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1. Introduction
A bird’s–eye view of a forest assists one in imagining the trees as mere points on a
map of the area. Like forest growth, many phenomena may be similarly described to
form or produce points in a randommanner. Observations of these phenomena may
be called point patterns and the phenomena themselves modelled as point processes.

Tree locations in a forest is often given as a typical example of a point process
(Illian et al. 2008; Lieshout 2010; Møller andWaagepetersen 2003) but the tools of the
trade lend themselves to remarkably varied problems. From grain positions in pieces
of concrete (Ballani 2006) through copper ore deposits inQueensland (Berman 1986)
to galaxies in a supercluster (Drinkwater et al. 2004), point processes run the gamut
of physical proportions in scientific research. Other applications from diverse fields
include modelling ant nests (Harkness and Isham 1983), modelling the distribution
of an autoimmune liver disorder within the population of Northeast England (Prince
et al. 2001) and even laying out a network of surveillance sensors while minimizing
the cost (Mhatre et al. 2005). Figure 1.1a depicts an example of a point pattern.

When the interest lies solely in the geometric structure of the pattern of point
locations, unmarked point processes, as described thus far, remain useful. However,
sometimes attention is directed at other data collected at the points of a point pro-
cess. When such information is attached to the points, the process is called a marked
point process. The information – marks – could express the species of each tree or
the mass of honey in each wild beehive, for example. Figure 1.1b shows a marked
point pattern.

When examiningmarked point processes, one usually starts by inspectingwhether
themarks are conditionally independent and identically distributed given the points,
i.e. whether the points are randomly labelled. If that is the case, the analysis of the
marks can be significantly eased by abandoning the spatial approach altogether.

To test for a spatial point process hypothesis one commonly uses a deviation
test. The classic deviation tests (Diggle 1979) are still widely in use even with a
few inherent problems. After condensing the basics and necessary background in
Chapter 2 I will present these challenges in using classic deviation tests in Chapter 3.

The most original part of this thesis resides in Chapter 4 where I introduce func-
tional data depth as a solution for the problems. To enable the use of two differ-
ent forms of functional data depth in the context of spatial point processes, I will
also unveil two new fast, complete and most of all correct algorithms. The focus is
on making it possible to use these functional data depth methods for large simula-
tion studies, for example, and not to find the most powerful measure. Due to some
confusion and mistakes in the published literature on functional data depth, I will
spend considerable effort to convince the reader of the rigour of the analysis and
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1. Introduction

algorithms.
Chapter 5 tests one hypothesis for each point pattern in Figure 1.1 and explains

the results. I will conclude the thesis with a discussion of the presented methods
and other alternatives of resolving the issues with classic deviation measures in
Chapter 6.

(a) swedishpines. (b) waka.

Figure 1.1.: (a) presents the locations of pine saplings in a Swedish forest (Ripley
1981, p. 175; originally published in Strand 1972), available as the data
set swedishpines distributed in spatstat (Baddeley and Turner 2005).
(b) shows trees recorded at Waka National Park in Gabon (Picard et al.
2009; originally published in Balinga et al. 2006), available as waka in
spatstat. The latter point pattern is marked with the diameter of each
circle depicting the tree diameter at breast height (dbh), not to scale.

12



2. Fundamentals of point processes

2.1. Basic concepts

A finite or a locally finite set of randomly located points is called a point pattern
(Lieshout 2010, pp. 263–265). When such a pattern is produced by a stochastic pro-
cess, one deems the pattern an observation of a point process. A point process is often
denoted by 𝑁 = {𝑥𝑖}, where 𝑥𝑖 is used as a dummy variable to discern between the
points. In other words, 𝑖 does not imply any order.

The subject matter of this thesis is confined to spatial point processes which means
that the point processes must occur in two or more dimensions. For clarity, Stoyan
and Stoyan (1994, p. 189ff.) prefer to call such processes random point fields as the
word process might lead astray: Spatial point processes do not change over time
with the exception of space–time point processes. As the earliest forms of the theory
of point processes concerned points in time and the time intervals between events
(Daley and Vere-Jones 2003, Chapter 1), the nomenclature later carried over to the
branch of spatial point processes. Daley and Vere-Jones (2003, 2008) and Jacobsen
(2006) describe the one-dimensional time point processes in more detail.

A crucial part of analysing a point pattern is to know the region in which it is
recorded.This area is called thewindow, designatedwith𝑊 and is required to belong
to a complete, separable metric space (Lieshout 2010, Definition 16.1). This thesis is
restricted to planar i.e. two-dimensional processes so that 𝑊 ⊂ ℝ although the
methods ahead can readily be generalized to higher dimensions. I adopt the same
naming convention as Illian et al. (2008, p. 24) and refer to any point inside𝑊 as a
location whereas the points of a point pattern within𝑊 are simply called points.

If the distribution of a process is not affected by shifting its points by an arbitrary
constant vector, the process is strictly stationary (Daley and Vere-Jones 2008, p. 178),
or translation invariant by another name. Similarly, a process is isotropic, if its dis-
tribution is not affected by an arbitrary rotation of the points. A process that is both
isotropic and stationary is called motion-invariant (Illian et al. 2008, pp. 37–39).

2.2. Intensity and interaction

Intensity refers to the mean amount of points in an unit area or volume. Generally
intensity can be defined as

𝜆 = E[𝑁(𝐵)]
|𝐵| (2.1)

13



2. Fundamentals of point processes

where 𝑁(𝐵) is the amount of points of the process 𝑁 within 𝐵 and |𝐵| is the Le-
besgue measure of 𝐵. If the intensity is constant everywhere, the process is called
homogeneous. Otherwise the process is called inhomogeneous or more rarely non-
homogeneous.

Note that a stationary process is not necessarily homogeneous as the distribution
of the process might not be directly defined in terms of intensity. For example Log
Gaussian Cox processes (LGCP) (Illian et al. 2008, p. 381; Coles and Jones 1991; Møller
et al. 1998) are motion-invariant under certain common restrictions (Rasmussen and
Williams 2006, pp. 79–80) but definitely not homogeneous.

If the points of a process gather locally together more tightly than the intensity
would lead to expect, the process has clustering, also called aggregation or contagion.
If on the other hand the points lie more scarcely than one would expect knowing the
intensity, the process has regularity, or inhibition by another name. If the process has
clustering or regularity, it is commonly said to have interpoint interaction. Perhaps
the expressions “association between points” or “stochastic dependence between
points” would describe the concept more clearly since direct physical interaction
between points is not required (Baddeley 2010, p. 343).

2.3. Usual assumptions
There are standard assumptions for analysing point patterns (Baddeley 2010, pp. 341–
342):

• The window𝑊 is fixed, known and independent of the process.

• Every point of the process within𝑊 is observed i.e. none is overlooked.

• The points of the process are observed without any error in their locations.
It might seem quite radical to suggest that there is no noise in the recorded
locations. However, the process itself can contain noise which will be reflected
in the exact locations of the points.

• No point of the process lies at exactly the same location as another point of
the process. Such points are called simple.

Onemight find it difficult to distinguish inhomogeneity of intensity from stochastic
dependence between points. In fact, a realisation of a homogeneous and clustered
process can have exactly the same point locations as a realisation of an inhomogen-
eous process without any dependence between the points (Bartlett 1964). Therefore
expert opinion is valued in determining how a phenomenon should be modelled.

Similarly, assuming stationarity or isotropy often requires domain knowledge. An
expert in the field may suggest whether a phenomenon should be modelled as sta-
tionary or not. Nevertheless, stationarity is often assumed in order to simplify the
analysis.
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2.4. Marked point process

2.4. Marked point process
When studying point patterns, the research questions necessarily revolve around the
geometric structure of the pattern of point locations (Cressie 1993, p. 12). However,
sometimes interest is directed at some other data collected at the points of a point
process.

Consider the locations of wild beehives and the mass of honey in each hive. Had
we access only to the locations, our analysis might stop at examining clustering or
regularity. Instead, knowing the honey content opens up new interesting questions.
For example, can one find a statistical dependence between the locations of the nests
and the honey content? If one observed clustered nests that containmore honey than
nests on average, one might gain evidence for a hypothesis that bee nests tend to
aggregate around plentiful nectar sources causing none of the nests to face scarcity.
If on the other hand one observed that nests close together had less honey than nests
on average, one might use it to support a hypothesis that bees need to compete over
scarce nectar.

Such cases could be investigated with the tools for marked point processes. In a
marked point pattern generated by a marked point process each point carries some
information with it. This information is called the mark of the point. The mark be-
longs to some mark space 𝐿which should be a complete and separable metric space
(Lieshout 2010, p. 265). The marks of a point process are often denoted with ℳ.

A special case of marked point processes are multitype point processes where the
marks come from a finite set of types. Such categorical marks could express e.g. the
species of each tree.

2.5. Binomial and Poisson process
A binomial point process has only one parameter, the amount of points 𝑛 within
window𝑊 . The 𝑛 points are distributed independently and uniformly within𝑊 .

A homogeneous Poisson process on the other hand is determined by the intensity
𝜆. Poisson processes are closely related to binomial point processes as can be seen
from the simulation of a Poisson point pattern with intensity 𝜆:

1. Draw the amount of realised points from the Poisson distribution: 𝑛 ∼ Pois(𝛬)
where 𝛬 = 𝜆|𝑊|.

2. Create a binomial point pattern using 𝑛.

The binomial point process is sometimes called the conditional Poisson process with
𝑛 points (Illian et al. 2008, p. 139). The intensity of an inhomogeneous Poisson process
varies with location instead of being constant over the whole window.

As the Poisson process lacks any structure, it is described as a similar concept to
white noise (Cressie 1993, p. 633). The Poisson process is often used as a reference
point for other processes (Illian et al. 2008, p. 57). Often a more complicated process
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2. Fundamentals of point processes

reduces to a Poisson process when a parameter is set to a certain value, such as the
area-interaction process with the parameter value of 𝛾 = 0 (Illian et al. 2008, p. 158).

2.6. Common null hypotheses
This thesis touches upon the most common null hypothesis for spatial unmarked
point processes and a common one for marked point processes, complete spatial
randomness and random labelling, respectively. Complete spatial randomness (CSR)
means that the points of a process are dispersed randomly with no regard to each
other. Unmarked point patterns are usually tested for CSR first, since if CSR is not
rejected for a pattern, there is no need to continue the spatial analysis and modelling
of that pattern. The Poisson process is the ideal model for CSR (Illian et al. 2008,
pp. 57–58).

Random labelling refers to the situation where the marks of a marked point pat-
tern are conditionally independent and identically distributed given the points (Il-
lian et al. 2008, p. 296). The motivation for this hypothesis is that, in case a marked
point pattern exhibits random labelling, the marks may be analysed on their own
completely detached from the point pattern. A way to model random labelling is to
take an existing marked point pattern and permute the marks randomly, either with
or without replacement (Illian et al. 2008, p. 296).

2.7. Monte Carlo tests
For one can rarely find closed-form expressions for the practical problems in point
process statistics, simulation is the standard approach to test hypotheses (Illian et
al. 2008, p. 78). A comment by Barnard in Bartlett (1963, p. 294) features the idea
of a Monte Carlo deviation test for one-dimensional point patterns. This simplified
Monte Carlo test (Hope 1968) gained popularity and is now the main method of
testing point process hypotheses.

The idea of the Monte Carlo test is to generate 𝑠 point patterns from the null
hypothesis. Then one compares the observed pattern with the 𝑠 patterns. Loosely
speaking, if the observation is an outlier among the patterns, the hypothesis is re-
jected. There are two main types of tests in use, the envelope test and the deviation
test.

In the envelope test in its original form (Besag and Diggle 1977; Ripley 1977) each
of the 𝑠+1 point patterns is summarised by a real summary function 𝑆(𝑟). �̂�(𝑟) shall
stand for the summary function estimate of the observed pattern. The graphs of the
estimates �̂�(𝑟) of the simulated patterns can be thought to form an envelope:

 (𝑟, 𝑦) | 𝑟 ≥ 0,min
𝑖
𝑆𝑖(𝑟) ≤ 𝑦 ≤ max

𝑖
𝑆𝑖(𝑟), 𝑖 ∈ {2, … , 𝑠 + 1} . (2.2)

If the graph of the summary function estimate of the observed pattern breaks out of
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2.8. Comparing patterns

the envelope, i.e. reaches a value outside of the envelope for any 𝑟, the hypothesis
is assumed rejected.

This pointwise envelope test is not a formal test as it is hindered by the multiple
testing problem (Loosmore and Ford 2006). It would be a valid test in the case that
an 𝑟-value was chosen to be looked at a priori (Baddeley et al. 2014) but such prior
information is rare in realistic settings. Indeed, practitioners favour the envelope
test for its explanatory power and for getting a glimpse into the behaviour of the
pattern for all 𝑟 after visualising the envelope test. Fortunately, the recent efforts
in Grabarnik et al. (2011) and Myllymäki et al. (2015b) reform the envelope test to
provide a statistically valid, effective test for the needs of the domain experts.

For the deviation test (Diggle 1979) one calculates summary function estimates
similarly to the envelope test. Then one calculates a test statistic 𝑢 ∈ ℝ for the es-
timate for the observed pattern and, using the same method, 𝑢𝑗 ∈ ℝ, 𝑗 ∈ {2, … , 𝑠 + 1}
for the estimates of the simulated patterns. Denote the significance level with 𝛼. If
the rank of 𝑢 is among the 𝛼(𝑠 + 1) most extreme ranks of 𝑢𝑗, the null hypothesis
is rejected. This concept was formalised in Fisher (1960, p. 16), Hope (1968, p. 583),
Marriott (1979, pp. 75–76), Diggle (1986, p. 121), Cressie (1993, p. 667), Diggle (2003,
p. 9) and Loosmore and Ford (2006, Equation (5)):

�̂� = 1 −
∑𝑠+
𝑗= 1𝑢𝑗 < 𝑢
𝑠 + 1 (2.3)

TheMonte Carlo testing and deviation testing procedure flows have been visualised
in Figure 2.1.

Ripley (1981, p. 16) notes that for any tied values of 𝑢, the ranking of the tied values
should be random. Besag and Clifford (1991) mention that a range of 𝑝-values could
be reported in the case of tied ranks. Other valid options include choosing the 𝑝-
value according to the midrank or picking the conservative i.e. the highest 𝑝-value
or the liberal i.e. the lowest 𝑝-value. One may also apply another deviation measure
to resolve the ties.

No Monte Carlo test result as such can provide explanations for rejecting a hy-
pothesis. Therefore the test cannot guide the next step in the analysis. As few re-
searchers would feel fully satiated after merely finding out that their pattern does
not exhibit e.g. complete spatial randomness, Monte Carlo tests rarely suffice as the
only means of analysis.

Fortunately in practice the summary functions used in tests often aid in explaining
the reasons for the rejection when visualised.The functions may indicate where and
what kind of spatial dependence occurs. Yet the visualisation is not an inherent part
of the test.

2.8. Comparing patterns
One-dimensional point patterns are a special case but in general the points of a
pattern do not have an inherent order. How should one compare unordered sets of
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2. Fundamentals of point processes

Start with an ob-
served point pattern.

Choose the signific-
ance level 𝛼 and the
null hypothesis 𝐻.

Simulate 𝑠 point pat-
terns under 𝐻.

Find the rank for
the observed pattern
among the 𝑠 simula-
tions.

If the rank of the
observed pattern is
among the 𝛼(𝑠 + 1)
most extreme ranks,
reject 𝐻.

Start with an ob-
served point pattern
and 𝑠 simulated pat-
terns.

Choose a summary
function 𝑆(𝑟) and a
deviation measure 𝑈 .

For each point pat-
tern, estimate 𝑆(𝑟).

Calculate the devi-
ation of �̂�(𝑟) for each
point pattern using
𝑈 .

Find the rank of the
deviation of the ob-
servation among the
other deviations.

Figure 2.1.: Monte Carlo test procedure on the left. When the steps on the right are
used to find the rank of the observation, the whole procedure describes
a deviation test.
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2.8. Comparing patterns

points?
One can characterise a pattern into a summary function 𝑆(𝑟) which often has the

form 𝑆 ∶ 𝑟 ↦ 𝑠, 𝑟 ≥ 0, 𝑠 ∈ ℝ, where 𝑟 stands for distance either from a typical loca-
tion or from a typical point of the process. These functions do not contain enough
information to recreate the patterns but brings one closer to comparison.

As a point process is observed in a finite window, the edges of the window cause
error in the estimation. This error is mitigated with an edge function. The trans-
lational edge correction (Ohser and Stoyan 1981; Illian et al. 2008, p. 188) and the
border method (Illian et al. 2008, p. 185) are two of the commonly used edge correc-
tions.

Ripley’s 𝐾-function (Ripley 1977) is a commonly used summary function. Inform-
ally, it gives the average amount of other points from a typical point of the process
as a function of 𝑟. It also separates the global point density from local point density
fluctuations using 𝜆. 𝐾-function is defined as (Illian et al. 2008, p. 215)

𝐾(𝑟) = E (𝑁(𝑏(𝑜, 𝑟) ⧵ {𝑜}))
𝜆 , (2.4)

where E (𝑁(𝑏(𝑜, 𝑟) ⧵ {𝑜})) stands for the mean of the point process in the Palm sense
(Illian et al. 2008, p. 178) and 𝑏(𝑜, 𝑟) is a sphere of radius 𝑟 centered at 𝑜. The 𝐾-
function is estimated with

�̂�(𝑟) = 1
𝜆

𝑛

𝑖=

𝑛

𝑗=
𝑗≠𝑖

1𝑥𝑖 − 𝑥𝑗 ≤ 𝑟𝑒𝑥𝑖, 𝑥𝑗, (2.5)

where 𝜆 is the ratio-unbiased estimate of the squared intensity and 𝑒𝑥𝑖, 𝑥𝑗 is the
edge correction term.

If �̂�(𝑟) is significantly larger than 𝜋𝑟, the point pattern has clustering. If �̂�(𝑟) is
smaller, the point pattern shows inhibition. Due to the cumulative nature of 𝐾(𝑟), it
might not be easy to see the exact radius of interaction.

While 𝐾(𝑟) increases quadratically as 𝑟 grows, the 𝐿-transformation, first sug-
gested by Besag in Ripley (1977, pp. 193–195), increases linearly. Silverman’s com-
mentary on Ripley (1977, p. 201) explains why the 𝐿-transformation stabilizes the
variance of the 𝐾-function approximatively. Silverman also suggests the name 𝐿.
The commentary by Serra and Lantuejoul on Ripley (1977, p. 208) suggests using 𝜋
in the transformation. The 𝐿-function for two-dimensional point processes is then
defined as

𝐿(𝑟) =
√
𝐾(𝑟)
𝜋 . (2.6)

The estimation follows the same formula. The 𝐿-transformation is often preferred to
or even implicitly used instead of the 𝐾-function.
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2. Fundamentals of point processes

For marked point processes, one can define the marked 𝐾𝑓-function (Penttinen
and Stoyan 1989) which can be estimated as

�̂�𝑓(𝑟) =
1
𝜆𝑐𝑓

𝑛

𝑖=

𝑛

𝑗=
𝑗≠𝑖

𝑓𝑚(𝑥𝑖), 𝑚𝑥𝑗1𝑥𝑖 − 𝑥𝑗 ≤ 𝑟𝑒𝑥𝑖, 𝑥𝑗, (2.7)

where 𝑓𝑚(𝑥𝑖), 𝑚𝑥𝑗 stands for the mark test function and 𝑐𝑓 is the scaling factor.
𝐿𝑚𝑚(𝑟) is defined similarly to the unmarked case.

For example for 𝐾𝑚𝑚 the mark test function is

𝑓𝑚(𝑥𝑖), 𝑚𝑥𝑗 = 𝑚(𝑥𝑖)𝑚𝑥𝑗 (2.8)

and the scaling factor is the squared mean mark 𝜇ℳ. Assuming non-negative marks,
if the marks of both points are small, the product will be small as well. If both marks
are large, the product will be large. In practice that means that if nearby points are
similar on average, the 𝐾𝑚𝑚-function will differ from the 𝐾-function accordingly.
Our R library marksummary (Myllymäki et al. 2015c) provides efficient routines for
computing 𝐾𝑓(𝑟) and 𝐿𝑓(𝑟) and simulating random labelling.

Even though the 𝐾-function is recommended for practical use, there is a need for
other summary functions (Illian et al. 2008, p. 214). The 𝐾-function is not sensitive
to all features. One should also use a different summary function for fitting a model
and validating the model. The empty space function is defined as (Illian et al. 2008,
p. 42)

𝐹(𝑟) = 1 − P (𝑁(𝑏(𝑜, 𝑟)) = 0) (2.9)

and describes the probability that the sphere of radius 𝑟 around a typical location
contains at least one point of the point process.

2.9. Deviation measures
The deviation measures measure how much a summary function estimate �̂�(𝑟) de-
viates from the theoretical function 𝑆(𝑟) under the null hypothesis. If 𝑆(𝑟) is not
known, it may be estimated as the mean of the simulations. Define a residual as
(Ripley 1977, p. 210)

𝑑(𝑟) = �̂�(𝑟) − 𝑆(𝑟). (2.10)
Matching the convention in classical statistics, the summary function 𝑆(𝑟) used for
a deviation test should have a cumulative nature (Illian et al. 2008, p. 457).

There are three common deviation measures that I dub the classic deviation meas-
ures.The maximum absolute deviation measure (MAD) is based on the Kolmogorov-
Smirnov statistic and is formulated as (Ripley 1977)

𝑈∞ = sup
𝑟∈[𝑟min ,𝑟max ]

|𝑑(𝑟)|. (2.11)
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2.9. Deviation measures

If the observation is expected to deviate from the null hypothesis at a short range
of distances 𝑟, 𝑈∞ sounds suitable.

The integral measure follows (Illian et al. 2008, p. 457)

𝑈𝐿 = 
𝑟max

𝑟min

|𝑑(𝑟)|d𝑟 (2.12)

and may be thought of as measuring the area of the residual. The squared integral
measure is modified from the Cramér–von Mises test statistic (Cressie 1993, p. 667)
and is defined as

𝑈𝐿 = 
𝑟max

𝑟min

|𝑑(𝑟)|d𝑟. (2.13)

When the deviation is expected to occur on a wide range of 𝑟-values, the integral
measures might turn out more effective than MAD.
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3. Issues with classic deviation
measures

The classic deviation measures assume simpler behaviour from the summary func-
tions than what arises in practice. An ideal summary function has equal rejective
power at all interaction distances chosen for testing. Yet in a realistic setting, classic
deviationmeasures lose rejective power in the presence of spreading and asymmetry
of the summary functions.

Given a summary function 𝑆(𝑟), spreading occurs if the variance of the distribu-
tion of �̂�(𝑟) varies along 𝑟. For 𝐾(𝑟) and 𝐿(𝑟) and their marked counterparts 𝐾𝑓(𝑟)
and 𝐿𝑓(𝑟) the variance increases as 𝑟 increases. Even though the 𝐿-transformation
is expected to stabilize the variance of 𝐾(𝑟), in practice this is often not exactly the
case. For some other summary function exhibiting spreading, the largest dispersion
might occur somewhere between the ends of a sensibly chosen interval for 𝑟, instead.

Figure 3.1 presents a case of prominent spreading even after transforming 𝐾𝑓 to
𝐿𝑓. As seen in Figure 3.1a, the curve for the observed pattern roams far from the
centre of the distribution of the simulations, breaking out of the 95% central region
around 𝑟 = 3 and again at 𝑟 = 6. It seems plausible that a deviation test on this set
of curves would end up rejecting the hypothesis.

Yet Figures 3.1b to 3.1d show that if one were to use classic deviation measures,
some disappointingly typical simulations would achieve a higher deviation than our
observation curve. For example, the simulation in Figure 3.1b remains within the
80% central region throughout the 𝑟 interval. All of the simulations in white seem
to gain an unfair advantage from the spreading.

Asymmetry occurs if the distribution of �̂�(𝑟) is skewed somewhere along 𝑟. Fig-
ure 3.2 features both spreading and asymmetry. The empty-space function 𝐹(𝑟) (Il-
lian et al. 2008, p. 42) is equal to the nearest-neighbour function𝐷(𝑟) for the Poisson
process (Illian et al. 2008, p. 208) which is used here for the CSR hypothesis simu-
lation. As all distances are clearly not as likely to present the nearest neighbouring
point under the Poisson process, 𝐹(𝑟) can be expected to suffer from spreading. How-
ever, in this case the observation curve reaches its maximum roughly at the same
distance as the envelope reaches its maximum variance. Thus the spreading does
not reduce the deviation of the observation in relation to the simulations.

Instead, the 𝑟-wise distributions of the simulation curves have substantial negat-
ive skew. Figures 3.2b to 3.2d present individual simulation curves that gain higher
deviation than the observation curve, likely due to asymmetry. Yet by visual inspec-
tion the highlighted simulation curves break less dramatically out of the 95% cent-
ral region than the observation. It seems untenable to claim that those simulations
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3. Issues with classic deviation measures

deviate more from the hypothesis than the observation, yet the classic deviation
measures suggest so.

In the next chapter we will look at a few alternatives for the classic deviation
measures to avoid the issues presented above.
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(a) Trees in Waka National Park in Gabon and the random labelling hypothesis.

(b) 𝑈∞ (c) 𝑈𝐿 (d) 𝑈𝐿

Figure 3.1.: The pattern waka with overlapping points removed compared to 9999
simulations of random labelling. (a) presents �̂�𝑚𝑚(𝑟) − �̂�(𝑟) for the obser-
vation in black while the grey ribbons depict a continuous boxplot of
the 𝑟-wise distributions of the same estimates for the simulations. The
translational edge correction method was used. The envelope spreads
as 𝑟 increases. (b), (c) and (d) show single simulations in white for devi-
ation measures𝑈∞,𝑈𝐿 and𝑈𝐿 , respectively. Each of these highlighted
simulations reaches a higher deviation than the observation.
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(a) Swedish pines and the complete spatial randomness hypothesis.

(b) 𝑈∞ (c) 𝑈𝐿 (d) 𝑈𝐿

Figure 3.2.: The pattern swedishpines compared to 9999 simulations of complete
spatial randomness. (a) presents �̂�(𝑟)−𝐹theoretical(𝑟) for the observation in
black while the grey ribbons depict a continuous boxplot of the 𝑟-wise
distributions of the same estimates for the simulations. The border edge
correction method was used. The negative skew, asymmetry, becomes
more prominent as 𝑟 increases. (b), (c) and (d) show single simulations
in white for deviation measures 𝑈∞, 𝑈𝐿 and 𝑈𝐿 , respectively. Each of
these highlighted simulations reaches a higher deviation than the obser-
vation.



4. Functional data depth
In this chapter I present the idea of functional data depth and a few of its concrete
variants. To be able to use these variants for point process purposes, I will devise
algorithms for two methods as the algorithms published in the literature are either
slow, incomplete or incorrect. I will also analyse the behaviour of the variants and
come up with recommendations on their use.

4.1. Introduction
Data depth describes the centrality of a point among a point cloud as a non-negative
real number. Taking the idea further, functional data depth describes the centrality
of a curve among a set of curves.The larger the depth, the more centrally an element
is positioned within the set. Vice versa, the elements with the least amount of depth
can be said to deviate the most from the other elements.

Therefore it is straightforward to use functional data depth as an alternative to
traditional deviation tests. As far as I am aware, such attempts have not yet been
published. One only needs to be careful to use the inverse or the opposite of the
depth as the deviation.

The concept of depth for data in one or two dimensions is introduced in Tukey
(1975). Liu (1990) describes the simplicial depth formultivariate data in 𝑝 dimensions.
Fraiman and Muniz (2001) present the first method of data depth for functional data.
Nonetheless, López-Pintado and Romo (2009) is seen as the primary introduction
to functional data depth although the same methods ended up published earlier in
other papers by the same authors (López-Pintado and Romo 2006, 2007).

While it is easy to order univariate data, multivariate data offers many options for
computing data depth. Functional data depth does not refer to any single method,
either. Instead, López-Pintado and Romo (2009) present two variants called band
depth (BD) and modified band depth (MBD). BD seems conceptually simpler but
computationallymore challenging thanMBD. Later, for computational reasons, they
define simpler alternatives in the form of half-region depth (HRD) andmodified half-
region depth (MHRD) (López-Pintado and Romo 2011).

4.2. Functional data
Ferraty and Vieu (2006, Definition 1.1) defines a random variable as functional if it
takes values in an infinite dimensional space. Functional data is an observation of
such a random variable.
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4. Functional data depth

Even though the random variable may have more than one dimension in the do-
main, especially for spatial data (Ramsay and Silverman 2006, Section 22.2.3), often
the focus is on random curves so that the observations consist of unidimensional
real functions. In addition, Ramsay and Silverman (2006, Section 3.2.1) note that one
often expects the functions to have some smoothness properties.

Usually the data is not handled analytically or in analog fashion but numerically
and digitally, instead. The data consists of samples for which one assumes the ex-
istence of a function giving rise to the observations (Ramsay and Silverman 2006,
Section 3.2.1). One must also accept finite resolution to store the data. A data value
might be stored as a 64-bit floating-point number or an 8-bit integer, for example,
giving rise to tied values. Figure 4.1 depicts the types for unidimensional functional
data.

Many of the published definitions for functional data depth methods include both
a population and a sample version. I shall focus on the latter definitions because
the summary function curves one processes in the context of point processes are in
sampled form. All of the previously published algorithms are for the sample versions,
as well.

I will reuse some variable names within this chapter to retain close correspond-
ence with the literature on functional data depth. Specifically, 𝑥 will denote a dis-
cretised curve instead of a point of a point process. 𝑛 refers to the amount of curves
in a data set and 𝑟 will stand for the statistical rank of 𝑥 instead of distance. 𝑠 refers
no longer to the number of simulations but to a variable in the domain of a real
function 𝑢. 𝑑 is redefined to mean both a delay in sampling and a dummy variable
for the set of sampled functions in Figure 4.1 instead of the residual of a summary
function estimate.

For the rest of the chapter, consider a data set of 𝑛 curves uniformly (Proakis and
Manolakis 2007, Section 1.4.1) and synchronously sampled at 𝑝 positions. The data
may be stored in an 𝑛 × 𝑝 matrix X. Denote the 𝑖th row of X as 𝑥𝑖(𝑡), 𝑡 ∈ 1, … , 𝑝.
Each such row represents a real function 𝑢𝑖(𝑠), 𝑠 ∈ ℝ. Due to the uniformity of the
sampling the relation between 𝑡 and 𝑠 follows

𝑠𝑡 = 𝑠 + (𝑡 − 1)𝑑 ∀𝑡 (4.1)

with constants 𝑠 ∈ ℝ and 𝑑 ∈]0,∞[. Due to the synchronicity of the sampling, 𝑥
and 𝑢 are related by

𝑥𝑖(𝑡) = 𝑢𝑖(𝑠𝑡) ∀𝑖, 𝑡. (4.2)

The functional data depth methods presented in this chapter can be extended to non-
uniform sampling with weighting each position 𝑡 but I will not dwell on the details
as such algorithms are rarely required.
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4.3. Band depth

{ 𝑢 ∶ ℝ ⟶ ℝ}

sampling: { 𝑑 ∶ 𝐷 ⟶ ℝ|𝐷 ⊂ ℝ, 𝐷 discrete }

finite resolution: { 𝑒 ∶ ℝ ⟶ 𝐸 |𝐸 ⊂ ℝ, 𝐸 discrete }

typical data: { 𝑥 ∶ 𝐷 ⟶ 𝐸}

Figure 4.1.: Types of functional data. Here 𝑑 and 𝑒 are dummy variables. Necessar-
ily due to the synchronous sampling of the underlying real functions,
the domain of the handled functions becomes discrete. And since stor-
age space and accuracy is finite, data is quantized with finite resolution
which can cause functions to have tied values.

4.3. Band depth
Following the definition of López-Pintado and Romo (2009) but renaming variables,
assume 𝐼 is a compact interval and 𝑠 ∈ 𝐼 . The graph of a function is defined as

𝐺(𝑢) = { (𝑠, 𝑢(𝑠)) | 𝑠 ∈ 𝐼 }. (4.3)

López-Pintado and Romo (2009) define the band bounded by curves 𝑢𝑖 , … , 𝑢𝑖𝑗 as

𝐵(𝑢𝑖 , … , 𝑢𝑖𝑗) =
⎧⎪⎨
⎪⎩ (𝑠, 𝑦)  𝑠 ∈ 𝐼, min

𝑟=,…,𝑗
𝑢𝑖𝑟(𝑠) ≤ 𝑦 ≤ max

𝑟=,…,𝑗
𝑢𝑖𝑟(𝑠)

⎫⎪⎬
⎪⎭. (4.4)

An example of a band is illustrated in grey in Figure 4.2a.
Consider the set of bands formed by all 𝑗-combinations of the 𝑛 curves. The pro-

portion of bands that include curve 𝑢 can be named the component band depth of 𝑢
and denoted as (López-Pintado and Romo 2009)

𝐵𝐷(𝑗)
𝑛 (𝑢) = 

𝑛
𝑗

−


≤𝑖<⋯<𝑖𝑗≤𝑛

1𝐺(𝑢) ⊆ 𝐵𝑢𝑖 , … , 𝑢𝑖𝑗, 2 ≤ 𝑗 ≤ 𝑛, (4.5)

where∑≤𝑖<⋯<𝑖𝑗≤𝑛
stands for a sum over all 𝑗-combinations. From the definition one

can see that if a curve takes part in forming a band, the curve is always included in
that band.
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4. Functional data depth

𝑢
𝑢
𝑢
𝑢
𝑢
𝑢

𝑠
(a) Example band.

Curve BD gain MBD gain
𝑢 0 0
𝑢 1 1
𝑢 1 1
𝑢 1 1
𝑢 1 1
𝑢 0 ≈ . + . = .

(b) Depth gained.

Figure 4.2.: An example set of curves and a band formed by the curve combination
{𝑢, 𝑢, 𝑢} are shown in (a). The dashed portion of 𝑢 represents the part
that does not contribute to MBD gain. The corresponding depth gain for
each curve given by BD and MBD is shown in (b).

The band depth of 𝑢 is the sum of the component band depths for a chosen 𝐽 :

𝐵𝐷𝑛,𝐽 (𝑢) =
𝐽

𝑗=
𝐵𝐷(𝑗)

𝑛 (𝑢). (4.6)

Informally, if 𝑢 is centrally located in relation to the other curves, it is included
in many bands and accumulates a high band depth. If 𝑢 is an outlier, it breaks out of
many bands or never enters them and accumulates a low band depth. Band depth is
not normalised over 𝐽 . Even when 𝑛 and 𝐽 are fixed, it is unclear how comparable
the BD values obtained from different data sets are.

Note how every curve in the data set participates in defining the band depth of
any curve in the set. When using classic deviation measures instead, each curve is
individually compared to a reference curve. The reference curve is either the theor-
etical one, if known, or the mean curve of the simulations. The observation does not
typically participate in defining the reference curve.

López-Pintado and Romo (2009) recommend a value of 𝐽 = 3 for the following
reasons:

• higher values of 𝐽 make the computation significantly harder,

• bands corresponding to large 𝑗 lose the shape of the band-forming curves,

• the band depth induced order is very stable for 𝐽 = 3 and

• bands for 𝑗 = 2 degenerate into a point if the band-forming curves cross.

4.3.1. Published algorithms
The naive algorithm for BD loops over all 𝑗 until 𝐽 , creating bands out of the different
𝑗-combinations of the curves. For each band, each curve is checked along its whole
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4.4. Modified band depth

length. That amounts to a computational time complexity of 𝒪𝐽(𝑛𝐽 )𝑛𝑝. Even with

𝐽 = 2, the time complexity would still be 𝛩𝑛𝑝. For point process purposes, the
algorithm is too slow.

Sun et al. (2012) propose an exact algorithm for BD with the undesirable para-
meter value of 𝐽 = 2 but with a promising time complexity of 𝛩𝑝𝑛 log 𝑛. López-
Pintado et al. (2014) suggest to use the routine to speed up the simplicial band depth
they introduce. However, this algorithm does not work correctly for sampled func-
tions, as the example in Figure 4.3a shows.

Sun et al. (2012) assume that if two curves cross, with a probability of one a third
curve will not cross either of the other two at the same intersection. Unfortunately
this expectation does not hold due to sampling. Instead, there is a devious inconsist-
ency between continuous and discrete bands as displayed in Figure 4.4.

In addition, the algorithm ignores that there may be tied values, i.e. when at least
two curves have the same value. Tied values may occur because of the finite resolu-
tion but often occur because of typical values such as 0 or 1. As López-Pintado and
Romo (2009) pay special attention to tied values in their definitions, it is important
for a BD algorithm to take ties into account.

𝑥

𝑥𝑥

𝑥

𝑡
(a) A counterexample.

Curve BD Sun et al. (2012)
𝑥 / /
𝑥 / /
𝑥 / /
𝑥 / /

(b) Band depth value comparison.

Figure 4.3.: A counterexample showing how the band depth algorithm presented in
Sun et al. (2012) is not exact. (a) presents four curves sampled at three po-
sitions. For each curve, (b) contains both the correct band depth values
and the results of the algorithm in Sun et al. (2012). Notice the discrep-
ancy for 𝑥.

4.4. Modified band depth
A curve gains no band depth at all if it even briefly exits the band under consider-
ation. If the curves in a data set cross over a great deal, band depth might not give
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𝑠 𝑠 𝑠 𝑠

𝑢

𝑢

𝑢

𝑠
(a) A continuous band.

1 2 3 4

𝑥

𝑥

𝑥

𝑡
(b) The same band discretised.

Figure 4.4.: The effect of discretisation on bands. The curves 𝑢 and 𝑢 in (a) form a
continuous band. As 𝑢 and 𝑢 intersect, 𝑢 briefly leaves the band. 𝑢, 𝑢
and 𝑢 are discretised into curves 𝑥, 𝑥 and 𝑥, respectively, at locations
𝑠, … , 𝑠. For (b) the latter curves are visualised along with their linear
interpolants. In contrast to the situation in (a), 𝑥 stays completelywithin
the discretised band formed by 𝑥 and 𝑥.

a pleasing order. Modified band depth (MBD) offers more flexibility (López-Pintado
and Romo 2009).

Modified band depth is very similar to band depth with one crucial difference:
Instead of classifying a curve as either excluded or included in a band, one considers
the length of inclusion along 𝐼 (López-Pintado and Romo 2009).

Let us define the quantity

𝐴𝑢; 𝑢𝑖 , … , 𝑢𝑖𝑗 =

⎧⎪⎪⎨
⎪⎪⎩ 𝑠 ∈ 𝐼  min

𝑟=𝑖,…,𝑖𝑗
𝑢𝑟(𝑠) ≤ 𝑢(𝑠) ≤ max

𝑟=𝑖,…,𝑖𝑗
𝑢𝑟(𝑠)

⎫⎪⎪⎬
⎪⎪⎭. (4.7)

If 𝜆 is the Lebesgue measure on 𝐼 , then what I call the component modified band
depth is defined as (López-Pintado and Romo 2009)

𝑀𝐵𝐷(𝑗)
𝑛 (𝑢) = 

𝑛
𝑗

−


≤𝑖<⋯<𝑖𝑗≤𝑛

𝜆𝐴𝑢; 𝑢𝑖 , … , 𝑢𝑖𝑗
𝜆(𝐼) . (4.8)

The version for sampled data can be reformulated to

𝑀𝐵𝐷(𝑗)
𝑛 (𝑥) = 

𝑛
𝑗

−


≤𝑖<⋯<𝑖𝑗≤𝑛

1
𝑝

𝑝

𝑡=

1

⎛
⎜⎜⎜⎜⎝ min
𝑟=𝑖,…,𝑖𝑗

𝑥𝑟(𝑡) ≤ 𝑥(𝑡) ≤ max
𝑟=𝑖,…,𝑖𝑗

𝑥𝑟(𝑡)
⎞
⎟⎟⎟⎟⎠. (4.9)
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4.4. Modified band depth

Modified band depth may now be defined as

𝑀𝐵𝐷𝑛,𝐽 (𝑥) =
𝐽

𝑗=
𝑀𝐵𝐷(𝑗)

𝑛 (𝑥). (4.10)

Figure 4.2 demonstrates how the BD and MBD gain differ for the curve 𝑢 for the
one band shown.

The smallest possibleMBD depth value for a curve is (𝑛 − 1)/∑𝐽
𝑗= (𝑛𝑗)which corres-

ponds to a curve that gains depth only from the bands it participates in.The greatest
possible MBD depth value is 𝐽 − 1 which corresponds to a curve that is inside every
band everywhere.

ForMBD, López-Pintado and Romo (2009) recommend 𝐽 = 2 for its computational
speed, the stability of the function order induced and reasonableness of the order
even if many curves cross over.

4.4.1. Published algorithms
Thenaive algorithm is very similar to the one for band depth. One needs to loop over
all 𝑗-combinations of the curves and then count the included points of each curve
along 𝐼 . That amounts to the same computational time complexity of 𝒪𝐽(𝑛𝐽 )𝑛𝑝 or
𝛩𝑛𝑝 when using 𝐽 = 2. Arribas-Gil and Romo (2012) arrive to the same conclu-
sion regarding the complexity of the naive algorithm for 𝐽 = 2. López-Pintado et al.
(2010) suggest that the method has complexity 𝒪𝑛𝑝, instead.

Soon after I had found a fast algorithm for MBD for arbitrary 𝐽 , Sun et al. (2012)
published a similarly fast algorithm for 𝐽 = 2. Their algorithm has the computa-
tional time complexity of𝛩𝑝𝑛 log 𝑛. Unfortunately their algorithm overlooks tied
values of the curves and gives incorrect results for such input. Both Torrente et al.
(2013) and Hong et al. (2014) have previously noted the ignoring of tied values in
the algorithm, as well.

Canwe ascertain that theMBD routine in Sun et al. (2012) does not suffer from the
same band discretisation problem as their BD routine? Since their MBD algorithm
has been used as such, customized and utilized as a stepping board for other meth-
ods (Sun and Genton 2012; Torrente et al. 2013; Hong et al. 2014; Genton et al. 2014;
Thorarinsdottir et al. 2014; López-Pintado et al. 2014; Sguera et al. 2014), it is import-
ant to mitigate such concerns.

4.4.2. Complete algorithm
The complete algorithm for any 𝐽 follows from a few remarks. Firstly, as the MBD
definition requires one to only know the order of the curves at each of the 𝑝 sampling
positions instead of the curve values, the original curve matrix X of size 𝑛 × 𝑝 may
be replaced by a rank matrix R ofXwithout changing the MBD result. Each element
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𝑟𝑖𝑡 ∈ {1,… , 𝑛} represents the rank (Hájek et al. 1999, Section 3.1.1) of the curve 𝑥𝑖
at the 𝑡th sampling position where the smallest value obtains rank 1. One must be
careful to pick a tie-breaking method (Hájek et al. 1999, Section 4.8) that gives the
same rank to identical values.

If the ties are resolved by giving the minimum rank or the maximum rank to tied
values, I use the notations R = Rmin and Rmax, respectively. It’s also helpful to define
the count matrix Q so that the following holds:

𝑞𝑖𝑡 =
𝑛

𝑘=

1(𝑥𝑘(𝑡) = 𝑥𝑖(𝑡)) ∀𝑖, 𝑡. (4.11)

For example, if 𝑥𝑖 has a unique value at the 𝑡th sampling position then 𝑞𝑖𝑡 = 1. The
algorithm will be easy to modify to use either Rmin or Rmax as

𝑟max,𝑖𝑡 = 𝑟min,𝑖𝑡 + 𝑞𝑖𝑡 − 1 ∀𝑖, 𝑡. (4.12)

For the sake of completeness, Algorithm 1 presents how Rmin and Q may be calcu-
lated from the curve input in 𝛩𝑝𝑛 log 𝑛 time. That is the optimal time complexity
for a comparison-based sorting algorithm (Sedgewick and Wayne 2011, p. 280). The
loop on line 6 can trivially be parallelised.

Secondly, one may choose to inspect each of the 𝑝 sampling positions separately.
BD requires one to check the full length of a curve for inclusion in bands but MBD
allows positionwise evaluation.

Thirdly, at any of the sampling positions a curve 𝑥 may only be either included
in or excluded from a band. Denote the amount of 𝑗-combinations that include 𝑥 at
location 𝑡 with 𝑏⊆(𝑗, 𝑥, 𝑡) and the amount of excluding bands with 𝑏⊈(𝑗, 𝑥, 𝑡). Then it
holds that

𝑏⊆(𝑗, 𝑥, 𝑡) + 𝑏⊈(𝑗, 𝑥, 𝑡) = 
𝑛
𝑗
 ∀𝑥, 𝑡. (4.13)

Fourthly, the key insight for the complete MBD algorithm is that exactly those
bands exclude 𝑥(𝑡) that do not extend to or over 𝑥(𝑡), i.e.

𝑏⊈(𝑗, 𝑥, 𝑡) = 
𝑛𝑙(𝑥, 𝑡)
𝑗

 + 
𝑛𝑔(𝑥, 𝑡)

𝑗
 (4.14)

where 𝑛𝑙(𝑥, 𝑡) is the amount of curves that have a lower value and 𝑛𝑔(𝑥, 𝑡) the amount
of curves that have a greater value at 𝑡 than 𝑥(𝑡). Using the minimum tie-breaking
method, the following holds:

⎧⎪⎨
⎪⎩
𝑛𝑙(𝑥𝑖, 𝑡) = 𝑟𝑖𝑡 − 1
𝑛𝑔(𝑥𝑖, 𝑡) = 𝑛 − 𝑛𝑙(𝑥𝑖, 𝑡) − 𝑞𝑖𝑡.

� (4.15)
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4.4. Modified band depth

This allows one to reformulate

𝑀𝐵𝐷𝑛,𝐽 (𝑥) =
𝐽

𝑗=
𝑀𝐵𝐷(𝑗)

𝑛 (𝑥)

=
𝐽

𝑗=

𝑛
𝑗

−


≤𝑖<⋯<𝑖𝑗≤𝑛

1
𝑝

𝑝

𝑡=

1

⎛
⎜⎜⎜⎜⎝ min
𝑟=𝑖,…,𝑖𝑗

𝑥𝑟(𝑡) ≤ 𝑥(𝑡) ≤ max
𝑟=𝑖,…,𝑖𝑗

𝑥𝑟(𝑡)
⎞
⎟⎟⎟⎟⎠

= 1
𝑝

𝑝

𝑡=

𝐽

𝑗=

𝑛
𝑗

−


≤𝑖<⋯<𝑖𝑗≤𝑛

1

⎛
⎜⎜⎜⎜⎝ min
𝑟=𝑖,…,𝑖𝑗

𝑥𝑟(𝑡) ≤ 𝑥(𝑡) ≤ max
𝑟=𝑖,…,𝑖𝑗

𝑥𝑟(𝑡)
⎞
⎟⎟⎟⎟⎠

= 1
𝑝

𝑝

𝑡=

𝐽

𝑗=

𝑛
𝑗

−
𝑏⊆(𝑗, 𝑥, 𝑡)

= 1
𝑝

𝑝

𝑡=

𝐽

𝑗=

𝑛
𝑗

−


𝑛
𝑗
 − 𝑏⊈(𝑗, 𝑥, 𝑡)

= 𝐽 − 1 − 1𝑝

𝑝

𝑡=

𝐽

𝑗=

𝑛
𝑗

−
𝑏⊈(𝑗, 𝑥, 𝑡)

= 𝐽 − 1 − 1𝑝

𝑝

𝑡=

𝐽

𝑗=

𝑛
𝑗

−
⎛
⎜⎜⎜⎜⎝
𝑛𝑙(𝑥, 𝑡)
𝑗

 + 
𝑛𝑔(𝑥, 𝑡)

𝑗

⎞
⎟⎟⎟⎟⎠. (4.16)

The pseudocode based on Equation (4.16) is in Algorithm 2. The binomial coeffi-
cients on lines 10 and 11 can be calculated in 𝛩(1) time by De Moivre–Stirling’s
approximation (Pearson 1924), for example.

Thus the average time complexity of the algorithm on the uniform-cost model is
𝛩𝑝𝑛maxlog 𝑛, 𝐽. For small 𝐽 , the time complexity is dominated by the ranking of
the curves. For 𝐽 = 2, the time complexity𝛩𝑝𝑛 log 𝑛matches that of the algorithm
in Sun et al. (2012).
𝑏⊈ on line 10 needs to be calculated only once per unique value of each column of

Rmin as 𝑐 on line 11 is the same for equal ranks within a column. If there are many
tied values, an implementation could be optimized to take this into account. As this
optimization does not affect the time complexity, it is omitted in the pseudocode for
simplicity.

Apart from the accumulation on line 12, the iterations of the for loops do not
depend on one another. Therefore the iterations can mostly be run concurrently
and in parallel for possible additional speedup.

To check whether the MBD algorithm in Sun et al. (2012) matches the one in
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4. Functional data depth

Algorithm 1 Find the statistical rank and the identical value count for the elements
in each column in the given real matrix. In case of tied values the minimum available
rank is chosen.
Precondition: X is a real matrix of size 𝑛 × 𝑝, where 𝑛 ≥ 1 and 𝑝 ≥ 1. The indexing

of vectors and matrices starts from 1.

1 function MinRanksAndCounts(X)
2 𝑛, 𝑝 ← Dimensions(X)
3 Rmin ← AllOnesMatrix(𝑛, 𝑝)
4 Q← AllOnesMatrix(𝑛, 𝑝)
5 if 𝑛 > 1 then
6 for all 𝑡 ∈ 1, … , 𝑝 do
7 c← ExtractColumn(X, 𝑡)
8 s, i← MergeSort(c) ▷ s in increasing order. s[𝑑] = c[i[𝑑]] ∀𝑑.
9 𝑟 ← 1
10 𝑗𝑝 ← 1
11 for 𝑗 ← 2 to 𝑛 do
12 if s𝑗𝑝 < s𝑗 then
13 𝑚 ← 𝑗 − 𝑗𝑝
14 for all 𝑘 ∈ 𝑗𝑝, … , 𝑗 − 1 do
15 Rmin[i[𝑘], 𝑡] ← 𝑟
16 Q[i[𝑘], 𝑡] ← 𝑚
17 𝑟 ← 𝑟 + 𝑚
18 𝑗𝑝 ← 𝑗
19 𝑚 ← 𝑛 − 𝑗𝑝 + 1
20 for all 𝑘 ∈ 𝑗𝑝, … , 𝑛 do
21 Rmin[i[𝑘], 𝑡] ← 𝑟
22 Q[i[𝑘], 𝑡] ← 𝑚
23 return Rmin,Q

Postcondition: Rmin and Q are matrices of size 𝑛 × 𝑝. Values in Rmin and Q are
integers on the interval [1, 𝑛].
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4.4. Modified band depth

Algorithm 2 Modified band depth
Precondition: X is a matrix of size 𝑛 × 𝑝, where 𝑛 ≥ 2 and 𝑝 ≥ 1, containing

values of 𝑛 real functions evaluated at locations 𝑠, … , 𝑠𝑝. Missing values are not
supported. 𝐽 ∈ {2, … , 𝑛}. The indexing of vectors and matrices starts from 1.

1 function MBD(X, 𝐽)
2 Rmin,Q← MinRanksAndCounts(X) ▷ 𝛩(𝑝𝑛 log 𝑛)
3 𝑛, 𝑝 ← Dimensions(X)
4 e← ZeroVector(𝑛)
5 for all 𝑡 ∈ 1, … , 𝑝 do ▷ 𝛩(𝑝𝑛𝐽)
6 for all 𝑖 ∈ {1, … , 𝑛} do
7 𝑛𝑙 ← Rmin[𝑖, 𝑡] − 1
8 𝑛𝑔 ← 𝑛 − 𝑛𝑙 − Q[𝑖, 𝑡]
9 for all 𝑗 ∈ {2, … , 𝐽} do
10 𝑏⊈←(𝑛𝑙

𝑗
)+ (𝑛𝑔

𝑗
)

11 𝑐← 𝑏⊈/(𝑛𝑗)
12 e[𝑖] ← e[𝑖] + 𝑐
13 d← AllocVector(𝑛)
14 for all 𝑖 ∈ {1, … , 𝑛} do
15 d[𝑖] ← 𝐽 − 1 − e[𝑖]/𝑝
16 return d

Postcondition: d is a vector of length 𝑛. Each value is on the interval
(𝑛 − 1)/∑𝐽

𝑗= (𝑛𝑗), 𝐽 − 1.
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4. Functional data depth

Algorithm 2 if the input has no tied values, assume 𝐽 = 2 and Q = 1:

𝑀𝐵𝐷Q=1
𝑛, (𝑥)

=1𝑝

𝑝

𝑡=



𝑗=

𝑛
𝑗

−


𝑛
𝑗
 − 𝑏⊈(𝑗, 𝑥, 𝑡)

=1𝑝

𝑝

𝑡=

𝑛
2

−

𝑛
2
 − 𝑏⊈(2, 𝑥, 𝑡)

=1𝑝

𝑝

𝑡=

𝑛
2

−


𝑛
2
 − 

𝑛𝑙(𝑥, 𝑡)
2

 + 
𝑛𝑔(𝑥, 𝑡)

2


=1𝑝

𝑝

𝑡=

𝑛
2

−1
2
𝑛(𝑛 − 1) − 𝑛𝑙(𝑥, 𝑡)(𝑛𝑙(𝑥, 𝑡) − 1) − 𝑛𝑔(𝑥, 𝑡)𝑛𝑔(𝑥, 𝑡) − 1

=1𝑝

𝑝

𝑡=

𝑛
2

−1
2
𝑛(𝑛 − 1) − 𝑛𝑙 (𝑥, 𝑡) + 𝑛𝑙(𝑥, 𝑡) − 𝑛𝑔(𝑥, 𝑡) + 𝑛𝑔(𝑥, 𝑡)

=1𝑝

𝑝

𝑡=

𝑛
2

−1
2
(𝑛 − 1) − 𝑛𝑙 (𝑥, 𝑡) − 𝑛𝑔(𝑥, 𝑡) + 𝑛𝑙(𝑥, 𝑡) + 𝑛𝑔(𝑥, 𝑡) + (𝑛 − 1)

=1𝑝

𝑝

𝑡=

𝑛
2

−1
2
(𝑛 − 1) − 𝑛𝑙 (𝑥, 𝑡) − 𝑛𝑔(𝑥, 𝑡) + (𝑛 − 1) + (𝑛 − 1)

=1𝑝

𝑝

𝑡=

𝑛
2

−1
2
(𝑛 − 1) − 𝑛𝑙(𝑥, 𝑡) + 𝑛𝑔(𝑥, 𝑡)


+ 2(𝑛 − 1) + 2𝑛𝑙(𝑥, 𝑡)𝑛𝑔(𝑥, 𝑡)

=1𝑝

𝑝

𝑡=

𝑛
2

−1
2
(𝑛 − 1) − (𝑛 − 1) + 2(𝑛 − 1) + 2𝑛𝑙(𝑥, 𝑡)𝑛𝑔(𝑥, 𝑡)

=1𝑝

𝑝

𝑡=

𝑛
2

−
𝑛𝑙(𝑥, 𝑡)𝑛𝑔(𝑥, 𝑡) + 𝑛 − 1. (4.17)

The result affirms the formula in Sun et al. (2012, p. 71). Yet I recommend to use the
general solution because ignoring the ties offers negligible speedup.

4.4.3. Choosing 𝐽
The reasoning López-Pintado and Romo (2009) give for choosing 𝐽 = 2 for MBD
likely originates from some practical experimentation with low values of 𝐽 as their
algorithms would not have enabled testing high values of 𝐽 . Now that we have the
possibility to choose 𝐽 arbitrarily without significantly slowing down the computa-
tion, what should we pick as its value? Let’s examine a simplified case to illustrate
how 𝐽 affects MBD.
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4.4. Modified band depth

To ease the investigation, assume the input matrix 𝑋 has no ties. Focus on one
column, i.e. one location 𝑡, and on 𝑗 from component MBD instead of 𝐽 . Ignore the 

𝑝-
normalisation from component MBD. To inspect what happens if 𝑛 grows without
limit, define the normalised rank 𝑧 of 𝑥 at 𝑡 so that

𝑧 = 𝑟 − 1
𝑛 − 1, 𝑛 > 1, (4.18)

where 𝑟 is the rank of 𝑥 at 𝑡. This form of normalisation permits 𝑧 to take values on
the closed interval [0, 1].

Consider the unnormalised depth that 𝑥with normalised rank 𝑧 at position 𝑡 gains
as the proportion of bands that include 𝑥(𝑡):

ℎ(𝑛, 𝑗, 𝑧) =
(𝑛𝑗) − (

𝑛𝑙
𝑗
) − (𝑛𝑔

𝑗
)

(𝑛𝑗)
. (4.19)

One will find that the asymptotic unnormalised depth that 𝑥 gains at location 𝑡
follows

𝑔(𝑗, 𝑧) = lim
𝑛→∞

ℎ(𝑛, 𝑗, 𝑧) = 1 − 𝑧𝑗 − (1 − 𝑧)𝑗. (4.20)

The structured proof (Lamport 2012) can be found from Appendix A. Chakraborty
and Chaudhuri (2014, Equation (3)) have independently arrived to the same result.
One could pay attention to

𝐽

𝑗=
𝑔(𝑗, 𝑧) =

𝑧 𝑧 𝑧𝐽 + (1 − 𝑧)𝐽 − 2 − 2(1 − 𝑧)𝐽 − 𝐽𝑧 + 𝐽 + 2 + (1 − 𝑧)𝐽 − 1
(1 − 𝑧)𝑧 (4.21)

instead but the longer form makes it less appealing to work with. The conclusions
are the same. Proof for Equation (4.21) is omitted as irrelevant.

Plotting Equation (4.20) gives us Figure 4.5. As expected, all of the gain curves
reach their maximum at 𝑧 = 

 which also acts as a symmetry axis. One can see from

𝑔𝑗,
1
2 = 1 − 2

−𝑗 (4.22)

and visually from Figure 4.5 that as 𝑗 increases, so does the depth gain. In other
words, larger values of 𝑗 have slightly more weight in the total for MBD than smaller
values of 𝑗. This influence inflation of 𝑗 diminishes as 𝑗 grows and as the maximum
gain approaches 1. Equation (4.22) follows from Equation (4.20) by setting 𝑧 = 

 .
One also notices that as 𝑗 increases, asymptotic component MBD assigns sim-

ilar depths to both the exceedingly outlying ranks and the very central ranks. For
example for 𝑗 = 100, only curves with a normalised rank very close to 0 or 1 gain
significantly less depth than the most central curve. As functional data depth merely
establishes an order for the curves in a data set, it seems counterintuitive to pick a
high value of 𝐽 as then MBD loses its ability to tell curves apart.
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Figure 4.5.: The effect of 𝑗 on unnormalised component MBD gain at location 𝑡 with
no tied values as 𝑛 grows without limit.
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Interestingly, unless considering ties and finite 𝑛would change the situation con-
siderably, it seems that there is no reason to select 𝐽 = 3 as

𝑔(3, 𝑧) = 3
2𝑔(2, 𝑧) ∀𝑧. (4.23)

That is to say, under the assumption of no ties and 𝑛 increasing without limit,

lim
𝑛→∞

𝑀𝐵𝐷Q=1
𝑛, (𝑥) =

5
2 lim
𝑛→∞

𝑀𝐵𝐷Q=1
𝑛, (𝑥) ∀𝑥. (4.24)

Computing MBDwith 𝐽 = 3 only wastes electricity as it cannot change the ordering
induced with 𝐽 = 2. Equation (4.23) follows from Equation (4.20). Equation (4.24)
follows from Equation (4.23) and Equation (4.16).

Therefore I feel compelled to echo the earlier recommendations and suggest that
practitioners select 𝐽 = 2 for MBD.

4.5. Half-region depth
López-Pintado and Romo (2011) suggest half-region depth (HRD) as a simpler and
faster alternative to BD though no algorithms for it have been explicitly discussed
in the literature.

Define the hypograph (ℎ𝑦𝑝) and the epigraph (𝑒𝑝𝑖) of function 𝑢 as

ℎ𝑦𝑝(𝑢) = (𝑠, 𝑦) | 𝑠 ∈ 𝐼, 𝑦 ≤ 𝑢(𝑠) , (4.25)

𝑒𝑝𝑖(𝑢) = (𝑠, 𝑦) | 𝑠 ∈ 𝐼, 𝑦 ≥ 𝑢(𝑠) . (4.26)

Then the half-region depth can be defined as

𝑆𝑛,𝐻(𝑢) =
1
𝑛 min

⎧⎪⎪⎨
⎪⎪⎩

𝑛

𝑖=

1𝐺(𝑢𝑖) ⊂ ℎ𝑦𝑝(𝑢),
𝑛

𝑖=

1𝐺(𝑢𝑖) ⊂ 𝑒𝑝𝑖(𝑢)

⎫⎪⎪⎬
⎪⎪⎭

=1𝑛 min

⎧⎪⎪⎨
⎪⎪⎩

𝑛

𝑖=

1(𝑢𝑖(𝑠) ≤ 𝑢(𝑠), 𝑠 ∈ 𝐼),
𝑛

𝑖=

1(𝑢𝑖(𝑠) ≥ 𝑢(𝑠), 𝑠 ∈ 𝐼)

⎫⎪⎪⎬
⎪⎪⎭. (4.27)

4.5.1. Algorithm
Tomy knowledge there are no published, explicitly discussed algorithms for HRD. A
naive algorithm examines the hypograph and epigraph of each curve and compares
the other curves to the hypograph and epigraph along 𝐼 . The time complexity is
𝛩𝑛𝑝. López-Pintado and Romo (2011) mention a computational cost of 𝒪𝑛𝑝
but it is for calculating HRD for one curve only. To make any use of such a result,
the HRD for all the other curves needs to be calculated as well.

Dynamic programming (Cormen et al. 2009, Chapter 15) can lessen the compu-
tation load as some curve comparisons and crossings are transitive. The approach
does not seem elementary to devise nor to analyse, though.
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4.6. Modified half-region depth

Modified half-region depth (MHRD) (López-Pintado and Romo 2011) is a simpler re-
placement for MBD. Once more one compares curves positionwise instead of along
the full length of 𝐼 . Define superior (𝑆𝐿) and inferior (𝐼𝐿) lengths:

𝑆𝐿𝑛(𝑢) =
1

𝑛𝜆(𝐼)

𝑛

𝑖=
𝜆{ 𝑠 ∈ 𝐼 | 𝑢(𝑠) ≤ 𝑢𝑖(𝑠) }, (4.28)

𝐼𝐿𝑛(𝑢) =
1

𝑛𝜆(𝐼)

𝑛

𝑖=
𝜆{ 𝑠 ∈ 𝐼 | 𝑢(𝑠) ≥ 𝑢𝑖(𝑠) }, (4.29)

where 𝜆 stands for the Lebesgue measure on 𝐼 . MHRD is then defined as

𝑀𝑆𝑛,𝐻(𝑢) = min{𝑆𝐿𝑛(𝑢), 𝐼𝐿𝑛(𝑢)}. (4.30)

If there is a curve completely above or below all the other curves, it receives a
depth of 1/𝑛. If there is a curve that is not crossed once and lies in the very centre
of the data set, it receives a depth of 𝑛 /𝑛. Thus the possible depth values of MHRD

lie on the interval 1/𝑛, 𝑛 /𝑛.

4.6.1. Algorithm

Tomy knowledge there are no published, explicitly discussed algorithms for MHRD,
either. A naive algorithm loops over each curve forming the superior and inferior
lengths with inner loops traversing the rest of the curves along the full length of 𝐼 .
The time complexity is 𝛩𝑛𝑝. To compose a faster algorithm, we should employ
ideas from the MBD algorithm.

The curve matrix 𝑋 may be replaced with the rank matrix 𝑅 = 𝑅min without
changing the MHRD result. We will also benefit from the count matrix 𝑄. Each of
the sampling positions may be handled individually and the depth at each position
accumulated into a whole. The version of MHRD for sampled curves becomes

𝑀𝑆𝑛,𝐻(𝑥) = min{𝑆𝐿𝑛(𝑥), 𝐼𝐿𝑛(𝑥)}, (4.31)
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where

𝑆𝐿𝑛(𝑥𝑖) =
1
𝑛𝑝

𝑛

𝑘=

𝑝

𝑡=

1(𝑥𝑖(𝑡) ≤ 𝑥𝑘(𝑡))

= 1
𝑛𝑝

𝑝

𝑡=
𝑟𝑖𝑡 + 𝑞𝑖𝑡 − 1, (4.32)

𝐼𝐿𝑛(𝑥𝑖) =
1
𝑛𝑝

𝑛

𝑘=

𝑝

𝑡=

1(𝑥𝑖(𝑡) ≥ 𝑥𝑘(𝑡))

= 1
𝑛𝑝

𝑝

𝑡=
(𝑛 + 1 − 𝑟𝑖𝑡)

=1 + 1
𝑛 −

1
𝑛𝑝

𝑝

𝑡=
𝑟𝑖𝑡. (4.33)

The pseudocode for MHRD is given in Algorithm 3. The computational time com-
plexity is𝛩𝑝𝑛 log 𝑛 and can be attributed to the ranking in Algorithm 1. The time
complexity is the same as for MBD with 𝐽 = 2.

Algorithm 3 Modified half-region depth
Precondition: X is a matrix of size 𝑛 × 𝑝, where 𝑛 ≥ 2 and 𝑝 ≥ 1, containing

values of 𝑛 real functions evaluated at locations 𝑠, … , 𝑠𝑝. Missing values are not
supported. The indexing of vectors and matrices starts from 1.

1 function MHRD(X)
2 Rmin,Q← MinRanksAndCounts(X) ▷ 𝛩(𝑝𝑛 log 𝑛)
3 𝑛, 𝑝 ← Dimensions(X)
4 d← ZeroVector(𝑛)
5 for all 𝑘 ∈ {1, … , 𝑛} do ▷ 𝛩(𝑛𝑝)
6 𝑟 ← 0
7 𝑞 ← 0
8 for all 𝑡 ∈ 1, … , 𝑝 do
9 𝑟 ← 𝑟 + Rmin[𝑘, 𝑡]
10 𝑞 ← 𝑞 + Q[𝑘, 𝑡]
11 𝑠 ← 𝑟 + 𝑞 − 𝑝
12 𝑖 ← (𝑛 + 1)𝑝 − 𝑟
13 d[𝑘] ← Min(𝑠, 𝑖)/𝑛𝑝
14 return d

Postcondition: d is a vector of length 𝑛. Each value is on the interval [1/𝑛, ⌈𝑛/2⌉/𝑛].
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4. Functional data depth

4.7. Remarks
While BD, MBD, HRD and MHRD are introduced as functional data depths, in prac-
tice their numerical evaluation does not differ from multivariate data depths. What
ultimately separates sampled functional data from multivariate data is the fixed or-
der of the functional data dimensions, i.e. 𝑥(𝑡 − 1) preceding 𝑥(𝑡).

Yet the presented depth methods overlook the order. In fact, any permutation of
the columns of 𝑋 produces exactly the same depth values. As the depth methods
completely ignore the smoothness or continuity properties of the curves, I hesitate
to call the methods functional in nature.

López-Pintado and Jornsten (2007) define depthmeasures𝐺𝐵𝐷𝐼 and𝐺𝐵𝐷𝑂which
after the publication of López-Pintado and Romo (2009) may as well be renamed
𝑀𝐵𝐷𝐼 and𝑀𝐵𝐷𝑂.The 𝐼 in𝑀𝐵𝐷𝐼 refers to “inside” and the𝑂 in𝑀𝐵𝐷𝑂 to “outside”.
They alter MBD tomeasure the length of the longest consecutive stretch that a curve
spends inside or outside a band, respectively. These measures retain more of the
functional nature of the curves than MBD. Consequently these methods seem much
harder to compute than MBD as positionwise attention on bands no longer works.

While the functional data depth methods put forth here avoid the problems of
spreading and asymmetry due to using statistical ranking, it can also be seen as
a weakness. These depth methods do not recognize whether a curve breaks out of
the envelope only slightly or by a largemargin. Fortunately, most summary function
estimates for spatial point processes do not make sudden jumps at only one distance
with the sampling rates that are often used e.g. in spatstat.

BD and HRD do not tolerate curves crossing over much. As many summary func-
tion estimates �̂�(𝑟) have value 0 for �̂�(0), crossing over is frequent for small 𝑟. There-
fore the functional data depths that are more tolerant towards crossovers, such as
MBD and MHRD, produce more pleasing orders for the curves.

I am unsure why BD and MBD are defined as a sum over component BDs and
MBDs, respectively. Perhaps López-Pintado and Romo (2009) were originally unsure
of the robustness of BD and MBD and summed over several 𝑗 in an attempt to add
stability to the results. However, I believe component MBD could be used in place
of MBD without apprehension.

MBD can be seen as a replacement for the classic integral deviation measures as it
accumulates depth along 𝐼 . BD instead resembles the maximum deviation measure
as BD is sensitive to curves spiking out of the envelope. MHRD has the benefit over
MBD of not bothering its user with any parameters to fix.

The library fastdepth contains efficient, vectorized R implementations of MBD
and MHRD created for large simulation study purposes. The library is not yet pub-
lished and can currently be obtained only by contacting me or my advisor Mari
Myllymäki but once the original content from this thesis has been submitted for
publication, the library will be made available as free software.
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5. Data examples

Thepoint patterns in Figure 1.1 were chosen so that Figures 3.1 and 3.2 would clearly
visualise the issues in applying classic deviationmeasures. In particular, the patterns
were not cherry-picked to cast a favourable light on the deviation measures based
on the functional data depth methods analysed in Chapter 4. Nonetheless, let us
examine the performance of MBD and MHRD in these two practical cases. Note
that within this chapter, for the sake of conciseness, I will refer to MBD and MHRD
as the deviation measures built on them, e.g. the inverses of the depths.

The point pattern waka as pictured in Figure 1.1b is compared to 9999 simulations
of random labelling. The residuals �̂�𝑚𝑚(𝑟) − �̂�(𝑟) are computed using translational
edge correction as seen in Figure 3.1a. Similarly, the point pattern swedishpines
shown in Figure 1.1a is contrasted with 9999 simulations of complete spatial ran-
domness.The residuals �̂�(𝑟)−𝐹theoretical(𝑟) are computed using border edge correction
as seen in Figure 3.2a.

Table 5.1 presents the 𝑝-values for the tests. Applying the usual significance level
𝛼 = 0.05, none of the measures end up rejecting the hypothesis for waka. Only 𝑈∞
and 𝑈𝐿 reject the hypothesis for swedishpines.

Table 5.1.: 𝑝-values of deviation tests for two scenarios using different deviation
measures.

Point pattern 𝑈∞ 𝑈𝐿 𝑈𝐿 MBD (𝐽 = 2) MHRD
waka 0.372 0.434 0.450 0.365 0.280

swedishpines 0.009 0.063 0.028 0.261 0.367

There are clear reasons why the MBD and MHRD measures are not able to reject
the hypotheses. In the case of the waka pattern, the deviation of the observation
function from the theoretical function has more of a maximum than an integral
nature. From Figure 3.1a one can likewise see that the main deviation occurs for
distances around 𝑟 = 6. Due to the accumulation within MBD and MHRD, they
resemble the classic integral deviation measures more than𝑈∞. Therefore MBD and
MHRD do not have much power in this example.

Given this reasoning, one might expect 𝑈∞ to produce a smaller 𝑝-value than
all the other tested measures. This is not so, however, since 𝑈∞ suffers from the
spreading apparent in Figure 3.1a and as discussed in Chapter 3. It may also be that
the correlations in the marks of waka are simply too weak to be distinguished from
random labelling.
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5. Data examples

The results for swedishpines, on the other hand, are explained by the observation
function deviating very little for small distances and deviating strongly for large dis-
tances where the simulation functions deviate the most, as well, see Figure 3.2a. The
classic deviation measures give the highest importance to the distances where the
variance of the summary function 𝑆(𝑟) is the highest. Hence in this instance those
measures lead to small 𝑝-values. The maximum absolute deviation of the observa-
tion function is so high that even the classic integral deviations manage to grow
remarkably at large distances in spite of the lack of deviation at small distances.𝑈𝐿
gives rise to a smaller 𝑝-value than 𝑈𝐿 because the former grows faster when the
maximum absolute deviation is high. Meanwhile, MBD and MHRD suffer too much
from the lack of deviation at small distances to recover at large distances.

The rank-based integral approach does not attain great power when the depth
of the observation function is low only for a relatively narrow range of distances.
MBD andMHRD should turn out more useful in a settingwhere the deviation occurs
over a wide range of distances but where the spreading and asymmetry diminish the
power of the classic integral deviation measures. That would be the case if the devi-
ation of the observation would occur mainly at other distances than the deviations
of the simulations.
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6. Discussion
In this thesis I have proposed newmethods for testing spatial point process statistics.
I have suggested that instead of the classic deviation measures, tests could be based
on functional data depth measures. I have taken two measures from the literature,
namely MBD and MHRD, and created fast algorithms to be able to use them in
testing. When this project began, the existing algorithms were prohibitively slow
for practical applications.

Unfortunately, these two measures from literature turn out to have only little
power in spatial point process testing. While classic deviation measures certainly
have inherent problems, attempting to solve them with MBD or MHRD does not
work out for the data examples shown. Yet there are other ways of alleviating the
inadequacies. In Myllymäki et al. (2015a), we present a large simulation study to
compare different methods in conducting deviation tests, comprising more aspects
of the procedure than just deviation measures.

We find scaling the residuals to markedly increase the testing power. For each
distance 𝑟, the summary function residuals are scaled to have similar importance
from the perspective of classic deviation measures. For example, one may scale the
residuals with variance, as has been done in Baddeley et al. (2000), or by quantile
range, as in Møller and Berthelsen (2012). Since neither of these attempts tackle
asymmetry, we introduce directional quantile scaling, as well.

One should not dismiss all functional data depth measures, though. In Myllymäki
et al. (2015b), we introduce a new functional data depth, extreme rank, and extend
it to a rank count, both of which are more akin to the maximum absolute deviation
measure than the integral measures. We derive a rank envelope test to offer both
a diagnostic plot and an effective deviation test at the same time. We compare the
rank envelope test to tests utilizing MBD and MHRD, among other measures, in a
simulation study and deem MBD and MHRD unrewarding. Instead, the rank envel-
ope test turns out roughly as powerful as the scaled maximum absolute deviation
test. Our R library spptest (Myllymäki et al. 2015d) allows one to perform both the
scaled deviation tests and the rank envelope test.

Rank-basedmethods have the advantage of not requiring summary function trans-
formations or scalings. Functional data depth methods also do not suffer from tricky
edge cases such as dividing by zero when the variance is zero. The practitioner does
not need to worry about carefully selecting appropriate distances for testing, either.
There are still several other functional data depths to test in the future, such as
Fraiman and Muniz depth (Fraiman and Muniz 2001), ℎ-mode depth (Cuevas et al.
2006), random Tukey depth (Cuesta-Albertos and Nieto-Reyes 2008), integrated dual
depth (Cuevas and Fraiman 2009) and functional spatial depth (Chakraborty and
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6. Discussion

Chaudhuri 2014). Polishchuk (2009) lists several others.
Thus far all presented attempts for deviation tests have been focused on the mag-

nitude of the summary functions, one way or another. While one should remem-
ber to choose measures that have a relevant domain interpretation to avoid data
dredging (Diggle 1979), Monte Carlo testing allows many kinds of approaches to re-
duce the information from a point pattern into a rank within the set of simulations.
One could evaluate the tools from signal processing, for example.

The Fourier transform of a summary function could be employed to detect strong
low frequencies which might indicate that the point pattern exhibits deviation over
a range of distances. If the observation curve exhibits such low frequencies while
the simulation curves on average do not, one might be able to reject the hypothesis
with a satisfying practical explanation while the existing methods might not allow
rejection. This might turn out a fruitful topic of future research.
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A. Structured proof for asymptotic,
unnormalised component MBD
gain

Proposition lim
𝑛→∞

(𝑛𝑗) − (
𝑛𝑙
𝑗
) − (𝑛𝑔

𝑗
)

(𝑛𝑗)
= 1 − 𝑧𝑗 − (1 − 𝑧)𝑗

Proof sketch: Prove both lim
𝑛→∞

(𝑛𝑙
𝑗
)

(𝑛𝑗)
= 𝑧𝑗 and lim

𝑛→∞

(𝑛𝑔
𝑗
)

(𝑛𝑗)
= (1 − 𝑧)𝑗 by induction. Com-

bine the results.
1. Assume: 1. A finite set of real functions ℱ ⊂ {𝑑∶ ℝ⟶ ℝ}.

2. The cardinality of the aforementioned set 𝑛 = |ℱ | ∈ ℤ and 𝑛 ≥ 2.
3. Pick a function 𝑓 ∈ ℱ .
4. Pick a location 𝑡 ∈ ℝ where the functions are compared.
5. 𝑓(𝑡) has statistical rank 𝑟 ∈ ℤ within { 𝑐(𝑡) | 𝑐 ∈ ℱ } so that 1 ≤ 𝑟 ≤ 𝑛.
6. Only 𝑓 has value 𝑓(𝑡) at location 𝑡, i.e. | 𝑐 | 𝑐 ∈ ℱ ∧ 𝑐(𝑡) = 𝑓(𝑡) | = 1.
7. The normalised rank of 𝑓 at location 𝑡 is defined as 𝑧 = (𝑟−1)/(𝑛 − 1).
8. The amount of functions with a lesser value at location 𝑡 than 𝑓 is

marked with 𝑛𝑙.
9. The amount of functions with a greater value at location 𝑡 than 𝑓 is

marked with 𝑛𝑔.
10. The amount 𝑗 ∈ ℤ of functions in a combination that can form a band

is limited to the range 2 ≤ 𝑗 ≤ 𝑛.
11. Pick a finite 𝑗.
12. The ratio of bands containing 𝑓 at location 𝑡 to all bands is

ℎ(𝑛, 𝑗, 𝑧) =
(𝑛𝑗) − (

𝑛𝑙
𝑗
) − (𝑛𝑔

𝑗
)

(𝑛𝑗)
.

13. The asymptotic gain curve gives the unnormalised component MBD
gain at location 𝑡 for the function with normalized rank 𝑧 as 𝑛 tends
to infinity:

𝑔(𝑗, 𝑧) = lim
𝑛→∞

ℎ(𝑛, 𝑗, 𝑧).

2. Prove: 𝑔(𝑗, 𝑧) = 1 − 𝑧𝑗 − (1 − 𝑧)𝑗

3. Prove first lim
𝑛→∞

(𝑛𝑙
𝑗
)

(𝑛𝑗)
= 𝑧𝑗.
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A. Structured proof for asymptotic, unnormalised component MBD gain

3.1.
𝑛𝑙 = 𝑟 − 1
= (𝑧(𝑛 − 1) + 1) − 1
= 𝑧(𝑛 − 1)

3.2. Basis for the induction, 𝑗 = 2: lim
𝑛→∞

(𝑛𝑙

)

(𝑛)
= 𝑧

3.2.1.
(𝑛𝑙

)

(𝑛)
= 𝑛𝑙(𝑛𝑙 − 1)
𝑛(𝑛 − 1)

= 𝑧(𝑛 − 1)(𝑧(𝑛 − 1) − 1)
𝑛(𝑛 − 1) By 3.1.

= 𝑧(𝑛 − 1) − 𝑧
𝑛

= 𝑧 − 𝑧
 + 𝑧
𝑛

3.2.2.

lim
𝑛→∞

(𝑛𝑙

)

(𝑛)
= 𝑧 − 0 By 3.2.1

= 𝑧

3.2.3. Q.E.D.
3.3. Induction hypothesis: Assume 3 is true for 𝑗 = 𝑘.
3.4. Induction step: Prove 3 is true for 𝑗 = 𝑘 + 1.

3.4.1.

lim
𝑛→∞

( 𝑛𝑙
𝑘+
)

( 𝑛𝑘+)

= lim
𝑛→∞

(𝑛𝑙
𝑘
)𝑛𝑙−𝑘𝑘+

(𝑛𝑘)
𝑛−𝑘
𝑘+

= lim
𝑛→∞

(𝑛𝑙
𝑘
)(𝑛𝑙 − 𝑘)

(𝑛𝑘)(𝑛 − 𝑘)

= lim𝑛→∞

(𝑛𝑙
𝑘
)

(𝑛𝑘)
 lim𝑛→∞

𝑛𝑙 − 𝑘
𝑛 − 𝑘  By algebraic limit theorem

for functional limits.

=𝑧𝑘 lim𝑛→∞

𝑛𝑙 − 𝑘
𝑛 − 𝑘  By induction hypothesis 3.3.

=𝑧𝑘 lim𝑛→∞

𝑧(𝑛 − 1) − 𝑘
𝑛 − 𝑘  By 3.1.

3.4.2. Case: 𝑧 = 0
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lim
𝑛→∞

( 𝑛𝑙
𝑘+
)

( 𝑛𝑘+)

=𝑧𝑘 lim𝑛→∞

𝑧(𝑛 − 1) − 𝑘
𝑛 − 𝑘  By 3.4.1.

=0𝑘 lim𝑛→∞

0 − 𝑘
𝑛 − 𝑘 By the assumption of 3.4.2.

=0𝑘(0)
=𝑧𝑘+ By the assumption of 3.4.2.

3.4.3. Case: 𝑧 ≠ 0

lim
𝑛→∞

( 𝑛𝑙
𝑘+
)

( 𝑛𝑘+)

=𝑧𝑘 lim𝑛→∞

𝑧(𝑛 − 1) − 𝑘
𝑛 − 𝑘  By 3.4.1.

=𝑧𝑘 lim𝑛→∞

𝑧
1 By l’Hôpital’s rule.

=𝑧𝑘+

3.4.4. Q.E.D.
3.5. Q.E.D.

4. Second, prove lim
𝑛→∞

(𝑛𝑔
𝑗
)

(𝑛𝑗)
= (1 − 𝑧)𝑗.

4.1.

𝑛𝑔 = 𝑛 − 𝑟
= 𝑛 − (𝑧(𝑛 − 1) + 1)
= −𝑛(𝑧 − 1) + 𝑧 − 1

4.2. Basis for the induction, 𝑗 = 2: lim
𝑛→∞

(𝑛𝑔

)

(𝑛)
= (1 − 𝑧)
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A. Structured proof for asymptotic, unnormalised component MBD gain

4.2.1.
(𝑛𝑔

)

(𝑛)
=
𝑛𝑔(𝑛𝑔 − 1)
𝑛(𝑛 − 1)

= (−𝑛(𝑧 − 1) + 𝑧 − 1)((−𝑛(𝑧 − 1) + 𝑧 − 1) − 1)
𝑛(𝑛 − 1) By 4.1.

= (−𝑛(𝑧 − 1) + (𝑧 − 1))(−(𝑛 − 1)(𝑧 − 1) − 1)
𝑛(𝑛 − 1)

= 𝑛(𝑛 − 1)(𝑧 − 1) + 𝑛(𝑧 − 1) − (𝑛 − 1)(𝑧 − 1) − (𝑧 − 1)
𝑛(𝑛 − 1)

= 𝑛(𝑛 − 1)(𝑧 − 1) + (𝑛 − 1)(𝑧 − 1)(−𝑧 + 2)
𝑛(𝑛 − 1)

= (𝑧 − 1) + (𝑧 − 1)(−𝑧 + 2)𝑛
4.2.2.

lim
𝑛→∞

(𝑛𝑔

)

(𝑛)
= (𝑧 − 1) + 0 By 4.2.1

= (𝑧 − 1)

= (1 − 𝑧)

4.2.3. Q.E.D.
4.3. Induction hypothesis: Assume 4 is true for 𝑗 = 𝑘.
4.4. Induction step: Prove 4 is true for 𝑗 = 𝑘 + 1.

4.4.1.

lim
𝑛→∞

( 𝑛𝑔
𝑘+
)

( 𝑛𝑘+)

= lim
𝑛→∞

(𝑛𝑔
𝑘
)𝑛𝑔−𝑘𝑘+

(𝑛𝑘)
𝑛−𝑘
𝑘+

= lim
𝑛→∞

(𝑛𝑔
𝑘
)𝑛𝑔 − 𝑘

(𝑛𝑘)(𝑛 − 𝑘)

=
⎛
⎜⎜⎜⎝ lim𝑛→∞

(𝑛𝑔
𝑘
)

(𝑛𝑘)

⎞
⎟⎟⎟⎠ lim𝑛→∞

𝑛𝑔 − 𝑘
𝑛 − 𝑘  By algebraic limit theorem

for functional limits.

=(1 − 𝑧)𝑘 lim𝑛→∞

𝑛𝑔 − 𝑘
𝑛 − 𝑘  By induction hypothesis 4.3.

=(1 − 𝑧)𝑘 lim𝑛→∞

−𝑛(𝑧 − 1) + 𝑧 − 1 − 𝑘
𝑛 − 𝑘  By 4.1.

4.4.2. Case: 𝑧 = 1
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lim
𝑛→∞

( 𝑛𝑔
𝑘+
)

( 𝑛𝑘+)

=(1 − 𝑧)𝑘 lim𝑛→∞

−𝑛(𝑧 − 1) + 𝑧 − 1 − 𝑘
𝑛 − 𝑘  By 4.1.

=(1 − 1)𝑘 lim𝑛→∞

0 − 𝑘
𝑛 − 𝑘 By the assumption of 4.4.2.

=(0)𝑘(0)
=0
=(1 − 𝑧)𝑘+ By the assumption of 4.4.2.

4.4.3. Case: 𝑧 ≠ 1

lim
𝑛→∞

( 𝑛𝑔
𝑘+
)

( 𝑛𝑘+)

=(1 − 𝑧)𝑘 lim𝑛→∞

−𝑛(𝑧 − 1) + 𝑧 − 1 − 𝑘
𝑛 − 𝑘  By 4.1.

=(1 − 𝑧)𝑘 lim𝑛→∞

1 − 𝑧
1  By l’Hôpital’s rule.

=(1 − 𝑧)𝑘+
4.4.4. Q.E.D.

4.5. Q.E.D.
5.

lim
𝑛→∞

(𝑛𝑗) − (
𝑛𝑙
𝑗
) − (𝑛𝑔

𝑗
)

(𝑛𝑗)

=1− lim
𝑛→∞

(𝑛𝑙
𝑗
)

(𝑛𝑗)
− lim
𝑛→∞

(𝑛𝑔
𝑗
)

(𝑛𝑗)
By algebraic limit theorem for functional limits.

=1 − 𝑧𝑗 − (1 − 𝑧)𝑗 By 3 and 4.
6. Q.E.D.
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