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Abstract
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in engineering and physics. Conformal mappings have been used classically, e.g., in
electrostatics, ﬂuid dynamics, and potential ﬂows, where the governing partial differential
equation is Laplacian. These applications rely on the conformal invariance property of the
harmonic solution of a Dirichlet problem as well as the Carathéodory boundary extension
theorem. Recently conformal mappings have gained more popularity, e.g., in electrical
impedance tomography and in computer graphics, where computational modelling is studied
in the context of Riemann surfaces, which includes a medical application to the brain imaging
of the cortex.
Harmonic mappings can be used in studying minimal surfaces, which arise from many
interesting phenomena in natural science and engineering, ranging from mathematical models
of soap bubble surfaces, to topics in molecular engineering, and tensile structures.
In this thesis a new method, conjugate function method, of constructing a conformal
mappings from domains of interest onto a rectangle is developed. This algorithm makes use of
the harmonic conjugate function as well as properties of modulus of quadrilaterals, and it is
suitable for a very general class of domains, which may have curved boundaries and even cusps.
The elaborated method is also suitable for multiply connected domains, where connectivity is
greater than two.
The second part of this thesis deals with the harmonic shearing method of obtaining
harmonic mappings, and its application to minimal surfaces. Harmonic shearing involves
integration of predetermined analytic function, which is the complex dilatation of the mapping
being constructed, and a conformal mapping, which has to be convex in the direction of the real
axis. This shearing can be done in numerically as well, thus, in particular, the conformal
mappings do not need to be given in a closed form.
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1. Introduction

Study of conformal mappings originated from cartography back in the 16th century
and they are studied classically for their close relation to engineering applications,
as well as their theoretical signiﬁcance in mathematics. In engineering applications,
many partial differential equations arise, e.g., in electrostatics, ﬂuid dynamics and
potential ﬂow, where the governing equation is Laplacian. The harmonic solution on
a plane domain stays harmonic under conformal mappings, and the applications rely
on this conformal invariance property as well as Carathéodory boundary extension
theorem. For inconvenient domains, numerical advantage is gained by mapping the
domains onto simpler ones. It should be noted, that exact conformal mappings are
not usually known and numerical approximation is required.
Recently, conformal mappings have gained popularity in inverse problem community. In the area of 2D electrical impedance tomography (EIT) [48, 54], the aim is to
produce images of the admittance within an electrically conducting object, such as
the human body or concrete columns, from boundary measurements of current and
voltage. In EIT many numerical reconstruction methods are easiest to apply if the domain is the unit disk. However, together with conformal mappings [93] the concept
can be generalised to simply connected domains.
Applications of conformal mappings are not limited to engineering. Novel areas
such as computer graphics and computational modelling have gained interest in conformal mappings on Riemann surfaces. In the article by Kharevych, Springborn and
Schröder [57] conformal mappings are applied to give a planar visualisation to the
surface of 3D objects. This can be used for example in texturing a character or any
object in popular media such as movies and games. In the same way, a medical application to the brain imaging of the cortex is given by Hurdal et al. [10, 53], and Gu
et al. [43].
Harmonic mappings can be understood as a natural generalisation of the classical
theory of conformal mappings. The history of harmonic mappings began in 1920s,
although the study of minimal surfaces were studied in in 18th century, which is
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closely related harmonic mappings, mainly by differential geometers. Applying tools
of complex analysis in the study of harmonic mappings began to gain popularity in
the late 20th century after the groundbreaking works by Clunie, Sheil-Small [13] and
the book by Duren [32].
In this thesis, the aim is to investigate the usage of computational methods for
various problems arising from theories of conformal and harmonic mappings. First,
we develop a new algorithm for computing conformal mappings from domains of
interest onto a rectangle. This method is then generalised to multiply connected
domains. In harmonic mappings, we have studied the harmonic shearing method
to obtain harmonic mappings from predetermined analytic functions and conformal
mappings, where the latter are convex in the horizontal direction. Furthermore, the
harmonic shearing is studied computationally. In particular, conformal mapping itself
is not needed to be given in a closed form.

10

2. Function Theory and Conformal
Mappings

The history of conformal mappings can be dated back to the 16th century. In 1569
Mercator presented a cylindrical map projection which is a conformal mapping from
a sphere onto the plane, which revolutionised navigation. A mathematical construction of Mercator’s projection map is given by Edward Wright in 1599. The construction of the distance D from the equator as a function of latitude φ leads to an
integral of secant. Unfortunately, differential and integral calculus was not available at that time, thus the problem of computing this integral remained open. By
the mid 17th century, Thomas Harriot and Henry Bond independently found that
D = R ln tan (φ/2 + π/4) by comparing logarithm tables. In the formula R denotes
the radius of the Earth. Finally, in 1668, James Gregory gave a proof for formula of
the integral of the secant [85].
It was not until 1820 that Gauss gave the formal deﬁnition to conformal mappings.
Subsequently, Riemann [86] stated the Riemann mapping theorem in his doctoral
dissertation in 1851. The theorem shows that a disk can be conformally transformed
onto any simply connected domain, which implies that any two simply connected
domains can be mapped conformally onto each other.
Riemann’s own proof was based on the Dirichlet principle, and it was later pointed
out by Weierstrass to be ﬂawed. Numerous mathematicians, e.g., Schwarz, Harnack
and Poincaré, sought after a proof, but only in 1908 a rigorous proof was given by
Koebe. It should be mentioned that in 1900 Osgood gave a proof for a related theorem, from which the Riemann mapping theorem can be proved [3, pp. 229–230],
[97].

2.1

General Facts

Below we list some general deﬁnitions and facts concerning complex analysis. These
basics properties can be found in any introductory book in function theory. For
a comprehensive survey on development of complex analysis along with historical
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sidenotes, see the book by Lautwitz [62].
A real-valued function u deﬁned in a domain Ω, is said to be harmonic in Ω if it
is continuous together with its partial derivatives of the ﬁrst two orders and satisﬁes
Laplace’s equation
Δu = uxx + uyy = 0.
For harmonic function u, the conjugate function v of u is unique up to a constant,
and it is readily solvable from Cauchy-Riemann equations. Harmonic mappings are
a natural generalisation of conformal mappings, in which, the real and imaginary part
u and v, respectively, do not have to satisfy the Cauchy-Riemann equations. More
about these harmonic function are given in Chapter 3.
A mapping f : Ω → C is said to be locally conformal at z0 ∈ Ω if, for any two
parameterised curves γ1 and γ2 intersecting at the point z0 = γ1 (t0 ) = γ2 (t0 ) with
non-zero tangents, the following conditions hold:
(i) the transformed curves γ̃1 = f ◦ γ1 and γ̃2 = f ◦ γ2 have non-zero tangents at the
point t0 , and
(ii) the angle between γ̃1 (t0 ) = (f ◦ γ1 ) (t0 ) and γ̃2 (t0 ) = (f ◦ γ2 ) (t0 ) is same as
the angle between γ1 (t0 ) and γ2 (t0 ).

y

v
γ2

γ̃1

f
α

γ1

x

z0

z–plane

u
γ̃2

α
w0

w–plane

Figure 2.1. An illustration of a conformal map.

It is a well known fact that an analytic function is conformal at z0 if its derivative
f  (z

0)

does not vanish.

Theorem 2.1.1. (Riemann mapping theorem)
Given any simply connected domain Ω in C, except the whole C, and a point z0 ∈ Ω,
there exists a unique analytic function f in Ω, normalised by the conditions f (z0 ) =
0, f  (z0 ) ∈ R+ , such that f deﬁnes a one-to-one mapping of Ω onto the disk |w| < 1.
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Proof. See [3, 72].

2.2

Elliptic Integrals and Functions

Many of the results of conformal moduli of quadrilaterals and ring domains studied in
the later section are based on elliptic integrals and other special functions. These integrals and functions originated from the work of Abel [1] and Jacobi [56]. However,
Gauss made similar discoveries already in the late 1790s, but he did not published results. Legendre [63] showed that every elliptic integral can be reduced by a suitable
substitution to one of the three normal forms given below. An elementary treatise on
elliptic functions was written by Cayley [12] in 1895.
Historically, these integrals arose in the attempt to compute the arc length of ellipses
by Fagnano and Euler [11], and hence they are called elliptic. Let us deﬁne elliptic
integrals of the ﬁrst, the second and the third kind, F (k, z), E(k, z) and Π(n, k, z),
as follows.
Deﬁnition 2.2.1. (Elliptic integrals) [12, pp. 2–3]
The elliptic integrals are deﬁned
 z

F (k, z) =


0
z

E(k, z) =


0
z

Π(n, k, z) =
0



dζ
(1 − ζ 2 )(1 − k 2 ζ 2 )

,

1 − k2 ζ 2

dζ,
1 − ζ2
dζ

,
(1 − nζ 2 ) (1 − ζ 2 )(1 − k 2 ζ 2 )

for 0 < k < 1, where the parameter k is called the elliptic modulus, and n is the ellip√
tic characteristic. The complementary elliptic modulus is deﬁned by k  = 1 − k 2 .
By substitution z = sin φ and ζ = sin θ, we have
 φ
dθ

F̃ (k, φ) =
,
0
1 − k 2 sin2 θ
 φ
Ẽ(k, φ) =
1 − k 2 sin2 θ dθ,
0
 φ
dθ

,
Π̃(n, k, φ) =
0 (1 − n sin2 θ) 1 − k 2 sin2 θ
where φ is called the amplitude. If the integrals are taken up to the amplitude π/2,
then they are called the complete elliptic integrals. We shall use the notation K(k) =
F (k, 1) = F̃ (k, π/2) for the complete elliptic integral of ﬁrst kind, and K  (k) =
K(k  ) for the complete complementary elliptic integral of the ﬁrst kind.
The inverses of the elliptic integrals are called Jacobi’s elliptic functions, although
they were ﬁrst discovered by Abel as inverse functions of the elliptic integrals. To
simplify the notation we recall the following deﬁnition.
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Deﬁnition 2.2.2. (Jacobi’s elliptic sine function) [12, p. 8]
Let u = F (k, z). Then the Jacobi’s elliptic sine function sn(u, k) is deﬁned by
sn(u, k) = z.

2.3

Conformal Invariance and Moduli

The concept of a conformal modulus of quadrilaterals arose from the studies of quasiconformal mappings, which was stated by Grötzsch [40, 41] in 1928. Grötzsch
showed that there does not exists a conformal mapping from a square onto a nonsquare rectangle, which maps vertices onto vertices. The word of quasiconformal is
due to Ahlfors [4]. A modern treatise on the topic is given by Astala, Iwaniec and
Martin [6].
Deﬁnition 2.3.1. (Quadrilateral)
A system consisting of a simply connected and closed domain Ω and four distinct
points z1 , z2 , z3 , z4 , in counterclockwise order on its boundary ∂Ω is called a quadrilateral and is denoted by Q := (Ω; z1 , z2 , z3 , z4 ). A conjugate quadrilateral of Q is
deﬁned by Q̃ = (Ω; z2 , z3 , z4 , z1 ).
For each quadrilateral Q there exist a unique rectangle Rh = {z ∈ C : 0 <
Re z < 1, 0 < Im z < h}, such that Ω is mapped conformally onto Rh and the
boundary points z1 , z2 , z3 , z4 are mapped to vertices 0, 1, 1 + ih, ih of the rectangle,
respectively. This constant h is called the conformal modulus of Q, and it is denoted by M(Q). Quadrilaterals and ring domains are divided into conformal equivalence classes by the conformal modulus [59]. In this sense rectangle and annulus
are usually used as so called canonical domains for quadrilaterals and ring domains,
respectively. For a classical approach to moduli through extremal length, we refer to
[2, 64].
In multiply connected domain, connectivity m > 2, we have 3m − 6 different
moduli, which divides domains into equivalence classes. Domains can be mapped
conformally onto each other if and only if all moduli agree [42], which leads to
various choices of canonical domains. These domains have been studied in [42, 72].
Although there is extensive literature of computing conformal moduli of quadrilaterals and ring domains, reported numerical values of moduli of speciﬁc quadrilaterals
and ring domains are hard to come by. Perhaps the most complete list of numerical
examples of moduli of quadrilaterals, with references to earlier literature, is given by
Betsakos, Samuelsson, Vuorinen [9] in 2004. The article contains numerical comparison between different methods as well. Some numerical comparison between
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different methods and against exact values can be found in [44, 46, 75, 82]. Modulus
of quadrilaterals and rings with strong singularities and cusps is studied in a recent
manuscript [47].
Using moduli in engineering applications, e.g., designing VLSI, is discussed in detail in a recent book [91] and in a paper [74]. Asymptotic behaviours and experiments
of moduli of quadrilaterals are reported in [31, 49, 81]. Also in [49], the authors gave
an iterative algorithm to ﬁnd a conformal modulus to a convex quadrilateral in the
upper half plane of the form (Ω; 0, 1, A, B). The iteration is based on evaluations of
hypergeometric functions, beta functions, and elliptic integrals.

2.4

Numerical Methods

In the essence, the Riemann mapping theorem is an existence theorem, and a practical computation of such a mapping is usually required. Soon afterwards, Christoffel
and Schwarz independently discovered the Schwarz-Christoffel mapping in 1867 and
1869 respectively, which provides a conformal mapping of the upper half plane and
the unit disk onto a polygonal domain. Schwarz-Christoffel mappings were the ﬁrst
mappings to provide a constructive way to ﬁnd conformal mappings for more general
domains. Even though Schwarz gave an example of a plot of a conformal mapping
between square and the unit disk, Figure 2.2, the practical implementation and computational power lagged behind.

Figure 2.2. Example of the conformal map of a square onto a disk, ﬁrst obtained by Schwarz in 1869
[92].

In the ﬁrst half of the 20th century, many attempts to implement an algorithm for
Schwarz-Christoffel were made. At the time, the authors were mostly unaware of
each others works. A conference proceeding [8] of conformal mappings with applications was published in 1952, and a numerical treatise of conformal mappings was
given by Gaier [35] in 1964. One and half a decade later in 1979 the ﬁrst fully robust
algorithm implementation was given by Reppe [84]. A year later, another fully robust
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algorithm, SCPACK, which was also more applicable, was given by Trefethen [96].
SC Toolbox, the modern version of Trefethen’s algorithm for MATLAB was written
by Driscoll [26, 27] in 1996. In 1998, Driscoll and Vavasis [29] gave a CRDT algorithm based on cross ratios to counteract against crowding phenomenon, which was
stated in literature back in 1972 by Gaier [36]. Even though the classical SchwarzChristoffel mapping is based on polygonal domains, it is possible to generalise the
idea to smooth and curved boundaries, for example, Davis [20] in 1979 and Hoekstra
[51] in 1986.
As for domains with higher connectivity, our journey begins with doubly connected
domain, in which the theory dates back to 1945 and Komatu [58]. Then the followup took place in 1986 by the works of Henrici [50]. Numerical implementations for
doubly connected domains are due to Däppen [19] and Hu [52] in 1988 and 1995,
respectively. Besides the works by Mayo [68] and Reichel [83] on multiply connected domains in 1986, the general case eluded mathematicians’ attempt to ﬁnd the
formula. Finally in 2004 by DeLillo, Elcrat, Pfaltzgraff [21] were the ﬁrst to give
a Schwarz-Christoffel formula for unbounded multiply connected domains. Their
method relies on Schwarzian reﬂection principles. By the following year, Crowdy
[15] was the ﬁrst to derive a Schwarz-Christoffel formula for bounded multiply connected domains, which is based on the use of Schottky-Klein prime function. The
natural extension of this result to unbounded multiply connected domains is given in
2007 by Crowdy [16]. It should be noted that a MATLAB implementation of computing the Schottky-Klein prime function is freely available [17], and the algorithm
is described in [18]. Really high connectivity domains are studied by Nasser et. al.
[70, 71] through boundary integrations.
Besides algorithm based on Schwarz-Christoffel mappings, there exist wide range
of other numerical methods to obtain conformal mappings, for example, the Zipper algorithm by Marshall [65, 66]. A method involving the harmonic conjugate
function is presented in [50, pp. 371-374]. In 1990, Stephenson [94, 95] gave an
implementation of an algorithm to approximate conformal mappings using circle
packing technique. An implementation involving conjugate functions and properties of quadrilaterals is introduced in [44], which is suitable for simply and doubly
connected domains. This method is not restricted to polygonal domains and it can
be applied to domains with curved boundaries and even cusps. In [45], the method
is generalised to multiply connected domains. Historical remarks and an outline of
development of numerical methods in conformal mappings are given in [28, 60, 78].
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2.4.1

Schwarz-Christoffel mapping

In this section, we will give an elementary example of a Schwarz-Christoffel mapping
of the upper half plane onto a rectangle. Note that, the unit disk can always be mapped
onto the upper half plane via Möbius transformation.
Theorem 2.4.1. (Schwarz–Christoffel mapping for a half plane) [28, p. 10]
Let Ω be the interior of a polygon P in the w-plane with vertices w1 , . . . , wn and
interior angles α1 π, . . . , αn π given in positive order. Let f be any conformal map
from the upper half plane onto Ω with f (∞) = wn . Then the Schwarz–Christoffel
representation for the mapping f is given by


z n−1


w = f (z) = A + C

(ζ − zk )αk −1 dζ,

(2.1)

k=1

for some complex constants A and C, where wk = f (zk ) for k = 1, . . . , n − 1.
The symmetry of a rectangle allows an explicit solution to the Schwarz–Christoffel
mapping. Therefore, we choose the prevertices as z1 = −1/k, z2 = −1, z3 = 1
and z4 = 1/k, where k, the elliptic modulus, presents the degree of freedom in the
prevertices. The Schwarz-Christoffel mapping can be expressed by an elliptic integral
of the ﬁrst kind




4
z

dζ

=C
ζ
− zj
j=1

f (z) = A + C1

z



0

dζ
(1 − k 2 ζ 2 )(1 − ζ 2 )

= CF (k, z),

where C = k 2 C1 . By rotating, translating, and scaling the rectangle we get that
w3 = K(k). Furthermore, the normalisation ensures C = 1. Then for w4 = f (z4 ) =
f (1/k), we have


1
k

w4 =
0

0<k<1




(1 −

1

=



dζ



0

k 2 ζ 2 )(1

− ζ 2)



dζ
(1 − k 2 ζ 2 )(1 − ζ 2 )



1
k

+
1

dζ

.
(1 − k 2 ζ 2 )(1 − ζ 2 )

= K(k)

For the latter integral, we use the following change of variables

1
ζ2 − 1
⇐⇒ ζ = 
.
η=
k ζ
1 − k 2 η 2
Thus, we obtain


1
k

1



dζ
(1 − k 2 ζ 2 )(1 − ζ 2 )



1

=i
0



dη
(1 − k 2 η 2 )(1 − η 2 )

= iK  (k).

That is, w4 = K(k)+iK  (k). By the symmetry, the prevertices z1 = −1/k and z2 =
−1 are mapped onto points w1 = −K(k) + iK  (k) and w2 = −K(k), respectively.
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This also implies that the modulus of a quadrilateral can be given by
M(Q; w1 , w2 , w3 , w4 ) =

K  (k)
.
2K(k)

Some other special cases of Schwarz-Christoffel mappings is given in [5, Chapter 6].
In Figure 2.3, we have a general sketch on a mapping of a polygon onto a rectangle.

R

−K + iK 

R

S

_
V

SC-mapping

Möbius

S

F (k, z)

R _ V1 S1

− k1 −1

K + iK 

k

−K

_

VK

Figure 2.3. Illustration on how a polygonal domain can be mapped conformally onto a rectangle.

There exists a freely available software, SC toolbox, for MATLAB by [26, 27].
The SC toolbox is based on SCPACK written by Trefethen [96]. For more in-depth
discussion on Schwarz-Christoffel mappings and SC toolbox, we refer to [28]. Examples of the Schottky-Klein prime function and conformal mappings on multiply
connected domains along with applications, see [14, 67].
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Harmonic mappings in the plane are univalent complex valued harmonic functions
such that its real and imaginary parts are not necessary harmonic conjugate functions.
Early development of the harmonic mappings dates back to around 1920. Back then,
the studies were conducted mainly by differential geometers as harmonic mappings
played natural role in the theory of minimal surfaces.
The theory of minimal surfaces began in 18th century by Euler and Lagrange as
an application of the calculus of variations. The partial differential equations of such
surfaces were given by Lagrange [61] in 1762, while the geometric representation
was due to Meusnier in 1776. Until 1832, only three minimal surfaces with explicit
parametric representations were known. These were the catenoid [34], helicoid [69]
and plane. By the work of Scherk [89, 90] from 1832 to 1835, ﬁve new minimal surfaces saw the daylight. Back in these days, the mathematicians sought after a closed
form of minimal surfaces, however complicated it may have been and lots of efforts
were put into achieving the goal. In 1850, Roberts [87] discovered other minimal
surfaces using method similar to Scherk’s. From Roberts’ effort until the end of 19th
century, the theory of minimal surfaces bloomed and many mathematicians took part
in fostering the theory. Enneper [33] and Weierstrass [98] gave the representation
formula independently in 1864 and 1866, respectively. Harmonic mappings came to
the picture in 1920s when Radó [80] studied their connection with Plateau’s problem.
The connection between minimal surfaces and harmonic mappings is given by the
fact that a representation of minimal surfaces by isothermal parameters and its coordinate functions are harmonics. Thus the projection of minimal surfaces onto base
domain gives a harmonic mapping. As an application, the Gaussian curvatures of
these surfaces can be studied via harmonic mappings.
After the works of differential geometers, in mid 1980s, complex analysts took part
in the development of the ﬁeld. They considered harmonic mappings as a natural
generalisation of conformal mappings. Clunie and Sheil-Small [13] published in
1984 the groundbreaking paper, in which they pointed out that classic results from
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complex analysis have analogues in harmonic mappings. This paper paved a way to
rapid development of the theory of harmonic mappings, although some of the basic
questions are remained unsolved to the date. More in-depth discussion of harmonic
mappings, generalisation of conformal mappings and relation to minimal surfaces
can be found from the book of Duren [32], survey articles by Ponnusamy and Rasila
[77], and Dorff [22, 23]. Detailed historical notes on classical theory of minimal
surfaces can be found in the book of Nitsche [73].
The paper by Clunie and Sheil-Small [13] includes a constructive method for obtaining a harmonic mapping. This method is known as harmonic shearing, which
produces a harmonic mapping onto a convex domain along one direction by shearing
a given conformal mappings along parallel lines. Greiner [38, 39] was one of the ﬁrst
to systematically study harmonic shears of conformal mappings onto, e.g., disks, inﬁnite strips domains. Driver and Duren [30] workout harmonic shears of conformal
mappings of regular polygons which can also be given by Schwarz-Christoffel formula. Other works are due to Dorff et. al. [24, 25], Ganczar, Widomski [37], and
Ponnusamy, Quach, Rasila [76]. By the works of many authors, it seems like explicit
examples of harmonic shears are unlimited.
Besides of explicit computations of harmonic shears, the shearing can be done
numerically as well. This part has not gained much popularity. There is an applet
by Rolf [88] for exploring harmonic shears with user deﬁned conformal mappings
and examples are given in [22]. The downside of the applet is the requirement for
conformal mappings, which need to be inserted as an analytic expression. In practice,
the conformal mappings can be given as a numerical approximation. A method using
Schwarz-Christoffel toolbox along with accuracy tests against analytic form is given
by the author [79].

3.1

General Facts

Theorem 3.1.1. Each harmonic mapping f in D has a canonical presentation f =
h + g, where h and g are analytic in D and g(0) = 0.
Deﬁnition 3.1.2. A harmonic mapping f = h + g is called sense-preserving if the
Jacobian Jf = |h |2 − |g  |2 is positive in D. Then f has an analytic dilatation
ω = g  /h such that |ω(z)| < 1 for z ∈ D.
Deﬁnition 3.1.3. A domain Ω ⊂ C is said to be convex in the horizontal direction
(CHD) if its intersection with each horizontal line is connected (or empty). A univalent harmonic mapping is called a CHD mapping if its range is a CHD domain.
Theorem 3.1.4. Let f = h + g be a harmonic and locally univalent in the unit disk

20

Harmonic Mappings

D. Then f is univalent in D and its range is a CHD domain if and only if h − g is a
conformal mapping of D onto a CHD domain.

3.2

Harmonic Shearing

The idea of harmonic shearing can be used to construct the third coordinate function
to obtain minimal surfaces. Suppose that ϕ is a CHD conformal mapping. For a
given dilatation ω, the harmonic shear f = h + g of ϕ is obtained by solving the
differential equations

⎧
⎨ h  − g  = ϕ ,
⎩ ωh − g  = 0.

From the above equations, we obtain


z

h(z) =
0

For the anti-analytic part g, we have

g(z) =

ϕ (ζ)
dζ.
1 − ω(ζ)

z

ω(ζ)
0

ϕ (ζ)
dζ.
1 − ω(ζ)

(3.1)

(3.2)

Observe that


z

f (z) = h(z) + g(z) = 2 Re
0

ϕ (ζ)
dζ − ϕ(z).
1 − ω(ζ)

(3.3)

A step-by-step algorithm of obtaining the harmonic mapping is given in Algorithm
3.2.1.
Algorithm 3.2.1 Harmonic Shearing
1: Choose a CHD conformal mapping ϕ.
2:

Choose a dilatation ω.

3:

Compute h and g via (3.1) and (3.2), respectively.

4:

Construct the harmonic mapping f = h + ḡ.

3.2.1

Minimal Surfaces

Results concerning minimal surfaces are based on the Weierstrass-Enneper representation. Let S be a non-parametric minimal surface over a simply connected domain
Ω in C given by
S = {(u, v, F (u, v)) : u + iv ∈ Ω},
where (u, v) identiﬁes the complex plane R2 , which lies under the domain of F . The
following result is known as the Weierstrass-Enneper representation. This representation provides an important link between harmonic univalent mappings and minimal
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surfaces. The surface S is a minimal surface if and only if each of the coordinate
functions xk , k = 1, 2, 3, of S has the following representation
 z
xk = Re
ϕk (ζ) dζ + ck ,
0

where ϕk , k = 1, 2, 3 is analytic such that ϕ21 + ϕ22 + ϕ23 = 0, and
 z
 z
ϕ1 (z) dz + iRe
ϕ2 (z) dz + c
f (z) = u(z) + iv(z) = Re
0

0

is a sense-preserving univalent harmonic mapping from D onto Ω. In this case, the
surface S is called a minimal graph over Ω with the projection f = u + iv.
A harmonic mapping f = h + g can be lifted to a minimal surface expressed
by isothermal parameters if and only if the dilatation ω is the square of an analytic
function. Suppose that ω = q 2 for some analytic function q in the unit disk D. Then
the corresponding minimal surface has the form
{u, v, w} = {Re f, Im f, 2 Im ψ},
where



z

ψ(z) =

q(ζ)
0

ϕ(ζ)
dζ.
1 − ω(ζ)

The following example is reproduced from Greiner’s paper [39], except for the
minimal surface part.
Example 3.2.1. Let ϕ be an identity map and suppose dilatation ω(z) = z 2 . Then
we have

Therefore

 z
⎧
1+z
1
dζ
⎪
⎪
= log
⎨ h(z) =
2
1
−
z
2
1−z
0 z
1+z
1
dζ
⎪
⎪
⎩ g(z) =
.
z2
= −z + log
2
1
−
z
2
1−z
0


1 + z 
.
f = h + g = −z + log 
1 − z

For the third coordinate function of the associated minimal surface, we have
 z
1
z
ψ(z) =
dζ = − log(1 − z 2 ).
2
1
−
z
2
0
See Figure 3.1 for illustrations of the harmonic map and the minimal surface.
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(a) Harmonic shear

(b) Minimal surface
Figure 3.1. Harmonic shear of the unit disk under the identity map with a dilatation ω(z) = z 2 and the
minimal surface associated with the harmonic shear.
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4. Summaries of the Publications

In this chapter, four publications are summarised. They form the main contribution of
this thesis together with the overview of the theory of numerical conformal mappings
and harmonic mappings given in the previous chapters. The publications can be
divided into two separate but closely related branches of complex analysis. The ﬁrst
two publications contribute to the theory of numerical conformal mappings. The
latter two publications, in turn, deal with the world of harmonic mappings and closely
associated minimal surfaces. The connection between these areas of mathematics is
given by the Publication IV, in which numerical conformal mappings are used to
numerically obtain harmonic mappings by the harmonic shearing method.

4.1

Publication I

A new method of approximating conformal mappings for simply and doubly connected domains is presented in this article. The method is based on the harmonic
conjugate function and properties of quadrilaterals, which form the foundation of our
algorithm. This algorithm itself is based on solving numerically the Laplace equation subject to Dirichlet-Neumann mixed-type boundary conditions [46]. It should
be noted, that the presented method is not restricted to polygonal domains, it is suitable for very general class of domains, which may have curved boundaries and even
cusps.
Let Ω in C be a domain with marked (positively ordered) points z1 , z2 , z3 , z4 ∈ ∂Ω,
then Ω is called a quadrilateral. The quadrilateral Q̃ = (Ω; z2 , z3 , z4 , z1 ) is called a
conjugate quadrilateral of Ω. Suppose that γj , j = 1, 2, 3, 4 are arcs of ∂Ω between
(z1 , z2 ) , (z2 , z3 ) , (z3 , z4 ) , (z4 , z1 ), respectively. Let u be the (unique) harmonic
solution of the Dirichlet-Neumann problem with mixed boundary values of u equal
to 0 on γ2 , equal to 1 on γ4 , and ∂u/∂n = 0 on γ1 , γ3 . If ũ is the harmonic solution of
the Dirichlet-Neumann problem associated with the conjugate quadrilateral Q̃, then
f = u + ihũ maps Ω onto a rectangle Rh = (Ω ; 1 + ih, ih, 0, 1), where h is the
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conformal modulus deﬁned as follows

|∇u|2 dx dy.

h = M(Q) =
Ω

y

v

z1

γ1

γ4

ih

Ω

f
γ3

z2

z4

γ1

x

u + ihũ

1 + ih

γ2

Rh

γ4

0

γ3

1

z3
γ2

u

Figure 4.1. Dirichlet-Neumann boundary value problem. Dirichlet and Neumann boundary conditions
are marked with thin and thick lines, respectively.

Consider next doubly connected domains. Let E and F be two disjoint and nondegenerate continua in the extended complex plane C∞ = C ∪ {∞}. Without loss of
generality, assume E is bounded, then deﬁne a ring domain R = C∞ \(E ∪ F ). The
capacity of R is deﬁned by

|∇u|2 dx dy,

capR =
R

where u is a harmonic function deﬁned on R with 1 on E and 0 on F . The conformal
modulus of a ring domain R is deﬁned by M(R) = 2π/capR. The ring domain R
can be mapped conformally onto the annulus Ar = {z ∈ C : e−r < |z| < 1}, where
r = M(R).
A step-by-step algorithm is given in Algorithm 4.1.1.
Algorithm 4.1.1 Conjugate Function Method
1:

Solve the Dirichlet-Neumann problem to obtain u and compute the modulus h.

2:

Solve the Dirichlet-Neumann problem associated with Q̃ to obtain ũ.

3:

Then f = u + ihũ is the conformal mapping from Q onto Rh such that the
vertices (z1 , z2 , z3 , z4 ) are mapped onto the corners (1 + ih, ih, 0, 1).

In case of doubly connected domain, Algorithm 4.1.2 is used. It should be noted
that, due to the implicit orthogonality condition, the choice of the steepest descent
curve is not unique.
Numerical validation tests are carried out against SC Toolbox in convex and nonconvex cases and against the analytic formula, which maps rectangle onto unit circle.
The error is measured point-wise as well as using the reciprocal identity. Due to the
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Algorithm 4.1.2 Conjugate Function Method for Ring Domains
1: Solve the Dirichlet problem to obtain the potential function u and the modulus
M(R).
2:

Cut the ring domain through the steepest descent curve which is given by the
gradient of the potential function u and obtain a quadrilateral where the Neumann
condition is on the steepest descent curve and the Dirichlet boundaries remain as
before.

3:

Use Algorithm 4.1.1.

nature of the test no a priori guarantee for pointwise convergence can be given, but
high accuracy of tested points with reciprocal identity test gives a valid indication to
the global convergence.
Remark. As stated in preliminary examiner R.M. Porter’s report, the main result of
the article is not new. In fact, if f : Q → Rh is the normalised conformal mapping,
then f˜ = if /h + 1 is the normalised conformal mapping to the conjugate rectangle.
The result ṽ = (1/h)u is automatically found upon writing f = u+iv and f˜ = ũ+iṽ.

4.2

Publication II

This article is a direct sequel to Publication I. Here the goal is to elaborate the conjugate function method to handle multiply connected domains. The underlying problem
is to ﬁgure out the cutting that is similar to double connected domains introduced in
Publication I. It turns out, that orthogonality requirement implies that the cut has to
go through the saddle point of the potential solution u between two sets. If there
exists a saddle point between two sets, then the sets are said to be conformally visible
to each other. In practice, ﬁnding these saddle points is not an easy task. Due to the
nature of our problem of solving Laplace equations, the Ridge method by Ionova and
Carter [55] is used to locate the saddle points.
Let E0 , E1 , . . . , Em be disjoint and nondegenerate continua in the extended complex plane C∞ = C ∪ {∞}. Suppose that Ej , j = 1, 2, . . . , m are bounded, then

a set Ωm+1 = C∞ \ m
j=0 Ej is is (m + 1)-connected domain, and its (conformal)
capacity is deﬁned by

cap Ωm+1 = inf
u

|∇u|2 dx dy,
Ωm+1

where the inﬁmum is taken over all non-negative, piecewise differentiable functions

u with compact support in m
j=1 Ej ∪ Ωm+1 such that u = 1 on Ej , j = 1, 2, . . . , m.
Suppose that a function u is deﬁned on Ωm+1 with 1 on Ej , j = 1, 2, . . . , m and 0
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on E0 . Then if u is harmonic, it is unique, and it minimises the above integral. Then
a modulus of Ωm+1 is deﬁned by M(Ωm+1 ) = 2π/cap Ωm+1 .
There exists a contour Γ0 such that it encloses the set Ej , j = 1, 2, . . ., and

d = M(Ωm+1 ) =
|∇u| ds,
(4.1)
Γ0

which is in fact an analogue to the ring domain. Without loss of generality, we
may assume that the cut γ0 is between E0 and E1 as well as the Dirichlet conditions. The underlying problem is to ﬁnd a way to further cut the domain between Ej ,
j = 1, 2, . . . , m, in such a fashion that the conjugate domain is simply connected and
boundary conditions satisfy Cauchy-Riemann equations. It turns out that that orthogonality requirement implies that the cut has to go through the saddle point between
two sets. The cutting process is given in Algorithm 4.2.1.
Remark. A cut γ is a curve in the domain Ω, which introduces two boundary segments denoted by γ + and γ − to the conjugate domain Ω̃. Along the oriented boundary ∂ Ω̃, the segments γ + and γ − are traversed in opposite directions.
Algorithm 4.2.1 Cutting Process
1:

Identify the saddle points sk , k = 1, 2, . . ..

2:

Join the two curves of steepest descent from ∂Ei and ∂Ej meeting at the point
sk into cut γm , m ≥ 1.

3:

Starting from the ﬁrst cut, form an oriented boundary of a simply connected
domain by alternately traversing cuts γm and segments of ∂Ej induced by the
cuts. Once the boundary is completed, every cut has been traversed twice (in
opposite directions) and every ∂Ej has been traversed once.

Note that, to cover symmetric cases, we allow overlapping or partially overlapping
cuts.
After cutting the domain Ω, it remains setting Dirichlet boundary conditions over
the cuts. Given that the ﬁrst cut leads to boundary conditions of 0 and d, it is sufﬁcient to simply trace the oriented boundary of Ω̃ and maintain the cumulative sum of
jumps in modules computed over the segments Γj,k , see Figure 4.2, connecting two
consecutive cuts.
Suppose that u1 is the (unique) harmonic solution of the Dirichlet-Neumann problem given on Ω. Let u2 be the harmonic solution satisfying following boundary values u2 equal to 0 on γ0+ and u2 equal to 1 on γ0− , Neumann conditions ∂u2 /∂n = 0
on ∂Ej , j = 0, 1, . . . , m. For the cutting curves γj , j = 1, 2, . . . , m, we have Dirich
let condition and the value is the cumulative sum of nth jump u2 = nj=0 dj /d. We
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Algorithm 4.2.2 Dirichlet Conditions Over Cuts
1: Set the Dirichlet boundary conditions of the boundary conditions induced by the
ﬁrst cut to 0 and d.
2:

Trace the boundary starting from the zero boundary and update the cumulative
sum of


|∇u| ds,

dm =

Γj,k

where the Γj,k are included in the order given by the boundary orientation.
3:

At every cut set the Dirichlet condition to the cumulative sum reached at that
point.

Γ2

Γ3
E2

γ1
Γ1,1

E3
Γ1,2
E1

γ2
Γ1,3

γ0
Figure 4.2. Non-symmetric case with two saddle points and ﬁve jumps.

 
 
|∇u| ds = k Γ |∇u| ds, and M(Ω) = k Γ |∇u| ds.
Γ1

Note that, we have

k

1,k

call this a problem on Ω̃, which is a conjugate problem of Ω. Note that, we have

1
|∇u2 | ds = .
M(Ω̃) =
d
Γ0
Thus we have the reciprocal identity
M(Ω) · M(Ω̃) = 1,
which can be used to measure the relative error of conformal mapping. However, we
do not have validation tests against other methods or analytical examples.
It should be noted, that the mapping depends on 3m − 6 parameters, moduli. Thus,
theoretically it is possible to have an incorrect result for some of the moduli such that
the reciprocal identity holds. However, probability of consistently having incorrect
moduli for signiﬁcant applications is extremely low.
Suppose u1 and u2 are the solutions to problems on Ω and Ω̃, respectively. Then
f = u1 + idu2 is an analytic function, and it maps Ω onto a rectangle Rd = {z ∈
C : 0 < Re z < 1, 0 < Im z < d} minus n − 2 line-segments, parallel to real
axis, between points (u1 (z̃j ), dj ) and (1, dj ), where z̃j is the saddle point of the
corresponding jth jump. Note that, the normalisation ũ(Re z̃, Im z̃) = 0, where z̃ is
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the intersection point of E0 and γ0+ , is used. See Figure 4.3 for an illustration of a
triply connected example. The construction of f is given in Algorithm 4.2.3.
Algorithm 4.2.3 Conjugate Function Method for Multiply Connected Domains
1: Solve the Dirichlet problem to obtain the potential function u1 and the modulus
d = M(Ω).
2:

Choose one path of steepest descent reaching the outer boundary E0 , γ0 .

3:

Identify the saddle points sm .

4:

For every saddle point: Find paths γk , k > 1, joining two conformally visible
boundaries ∂Ei and ∂Ej by ﬁnding the paths of steepest descent meeting at the
point sm .

5:

For every Ei : Choose a corresponding contour Γi , compute its subdivision Γi,k

induced by the paths {γ}, and the corresponding jumps dk = Γi,k |∇u| ds.

6:

Construct the conjugate domain Ω̃ by forming an oriented boundary using paths
{γ} and {∂E}.

7:

Set the boundary conditions along paths {γ} by accumulating jumps in the order
of traversal.

8:

Solve the Dirichlet-Neumann problem on Ω̃ for u2 .

9:

Construct the conformal mapping f = u1 + idu2 .

f

Figure 4.3. Construction of the conformal mapping from domain of interest onto a canonical domain.

Besides the error from M(Ω), locating saddle points and searching for cuts give us
two more sources of error. The tolerance for these errors should be adjusted to obtain
the result that satisfy the tolerance given by the reciprocal error.
For m+1 connected domains, we have 3m−3 different moduli, degrees of freedom.
In general, we have 2m − 1 jumps to make, and m − 1 saddle points to locate. These
two sums up to 3m − 2. However, the cut γ0 can be chosen that the ﬁrst and the last
jump d1 and d2m−1 , respectively, are equal. Thus the degrees of freedom is reduced
by one, and we obtain 3m − 3.

The Dirichlet condition ũ = nj=1 dj /d is by no means the only condition we can
use. Instead of condition obtained from jumping, we may simple put ũ = |∇u0 | on
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γj , j = 1, 2, · · · , m. There are some drawbacks in this condition. The sets Ej have
to form a chain of conformally visible sets. Thus a freedom on cutting the domain
is lost. The forced chain also makes the cutting a domain with common saddle point
a much harder problem, as the Dirichlet boundary condition needs to be put on a
single point when the cut is tracking back to the root. Another crucial downside is
the canonical domain. Instead of rectangle with removed slits, we have a rectangle
with semi ellipses cut out, see Figure 4.4. Thus easiness of making the grid to the
rectangle is lost as well.

f˜

Figure 4.4. An alternative construction of the conformal mapping from domain of interest onto a canonical domain.

4.3

Publication III

This ﬁrst paper on harmonic mappings deals with explicit examples of harmonic
shearing and minimal surfaces. Harmonic shears of the following CHD conformal
mappings are considered
 z
⎧
⎪
⎪
(1 − ζ n )−2/n dζ,
η(z)
=
⎨
0


⎪
z
1+z
⎪
⎩ ϕ(z) = A log
+B
,
1−z
1 + cz + z 2
where η maps the unit disk onto a regular polygon and ϕ is a four slits map and it
maps the unit disk D onto a domain convex in the direction of the real axis.
For ϕ, some previous studies of special cases have been conducted by Ganczar and
Widomski [37]. In certain special cases, namely c = −2 and c = 2, the image of the
unit disk D under ϕ is



Aπ
A
2A 2A + B
C\ x ±
i : x ∈ −∞, log
−
,
2
2
B
4
and



A
2A 2A + B
Aπ
i : x ∈ − log
+
,∞
,
C\ x ±
2
2
B
4
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respectively. In the case c = 0, the mapping ϕ maps the unit disk D onto C minus
the following half-lines:




√
B(2A + B)
Aπ
2A + B + B
A
,
x±
−
i : x ∈ −∞, − log √
2
2
4
2A + B − B
and






√
B(2A + B)
Aπ
A
2A + B + B
x±
i:x∈
log √
,∞
.
+
2
2
4
2A + B − B

Then for ϕ and the dilatation ω(z) = z n , n ≥ 2, we compute (3.1) and get
h(z) = 2AI1 −



B
i e−iγ I2 − eiγ I3 ,
2 sin γ

where I1 and I2 are given in Tables 4.1 and 4.2, respectively.
Table 4.1. Integral I1 from h of the slit mapping ϕ with a dilatation ω(z) = z n . Note that in the case
of n = 1, the summation should be omitted. See Table 4.2 for the integrals I2 and I3 .

n
1
n

even



I1

n−1

I1,0 +
I1,k

k=1
⎛

1⎝
I1,0 + I1,n/2 +
n

odd

⎞
I1,k ⎠

k∈N0,n/2

Table 4.2. The integrals I2 and I3 from h.

γ

I2

I3

is not 2πm/n

Iη

Iη

is 2πm/n

I3,n−m

I3,m

Combining the result of h and given g = h − ϕ, we have the harmonic shear
f = h + g that maps the unit disk univalently onto a domain which is convex in the
horizontal direction.
The conformal mapping η and its harmonic shears for dilatations have been studied
by Driver and Duren [30]. The harmonic shears have been given by hypergeometric
function. In this research dilatations ω(z) = z 2n , and for n is an odd number in η
with ω(z) = z 2 are studied.
For η and the dilatation ω(z) = z 2n , we can write the harmonic shears in term of
the ﬁrst Appell hypergeometric function [7, p. 73], which is deﬁned by
F1 (a, b1 , b2 ; c; x, y) =

∞
∞ 

(a)k+l (b1 )k (b2 )l
k=0 l=0
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where (α)n is the Pochhammer symbol deﬁned by
(α)n = α(α + 1) · · · (α + n − 1) =

Γ(α + n)
,
Γ(α)

α ∈ C.

Appell hypergeometric functions can be deﬁned by Euler’s integral as follows [7, p.
77]:
F1 (a, b1 , b2 ; c; x, y) =

Γ(c)
Γ(a)Γ(c − a)



1

ta−1 (1−t)c−a−1 (1−xt)−b1 (1−yt)−b2 dt,

0

where Re c > Re a > 0.
By tedious computation of (3.1), we obtain


⎧
1
2
1 n
n
⎪
⎪
,
,
1
+
,
1;
1
+
;
z
,
−z
h(z)
=
zF
1
⎨
n
n
n


⎪
z 2n+1
1
2
1
⎪
⎩ g(z) =
F1 2 + , 1 + , 1; 3 + ; z n , −z n .
2n + 1
n
n
n
Likewise, if n is an odd number in η and the dilatation ω(z) = z 2 , we have
⎧


n−1
⎪
 z 2k+1
2
2k + 1 n
2k + 1
⎪
⎪
⎪
F1
, 1 + , 1; 1 +
, z , −z n ,
h(z) =
⎪
⎨
2k + 1
n
n
n
k=0


n
2k+1
⎪

⎪
2
2k + 1 n
2k + 1
z
⎪
n
⎪
F1
, 1 + , 1; 1 +
, z , −z .
⎪
⎩ g(z) =
2k + 1
n
n
n
k=1

Other harmonic shears of the above conformal mappings ϕ and η with other dilatations can be computed as well.

4.4

Publication IV

In this paper the numerical construction of harmonic shears is concerned. The harmonic mapping f can be constructed by computing h from the equation
 z
 1
ϕ (ζ)
ϕ (zt)
h(z) =
dζ =
z dt.
0 1 − ω(ζ)
0 1 − ω(zt)
The latter integral is more suitable for numerical method such as Gauss quadratures.
Here the derivative of ϕ is taken from the SC toolbox. Note that, the derivative of
Schwarz-Christoffel mappings is readily available from the construction. Besides the
SC toolbox any other method of obtaining conformal mappings is suitable as well.
Due to the nature of singularity induced by the dilatation ω, the Gauss-Kronrod
quadrature is used to approximate the integral. For some choices of dilatations, an
appropriate Gauss quadrature can be chosen to deal with singularities. However, the
singularity depends solely on the dilatation ω and thus, a priori, one cannot say which
quadrature will give the best performance.
A pointwise validation of the numerical scheme is run against the analytic representation of the harmonic mappings. All conformal mappings obtained by the SchwarzChristoffel toolbox are computed with the precision setting: precision = 1e-14.
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In this validation, there are two source of errors. The ﬁrst source comes from the integration of h and the second one comes from the conformal mapping ϕ itself. From
the test cases, the main source of error came from the singularities of dilatations,
which is due to non optimal choice of the Gauss quadrature. The accuracy can be
improved if the type of the singularity is known and the algorithm is tweaked to work
around it.
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