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to construct a statistical model for identifying the true interactions from ChIAPET interaction count data. First, the current methods for solving this task are
reviewed. Then a new method combining a Bayesian mixture model with bias
removal by Poisson regression is proposed. The model parameters are estimated
by using Markov chain Monte Carlo methods. The new model is implemented on
Matlab and tested on real ChIA-PET data sets.
The results suggest that the proposed mixture model can quantify chromatin
interactions and make good use of incorporated bias correcting. Comparison
with two other methods, ChIA-PET Tool and Mango, shows that the mixture
model results are partially the same as for the other two methods but there also
also some interactions only found by the mixture model. Annotation analysis
revealed that the mixture model results are in line with earlier research results.
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ChIA-PET Tool ja Mango-ohjelmistojen kanssa huomataan, että mikstuurimalli
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for an interesting thesis topic and all the guidance I have received. Second,
I am also very grateful to my unofficial advisor Henrik Mannerström for his
hard work for this thesis. Henrik has helped me in the many practical tasks
this work has involved and without his help I would probably still be banging
my head to the wall. I would like to thank the whole CSB research group and
especially my room mates Henrik and Sini for the great work atmosphere I
have had a privilege to enjoy. The computational resources provided by the
Aalto Science-IT project were used when making this thesis.
I would like to thank my family for their support. Special thanks to Aunt
Kati, who helped me to settle in Espoo when I started my studies.
Last but not least, I would like to thank all my dear friends for encouraging
me and all the fun we have had! Especially Joonas, the fun conversations we
have had have inspired me to go on during this master’s thesis process. Thanks
to you, my study years have been a bizarre adventure! And Antti, thank you
for always being there for me.

Espoo, September 29, 2015
Viivi Halla-aho

iv

Abbreviations and Symbols
ChIA-PET
DNA
DNA-FISH
EM
HMC
MCMC
NGS
NUTS
PET
TFBS
TSS
IAB
RA
cA
N
n
ρ
ρAB
ρA
ωAB
Ii
w0i
w1i
λ0i
λ1i

Chromatin interaction analysis using paired end tags
Deoxyribonucleic acid
DNA fluoresence in situ hybridization
Expectation-maximization algorithm
Hamiltonian Monte Carlo
Markov chain Monte Carlo
Next-generation sequencing
No-U-turn-sampler
Paired end tag
Transcription factor binding site
Transcription starting site
Interaction count for the interaction between anchor A
and B
Anchor region A
Marginal count for anchor A
Number of inter-ligation PETs
Number of fragment pairs
Expected number of interactions
Expected interaction count for anchors A and B
Expected marginal count for anchor A
The non-centering coefficient for interaction between
anchors A and B
Interaction count for fragment pair i
Mixing parameter for fragment pair i
Mixing parameter for fragment pair i
Poisson rate parameter of the first component for fragment pair i
Poisson rate parameter of the second component for
fragment pair i

v

di
miA
giA
ciA
βi
K
k
Di
βj
σb
µD
σD
µµ D
σµD
aσ D
bσ D
I
D
w
β

Distance between the interacting anchors for fragment
pair Xi
Mappability of anchor A of interaction pair Xi
GC content of anchor A of interaction pair Xi
Coverage of anchor A of interaction pair Xi
Coefficients of Poisson regression model
Number of explanatory variables in Poisson regression
model
Truncation parameter
Addition to λ0i to get λ1i
Regression coefficient, j = 0, ..., K
Standard deviance of regression coefficient prior
Mean of Di ’s prior
Standard deviation of Di ’s prior
Mean of µD ’s prior
Standard deviation of µD ’s prior
Gamma distribution shape parameter of σD ’s prior
Gamma distribution rate parameter of σD ’s prior
Vector I = (I1 , ..., In )
Vector D = (D1 , ..., Dn )
Vector w = (w01 , ..., w0n )
Vector β = (β0 , .., βK )

vi

Contents
Abbreviations and Symbols

v

1 Introduction
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.2 Problem statement . . . . . . . . . . . . . . . . . . . . . . . . .
1.3 Structure of this thesis . . . . . . . . . . . . . . . . . . . . . . .

1
1
3
3

2 Background
2.1 DNA Sequencing . . . . . .
2.2 ChIA-PET Sequencing . . .
2.3 Other experimental methods
tions . . . . . . . . . . . . .

5
5
6

. .
. .
for
. .

. . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . .
identifying chromatin interac. . . . . . . . . . . . . . . . . .

3 Literature review
3.1 Current ChIA-PET analysis methods . . .
3.1.1 Hypergeometric model . . . . . . .
3.1.2 Non-central hypergeometric model
3.1.3 Bayesian mixture model . . . . . .
3.1.4 SPROUT . . . . . . . . . . . . . .
3.1.5 Mango . . . . . . . . . . . . . . . .
3.1.6 Comparing the methods . . . . . .
3.2 Improving the methods . . . . . . . . . . .
3.2.1 Bias correction . . . . . . . . . . .
3.2.2 Including external input data . . .
3.3 Result validation . . . . . . . . . . . . . .
4 Methods
4.1 Preprocessing of the data . . . . . . . .
4.1.1 Processing raw ChIA-PET data
4.1.2 Anchor site finding . . . . . . .
4.1.3 Calculating anchor properties .
vii

.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.

9

.
.
.
.
.
.
.
.
.
.
.

11
11
12
13
14
17
19
20
22
23
23
24

.
.
.
.

26
26
27
28
29

4.1.4
4.2
4.3
4.4
4.5

Finding the corresponding anchors for interaction
and tail sites . . . . . . . . . . . . . . . . . . . .
Poisson mixture model with Poisson regression . . . . . .
Bayesian inference and MCMC methods . . . . . . . . .
Distributions used in sampler . . . . . . . . . . . . . . .
Sampler implementation . . . . . . . . . . . . . . . . . .

5 Results
5.1 The Mcf7 cell line data set . . . . . . . . .
5.2 Modeling inter-chromosomal interactions .
5.3 Preliminary results from Poisson regression
5.4 Full model . . . . . . . . . . . . . . . . . .
5.5 Comparison with other methods . . . . . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

head
. . .
. . .
. . .
. . .
. . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

30
30
34
38
43

.
.
.
.
.

47
47
48
49
53
56

6 Conclusions

61

Bibliography

64

viii

Chapter 1

Introduction
1.1

Background

Genes are segments of deoxyribonucleic acid, DNA, and they determine the
primary structure of a particular protein or ribonucleic acid, RNA. These
proteins and RNAs have their own functions in the organism and thus the genes
determine how the organism works. The four bases adenine, cytosine, guanine
and thymine work as building blocks of the DNA, which consists of genes
and regulatory elements plus other nucleotide sequences. A new RNA can be
produced in a process called transcription, where DNA is used as a template.
RNAs can then be used for synthesizing proteins by translation (Cooper, 2000,
Expression of Genetic Information). This process where genetic information of
the genes is transformed into functional products, RNA and proteins, is called
gene expression (Niu, 2012).
The entirety of DNA, both genes and the non-coding sequences, is called
genome (Niu, 2012). Eukaryotes have a complex genome structure and organization. Eukaryotic genome consists of multiple chromosomes, which contain
nucleic acids in a long linear string like structure. Together with different kinds
of proteins the eukaryotic genome forms a complex which is called chromatin.
One major type of proteins included in chromatin is histones, which are needed
in packaging the genome. There is also a wide range of other chromosomal
proteins with different purposes. The number and size of chromosomes vary
between the wide range of eukaryotic species, but the basic structure is the
same for all of them (Cooper, 2000, Chromosomes and Chromatin).
Cells can control gene expression through gene regulation (Niu, 2012).
These mechanisms are very complex in eukaryotic organisms. The primary
way of controlling gene expression is to regulate the starting of transcription.
RNA polymerase is an enzyme needed in transcription of RNA. RNA poly-
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Figure 1.1: Example of chromatin interaction where DNA loop brings enhancer region near the transcription starting site. Figure from Cooper (2000,
Regulation of Transcription in Eukaryotes).
merase needs to bind to a promoter DNA sequence for transcription to start.
So the presence of a promoter sequence is needed for producing RNA. Other
type of regulatory sequences stimulating the process is enhancers, which can be
located quite far from the transcription initiation site. They bind transcription
factor proteins, which then interact with RNA polymerase or other transcription factors in the promoter site. Chromatin looping enables this interaction
by bringing the promoter and enhancer sequences close to each other. Example of such looping is presented in Figure 1.1. There are also other ways how
the chromatin structure can prevent or enable transcription (Cooper, 2000,
Regulation of Transcription in Eukaryotes). For example, looping can isolate
genome regions from transcription (Reeder and Gifford, 2013). So in addition
to the necessary transcriptional regulatory proteins binding to enhancers and
promoters, the correct structure of the chromatin is essential for initiating the
transcription (Cooper, 2000, Regulation of Transcription in Eukaryotes).
Chromatin structure has been studied using microscopes and many different kinds of DNA sequencing methods (de Wit and de Laat, 2012). The aim
is to get a more comprehensive understanding of the structure and function
of the genome. The most intuitive way to present the structure is a threedimensional model and the current methods strive towards that goal (Li et al.,
2014).
One of the most recent methods is chromatin interaction analysis using
paired-end tags, in short ChIA-PET. It captures the pairs of looped chromatin parts which are brought together by a certain protein. The interacting
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chromatin fragments which are extracted in the experiment are called tags.
ChIA-PET is a de novo method with which genome-wide interactions can be
analyzed with high throughput and high resolution (Li et al., 2014). This
experiment produces data from which a list of putative chromatin interaction
sites and their respective frequencies can be formed (de Wit and de Laat,
2012).
Better understanding of chromatin structure and its role in gene regulation
might give insights about how diseases and cancer work. For example, the
structure of the chromatin might be different in normal and cancer cells and
so lead to anomalous function of the cancer cell. Comparisons like this have
already been done (Niu et al., 2014). As the cost and time consumption of
the sequencing methods are decreasing, chromatin structure analysis might
become an important tool in personalized medicine.

1.2

Problem statement

The difficult part of analysing data from ChIA-PET experiment is to distinguish between true interactions and random noise. Some statistical methods
have been proposed to answer this question and they are introduced in Chapter
3.
All of the methods are based on the assumption that the signal should be
more powerful for the true interactions than for the random noise. Some of
the methods also take the distance between the interacting chromatin parts
into account as interactions are thought to happen more often between parts
in close proximity. Along the distance information, the interaction analysis
could be enhanced by adding external information about the chromatin parts
in question into the model. For example, influence of known bias factors could
be eliminated this way.
This thesis reviews the current methods of distinguishing true interactions
from false ones and proposes improving the Bayesian mixture model first proposed by Niu and Lin (2015) by incorporating bias correction into the model.
This model is then implemented in Bayesian framework using Markov chain
Monte Carlo methods and tested on real data.

1.3

Structure of this thesis

The structure of this thesis is the following: first the background of the problem
at hand is introduced and then the existing solutions to solve it are presented
in Chapter 3 Literature review. In the end of Chapter 3, the potential solutions
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for improving the present methods are reviewed. Chapter 4 starts by describing
how ChIA-PET data is preprocessed before analysis. After this the statistical
model proposed in this thesis is explained along with the theory behind it.
Bayesian analysis and Markov chain Monte Carlo methods, which are used in
estimating the model parameters are introduced as well. The details about
the implementation of the proposed method can be read from end of the same
Chapter 4. To evaluate how well the improved method works, the model is
implemented and tested on a real data set. Then the results are compared
with some other current methods. The results are presented in Chapter 5.
Finally, the results are discussed and possible future research proposals are
given before giving the conclusions of this thesis in Chapter 6.

Chapter 2

Background
The basics of DNA sequencing are presented in the first section of this chapter
to provide understanding of how the data handled in this thesis has been produced. In the second section the focus is on chromosome interaction analysis
using paired-end tags (ChIA-PET) method and the protocol is explained in
detail. Different types of methods for chromatin interaction discovery are also
introduced in the last section to show the different approaches for chromatin
interaction analysis. The differences and advantages compared to ChIA-PET
are also reviewed.

2.1

DNA Sequencing

The aim of DNA sequencing is to find out the exact order of the nucleotides
adenine, guanine, cytosine and thymine in a DNA molecule coming from a
molecular biology experiment. State-of-art methods are called next-generation
sequencing (NGS). These NGS techniques are very efficient because the DNA
to be sequenced is fragmented into small segments and the order of nucleotides
is parallelly determined for these fragments. The strings of bases obtained as a
result of sequencing are called reads (Grada and Weinbrecht, 2013). The details
of the multiple available methods for the actual nucleotide order determining
are not covered in this thesis. The next step after sequencing is to map the
reads to a reference genome. This is how the genomic coordinates of the
sequenced fragments are found out (Grada and Weinbrecht, 2013).
All types of experiments studying the chromatin biology are ridden with
bias factors, some of them experiment-specific ones and some of them influence all experiments. There are bias sources in all the stages of the experiment
starting from the structure of the chromatin to be investigated to the mapping
of the reads. It is important that the bias factors are considered in the analy5
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sis, otherwise they might be interpreted accidentally as biological phenomena
(Meyer and Liu, 2014). Next some of the bias factors relating to ChIA-PET
experiment are briefly introduced.
Experiments such as ChIA-PET include sonication of the chromatin to cut
the whole thing into shorter fragments. The structure of the chromatin might
make some parts more fragile than the other ones and when sonicated i.e.
broken apart using sound energy, this results in fragments of different lengths.
GC content, the proportion of guanines and cytosines in a certain part of DNA,
can induce bias in multiple ways. For example in polymerase chain reaction
(PCR) amplifying, where fragments to be sequenced are copied, the efficiency
of amplification might differ between sequences. The efficiency is higher for
fragments with high GC content and thus the GC rich fragments are amplified
more than the others (Meyer and Liu, 2014).
When mapping the short NGS sequences into the reference genome, new
challenges are encountered. It might be impossible to find a unique match
from the whole reference genome for a short sequence. Repetitive elements or
duplications make this task even harder. Genomic variation might even result
in sequences which do not match the reference genome and cannot be mapped
at all. In consequence, there are regions in the genome which are generally
hard to map (Meyer and Liu, 2014). Quantity called mappability measures
this property and it can be calculated for sequences of certain length for the
whole genome (Derrien et al., 2012).

2.2

ChIA-PET Sequencing

ChIA-PET is a chromatin conformation capture (3C) based method first proposed by Fullwood et al. (2009) where chromatin interactions bound by a protein of interest are precipitated using chromatin immunoprecipitation (ChIP)
technique. ChIA-PET can be used for finding genome-wide interactions in high
resolution and it uses high-troughput sequencing. ChIA-PET has already been
applied to different types of human and mouse cells, such as human cancer and
T-cells and mouse embryonic stem cells (Li et al., 2014).
The steps of the ChIA-PET procedure and the different kinds of interactions captured by the method are illustrated in Figure 2.1. Figure 2.1a shows
the wet-lab experiment in a simplified way. First, chromatin is cross-linked by
using formaldehyde. After this, the DNA-protein complexes are chopped into
smaller fragments with sonication. Chromatin immunoprecipitation is then
used for picking the fragments bound by a protein of interest. In other words,
a specific antibody for the protein of interest is used to capture the desired
fragments. Next the picked chromatin fragments are split into two different

CHAPTER 2. BACKGROUND

(a)

Formaldehyde
cross linking

Chromatin
fragmentation

7

Linker ligation
In two separate aliquots

Chromatin
precipitation

Linker A

Non chimeric PETs

Self ligation

Chimeric PET

PET sequencing

(b)

Restriction digestion

Tag

Linker B

Inter ligation

Restriction digestion

Half Linker A

Proximity ligation

Half Linker A

Tag

NNNNNNNNNNNNNNNNNNNNGTTGGATCCGATATCGCGGCCGCGATATCGGATCCAACNNNNNNNNNNNNNNNNNNNN
Half Linker B
Half Linker B
NNNNNNNNNNNNNNNNNNNNGTTGGATCATATATCGCGGCCGCGATATATGATCCAACNNNNNNNNNNNNNNNNNNNN
Half Linker A

Half Linker B

NNNNNNNNNNNNNNNNNNNNGTTGGATCCGATATCGCGGCCGCGATATATGATCCAACNNNNNNNNNNNNNNNNNNNN
Head sequence read

(c)

Tail sequence read
Inter ligation PET
(Two ChIP fragments)
> 4.6Kb

Self ligation PET
(One ChIP fragment)
< 4.6Kb

Intra chromosomal
inter ligation PET cluster

(d)

Self ligation
PET cluster

Inter chromosomal
inter ligation PET cluster

Figure 2.1: The steps of ChIA-PET protocol and the different types of interactions that can be identified. Figure from Li et al. (2010).
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aliquots. Each of the aliquots includes a half-linker of its own and these linkers
stick to the DNA-fragment ends. When the two aliquots are combined, halflinkers ligate with their nearest half-linker neighbors. As shown in Figure 2.1a,
ligation can happen between two linkers stuck to the same chromatin fragment
or two linkers coming from different chromatin fragments. The former type of
ligation is called self-ligation and the latter is called inter-ligation. In these
cases the linker is formed of the two ligated half-linkers of the same type. If
proximity ligation happens between two fragments from different chromatin
complexes, the linker will very likely consist of two different half-linkers. The
DNA fragments along with the linkers are extracted from the DNA-protein
complex with restriction enzyme MmeI and paired-end tags (PETs) are gotten
as a result. These PETs are then sequenced with next-generation sequencing
machines and paired-end reads are obtained as a result (Li et al., 2014).
In Figure 2.1b the architecture of the paired-end tags is shown in more
detail. A single PET is constructed of two DNA fragment tags of length 20 base
pairs. In between of the two tags lies two half-linkers, which are 19 base pairs
long each. Together they form a whole linker with length 38 base pairs. PETs
with different half-linkers are called chimeric PETs and the ones with a pair of
linkers of the same kind are non-chimeric PETs. Coming from different DNAprotein complexes and from different aliquots, chimerically ligated fragments
most likely have not been proximal before chromatin fragmentation. Chimeric
PETs can thus be assumed to result from random collision events when the two
aliquots are combined. Non-chimeric PETs represent the putative interactions
and are used in later analysis of interaction quantifying (Li et al., 2010).
Self-ligations are separated from inter-ligation PETs based on the distance
between the interacting sites. If it is under a certain cut-off value, e.g. 4600
base pairs as stated in Figure 2.1c, a PET can be called self-ligation. Other
threshold values have also been used in different works, for example Paulsen
et al. (2014) used threshold value of 8000 base pairs for separating the selfand inter-ligations. PETs with distance greater than this value are considered as inter-ligation PETs. Inter-ligations can again be divided into intraand inter-chromosomal interactions, which is illustrated in Figure 2.1d. As
the names suggest, the intra-chromosomal interactions are formed between
two sites inside one chromosome considerably far away from each other and
inter-chromosomal interactions happen between two genomic locations from
different chromosomes (Li et al., 2010).
The quality of the data obtained from a ChIA-PET experiment depends
mostly on the linker design and quality of the available DNA on which the
experiments is done for (Li et al., 2014). The specifity of the antibody used in
immunoprecipitation step of the experiment has also an effect on the quality.
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The generic bias factors of DNA sequencing were introduced before in the
Section 2.1 and they apply also for ChIA-PET sequencing.

2.3

Other experimental methods for identifying chromatin interactions

In addition to ChIA-PET, there are many different methods for identifying
chromatin interactions. Some of them have a slightly different scope and purpose. Chromatin conformation capture (3C) and its derivatives chromosome
conformation capture-on-chip (4C), chromosome conformation capture carbon
copy (5C), Hi-C and ChIA-PET all start with almost the same procedure as
was depicted in previous Section 2.2 and in Figure 2.1. The differences between
the methods lie in resolution and the range of genomic sites of between which
the interactions can be identified. 3C can find only interactions between two
predefined genomic sites, 4C screens the genome for sites interacting with one
particular site, 5C can find interactions between many genomic sites and Hi-C
can find all interaction between any genomic sites. ChIA-PET can also find
interactions between any genomic sites as long as they are bound by a specific
protein (de Wit and de Laat, 2012).
ChIA-PET method is the most complex method of the ones mentioned
above (Li et al., 2014). It has high resolution and can map genome-wide
interactions, which are its advantages over the rest of 3C based methods. On
the other hand, it can only reveal interactions bound by a specific protein
(de Wit and de Laat, 2012). Only capturing interactions bound by a specific
protein can be thought as targeted approach and results in higher resolution
than the more general approach of Hi-C method. 5C is also a method that
can provide more high-resolution interaction frequency maps of the targeted
range of genome locations, but without protein limitations (Meyer and Liu,
2014). Another disadvantage of ChIA-PET is the low signal-to-noise ratio:
most of the putative interactions are just products of random ligation (de Wit
and de Laat, 2012). Also, the shortness of the DNA fragments makes specific
mapping difficult (Li et al., 2014).
Currently there are only very few tools available for comprehensive ChIAPET data processing and analysis. ChIA-PET Tool pipeline (Li et al., 2010)
provides the basic steps of processing raw data into lists of interaction clusters
and simple visualizations. More comprehensive analysis tools would make
ChIA-PET more applicable and attractive for prospective users (Li et al.,
2014). Also, the difficulties in comprehensive result validation is a disadvantage
of this method (Li et al., 2014). Some ways of validating the found interactions
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are reviewed in Section 3.3. As the chromatin conformation capture methods
cannot tell whether the found interactions actually are functional or not, the
importance of validation through other experiments should not be underrated
(Kwon et al., 2013).

Chapter 3

Literature review
The literature on current methods for statistical modeling of the chromatin
interactions are reviewed in the first section of this chapter. First the different
approaches are described and then they are briefly compared to each other
based on results found in literature.
After discussing the available methods, the possibilities of refining them are
reviewed in Section 3.2. As mentioned in Chapter 2.1, there are quite a few
bias factors which should be taken into account when building a mathematical
model. There are already a few methods for bias normalization for Hi-C type
of data and using them also in statistical models targeted for ChIA-PET data
are discussed in Section 3.2.1. The idea of combining different data types for
more comprehensive modeling has also been proposed in earlier works. This
possibility and some existing implementations are further described in Section
2.1.
Validating the results of chromatin interaction analysis is challenging, as
the true chromatin structure is not known. The generally used validation
methods found in literature are introduced in Section 3.3.

3.1

Current ChIA-PET analysis methods

As described in previous chapters, there are two kinds of observations that
are obtained from ChIA-PET experiment: the ones representing the true interactions and the ones that have happened randomly and can be thought as
noise. The interaction models try to classify the observations into these two
categories.
Interaction frequencies, i.e. the number of times a certain interaction has
been observed, is the key variable in these models. The general assumption
is that the interaction frequency is expected to be higher for true interactions
11
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Figure 3.1: Illustration of two anchor regions RA and RB with interaction
count IAB = 5 and marginal counts cA = 9 and cB = 7. Figure from (Li et al.,
2010).
than for the random ones. If the interaction indeed is biologically meaningful,
it will probably occur more often than some random parts of chromatin sticking
to each other and thus it will have a high interaction frequency. In most models
the basic idea is that interaction frequency of the interactions is assumed to
follow some statistical distribution and the noise interaction frequencies follow
some other distribution. Some of the statistical models try to answer the
question ”which are true interactions and which are not?” by giving a threshold
value, of which higher interaction counts are labeled as true interactions and
lower are labeled as noise., whereas some models attempt to give a probability
of belonging to the false and true groups.
The current methods for quantifying chromatin interactions and names for
the software using the methods in question are hypergeometric model by Li
et al. (2010) (ChIA-PET Tool), non-central hypergeometric model by Paulsen
et al. (2014) (ChiaSig) and Bayesian mixture model by Niu and Lin (2015)
(MDM), mixture model combining anchor finding and interaction classification
by Reeder and Gifford (2013) (Sprout) and binomial model with bias correction
by Phanstiel et al. (2015) (Mango). The hypergeometric and non-centered
hypergeometric model along with the binomial model are based on calculating
thresholds and p-values for the interactions, whereas Bayesian mixture model
gives distributions for the probabilities of interaction belonging either to the
true interactions or random interactions group. These methods are presented
in more detail in the Sections 3.1.1-3.1.5. Comparing these different methods
and their advantages is in focus in Section 3.1.6.

3.1.1

Hypergeometric model

A hypergeometric model was proposed by Li et al. (2010). This model is
based on the assumption that each anchor site can interact randomly with
other anchors with an equal probability. The interactions are also assumed
to be independent. Thus the interaction frequency of these random interactions follows hypergeometric distribution. If an interaction is not a random,
but a biologically meaningful interaction, it should have a higher interaction
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frequency which does not fit to this distribution. This idea is utilized by constructing a statistical test of whether a certain interaction frequency comes
from the hypergeometric distribution or not.
First the needed variables are defined. IAB is the notation used for interaction count for interaction between anchor regions notated as RA and RB . N is
the number of inter-ligation PETs and cA and cB are the marginal counts for
fragment ends from regions RA and RB respectively. Marginal count is calculated by summing together all frequencies of the interactions the anchor region
in question has been a part of. Now, under the null hypothesis, the probability
that interaction count IAB is observed comes from the hypergeometric density
function
 2N −cA 
cA
P (IAB |N, cA , cB ) =

IAB

cB −IAB

2N
cB

.

(3.1)

As marginal counts cA and cB are included in the model, the different
enrichments of the anchors have been taken into account. So the interaction
count is always compared to the level of the marginal counts of the anchors.
To decide if the interaction between fragments A and B is a true interaction
or if it happened randomly, it has to be checked whether the interaction count
IAB is larger than expected by the above model. For this purpose, a p-value can
be calculated and a cut-off false discovery rate value can be set to distinguish
the too unlikely interactions.
ChIA-PET data processing pipeline ChIA-PET Tool uses this model when
distinguishing between significant and insignificant interactions. The pipeline
provides all the necessary steps of processing ChIA-PET data from the raw
sequence reads to the visualization of the found interactions and is widely used
(Li et al., 2010).

3.1.2

Non-central hypergeometric model

Paulsen et al. (2014) propose an extension to the previous model. The hypergeometric distribution presented by Li et al. (2010) can be replaced with
non-central hypergeometric distribution if the interaction between anchors A
and B are more likely by factor ωAB than interactions between one of these
anchors and the other anchors. Using the same notation as above the probability of observing interaction count IAB between anchor regions RA and RB
by chance becomes
 2N −cA  IAB
cA
ωAB
I
c −I
(3.2)
P (nij |N, cA , cB , ωAB ) = P AB B AB  I 0 ,
cA
2N −cA
AB
ω
0
AB
I
I0
cB −I 0
AB

AB

AB
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where the non-centering coefficients ωAB depend on the genomic distance between the two anchors A and B. This non-central hypergeometric model is
conditional on N , cA and cB , the total number of interactions and marginal
counts for both anchors RA and RB .
Non-centering coefficients ωAB can be estimated using equation
ωAB =

ρAB (2ρ − ρA − ρB + ρAB )
,
(ρA − ρAB )(ρB − ρAB )

(3.3)

where ρAB P
is the expected number of interactions between anchors A and B
and ρA =
of interactions is a sum of
B ρAB . The expected total number
P
all expected numbers of interactions ρ = A<B ρAB . These values ρAB are
determined based on the distance between interacting anchors A and B. This
arises from the knowledge that proximal genomic regions interact randomly
more often than regions far away from each other. Paulsen et al. (2014) propose
that the genomic distances between all possible pairs of anchors are divided
into 1000 quantiles and mean interaction count is calculated for each of these
intervals. A function to compute the expected interaction frequency ρAB is
obtained by smoothing the distribution of quantile frequencies using cubic
smoothing spline.
The interaction frequencies IAB for random interactions are assumed to
follow non-central hypergeometric distribution presented above. Interaction
count should be higher than the expected value for the true interactions. To
test whether the observed value IAB is bigger than the expected one, the
following formula for one-sided p-value can be used

 x
P
cA 2N −cA
X
ωAB
x≥IAB x
c −x
.
(3.4)
PAB =
P (x|N, cB , cB , ωAB ) = P cA  2N −cAA  x
ω
AB
x
x
c
−x
x≥IAB
B
A cut-off value can again be chosen to divide the observations into random
and non-random interactions.
Paulsen has released a free ChIA-PET data analysis software called ChiaSig. It utilized the non-centered hypergeometric model for distinguishing
significant and insignificant interactions from each other (Paulsen et al., 2014).

3.1.3

Bayesian mixture model

Niu (2012) proposes a Bayesian mixture model for identifying true interactions from random noise using Bayesian framework and Markov chain Monte
Carlo methods. This model, also called Marginal Count - Distance Model, has
been implemented into the freely available R package MDM which classifies
interactions into false and true groups.
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The mixture model consists of two components: the true interactions resulting from real chromatin interactions and false interactions due to random
collision. The interaction counts for both components are assumed to be Poisson distributed, but with different Poisson rate parameters. Poisson distribution has been popular for modeling next-generation sequencing count data
and it is a natural choice for this purpose as well. The mixture model can be
written as
1
X
Xi ∼
wji f (·|λji ),
(3.5)
j=0

independently for i = 1, 2, ..., n where f (·|λ) is (k − 1)-truncated Poisson distribution mass function. k-truncated means that the distribution is scaled
to support only values of k and higher. Truncation is done so that the observed interactions with observation count lower than k can be assumed to be
noise and thus left out from the analysis. The probability mass function for
k-truncated Poisson distribution is
Poissonk−1 (x; λ) = f (X = x|λ) =

λx
2
x!(eλ − (1 + λ + λ2! + · · · +

λk−1
))
(k−1)!

(3.6)

for x = k, k + 1, ... and λ is the Poisson rate parameter, which is the mean
and the variance of the distribution. It is also assumed, that λ0i < λ1i for
1 ≤ i ≤ n. This corresponds to the assumption that the interaction count
should be higher for true interactions than the random ones. This restriction
also solves the fundamental problem of label switching which is common for
mixture models.
For the mixture component proportions it holds that
w0i + w1i = 1,

(3.7)

for i = 1, ..., n. The weights w0i and w1i can be interpreted as the probabilities
that observation i comes from components 0 and 1.
As the name of the model suggests, the mixture model is then implemented
in Bayesian framework. Useful information of distances between anchor sites
and functional genomic locations can be included in the prior distributions
used in Bayesian framework. It should also be noted in the model that two
interactions sharing an anchor have correlated interaction counts.
The Poisson rate parameter of component 0 is assumed to follow gamma
distribution with shape parameter b and rate parameter rb0
λ0i ∼ Γ(b,

b
),
r0

(3.8)
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independently for i = 1, 2, ..., n. Rate parameter for component 1 follows
truncated normal distribution
λ1i |λ0i ∼ N (λ0i , σ 2 ) · I(λ1i > λ0i ),

(3.9)

independently for i = 1, 2, ..., n where λ1i always gets bigger values than λ0i
and σ 2 is the variance of the distribution. The hyperparameters b, r0 and σ
are given uniform priors where the constants are A = B = C = 1000.
b ∼ U(0, A),

(3.10)

r0 ∼ U(0, B),

(3.11)

σ ∼ U(0, C).

(3.12)

and
As the two mixing parameters are linked together through Equation 3.7,
there is need to set a prior only to one of them. Niu (2012) proposes that this
prior should be used for including the knowledge of distances to interesting,
functional genomic locations into the model. The idea is that an interaction
should be more significant if the interacting anchors are both close to genomic
locations that should be interacting with each other, like for example transcription factor binding sites and transcription starting sites. These minimums of
the sums of distances from anchor sites to either TFBS or TSS are calculated
for each interacting pair of anchors i. Then the prior for the mixing parameter of the true pairs component is proportional to this minimum value disti
through beta distribution
w1i ∼ β(rmcdi · d, rmcd · d),

(3.13)

independently for i = 1, 2, ..., n, where
rmcdi =

mci
.
disti

(3.14)

Here mci is the marginal count information for pair i with interaction count
Xi and is calculated as
mci = ciA + ciB ,
(3.15)
where ciA and ciB are the marginal counts for the head and tail anchors RiA
and RiB . The ratio of marginal count to distance rmcdi is determined as
follows
n
1X
rmcd =
rmcdi ,
(3.16)
n i=1
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where d is a hyperparameter with uniform prior
d ∼ U(0, D).

(3.17)

D is set as a large constant such as 10000. The parameter d has a function
in balancing the difference between mci and disti . The authors of the model
have acknowledged that the interaction count for pair i, Xi , is included twice
in mci . To be more accurate, they tested changing the formula for mci to more
proper
mci = mciA + mciB − Xi ,
(3.18)
but the change in results was very small and thus the definition in Equation
3.15 was found to be satisfactory.
Latent indicator variables Zi are introduced for making inference from the
model and they follow Bernoulli distribution
Zi ∼ Bernoulli(w1i ).

(3.19)

Pr(Zi = 1|X),

(3.20)

If the probability
is greater than the decided cut-off value, the interaction i is a true interaction.
Again, if the probability is smaller, the interaction is a false interaction. The
cut-off value can be set for example 0.5. In other words the model can be
written as
(Xi |Zi = j) ∼ f (·|λji ),
(3.21)
for j = 0, 1 and i = 1, ..., n.
Markov chain Monte Carlo (MCMC) methods, which are introduced in
detail in Chapter 4, are used for calculating the posterior probabilities. The
MCMC implementation is a combination of Gibbs sampler and MetropolisHastings algorithms.
Niu and Lin (2015) discuss improving the Bayesian mixture model by using
ChIP-Seq and gene expression data instead of the distance information in the
mixture weight prior distribution.

3.1.4

SPROUT

Reeder and Gifford (2013) propose a mixture model for identifying self-ligations,
inter-ligations and noise from each other in ChIA-PET data and other suited
data types such as Hi-C. In their model they combine the anchor finding and
interaction classification step to make the model statistically stronger. In the
previous models the anchor sites have already been discovered by utilizing
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self-ligation PETs, which are omitted from the interaction analysis. This procedure is described in detail in Section 4.1.2. The data sets SPROUT can
handle consist of both self- and inter-ligations.
The notation for this model differs quite a lot from the previous models.
(1) (2)
First, a set R = {r1 , ..., rN } is defined, where ri = hri , ri i is a pair of
coordinates pointing to two genomic regions coming from a paired-end read
produced by ChIA-PET experiment. These interactions are assumed to come
from a mixture model with M components which each represent an anchor
site and set l = {l1 , ..., lM } tells the locations of the putative anchor sites. The
total likelihood is

X

N  X
M
M X
M
Y
Pr(R, π, ψ, ρ, l) =
ρ
πj Pr(ri |lj ) + (1 − ρ)
ψj,k Pr(ri |lj , lk )
i=1

j=1

j=1 k=1

(3.22)
where for mixingPparameter ρP
holdsP0 ≤ ρ ≤ 1 and the relative weights πi and
N
N
ψi,j sum to one N
i=1 πi = 1,
i=1
j=1 ψi,j = 1.
The aim is to find minimal number of anchors that explain the data well.
The reads which do not correspond to any of these anchors come from the noise
component from dummy location lB , where B ∈
/ {1, ..., M }. The distribution
of the noise component Pr(ri |lB ) is uniform.
(1) (2)
Latent variables Z = {z1 , ..., zN } where zi = hzi , zi i are also included
in the model. A pair of anchor indices zi tells from which anchor 1, ..., M the
two reads come from. Special index B corresponds to noise distribution and
notation zi = hj, −i means that the read pair i is a self-ligation.
The estimation of the model is done with expectation-maximization method.
Priors are set to the parameters in the following way. The relative weights π
and ψ have negative Dirichlet priors
Pr(π|β) ∝

M
Y

πj−α ,

(3.23)

j=1

and
Pr(ψ|α) ∝

M Y
M
Y

−β
ψj,k
,

(3.24)

j=1 k=1

where parameters α and β specify how many reads there has to be for a
putative anchor or interaction for it to stay in the model.
There are two assumptions in relation to the anchor locations: anchors are
located at a particular genomic coordinates and there can only be one anchor
at one location. These assumptions are included in Bernoulli prior for the
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anchor site locations l
Pr(l|k) =
∝

L
Y

1(i∈l)

ki

/
(1 − ki )1(1∈l)

i=1
M
Y

klj
,
1 − klj
j=1

(3.25)

(3.26)

where L is the number of genomic coordinates and k is uniformly distributed.
Mixture parameter ρ has a Beta prior
Pr(ρ|a, b) ∼ ρa−1 (1 − ρ)b−1 .

(3.27)

Reeder and Gifford (2013) set the parameters a and b to ones, so the prior is
reduced to uniform distribution. Expectation maximization algorithm is used
for finding the parameter values π, ψ, ρ and l that maximize the posterior
model likelihood.

3.1.5

Mango

ChIA-PET analysis pipeline Mango, proposed by Phanstiel et al. (2015), is a
recent, comprehensive tool which uses binomial distribution for modeling the
interaction counts. In this model, the interaction counts are assumed to follow
binomial distribution for which the probability of observing interaction with
interaction count exactly k is
 
N
P (Ii = k) =
P (i)k (1 − P (i))N −k ,
(3.28)
k
where P (i) is the probability of observing a PET i connecting anchor regions
RAi and RBi with distance di and joint peak depthsi ei . This probability is
calculated utilizing Bayes’ theorem in the following way
P (i) =

P (i|di )P (i|e)
,
P (C|di )P (C|e)CT

(3.29)

where CT is the number of all possible anchor pairs. P (i|di ) is the probability of
detecting paired-end-tag separated by distance di and P (i|ei ) is the probability
of detecting a PET with joint peak depth ei . P (C|di ) and P (C|ei ) are again
the probabilities for detecting a pair of loci with these properties. All of these
probabilities can be calculated from the interaction data by using spline fitting.
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To calculate the p-value of interaction i having interaction count Ii = k or
higher is
N
X
P (Ii ≥ k) =
P (Ii = t).
(3.30)
t=Ii

Using these formulas, p-values are calculated for all possible interactions, including those that were not even observed. Benjamini-Hochberg method is
used for multiple hypothesis testing correction. The true interactions are then
determined from these results by using defined false discovery rate.
Mango pipeline is a useful tool, as it can be used for all the necessary steps
of ChIA-PET analysis, starting from filtering of the linkers and aligning the
sequencing data to a reference genome to detecting interactions. It utilizes
Bowtie, MACS2 and Bedtools software packages in the preprocessing steps
and is itself implemented in R language.

3.1.6

Comparing the methods

The five different models for ChIA-PET analysis were presented in the earlier
sections and in this section their advantages and disadvantages are discussed
along with comparisons between them found in literature.
The major disadvantage of the hypergeometric and non-central hypergeometric models is that the model assumptions are not satisfied by the data,
which was critized by Niu (2012). Niu claims that the wrong assumptions
made in the model are the reason why hypergeometric model performs poorly.
There is also a second problem in the hypergeometric model. If it happens so
that some anchor regions only appear in one interaction, i.e. cA = cB = IAB ,
and interaction count for that interaction IAB is much smaller than the total
number of interactions the hypergeometric probability mass function reduces
to the form


 2N −cA 
cA 2N −cA
cA
1
cA
cA −cA
IAB cB −IAB


=
= 2N  ,
(3.31)
Pr(IAB |N, cA , cB ) =
2N
2N
cB

cA

cA

which will be close to zero. This leads to always falsely accepting such interactions as true ones.
The advantage of hypergeometric models is that they are simple to use.
The usage is based on calculating p-values from (non-central) hypergeometric
model and a cut-off p-value is used to separate true interactions from the false
ones. Non-central hypergeometric model makes use of distance between the
interacting fragments and thus gives more sophisticated results. The simple
hypergeometric model does not use any information to refine the analysis.
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Even so, the hypergeometric model is the established method for quantifying
chromatin interactions, as it is a part of the widely used ChIA-PET Tool
pipeline.
Bayesian mixture model on the other hand uses distance information to the
nearest transcription starting and transcription factor binding sites. This is a
way to emphasize the interactions with known biological meaning and makes
the results more reasonable. Of course the information of the TSS and TFBS
locations must be available so that this can be done. The downside of using
distance information is that detecting interactions between unknown TSS and
TFBS sites becomes unlikely. So some completely new interactions might be
passed over and the already known interaction sites get more attention. There
seems to be no reason to suspect that the model assumptions would not hold
up. It is also possible to expand the Bayesian mixture model to compare the
intensities of interactions in different data sets as Niu et al. (2014) propose.
Bayesian mixture model has been implemented as an R package MDM and is
easily available. Calculating the distances to the TSS and TFBS locations is
what makes using the model somewhat laborious.
Bayesian mixture model has been compared to the hypergeometric model
(Niu, 2012; Niu and Lin, 2015). Niu and Lin (2015) performed the comparison using Mcf-7 cell line ChIA-PET data where estrogen-α bound interactions
were detected. The hypergeometric model classified most of the putative interactions as true ones, whereas Bayesian mixture model was more conservative
by accepting interactions with high interaction count or rmcd value or both.
Out of the few interactions accepted by the mixture model and rejected by
hypergeometric model some were found out to connect estrogen or estrogen-α
regulated genes and a genomic region that can bind estrogen-α. This shows
that hypergeometric model can easily miss biologically meaningful interactions
that can be detected by Bayesian mixture model.
SPROUT model by Reeder and Gifford (2013) is quite different from the
ones mentioned above, as the anchor finding step is integrated into the interaction classification step. The authors claim that this makes the method
statistically stronger compared to the other models, where the data has already been processed into anchors and interaction counts. They show that the
results for CTCF data set are different in many ways when compared to the
hypergeometric model used by Handoko et al. (2011). SPROUT outperforms
ChIA-PET Tool in consistence across replicates and in number of interactions
supported by motifs found in vicinity of the interacting regions. Combining
both the anchor and interaction finding steps into one eliminates the possibility
of cutting out some possible interactions in the anchor finding step as might
happen in case of the other methods where the two steps are separated. On
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the other hand, SPROUT does not use any other information such as distance
information to the biologically meaningful sites to refine the model.
Mango has been compared to the non-centered hypergeometric model and
ChIA-PET Tool by Phanstiel et al. (2015). In the comparison three different data sets were analyzed with all three approaches and the results were
then compared with each other and with Hi-C data to evaluate the biological
relevance of the found interactions. For each of the data sets the number of
found interactions was much higher for ChIA-PET Tool than for non-centered
hypergeometric model and Mango. ChIA-PET Tool does not correct genomic
distance bias like the two other methods, which shows in the results: ChIAPET Tool detects a large number of interactions with considerably short distance between the interacting anchors, which are not detected by the other
two methods. Comparisons to Hi-C data show that results from Mango are
supported the best by Hi-C data. One flaw of Mango’s is that it cannot be
used for detecting inter-chromosomal interactions. The lack of implementing
this feature was justified by Phanstiel et al. (2015) by referring to previous
studies, which claim that most functional interactions span under only one
megabase. Leaving inter-chromosomal interactions out of the analysis also
makes the computations easier and reduces the effect of multiple hypothesis
testing. As Mango is a comprehensive pipeline tool, it can be used for all the
needed data processing steps needed when handling ChIA-PET data. It is
also more easier to install and use than ChIA-PET Tool, which makes it more
usable.
A thorough comparison between all the five models with multiple data
sets, real and simulated, would help to understand the differences between the
models and their performances.

3.2

Improving the methods

This section gives an overview on different methods found in recent literature
for improving ChIA-PET or other NGS data analysis methods. One way to
improve statistical analysis is to remove effects of bias factors. This kind of bias
removal method has already been implemented for Hi-C data and it could be
applied on ChIA-PET data as well. The details of this method are discussed
in the first section. Another approach to improve ChIA-PET analysis is to
include external information for more comprehensive understanding.
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Bias correction

As discussed in Section 2.1, there are multiple bias factors in the ChIA-PET
experiment and in the ways the data is being processed. These factors should
be taken into account in the analysis to prevent false results and in worst case
even interpreting the bias as biological phenomena.
Yaffe and Tanay (2011) corrected biases for Hi-C data using contact map
normalization. Whereas Hu et al. (2013) present a Bayesian model for inferring
the three-dimensional structure of chromatin from Hi-C experiment data. Hu
et al. (2013) assume that the number of interactions between fragments i and
j, uij (i 6= j) follows Poisson distribution with parameter θij . The rate
parameter θij depends on the mean GC contents of the fragment ends gi and
gj , the mean mappability scores of the fragment ends mi and mj , the marginal
counts of the fragment ends ei and ej and the distance between the interacting
fragment ends dij . The relationship between Poisson rate parameter θij and
the linear predictor is the following
log(θij ) = β0 + β1 log(dij ) + βenz log(ei ej ) + βgcc log(gi gj ) + βmap log(mi mj ),
(3.32)
where β1 , βenz , βgcc and βmap are the coefficients for the predictor values and
β0 is the constant term. The terms in the right side of this equation form the
linear predictor of this model.
The Poisson distribution with this rate parameter is then used in the joint
likelihood function for the data. This likelihood is part of the model which
tries to capture the three dimensional structure of the chromosome. Markov
chain Monte Carlo methods are applied to draw samples from the posterior
distribution.

3.2.2

Including external input data

Combining different data types in one analysis could result in more comprehensive view on chromatin structure as a whole. As Li et al. (2014) ponder:
to truly understand transcription regulation would require investigating DNA,
RNA and proteins as a whole, not just separately.
There have already been some methods where external information has
been included in the ChIA-PET analysis. He et al. (2014) tried a different
approach in ChIA-PET analysis in their work and combined multiple types
of data to make a deeper ChIA-PET analysis. They used ChIP-Seq, Hi-C
and some more data types together to provide a better understanding of long
range interactions and present analysis concentrating on estrogen receptors in
different cell types such as Mcf-7. He et al. (2014) also identified many such
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long-range interactions from Chip-Seq data that were not found in original
ChIA-PET analysis by Fullwood et al. (2009). The integrative analysis showed
that it can overcome the limitations of the single methods and cast light on
the hidden patterns of long range chromatin interactions. Although the results
seem promising, the obvious drawback also exists: to be able to combine many
different types of data, they have to be available for the cell type of interest.
For example, multiple chromatin immunoprecipitation sequencing data sets
were necessary for the analysis conducted in their work (He et al., 2014).
The Bayesian mixture model proposed by Niu (2012) already includes external information of transcription starting site and transcription factor binding site locations in the model. As discussed in Section 3.1.6, this approach
has been proven to produce sophisticated results and reveal relevant chromatin
interactions that would be discarded by more simple models such as hypergeometric model. Niu and Lin (2015) also discuss shortly about using data from
ChIP-Seq and gene-expression experiments to improve the calculation of disti
in the Bayesian mixture model even further. The possible model or results
have not yet been published.

3.3

Result validation

Validation of the found interactions from real data sets is hard because the true
chromatin structure is not known. That is why error rates or such quantities
often used for describing the performance of the methods cannot be calculated
in a genomic-wide manner.
Interactions found in ChIA-PET data analysis and their functions can be
validated by doing other wet-lab experiments. 3C experiment could be used for
interactions between short genomic distance. As for long-range interactions,
such as inter-chromosomal interactions, DNA Fluorescence in situ hybridization (DNA-FISH) could be used even though the resolution is limited. These
techniques require the possibility of wet-lab experiments or ready-made data
sets for the same cell type the ChIA-PET experiment was done for. Because
of lack of large-scale validation methods, only a fraction of all the found interactions have been validated (Li et al., 2014).
After conducting an interaction analysis, it should also be checked that
the found interactions are reasonable. This means that interactions detected
from mis-mapped data or noise should be removed along with obviously false
observations, e.g. interactions involving Y chromosome in breast cancer cells.
The genome rearrangements in for example cancer cell-lines should also be
taken into account (Li et al., 2010).
If interaction validation is not possible when comparing different methods,

CHAPTER 3. LITERATURE REVIEW

25

only the numbers of found interactions and whether different methods found
the same interactions or not can be compared. One way to go around the
validation problem is to use simulated data. This is a simple way to make sure
a method works when it is still in development stage. Then again the results
might be only too good as the observations are simulated straightforwardly
from the model which is being tested. Simulations are still commonly used to
test the methods and to give error rates and such indicators of the goodness
of the performance. For example, Li et al. (2010), Paulsen et al. (2014) and
Niu (2012) all use simulated data to show how well their methods perform.

Chapter 4

Methods
This chapter describes the methods needed for analyzing ChIA-PET data.
Data processing starts from taking the raw data that has been sequenced. As
depicted in Figure 4.1, first step is to filter the PETs depending on the linkers
and mapping the data to the reference genome. After sequences that were
not mapped properly have been eliminated, the mapped PETs are divided
into self- and inter-ligations. Self-ligations are used for finding anchor sites
and inter-ligation PETs are utilized in interaction analysis. The results of the
interaction analysis can later be visualized in the end if desired (Li et al., 2014).
The first section runs through the outline of data processing in such detail
that reproducing the results is possible. After data preparation the actual
model where Bayesian mixture model and Poisson regression for bias factors
are combined is provided. Focus is given to the necessary theory along with
the assumptions and prior information needed for constructing this model.
The resulting model and Bayesian framework needed for posterior sampling is
presented in section 4.2.
The estimation of model parameters is conducted using Bayesian methods.
The principles of Bayesian analysis are presented in Chapter 4.3 together with
a short explanation of how Markov chain Monte Carlo methods work. The
Section 4.4 explains how the MCMC methods are utilized in a sampler that is
used for estimating the parameters and the model distributions are derived in
detail. The last Section 4.5 describes the implementation of the sampler.

4.1

Preprocessing of the data

This section elaborates the steps of preprocessing the ChIA-PET data prior to
the actual interaction analysis. Preprocessing methods dictate how the final
data set used for the analysis looks like and hence have a remarkable effect on
26
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Figure 4.1: The steps of processing ChIA-PET data. Figure from (Li et al.,
2014).
the result. It is important to make clear the choices made in this part of the
process to enable repeating the analysis and results later and for understanding
what the data in question tells about chromatin interactions.
The resulting file from the preprocessing steps will contain all the needed
information for the model presented in Section 4.2. This includes interaction
head and tail sites, interaction frequencies and marginal counts. GC content,
coverage and mappability of each anchor site are also given in the file.

4.1.1

Processing raw ChIA-PET data

The data obtained from ChIA-PET sequencing needs to undergo certain preparation steps even before aligning to reference genome. Raw data files consist
of paired-end reads where the two half linkers separate 20 base pairs long tags.
The full-length linker formed by the two half-linkers is 38 base pairs long.
The first step is to align the half-linkers to the chosen half-linker sequences.
The PETs with non-readable or non-mappable linkers are dropped. Then it
is checked whether the linkers in each PET are of the same kind or not, i.e.
if the PETs are chimeric or not. Chimeric PETs are assumed to be caused
by non-specific proximity ligation and should be removed in this phase. The
paired-end tags with homogeneous linkers are then mapped to the reference
genome. First it is checked, whether an exact match for a tag is found in the
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reference genome. If none is found, mapping is tried with one mismatch allowed. In the end the PETs which cannot be mapped to the reference genome
uniquely are removed from the data set (Li et al., 2010).
When the paired-end reads have been mapped to the reference genome,
the data can be further divided into different kinds of interactions depending
on the distance between the interacting anchor sites. As illustrated in Figure
2.1, the two main categories are self-ligation PETs and inter-ligation PETs.
Some cut-off value is decided and the interactions with the distance under this
threshold are considered self-ligations. Inter-ligations are thought to represent
the putative interactions, whereas self-ligations are thought to appear on genomic locations where the chosen protein of interest possibly binds. As shown
in the Figure 2.1, there should be a self-ligation PET cluster in the both ends
of the interaction. Thus inter-ligation PETs are utilized later on in the actual
interaction analysis step and self-ligation PETs are used in the next step of
quantifying the anchor sites between which the interactions happen (Li et al.,
2010).

4.1.2

Anchor site finding

The anchor finding principles described by Paulsen et al. (2014) are used as a
basis in this phase. First, the self-ligations are extracted from the original data
set as described in previous section. The cut-off distance between head and
tail fragments used for dividing the intra-chromosomal interactions into selfand inter-ligations is 8000 base pairs as suggested by Paulsen et al. (2014).
Next, self-ligations need to be transformed from paired-end data into single
chromosome regions. This step is not specified by Paulsen et al. (2014), but the
following transformation is used: each self-ligation interaction is transformed
into a region, which starts from the head fragment starting point and ends to
tail fragment end point. Model-based Analysis of ChIP-Seq 2 (Zhang et al.,
2008), in short MACS2, analysis can be performed on the resulting data set.
MACS2 searches for self-ligation clusters such as illustrated in Figure 2.1d
and returns the coordinates for these clusters. In order to find self-ligation
peaks, MACS2 slides a window of a certain size through the genome and finds
locations with high self-ligation enrichment. More specifically, the enrichments
are compared to a local Poisson rate parameter MACS2 estimates from a small
region surrounding the putative peak. The null hypothesis is that self-ligation
enrichment follows Poisson distribution with this local rate parameter. A pvalue can then be calculated for each putative peak and if p-value is lower than
the defined threshold value, null hypothesis is rejected. This means that the
enrichment was higher than expected in this small region and there is a peak
in this location (Zhang et al., 2008).
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MACS2 reports peak summits’ genomic coordinates, which are expanded
to form wider anchor regions. The peaks within 1000 base pairs from each
other are combined by assigning the starting point of the first peak as the
anchor starting point and end of the last peak as the anchor end site. The
anchors with range under 1000 base pairs are expanded by 1000 base pairs to
both directions. If some anchors overlap after the expansion step, they are
combined in the same manner as the peaks were combined before.

4.1.3

Calculating anchor properties

Anchor GC content, mappability and coverage are needed for using the model
specified in Section 4.2. In this section the computational tools used for calculating these quantities and their definitions are briefly explained.
The anchor site GC contents can be easily calculated using ready-made
tool Bedtools by Quinlan and Hall (2010) which includes a useful command
nuc for this purpose. The command nuc calculates the proportion of guanine
and cytosine for given genomic intervals by using a reference genome. Anchor
mappability is defined here as the mean of the mappability of all possible kmers, i.e. sequences of length k, that could begin from an anchor site. The
mappabilities for k-mers starting from each point inside an anchor are calculated and the mean of these values is taken to obtain the anchor mappability.
Mappabilities for k-mers starting from each site of anchor are calculated by
using Bedtools intersect function to find the overlapping sites of the anchor
file and a mappability track. Some mappability tracks are available in UCSC
Genome Browser collections by Derrien et al. (2012). As building a new mappability track which would exactly fit the data in question is quite laborious,
the mappability quantities are approximated by using a ready-made alignability track by Derrien et al. (2012). The track is aimed for reads of length 24
base pairs instead of 20 base pairs, which is the exact length of the tags in
ChIA-PET data. The track used for this thesis is an alignability track, which
tells how uniquely a k-mer sequence can be aligned to the reference genome.
Anchor coverage is also calculated for each anchor. Coverage means the
number of self-ligations found in the anchor area. Bedtools command intersect is used to find the number of overlapping self-ligations for each anchor.
Coverages are used as independent replacements for marginal counts in the
model provided in Section 4.2. Using marginal counts as linear predictors of
interaction counts is questionable, as marginal counts are sums of interaction
counts, whereas coverages are highly correlated with marginal counts but are
independent of interaction counts.
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Finding the corresponding anchors for interaction
head and tail sites

Interaction fragment ends were mapped to the found anchor sites. The overlapping anchors for head and tail sequences were found using again Bedtools
intersect command (Quinlan and Hall, 2010). Only interactions where corresponding anchors were found for both head and tail sites are used in further
analysis. The number of observed interactions between each anchor pair was
counted and this number is called interaction count. Marginal counts were
also computed at the same time. As earlier defined in Section 3.1.1, marginal
count means the number of occurrence of a single anchor site and is the sum
of interaction counts for all the interactions an anchor is a part of.

4.2

Poisson mixture model with Poisson regression

The aim is to model the interaction count data with a Poisson mixture model
with two components. The model is based on the Bayesian mixture model
proposed by Niu and Lin (2015) and Poisson regression model proposed by Hu
et al. (2013). Poisson regression is included for predicting the rate parameters
of the mixture component Poisson distributions.
The set I = {Ii , i = 1, 2, ..., n} of random variables represents the interaction frequencies for each observed anchor pair i of the data set with n unique
anchor pairs in total. Interaction i connects anchor sites RiA and RiB . Only
observations with count Ii > k are taken into consideration in the analysis and
the ones with lower count are thought to be just random interactions.
The first mixture component corresponds to the random interactions, the
noise model, and the second component corresponds to the true interactions.
The distribution of interaction frequency Ii can be written as a sum of two
probability mass functions
Ii ∼ w0i f (·|λ0i ) + w0i f (·|λ1i ), for i = 1, ..., n,

(4.1)

where wji , j = 0, 1 is the mixing parameter, f (·|λji ), j = 0, 1 is the Poisson distribution probability mass function and λji , j = 0, 1 is the Poisson parameter.
It holds for the mixing parameters that
w0i + w1i = 1 for i = 1, ..., n.

(4.2)

The mixing parameter wji can be interpreted as the probability of observation
i coming from component j.
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A (k − 1)-truncated version of Poisson distribution would be more proper
instead of the usual Poisson distribution, as it is known that only interactions
with minimum interaction frequency of k are included in the data set. Probability mass function for (k − 1)-truncated Poisson distribution is defined in
Equation 3.6.
Interaction frequencies are expected to be higher for true interactions than
for the random ones. So the Poisson parameters of the first component, the
noise component, should be restricted to be lower than the parameter for the
second component representing the true interactions
λ0i < λ1i ,

(4.3)

for i = 1, ..., n.
Poisson regression is used in times when the realizations of the response
variable to be explained are positive integers and follow Poisson distribution
(Dunteman and Ho, 2006). In this model some bias factors along with anchor coverage, which is an independent replacement for marginal counts, are
incorporated into the Poisson parameters through Poisson regression. This
regression model is good for predicting the Poisson rate parameters of the first
mixture component. If the bias factors used as linear predictors truly can explain variations in the data which is considered as noise, they can be used to
predict the random proportion of the interaction frequencies.
In Poisson regression the linear predictors are used for predicting the expected interaction frequency
E(Ii ) = λ0i ,

i = 1, 2, ..., n,

(4.4)

assuming the ith putative interaction is not a real interaction. The link function describes the connection between linear predictors and logarithm of the
rate parameter. Link function is in the case of this model
log(λ0i ) =β0 + β1 log(di ) + β2 log(miA miB ) + β3 log(giA giB )
+ β4 log(ciA ciB ), for i = 1, ..., n,

(4.5)

where di is the distance between the interaction head end site and tail start site,
miA and miB are the mappabilities for the head (A) and tail (B) fragments,
giA and giB are the GC contents of head and tail fragments and ciA and ciB
are the coverages for head and tail fragments divided by the fragment lengths.
Link function of the same form was used by Hu et al. (2013) for bias correction
in three dimensional modeling of chromatin structure as discussed before in
Chapter 3.2.1.
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Link function can also be written with vector notation. Vector
xi = (1, xi1 , xi2 , xi3 , xi4 )T ,

(4.6)

is the explanatory variable vector with 4 variables. The first element 1 represent intercept (Dunteman and Ho, 2006). The explanatory variables here are
xi1 = log(di ), xi2 = log(miA miB ) , xi3 = log(giA giB ) and xi4 = log(ciA ciB ).
The coefficient vector β is
β = (β0 , β1 , β2 , β3 , β4 )T .

(4.7)

So the Poisson regression model can also be written in vector form as
λ0i = exp(xTi β).

(4.8)

The maximum likelihood estimation of the Poisson regression coefficients
β is a non-linear optimization problem. In this thesis the estimation is done
by using MCMC methods, but some preliminary results are also produced by
using maximum likelihood estimates.
The Poisson parameter for the second mixture component is a sum of λ0i
defined above and Di
λ1i = λ0i + Di , for i = 1, ..., n,

(4.9)

where Di represents the addition to the background model to obtain the true
interaction distribution rate parameter. It cannot be expected that the amount
of the addition would be the same for all the interactions so there is a Di
parameter for each interaction i. To simplify the notations, from now on the
rate parameter of the first component is written as λi and for the second
component λi + Di .
The model hierarchy is illustrated in Figure 4.2, where circles represent
model parameters to be estimated and boxes are the available data, which
is used for the estimation. The model parameters are estimated by using
MCMC methods. The prior distributions needed in the Bayesian approach
are presented and justified next.
The prior distributions play an important part in Bayesian analysis, as
useful prior information can be included into the model through them. For
example, Niu (2012) incorporated the fragment distances to known functional
loci and marginal counts into the priors of the mixing parameters.
Poisson regression coefficients and intercept have zero-centered normal priors. Because the expected signs or magnitudes of the coefficients are not
known, the coefficient values should not be restricted heavily by the prior.
The intercept β0 and coefficients β1 , ..., β4 have priors
βi ∼ N (0, σb2 ),

(4.10)
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Figure 4.2: Model hierarchy. Circles illustrate model parameters and boxes
are data or other prior information.
for i = 0, ..., 4. σb2 is variance parameter, which should be given a moderate
value that still enables covering the range of all likely values for the coefficients.
Prior distribution for Di is log-normal distribution
2
Di ∼ log N (µD , σD
),

(4.11)

for i = 1, ..., n. Log-normal distribution supports only positive values, which
goes along with that Di should only get positive values as it is expected that the
second component rate parameter is as high or higher than the first component
rate parameter. If Di is log-normal, then logarithm of Di is normal distributed
2
log(Di ) ∼ N (µD , σD
),

(4.12)

for i = 1, ..., n. This knowledge is exploited in the implementation because of
computational advantages. The mean of log-normal distribution is calculated
2
from parameters µD and σD
as follows
2
E[Di ] = exp(µD + σD
/2),

(4.13)

2
2
Var[Di ] = (exp(σD
) − 1) exp(2µD + σD
).

(4.14)

and variance is

The hyperpriors for µD and σD should be chosen to allow a reasonable range
for the values of Di . Mean µD is given a normal prior
µD ∼ N (µµD , σµ2 D ),

(4.15)
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where µµD = 2 and σµ2 D = 22 . Gamma prior is chosen for σD
σD ∼ Gamma(aσD , bσD ),

(4.16)

where aσD = 2 and bσD = 3.
A large fraction of the data ChIA-PET experiment produces is due to
random collisions, so it can be assumed that most of the observed interactions
are noise. That is why the prior distribution of w0i , the mixing parameter for
the first component, should be skewed to being closer to 1 than 0. To represent
this assumption, prior for mixing parameter θ0i is chosen to be
w0i ∼ Beta(αw , βw ), for i = 1, ..., n.

(4.17)

Beta distribution was chosen as prior because its realizations limit between 0
and 1 and the parameters for the distribution can be chosen to represent the
prior assumptions. For example, with parameter values αw = 7 and βw = 3
beta distribution is strongly skewed towards values closer to one than zero. The
mixing parameter for the second component w1i can be solved from Equation
4.2 in the following way
w1i = 1 − w0i , for i = 1, ..., n,

(4.18)

so there is no need to set a separate prior distribution for it.
The model distributions are written and computational aspects are discussed in more detail in section 4.4.

4.3

Bayesian inference and MCMC methods

Bayesian data analysis is a process, where a full probability model is set up
and is conditioned on the observed data. The resulting posterior distribution
is a conditional distribution for the unobserved quantities conditioned on the
available data. The unobserved quantities of interest might e.g. be the model
parameters or new data points. The idea is to quantify the uncertainty by
using whole probability distributions to describe a quantity. In this section
the above-mentioned general data analysis process is introduced along with
the computational methods used when handling more complicated models.
The book by Gelman et al. (2014) has been used as a main reference in this
section.
First, a joint probability distribution for parameter or parameters θ and
observed values y is set up. This probability mass or density function p(θ, y)

CHAPTER 4. METHODS

35

can be defined as a product of the prior and sampling distributions p(θ) and
p(y|θ) in the following way
p(θ, y) = p(θ)p(y|θ).

(4.19)

All the knowledge about the process in question should be integrated into the
prior and sampling distributions. Prior distribution is a distribution that sums
up the assumptions about the distribution of the parameter θ. In the case there
is no prior information about θ and its distribution, a non-informative prior
should be used. Noninformative prior is often a flat distribution, which covers
all the possible values of the quantity and does not restrict or give different
weights to the values.
After this the posterior density can be calculated by using Bayes’ rule
p(θ|y) =

p(θ)p(y|θ)
p(θ, y)
=
,
p(y)
p(y)

where p(y) is either a sum over all possible values of θ
X
p(θ)p(y|θ),

(4.20)

(4.21)

θ

for discrete θ or in case of a continuous parameters an integral
Z
p(θ)p(y|θ)dθ.

(4.22)

θ

In simplified, unnormalized case p(y) can be left out of the Equation 4.20 as a
constant term, which leads to unnormalized posterior density
p(θ|y) ∝ p(θ)p(y|θ).

(4.23)

This form is often used because it is easier to compute. Computing with logdensities is also preferred over the usual density functions, as this substitution
reduces numerical problems such as over- and underflows.
The posterior distribution cannot always be computed analytically in closed
form. As this is only possible for nice and simple cases, simulation techniques
are often used to estimate the posterior distributions in more complex situations. This is why simulation techniques are a fundamental part of applied
Bayesian analysis. Simulation can also be used for computing the posterior
predictive distribution, which means predicting new, observable data points
conditioned on the available observations.
The simulation techniques used in this thesis are Markov chain Monte
Carlo, in short MCMC, methods. Gibbs sampler and Metropolis algorithms

CHAPTER 4. METHODS

36

are the main methods used. Hamiltonian Monte Carlo and No-U-Turn sampler, which are extensions of Metropolis algorithm, are also tested for the
estimation problem in this thesis.
MCMC methods are based on the idea that several independent sequences
are produced by a Markov process with a certain stationary distribution. These
Markov chains start from certain starting points and in each time step new
values are drawn to the sequences from a transition distribution. Because
the sequence is a Markov chain, the new value depends only on the previous
sequence value. The aim is to choose the transition distribution so that in the
end the chain will converge to its unique stationary distribution, which is the
posterior distribution. The samples after convergence are from this posterior
distribution of interest.
Two commonly used MCMC methods are Gibbs sampler and Metropolis
algorithm. They are useful when handling relatively simple models. The
general Gibbs sampling algorithm starts by dividing the parameter vector θ
into d subvectors: θ = (θ1 , ..., θd ). Then in one iteration t, each of these
subvectors θjt are sampled in turn from conditional distribution, conditioned
on all the current values of the other vectors and the observed values y
t−1
t
p(θj |(θ1t , ..., θj−1
, θj+1
, ..., θdt−1 ), y),

(4.24)

where the components with upper index t have already been updated and those
with t − 1 will be updated after θj .
Metropolis algorithm is a random walk algorithm, where next value is
drawn from proposal distribution. An acceptance rule is used to decide whether
the drawn value is accepted as a new value or not. The acceptance rule takes
care of that the sequence converges to the posterior distribution. It can be
proved that these sequences are Markov chains and their stationary distribution is the targeted posterior distribution. First, some starting points are
either drawn from a starting distribution p0 (θ) or chosen according to some
prior assumptions so that p(θ0 |y) > 0. The actual sampling starts after this
first step, which is counted as time point t = 0.
For time steps t = 1, ..., N : New proposal θ∗ is drawn from jumping distribution Jt (θ∗ |θt−1 ). The ratio of model posteriors with parameters θ∗ or θt−1
and observed values y are calculated
r=

p(θ∗ |y)
.
p(θt−1 |y)

(4.25)

The proposed values are set as new current values θt with probability min{r, 1}.
If proposition is rejected, the current value θt−1 will be set as θt . The better
the posterior probability with the new parameters compared to the previous
values, the more likely proposition will be set as the new value.
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Jumping distribution should be symmetrical in Metropolis algorithm, so
that Jt (θA |θB ) = Jt (θB |θA ). If jumping distribution is asymmetric, it has to be
taken into account when calculating the ratio r. This version of the algorithm
is called Metropolis-Hastings.
When using MCMC techniques, e.g. Metropolis algorithm, it is necessary
to do convergence diagnostics for the drawn samples. As sequences’ first samples are often influenced by the chosen starting point for the sequence, they
are usually removed before further inference is done based on the samples. A
general, although quite conservative customary, is to remove the first half of
the samples. This first half of the sequences is called warm-up. Sometimes
the samples from a converged sequence are also thinned, meaning that only
every kth sample is saved after warm-up phase while the others are discarded
to reduce correlation between samples and to save space.
In MCMC methods it is usual to sample several sequences from the same
model, starting from different initial points chosen to represent the posterior
space as well as possible. This way the convergence of a single chain can be
measured as the ratio of within-sequence variance and between-sequence variance. If the variances are the same, the chains have converged. Quantity called
scale reduction, R̂, is used to describe this ratio. R̂ should be near 1 when the
sequence is converged and generally the value 1.1 is used as threshold value.
Also, checking the changes in the model likelihood gives an idea whether the
target distribution has been found or not. If the likelihood values have no
trend and they oscillate moderately around some value, the sequence has converged. Same kind of check should be done for sampled values. Oscillation
of the likelihood and sampled values shows that the whole posterior distribution is being covered. The simulation draws obtained after warm-up are often
autocorrelated. Effective sample size, neff , is a measure of how many of the
samples for a certain variable are independent.
When it has been made sure that the simulation method has converged to
the posterior distribution, the samples obtained from the simulations must be
summarized in some way to make inference on the results. Looking at a histogram of posterior samples gives a general overview on the distribution. From
histogram it is possible to see the number of modes and levels of kurtosis, deviation and symmetry. Mean is usually a good point summary of a symmetric
distribution. Other point summaries can be sample modes or quantiles.
Efficiency is an important aspect when choosing the sampling algorithm.
Metropolis algorithm and Gibbs sampler might be too inefficient at times.
They can be used as building blocks for more efficient methods and they can
also be tuned. For example the Hamiltonian Monte Carlo (HMC) and no-Uturn-sampler (NUTS) can be much more efficient, tuned versions of Metropolis
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algorithm. Hamiltonian Monte Carlo systematically explores the state space
instead of random-walk by using Hamiltonian mechanics. (Brooks et al., 2011)
NUTS is again based on HMC, but it differs from it by avoiding the difficulty
of tuning the sampler parameters, which is the problem of Hamiltonian Monte
Carlo (Hoffman and Gelman, 2014).
Checking the model rationality is an important part of Bayesian analysis,
as it should be for all statistical analysis methods. After building a Bayesian
model and computing the posterior distribution, it must be checked that the
results fit to the data and to all the prior knowledge about the problem. This
is also a part of model building, as bad fit is a sign that some part of the
model might be wrong. The fault might be in prior distribution, hierarchical
structures, explanatory variables in regression or other structures of the constructed probability model. It would be good to check that all the knowledge
was properly captured by the model. Usually the rationality of the posterior
inference can be assessed through the additional information the modeler has
about the problem. If something strange is noticed, constructing a new, more
accurate model should be considered.
There are many kinds of model diagnostics. Sensitivity analysis is for
checking whether other plausible models would give the same posterior inferences. Other plausible models might have entirely different structure or differ
in prior or sampling distribution or have different predictor variables. In statistical modeling it is not out of ordinary that multiple models are plausible.
The model can also be used to predict completely new observations, which
were not used for constructing the model. The predicted and new data is then
compared and if the model is a good one, it should fit well to the new observations. This is called external validation. Usually new data is not available and
this technique must be approximated by using the data at hand. Replicated
data can be generated from posterior predictive distribution and it should be
similar to the observed ones. If there are some systematic differences between
the data, it is a sign that the model does not fit well to the data it was created from. One easy way to make sure the model fits is to check whether
the histogram of these samples resembles the posterior distribution density
function.

4.4

Distributions used in sampler

In this section, the distribution needed in the MCMC sampler used to estimate the parameters of the model described in section 4.2 are derived and
simplified for efficient calculations. Gibbs sampler and Metropolis algorithm
introduced in Section 4.3 are used as building blocks for sampling from the
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distributions of the different random variables. Gibbs sampler is used for the
mixture weights w0i and Metropolis algorithm for Di and βj . The actual distribution of w0i conditioned on the other variables and data has to be derived
for Gibbs sampling. For the Metropolis algorithm it is sufficient to choose
a reasonable jumping distribution and calculate the likelihood of the model
given the data and current parameter values. Next these needed distributions
are presented.
Conditional distribution for mixture parameter w0i is needed for Gibbs
sampling. Beta distribution was chosen as a prior distribution for the weights
w0i , i = 1, ..., n
a−1
p(w0i ) = Beta(w0i ; a, b) = B(a, b)w0i
(1 − w0i )b−1 ,

(4.26)

where a and b are the parameters of beta distribution and
B(a, b) =

Γ(a)Γ(b)
,
Γ(a + b)

is the beta function. Γ function is defined as an improper integral
Z ∞
xt−1 e−x dx.
Γ(t) =

(4.27)

(4.28)

0

The total probability of interaction count data point Ii given the model
and parameter values is
p(Ii |λi , Di , w0i ) = w0i Poisson(Ii |λi ) + (1 − w0i )Poisson(Ii |λi + Di ).

(4.29)

Now the equations above can be used in Bayes’ rule given in Equation 4.20
for calculating the posterior distribution p(w0i |yi , λi , Di )
p(Ii |λi , Di , w0i )p(w0i )
,
p(Ii |λi , Di )

(4.30)

p(Ii |λi , D, w0i )p(w0i )dw0i .

(4.31)

p(w0i |Ii , λi , Di ) =
where
Z
p(Ii |λi , Di ) =

1

0

As the data points Ii can be thought as constants and parameter w0i is integrated out in the equation, the factor p(Ii ) can be omitted. This gives
unnormalized posterior density
p(w0i |Ii , λi , Di ) ∝ p(Ii |λi , Di , w0i )p(w0i ).

(4.32)

By substituting the beta prior distribution density function given above in
Equation 4.26 and taking advantage of the product of density function Beta(w0i ; a, b)
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and w0i and (1 − w0i ) the posterior distribution can be written in the following
way
p(w0i |Ii , λi , Di ) ∝ [w0i Poisson0 (Ii ; λi )
+ (1 − w0i )Poisson(Ii ; λi + Di )]Beta(w0i ; a, b)
∝ w0i Beta(w0i ; a, b)Poisson0 (Ii ; λi )
+ (1 − w0i )Beta(w0i ; a, b)Poisson0 (Ii ; λi + Di )
B(a + 1, b)
∝ Beta(w0i ; a + 1, b)
Poisson0 (Ii ; λi )
B(a, b)
B(a, b + 1)
Poisson0 (Ii ; λi + Di ).
+ Beta(w0i ; a, b + 1)
B(a, b)
(4.33)
So the posterior is a mixture of two beta distributions Beta(w0i ; a + 1, b) and
Beta(w0i ; a, b + 1). The unnormalized weights for this beta mixture model are
B(a + 1, b)Poisson0 (Ii ; λi )
,
B(a, b)p(Ii )

(4.34)

B(a, b + 1)Poisson0 (Ii ; λi + Di )
,
B(a, b)p(Ii )

(4.35)

wβ1U N i =
and
wβ2U N i =

where p(Ii ) is the total probability of Ii given in Equation 4.31.
The weights should be normalized to sum to one as p(w0i |Ii , λi , Di ) is a
probability distribution. Next the weights are normalized by scaling them
with the sum of the two weights.
wβ1i =
=

wβ1U N
wβ1U N + wβ2U N
B(a + 1, b)Poisson0 (Ii ; λi )
, (4.36)
B(a + 1, b)Poisson0 (Ii ; λi ) + B(a, b + 1)Poisson0 (Ii ; λi + Di )

and respectively for w2
wβ2U N
wβ1U N + wβ2U N
B(a, b + 1)Poisson0 (Ii ; λi + Di )
=
. (4.37)
B(a + 1, b)Poisson0 (Ii ; λi ) + B(a, b + 1)Poisson0 (Ii ; λi + Di )

wβ2i =

The formulas above can be simplified even further by writing
B(a + 1, b) =

Γ(a + 1)Γ(b)
Γ(a)Γ(b)(a + 1)
=
Γ(a + 1 + b)
Γ(a + 1 + b)

(4.38)
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and
B(a, b + 1) =

Γ(a)Γ(b + 1)
Γ(a)Γ(b)(b + 1)
=
.
Γ(a + b + 1)
Γ(a + b + 1)

(4.39)

Γ(a)Γ(b)
is a common divisor and will be reduced when calculating
So the term Γ(a+b+1)
normalized weights. The final forms of the reduced formulas are
wβ1U N i
wβ1i =
wβ1U N i + wβ2U N i
(a + 1)Poisson0 (Ii ; λi )
,
(4.40)
=
(a + 1)Poisson0 (Ii ; λi ) + (b + 1)Poisson0 (Ii ; λi + Di )

and
wβ2U N i
wβ1U N i + wβ2U N i
(b + 1)Poisson0 (Ii ; λi + Di )
=
.
(a + 1)Poisson0 (Ii ; λi ) + (b + 1)Poisson0 (Ii ; λi + Di )

wβ2i =

(4.41)

The posterior probabilities conditioned on data I are needed in both Gibbs
sampling and Metropolis algorithm. w and D are vector forms of model parameters w0i and Di , i = 1, ..., n. The vector β is defined in Equation 4.7.
According to the Equation 4.20, the posterior density function without specifying the distributions is
p(w, D, β|I) =
QK
Qn
Qn
Qn
p(D
)
p(w
)
p(I
|w
,
D
,
β)
i
0i
i
0i
i
j=1 p(βj )p(µD )p(σD )
i=1
i=1
i=1
,
p(I)

(4.42)

where I is a data vector of length n. Unnormalized posterior density shown in
Equation 4.23 can then be calculated as follows
p(w, D, β|I) ∝

n
Y

i=1
n
Y


wi Poisson0 (Ii ; λi ) + (1 − wi )Poisson0 (Ii ; λi + Di )

p(w0i )

i=1

n
Y

p(Di )

i=1

K
Y

p(βj )p(µD )p(σD ).

(4.43)

j=1

When the formula for Poisson distribution is substituted, the posterior can be
written as
n
Y


λIi i
(λi + Di )Ii
p(w, D, β|I) ∝
wi
+ (1 − wi )
Ii !(exp(λi ) − 1)
Ii !(exp(λi + Di ) − 1)
i=1
n
Y
i=1

p(w0i )

n
Y
i=1

p(Di )

K
Y
j=1

p(βj )p(µD )p(σD ).

(4.44)
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As the log-probabilities are easier to handle computationally and is easier to
calculate, logarithm is taken of the posterior and log-probability is obtained
log(p(w, D, β|I)) ∝

n
X


log wi

i=1

λIi i
Ii !(exp(λi ) − 1)


(λi + Di )Ii
Ii !(exp(λi + Di ) − 1)
n
n
K
X
X
X
+
log(p(w0i )) +
log(p(Di )) +
log(p(βj ))

+ (1 − wi )

i=1

i=1

j=1

+ log(p(µD )) + log(p(σD )).

(4.45)

To make the computations easier, the summand terms can be first calculated
as log-probabilities, then exponentiated and summed. The final form is
log(p(w, D, β|I)) ∝

n
X


log exp {log(wi ) + Ii log(λi ) − log(Ii !(exp(λi ) − 1))}

i=1

+ exp {log(1 − wi ) + Ii log(λi + Di ) − log(Ii !(exp(λi + Di ) − 1))}
+

n
X
i=1

log(p(w0i )) +

n
X

log(p(Di )) +

i=1

+ log(p(µD )) + log(p(σD )).

K
X

log(p(βj ))

j=1

(4.46)

The priors for wi , βj , Di , µD and σD are now added to the log-probability
derived above. Mixture weight w0i has a beta prior, which was defined above in
Equation 4.26. To make the computations easier, log(Di ) are sampled instead
of Di . If Di is assumed to follow log-normal distribution, then log(Di ) follows
normal distribution.
2
log(Di ) ∼ N (µD , σD
).
(4.47)
The connection between the parameters of these two distributions is described
in section 4.2. The distribution of Di should be set to meet the prior expectations and the same parameter values can be used for the prior of log(Di ). The
priors for hyperparameters µD and σD are defined in Equations 4.15 and 4.16.
The coefficients of the Poisson regression model β0 , ..., β4 have a normal
prior. As the effects of the variables are not exactly known, they are given
a zero-centered prior, µb = 0, with a reasonable variance σb2 to enable large
enough deviations, for example σb = 3. So for each j = 0, ..., 4
βj ∼ N (µb , σb2 ).

(4.48)
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The priors are then substituted in the log-probability in Equation 4.46 and
the final form of the model log-likelihood is obtained
log(p(w, D, β|I)) ∝

n
X


log exp(log(w0i ) + Ii log(λi ) − log(Ii !(exp(λi ) − 1)))

i=1

+ exp(log(1 − w0i ) + Ii log(λi + Di )

− log(Ii !(exp(λi + Di ) − 1)))
n
X
2
+
log(N(log(Di ); µD , σD
))
+

i=1
K
X

log(N(βj ; µb , σb2 ))

j=1

+

log(N(µD ; µµD , σµ2 D ))

+

n
X

log(Beta(w0i ; a, b))

i=1

+ log(Gamma(σD ; aσD , bσD )).
(4.49)

4.5

Sampler implementation

The MCMC sampler was implemented in high-level computing language Matlab. Metropolis algorithm and Gibbs sampler introduced in Section 4.3 are
used as building blocks of the sampler. Gibbs sampler is used for drawing new
weight values wt from its distribution, whereas Metropolis is used for updating log(D), β, µD and σD . The needed distributions for Gibbs sampler and
Metropolis algorithm were derived in previous section.
Before actual sampling, jumping distribution parameters and starting values for the sampled variables are set and the first posterior density function
value is calculated. Sampler rotates the update turns of the variables. First,
new value of wt is drawn by using Gibbs sampling. After that, the posterior
probability is updated. Then new proposal log(D)∗ is drawn, each element
from their respective jumping distributions. The proposal is accepted or rejected based on the Metropolis acceptance rule described in Section 4.3. Regression coefficients β ∗ and hyperparameters µD and σD are also updated in
Metropolis steps of their own. The elements of each vector w, log(D) and β
are updated all at once, which is computationally more efficient than updating
them element-wise. Gibbs sampler is then used again and so on. This loop is
repeated N2 times. After this the jumping rules can be adjusted and the simulation continues from where it was left in the end of the last round. Drawing
N2 samples is repeated N1 times.
To make the Markov chains converge better, efficient jumping rules are
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needed. The chosen jumping distribution for log(D) is
J(log(D)∗ | log(D)t−1 ) = N (log(D)∗ ; log(D)t−1 , Ic2log(D) σlog(D) ),

(4.50)

which is centered around the current value log(D)t−1 with variance c2log(D) σ 2log(D) ,
which is a vector consisting of variances for each element of vector log(D)t .
To get an approximation of the variance of log(D)t , sample standard deviation is calculated from the samples and the jumping rule can be updated by
replacing the variance with a newer estimate. The jumping distributions for β
and µD are also normal distributions with means being the current values with
covariance c2β Σβ and variance c2µD σµ2 D . To make computations easier, jumping
distribution is defined for log(σD ) instead of σD . This jumping distribution
t−1
2
is also a normal distribution with mean log(σD
) and variance c2σD σlog(σ
.
D)
Jumping distribution variances for log D, β, µD and σD are updated in this
way after N2 samples. It has been proven that in the most efficient jumping
rule, the parameter c is
p
(4.51)
c ≈ 2.4 Ndim ,
where Ndim is the number of dimensions of the normal distribution (Gelman
et al., 2014). When calculating clog(D) the number of dimension Ndim is N
and in the case of cβ the dimension is K. As hyperparameters µD and σD are
updated in the same Metropolis step, the number of dimensions Ndim is 2 in
their case.
The outline of the sampler is the following. For each round r = 1, ..., N1 the
following cycle is repeated N2 times. This results in sequences of N2 samples
of each parameter in each round. Number of samples N2 is multiplied for the
last round r = N1 to get a longer sequence for parameter estimation. For each
t = 1, ..., N2
Step 1: New weights wt are drawn using Gibbs sampler.
• Draw wt from its conditional distribution
p(wt |It−1 , λt−1 , log(D)t−1 ).
Step 2: Update posterior probability.
Step 3: Update β t using Metropolis algorithm:
• Draw proposal β ∗ for β t from their jumping distribution
Jt (β ∗ |β t−1 ).
• Calculate new λ using the updated β.
• Either accept the proposal or reject it and set
β t = β t−1 . Set λt accordingly.
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Step 4: Update posterior probability.
t
Step 5: Update µtD and σD
using Metropolis algorithm:

• Draw proposal µ∗D from J(µ∗D |µt−1
D ).
• Draw proposal log(σD )∗ from J(log(σD )∗ | log(σD )t−1 ) and
∗
exponentiate to get σD
.
• Accept the proposals or reject them and set µtD = µt−1
D
t−1
t
and σD
= σD
.
Step 6: Update log(D)t using Metropolis algorithm:
• Draw proposal for log(D)t from J(log(D)∗ | log(D)t−1 ).
• Accept or reject the proposal. If rejected, set
log(D)t = log(D)t−1 .
t
are stored into matrices Mrlog(D) ,
Step 7: Values log(D)t , β t , µtD and σD
Mrβ and vectors MrµD and Mrlog(σD ) for covariance calculations.
The posterior probability values are also stored.

After repeating the cycle N2 times, the covariance matrices and covariances
of the jumping distributions for β, log(D), µD and σD are updated. For log(D)
the update for each element of vector σ log(D) is
r+1
σlog(D)i
= Std(Mrlog(D)i )

(4.52)

fr each i = 1, ..., n where Mrlog(D)i is a column vector of Mrlog(D) and consists of
samples for log(D)i . For β the updated covariance matrix is
Σr+1
= Cov(Mrβ ).
β

(4.53)

For µD and σD the updates are
σµr+1
= Std(MµrD )
D

(4.54)

r+1
r
σlog(σ
= Std(Mlog(σ
).
D)
D)

(4.55)

and
To make sure the covariances will never be zeros, a small positive quantity
such as 1 · 10−4 is added to these values.
After each round r every 150th posterior probability and desired variable
values are saved into a file. After the sampler has converged, the thinned
sequences of all the variables are saved in the same manner. The sequences
can be quite autocorrelated and so there is no need to save the whole sequence
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but a thinned one. Naturally the advance of thinning is that it saves space.
Numbers of rejected samples in each Metropolis step can be saved to evaluate
the performance of the sampler.
If the expected behaviour of the model is known from running multiple
chains from the same model, the easiest way to check for convergence of a
sequence is to plot the variable sequences and see whether there is still some
trend in their behaviour. If the sequence seems to oscillate around a fixed value,
the number of samples can be assumed to be large enough and convergence
has been reached.
When the Markov chain has converged to its stationary distribution, the
resulting samples are used for calculating the desired quantities. These quantities describe the distribution of the model parameters to be estimated. Means
of the posterior distribution samples are used as model parameter estimates.
Before taking the mean, the burn-in samples are removed. In practice, the N2
samples from the last sampling round r = N1 are used for the calculations and
the rounds r = 1, ..., N1 − 1 are thought of as burn-in. To get a better picture
of the posterior distribution, a histogram of the samples can also be plotted.
Other visualizations are used as well for presenting the results and how well
the model performs.

Chapter 5

Results
In this chapter the model proposed in this thesis is evaluated. First, the data
set used in the development of the model is introduced. After this, the special
measures needed for handling inter-chromosomal interactions are explained.
The focus is then given to the actual results from the model. First, preliminary results from stand-alone Poisson regression are presented to proof the
relevance of making it a part of the mixture model. Then the results from
the whole model are given and they are evaluated. Finally, the results from
proposed mixture model is compared to results given by ChIA-PET Tool and
Mango, which were introduced in Chapter 3.

5.1

The Mcf7 cell line data set

The data set used in the development of the Bayesian mixture model with Poisson regression was a ChIA-PET data set of Mcf7 breast cancer cell line. The
data is freely available in UCSC ENCODE downloads. The data set was first
introduced by Li et al. (2012). In (Li et al., 2012), the function of higher-order
chromosomal organization was investigated by detecting chromatin interactions associated with RNA polymerase 2 enzyme in different cell lines. The
exact used data set was replicate 1, and the ChIA-PET data had already been
linker-filtered and aligned to human genome 19.
The data set included 35444479 PETs of which 5035994 were self-ligations
and the rest 30408485 were inter-ligations. Peak calling resulted in 9956 anchor
sites. Of all anchor site lengths around 98,5% are 2001 base pairs and the
remaining 1,5% are between 2607 to 3994 base pairs long, with one exception
of 5137 base pairs long anchor. After each inter-ligation start and end site were
mapped to these anchors, there were 101801 putative interactions of which 8450
were intra-chromosomal and 93261 inter-chromosomal. Interaction counts for
47
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these interactions ranged from 1 to 47, but most of interaction counts were
ones.

5.2

Modeling inter-chromosomal interactions

The model presented in Section 4.2 includes the distances between the two
interacting anchors. This distance is not defined for the inter-chromosomal interactions: there is no way to calculate how many base pairs there are between
two locations in different chromosomes. As the numerous inter-chromosomal
interactions should still be included in the analysis, some kind of substitute
value has to be determined for the distance quantity.
As there is no common practise how to determine such quantity, a natural
choice was to use maximum likelihood approach. A truncated Poisson regression model where distance was used to predict intra-chromosomal interaction
counts was first estimated. The Poisson rate parameters were estimated from
this model for a grid of distance values ranging from 104 to 1010 . Then likelihoods for the set of inter-chromosomal interactions counts were calculated
using truncated Poisson distribution with the different rate parameters. The
distance corresponding to the rate parameter which gave the highest likelihood
was then chosen as the substitute distance.
The log-likelihood of the data with different distances are plotted in Figure
5.1. The log-distance value which gave the greatest log-likelihood was approximately 17.2, which is around 3 · 107 base pairs when exponentiated. This
distance best describes the ratio of interaction count number according to
the Poisson regression model. The range of intra-chromosomal interaction logdistances is from 8.4 to 19.3, which correspond to 4.4·103 and 2.4·108 base pairs
in linear scale. Compared to these values the substitute inter-chromosomal distance is quite reasonable. Most of inter-chromosomal interactions are assumed
to be random ligations and the interaction counts are quite low as they also are
for intra-chromosomal interactions with long distance between the interacting
sites.

CHAPTER 5. RESULTS

-2

49

#10 4

-2.5

-3

log-likelihood

-3.5

-4

-4.5

-5

-5.5

-6

-6.5
8

10

12

14

16

18

20

22

24

log(distance) [bp]

Figure 5.1: Likelihood of the count data with different distance values. The
peak of the curve, i.e. the maximum likelihood distance, is located around
log(distance) ≈ 17.2.

5.3

Preliminary results from Poisson regression

In this section some preliminary results from Poisson regression are presented.
These results show how well Poisson regression works for this data and whether
the explanatory variables are significant.
The variables to be used in the Poisson regression are distance between
interacting anchors, mappabilities, GC-contents and anchor coverages. To see
how the three latter properties affect the marginal counts, plots in Figure 5.2
were produced and correlation coefficients were calculated. This figure shows
that correlations between log-marginal counts and either mappability or GCcontent were quite weak. Correlation between marginal counts and coverages
was very strong instead. This can also be seen in Figure 5.2, where the exact
correlation coefficients are also presented.
In Figure 5.3 the correlations between the interaction counts and interacting anchor pair properties are shown as scatter plots and correlation coefficients. The explanatory variables are now in the form given in Chapter 4 which
means that logarithm is taken of the product of the two anchors properties.

Log-marginal count
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Figure 5.2: Correlations between logarithms of anchor marginal counts and
anchor properties. Pearson correlation coefficients ρ are given in each figure.
Log-distance has the greatest correlation coefficient −0.136.
Figures 5.2 and 5.3 rises doubts of whether all the explanatory variables are
significant or not. Distance between interacting anchors and anchor coverage
seem to be reasonable regressors as their correlation coefficients to interaction counts are the highest. The distance variable scatter plot already clearly
manifests that the shorter the distance the higher the interaction count is.
Considering these results, it might be justified to leave the explanatory variables mappability and GC-content out of the regression model. The Figures
5.2 and 5.3 include all anchors and observed interactions.
To test how well the Poisson regression model can explain the variance
of the interaction counts, the Poisson regression model described in Equation
4.5 is estimated using the whole data set. The maximum likelihood estimates
for the regression coefficients are β0 = −0.111, β1 = −0.287, β2 = −0.2501,
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Figure 5.3: Each of the explanatory variables were plotted against logarithm
of interaction counts. Red dash line is the least squares line fitted to the data.
Pearson correlation coefficients are given in each subfigures title.
β3 = −0.362 and β4 = 0.224. The fitted interaction counts using this model are
shown in Figure 5.4 and the residuals against the observed interaction counts
in Figure 5.5.
The Poisson regression model fits seem to be systematically lower than
the observed values. As around 95% of the interaction counts in this data
set are ones, it is quite reasonable that the model cannot explain the higher
interaction counts very well. As the Poisson regression part of the mixture
model is used for predicting the interaction frequency based on just the bias
factors, it actually should account mostly for the noise part of the data. From
these results it can be seen that Poisson regression model explains quite well
the low interaction counts, which are expected to be noise for the most part.
It can be questioned whether the high counts should be included at all in
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Figure 5.4: Observed interaction counts versus the values fitted using the
maximum likelihood estimates of the Poisson regression model.
the estimation of the model parameters. If the model should account only for
random noise, it should be estimated using only the assumed random interactions. Including the more infrequent high interaction counts, which are of a
different magnitude compared to the noise counts, can lead to overfitting the
parameters to these rare values. Even though there are only a few large values
in the data set, they have an influence on the estimation of the parameters.
The bad fits and residuals which grow along with growing interaction counts
are normally a sign that a regression model is missing something, perhaps
another regressor or different functional form of the included regressors. But
this time the model is not even expected to predict all interaction counts
well. This is also why the explanatory variables mappability and GC-content
are left in the model, even though they do not have high correlations with
the counts. There is indeed something missing from the model, which is the
”true interaction” component. This component will be added in the mixture
model to the expected values given by the Poisson regression model here.
These components Di will account for the additional interaction counts that
are expected to be seen in case of true interactions.
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Figure 5.5: The residuals of the estimated Poisson regression model plotted
against the observed interaction counts. This figure shows clearly how the pure
regression model cannot predict high interaction counts very well.

5.4

Full model

The full Bayesian mixture model with Poisson regression was tested on the
Mcf7 cell line data set introduced in Section 5.1. Only the 8450 intra-chromosomal
putative interactions were analyzed to reduce the size of the data set. The sampler was started from initial values σD = 0.9, µD = 2, β0 = 2, β1 = −0.6165,
β2 = 0.09, β3 = −0.2381 and β4 = 0.5792. The Poisson rate parameters were
then calculated from the initial values of β as described in Equation 4.8. The
initial values for mixture weights vector log(w) was drawn from Beta distribution with parameters 0.7 and 0.3 and initialization for log(D) was drawn from
2
normal distribution with mean µD and variance σD
. The convergence of the sequences was monitored by checking the progress of log-posterior probabilities.
The number of rounds N1 was first set to 400. After these rounds the sequence
had not still converged, so the number of rounds was increased to N1 = 600.
The number of samples N2 was 15000 in all rounds except r = 400 and r = 600,
where the length of the sequence was 5 · 15000 = 75000. The 75000 samples
from last round r = 600 were then used for parameter estimation.
It took 5 days and 16 hours to complete the 600 rounds of sampling to
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Figure 5.6: The thinned log-probability from all the 600 sampling rounds.
estimate the model parameters. This is a long time for completing just one
step of the analysis, so there is still much room for improvement in the efficiency. Initializing the starting points closer to the true values could reduce the
needed number of samples. Also, Matlab is not a very efficient programming
language, and implementing the model in some other more efficient language
could resolve this problem.
The log-posterior probability of the model is presented in Figure 5.6. The
log-probability rises little by little as the number of samples goes up until it
stabilizes in the very last sampling rounds. In the last 75000 sampling cycles
the mean log-probability was 4.3 · 104 .
The hyperparameter values were narrowed down quite well. The mean of
the samples is 0.809 for µD and 2.467·10−3 for σD . The small ranges of values of
µD and σD can be clearly seen from the histograms of their samples presented
in Figure 5.7 and Figure 5.8. As the variance of Di s is so small, it means that
there should be only one D, which would be the same for all interactions. This
is something which should be considered in further development. Setting the
same D to all interactions would mean significant simplification in the model
and reduction of computation time, as there would be n − 1 less parameters
to estimate in the model.
Of the 8540 putative intra-chromosomal interactions 852 has mean of weight
w0i samples under 0.5 and 7688 has mean of the samples 0.5 or higher. The 852
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are thus assumed to come from the second mixture component representing the
true interactions and the rest 7688 interactions are from the false interactions
component. The mean interaction count for the true interactions is 2.61 and
1.02 for the false interactions. This shows that the mixture model supports
the assumption that the signal is stronger i.e. interaction frequency is higher
for the true interactions and weaker for the false ones.
In Figure 5.9 the means of w0i samples for each interaction i are plotted as
function of mean of Poisson rate parameter λ0i samples. Each interaction count
is represented with a color of its own. The yellow dots, representing interaction
count 1, form a cluster where all interactions have mean of mixture weight w0i
close to 0.8 and the mean Poisson rate parameter values λ0i range from 10−4
up to 100 . Interaction counts 2 and 3 have both interactions with mixture
weight under and over 0.5, depending on the Poisson rate parameter. The
ones with high rate parameter λ0i values have higher mixture weight, which
shows that the bias factors explain these interactions so well they cannot fit
to the true interaction component. Most of the higher counts have mixture
weight between 0.3 and 0.4. The effect of mixture weight’s beta prior shows in
the distribution of w0i s, as the most of mixture weights are 0.8 and the most
of the rest are between 0.3 − 0.4.
There are some exceptions too, where an interaction with high count has a
high mixture weight mean. These interactions have high Poisson rate parameters. Most interesting of them is the rarely high interaction count of 47, which
has rate parameter λ0i mean of 37. This exceptional case rises the question
of whether the Poisson regression model has been overfitted or not, yet for
the most of the data points the regression works as expected. However, when
inspecting the properties of this particular interaction with high interaction
count, the coverage property is noticed to be very high. The mean of the
coverage attribute is 10.4 for all intra-chromosomal interactions and for the
interaction in question the coverage is 17.7. The estimate for regression coefficient β4 is 0.83, which means that the expected number of interactions goes
up as the coverage gets higher. The model thus suggests that the interaction
count if 47 is not enough for an interaction with such a high coverage for it to
be classified as a true interaction.

5.5

Comparison with other methods

The comparison of the proposed mixture model, Mango and hypergeometric
model of ChIA-PET Tool was done with the same data set which was introduced in Section 5.1. Each method was used for finding interactions from this
data, Mango and mixture model give only the detected intra-chromosomal
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Figure 5.9: Mean of weights w0i plotted against means of Poisson rate parameter λ0i . The means are calculated from thinned sample sequences. The red
dashed line represents the mean of weight 0.5, which is the cut-off value for
deciding from which mixture component each observation comes from.
interactions, while ChIA-PET Tool’s results include both intra- and interchromosomal interactions. The results from the Bayesian mixture model with
Poisson regression were introduced earlier in Section 5.4. Mango results were
produced by using raw ChIA-PET experiment data downloaded from UCSC
ENCODE website. The ready-made ChIA-PET Tool results for the experiment available in NCBI GEO data repository were used in this comparison.
The numbers of found interactions vary greatly between the compared
three models. Table 5.1 presents the number of found interactions and gives
the numbers of both intra- and inter-chromosomal interactions for ChIA-PET
Tool. The number of interactions found by ChIA-PET Tool, 5893, is almost
thirty times the number of interactions found by Mango, which is 223. The
mixture model proposed in this thesis classifies 852 intra-chromosomal interactions to be true interactions, which is again considerably larger amount than
in Mango’s results but much smaller than for ChIA-PET Tool. Phanstiel et al.
(2015) suggest that inter-chromosomal interactions are only noise and are not
worth analysing, which is why inter-chromosomal interaction analysis was not
implemented in Mango. ChIA-PET Tool by contrast proposes that there are
6736 true inter-chromosomal interactions in the data set and does not ques-
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tion the significance of inter-chromosomal interactions. The Bayesian mixture
model with Poisson regression can be used for inter-chromosomal interaction
analysis, as substitute value for distance between anchor sites was derived,
which was described in Section 5.1.
The found intra-chromosomal interactions were compared to find out if the
methods find the same interactions or not. For each found interaction it was
checked whether the two other methods had found an interaction from the
same chromosome with the same head and tail anchor location. Anchors were
thought to be the same if they overlap or are up to 1000 base pairs from each
other. The Table 5.5 shows the number of overlapping interactions between
each of the three methods. ChIA-PET Tool reports interactions where two
different interactions have head and tail anchors very close or even overlapping
with each other. Overlapping interactions and anchors could have been merged
to make the results less ambiguous. This unclarity makes further comparison
between the results from different methods difficult and the principles used in
ChIA-PET Tool seem to be questionable.
The same kind of overlap analysis as presented above was also performed
for the interactions the mixture model classified as false interactions and the
interactions found by Mango and ChIA-PET Tool. Of the 7688 interactions
the new mixture model classified to be false interactions, 9 were classified to be
true interactions by Mango and 439 by ChIA-PET Tool. The mean interaction
count for the ones overlapped with Mango was 6.22 and with ChIA-PET Tool
the mean was 1.14. The mean of interaction count is so high for Mango because
it accepted the interaction with interaction count 47. This interaction was only
just rejected by the mixture model and is a possible false negative. For the
rest of the 9 interactions one interaction count is 2 and seven are 1. ChIA-PET
Tool did not find the interaction with interaction count 47.
To compare the types of interactions the three models found, annotation
analysis was done for the found interactions. An annotation was determined
for each head and tail anchor using Homer software (Heinz et al., 2010). Then
the numbers of interactions where both of the anchors are promoters, one of
the anchors is a promoter and neither of them is a promoter were calculated.

Table 5.1: Number of found interactions for each method. Only ChIA-PET
Tool was used for finding inter-chromosomal interactions.
Method
Mixture model
ChIA-PET Tool
Mango

Total number of
interactions
852
12626
223

Intra-chromosomal

Inter-chromosomal

852
5893
223

6736
-
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Table 5.2: Number of overlapping intra-chromosomal interactions found by
different methods. The total number of found intra-chromosomal interactions
for each method is presented in the diagonal.
Method
ChIA-PET Tool Mango Mixture model
ChIA-PET Tool
5890
216
349
Mango
216
223
70
Mixture model
349
70
852
Table 5.3: Proportions of different kinds of interactions found by each method.
Method
Promoter-promoter Promoter-other Other-other
ChIA-PET Tool
4%
20%
76%
Mango
7%
16%
77%
Mixture model
35%
44%
21%
The proportions of each kind of interactions are presented in Table 5.5. For
both ChIA-PET Tool and Mango the proportion of interactions where neither of the anchors is a promoter is as high as over 75%. The proportions
of promoter-promoter and promoter-other interactions were also very similar
between these two methods. The new mixture model again has found interactions of which 44% are promoter-other interactions, which is significantly
higher than in case of Mango and ChIA-PET Tool which have proportions of
16% and 20%. The second largest group is promoter-promoter interactions
with 35% and the smallest is other-other interactions with proportion of 21%.
The proportions for the mixture model are in line with previous research, as Li
et al. (2012) found a large number of promoter-promoter interactions in their
study. They provide experimental evidence of many of these promoters cooperatively regulating the promoters they interact with. Their findings indicate
that this mechanism is common in cells. By contrast, the interactions which
do not include promoter regions are more difficult to interpret.
Overall it seems that the results from the mixture model are not exactly the
same as the ones the two other model give, but not completely different either.
The number of found interactions was huge for ChIA-PET Tool and very
small for Mango. It seems that Mango might find some interactions which were
missed by the mixture model, while ChIA-PET Tool easily accepts interactions
despite their low interaction counts. Mixture model results show that the
interactions it accepts have mean interaction count significantly higher than
the ones it rejects. It also can reject interactions with very high interaction
counts, if the bias factors explain the count well. The biological validation of
the interactions by using annotation results shows, that the mixture model can
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capture biologically meaningful interactions.
The three approaches for chromatin interaction analysis compared here
have different preprocessing principles, which might affect the results of the
comparison greatly. Especially the methods for finding and defining anchors
have an influence on comparison results. The results from annotation analysis
also depend on the anchors which were used by each method, so the annotation
analysis results actually show how well the whole data analysis process from
data preprocessing to actual interaction analysis performs. To purely compare
the statistical methods used for the quantification of the interactions would
require that the lists of putative interactions given to each analysis tool would
be the same.

Chapter 6

Conclusions
In this thesis the current methods for ChIA-PET data analysis were reviewed
and a new one was proposed. The new model consisting of Bayesian mixture
model and Poisson regression for bias reduction was described in detail along
with the implementation and Bayesian analysis and Markov chain Monte Carlo
methods, which were used for parameter estimation. The implemented model
is then tested on a real ChIA-PET data set and compared to two different
analysis tools.
The results from the proposed method show that the model produces reasonable results which base on the interaction counts and bias factors. In addition, the results were compared to results from Mango and ChIA-PET Tool.
Comparison showed that some of the found interactions were same for the mixture model and the other tools, but there were also interactions which were
only found by the mixture model. To further evaluate the results, an annotation analysis was done for the found interactions. The most of the interactions
the mixture model classified as true interactions included promoter regions.
This result is supported by the research by Li et al. (2012). Externally validated interactions would be needed to further evaluate the performance of the
model, but unfortunately none were available at the time this thesis was done.
Based on the results from the model it seems that the Poisson regression
part of the model does not work optimally. The problem lies in the explanatory
variables and the nature of the data. As most of the observed interaction counts
are ones when setting the truncation to k = 1, there is not much variation to
be explained by the regression model. On the other hand, the point of the
Poisson regression model was not to completely explain the data, just predict
the random noise part of the interaction counts. The regression works quite
well for this purpose. From the results of the full model presented in Section
5.4 it could be seen that an interaction with interaction count as large as 47 was
classified as a false interaction, because the estimated Poisson rate parameter
61
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was so high. This invokes the question, whether the model is overfitted when
estimating the parameters. But on the other hand, this result makes sense if
the properties of this particular interaction are considered and the regression
model seems to work as expected for most of the interactions.
One way to truly make the regression model represent the noise component
in the data is to extract a subset of data from the analysis and estimate
the regression coefficients separately based on this subset. This subset could
then be selected to represent the data points that are most likely to be noise.
However, this approach has its own difficulties such as how to select the subset
to represent false interactions.
The results also suggest that there is no need for interaction specific Di s
as one D for all interactions would be enough. Different forms of Poisson
regression link function and other type of D are also worth trying if further
research is done. For example, D could be multiplicative instead of additive.
The effect of the decisions made in the data processing step is quite significant. There are many ways of doing the preprocessing steps such as anchor
site finding and in some cases different choices could lead to approximately
same results. Preprocessing of the data was also a quite laborious phase of
this work. As the number of steps is high in this process, there are many
possibilities to make errors which can in the worst case accumulate during the
analysis.
One of the hard decisions was how to model the inter-chromosomal interactions with the same model as the intra-chromosomal ones, as the distance
between the interacting anchors is not defined for the inter-chromosomal ones.
There is no correct answer to how to reason out a substitute distance value for
them. In this thesis the problem was solved by using maximum likelihood estimation. Some of the other models using the distance between anchors in the
analysis go around this problem just by discarding all the inter-chromosomal
interactions. There has been no other method to model inter-chromosomal
interactions with a model that takes the distance between interacting anchors
into account. Leaving all the inter-chromosomal interactions out of the analysis is a quite a conservative choice, which leads to missing some possible
interactions with biological relevance. This has been the common practise in
non-central hypergeometric model and Mango, which were presented in Sections 3.1.1 and 3.1.5.
The downside of the method presented in this thesis is the intensiveness of
the computations. As the number of observations in the data set grows larger,
the number of parameters to be sampled increases and computation time goes
up. Making the computations more efficient play an important role in making
the model a useful tool for analysing ChIA-PET data. For example, changing
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the parameterization of the model might help the MCMC methods to converge
faster. At first implementing the model in probabilistic programming language
Stan was tested, but the MCMC method no-U-turn sampler Stan utilizes failed
to reach convergence. This phenomenon was quite surprising, as no-U-turn
sampler should be an advanced MCMC method targeted for complex models,
but this particular problem is apparently too complex for it. Stan would have
provided easy ways of convergence analysis, which only have a small role in
the Matlab implementation.
One flaw in the model development stage was that only one data set was
used. The used data set was assumed to be representative of typical ChIAPET data and most likely this assumption holds. Using other data sets as well
would still most likely have been worthwhile. Of course the estimation of the
model parameters will be done for the data set in question, but the structures
of the model were determined from this one data set alone.
All in all, the Bayesian mixture model which incorporates Poisson regression for bias correcting seems to work reasonably, regardless of the computational challenges. The model can be used even for analysing inter-chromosomal
interactions, which is not possible with all available tools. If the tool was to
be developed further, computational efficiency and different model structures
should be considered.
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Emanuele Raineri, Roderic Guigó, and Paolo Ribeca. Fast Computation
and Applications of Genome Mappability. PLoS ONE 7(1): e30377, 7,
2012. doi: 10.1371/journal.pone.0030377.
George H. Dunteman and Moon-Ho R. Ho. An Introduction to Generalized
Linear Models. Sage Publications, 2006. doi: http://dx.doi.org/10.4135/
9781412983273.
Melissa J. Fullwood, Mei Hui Liu, You Fu Pan, Jun Liu, Han Xu, Yusoff Bin
Mohamed, Yuriy L. Orlov, Stoyan Velkov, Andrea Ho, Poh Huay Mei, Elaine
G. Y. Chew, Phillips Yao Hui Huang, Willem-Jan Welboren, Yuyuan Han,
Hong Sain Ooi, Pramila N. Ariyaratne, Vinsensius B. Vega, Yanquan Luo,
Peck Yean Tan, Pei Ye Choy, K. D. Senali Abayratna Wansa, Bing Zhao,
Kar Sian Lim, Shi Chi Leow, Jit Sin Yow, Roy Joseph, Haixia Li, Kartiki V. Desai, Jane S. Thomsen, Yew Kok Lee, R. Krishna Murthy Karuturi,
Thoreau Herve, Guillaume Bourque, Hendrik G. Stunnenberg, Xiaoan Ruan,
Valere Cacheux-Rataboul, Wing-Kin Sung, Edison T. Liu, Chia-Lin Wei,
Edwin Cheung, and Yijun Ruan. An oestrogen-receptor-α-bound human
chromatin interactome. Nature, 462:58–64, 2009. doi: 10.1038/nature08497.
Andrew Gelman, John B. Carlin, Hal S. Stern, David B. Dunson, Aki Vehtari,
and Donald B. Rubin. Bayesian data analysis. Third Edition. Taylor &
Francis, 2014.
64

BIBLIOGRAPHY

65

Ayman Grada and Kate Weinbrecht. Next-Generation Sequencing: Methodology and Application. Journal of Investigative Dermatology, 133, 2013. doi:
10.1038/jid.2013.248.
Lusy Handoko, Han Xu, Guoliang Li, Chew Yee Ngan, Elaine Chew, Marie
Schnapp, Charlie Wah Heng Lee, Chaopeng Ye, Joanne Lim Hui Ping, Fabianus Mulawadi, Eleanor Wong, Jianpeng Sheng, Yubo Zhang, Thompson
Poh, Chee Seng Chan, Galih Kunarso, Atif Shahab, Guillaume Bourque,
Valere Cacheux-Rataboul, Wing-Kin Sung, Yijun Ruan, and Chia-Lin Wei.
CTCF-mediated functional chromatin interactome in pluripotent cells. Nature Genetics, 43:630–638, 2011. doi: 10.1038/ng.857.
Chao He, Xiaowo Wang, and Michael Q. Zhang. Nucleosome eviction and
multiple co-factor binding predict estrogen-receptor-alpha-associated longrange interactions. Nucleic Acids Research, 2014. doi: 10.1093/nar/gku327.
S. Heinz, C. Benner, N. Spann, E. Bertolino, YC Lin, P Laslo, JX Cheng,
C Murre, H. Singh, and CK Glass. Simple combinations of lineagedetermining transcription factors prime cis-regulatory elements required for
macrophage and B cell identities. Mol Cell, 38(4):576–589, 2010. doi:
10.1016/j.molcel.2010.05.004.
Matthew D. Hoffman and Andrew Gelman. The No-U-Turn Sampler: Adaptively Setting Path Lengths in Hamiltonian Monte Carlo. Journal of Machine Learning Research, 15:1593–1623, 2014.
Ming Hu, Ke Deng, Zhaohui Qin, Jesse Dixon, Siddarth Selvaraj, Jennifer
Fang, Bing Ren, and Jun S. Liu. Bayesian inference of spatial organizations
of chromosomes. PLOS Computational Biology, 9(1), 2013. doi: 10.1371/
journal.pcbi.1002893.
Kyong-Rim Kieffer Kwon, Zhonghui Tang, Ewy Mathe, Jason Qian, MyongHee Sung, Guoliang Li, Wolfgang Resch, Songjoon Baek, Nathanael Pruett,
Lars Grøntved, Laura Vian, Steevenson Nelson, Hossein Zare, Ofir Hakim,
Deepak Reyon, Arito Yamane, Hirotaka Nakahashi, Alexander L. Kovalchuk, Jizhong Zou, J. Keith Joung, Vittorio Sartorelli, Chia-Lin Wei,
Xiaoan Ruan, Gordon L. Hager, Yijun Ruan, and Rafael Casellas. Interactome Maps of Mouse Gene Regulatory Domains Reveal Basic Principles of Transcriptional Regulation. Cell, 155(7):1507–1520, 2013. doi:
10.1016/j.cell.2013.11.039.
Guoliang Li, Melissa J. Fullwood, Han Xu, Fabianus Hendriyan Mulawadi,
Stoyan Velkov, Vinsensius Vega, Pramila Nuwantha Ariyaratne, Yusoff Bin

BIBLIOGRAPHY

66

Mohamed, Hong-Sain Ooi, Chandana Tennakoon, Chia-Lin Wei, Yijun
Ruan, and Wing-Kin Sung. ChIA-PET tool for comprehensive chromatin interaction analysis with paired-end tag sequencing. Genome Biology, 11:R22,
2010. doi: 10.1186/gb-2010-11-2-r22.
Guoliang Li, Xiaoan Ruan Raymond K. Auerbach, Kuljeet Singh Sandhu,
Meizhen Zheng, Ping Wang, Huay Mei Poh, Yufen Goh, Joanne Lim,
Jingyao Zhang, Hui Shan Sim, Su Qin Peh, Fabianus Hendriyan Mulawadi,
Chin Thing Ong, Yuriy L. Orlov, Shuzhen Hong, Zhizhuo Zhang, Steve
Landt, Debasish Raha, Ghia Euskirchen, Chia-Lin Wei, Weihong Ge, Huaien
Wang, Carrie Davis, Katherine I. Fisher-Aylor, Ali Mortazavi, Mark Gerstein, Thomas Gingeras, Barbara Wold, Yi Sun, Melissa J. Fullwood, Edwin
Cheung, Edison Liu, and Wing-Kin Sung. Extensive Promoter-Centered
Chromatin Interactions Provide a Topological Basis for Transcription Regulation. Cell, 148(1-2):84–98, 2012. doi: 10.1016/j.cell.2011.12.014.
Guoliang Li, Liuyang Cai, Huidan Chang, Ping Hong, Qiangwei Zhou,
Ekaterina V. Kulakova, Nikolay A. Kolchakov, and Yijun Ruan. Chromatin Interaction Analysis with Paired-End Tag (ChIA-PET) sequencing
technology and application. BMC Genomics, 15, 2014. doi: 10.1186/
1471-2164-15-S12-S11.
Clifford A. Meyer and X. Shirley Liu. Identifying and mitigating bias in nextgeneration sequencing methods for chromatin biology. Nature Reviews Genetics, 15:709–721, 2014. doi: 10.1038/nrg3788.
Liang Niu. Statistical modeling and analysis of chromatin interactions. PhD
thesis, Ohio State University, 2012.
Liang Niu and Shili Lin. A Bayesian mixture model for chromatin interaction
data. Statistical Applications in Genetics and Molecular Biology, 14(1), 2015.
doi: 10.1515/sagmb-2014-0029.
Liang Niu, Guoliang Li, and Shili Lin. Statistical Models for Detecting Differential Chromatin Interactions Mediated by a Protein. PLoS ONE, 9(5),
2014. doi: 10.1371/journal.pone.0097560.
Jonas Paulsen, Einar A. Rodland, Lars Holden, Marit Holden, and Eivind
Hovig. A statistical model of ChIA-PET data for accurate detection of
chromatin 3D interactions. Nucleic Acids Research, 42(18), 2014. doi: 10.
1093/nar/gku738.

BIBLIOGRAPHY

67

Douglas H. Phanstiel, Alan P. Boyle, Nastaran Heidari, and Michael P. Snyder.
Mango: a bias-correcting ChIA-PET analysis pipeline. Bioinformatics, 2015.
doi: 10.1093/bioinformatics/btv336.
Aaron R. Quinlan and Ira M. Hall. BEDTools: a flexible suite of utilities
for comparing genomic features. Bioinformatics, 26(6):841–842, 2010. doi:
10.1093/bioinformatics/btq033.
Christopher Reeder and David Gifford. Research in Computational Molecular Biology, 17th Annual International Conference, RECOMB 2013, Beijing, China, April 7-10, 2013. Proceedings. High Resolution Modeling of
Chromatin Interactions. Springer Berlin Heidelberg, 2013. doi: 10.1007/
978-3-642-37195-0 16.
Eitan Yaffe and Amos Tanay. Probabilistic modeling of Hi-C contact maps
eliminates systematic biases to characterize global chromosomal architecture. Nature Genetics, 43(11), 2011. doi: 10.1038/ng.947.
Yong Zhang, Tao Liu, Clifford A. Meyer, Jérôme Eeckhoute, David S. Johnson,
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