 
(18) into Eq. (19) we can solve the equation for the derivative of the electric field: 

 (20) 

Inserting (20) back to the x-component of (18) gives: 

 (21) 

The equation of continuity describes the local conservation of mass: 

 (22) 

Combining (21) and (22) gives the time dependent Nernst-Planck equation: 

 

(23) 

 
Ala-Kaila (1998) and Kuitunen et al. (2013) applied the theory of mass transfer 

in electrolyte system described by Newman (1991) to model the ion concentra-
tion development in wood during hot water extraction, pulping and bleaching. 
They adopted one-film theory, which involves the idea of a stagnant thin diffu-
sion layer (a film) between the phases carrying the resistance to mass transfer. 
The following mass transfer model, preserving electroneutrality in the two 
phases, emerged: 

 

(24) 

2.6 The degree of polymerization during alkaline hydrolysis 

The degree of polymerization (DP) of the carbohydrates in the pulp is of fun-
damental importance for the strength properties. Therefore the reduction of DP 
caused by the breakage of polymer chains through hydrolysis is of interest when 
modeling the pulping process. Let S be the number of scissions confronting a 
macromolecule of initial degree of polymerization DP0. Assuming that the rate 
of increase in S is proportional to the remaining unscissioned units of the mac-
romolecule we have for the time derivative: 

 (25) 
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Solving the equation, noticing the initial condition S(0) = 0 gives: 
 (26) 

For small values of k the following approximation is justified: 
 (27) 

The following ratio gives an estimate of the degree of polymerization after S 
scissions: 

 (28) 

Inserting Eq. (28) into Eq. (29) and rearranging renders the long-standing 
Ekenstam equation. 

The Ekenstam equation relates the reciprocal of the DP to breakage reaction 
rate. 

 (29) 

Here DP0 is the initial degree of polymerization, k the rate constant and t the 
time. The right side needs to be interpreted as the number of breaks per mono-
mer unit. Hence, the rate constant 

Calvini et al. (2008) advocated a more stringent equation without the simpli-
fying approximation of Eq (28) and also dividing the polymer chain units into 
three categories of different susceptibility to scissions. 

 (30) 

Here nw, na and nc denote the initial number of weakly linked units, units in 
the amorphous region and units in the crystalline region respectively. Further, 
kw, ka, and kc are the corresponding rate constants. 
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3. Kinetics for alkaline treatment 

In chemical kinetics, first order reactions indicate an exponential decay of the 
reactant. There are several levels of processes to be considered in order to obtain 
a comprehensive model of the cooking of wood chips in a digester such as: the 
chemical reactions on the fiber level, the diffusion and consumption of cooking 
chemicals on the chip level as well as the flow and temperature distributions on 
the digester level. The present work focuses on the reaction kinetics on the fiber 
level working with models that describe the wood components as functions of 
cooking condition variables such as time, temperature and concentration of 
chemicals. In addition, the models usually contain parameters (e.g. reaction rate 
constants, activation energies) that relate to the specific wood components. The 
parameters may also depend on the cooking condition variables as in the case 
of the reaction rate constants that normally increase with the temperature. 

3.1 Delignification 

The time honored H-factor model by Vroom (1957) is still widely accepted, 
when it comes to modeling delignification in industrial practice. The model 
combines the cooking temperature and time to a single variable, the H-factor, 
by an integral. The degree of delignification is calculated as an empirical func-
tion of the H-factor and the initial alkali concentration. In spite of its lasting 
popularity the H-factor model has limitations in its description of the reaction 
kinetics. Following pioneering works by Kleinert (1966), Wilder and Daleski 
(1965) as well as LéMon and Teder (1973) two families of more complex models 
emerged: the consecutive and the parallel ones. Both types of models consider 
various phases with different reaction rates in the degradation of the wood com-
ponents. In the sequel four models will receive particular attention 

3.1.1 Model with consecutive reactivities 

Model 1: Gustafson model (MG)
The Gustafson model (Gustafson et al. 1982, 1983, Pu et al. 1993) divides the 

cooking time into three consecutive stages, initial, bulk and residual, each with 
kinetic equations of its own. In the model the level of remaining lignin in the 
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pulp defines the two transition points marking the shifts from: 1) the initial del-
ignification phase to bulk phase, 2) the bulk phase to the residual phase.  The 
expression for the delignification rate in the initial stage is: 

 (31) 

Here L denotes the lignin content, % of wood, T the absolute temperature and 
t the time. In addition to the square root of temperature factor, the rate constant 
k1 is temperature dependent through the Arrhenius equation. When the lignin 
level transgresses the first transition point at 22%, the model enters the bulk 
stage with the following expression for the delignification rate: 

 
(32) 

Here [OH-] and [HS-] denote the concentrations of hydroxide and hydrogen 
sulfide ions respectively. Two rate constants, k2a and k2b, mark out the bulk 
stage. The lignin level of the transitional point between the bulk and the residual 
stage depends on the temperature and sulfidity and lies between 1.1 and 2.5 % 
of wood. The model expression for the residual stage is: 

 (33) 

where k3 is the rate constant associated  to the stage. Figure 3 shows the se-
quentially defined regions of delignification in the Gustafson model. 

Figure 3. Schematic representation of the Gustafson model. 
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3.1.2 Model with parallel reactivities 

Model 2: Purdue model (MP)
The original Purdue model (Smith and Williams, 1974) divides the lignin com-

ponent into two hypothetical subcomponents or “species” with different reac-
tion rates. A modification by Christensen et al. (1983) adds a third unreactive 
lignin subcomponent to the model.  A further development by Lindgren and 
Lindström (1996) substitutes the unreactive component for a slowly reacting 
one. The degradation rates of the different subcomponents are also proportional 
to powers of the ion concentrations. 

 (34) 

Here Li is the i:th lignin subcomponent concentration, ki the corresponding 
rate constant and the exponents of the ion concentrations, ai and bi empirical 
parameters. Although this form of the Purdue model has an additional lignin 
subcomponent with corresponding differential equation, the dependence of the 
ion concentrations is a simplification as compared with the original Purdue 
model. In the original model the factor contributing to the ion concentration 
dependence has two terms the other of which is a power of the hydroxide con-
centration only, allowing for modeling processes with zero sulfide concentra-
tion. The model specified by Eq. (35) is only valid for kraft cooking conditions. 
The advantage with the model having rate equations (35) is the reduction in the 
number of estimated parameters. Figure 4 shows the the total lignin component 
as a sum of three subcomponents in accordance with the Purdue model. 

 

Figure 4. Schematic representation of the Purdue model. 
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Model 3: Andersson model (MA) 
Andersson et al. (2003) modified the three species Purdue model by introduc-

ing the concept of communication between the two slower reacting species. This 
approach is based on the observation of the relative proportions of the interme-
diately and slowly reacting species when fitting the Purdue model to the Lind-
gren-Lindström data at different OH levels. Based on the fits, the initial content 
of the intermediately reacting species is always higher than that of the slowly 
reacting species, but due to the faster degradation of the former, at some instant, 
the levels will be equal. The intersection level depends on the ion concentration 
according to the following empirical expression: 

 

. 
(35) 

 
Eq. (36) enables the recalculation of the lignin levels for the intermediately 

and slowly reacting species after a step change in the chemical conditions. Fig-
ure 5 shows the behavior of the intermediate and the slow lignin species when 
there is a step change in cooking conditions. In order not to obscure the fact that 
the total amount of lignin does not change during the step change the scale of 
the y-axis is linear. 

Figure 5. Schematic representation of communication between lignin species 2 and 3 in the An-
dersson model. 

Model 4: Bogren model (MBcdr)
Some authors have considered a delignification model with a time dependent 

reaction rate (Bogren et al. 2008). 
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 (36) 

In this model L represents the total lignin content whereas  and  are param-
eters to be estimated. Solving Eq. (36) and denoting 

 (37) 

 
leads to the lignin content being expressed as a stretched exponential or Kohl-

rausch relaxation function (Berberan-Santos et al. 2005): 

 (38) 
 
 

Figure 6. Schematic representation of sequence of stretched exponential functions with decreas-
ing parameter , a) ordinary linear scale on the x-axis, b) logarithmic scale on the x-axis. 

Figure 6 shows the effect of the stretching parameter  on the shape of the 
relaxation function.The stretched exponential function can be interpreted as a 
linear superposition of ordinary exponential functions: 

 (39) 

where H is a nontrivial but unimodal distribution. In this sense the model with 
time dependent reaction rate is a member of the family of models with parallel 
reactivities; instead of a having a finite number of species, as is the case in the 
proper Purdue models, lignin is thought to consist of an infinite number of  spe-
cies the incidences of which are characterized by the distribution H. A practical 
motivations for the use of this model is the reduced number of parameters to be 
estimated as compared with the Purdue model with three lignin species. There 
is also some theoretical justification for the time dependent rate constant based 
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on the fractal three dimensional structure of the lignin matrix. Dang and Ngu-
yen (2006) performed a deduction of the model based on Avrami’s theory on 
nuclei growth, where the nuclei represent the regions accessible to cooking 
chemicals. 

3.1.3 Anthraquinone as an additive 

In 1977 Holton et al. discovered the catalytic effect of anthraquinone added to 
the soda process, stating that AQ enhanced soda pulping attains delignification 
rate and pulp yield superior to those of unmodified kraft pulping.  Holton’s dis-
covery marked the initiation of a progression of studies aimed at elaborating the 
kinetics and mechanisms of soda-AQ pulping. Werthemann and Pekkala (1980) 
proposed a model where the delignification rate is proportional to the square 
root of the initial charge of the additive. Assuming a pseudo second order rate 
equation for the delignification kinetics of the soda process yields a linear rela-
tionship between the reciprocal of the lignin content and time. 

 (40) 

 
Here L0 is the initial lignin content and Ls describes the time development of 

the lignin content during soda pulping. Further, ks is the rate constant for soda 
delignification and t is the time. Werthemann and Pekkala modified this model 
to provide for a description of the soda-anthraquinone treatment by expressing 
the rate constant as a sum of soda and anthraquinone terms, with the latter in-
cluding the square root of the AQ dose as a factor: ksAQ = ks + AQ½kAQ. The soda-
AQ equivalent of Eq. (40) then becomes: 

 (41) 

Here LsAQ is the time dependent lignin during the soda-AQ process. Subtract-
ing Eq. (40) from Eq. (41) then renders: 

 (42) 

relating the lignin content of the ordinary soda process to that of the AQ-mod-
ified process and establishing a linear relationship between the reciprocal of the 
lignin content and the initial AQ charge. Werthemann (1981) also studied the 
impact of the distribution of the additive between the wood and the cooking liq-
uor for different quinoids, reaching the conclusion that affinity to wood is the 
decisive property for the delignification efficacy of the additive. Furthermore, a 
comparative study (Werthemann 1982), employing sodium sulfide on one hand 
and anthraquinone on the other as catalysts, displayed a difference in behavior 
at low concentrations of the two additives. While the anthraquinone concentra-
tion complies the square root relationship of Eq. (42) there is deviation from the 
relationship for sulfide, suggesting differences in the catalyting mechanisms. Fi-
nally, Abbot and Bolker (1982) confirmed the square root relationship and also 
declared a power law dependence on the initial hydroxide charge [OH-]. 
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 (43) 

Here k*AQ is the [OH-] and AQ concentration independent factor of the rate 
constant and [OH-] is the hydroxide concentration. Regression with regard to 
experimental data assessed the value of the exponent n to 1.22. 

3.2 Carbohydrate degradation during alkaline treatment 

The lignin models presented in this work are mainly phenomenological mod-
els, which do not dwell upon any detailed account of the delignification mecha-
nisms. Compared to this, some of the models for carbohydrate degradation rep-
resent a step towards a more fundamental model with some attempts to de-
scribe the events on a macromolecular level but still without going into any pro-
found level of the chemistry. 

3.2.1 Gustafson model for carbohydrates 

The original 3-stage model of Gustafson also incorporated the degradation of 
the carbohydrates. Aggregating all the carbohydrates in one model component 
and adapting the same time segmentation as in the lignin section of the model 
links the carbohydrate degradation rate to the rate of delignification. During the 
initial period the lumped carbohydrate degradation rate is also proportional to 
a fractional power of the hydroxide concentration. 

 (44) 

During the bulk and residual periods the carbohydrate degradation rate is 
simply: 

 (45) 

Here the index i takes on the value 2 or 3 depending on whether in the bulk or 
residual stage. A subsequent extension by Pu et al. partitioned the carbohydrate 
component into a cellulose and a hemicellulose component, further introducing 
un-reactive subcomponents.    

3.2.2 Models with consecutive or parallel reactivities 

The Purdue model extends the three species model of delignification to carbo-
hydrates such as cellulose, galactoglucomannan and arabinoxylan endowing 
also each of these wood components with a subdivision into sub components of 
different reactivities. The reaction rate for each species is proportional to the 
product of some powers of the concentrations of the cooking chemicals and the 
first power of the remaining part of the species in question. 

 (46) 

Here the index i runs through the carbohydrates and j through the three spe-
cies. If the consumption of the cooking chemicals can be neglected Eq. 46 rep-
resents a pseudo first order reaction. 
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3.2.3 Modeling peeling, stopping and alkaline hydrolysis 

Compared to the lignin molecule, the structure of the carbohydrate polymers 
is much simpler and more easily allows for the construction of degradation 
models motivated by the molecular structure. Cellulose is a linear homopolymer 
consisting of glucose units whereas GGM and AX are slightly branched copoly-
mers, the former consisting mainly of galactose and mannose units and the lat-
ter of xylose and arabinose units. Of the two ends of these linear polymer chains 
one is a reducing end group (REG) whereas the opposite end is a nonreducing 
end group (NREG). The reducing end group can be either active (aREG) or sta-
bilized (sREG). 

The aREGs are susceptible to the peeling reaction which removes the group 
transforming the subsequent unit in the chain into a new aREG. The peeling 
reaction is obstructed by the stopping reaction, which stabilizes the end group 
preventing further endwise peeling on the chain. If peeling and stopping were 
the only reactions present the number of aREGs would gradually decrease due 
to the fact that their amount is unchanged after each peeling reaction, but de-
creases by one after each stopping reaction.  

Figure 7. Schematic representation of end reactions acting on a polymer chain. Blue disk – reg-
ular chain element, green triangle – active reducing end group, red square – stabilized reducing 
end group and yellow star – element removed by alkaline hydrolysis. 

Finally all the REGs would be stabilized ones and no further reactions could 
occur. The alkaline hydrolysis however overruns this scene by removing a unit 
from an inner position of a polymer chain. Of the two new end groups created 
one is nonreducing but the other is an aREG. Hence the number of aREGs in-
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creases by one after alkaline hydrolysis. The interplay of all three reactions peel-
ing stopping and alkaline hydrolysis permits a continuous reduction of the chain 
lengths. 

As a group, the reactions described in this section are termed endwise reac-
tions. For the peeling and stopping reactions the epithet is obvious, because the 
reactions target the end of the polymer chains. The alkaline hydrolysis asserts 
its entitlement to the appellation by creating two new ends.   

3.2.4 Model with peeling and stopping 

Haas et al. (1967) applied a mathematical model containing the peeling and 
stopping reactions on the alkaline degradation of cotton hydrocellulose. In that 
model a system consisting of two first order rate equations described the time 
development of the peeled-off material. 

 (47) 

Here R is the mole fraction of aREGs and P is the mole fraction of peeled-off 
material. Further ks and kp are the rate constants for the stopping and peeling 
reactions respectively. The derivative is taken with regard to time.  

3.2.5 Carbohydrate degradation model including alkaline hydrolysis 

Lai and Sarkanen (1967 extended the study to incorporate the alkaline hydrol-
ysis reaction, estimating the average number of sequential peeling reactions fol-
lowing the creation of a new REG through alkaline peeling before the peeling 
sequence is terminated by the stopping reaction. Van Loon and Glaus (1997), 
(Glaus et al. 1999, Glaus and Van Loon 2008) as well as Pavasars et al. (2003) 
combined the two models and deduced a mathematical expression for the 
amount of remaining cellulose. 

 (48) 

Publication 7 as well as Mozdyniewicz et al. (2013) present a comprehensive 
model of the endwise reactions originating in three first order reactions. 

 (49) 

Here 0 is the amount of initial material present, H is the mole fraction of the 
material degraded by alkaline hydrolysis and kh is the rate constant of alkaline 
hydrolysis. The first equation in the system states that the stopping reaction de-
creases the amount of aREGs whereas alkaline hydrolysis acts in the opposite 
direction. The second equation is the same as the second equation in system 47 
and states that the peeling rate is proportional to the amount of aREGs and fi-
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nally, the rate at which alkaline hydrolysis deteriorates the carbohydrate mate-
rial is proportional to the amount of remaining material. The standard method 
to solve a system of linear differential equations is to transform it into one 
higher order differential equation. In this case the procedure leads to a second 
order differential equation with constant coefficients for the function R. 

 
(50) 

Retrieving the solution for R from Eq. (50) and inserting the solution into the 
second and third equations in Eq. system (49) leads to a general solution of the 
system. Further, the initial values for the various functions gives the values of 
the integration constants. 

3.2.6 Model distinguishing between primary and secondary peeling 

The aREGs occurring during alkaline treatment of carbohydrate material fall 
readily into two classes: a) those either present from the beginning of the treat-
ment or created through a series of peeling reactions originating in one of those 
primary aREGs, b) aREGs originating in an aREG created by alkaline hydroly-
sis.  We can then differentiate between primary peeling which acts on primary 
aREGs and secondary peeling which acts on secondary aREGs. Modifying Eq. 
system (49) in order to assess the amounts of primary and secondary peeled 
material separately we obtain:  

 (51) 

 
Here R1 and R2 denote the amounts of primary and secondary aREGs respec-

tively. Similarly, P1 and P2 denote the amounts of material succumbed to pri-
mary and secondary peeling.  

3.2.7 Model including dissolution into black liquor 

In addition to the portion degraded, one chain unit at a time, by the endwise 
reactions some of the carbohydrate loss during alkaline treatment is a result of 
connected units dissolving as chain fragments into the black liquor. In order to 
model the carbohydrates in the wood residue the dissolved fraction must be ac-
counted for. Under the assumption that the aREGs dissolve at the same rate as 
the interior chain elements, the modified version of Eq. system (49) is: 
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 (52) 

Here the notation is similar to that of Eq. system (49), but the suffix W has 
been added to mark the fact that the portion in the wood residue is being mod-
elled. The fourth equation in the system reports the rate at which carbohydrate 
material dissolves into the black liquor (BL), with B standing for the amount of 
dissolved material. The third term in the first equation depicts the dissolution 
of the aREGs. In the first, third and fourth equation of the system the dissolved 
material B together with the peeled off material P and the material removed in 
alkaline hydrolysis H is subtracted from the initial supply of material to consti-
tute the amount of remaining carbohydrates.  

3.2.8 Model comprehending the degree of polymerization 

The endwise reactions not only cause yield loss but also lead to decline in 
polymerization. Both the peeling reaction and the alkaline hydrolysis reaction 
remove one unit from the polymer chain, but in addition to that alkaline hydrol-
ysis, by attacking an interior chain element, partitions the chain into shorter sub 
chains. 

Consider a polymer chain initially consisting of n0 units, subjected to np peel-
ing reactions and nH reactions of alkaline hydrolysis. The total number of units 
in all the emerging sub chains is then: 

 (53) 
As in the derivation of the Ekenstam and Calvini equations, the number of 

scissions is: 
 (54) 

 
Consequently, Eq. (55) gives an estimate of the resulting chain length. 

 (55) 

In order to express Eq. (55) with the same variables as in the yield loss model, 
we note the equivalence of the following ratios:  

 (56) 

From (56) we obtain: 

 (57) 

  and 

 (58) 

Inserting Eq. (57) and (58) into (55) gives the expression: 

 
(59) 
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4. Kinetics for autohydrolysis 

Hot water treatment as a means for selective separation of wood components 
has gained increasing attention during the first decades of the 21th century. (Gar-
rote et al. 1999, 2001, 2003). The prospect of an environment-friendly process, 
where water is the only chemical and increased yield of the hemicelluloses forms 
an incentive for the development. So far however, technical obstacles have con-
fined the industrial exploit of the concept to a pretreatment step with steam in 
the modified kraft process. Even in this capacity, as an augmentation to the kraft 
process, hot water treatment facilitates a reduction of the total amount of cook-
ing chemicals on the grounds that the pretreatment step produces hemi-lean 
pulp which requires less extensive treatment than the original wood material. 
In the sequel we will develop empirical models for the delignification and the 
degradation of the main carbohydrates in birch wood during autohydrolysis. 

4.1 Delignification during autohydrolysis  

The delignification during autohydrolysis, in its main features, is assumed to 
proceed according to the scheme in Figure 8. The lignin in wood solubilizes, but 
the solubilized lignin then recondenses to a form that no longer will solubilize. 

 

Figure 8. Preliminary reaction scheme for lignin during autohydrolysis. LW (lignin in wood), LS 
(solubilized lignin), LC (recondensed lignin). 

4.2 Carbohydrate degradation during autohydrolysis 

The carbohydrates under vigilance in the context of autohydrolysis were those 
related to glucan and xylan. The former originates from the cellulose molecules 
and the latter from the glucuranoxylan molecules of the birch wood. In the case 
of glucan the categorization of the degradation products was: glucooligosaccha-
rides (GOS), glucose (G), and hydroxymethylfurfural (HMF). For xylan the cor-
responding products are: xylooligosaccharides (XOS), xylose (X) and Furfural 
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(F). Furthermore, the degradation produces smaller degradation products, un-
specified in this study. The natural degradation successions is one where the 
initial polysaccharide transforms into oligosaccharides which further disinte-
grates into corresponding monosaccharide. Furthermore, the monosaccharide 
descends into the compound containing a furan ring. Finally, the furan com-
pounds may deteriorate still into minor products.  

Figure 9. Preliminary reaction schemes for xylan and glucan during autohydrolysis. XN (xylan in 
wood), XOS (xylooligosaccharides), X (xylose), F (furfural), GN (glucan in wood), GOS (glucooli-
gosaccharides) G (glucose), HMF (hydroxymethylfurfural), DegP (lesser degradation products). 

Implementing first order reactions, the corresponding system of differential 
equations for the xylan scheme assumes the form.  

 (60) 

Here k1, k2, k3 and k4 denote the rate constants of the transforming reactions 
between the different elements in the xylan sequence. Likewise, the glucan se-
quence leads into a similar equation system. Solving the equation system deliv-
ers a set of functions describing the time development of the concentrations of 
the original polysaccharide and the intermediate products in the chain. Some of 
the functions have common reaction rate parameters. The ingenuous approach 
would be to perform a simultaneous fit to experimental data of the concentra-
tions of the elements in the sequence, expecting to deduce estimates of the rate 
constants. However, for both the polysaccharides it turns out that the functions 
generated from the simple linear reaction schemes fail to reproduce the experi-
mental data. Hence, various more sophisticated schemes containing side reac-
tions and reactions bypassing elements in the sequence have to be inspected 
with the objective to accomplish a model in agreement with experimental data. 
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5. Chip level model 

In contrast with the situation for fine grained wood material, diffusion limita-
tion of the cooking chemicals must be recognized in a realistic model of pulping 
of wood chips of coarseness relevant to the industrial conditions. Here the man-
ner in which the active cooking chemicals are transferred from the surrounding 
cooking liquor into the wood is of crucial importance for the outcome in terms 
of yield and uniformity of the produced pulp. In the industrial process the actual 
pulping stage is preceded by an impregnation stage, the purpose of which is to 
achieve an even distribution of the cooking chemicals within the chips prior to 
the initiation of the main part of the pulping reactions. During the impregnation 
stage the cooking liquor containing the active chemicals penetrate into the air-
filled voids of the wood chips (Malkov et al. 2001, 2002, 2003, Inalbon et al. 
2011, Montagna et al. 2013). In addition to this the cooking chemicals drift 
through diffusion into the fiber wall which is the site of the degradation reac-
tions.  

Malkov et al. (2001-2003) developed a mathematical model describing the 
process of water penetration into softwood chips combining fundamental laws 
with some empirical correlations for phenomena like capillary rise, air dissolu-
tion and outward diffusion, further considering the decrease in permeability fol-
lowing the penetration of the liquor.  The program could be employed in simu-
lating the penetration of white liquor. 

Gustafson et al. (1983, 1988) and Kazi et al. (1998) came up with models for 
the diffusion of chemicals into the wood. The former group of authors adjusted 
an earlier estimate of the diffusivity in the wood chips derived by McKibbins 
(1960) to take into consideration pH and lignin content and arrived at the fol-
lowing expression: 

 
(61) 

Here D is the diffusion constant, T is the temperature, L the lignin portion (as 
of the original wood) and  

[OH-] the hydroxide concentration. Further, d1, d2 and Ed are empirical pa-
rameters. For alkaline pulping conditions, the diffusivity can be assumed to be 
direction independent as a first approximation. The chip thickness, usually be-
ing clearly smaller than the length and the width, is then the critical dimension. 
A subsequent study (Agarwal and Gustafson 1997), noted that for thick chips 
the neglect of width and length directional diffusion in modeling delignification 
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led to an overestimation of the kappa number. The authors therefore considered 
the impact of difference in diffusivity along the intrinsic orthogonal directions 
in wood (longitudinal (chip length), transversal and radial) and while renounc-
ing the proper 3-dimensional model, in view of its ramifications on computation 
time, adapted an approach proposed by Neretnieks (1972), where the wood chip 
is modeled as an equivalent sphere i.e. a sphere having the same surface area to 
volume ratio as the modeled chip. The diffusion calculations in the equivalent 
sphere approach are 1-dimensional out of spherical symmetry. 

Mortha et al. (1992) studied kraft and soda pulping on thin chips of fast grow-
ing hybrid poplar wood and suggested that the structure of the wood material 
in question, which has very low diffusion limitations would explain the observed 
high values of the apparent activation energy of the overall delignification reac-
tion. Furthermore, Jain and Mortha (2008) performed in silico experiments in-
vestigating the effects of chip size distribution on the quality of the pulp, con-
firming the detrimental effect of oversized chips. 

Qiao (2007), benefitting from the rapid development of computational power, 
carried out a simulation based on the full 3-dimensional model for delignifica-
tion and carbohydrate degradation in wood chips setting the diffusivity in the 
longitudinal direction to three times that of the transversal and radial direc-
tions. The kinetic model employed by Qiao was the Gustafson model and the 
consumption of alkali by the degradation of the wood components was taken 
into consideration. 

The kraft impregnation stage takes place at lower temperatures (80-130 °C) 
than those of the subsequent cooking (140-175 °C). Accordingly, only a minor 
part of the total delignification takes place at impregnation conditions, but as 
Paananen et al. (2010) demonstrated with alkaline treatment at low tempera-
tures on Scots pine: galactoglucomannan undergoes extensive dissolution and 
degradation already at impregnation temperatures.  The authors further found 
that increasing the alkali charge had a mitigating effect on the GGM degrada-
tion. Hence, a comprehensive model for the spatial development of the wood 
components needs to include the impregnation stage. 

The presence of immobile anions in the fiber wall creates a hydroxide ion con-
centration difference between the free and fiber bound liquid phases (Donnan 
effect). Montagna et al. (2015) combined Donnan theory, a 1-dimensional diffu-
sion model, the Gustafson reaction kinetics model and a GGM degradation 
model by Paananen et al. (2010) to calculate alkali concentration and GGM deg-
radation profiles in wood chips of Scots pine during kraft impregnation.  

Table 1. Consumption of cooking chemicals. 

Component Ea consumption NaHS consumption
[kg NaOH kg 1 re
moved]

[mol OH mol 1 re
moved]

[as kg NaOH mol
kg 1 removed]

[mol HS mol 1 re
moved]

Lignin 0.15 0.66 0.03 0.13
Cellulose 0.40 1.62 0 0
Glucomannan 0.40 1.62 0 0
Xylan 0.40 1.32 0 0
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The degradation reactions consume the cooking chemicals affecting the pro-
gress of the spatial distributions of the wood components. Christensen (1983) 
reported the values in Table 1 for the consumption. 

 
 

5.1 Diffusion model combined with reaction kinetics 

In one dimension the plain diffusion equation has the form: 

 (62) 

 
Here  is the concentration of the diffusing substance, x is the spatial coordi-

nate, t is time and D is the diffusivity. The diffusivity may be a function of x and 
. In the context of a wood chip immersed in the cooking liquor the cooking 

chemicals are diffusing substances and the diffusivity depends on the local lig-
nin content and hydroxide concentration. Supplementing the equation to relate 
also the consumption of hydroxide associated to the degradation of the wood 
components gives: 

 
(63) 

 
Here L, GGM, AX and CEL are the contents of lignin, galactoglucomannan, 

xylan and cellulose respectively. Further, cL, cGGM, cAX and cCEL are the coeffi-
cients deduced from Table 1 relating the consumption rate to the degradation 
rate. The combination of Eq. (63) with the equations for the reaction kinetics of 
the wood components renders a system of equation for simulating the spatial 
development of the hydroxide concentration and the wood component contents 
in a wood chip. In order to include the development of sulfide an equation sim-
ilar to (63) can be added: 

 
(64) 

Here cHS_L is the coefficient for the consumption of sulfide due to delignifica-
tion calculated from Table 1.  

According to Agarwal and Gustafson (1997) the model with 1-dimensional dif-
fusion gives accurate predictions for the kappa number for chips up to 6 mm 
thick. For thicker chips the named authors adopted the equivalent sphere 
aproach of Neretnieks (1972), modeling diffusion as if taking place in spherical 
chips, the radii of which are chosen such that the surface to volume ratio is the 
same as for the authentic hexahedron shaped chips. The advantage with model-
ing diffusion in a sphere is that the concentration can be assumed independent 
of the polar and azimuthal coordinates thus simplifying the diffusion equation 
in spherical coordinates to:  
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 (65) 

Here r is the radius coordinate of the equivalent sphere. 
The proper 3-dimensional model for diffusion with different diffusivity in 

three orthogonal directions (orthotropic diffusion) is: 

 
(66) 

Here x, y and z are the coordinates in longitudinal, transversal and radial di-
rections respectively; correspondingly Dx, Dy and Dz are the diffusivities in the 
different directions. 

The modification of equation (66) in order to replace the simple 1-dimensional 
diffusion model either by the equivalent sphere model or by the 3-dimensional 
model is straightforward.  

To include the Donnan effect in the description of the impregnation and sub-
sequent cooking of a wood chip, a term related to the gradient of the electric 
potential attributed to a hypothetical liquid film located on the fiber bound liq-
uid side is added to the right side of Eq (63) leading to the Nernst-Planck equa-
tion of section 2.5.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

38 

 
 
 
 

6. Reactor level model 

Most of modern kraft pulp production with wood as raw material takes place 
in either a continuous or a batch digester. Several studies are devoted to math-
ematically describing the complex mass and liquid flows in the continuous di-
gester. Härkönen (1984) was the first to publish a mathematical model of the 
physical conditions, pressure velocity and temperature inside the continuous 
digester. Saltin (1992) then combined Härkönen’s model with the Purdue model 
for reaction kinetics for a predictive model of pulp quality. Michelsen (1995, 
1996) performed a case study on a Kamyr digester, proposing a model compris-
ing the vertical motion of the chip column, the chip structure and the chemical 
reactions. Walkush and Gustafson (2002) employed the WinGEMS software, 
one of the simulation blocks of which is based on Gustafson’s reaction kinetic 
model, to test various operating scenarios in commercial continuous digesters. 
Andersson et al. (2002a, 2002b) implemented comparisons of the capabilities 
of various kinetic models to represent the continuous process.  Laakso (2008) 
modeled the chip packing in a continuous digester and presented a simulation 
program based on the model. Compared with the amount of studies related to 
the continuous process it seems that the conditions inside the batch digester 
have received somewhat less attention. Still, modern batch digesters with indi-
rect heating through forced circulation of the liquor display a flow pattern in the 
cooking vessel, which affects the uniformity of the pulp. Admittedly, the nature 
of the flows is simpler in the batch digester than in its continuous counterpart, 
but on the other hand the batch digester must be modeled as an entity evolving 
in time, whereas the continuous process, at least to some extent, can be regarded 
as a static phenomenon, where the properties of the pulp at a given vertical po-
sition in the reactor vessel do not change with time.  

6.1 Batch process modeling 

Mortha and Jain (2008) developed an isothermal batch digester kraft cooking 
simulator for wood chip mixtures taking into account diffusion, reaction kinet-
ics and external transfers in the liquor phase. The mixture could consist of chips 
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either of different sizes or different wood materials. A subsequent extension for 
the non-isothermal case enabled the estimation of the effect of cooking vessel 
temperature gradients. (Jain and Mortha, 2008). Lee and Bennington (2007a, 
2007b, 2007c, 2010) investigated the liquor flow in a model kraft batch digester 
measuring the flow velocities by means of electrical resistance tomography com-
paring it to computational simulations made with commercial CFD software 
and further discussing the impact of the flow uniformity on kappa number dis-
tribution.  

The kinetic models developed for the delignification and carbohydrate degra-
dation can be combined with models for flow through porous medium in order 
to formulate a model for progress of the pulping process in a batch digester with 
forced circulation. The purpose of the circulation of the white liquor through the 
reactor vessel is to level out the temperature and chemical conditions in the re-
actor, thus increasing the uniformity of the produced pulp. One possible config-
uration of the flow is to introduce heated liquor at the top and the bottom of the 
cylindrical reactor and remove liquor through extraction screens situated ap-
proximately halfway up the vertical extent of the vessel. From the screen the 
extracted liquor pass to a heat exchanger where its temperature is elevated be-
fore it is circulated back to the reactor.  

The fluid flow in the reactor is one through porous medium. The classical 
equation for such flow is Darcy’s law dating back to the middle 19th century.  

 (67) 

Here q is the discharge flow rate per unit area,  the permeability of the porous 
medium,  the viscosity of the fluid and p is the pressure gradient. 

During the first half of the succeeding century several authors tried to relate 
the permeability in Darcy’s law to porosity (void fraction) of the medium. One 
of the most generally accepted of the suggestions is the Blake-Kozeny equation: 

 (68) 

The Blake-Kozeny equation is considered to be valid for laminar flows. For 
turbulent flows Burke and Plummer developed the equation: 

 (69) 

Here  is the density of the liquid phase and |v| is the absolute value of the 
velocity. In reactor engineering the Ergun equation, which is a combination of 
the equation attributed to Blake and Kozeny as well as the equation attributed 
to Burke and Plummer, has been found practical. 

 
(70) 

Here dp denotes the average pore diameter and  the void fraction. The coeffi-

cients 150 and 1.75 emanate from the earlier equations and their values are de-
termined experimentally. The second term on the right of Eq. (70) is the Forch-
heimer term, which accounts for inertial effects at high velocities. 
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Once the velocity field, giving the local velocities in the reactor,  is obtained 
from the Ergun equation it can be inserted into the convection-diffusion equa-
tions for the transfer of heat and chemical species: 

 (71) 

Eq. (72) can describe either heat (  = temperature) or mass (  = concentra-
tion) transfer. Further, k is the corresponding diffusivity and  is a “source” or 
“sink”, in the heat case representing either exothermic or endothermic reactions 
and in the mass case the consumption of chemicals in delignification or carbo-
hydrate degradation reactions. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

41 

 
 
 
 

7. Materials and Methods 

7.1 Data 

The bulk of the experimental data of this treatise came from autoclave cooks 
on finely partitioned wood material, where the time development of the portions 
of the different wood components were monitored. The experimental kraft 
treatments included softwood (pine or spruce) as well as hardwood (eucalyptus) 
cooks, whereas the raw material in the experiments related to autohydrolysis 
was birch. Moreover, a pivotal part of the data derived from alkaline treatment 
of cotton linter pulp. Table 2 summarizes the experimental data. 

Table 2. Wood species and experimental conditions considered in the study. 

Raw material
Ref1) Treat

ment
Sub
strate

Partition Temp.(°C) [OH ]
(M)

Sulfidit.
(%)

L:W2)

1 Kraft Norway
spruce

Screened
chips

150 180 0.1 0.9 45 150 41:1

2 Kraft Norway
spruce

Screened
chips

150 167 0.1 0.9 33 4:1

3 Kraft Scots
pine

Wood
meal

108 168 0.1 0.8 50 140 6 7:1

4 Kraft Eucalyp
tus3)

Screened
chips

140 170 0.1 0.6 35 150 40:1

5 Kraft Scots
pine

Wood
meal

80 160 0.31 1.55 33 200:1

6 Soda AQ Cotton
linter

Pulp meal 125 160 1.18 40:1

7 PHWT4) Silver
birch

Saw dust 180 240 40:1

1)1: Lindgren and Lindström (1996); 2: Andersson (2003); 3: Bogren (2008); 4: Rut-
kowska et al. (2009); 5: Paananen(2010, 2013); 6: Publication 7; 7: Publications 5 
and 6 

2)Liquor-to-wood ratio 

3)Eucalyptus globulus 

4)Pressurized hot water treatment



 

42 

The cooking time varied from a few minutes to a few hours. The temperatures 
during the initial heating time and the concluding cooling time were registered. 

7.1.1 Kraft cooking 

In the kraft cooking runs the wood material was treated in an aqueous solution 
of sodium hydroxide and sodium sulfide corresponding to the white liquor of 
the industrial process. The cooking time, the temperature and concentration of 
chemicals was varied from run to run. The runs produced, as experimental re-
sults, the yield loss of lignin as well as that of the carbohydrates cellulose, glu-
comannan and xylan.  

7.1.2 Alkaline treatment of cotton linters 

The soda-AQ treatment was preceded by one of four pretreatment alterna-
tives: (1) no pretreatment, (2) pretreatment with oxalic acid, (3) pretreatment 
with oxalic acid combined with borohydride stabilization in the alkaline stage 
and (4) pretreatment with oxalic acid combined with AQ-2 sulfonic acid sodium 
salt stabilization in the alkaline stage. At the 160 °C temperature the data for the 
yield loss as well as for the degree of polymerization were obtained. 

7.1.3 Autohydrolysis 

Birch wood material in water was heated to elevated temperatures and after 
the treatment the amount of remaining lignin and carbohydrates in wood was 
determined. For the carbohydrates, also the amounts of oligosaccharides, mon-
osaccharides and some of the degradation products of the monosaccharides 
were determined. 

7.2 Estimating model parameters 

The values of the kinetic parameters such as rate constants, exponents in the 
rate equations and in some cases the portions of sub components of diverse re-
activity were estimated by nonlinear regression of the models to experimental 
data. For this purpose the fitting tools in the   Matlab and Mathematica software 
were deployed as well as the in-house simulation software Kinfit (Jakobsson 
and Aittamaa 2012).  

7.2.1 Nonlinear regression procedures 

In some sets of experiments only one temperature level was present, whereas 
in others the experiments were conducted at three or four different tempera-
tures. In the former case the rate constants of the rate equations were estimated, 
whereas in the latter case inserting the Arrhenius expression allowed for an es-
timation of the pre-exponential factor and the activation energy, with an ensu-
ing calculation of the rate constants at different temperatures. The simultaneous 
fit of the Arrhenius modified model to data at different temperatures resulted 



 

43 

in a consistent order of the magnitudes of the rate constants with regard to the 
temperatures. Sometimes it was however necessary first to perform the rate 
constant estimating fits for data at separate temperature levels and then to per-
form an Arrhenius plot in order to obtain such starting values for the frequency 
factors and the activation energies that would lead to convergence in a subse-
quent nonlinear fit comprehending all the available temperatures. 

The large number of parameters to be estimated in the autohydrolysis models 
describing the degradation of polysaccharides through oligosaccharides and 
monosaccharides to furfural and hydroxymethylfurfural motivated a sequential 
strategy in performing the associated nonlinear regression. Thus the initial step 
involved only estimating those parameters directly related to the original poly-
saccharides. These fixed parameter values were then passed on to the subse-
quent estimation step of those model parameters related to the oligosaccharides 
and so on. The complete set of sequentially obtained parameter estimates were 
then employed as starting values in a confirmation fit comprehending the entire 
set of parameters in the degradation sequence. 

7.2.2 Isothermal time versus real time and temperature 

Replacing the real chronometric time by the isothermal time allowed for a so-
lution of the rate equations assuming constant temperature during the entire 
treatment, leading to an analytical expression in the model function. This was 
an advantage during the repetitive model function estimation steps performed 
by the optimization algorithm during nonlinear regression. The transformation 
into isothermal time was performed in an iterative manner. First the model was 
fitted to original data with chronometric time values leading to, among other 
things, a preliminary estimate of the activation energies. Then the time trans-
formation was implemented using the activation energy estimate and the tem-
perature data for heating and cooling. If the model has several rate constant, 
each with an activation energy of its own, a first time transformation was carried 
out with an average of the most relevant activation energies. Next, a new non-
linear regression parameter estimate was achieved with the chronometric time 
replaced by the transformed time. These measures were repeated leading to new 
estimates of the isothermal time and the activation energies for each iteration 
step until the estimates did no longer change. 

The stringent approach to parameter estimation, adopting the true chrono-
metric time scale, involved the estimation of numerical integrals related to the 
heating and cooling periods. The function to be fitted to the data was given as a 
numerical solution of a differential equation. The fact that the numerical solu-
tion had to be repeated for each time the fitting algorithm tried a new configu-
ration of parameter values made the procedure time consuming. 

7.2.3 Impact of Donnan effect during alkaline treatment 

Taking into account the true concentration of cooking chemicals in the fiber 
wall liquid when estimating the model parameters required the addition of dif-
ferential equations describing the amount of phenolic lignin groups in the wood 
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to the delignification model. The Donnan theory then provided the framework 
for calculating the transfer of mobile ions between the liquid phases. 

7.3 Simulation 

Estimates of the model parameters allows for the simulation of the degrada-
tion of the wood components at various cooking conditions. 
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8. Results and discussion 

This chapter summarizes the findings emerging from the consolidation of the 
mathematical models with the experimental data. The content falls inherently 
into two main categories depending on the affiliation either to alkaline treat-
ment or to autohydrolysis.  Of these, the alkaline treatment section presents two 
sets of comparisons related to delignification models. The first comparison fo-
cuses on four different kinetic models and their ability to describe the empirical 
delignification data. The second comparison selects one of the four delignifica-
tion models and evaluates three methods for evaluating the parameters of the 
model. The three methods differ in how much detail they attempt to incorporate 
a description of the true thermal and chemical conditions of the cook. Further, 
the delignification subsection also deals with the extension of an existing soda-
AQ model to kraft-AQ data. The carbohydrate degradation subsection of the al-
kaline treatment section evaluates two models one of which dealing with yield 
loss the other with decrease in polymerization. Finally, the autohydrolysis sec-
tion presents the reaction schemes both for delignification and carbohydrate 
degradation.   

8.1 Delignification during alkaline treatment 

8.1.1 Comparison of delignification models 

Comparison between the Purdue model and the Bogren model (softwood) 
Figure 10 displays a comparison between the predictions of the Purdue model 

(Mp) and the Bogren model (MBcdr). The employed kinetic parameters were ob-
tained by by Bogren et al. (2008) for data from Lindgren & Lindström (1996). 
Dashed lines indicate extrapolation beyond existing data points. The predic-
tions of the two models are usually quite similar, but for high temperatures rel-
ative difference between the two models is increasing with time. For low tem-
peratures the model predictions are diverging in the extrapolation region with 
Mp giving higher levels of residual lignin than MBcdr. 
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Figure 10. Simulated lignin development based on models fitted to softwood data by Bogren et 
al. (2008). Dashed curves indicate extrapolation. In each chart curves for five temperatures are 
presented: 108°C, 123°C, 139°C, 154°C and 168°C. The higher the temperature the more rapidly 
are the lignin levels descending. The y-axes are logarithmic. 

Comparison between kinetic models for hardwood 
Figures 11 and 12 show the models 1 (MG), 2 (MP) and 4 (MBcdr) fitted to 

hardwood (Eucalyptus globulus) data. For constant cooking conditions model 
3 (MA) is equivalent to model 2. Tables 3-6 give the values of the parameters 
arising from the fits. The Gustafson and Purdue type models in these fits are 
actually truncations of the original models. In the case of the Gustafson model 
the fact that the initial lignin content of the wood material was so low compared 
to the limit value between the initial stage and the bulk stage familiar for soft-
wood together with the circumstance that the data was available only with iso-
thermal time (no temperature data from the heating stage) motivated an exclu-
sion of the initial stage from the model. Furthermore, for the Purdue model at-
tempts to fit the three lignin species model to the data generated problems typ-
ical for overfitting, indicating an excess of parameters. At the same time a Pur-
due type parallel model fit, containing only two different lignin species, per-
formed satisfactory. 
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Figure 11. Delignification models fitted to cooking data of Eucalyptus globulus. The red curve 
represents the Gustafson model (MG, no 1) with two consecutive periods, the green line the Pur-
due model (MP no 2) with two lignin subcomponents and the blue line the Bogren model (MBcdr no 
4). The points represent experimental data. The y-axes are logarithmic. 

Figure 12. Continuation of Figure 11. 
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The models MG and MP both provide reasonable fits over the entire time inter-
val, whereas MBcdr fails to reproduce the data related to low levels of residual 
lignin. In some cases (Figures 11d, 12e) MP seems to perform a little bit better 
than MG at low lignin content. The mathematical complexity of MBcdr renders it 
more difficult to implement in a simulation program than MG and MP.   

Table 3. Parameters of the Purdue model (MP) when fitted to the E. globulus data of Rutkowska 
(2009). Lignin 1 is the lignin subcomponent with fast reaction speed and lignin 2 is that with slow 
reaction speed. 

Parameter Symbol Lignin 1 Lignin 2
Initial content (%) 17.6 1.2
Activation energy (kJ mol 1) Ea 130.6 129.7
Frequency factor (min 1) A 1.1x1015 1.4x1014

Exponent [OH ] a 0.63 1.71
Exponent [HS ] b 0.33 0.53
Exponent [Na+] c 0.58 0.68

Table 4. Parameters of the Gustafson model (MG) when fitted to the E. globulus data of Rutkowska 
(2009).  

Parameter Symbol Bulk
Initial content (%) 18.9
Activation energy 1 (kJ mol 1) Ea1 66.7
Frequency factor 1 (min 1) A1 3.7x106

Activation energy 2 (kJ mol 1) Ea2 144.7
Frequency factor 2 (min 1) A2 3.87x1015

Table 5. Parameters of the Bogren model (MBcdr) when fitted to the E. globulus data of Rutkowska 
(2009).  

Symbol Value Unit
S0 5.0x1014 min 1

m 1.49
n 1.60
o 0.81
p 0.30
q 0.82
r 0.24
Ea 127 kJ mol 1

1 2.01
2 7.1x10 3 K 1

Lignin interchange in the MA model 
Figures 13a and 13b show the fits of the MP and MA models to softwood data 

from Lindgren & Lindström (1996). The MA model fit was earlier presented by 
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Andersson et al. (2003). The MP fits were here added for the sake of compari-
son. We recall that the Andersson model assumes three lignin subcomponents 
or species of different reactivities: a fast one, an intermediate one and a slow 
one. The interchange between the two slower lignin species, which is the char-
acteristic feature of the MA model, implies the initial content of the subcompo-
nents in question varying with the alkali concentration. Table 6 summarizes the 
initial portions of the subcomponents for the [OH-] levels in the experimental 
series. According to Figure 13a the Andersson modification is an improvement 
in the description of the advanced delignification at the higher hydroxide levels. 
One of the motivations for Andersson’s model was its ability to react to step 
changes in the cooking conditions. Figure 13b confirms the benefit of the MA as 
compared to MP for softwood cooks of altering alkalinity. Figure 13c extends the 
scope of the Andersson model to the hardwood case. Also in this case the An-
dersson model performs better than the plain Purdue model, but the difference 
between the two models is smaller than it was for softwood. Figures 14 and 15 
compares the plain Purdue model with the model containing the Andersson 
modification by simulating some hypothetical cases involving step changes in 
cooking conditions. 

 

Figure 13. Comparison of Purdue fit (MP, no 2, dashed lines), the Andersson model (MA, no 3, 
solid lines) and experimental data from the literature. a) Softwood cooks (Norway spruce) of Lind-
gren and Lindström (1996). Constant temperature at 170°C; [HS-] = 0.15M. b) The same as in a) 
but step changes in [OH-] levels after 140 and 233 min. c) Hardwood cooks of Rutkowska (2009) 
(E. globulus) with step change in [OH-] levels at 41 and 69 min. The y-axes are logarithmic. 



 

50 

Figure 14. Simulated lignin decrement according to the Andersson model (MA, model 3). Step 
change in the chemical concentrations appearing at t = 200 min. Black curve: lignin decrements 
under unchanged conditions. Red curve: lignin decrement under conditions of step change in 
cooking conditions, which were calculated without the lignin subgroup interchange. Blue curve: 
lignin decrement with consideration of the lignin subgroup interchange. 

Figure 15. Continuation of Figure 14 with step change in both chemical concentration and tem-
perature. 
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Table 6. Initial portions of lignin subcomponents for different [OH-] concentrations. 

[OH ] concentration (M) Lignin subcomponents with
Intermediate reaction speed (%) Slow reaction speed (%)

0.1 16.8 3.2
0.23 18.1 1.9
0.44 18.7 1.3
0.9 19.1 0.9

8.1.2 Purdue model fit at different levels of complexity 

Figure 16 shows the Purdue model with two lignin species fitted to experi-
mental delignification data at different temperatures and hydroxide concentra-
tions. The fits were performed according to two different methods, one (method 
1) assuming constant hydroxide concentration and the other (method 2) calcu-
lating the concentration according to Donnan theory, but both methods produce 
very similar graphs. Both method 1 and method 2 exploit the concept of isother-
mal time. Figure 17 exhibits a fit (method 3) of the same basic kinetic model to 
the same data, similarly to method 2 including Donnan theory,  but this time 
replacing the isothermal time with the natural time by taking into account the 
heating and cooling temperature developments. Hence, Figure 17 shows model 
values only corresponding to the data points (for which heating and cooling his-
tory exists) instead of displaying the usual continuous curve. Table 7 shows the 
estimated values of the parameters in the Purdue model for the three methods. 
In addition Table 8 summarizes the rate constants calculated at different tem-
peratures from the activation energies and frequency factors of Table 7. In spite 
of the resulting graphs of the three methods being very similar there are some 
differences in the parameter values depending on the method. For all the tem-
peratures present in the experimental data method 3 gave lower estimates for 
the rate constant of the fast lignin subcomponent than method 1. On the other 
hand the portion of the faster reacting component is in method 3.  
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Figure 16. Nonlinear fits to delignification data at hydroxide concentrations 0.31M (a), 0.93M (b) 
and 1.55M (c-d). Panels a-c without NaCl, panel d with NaCl addition. Filled symbols, experi-
mental data; solid lines, method 1 (isothermal time and constant hydroxide concentration); 
dashed lines, method 2 (isothermal time and hydroxide concentration estimated using Donnan 
theory). The fits emerging from the diverse methods coincide closely. 

Figure 17. Nonlinear fits to the delignification data method 3 (real time, hydroxide level according 
to Donnan theory): (open symbols) experimental data; (+) Matlab fit; ( ) Kinfit fit. The Matlab and 
Kinfit fits coincide closely. Hydroxide levels and NaCl addition as in Figure 10. 
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Table 7. Reaction rates (k, 1/min) calculated at different temperatures from frequency factors (A, 
1/min) and activation energies (Ea, kJ/mol) 

T Method 1 Method 2 Method 3
°C Kinfit Matlab Kinfit Matlab Kinfit Matlab

Fa
st

80 0.005±0.003 0.005 0.004±0.002 0.004 0.003±0.0002 0.003
105 0.0259±0.002 0.026 0.021±0.001 0.022 0.015±0.0008 0.016
130 0.11±0.006 0.11 0.092±0.005 0.096 0.060±0.0030 0.067
140 0.20±0.0103 0.20 0.16±0.008 0.17 0.098±0.005 0.12
150 0.33±0.017 0.33 0.26±0.013 0.28 0.16±0.007 0.18
160 0.54±0.027 0.53 0.43±0.021 0.45 0.25±0.01 0.29

Sl
ow

80 2.7E 6 ±1.7E 7 3.0E 06 2.6E 6±1.7E 7 3.3E 06 1.5E 6±1.1E 7 1.2E 06
105 6.3E 5±3.6E 6 6.7E 05 6.4E 5±3.8E 6 7.3E 05 4.7E 05±2.9E 6 4.2E 05
130 0.0010±5.2E 5 0.001 0.0011±5.8E 5 0.0011 0.00094±6.E 5 0.00090
140 0.0027±1.5E 4 0.003 0.0030±0.0002 0.003 0.0028±0.0002 0.0028
150 0.007±3.7E 4 0.0071 0.008±0.0004 0.0078 0.0080±0.0005 0.008
160 0.018±8.5E 4 0.01767 0.0200±0.0011 0.01921 0.02170±0.0012 0.02245

 

Table 8. Reaction rates (1/min) calculated at different temperatures from frequency factors and 
activation energies. 

T Method 1 Method 2 Method 3
°C Kinfit Matlab Kinfit Matlab Kinfit Matlab

Fa
st

80 0.005±0.003 0.005 0.004±0.002 0.004 0.003±0.0002 0.003
105 0.0259±0.002 0.026 0.021±0.001 0.022 0.015±0.0008 0.016
130 0.11±0.006 0.11 0.092±0.005 0.096 0.060±0.0030 0.067
140 0.20±0.0103 0.20 0.16±0.008 0.17 0.098±0.005 0.12
150 0.33±0.017 0.33 0.26±0.013 0.28 0.16±0.007 0.18
160 0.54±0.027 0.53 0.43±0.021 0.45 0.25±0.01 0.29

Sl
ow

80 2.7E 6 ±1.7E 7 3.0E 06 2.6E 6±1.7E 7 3.3E 06 1.5E 6±1.1E 7 1.2E 06
105 6.3E 5±3.6E 6 6.7E 05 6.4E 5±3.8E 6 7.3E 05 4.7E 05±2.9E 6 4.2E 05
130 0.0010±5.2E 5 0.001 0.0011±5.8E 5 0.0011 0.00094±6E 5 0.00090
140 0.0027±1.5E 4 0.003 0.0030±0.0002 0.003 0.0028±0.0002 0.0028
150 0.007±3.7E 4 0.0071 0.008±0.0004 0.0078 0.0080±0.0005 0.008
160 0.018±8.5E 4 0.01767 0.0200±0.0011 0.01921 0.02170±0.0012 0.02245

8.1.3 Kraft-AQ model 

Fitting the Purdue model to data from cooks with added AQ resulted in the 
graphs in Figure 18. In the Kraft AQ-fits the portion of the fast reacting lignin 
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subcomponent was 24% in accordance with values obtained in the fits without 
added AQ. The slowly degrading lignin subcomponent however splits into two 
fractions the portions of which were 25% and 51% of the total lignin. 

Figure 18. Purdue model fitted to delignification data from cooks with AQ addition. Hydroxide ion 
molality a) 0.5 and b) 1.55 M. 

The square root relationship established by Werthemann and Abbott et al. for 
soda-AQ cooks was tested for kraft-AQ cooks. The lignin content at the isother-
mal times 40, 80, 120, 160 and 200 minutes were calculated from the fitted 
Purdue model. Figure 19 supports the square root relationship between the re-
ciprocal of the lignin content and the AQ charge. Whilst the general form of the 
square root relationship seems to apply also for kraft-AQ treatment, the time 
development of the slope is different in the two cases. Abbot reported a linear 
time dependence of the slope in the reciprocal lignin – squared AQ diagram for 
soda-AQ, whereas Figure 20 suggests an exponential time dependence of the 
corresponding slope for kraft-AQ.  Eq. (72) and (73) exhibit the time depend-
ence of the two different cases. 

Soda-AQ: 
t (72) 

 
Kraft-AQ: 

 (73) 
 
In equations (73) and (74) s denotes the slope in the square root relationship. 

In the former equation kAQ is the hydroxide concentration independent rate 
constant for a second order rate equation, whereas in the latter equation  is a 
lumped coefficient containing the alkalinity dependence.   
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Figure 19. Square root relationship between the reciprocal of lignin content and AQ charge at 
different cooking times for a) [OH-] = 0.5M and b) [OH-] = 1.55 M respectively. 

There are several possible causes for the difference in response to additional 
AQ by soda and kraft cooks. For one thing, the presence of hydrogen ions in the 
system will alter the chemical reactions in the kraft cook. Furthermore, Abbot’s 
work assessed lignin content by the  number, whereas in the present study the 
weight fraction as percentage of the original wood defines the amount of lignin. 
From a modeling point of view, there is also a difference in the order of the rate 
equations; Abbot worked with a second order rate equation as opposed to the 
Purdue type delignification model, combining two first order rate equations, of 
the current work. Finally, at the hydroxide molality 1.55 M the differences in 
lignin content are small in comparison to the variability in the data, impeding 
the evaluation of the slopes.       
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Figure 20. Exponential time dependence of the slopes in Figure 19. 

8.2 Carbohydrate degradation during alkaline treatment 

The effect of the degrading action on the carbohydrates is twofold: reduction 
of both yield and degree of polymerization. The next subsection presents results 
related to the yield loss model, whereas the consecutive subsection attempts to 
combine the models of yield loss and decrease in degree of polymerization.  

8.2.1 Yield loss 

The endwise reactions threesome peeling, stopping and alkaline hydrolysis to-
gether with dissolution into the black liquor contributes to the yield loss in car-
bohydrates. Temperature, alkaline level and addition of AQ affect the processes.  

8.2.2 Effect of alkalinity 

Figure 21 shows the model for the endwise reactions fitted to data combining 
the carbohydrate contents of the wood residue and the black liquor at two dif-
ferent hydroxide concentration levels. 
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Figure 21. Hydroxide dependent model fitted to (a) glucomannan, (b) xylan and (c) cellulose deg-
radation data at 160 °C. For each of the carbohydrates the data values consist of the amounts in 
the wood and in the black liquor. 

Increasing the OH-level affects the degradation of the carbohydrates in differ-
ent ways. For GGM the higher OH-level increased the yield loss, whereas the 
opposite was true for the other two carbohydrates. Conspicuously, the excess in 
yield loss for the lower OH-concentration develops during the first few minutes 
of the cook; afterwards the GGM degradation rate is higher for the higher OH-
level in accordance with the degradation of xylan and cellulose. Table 9 contain-
ing the lumped rate constants explains some of the idiosyncrasies in the degra-
dation conduct. For all the three carbohydrates increased hydroxide level en-
hances the stopping reaction. For xylan and cellulose the increase in the peeling 
rate however outweighs that of the stopping rate, while for GGM the peeling rate 
appears to be unchanged by increased hydroxide level. Hence, in the beginning, 
when primary peeling prevails over secondary peeling, the differences in degra-
dation reflect those of the peeling-to-stopping rates. With increasing time the 
number of initial reducing end groups approaches zero and further peeling re-
lies on the creation of secondary reducing end groups through alkaline hydrol-
ysis. The increased rate constant of the alkaline hydrolysis reaction at higher 
alkalinity then gives a reason for the higher rate of degradation. 
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Table 9. Lumped reaction rates for the endwise reactions at 160°C and conventional and high 
alkalinity. 

GGM Xylan Cellulose
[OH ] (M) 0.5 1.55 0.5 1.55 0.5 1.55
kp 9.9 9.9 0.54 1.32 2.9 16.8
ks 0.13 0.18 0.012 0.029 0.027 0.15
kh 1.1 x 10 5 2.9 x 10 5 1.9 x 10 5 5.8 x 10 5 2.5 x 10 6 7.8 x 10 6

Effect of AQ charge 
Figures 22 and 23 show the exponential AQ charge dependence model fitted 

to carbohydrate degradation data, whereas the Tables 10-13 summarize the cor-
responding values of the  parameter and the calculated rate constants. For 
GGM the  parameter is positive for all the endwise reactions indicating reaction 
rate increasing with AQ charge. Furthermore, the increase in the stopping rate 
surpasses that of the peeling rate leading to the degradation pattern of Figures 
22a and 23a, where the AQ charge correlates with the degradation of the carbo-
hydrate. The distinct increase in the stopping rate would reflect partial conver-
sion of the reducing end groups to aldonic acid end groups for GGM in the pres-
ence of AQ. For xylan and cellulose the effect of AQ addition on degradation 
remains inconclusive.  

Figure 22. AQ-charge dependent model fitted to combined degradation data in wood residue and 
black liquor for (a) GGM, (b) xylan and (c) cellulose at 160 °C and [OH-] = 0.5 M. 
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Figure 23.  AQ-charge dependent model fitted to combined degradation data in wood residue 
and black liquor for (a) GGM, (b) xylan and (c) cellulose at 160 °C and [OH-] = 1.55 M. 

Table 10. Estimated values for the exponent  in the empirical model for the effect of AQ at [OH-] 
–level 0.5 M and temperature 160°C. 

GGM Xylan Cellulose
Peeling 0.58 0.09 0.20
Stopping 0.80 0.089 0.22
Alkaline hydrolysis 0.28 0.096 0.013

 

 

Table 11. Reaction rates and peeling-to-stopping ratio for different AQ charges at [OH-] –level 0.5 
M and temperature 160°C. 

AQ kp ks kp/ks kh × 105

% min 1 min 1 min 1

GGM Xylan Cell GGM Xylan Cell GGM Xylan Cell GGM Xylan Cell

0 9.9 0.543 2.94 0.13 0.012 0.027 76 45 109 1.1 1.9 0.25

1 17.8 0.538 3.59 0.29 0.013 0.033 61 41 109 1.5 2.1 0.25

3 56.7 0.528 5.36 1.44 0.015 0.052 39 35 103 2.6 2.5 0.24

5 180.8 0.518 7.99 7.15 0.018 0.080 25 29 100 4.5 3.1 0.24
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Table 12. Estimated values for the exponent  in the empirical model for the effect of AQ at [OH-] 
–level 1.55 M and temperature 160°C. 

GGM Xylan Cellulose
Peeling 0.44 0.13 0.17
Stopping 0.62 0.36 0.15
Alkaline hydrolysis 0.24 0.28 0.15

Table 13. Reaction rates and peeling-to-stopping ratio for different AQ charges at [OH-] – level 
1.55 M and temperature 160°C. 

AQ kp ks kp/ks kh× 105
% min 1 min 1 min 1

GGM Xylan Cell. GGM Xylan Cell. GGM Xylan Cell GGM Xylan Cell
0 9.9 1.32 16.8 0.18 0.029 0.15 55 46 112 2.9 5.8 0.78
1 15.4 1.51 14.3 0.33 0.041 0.13 47 37 110 3.8 7.8 0.67
3 36.7 1.97 10.3 1.13 0.084 0.10 32 23 103 6.1 14 0.50
5 87.7 2.58 7.4 3.92 0.172 0.072 22 15 103 9.8 24 0.37

Effect of temperature 
Figure 24 shows the temperature dependent model fitted to degradation data 

of the carbohydrates at different temperatures. Table 14 summarizes the esti-
mated parameters and Table 15 the calculated rate constants at different tem-
peratures. For all three carbohydrates increasing the temperature boosts the 
degradation, but GGM sticks out by its very fast initial decay that is almost in-
dependent of temperature. The activation energies obtained from the fits, both 
for the peeling and the stopping reactions in GGM are very low as compared 
with the values previously reported by Paananen (112.5 kJ/mol, 110.6 kJ/mol) 
for cooks at lower temperatures (80-130 °C). Paananen was however working 
with another degradation model, which did not admit secondary peeling.  

The high peeling rate in GGM as compared to xylan clarifies the fast initial 
decay of the former. The fact that the stopping rate also is higher than its coun-
terpart in xylan, on the other hand, explains the short duration of the period of 
fast decay in GGM. As for cellulose, in spite of the peeling rates being compara-
ble to those of GGM and the stopping rates somewhat lower cellulose degrades 
slowly in comparison due to the low number of initial reducing end groups and 
also the slow alkaline hydrolysis reaction that fails to produce new reducing end 
groups at a significant pace.   



 

61 

Figure 24. Temperature dependent model fitted to combined degradation data of wood residue 
and black liquor for (a) GGM, (b) xylan and (c) cellulose at [OH-] = 1.55 M with temperatures 
ranging from 130 to 160 C. 

Table 14. Frequency factors and activation energies for the reaction rates at [OH-] = 1.55. 

GGM Xylan Cellulose

Peeling
A (min 1) 11700 2.9 x 1014 1.69 x 1013

Ea (kJ/mol) 25.5 120 98

Stopping A (min 1) 290 1.2 x 108 8.54 x 1011

Ea(kJ/mol) 26.7 80 106
Alkaline hyd
rolysis

A (min 1) 982 636 6.64 x 1015

Ea (kJ/mol) 62.4 57 175

Table 15. Reaction rates (min-1) calculated from frequency factors and activation energies at dif-
ferent temperatures. 

Temperature
°C

GGM
min 1

Xylan
min 1

Cellulose
min 1

Peeling

130 5.89 0.0825 3.09
140 7.07 0.196 6.28
150 8.42 0.448 12.4
160 9.95 0.985 23.5

Stopping

130 0.102 5.50 x 10 3 0.017
140 0.123 9.78 x 10 3 0.037
150 0.148 0.0169 0.076
160 0.176 0.108 0.151

Alkaline hyd
rolysis

130 8.13 x 10 6 2.36E x 10 5 1.5 x 10 7

140 1.28 x 10 5 3.58 x 10 5 5.3 x 10 7

150 1.96 x 10 5 5.31 x 10 5 1.77 x 10 6

160 2.95 x 10 5 7.73 x 10 5 5.56 x 10 6
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Primary versus secondary peeling 
Insertion of the estimated parameters into Equation system (52) allows for the 

computation of the portions degraded by primary or secondary peeling as well 
as the fraction degraded directly by alkaline hydrolysis. Figure 25 shows the cal-
culated portions for the three carbohydrates at different temperatures. Peeling 
totally dominates the degradation as compared with alkaline hydrolysis. One 
should however keep in mind that alkaline hydrolysis is a prerequisite for sec-
ondary peeling and thereby a substantial indirect instrument to the degrada-
tion.  

Initially, primary peeling degrades more material than does secondary peel-
ing, but with the proceeding stabilization of the primary REG:s primary peeling 
declines, whereas secondary peeling persists. In the course of the maximum 
cooking times of the experiments primary and secondary peeling degraded com-
parable amounts of material except for the GGM where primary peeling de-
graded a multiple amount. 

Increasing the temperature quickens secondary peeling and to some extent 
also primary peeling. Here xylan differs a bit from the other two carbohydrates 
since primary and secondary peeling are stimulated to equal extent by rising 
temperature. 

Figure 26 shows the effects of adding AQ on the endwise reactions. Primary 
and secondary peeling act in opposite ways with the former diminishing with 
the AQ charge and the latter growing. Hence, AQ decelerates GGM degradation 
during the initial stage when primary peeling is predominant and subsequently 
accelerates it.  
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Figure 25. . Calculated cumulative degradation amounts for primary peeling (solid lines), second-
ary peeling (dashed lines) and alkaline hydrolysis (dotted lines close to zero) for (a) GGM, (b) 
xylan and (c) cellulose. 

Figure 26. Calculated cumulative GGM degradation amounts for primary peeling (solid lines) sec-
ondary peeling (dashed lines) and alkaline hydrolysis (dotted lines close to zero) at different AQ 
charges at temperature 160 °C for (a) [OH-] = 0.5 M and (b) [OH-] = 1.55 M. 

Dissolution into the black liquor 
Fitting the model accounting for, in addition to the endwise reactions, the dis-

solution of carbohydrates into the black liquor brings about the subdivision of 
the carbohydrate components into subcomponents echoing the partition into 
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lignin species of the Purdue model. Figure 27 shows the model including disso-
lution to the black liquor fitted to the wood residue data. Furthermore, Table 16 
summarizes the corresponding activation energies and frequency factors. More-
over, Table 17 relates the initial portions of the subcomponents. Finally, Table 
18 communicates the calculated rate constants at the relevant temperatures. In-
serting the parameter estimates into the Equation system (53) enables the cal-
culation of the portions of carbohydrates degraded by the endwise reactions or 
dissolved as polymer fragments respectively. Figure 28 shows the computed 
portions. The two hemicelluloses reveal contradictory behavior with GGM ow-
ing the bulk of its degradation to the endwise reactions while the opposite is true 
for xylan. 

The very high values of the activation energies in Table 16 casts some doubt 
on the validity of the dissolution model. Differences in degradation behavior in 
the wood residue and the black liquor could be an error source. 

Figure 27. Model including dissolution fitted to wood residue degradation data for (a) GGM, (b) 
xylan and (c) cellulose. 
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Table 16. Frequency factors and activation energies for dissolution into the black liquor. 

GGM Xylan Cellulose
Subcom
ponent 1

Ea (kJ/mol) 163 305 741
A (min 1) 9.3 x 1019 3.7 x 1038 4.5 x 1092

Subcom
ponent 2

Ea (kJ/mol) 248 186
nondissolving

A (min 1) 2.6 x 1027 1.0 x 1021

Subcom
ponent 3

Ea (kJ/mol) 2041
A (min 1) 4.6 x 10243

Table 17. Initial portions of the different subcomponents given as percentage of wood. 

Subcomponent GGM Xylan Cellulose
1 %ow 2.0 1.5 0.4
2 %ow 14.9 4.9 41.3
3 %ow 1.8

 

 

 

 

Table 18. Reaction rate coefficient for the different species of the carbohydrates.  

Temperature
Subcomponent

GGM Xylan Cellulose
(°C) min 1 min 1 min 1

130
1 0.07 0.13 4.4E 4
2 1.9E 5 7.3E 4 0
3 0

140
1 0.23 1.16 0.093
2 1.1E 4 2.8E 3 0
3 0

150
1 0.72 9.45 15.3
2 6.3E 4 0.010 0
3 4.9E 9

160
1 2.10 69.71 2000
2 3.2E 3 0.035 0
3 3.2E 3
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Figure 28. Calculated yield loss by endwise reactions (solid lines) and dissolution (dashed lines). 

8.2.3 Simultaneous yield loss and decrease in the degree of polymeriza-
tion

Alkaline treatment of cotton linters pulp 
A simultaneous fit, with joint parameters, of models for YL and DecP was ac-

complished for data from treatment of cotton linters with four alternative pre-
treatments. Figures 29a and 29c show the YL and DeC related parts of the fits 
respectively. Furthermore, Figure 29b partitions the degraded material accord-
ing to the endwise reaction explicitly responsible for its removal and Figure 29d 
displays the time development of active and stabilized reducing end groups. To-
gether these two subfigures establish the rapid initial stabilization of the pri-
mary REGs, leading to a situation were further degradation depends on alkaline 
hydrolysis providing secondary REGs.  

The intuitive conception regarding the role of the peeling and alkaline hydrol-
ysis reactions in the degradation of polymers with the peeling responsible for 
the yield loss and alkaline hydrolysis for the shortening of the polymer chains is 
in general a true one, but as Figure 29e demonstrates, the initial strong primary 
peeling also perturbs the degree of polymerization.  

As for the effect of the pretreatments, Table 19 summarizes the molalities of 
the active and stabilized REGs for each case. The pretreatment with OA dramat-
ically increases the number of active REGs whereas subsequent treatment with 
either BH or AQS stabilizes the greater part of the REGS.    
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Figure 29. Cotton linter pulp degradation: (a) model fitted to YL data, (b) calculated cumulative 
portions of YL through primary peeling (solid lines), secondary peeling (dashed lines) and alkaline 
hydrolysis (dotted lines close to zero), (c) model fitted to DP data, (d) calculated development of 
the portions of active and stabilized REGs (logarithmic time scale); and (e) significance of peeling 
on DP in alkaline treatment of cotton linters pulp (solid lines: the DP model with the rate constants 
obtained from the combined YL-DecP fit; dashed lines: the DP model where the peeling rate 
constant is set to 0). 

Table 19. Initial REG molalities and standard errors estimated by nonlinear regression of the 
combined YL and DP models to the cotton linters data. Temperature: 160 °C, alkali concentration: 
0.5 M, liquid-to-solid ratio 40 ml/g. Different estimates for different types of pretreatment. 

Pretreatment 
Active REGs 

 ( mol/g) 

Stabilized REGs  

( mol/g) 

No pretreatment 4.6 ± 1.1 4.7 ± 1.2 

OA 13.6 ± 2.6 0.1 ± 2.9 

OA + BH 7.2 ± 1.6 10.3 ± 2.0 

OA + AQS 6.8 ± 1.5 14.7 ± 2.2 
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Kraft treatment of scots pine 
The parameter estimates obtained from fitting the YL model to carbohydrate 

degradation data from kraft treatment of Scots pine allows for a calculation of 
the time developments of the degree of polymerization and the amount of REGs 
by inserting the estimates into the DecP model. Figure 30 shows the quantities 
related to the DecP model at temperatures ranging over 130-160°C. Table 20 
summarizes the estimated initial DP.s and REG:s. 

Figure 30. Simulated DP and REG for carbohydrates during kraft treatment: (a) DP for xylan, (b) 
REG for xylan, (c) DP for GGM, (d) REG for GGM, (e) DP for cellulose and (f) REG for cellulose. 
In the subfigures (b), (d) and (f) solid lines denote active REGs and dashed lines stabilized REGs. 

Table 20. Estimated molalities of the initial REGs for the carbohydrates in Scots pine based on a 
combination of fitting the YL model to the yield loss data from kraft cooking and some a priori 
estimates of the initial DP. 

Carbohydrate 
Active REGs 

 ( mol/g) 

Stabilized REGs 

 ( mol/g) 

DP 

Xylan 56.8 0 133 

GGM 24.7 21.6 133 

Cellulose 3.1 0.6 1693 
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8.3 Autohydrolysis 

Comparing the fits of the kinetic models associated to the various reaction 
schemes of the birch wood components led to the selection of schemes, where 
the initial component consists of two subcomponents of different reactivity. 
This was the case as well for lignin as for the carbohydrates xylan and glucan. 

8.3.1 Delignification

Figure 31 shows the selected reaction scheme for delignification. The autohy-
drolysis delignification model resembles the Purdue delignification models, of 
the alkaline hydrolysis context, in that it also features two separate species of 
lignin in wood each having a solubilization rate constant of its own. As opposed 
to what is the case during alkaline delignification the lignin solubilized during 
autohydrolysis will recondense. In the model the two sub component L1 and L2 
consist of lignin that is easy and hard to remove respectively and ks1 and ks2 are 
the corresponding rate constants. Further, Ls is the solubilized lignin and Lc the 
recondensed lignin. Finally, kc is the rate constant for the condensation reaction. 

Figure 31. Pressurized hot water treatment reaction scheme for delignification. Here L1 and L2 
denote easy and hard to remove lignin fractions, respectively, Ls solubilized lignin and Lc recon-
densed lignin. According to this scheme the condensed lignin will no longer solubilize. 

The reaction scheme leads to following set of differential equations describing 
the time development of the various manifestations of the lignin: 

(74)

Figure 32 shows the kinetic model fitted to delignification data and Table 21 
summarizes the parameter estimations of the model. 
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Figure 32. Kinetic model fitted to the residual lignin in wood for hot water treatment at various 
temperatures. 

Table 21. Rate constants according to the fit of the delignifcation model to the autohydrolysis data. 

Tempera
ture

Rate constants (min 1) Fractions (%)

°C ks,1 ks,2 kc L1 L2
180 0.105 0.00014 0.00046 46.4 53.6
200 0.294 0.00398 0.00319 58.2 41.8
220 0.858 0.0360 0.00995 61.4 38.6
240 2.54 0.128 0.0192 63.3 36.7

8.3.2 Carbohydrate degradation 

Xylan 
Figure 33 shows the reaction scheme for xylan degradation 
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Figure 33. Pressurized hot water reaction scheme for xylan degradation. Here XN1 and XN2 de-
note fractions of different reactivity for the xylan in wood. Furthermore, XOS stands for xylo-oli-
gosaccharides and X for xylose. Moreover, F connotes furfural and finally, DegP1 as well as 
DegP2 lesser degradation products. 

The system of differential equations corresponding to the reaction scheme is 
then: 

(75)

Figure 34 shows the kinetic model fitted to the xylan data at different temper-
atures and Table 22 summarizes the kinetic parameters of the model. 

Table 22. Rate constants according to the fit of the xylan degradation model to the autohydrolysis 
data. 

Tempera
ture

Rate constants (min 1) Fractions (%)

°C k1 k2 k3 k4 k5 XN1 XN2

180 0.09 <0.01 0.01 <0.01 <0.01 78.0 22.0
200 0.52 0.00398 0.05 0.01 0.01 84.9 15.1
220 2.74 0.0360 0.19 0.05 0.07 87.5 12.5
240 12.6 0.128 0.62 0.18 0.36 90.6 9.4
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Figure 34. . Kinetic model fitted to pressurized hot water treatment data for xylan and its degra-
dation products. 

Glucan
Figure 35 shows the reaction scheme for glucan degradation 

Figure 35. Pressurized hot water reaction scheme for glucan degradation. Here GN1 and GN2 
denote fractions of different reactivity for the glucan in wood. Furthermore, GOS stands for gluco-
oligosaccharides and X for glucose. Moreover, hydroxymethylfurfural abbreviates to and finally, 
the DP:s are unspecified degradation products. 
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The corresponding equations to the glucan reaction scheme are: 

(76)

Figure 36 shows the kinetic model fitted to the glucan data and Table 23 sum-
marizes the corresponding rate constants. 

Figure 36. Kinetic model fitted to pressurized hot water treatment data for glucan and its degra-
dation products. 

Table 23. Rate constants according to the fit of the glucan degradation model to the autohydrolysis 
data. 

Temp. Rate constants (min 1)
°C k1 k2 k3 k4 k5 k6 k7
180 0.38 8.8x10 5 0.01 0.01 0.8x10 3 0.24 2.4x10 5

200 1.75 0.5x10 3 0.05 0.04 3.2x10 3 0.99 1.8x10 4

220 7.18 2.4x10 3 0.19 0.13 1.2x10 2 3.69 1.2x10 3

240 26.37 1.0x10 2 0.62 0.42 3.9x10 2 12.39 6.6x10 3
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This chapter will indicate some simulation prospects emerging from the com-
bination of the models of reaction kinetics with those of transport of chemicals 
and heat.  

8.4 Chip level 

This section demonstrates the results from a simulation of the kraft cooking 
process on the chip level. The simulated chip has length: 25 mm, width: 15 mm 
and thickness 5 mm. The chip is situated in cooking liquor with hydroxide con-
centration 0.75 M and impregnation precedes the cooking stage where the tem-
perature is elevated to 160 °C. The progress of delignification is computed ac-
cording to the Purdue type model containing two lignin species of different re-
activity employed in Publication 2 and the model for carbohydrate degrada-
tion is the one of Publication 3 involving the endwise reactions peeling, stop-
ping and alkaline hydrolysis. The diffusion of hydroxide is described with the 
3D orthotropic diffusion model where the diffusivity in the length direction is 
three times that of the two orthogonal directions. The parameter values are 
those obtained for Scots pine. 

Figures 37-39 show the time development of hydroxide concentration as well 
as that of lignin and carbohydrate content. Each subfigure displays the upper 
right quadrant of the cross-section at middle thickness of the chip. 

Figure 37. Simulated time development of the hydroxide content in a wood chip. 
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Figure 38. Simulated time development of the lignin content in a wood chip. 

Figure 39. Simulated time development of the carbohydrate content in a wood chip. 

8.5 Reactor level 

This section displays the results from the simulation of the kraft process in a 
batch reactor with forced circulation of the cooking liquor for heating. The di-
gester is 15 m tall and has a diameter of 6 m. Hot liquor is introduced at the top 
and the bottom and correspondingly liquor is extracted through screens located 
below the midpoint of the reactor at a rate of 60 l/s. Initially, the temperature 
in the reactor is 80 °C and the temperature of the heated liquor entering the 
digester is 160 °C. The flow configuration in the reactor is modeled with the 
Ergun equation and the temperature time distribution calculation is based on 
the flow. The reaction kinetics follows the Purdue model with two species for 
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lignin and the model with endwise reactions for the carbohydrates. Figure 40 
shows the simulated temperature distribution and Figure 41 the kappa number 
distribution. The kappa number is calculated as the percentage of lignin divided 
by 0.15. 

Figure 40. Simulated temperature distribution in batch reactor at times a) 30, b) 60, c) 90 and d) 
120 minutes from the beginning of the cook. 

Figure 41. Simulated kappa number distribution in batch reactor at times a) 30, b) 60, c) 90 and 
d) 120 minutes from the beginning of the cook. 
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9. Conclusions 

A comprehensive model of cooking processes should contain at least the fol-
lowing subtopics: reaction kinetics, diffusion on chip level and the flows on di-
gester level. The focus of the present work was on the first subtopic. Kinetic 
models for delignification and carbohydrate degradation were evaluated and 
developed both for kraft treatment and autohydrolysis.  

9.1 Delignification in kraft treatment 

In the case of kraft cooking four different delignification models were evalu-
ated for both softwood and hardwood: the Gustafson model, the Purdue model, 
the Andersson model and the Bogren model. Conceptually the Gustafson model 
differs from the other three in that it is based on consecutive reactions, whereas 
the others can be interpreted as having subcomponents or species of lignin, with 
different rate constants for delignification, reacting in parallel. Both the Gus-
tafson and the Purdue model were able to describe the subexponential decay of 
lignin, whereas the Bogren model seems inflexible when it comes to accounting 
for prolonged delignification. For the data in this study two lignin sub compo-
nents was sufficient for the Purdue model to produce satisfactory fits. The An-
dersson model has an enhanced ability to interpret the development following 
step changes in the cooking conditions, but the requirement of continuous re-
calculation of the subcomponent portions makes the model laborious when it 
comes to estimating the parameters of the model.  

Three methods of different complexity were attempted in fitting the Purdue 
model to data from kraft cooks of Scots pine. Whereas the simplest method as-
sumed constant temperature (employing isothermal time) and hydroxide con-
centration the other two added descriptions of hydroxide concentration time 
development according to Donnan theory and realistic temperature develop-
ment respectively. It was found that the goodness of the fit did not change dra-
matically depending on which fitting method was used, but it had some effect 
on the estimated parameter values.  

The effect of AQ as an additive on delignification in kraft treatment was inves-
tigated and it was found that the square root relationship earlier established for 
soda-AQ cooks also extends to kraft-AQ cooks. 



 

78 

9.2 Carbohydrate degradation during kraft treatment 

For carbohydrate degradation a model comprising the endwise reactions peel-
ing, stopping and alkaline hydrolysis as well as the dissolution of longer chain 
fragments into the black liquor was proposed. Both the endwise reactions and 
dissolution into black liquor contribute significantly to the degradation of car-
bohydrates. Furthermore, the model accounted for the portions of material de-
graded by the different reactions and also differentiated between primary and 
secondary peeling. The three endwise reactions together contribute to an entan-
gled process, where the rate of degradation cannot be concluded from a single 
rate constant. The material explicitly degraded by alkaline hydrolysis is insig-
nificant, but the indirect contribution of alkaline hydrolysis is crucial in that it 
enables secondary peeling. Increasing temperature strongly provoked alkaline 
hydrolysis for temperatures above 140 °C, consequently inflating the contribu-
tion of secondary peeling for all the carbohydrates. The three carbohydrates un-
der investigation also exposed some variation with regard to the degradation 
contributions related to the different subprocesses. The endwise reactions de-
grade more material than does dissolution when it comes to GGM and cellulose. 
For xylan on the other hand more material is dissolved into the black liquor than 
degraded by the endwise reactions. Increasing the temperature does not signif-
icantly affect the fast primary peeling of GGM, whereas temperature has a 
strong increasing effect on the primary peeling of xylan. For cellulose the tem-
perature effect on primary peeling lies between those of GGM and xylan. Adding 
AQ to the cook causes more material to be degraded by secondary peeling and 
less by primary peeling. 

A model for the decrease in the degree of polymerization was combined with 
the yield loss model allowing either an estimation of model parameters based 
on joint yield and DP data or, in the case that only yield data is available, com-
putation of the time development of DP based on the estimation of the kinetic 
parameters from the yield data. Furthermore, the portions of reducing end 
groups can be estimated. The combined model was tested on data from soda-
AQ treatment having different kinds of pretreatment. The rate constants for 
peeling, stopping and alkaline hydrolysis remained unaltered by the pretreat-
ments; the differences yield and DP development was accounted for by changes 
in the numbers of reducing end groups. 

9.3 Autohydrolysis 

For hot water extraction reaction schemes were developed both for delignifi-
cation and the degradation of xylan and glucan. In all three cases the schemes 
contained two separate subcomponents of the original wood fractions, the rate 
constants of which differing.  

9.4 Chip and reactor levels 

Models for diffusion in a wood chip and flow in porous media were revised 
and combined with the kinetic models of this work to advance a comprehensive 
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model of the cooking process. Based on the comprehensive model simulations 
were carried out producing time developments of the various distributions rel-
evant on the chip and reactor levels. 

9.5 Realization of the objectives of the thesis 

The first objective of the study was to obtain a comprehensive carbohydrate 
degradation model to be employed together with existing delignification models 
in the description of the kraft process. The developed model, based on the in-
trinsic endwise reactions and the linear or nearly linear structure of the three 
carbohydrates cellulose, glucomannan and xylan, provided excellent fits to the 
experimental at different temperatures. The model makes it possible to distin-
guish between the amounts of material degraded by primary peeling, secondary 
peeling and alkaline hydrolysis. 

The second objective was to combine the models of mass transfer, kinetics and 
hydrodynamic processes in order to simulate the cooking process on wood chip 
and reactor level. Combining the kinetic models with the diffusion equation en-
abled the simulation of the effect of cooking on the wood components on chip 
level whereas similarly combining the Ergun equation for the forced flow of the 
heated cooking liquor through packed bed enabled a simulation of the spatial 
developments of delignification and carbohydrate degradation on reactor level. 
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10. Future work 

The present treatise contained a few steps on a journey hopefully leading to-
wards a model applicable in simulation of cooking processes. On several points 
there is however obvious need for augmentation.  

Because the initial decay of both lignin and the carbohydrates is very rapid the 
evaluation of the kinetic parameters related to this decay, such as the rate con-
stant for the fast reacting component in the lignin model or the peeling and 
stopping rates in the carbohydrate model is cumbersome. To improve the as-
sessment of these parameters early data points from the heating up period could 
be an advantage. For these points the significance of the realistic temperature is 
likely to be pronounced, hence the analysis should be performed employing the 
real chronometric time instead of the isothermal time. 

The current delignification models should perhaps be regarded as phenome-
nological ones, relating the observed lignin content to time in a quite satisfac-
tory way but not necessarily providing the underlying description of the process. 
A first principle approach may be beyond reach due to the complicated chemical 
reactions involved in the delignification process, but a model that takes into ac-
count the three-dimensional structure of the lignin molecule could still add to 
the understanding of delignification. 

In the present work the hydroxide dependence on the carbohydrate model was 
based on data at only two different levels of concentration of the chemical. In 
addition, the level of sulfide was in most cases chosen so that the sulphidity was 
constant for all data points. An increased number of levels for the concentra-
tions of cooking chemicals is necessary to improve the model in the description 
of the effect of the concentrations. 

Combining the chip level model with the reactor level model is a technically 
complicated but conceivable task. A reasonable model could describe the distri-
butions of the cooking chemicals and wood components with two coordinates 
related to the reactor vessel and one micro-coordinate related to the wood chip, 
thus keeping the computational requirements on a reasonable level. 
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