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Abstract
Swift progress in the synthesis and processing of materials with nanoscale feature sizes has
spawned new possibilities to control the ﬂow of thermal energy. New materials and devices
with engineered thermal properties are expected to enable, e.g., clean and more efﬁcient
production of energy from waste heat by thermoelectric converters, reducing the energy
consumption of digital electronics, and generating novel technologies such as heat-assisted
magnetic recording and phase-change memories. As the classical laws of energy transfer do not
generally apply in nanoscale, practical realization of such applications calls for powerful
computational methods delivering scientiﬁc understanding of nanoscale heat transfer.
The goal of this thesis is to develop new computational models and methods for describing
energy transfer in atomic-scale structures and to apply the methods to generate useful insight
into various thermal phenomena. The work is founded on classical molecular dynamics
simulations and quantum-mechanical Green's function approaches, both using the ﬂuctuationdissipation theorem to couple the studied systems to external heat baths. To enable detailed
analysis of energy transfer mechanisms in thermal conduction, new methods to spectrally
decompose the lattice heat current into frequency components are also developed. Spectral
analysis is applied in the thesis to identify non-linear energy transfer mechanisms at material
interfaces and to determine the mean free paths of heat carriers in carbon nanotubes. The
results also suggest that the thermoelectric efﬁciency of silicon nanowires can be increased by
a speciﬁc superlattice structure and that the electromagnetic energy transfer rate between
dielectric nanoparticles can be tuned by a mirror cavity.
In addition, the thesis initiates the development of a uniﬁed ﬂuctuational model for
describing energy transfer by lattice vibrations, electromagnetic ﬁelds, and electrons in a single
mathematical framework that can generate extensive understanding of the energy conversion
phenomena present in small structures. As a whole, the methods and results of the thesis
provide new analytical and numerical tools for describing nanoscale energy transfer within a
framework that may, with further development, become instrumental also in modeling energy
conversion and transfer processes in multiscale systems involving heat, light and electricity.
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Tiivistelmä
Nanoteknologian nopea kehitys on synnyttänyt uusia tapoja hallita lämpöenergiaa.
Lämpöenergian tehokkaan hallinnan ja ohjauksen odotetaan mahdollistavan mm. puhtaan
energiantuotannon termosähköisillä materiaaleilla, digitaalielektroniikan tehonkulutuksen
pienentämisen sekä täysin uusien sovellusten kuten lämpöohjatun magneettisen tallentamisen
kehittämisen. Lämpöenergiaa hyödyntävien sovellusten kehittäminen vaatii kuitenkin
erinomaista ymmärrystä energiansiirtomekanismeista hyvin pienissä rakenteissa.
Väitöskirjatyön tavoitteena on kehittää uusia laskennallisia malleja ja menetelmiä
lämmönsiirron mallintamiseen nanomittakaavan rakenteissa sekä soveltaa menetelmiä uuden
ymmärryksen synnyttämiseen. Työ perustuu klassiseen epätasapainotilan
molekyylidynamiikkamenetelmään sekä kvanttimekaanisiin Greenin funktio -laskuihin, jotka
molemmat hyödyntävät ﬂuktuaatio-dissipaatioteoriaa tarkasteltavan systeemin ja ympäristön
välisen kytkennän kuvaamiseen. Lämmönjohtumismekanismien analysoimiseksi kehitetään
mm. menetelmä hilavärähtelyjen kuljettaman lämpövirran jakamiseksi
taajuuskomponentteihin. Työn malleja ja spektraalista hajotelmaa sovelletaan epälineaaristen
lämmönsiirtomekanismien tunnistamiseen materiaalirajapinnoilla sekä lämpöä kuljettavien
hilavärähtelyjen vapaiden matkojen määrittämiseen hiilinanoputkissa. Työn tulokset
osoittavat myös, että piinanolankojen termosähköisiä ominaisuuksia voidaan parantaa
erityisellä superhilarakenteella ja että sähkömagneettisen lämmönsiirron voimakkuutta
nanopartikkeleiden välillä voidaan muokata sijoittamalla partikkelit peilikaviteettiin.
Työssä kehitetään lisäksi yhtenäinen matemaattinen malli hilavärähtelyjen,
sähkömagneettisten kenttien ja elektronien lämmönkuljetuksen mallintamiseen.
Kokonaisuudessaan väitöskirjatyö tarjoaa energiansiirron mallintamiseen työkaluja, jotka
voivat tulevaisuudessa olla merkittävässä roolissa valon, sähkön ja lämmön vuorovaikutuksien
kuvaamisessa eri mittakaavan rakenteissa.
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1. Introduction

1.1 Motivation
Signiﬁcant advancements in micro- and nanotechnologies have enabled
controlling heat ﬂow in microscopic and even atomistic scale [1, 2]. Such
thermal engineering has allowed, e.g. increasing the efﬁciency of thermoelectric heat-to-electricity converters [3, 4, 5], designing nanoporous
aerogels for thermal insulation in buildings [6] and spacecraft [7], and
mitigating the problem of overheating in microprocessors [8]. Accurate
temperature control is expected to generate also completely new technologies such as phase-change memory [9], heat-assisted magnetic recording
[10], tumor therapy based on nanoparticle heating [11], and information
processing using thermal energy [12].
Microscopically, energy is transferred in solid-state systems by lattice
vibrations, electromagnetic ﬁelds, and electrons [13]. Compared to macroscale, where energy transfer is characterized by constitutive material parameters such as thermal conductivity, energy transfer in nanoscale is
enriched by the presence of intrinsic length scales competing with the
system size [13]. For example, when the the scattering length or the
wavelength of heat carriers is of the same order as the system size, classical laws such as Fourier’s law of thermal conduction [14] and Planck’s
law of thermal radiation [15] break down, giving rise to novel phenomena such as thermal conductance quantization [16, 17, 18] and near-ﬁeld
enhancement of thermal radiation [19]. The technological prospects of
nanostructures arise from the possibility to utilize such phenomena to
design materials and devices with tailored properties.
Due to the complexity of microscopic mathematical theory and the rich
variety of phenomena present in nanoscale energy transfer, numerical
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simulations are invaluable tools in understanding and designing experimental measurements and guiding the design of more efﬁcient materials
and devices. Therefore, there is a growing need for powerful computational models delivering qualitative as well as quantitative insight into
nanoscale energy transfer in different systems and conditions.

1.2

Scope and objectives

This doctoral thesis aims at developing the physical insight needed to describe the microscopic aspects of energy transfer in nanoscale systems.
To this end, we develop new computational tools and methods for atomic
scale energy transfer simulations. The main focus areas of the thesis are
modeling heat transfer by lattice waves (phonons1 ) in various geometries
and developing quantum-mechanical computational methods for describing vibrational, electromagnetic as well as electronic energy transfer in a
single theoretical framework to lay ground for combining the models. In
all our studies, we only consider solid state systems, thereby excluding
convection [13] from the considered list of energy transfer mechanisms.
For the ﬁrst focus area, we employ classical molecular dynamics (MD)
simulations to model phonon heat transfer in different systems. While
MD neglects quantum effects, it can account for complex atomic-scale
variations in the geometry, wave interference effects as well as phononphonon scattering. Using MD and the spectral analysis methods developed in this thesis, we answer the following questions:
• How does phonon-phonon scattering manifest in heat transfer at
material interfaces?
• How far can phonons travel in carbon nanotubes without being damped
by phonon-phonon scattering?
• How does periodical twinning affect the thermal conductivity of silicon nanowires?
• What role do interference and dissipative effects play in thermal conduction through nanoscale point contacts?
In the second focus area, we pave the way for the uniﬁed theoretical
description of phononic, photonic (electromagnetic) and electronic energy
1 Throughout the thesis, we refer to lattice vibrations loosely as phonons, which
are the quanta of vibrational eigenmode oscillations [20].
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transfer. We show how Langevin theory [21, 22] combined with the linearization of equations of motion allows for calculating energy transfer
rates for the three primary carriers in a uniﬁed manner, fully accounting
for quantum statistics, wave properties and carrier relaxation and also
allowing for simulating relatively large systems. The uniﬁed model can
also be straightforwardly extended to include coupling between different
carriers, enabling the modeling of energy conversion in atomistic scale.
Langevin theory is applied in this thesis to investigate interference and
quantum effects in thermal conduction through nanoscale point contacts
and to demonstrate the enhancement of electromagnetic energy transfer
between dielectric bodies by a microcavity.

1.3 Energy transfer in nanoscale systems
As discussed above, energy transfer in nanoscale generally differs from
macroscopic energy transfer. The novel phenomena appearing in nanoscale provide both new opportunities as well as challenges for the control
of thermal energy. To lay ground for the numerical modeling of energy
transfer and to place the research topics of this thesis into context, we
brieﬂy review the general features of energy transfer in phononic, photonic, and electronic transport in Subsections below. While electronic
transport is not directly considered in any of the publications included
in this thesis, it is nevertheless included in this summary to highlight the
similarities in the theoretical description of different carriers and to provide the basis for possible future works aiming at coupling the models.
Detailed theory of nanoscale electron transfer is outside the scope of this
thesis, and the review of Subsection 1.3.3 only focuses on the modeling of
electron-phonon interactions in nanoscale heat transfer.

1.3.1

Phononic thermal conduction in nanoscale

In semiconductors and insulators, heat is primarily carried by propagating lattice waves called phonons2 . Thermal resistivity arises from the
scattering of phonons from material impurities, interfaces, and boundaries as well as other phonons and charge carriers [20, 23] as depicted in
Fig. 1.1.
2 In metals, the heat carried by free charge carriers typically exceeds the

phononic contribution.

3

Introduction

Figure 1.1. (a) Schematic illustration of microscopic phonon scattering mechanisms considered in this work: (1) Boundary scattering, (2) interface scattering, (3)
phonon-phonon scattering. (b) Schematic of phonon propagation in a material, with scattering events at average distances of mean free path Λ.

The characteristic distance between phonon scattering events is called
the phonon mean free path. While phonon mean free paths depend strongly
on the material, temperature, vibrational frequency, and the type of scattering (elastic versus inelastic), a typical value for bulk silicon is around
∼ 300 nm at room temperature [24]. At length scales smaller than the
mean free path, scattering events are too infrequent to drive phonon gas
to local thermal equilibrium. Consequently, the classical Fourier’s law of
conduction [14] based on the concept of a well-deﬁned local temperature
and equilibrium breaks down.
Because of the relatively long intrinsic phonon mean free paths and the
high surface-to-volume ratio of nanostructures, material interfaces and
surfaces often have a dominant contribution to thermal resistance. Microscopically, phonon scattering at the interface between dissimilar materials arises both from atomic disorder at the interface and from the mismatch in the acoustic properties of the materials [25]. Interfacial thermal
resistance can present a bottleneck for the extraction of generated heat
in electronic devices, thereby limiting their performance [8, 26]. Many
methods have been suggested to reduce the thermal resistance between
materials, including chemical functionalization [27, 28, 29], external pressure [30, 31], heat-mediating thin ﬁlms [32], and surface patterning [33].
In a similar way, boundary scattering from material surfaces can strongly
reduce the thermal conductivity in nanowires and thin ﬁlms. Because
efﬁcient conversion of waste heat to electricity requires materials with
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a low thermal conductivity (and high electrical conductivity) [13], lowdimensional materials such as silicon nanowires have been suggested to
provide attractive platforms for thermoelectric modules [34, 35]. To reduce the thermal conductivity of nanowires even further, additional structuring such as alloying [36], partial amorphization [37], coating [38], and
superlattice structures [39] have been suggested.
Efﬁcient extraction of heat from electronic devices requires not only
small interfacial resistances but also materials that can efﬁciently carry
heat away from the device [8]. Carbon nanotubes [40] are good candidates for such thermal management [41] because of their high thermal
conductivity in the range of 500-5000 W/(mK) [42]. Because of the very
long phonon mean free paths of carbon nanotubes, the thermal conductivity depends on the tube length in tubes as long as 5 μm [43]. It is,
however, unclear whether ballistic conduction extends to millimeter-long
tubes [42]. It is even possible that the thermal conductivity of pristine
carbon nanotubes diverges as a function of tube length, revealing a signature of anomalous thermal conduction observed in computer simulations
for one-dimensional atomic chains [44, 45, 46]. Indications of anomalous thermal conduction were recently observed experimentally [47] for
graphene, the two-dimensional allotrope of carbon.
For applications in thermionic [48, 49] and thermophotonic [50] cooling
as well as thermophotovoltaic generation [51], good thermal insulation
between materials separated by nanoscale gap is required. Nanoscale
point contacts bridging the vacuum gap and providing structural support
are a good alternative due to their small thermal conductance [52]. In
such small structures, interference effects arising from the wave nature
of phonons cannot be neglected. While earlier works have investigated
the thermal conductance of point contacts [52, 53], they have not speciﬁcally addressed the interference effects. Recognizing interference effects
in point contacts could enable thermal conductivity engineering in a similar way as, e.g., in silicon thin ﬁlms decorated with local resonators [54].

1.3.2

Electromagnetic energy transfer in the near-ﬁeld

Unlike lattice vibrations, electromagnetic ﬁelds can propagate and transfer heat even in vacuum. This phenomenon is best observed on a sunny
day when the electromagnetic radiation emitted from the Sun heats the
skin. Like Sun, any object at non-zero temperature emits thermal radiation with a wide spectrum of wavelengths. According to Wien’s law [55],
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Figure 1.2. Due to microscopic thermal ﬂuctuations, a body at non-zero temperature (red
block) emits thermal radiation in the form of propagating electromagnetic
waves (red wavy lines), which can carry energy to another object in the farﬁeld (1). Close to the radiating body, there are, however, also evanescent
waves (orange wavy lines) with zero propagation velocity. For an object placed
in the near-ﬁeld (2), the evanescent waves can enhance the energy transfer
from the radiating body by orders of magnitude compared to the far-ﬁeld
value.

the spectrum of emitted thermal radiation peaks at a wavelength λmax
that is inversely proportional to the object’s temperature T . While λmax
is around 500 nm for the Sun (with surface temperature T ≈ 5800 K),
objects at room temperature have the peak wavelength at λmax ≈ 10 μm,
corresponding to infrared radiation.
Thermal electromagnetic ﬁeld generated by any object generally consists of propagating waves (”far-ﬁeld”) and evanescent waves (”near-ﬁeld”)
[56]. At small distances from the emitting body, evanescent waves typically dominate the electromagnetic energy density and can thereby strongly
increase the energy transfer rates compared to the far-ﬁeld value, as depicted in Fig. 1.2. Because evanescent waves are localized roughly at
distances smaller than λmax from the surface of the object, their contribution to room-temperature energy transfer is typically notable at submicron distances.
The near-ﬁeld enhancement of energy transfer was ﬁrst observed by
Hargreaves [57], who measured the thermal conductance between two
chromium layers separated by a micrometer-scale gap. The theoretical
calculation for the exact enhancement rate was carried out by Polder and
van Hove [58], and consequently near-ﬁeld enhancement effects were pre-
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dicted in numerous geometries [59, 60, 61, 62, 63, 64]. In the last decade,
advances in experimental techniques have allowed for very precise measurements of near-ﬁeld enhancement rates [65, 66, 67, 68], conﬁrming
theoretical predictions.
In addition to existing applications in, e.g., thermal microscopy [69,
70, 65, 71] and thermophotovoltaics [51, 72, 73], near-ﬁeld effects are
expected to be exploitable also in nanoscale thermal management, with
possible applications in heat-assisted chemistry [74, 75] and hyperthermic treatment of cancer [76]. The strong near-ﬁeld interaction allows,
for example, for the quick dissipation of heat from a heated nanoparticle
to its near surroundings [63, 77]. Because of the short-ranged nature of
the near-ﬁeld, the enhanced coupling is, however, limited to very small
distances. It has been suggested that thermal coupling between bodies
could be further enhanced by the introduction of additional nanoparticles
[78, 79] or heat-mediating thin ﬁlms [80, 81].

1.3.3

Computational modeling of electronic effects in energy
transfer

Exponential increase in the density of transistors in state-of-the-art microchips has strongly increased the power dissipated by CPUs, increasing
their power consumption and requiring drastic cooling solutions in datacenters [8]. Proper management of the unwanted heat at both chip and
individual transistor level is therefore a key ingredient of modern electronics design [26]. Nanostructures are considered attractive platforms
for thermal management due to their possibly superior performance as
heat-spreading layers and thermal interface materials [26].
Numerical simulations are generally needed to model the electron-phonon
coupling responsible for heat generation in nanoelectronic devices [82].
Computational modeling of electron-phonon interactions in complex systems has been mainly carried out by Monte Carlo simulations and classical two-temperature models (see, e.g., Refs. [83, 84, 85, 86] and references
therein), which both neglect the wave nature of electrons and phonons and
are therefore of limited use in, e.g., quantum well or dot structures with
feature sizes below 10 nm. First-principles modeling of electron-phonon
coupling [87] is, on the other hand, computationally heavy and therefore
restricted to simple structures.
Langevin theory [88, 89, 90] is a promising alternative for the efﬁcient
modeling of dissipative electron transfer in atomistic scale. Despite its ap-
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Figure 1.3. Schematic illustration of the structures investigated in this work: (a) An
interface between two crystals with different atomic masses, (b) a carbon
nanotube, (c) a silicon nanowire with periodic twinning, (d) a point contact
connecting bulk materials, and (e) two nanoparticles interacting electromagnetically in a mirror cavity. Atomistic illustrations of (a), (b), and (c) were
prepared using the VMD visualization software [91].

plicability to complex structures, Langevin theory has only been applied
to simple toy systems so far. Langevin modeling of transport is described
in detail in Chap. 2, where we highlight the close correspondence between
the Langevin models of electron, phonon and photon transfer.

1.4

Studied structures

The structures investigated in the publications of this thesis are depicted
in Fig. 1.3. The broad topics concerning each depicted structure were,
corresponding to ﬁgure labeling, (a) interfacial thermal resistance, (b)
phonon mean free paths in nanotubes, (c) thermal conductivity engineering in nanowires, (d) phonon interference effects in point contacts, and (e)
electromagnetic energy transfer in microcavities.
The interface structure of Fig. 1.3(a) is used as the simulation geometry to study the role of phonon-phonon scattering in interfacial thermal
conduction between two bulk crystals with different masses. The results
of Publication I show that phonon-phonon scattering can reduce the resistance via two mechanisms, namely (1) dissipation of evanescent vibra-
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tional modes localized close to the interface, and (2) energy-doubling and
energy-halving three-phonon scattering processes carrying energy across
the interface.
The carbon nanotube structure schematically depicted in Fig. 1.3(b) is
used in the simulations of Publication II to determine the phonon mean
free paths in carbon nanotubes. The mean free paths were determined
from non-equilibrium simulations by utilizing the spectral analysis methods developed in Publication I. The mean free paths in carbon nanotubes
were shown to exceed 10 μm at low frequencies, with possibly even longer
mean free paths at lower frequencies. The results suggest that even very
long nanotubes approaching the millimeter-scale can exhibit partially ballistic thermal conduction at room temperature.
Figure 1.3(c) shows a silicon nanowire with periodic twinning stacking
faults, which create a zigzag-like structure impeding phonon ﬂow and
thereby reducing thermal conductivity compared to the straight wire. The
atomistic simulations of Publication III show that periodic twinning can
reduce the thermal conductivity of Si nanowires by 65 % at room temperature, suggesting that twinning could boost the thermoelectric efﬁciency
of silicon nanowires. Twinning can also be paired with other structural
modiﬁcations to reduce the thermal conductivity even further.
Thermal conduction through a nanoscale point contact, illustrated in
Fig. 1.3(d), is the topic of Publications IV, V, and VI. For a point contact
in a square lattice, interference effects are shown to give rise to directional features in the local temperature proﬁle. As expected, interference
features are washed away at higher temperature because of the increasing phonon-phonon scattering. Local temperature proﬁle is also modiﬁed when the quantum-mechanical occupation function of heat carriers is
taken into account.
Figure 1.3(e) illustrates two polar nanoparticles located in a microcavity. The calculations of Publication VII show that the cavity (i) increases
the thermal coupling between nanoparticles and (ii) gives rise to nonmonotonic thermal coupling as a function of nanoparticle distance arising from the interference of the standing cavity waves. The results suggest that modifying the electromagnetic environment can be used to ﬂexibly and efﬁciently tune the thermal coupling between electromagnetically
coupled bodies.
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2. Theory and methods

Heat transfer is customarily described theoretically either at an atomistic
level, monitoring the energy exchanged between individual atoms, or by
treating the heat carriers as a gas of particles. While the latter particle picture is highly useful for, e.g., structures too large for atomic scale
treatment, the structures considered in this thesis require atomic scale
modeling to capture, e.g., the wave nature of energy carriers.
This chapter reviews the microscopic theory and computational methods used in the thesis. Sections 2.1 and 2.2 present the relevant equations governing phononic, electronic and photonic energy transfer in microscopic scale. To highlight the common features in the modeling of different carriers, we start by postulating the Langevin equations of motion
for the three carriers in Sec. 2.1. Carrier-speciﬁc details and the derivation of the presented linearized equations are presented in 2.2.
Langevin theory is used throughout the thesis to model thermal ﬂuctuations and dissipation, and this theory and the ﬂuctuation-dissipation
theorem (FDT) are discussed in Sec. 2.3. All calculations in the thesis aim
at computing energy ﬂow in the system, so the corresponding deﬁnitions
of energy currents and their evaluation are reviewed in Sec. 2.4. Section
2.4 also presents the spectral analysis methods developed in Publications
I and II for determining frequency-wise contributions to interatomic energy transfer. The evaluation of spectral energy current distribution in
non-linear systems capturing phonon-phonon scattering requires monitoring dynamical correlations in atomic trajectories. The atomic trajectories are simulated with the classical molecular dynamics (MD) method,
presented in Sec. 2.5. The limitations of the models used in this thesis
are discussed in Sec. 2.6.
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2.1

Langevin equations for phonon, photon and electron systems

Langevin equations are a convenient and simple way to describe heat
transfer in atomic scale, accounting for both wave dynamics and dissipation in carrier propagation. This section reviews the general features
of the Langevin equations of motion governing energy transfer by lattice
vibrations, electromagnetic ﬁeld, and electrons. The presented linearized
equations for phononic, photonic and electronic energy transfer originate,
respectively, from the works of Bolsterli, Rich and Visscher [92], Rosa,
Dalvit and Milonni [93, 94], and Dhar, Shastry and Sen [88, 95]. The
simpliﬁcation obtained by linearization is that it allows for the analytical
solution of the equations of motion in terms of the Green’s function (GF).
The derivation of the linearized equations from more general equations
and the precise deﬁnitions of parameters are presented in Sec. 2.2.
Different energy transfer mechanisms and their corresponding degrees
of freedom are schematically illustrated in Fig. 2.1. Vibrational heat
transfer in solids arises from the displacements uαi of each atom i from
their equilibrium positions to co-ordinate directions α ∈ {x, y, z}. An atom
displaced from its equilibrium position exerts a net force on other atoms,
thereby leading to the propagation of displacement and transfer of energy. Similarly, electromagnetic energy is generated by ﬂuctuations in
local dipole moments pαi = qdαi , where q is the dipole charge and dαi the
dipole displacement in direction α [93]. The radiated electromagnetic energy propagates according to the Maxwell equations [56], scattered and
absorbed by other dipoles.
Quantum-mechanical electron transport in solids can be intuitively described by the tight-binding model [96], in which electrons move by ”hopping” between electron orbitals localized at individual atoms. Mathematically, the dynamics of a single electron is governed by the one-particle
Schrödinger equation [97], but to capture ﬂuctuations and dissipation, it
is more practical to formulate the dynamical equations for electron creσ
ation and annihilation operators cσ†
i and ci [98], which create and an-

nihilate electrons at an orbital σ localized at atom i, respectively1 . For
notational simplicity, the same lattice subindex i is used for each carrier
to label the different spatial degrees of freedom.
Modeling of energy transfer requires coupling at least some of the de1 Label σ is a composite index containing both the orbital wave function and elec-

tron spin.
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Figure 2.1. Schematic illustration of microscopic energy transfer mechanisms: (a) vibrational, (b) electromagnetic, and (c) electronic energy transfer. In phononic
transfer, an atom displaced from its equilibrium position exerts a force on
the neighboring atoms, giving rise to the propagation of displacement and
transfer of energy. Fluctuations in the dipole moment, on the other hand,
produce electromagnetic ﬁelds carrying energy, which can be absorbed by
other dipoles. Electronic energy transfer arises from the hopping of electrons
between atomic orbitals, driven by imbalance in electron number or temperature. Electron hopping is mathematically described here by the electron
creation and annihilation operators.
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Figure 2.2. Schematic illustration of a chain of atoms coupled to Langevin baths. The
baths at the left and right boundaries (red and blue) are at different temperatures and act as a heat source and sink, respectively. The baths colored in green describe internal ﬂuctuations and dissipation arising from, e.g.,
phonon-phonon scattering.

grees of freedom to external reservoirs acting as sources and sinks for
energy. With the exception of Publication III, where Nosé-Hoover thermostats [99, 100] are used, we employ Langevin baths as reservoirs in
all works included in this thesis. The coupling of an atomic chain to
Langevin baths is illustrated by a one-dimensional example in Fig. 2.2.
In this case, the baths serve two purposes: The baths colored in red and
blue act as external heat sources and sinks, respectively, and are used
to drive energy through the system. The baths colored in green, on the
other hand, mimic internal ﬂuctuations and dissipation arising from anharmonic scattering, allowing for capturing non-linear effects in terms
of effective relaxation rates [92]. This allows for a quantum-mechanical
treatment of much larger systems than the more rigorous but computationally heavy Keldysh GF method [101], as discussed in more detail in
Publication VI.

2.1.1

Equations of motion: common features

The equations of motion for the three degrees of freedom ui , di , and cσi
are all connected through the Langevin physics describing ﬂuctuations
and dissipation, leading to a similar solution method and phenomenology
despite involving different energy carriers. The equations read [92, 93,
94, 88]
mi üi (t) = −



Kij uj (t) + ξi (t) − mi γ u̇i ,

j

mi d̈i (t) = −



Kij dj (t) + q

j

iċσi (t) = −
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j,σ 



(2.1a)

Eij (t) + ξi (t) + qEenv (ri , t) − mi γ ḋi (t),

j

(2.1b)
σσ 

σ

tij cj (t) + ηiσ (t) − iγe cσi (t).

(2.1c)
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Here ui = [uxi , uyi , uzi ]T and di = [dxi , dyi , dzi ]T are written as three-dimensional vectors. Equations (2.1a), (2.1b) and (2.1c) contain, generally speaking, four different kinds of parameters: inertial mass mi of atom or dipole


i, coupling coefﬁcients Kij , Eij and tσσ
ij coupling different degrees of freedom, Langevin noise terms ξi , Eenv , and ηi responsible for thermal ﬂuctuations, and damping coefﬁcients γ and γe accompanying the ﬂuctuations
according to the FDT (Sec. 2.3). Noise terms ξi , Eenv , and ηi essentially
describe thermal ﬂuctuations in phonon, photon or electron number and
are governed either by Bose-Einstein or Fermi-Dirac statistics as detailed
in Sec. 2.3.
Equations (2.1a), (2.1b) and (2.1c) are derived in more detail in Sec. 2.2,
but they can be easily understood intuitively. As an example, Eq. (2.1a)
declares that the acceleration of atom i is proportional to the sum of (i) the
forces exerted by other atoms j, proportional for each atom pair i, j to the
force constant matrix Kij calculated from interatomic potential energy, (ii)
stochastic Langevin force ξi modeling local thermal ﬂuctuations, and (iii)
friction term mi γ u̇i responsible for energy dissipation at rate γ. To highlight the similarities between different carriers, we have used the linear
approximation for the interparticle force in equation (2.1a), allowing for
the direct solution of the equations of motion as shown in the following
Subsection. This assumption is relaxed in Sec. 2.2 to allow for more exact treatment of non-linear forces, which are responsible for microscopic
phonon-phonon interactions and therefore necessary in the calculation of,
e.g., frequency-dependent mean free paths (Publication II) and the thermal conductivity of twinning nanowires (Publication III).
It is worth noting that whereas equations (2.1a) and (2.1b) are purely
real and involve second time-derivatives on the left-hand side, Eq. (2.1c)
for the electron annihilation operator cσi is imaginary and involves only a
single time-derivative. This difference is rooted in the fundamental property of quantum mechanics that time evolution is modeled by diffusion
equation in imaginary time (Schrödinger equation), allowing for wavelike solutions in real time [98].

2.1.2

Solution of the Langevin equations in terms of Green’s
functions

The similarity of Eqs. (2.1a), (2.1b), and (2.1c) allows for solving the equations in a similar fashion. The differential equations are ﬁrst turned into
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algebraic equations by Fourier transforming the equations2 . With small
rearrangement, one then gets three linear systems of equations:
−


j,β

−

αβ β
[mi (ω 2 + iγω)δij δαβ − Kij
]ũj (ω) = ξ˜iα (ω)


j,β


j,σ 

(2.4a)


αβ
m(ω 2 + iγω)δij δαβ − Kij
+ q 2 ω 2 μ0 Gαβ (ri , rj ; ω) d˜βj (ω)
α
= q Ẽenv
(ri , ω) + ξ˜iα (ω)
σσ 

(ω + iγe )δij δσσ + tij



(2.4b)
σ

c̃j (ω) = η̃iσ (ω),

(2.4c)

where the Fourier-transformed degrees of freedom and Langevin noise
terms are marked by using a tilde as an overscore. Angular frequency is
denoted by ω, Kronecker symbol δij is zero for i = j and equal to unity for
i = j, and the co-ordinate directions α, β ∈ {x, y, z} are written explicitly
in Eqs. (2.4a) and (2.4b). In Eq. (2.4b), the Fourier transform Ẽij (ω) of
the electric ﬁeld Eij appearing in Eq. (2.1b) is written in terms of the the
electromagnetic Green’s dyadic Gαβ (ri , rj ; ω) as [56]
α
(ω) = qω 2 μ0
Ẽij


β

Gαβ (ri , rj ; ω)d˜βj (ω),

(2.5)

where μ0 is the vacuum permeability. The Green’s dyadic Gαβ (ri , rj ; ω) is
deﬁned in Sec. 2.2.2.
The linear systems of equations (2.4a), (2.4b) and (2.4c) can be written
in matrix form by combining all degrees of freedom into single composite vectors by deﬁning ũ(ω) = [ũx1 (ω), ũy1 (ω), ũz1 (ω), ũx2 (ω), ũy2 (ω), ũz2 (ω), . . . ]T
and deﬁning vectors d̃(ω) and c̃(ω) similarly. The Langevin terms appearing on the right-hand sides of Eqs. (2.4a), (2.4b) and (2.4c) can be similarly
written in vector form by accounting for the contribution of each bath J
on each degree of freedom. The bath label J corresponds to either local
baths, which contribute to the ﬂuctuating force only at a single site, or
α (r, ω). More details of the labeling are given,
the environment ﬁeld Ẽenv

e.g., in Publication VI.
Following such a procedure, each of the equations (2.4a), (2.4b), and
2 We deﬁne Fourier transformation f˜(ω) for any function f (t) as

f˜(ω) =



∞
−∞

dteiωt f (t)

and the corresponding inverse transformation as
 ∞
dω −iωt ˜
f (ω).
e
f (t) =
−∞ 2π
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(2.4c) can be written in the matrix form


A(ω)x̃(ω) =

ζ̃ J (ω).

(2.6)

J

where A(ω) is a coefﬁcient matrix multiplying the degrees of freedom x̃(ω)
(standing for ũ(ω), c̃(ω), or d̃(ω) written in vector form) in Eqs. (2.4a),
(2.4b), and (2.4c). The coefﬁcient matrix A(ω) captures all physical details of the system’s deterministic dynamics, including coupling between
different degrees of freedom and dissipation arising from the baths. The
right-hand side of Eq. (2.6) is the sum over stochastic Langevin force contributions ζ J (standing for ξ, η, or Eenv ) from each bath J as discussed
above.
Equation (2.6) can be solved by deﬁning the GF as the matrix inverse
G(ω) = A(ω)−1 so that
x̃(ω) = G(ω)



ζ̃ J (ω).

(2.7)

J

Equation (2.7) can be straightforwardly interpreted: system’s dynamics
at each frequency is deﬁned by the stochastic ﬂuctuations from each bath
at the same frequency, with the GF acting as the ”transfer matrix”. Our
discrete formulation of the equations of motion allows for writing the GF
as a matrix, but corresponding formulation for continuous medium would
turn the GF into a function of two continuous variables r, r . In this case,
matrix sums in Eqs. (2.6) and (2.7) would be replaced by an integral.
The matrix GF G(ω) is generally of the form [102]

0

G(ω) = G (ω)

−1

−



−1
J

Σ (ω)

,

(2.8)

J

where G0 (ω) is the GF in absence of dissipation (i.e., Langevin baths)
and bath self-energy matrices ΣJ (ω) describe the dissipation and energy
level renormalization arising from the interaction with each bath J. For
example, the self-energy corresponding to the bath at site k, introducing a friction term mi γ u̇k in the equation of motion for uk , is [Σ(ω)]ij =
−imi γωδij δik I3×3 . Here I3×3 is the 3 × 3 unit matrix.
With the FDT for the force variances ζ J (ω)ζ J (ω  )T  presented in Sec.
2.3 and the solution (2.7) available, one can calculate the thermal averto
ages of any observable of interest. The calculation of heat current Qbath
i
bath i, which represents the locally dissipated power, leads to a LandauerBüttiker-like expression [103, 104] as outlined in Sec. 2.4 and shown in
detail in Publication VI.
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2.2

Equations of motion: Carrier-speciﬁc details

2.2.1 Phonons
We now move on to carrier-speciﬁc details leading to the linear Langevin
equations (2.1a), (2.1b), and (2.1c), starting from phonon heat transfer.
The general equations of motion governing lattice dynamics are dictated
by the lattice Hamiltonian [20]
Hph =

N

(pkin )2
i

i=1

2mi

+ V(r1 , . . . , rN ).

(2.9)

Here ri , pkin
i , and mi are the position, kinetic momentum and mass of
atom i, respectively. The total number of atoms (which can also be inﬁnite) is denoted by N . The ﬁrst term of Eq. (2.9) is the total kinetic
energy of the atoms and the second term V is the interatomic potential
energy responsible for the interatomic interactions. The choice of the potential energy function V is crucial for an accurate description of the lattice dynamics and, consequently, of energy transfer. In this thesis, we
employed the Lennard-Jones [105], Tersoff [106], Stillinger-Weber [107],
and Fermi-Pasta-Ulam [108] potentials for modeling interatomic interactions in different systems.
Applying Hamilton’s equations of motion ṙi = ∂Hph /∂pkin
and ṗkin
=
i
i
−∂Hph /∂ri [109] accompanied by stochastic Langevin terms [110] gives
the equations of motion
mi r̈i (t) = Fi (t) + ξi (t) − mi γ ṙi (t),

(2.10)

where the deterministic force acting on atom i is
Fi = −

∂V
.
∂ri

(2.11)

As discussed in Sec. 2.1.1, the Langevin terms ξi and mi γ ṙi generally
have two roles in the modeling of heat transfer. They are used both for
(i) coupling atoms located at system’s boundaries to external heat sources
and sinks, and (ii) to describe dissipative processes, if non-linear interactions accounting for phonon-phonon interactions are neglected. The form
of the friction term mi γ ṙi (t), proportional only to instantaneous velocity,
is called Ohmic due to its analogue with a resistor in an electrical circuit
[111]. In general, the friction term is a time convolution giving rise to
frequency-dependent damping [111], but in all publications included in
this thesis, only the Ohmic form is used due to its simplicity.
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Equation (2.10) generally describes the motions of atoms and molecules
in solid, gas, and liquid systems. In solids, the atoms vibrate close to their
equilibrium positions r0i and one can gain more insight into the lattice
dynamics by focusing on the regime with small displacements from the
equilibrium. The equilibrium positions r0i are deﬁned by the condition of
zero force on each atom:


∂V 
= 0.
∂ri rj =r0 ∀j

(2.12)

j

Assuming that the atoms remain close to the equilibrium positions, one
can expand the potential energy in Taylor series in terms of the displacements ui = ri − r0i [20]:
V = V0 +

1   α αβ β 1   αβγ α β γ
ui Kij uj +
Υijk ui uj uk + O(u4 ).
2
6
i,j α,β

(2.13)

i,j,k α,β,γ

In contrast to Eq. (2.10), the Cartesian coordinate directions α, β ∈ {x, y, z}
have been written here explicitly. The constant term V0 in Eq. (2.13) does
not play a role in dynamics, the ﬁrst-order derivative term is zero due
to Eq. (2.12), and the second-order term is proportional to the harmonic
force constant (or ”spring” constant) [20]
αβ
Kij




=
β 
α
∂u ∂u
∂2V
i

(2.14)

.

j u=0

The third term on the right-hand side of Eq. (2.13) is proportional to the
ﬁrst-order anharmonic force constants
Υαβγ
ijk




=
β
γ 
α
∂u ∂u ∂u
∂3V

i

j

.

(2.15)

k u=0

The ﬁrst and higher-order anharmonic terms correspond to phonon-phonon
interactions [20] responsible for anharmonic scattering. First-principles
calculation of thermal conductivities and phonon mean free paths requires
explicitly including these terms in the equations of motion. The nonlinearity of the resulting equations prevents, however, their direct solution, so one needs to turn either to computationally heavy Keldysh GF
techniques [112] or simulating lattice dynamics using the classical MD
method [105]. MD is used in Publications I, II, III, IV, and V due to its
ﬂexibility and applicability to large system sizes. MD is reviewed in Sec.
2.5.
At sufﬁciently low temperatures or when dissipative events can be modeled in terms of a given relaxation time, anharmonic terms can be neglected. Including only the two ﬁrst terms in the right-hand side of Eq.
(2.13) in the equation of motion (2.10) for the atomic displacement ui =
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ri − r0i gives the system of linear equations (2.1a), repeated here for convenience:
mi üi (t) = −



Kij uj (t) + ξi (t) − mi γ u̇i .

(2.1a)

j

The linearity of Eq. (2.1a) allows for direct solution in frequency domain
as discussed in Sec. 2.1.2 and, consequently, including quantum statistics
through the quantum FDT for the noise terms ξi (Sec. 2.3). By Fouriertransforming Eq. (2.1a) and re-organizing, one obtains the solution
ũi (ω) =



Gij (ω)ξ˜j (ω),

(2.16)

j

where the phonon Green’s function is the inverse G(ω) = Aph (ω)−1 of the
matrix Aph (ω) with 3 × 3 block elements
2
Aph
ij (ω) = −mi (ω + iγω)I3×3 δij + Kij .

(2.17)

Solution (2.16) is used in Sec. 2.4.2 to derive an expression for the local
heat current ﬂowing to each bath.

2.2.2 Photons
Energy transfer by electromagnetic waves is described by the Maxwell
equations [113]. In the non-magnetic materials with no free charges as
considered in this work, the electromagnetic ﬁelds arise from the ﬂuctuating electric polarization ﬁelds inside the bodies, and the Maxwell equations for the electric ﬁeld E(r, t) and magnetic ﬁeld H(r, t) read [56]
∂H(r, t)
= 0,
∂t
∂E(r, t)
= j(r, t),
∇ × H(r, t) − ε0
∂t

∇ × E(r, t) + μ0

∇ · H(r, t) = 0,
ε0 ∇ · E(r, t) = −∇ · P(r, t).

(2.18a)
(2.18b)
(2.18c)
(2.18d)

Here, μ0 and ε0 are the magnetic permeability and permittivity of vacuum, respectively. The polarization current j(r, t) = ∂P(r, t)/∂t deﬁned in
terms of the polarization density P(r, t) appears as a source term in Eq.
(2.18b), giving rise to an electromagnetic ﬁeld according to Eqs. (2.18a)
and (2.18b). The radiated electromagnetic ﬁeld carries an energy ﬂux,
whose magnitude and direction are given by the Poynting vector S(r, t) =
E(r, t) × H(r, t) [56]. The polarization density consists of stochastic and
electrically induced contributions [78] as discussed below.
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To derive an equation of motion for the electric ﬁeld alone, we calculate
the curl of Eq. (2.18a):
∇ × ∇ × E(r, t) = −μ0

∂
[∇ × H(r, t)] .
∂t

(2.19)

By using Eq. (2.18b), we get the Helmholtz equation for the electric ﬁeld
[56]:
∇ × ∇ × E(r, t) + μ0 ε0

∂ 2 E(r, t)
∂ 2 P(r, t)
=
−μ
.
0
∂t2
∂t2

(2.20)

To separate the ﬂuctuating terms in the polarization density P(r, t) in
Eq. (2.20), we divide the polarization density into the induced and ﬂuctuating parts as P(r, t) = Pind (r, t) + Pﬂuc (r, t) [78]. In the linear and local
approximation, the induced part is proportional to the electric ﬁeld in the
frequency domain [56]:
P̃ind (r, ω) = ε0 χ(r, ω)Ẽ(r, ω),

(2.21)

where χ(r, ω) is the susceptibility. The imaginary part of χ(r, ω) is responsible for dielectric losses [113]. The ﬂuctuating polarization density Pﬂuc (r, t) is the analogue of the Langevin force and its variance in
frequency-domain is proportional to the imaginary part of χ(r, ω) through
the FDT presented in Sec. 2.3.
Equation (2.21) lumps the complex response of the medium to the local electric ﬁeld into a single, macroscopic parameter χ(r, ω). While such
a macroscopic description has been used with great success to model energy transfer by electromagnetic ﬁelds in the framework of ﬂuctuational
electrodynamics [114] (see, e.g., Refs. [19] and [115] for reviews), it is
expected to break down in nanoscale [116].
A more microscopic model for ﬂuctuating polarization ﬁelds was introduced by Rosa et al. [93, 94] for the purpose of quantizing electromagnetic ﬁelds in lossy media. They modeled the polarization as a collection
of dipoles pi located at points ri , corresponding to the dipole density
P(r, t) =



pi (t)δ(r − ri ).

(2.22)

i

The dynamics of each dipole was modeled by the classical oscillator model
with mass mi and resonance angular frequency ω0 so that the Langevin
equation of motion for the dipole displacement di = pi /q reproduces Eq.
αβ
(2.1b) (with Kij
= mω02 δij δαβ ): [93, 94]

mi d̈i (t) = −mω02 di (t) + q



Eij (t) + ξi (t) + qEenv (ri , t) − mi γ ḋi (t). (2.23)

j
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The stochastic Langevin force ξi and friction mi γ ḋi account for mechanical ﬂuctuations and dissipation in dipole dynamics, respectively, and are
equivalent to the corresponding Langevin terms in the phonon equation
of motion (2.10). The thermal background ﬁeld Eenv (ri , t) acts as a similar
noise term, corresponding to electromagnetic absorption of energy from
the radiation ﬁeld. To ensure balance between electromagnetic absorption and emission in thermal equilibrium, there must be an accompanying dissipative term in the equation of motion. Such a term is found in the
local ﬁeld Eii , which manifests as Abraham-Lorentz radiation damping in
the dipole motion [113] as discussed in more detail in Publication VII.
The local electric ﬁeld Eij acting as a force term in Eq. (2.1b) and coupling different dipoles can be written in frequency-domain as [Eq. (2.5)]
[56, 94]:
Ẽij (ω) = ω 2 μ0 G(ri , rj ; ω)p̃j (ω),

(2.5)

where G(r, r ; ω) is the electromagnetic Green’s dyadic found by solving
Eq. (2.20) in frequency-domain for a point-like dipole at r [56]:
∇ × ∇ × G(r, r ; ω) − (ω 2 /c2 )εenv (r, ω)G(r, r ; ω) = δ(r − r )I3×3 .

(2.24)

For generality, we have assumed that the point-like dipole is located in
an inhomogeneous environment with dielectric constant εenv (r, ω) to allow for modeling dipole-dipole energy transfer in a mirror cavity as in
Publication VII. The calculation of Green’s dyadics for planar multilayer
geometries has been presented by Tomaš [117]. By Fourier transforming
Eq. (2.1b), substituting Eq. (2.5) and rearranging one gets the linear system of equations corresponding to Eq. (2.4b) for the dipole displacements:
−


j,β


m(ω 2 − ω02 + iγω)δij δαβ + q 2 ω 2 μ0 Gαβ (ri , rj ; ω) d˜βj (ω)
α
= q Ẽenv
(ri , ω) + ξ˜iα (ω).

(2.25)

While Eq. (2.25) is very similar to the corresponding (linearized) equation (2.4a) for phonon heat transfer, there are some differences. In conαβ
trast to the static interatomic force constants Kij
appearing in the phonon

equation of motion, the dipole-dipole coupling coefﬁcients Gαβ (ri , rj ; ω) are
(i) frequency-dependent and (ii) depend on the electromagnetic environment through the dielectric constant εenv (r, ω). The dipole-dipole coupling
coefﬁcients Gαβ (ri , rj ; ω) can also be very long-ranged, allowing for energy
transfer across large distances even in vacuum. These differences between phononic and photonic energy transfer are, however, related to our
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somewhat artiﬁcial separation between lattice vibrations and electromagnetic ﬁeld. A fully coupled model of lattice vibrations and electromagnetic
ﬁeld [118] enables, e.g., tunneling of acoustic phonon energy across vacuum [119].

2.2.3

Electrons

First-principles modeling of electron transport starts from the quantummechanical Hamiltonian Hel for electrons and ions constituting the atomic
lattice [96]. For the simplicity of discussion, we exclude electron-electron,
electron-phonon, and electron-photon interactions so that the single-particle Hamiltonian for an electron moving in the (static) potential generated by the ions located at points Ri is [96]
2 2 
Hel = −
∇ +
V (r − Ri ),
2me

(2.26)

i

where me is the electron mass and V (r − Ri ) is the electrostatic potential
from ion i. To arrive at the tight-binding approximation, we ﬁrst solve the
eigenstates φσi and the corresponding eigenenergies Eiσ for a single ion:
−

2 2
∇ + V (r − Ri ) φσi (r) = Eiσ φσi (r).
2me

(2.27)

Here the eigenstates are labeled by the superscript σ. The localized solutions of Eq. (2.27) are centered around Ri due to the attractive ion
potential V (r − Ri ). The tight-binding approximation is to assume that
the localized orbitals φσi for each atom i form a complete set

3

so that the

electron eigenstates of Hamiltonian (2.26) can be written as

ψ(r) =
bσi φσi (r).

(2.28)

i,σ

The Hamiltonian matrix elements of the basis functions are




2


 


φσi |Hel |φσj  = φσi −
∇2 + V (r − Ri ) +
V (r − Rk ) φσj
2m
e


k=i





 

V (r − Rk ) φσj
= Eiσ φσi |φσj  + φσi 
 k=i





σσ
,
= Eiσ φσi |φσj  − t̃ij

(2.29)

(2.30)
(2.31)

where we used Eq. (2.27) in Eq. (2.30) and also deﬁned the ”hopping”
matrix element as


t̃σσ
ij = −



drφσi (r)∗





V (r − Rk )φσj (r).

(2.32)

k=i

3 Typically only a small subset is used, as tightly bound states do not need to be

included. More generally, Wannier functions can be used as basis functions [96].
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Assuming for simplicity that the overlap matrix element φσi |φσj  is small
for i = j so that the orbitals form an orthogonal basis, one can write the
tight-binding Hamiltonian corresponding to the matrix elements of Eq.
(2.31) in the braket notation [120] as
tb
Hel
=


i,j

σ,σ 





σ
σ
(Eiσ δij δσσ − t̃σσ
ij )|φi φj |.

(2.33)

The equivalent second-quantized form [120] for the Hamiltonian (2.33) is
tb
=
Hel


i,j σ,σ 





σ† σ
(Eiσ δij δσσ − t̃σσ
ij )ci cj ,

(2.34)

σ
where the electron creation operator cσ†
i creates electrons at orbital φi and




annihilation operator cσj annihilates electrons at orbital φσj :
σ
cσ†
i |0 = |φi ,
σ

σ

cj |φj  = |0.

(2.35a)
(2.35b)

Here |0 is the vacuum state with no electrons.
With the Hamiltonian of Eq. (2.34), the Heisenberg equation of motion

tb , cσ [98] accompanied by the stochastic Langevin force η σ
iċσi = − Hel
i
i
and Ohmic damping −iγe cσi (t) [88] leads to the equation of motion (2.1c):
iċσi (t) = −


j,σ 





σ
σ
σ
tσσ
ij cj (t) + ηi (t) − iγe ci (t).

(2.1c)

Here the orbital energy Eiσ was absorbed to the hopping constant through
the deﬁnition




σσ
σ
tσσ
ij = t̃ij − Ei δij δσσ  .

(2.36)

The Langevin terms ηiσ and −iγe cσi in Eq. (2.1c) are responsible for
ﬂuctuations in electron number and thereby act essentially as additional
scattering channels. This idea of modeling inelastic effects by additional
scattering channels is due to Büttiker [121] and d’Amato and Pastawski
[122], and it greatly simpliﬁes the modeling of dephasing and dissipation
events in quantum transport compared to the more rigorous but computationally demanding perturbative Keldysh GF techniques [101].
Equation (2.1c) is formally similar to the phonon equation of motion


(2.1a), with the hopping constants tσσ
ij playing the role of force constants
αβ
Kij
. Differences arise from, e.g., the ﬁrst-order time derivative in the

equation for electrons. As a consequence, there is no simple correspondence between the electron dynamics at energies E and −E [described
by the terms cσi (E/) and cσi (−E/)] whereas for phonons, one can restrict the analysis to positive frequencies due to the identity ũi (ω)∗ =
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ũi (−ω). As a second difference, electron occupation at thermal equilibrium obeys Fermi-Dirac statistics with chemical potential μ and temperature T , which is evident in the FDT discussed in Sec. 2.3. As is wellknown from solid-state physics [96], only electrons with energies close to
the chemical potential μ participate in transport, allowing for the relatively easy control of electron ﬂow by the tuning of μ by an external electrostatic potential. For phonons, such a tuning mechanism does not generally exist. One can, however, envision using phononic crystals [123] for
the transmission and blocking of speciﬁc frequencies, potentially allowing
for similar control of the phonon transport band as for electrons.

2.3 Langevin theory
As noted earlier, Langevin theory is used throughout this thesis to model
thermal ﬂuctuations. In Langevin theory, the system under study is imagined to interact with an inﬁnite collection of harmonic oscillators. With
a few simplifying assumptions [111], one can integrate out the bath degrees of freedom so that their interactions with the system are effectively
described by ﬂuctuating and dissipative forces [111, 110]. The ﬂuctuating force is a random variable with zero average and its variance is ﬁxed
by the FDT [124, 125], which relates the strength of ﬂuctuations to the
dissipation. FDT essentially ensures the onset of statistical thermal equilibrium when all bath temperatures are equal.
For Ohmic coupling to a bath of harmonic oscillators, assumed for atomic
displacements in Eqs. (2.1a) and dipole displacements in Eq. (2.1b), the
variance of the Langevin force ξ˜i in frequency domain is related to the
friction parameter γ and bath temperature Ti through the FDT [111, 110]
ξ˜i (ω)ξ˜i (ω  )T  = 4πδ(ω + ω  )ωmi γ fBE (ω, Ti ) +

1
I3×3 .
2

(2.37)

Here the angular brackets stand for statistical ensemble average, the
Bose-Einstein function is deﬁned as
fBE (ω, T ) = [exp(ω/kB T ) − 1]−1 ,

(2.38)

and the unit matrix I3×3 reﬂects the independence of ﬂuctuations in different coordinate directions. For the Ohmic coupling of electrons to a bath,
the variance of the ”force” η̃i appearing as a source term in Eq. (2.1c) is
[88, 95, 89]
η̃iσ† (ω)η̃jσ (ω  ) = 4πδ(ω − ω  )γe fFD (ω; μi , Ti )δij δσσ ,

(2.39)
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where μi is the bath chemical potential and
fFD (ω; T, μ) = {exp [(ω − μ)/kB T ] + 1}−1

(2.40)

is the Fermi-Dirac function.
In the classical high-temperature limit (kB T

ω) relevant in the MD

simulations of Publications I, II, IV, and V, FDT (2.37) reduces to the
classical FDT
ξ˜i (ω)ξ˜i (ω  )T  = 4πδ(ω + ω  )mi γkB Ti I3×3 .

(2.41)

Equation (2.41) corresponds to memoryless friction, as evident from the
same equation written in time-domain [22]:
ξi (t)ξi (t )T  = 2mi γkB Ti δ(t − t )I3×3 .

(2.42)

For the thermal background ﬁeld Ẽenv (r, ω) arising from the environment with dielectric constant εenv (r, ω) and temperature Tenv , the FDT
reads [56]
1
,
2
(2.43)

Ẽenv (r, ω)Ẽenv (r , ω  )T  = 4πδ(ω+ω  )ω 2 μ0 Im[G(r, r ; ω)] fBE (ω, Tenv ) +
where the electric Green’s dyadic was deﬁned by Eq. (2.24).

For completeness, let us ﬁnally present the FDT for the ﬂuctuating polarization density Pﬂuc appearing through the relation P = Pind + Pﬂuc
in Eq. (2.20), because it acts as the basis of ﬂuctuational electrodynamics
[114, 126] often used for the modeling of electromagnetic energy transfer
[115, 19]. In the local and isotropic approximation, the FDT reads [56]


P̃ﬂuc (r, ω)P̃ﬂuc (r , ω  )T



= 4πδ(ω + ω  )ε0 Im [χ(r, ω)] δ(r − r ) fBE (ω, T ) +

1
I3×3 ,
2

(2.44)

where χ(r, ω) is the local susceptibility.

2.4

Energy currents and spectral analysis

The ﬂow of energy is typically induced by spatial variations in temperature4 . In the Langevin theory, temperature differences generate energy
currents not only inside the system under study but also between the
system and the heat baths. Heat currents to baths generally correspond
4 In the case of electrons, also spatial variations in chemical potential drive energy transfer.

26

Theory and methods

either to energy transfer with the surroundings or the locally dissipated
power, which both deliver important insight into the energy transfer in
the system. In the linearized model of Sec. 2.1, an analytical LandauerBüttiker-like expression for the bath currents can be derived. This expression directly decomposes the energy current into its spectral contributions, giving an insightful picture of energy ﬂow at each frequency.
For non-linear systems, energy currents in the system must be calculated from numerical simulations. So far, a spectral decomposition of heat
current similar to the Landauer-Büttiker formula has, however, been unavailable for non-linear systems, complicating the identiﬁcation of energy
transfer mechanisms in systems with strong carrier-carrier scattering.
Derivation of such a decomposition, applicable to phononic heat transfer
in non-linear systems, is one of the main results of this thesis.
Energy currents are calculated from variations in the local energy as
discussed below in Sec. 2.4.1. The derivation of the analytical LandauerBüttiker-like expression for bath currents in linear systems is outlined in
Sec. 2.4.2. The general spectral decomposition of heat current, applicable
to non-linear phonon transport, is discussed in detail in Sec. 2.4.3. For the
brevity of discussion, we focus below on energy transfer by phonons and
only comment on the (small) differences to photonic and electronic energy
transfer when relevant.

2.4.1

Local energy balance

Expressions for energy currents can generally be inferred from the rate of
change in local energy [127]. In lattice heat transfer, vibrational energy ei
of each atom i consists of the kinetic and potential energy contributions:
1
1   α αβ β
ei = mi u̇2i +
ui Kij uj .
2
2
α,β

(2.45)

j

Here the ﬁrst term is the kinetic energy and the second potential energy
term has been written in the harmonic approximation (2.13) for the simplicity of discussion. More general derivation of heat currents is given
in Publication IV. Calculating the time derivative of Eq. (2.45), using
the Langevin equation of motion (2.1a), and taking the ensemble average
gives



dei
dt


=−



Qi→j − Qbath
,
i

(2.46)

j
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Figure 2.3. Schematic illustration of vibrational heat ﬂow to neighboring atoms and to
the local bath.

where the term inside the sum is the heat current from atom i to j,

1   α αβ β
αβ β
Qi→j =
u̇i Kij uj − uαi Kij
(2.47)
u̇j .
2
α,β

The second term on the right-hand side of Eq. (2.46) is the current to the
local heat bath:
Qbath
= [mi γ u̇i − ξi ] · u̇i ,
i

(2.48)

which is non-zero only for sites coupled to heat baths (γ = 0). The energy
ﬂow between neighboring atoms and to the baths in the Langevin bath
model is depicted in Fig. 2.3.
The bath current term is present in Eq. (2.46) for all atoms in the selfconsistent heat bath model (Publication VI), as all particles are coupled to
heat baths mimicking scattering events driving the system to local thermal equilibrium. In the MD simulations of Publications I,II, IV, and V,
on the other hand, only atoms in the heat source and sink regions are
coupled to heat baths, so the Qbath
term is absent for most atoms.
i
Equation (2.48) is also valid for the locally dissipated power by dipoles,
when the atomic displacement ui is replaced by the dipole displacement
di . The derivation is based on calculating the rates of change in local electromagnetic and mechanical energy and is presented in Publication VII.
One can similarly calculate microscopic expressions for electron currents
from the rate of change in the local electron number [89].

2.4.2

Green’s function calculation of bath currents

To outline the calculation of the ensemble average of the bath heat current (2.48) in linearized phonon thermal conduction that can be analyzed
analytically, we assume that the solution for the atomic displacements

28

Theory and methods

ũi (ω) at each site i is given in terms of the GF matrix G(ω) as [see Eq.
(2.16)]
ũi (ω) =



Gij (ω)ξ˜j (ω).

(2.49)

j

The thermal average of Qbath
can then be calculated by substituting the
i
Fourier transforms of ui and ξi evaluated at time t = 0 to Eq. (2.48)
(thermal average of the current is time-independent). Noting that the
Fourier transform of velocity u̇αi (t) is given by −iω ũαi (ω), this procedure
gives (Publication VI)
 ∞

dω ∞ dω  
Qbath
=
[−imγωũαi (ω) − ξ˜i (ω)][−iω  ũαi (ω  )] (2.50)
i
−∞ 2π −∞ 2π α
 ∞


dω ∞ dω     
˜β (ω) − ξ˜α (ω)
−imγωGαβ
=
(ω)
ξ
i
ij
j
−∞ 2π −∞ 2π α j,k β,γ


 ˜γ

× −iω  Gαγ
.
(2.51)
ik (ω )ξk (ω )
At this point, one can use the FDT (2.37) for correlations of the form
ξ˜jβ (ω)ξ˜kγ (ω  ), which eliminates one of the frequency integrals. Substituting the FDT, rearranging and using the deﬁnition of the local bath coupling function [Γi (ω)]αβ
jk = 2mi γωδαβ δij δik , one ﬁnally gets the multiprobe
Landauer-Büttiker-like [103, 104] expression (Publication VI)
 ∞

dω
Qbath
ω
=
Tij (ω) [fBE (ω, Tj ) − fBE (ω, Ti )] .
i
2π
0

(2.52)

j

Here Ti and Tj are the temperatures of the baths at sites i and j, and the
transmission function between baths is deﬁned as


Tij (ω) = Tr Γi (ω)G(ω)Γj (ω)G(ω)† .

(2.53)

Equation (2.53) is the well-known Caroli form for the transmission function [128], originally derived for ballistic two-terminal electron transport
and later for phonons [129, 130]. In the form written in Eq. (2.53), the expression for the transmission function remains valid also when the baths
are non-Ohmic (see Publication VI).
In Publication VII, an expression similar to Eq. (2.52) was derived for
the locally dissipated power by ﬂuctuating dipole moments:
 ∞

dω
Qbath
=
Tij (ω) [fBE (ω, Tj ) − fBE (ω, Ti )]
ω
i
2π
0
j
 ∞
dω
+
ωTi,rad (ω) [fBE (ω, Tenv ) − fBE (ω, Ti )] .
2π
0

(2.54)

The dipole-dipole transmission function Tij (ω) and dipole-environment
transmission Ti,rad (ω) are given by expressions analogous to Eq. (2.53).
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The microscopic oscillator parameters m, q, ω0 and γ appear, however, explicitly in these expressions through the GF G(ω) and the bath coupling
functions Γi (ω). When only the optical properties of the system are of interest and microscopic details of dipole dynamics are irrelevant, one can
eliminate these parameters in terms of the dipole polarizabilities [93, 94].
In this case, the energy transfer rates become identical with the ﬂuctuational electrodynamics results [78, 79]. This elimination procedure and
the ﬁnal expressions for transmission functions are presented in detail in
Publication VII. For the evaluation of electron currents ﬂowing to local
baths, we refer to Ref. [89].

2.4.3 Spectral analysis of phononic heat current
Equation (2.47) gives the total phononic heat current Qi→j between atoms
i and j. This expression is also valid for anharmonic systems, but it fails to
provide direct insight to the actual energy transfer mechanisms. Energy
transfer mechanisms can be analyzed by determining the contribution
qi→j (ω) of each vibrational frequency ω to the heat current. The spectral
decomposition qi→j (ω) reduces to the total current Qi→j when integrated
over vibrational frequencies,

Qi→j =

∞
0

dω
qi→j (ω),
2π

(2.55)

and its expression is derived below from Eq. (2.47) for Qi→j . The expression is evaluated numerically for each frequency ω by using the atomic
trajectories extracted from MD simulations. Because the local energy ei
was approximated by the harmonic term in Eq. (2.45), the expression
derived below for qi→j (ω) gives only the ﬁrst-order contribution to the
heat current spectrum. Anharmonic effects are, however, still captured in
qi→j (ω) through the MD trajectories accounting for non-linearities. Higherorder contributions to the heat current spectrum can be straightforwardly
analyzed by including higher-order terms in the local energy (2.45) in the
same way as in the Taylor expansion for V in Eq. (2.13).
The basic idea in deriving the expression for qi→j (ω) is to introduce a correlation time τ separating the position and velocity terms in Eq. (2.47). By
performing a Fourier transform with respect to τ and using mathematical
identities, one arrives at a form similar to Eq. (2.55) and one can identify the mathematical expression for qi→j (ω). This procedure is presented
in detail in Publication I. Here, we present a more compact alternative
derivation. We substitute the Fourier transforms of ui and uj evaluated
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at time t = 0 in Eq. (2.47) to get

1 ∞ dω dω   αβ
Kij (−iω + iω  ) uαi (ω)uβj (ω  )
Qi→j =
2 −∞ 2π 2π



α,β


= −i

−∞


=2

∞

∞
0

dω  αβ αβ
ω
Kij C̃ij (ω)
2π

(2.56)

αβ
2πδ(ω+ω  )C̃ij
(ω)

(2.57)

α,β

dω  αβ
αβ
ω
Kij Im[C̃ij
(ω)].
2π

(2.58)

α,β

In the last line, we took advantage of the fact that the real and imaginary
αβ
parts of the Fourier transform C̃ij
(ω) of the function
αβ
Cij
(t1 − t2 ) = uαi (t1 )uβj (t2 )

(2.59)

are even and odd functions in frequency, respectively. Therefore, the contribution of the real part vanishes and the contribution of the imaginary
part is found by integrating over positive frequencies and multiplying by
two. The correlation function (2.59) only depends on the time-difference
t1 − t2 due to the assumed steady-state, and this translational invariance in time can be shown to give rise to the identity uαi (ω)uβj (ω  ) =
αβ
2πδ(ω + ω  )C̃ij
(ω) used in Eq. (2.56).

Comparison of Eqs. (2.55) and (2.58) shows that the spectral decomposition qi→j (ω) is given by
qi→j (ω) = 2ω


α,β

αβ
αβ
Kij
Im[C̃ij
(ω)].

(2.60)

Equation (2.60) has been derived in more detail in Publications I and II,
where a slightly different but equivalent form is given.
The correlation function (2.59) and the spectral heat current (2.60) can
be determined from non-equilibrium MD simulations. Because harmonic
approximation was used for the interatomic potential energy in Eq. (2.45),
Eq. (2.60) gives only the ﬁrst-order contribution to the total spectral heat
current. While this ﬁrst-order term can be straightforwardly interpreted
as elastic energy transfer (see Publication I), it still includes contributions
from anharmonic effects through the atomic trajectories extracted from
MD.
Including anharmonic terms in the local energy (2.45) gives rise to additional terms in the spectral heat current. These higher-order terms can
be straightforwardly interpreted as, e.g., three-phonon energy transfer.
Because MD accounts for all such processes, the spectral analysis of these
higher-order terms is straightforward, albeit more complicated. The anal-
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ysis of higher-order terms is described in Publication I, where the contributions of three-phonon processes to interfacial energy transfer were
investigated.

2.5

Molecular dynamics method

MD simulations are a powerful tool for modeling the vibrational energy
transfer in atomic scale systems. In MD, the classical Newton’s equations of motion (2.10) are integrated numerically. The forces Fi on each
atom i are calculated from an analytical expression obtained from the
interatomic potential function V as Fi = −∂V/∂ri and they therefore include all orders of anharmonic terms. Heat sources and sinks are modeled
using Langevin forces satisfying the classical FDT (2.41) or Nosé-Hoover
[99, 100] thermostats. By simulating the steady-state non-equilibrium for
sufﬁciently long times, one can extract values of macroscopic observables
such as the heat currents discussed in Sec. 2.4 by time-averaging. Based
on the ergodicity principle, the time averages are expected to equal the
statistical average over the corresponding ensemble. In the following, we
brieﬂy go through the most important aspects related to a MD simulation.
In MD, the equations of motion are integrated numerically using a ﬁnitedifference method. The pool of the ﬁnite-difference methods includes,
e.g., Euler methods, Verlet methods, Runge-Kutta methods, the leap-frog
method and predictor-corrector methods [105]. In all the simulations of
this work, the velocity Verlet algorithm was employed to integrate the
equations of motion. While velocity Verlet exhibits moderate short-term
energy drift, it is very simple to implement, efﬁcient and it possesses very
small long-term energy drift due to its being both time-reversible and
symplectic [131]. The velocity Verlet update equations for the positions
ri and velocities vi = ṙi are [105]
1
ri (t + Δt) = ri (t) + vi (t)Δt + ai (t)Δt2 ,
2
ai (t) + ai (t + Δt)
Δt,
vi (t + Δt) = vi (t) +
2

(2.61a)
(2.61b)

where Δt is the time step and ai (t) = Fi (t)/mi is the acceleration.
To outline the typical steps involved in a non-equilibrium simulation,
consider the example setup of Fig. 2.4(a) used to investigate the anharmonic effects in interfacial heat transfer in Publication I. In the setup
of Fig. 2.4(a), the whole structure is ﬁrst allowed to conform to zerostress state by controlling atomic dynamics using a combination of a Nose-
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Figure 2.4. (a) Simulation geometry used in Publication I for investigating the role of
anharmonic effects on vibrational energy transfer at mass-mismatched interfaces. (b) Steady-state temperature proﬁle for a speciﬁc set of parameters.
Reprinted with publisher’s permission from Publication I.

Hoover barostat and thermostat [105]. Typical equilibration period consists of a few hundreds of thousands of time steps. After the initial equilibration, the size of the simulation box is ﬁxed, and the positions of atoms
located at the left- and right-most unit cells are frozen, preventing atomic
sublimation at the free surfaces. Particles in the ”hot” and ”cold” regions,
illustrated by the red and cyan coloured atoms in Fig. 2.4, are coupled
to heat baths at temperatures TL and TR by including Langevin or NoséHoover terms in their equations of motion. The system is then allowed
to reach non-equilibrium steady state by integrating the equations of motion until the kinetic temperature proﬁle shown in Fig. 2.4(b) and the
heat current ﬂowing through the system ﬂuctuate around constant values. The temperature proﬁle of Fig. 2.4(b) is calculated by monitoring
the atomic kinetic temperatures Ti deﬁned by the classical equipartition
equation [105]

3
1
mi vi2 = kB Ti .
2
2

(2.62)

The atomic temperatures Ti are averaged temporally and also spatially
by dividing the simulation domain into thin slabs and averaging over the
atoms inside each slab.

33

Theory and methods

After the steady state is reached, the simulation is continued typically
for millions of time steps, and the values of observables such as temperature jump ΔT at the interface or the heat currents are determined from
the trajectories. The statistical error in the determined quantities can be
estimated by using standard methods described, e.g., in Ref. [105].
LAMMPS simulation package [132] is used in Publications I, II and III
for integrating the equations of motion. The simulations of Publications
IV and V are carried out using a house-made MD code.

2.6

Limitations of molecular dynamics and Green’s function
models

MD and GF methods presented in the above sections are used in this thesis to investigate phononic energy transfer. Because MD is fully classical
and therefore neglects all quantum effects, the method is strictly valid
only at temperatures higher than the Debye temperature TD of the material under study5 . Despite this limitation, MD is still widely used and considered suitable [2] also at temperatures lower than TD due to its ability
to capture the complex atomistic dynamics of solids, liquids, and gases, inherently including also non-linear effects through the anharmonic terms
in the interatomic potential.
Another limitation of MD is that the classical force-ﬁelds used for describing interatomic forces are typically semi-empirical in nature and may
not be transferable to arbitrary geometries. For example, the StillingerWeber potential [107] used in Publication III for describing Si-Si interactions is parameterized for bulk systems and may not therefore accurately capture atomistic dynamics at the nanowire surface. Such limitations could be partially removed by adopting more sophisticated forceﬁelds such as the reactive force-ﬁeld ReaxFF [133] developed for largescale chemistry simulations [134] or by utilizing ab initio MD [135][136],
where the instantaneous forces are extracted from density functional theory. While such methods are still prohibitively expensive for large-scale
computer simulations, future improvements in computational power are
expected to enable simulating energy transfer processes accurately in
very complex systems including, e.g., biomolecules in a solvent. MD is
therefore expected to keep providing powerful physical insight into the
5 Debye temperature is deﬁned here as T = ω
D
max /kB , where ωmax is the fre-

quency of the highest-energy phonon mode.
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microscopic energy transfer mechanisms.
In contrast to MD, the GF method fully captures quantum statistics. Being based on the algebraic solution of the linearized Langevin equations
of motion, the method also straightforwardly delivers the spectrally decomposed thermal current [Eq. (2.53)], which is only indirectly available
from MD [Eq. (2.60)]. The drawback of the GF method is that it can only
account for dissipative effects in terms of a single frequency-independent
relaxation time given as an input parameter. The method is therefore
not suitable for calculating, e.g., the thermal conductivity of materials. In
addition, the method assumes small displacements of atoms from their
equilibrium positions and cannot therefore be applied to the modeling of
liquids, gases, or soft solids.
In addition to MD and GF methods, energy transfer in nanoscale can
also be modeled using the Boltzmann transport equation [20]. Boltzmann equation treats phonons as point-like particles and therefore neglects wave effects such as interference. The power of the method lies,
however, in its applicability to large systems and its ability to straightforwardly capture various different scattering mechanisms in terms of
phonon scattering rates calculated semi-empirically or from ﬁrst principles methods. Recent advances in computational methods have allowed
for a numerically exact solution of the Boltzmann equation in non-equilibrium, enabling parameter-free determination of thermal conductivity
[137, 138, 139]. The applicability of the Boltzmann equation to the nanoscale structures considered in this thesis is, however, questionable due to
its inability to capture interference effects, so only atomistic simulation
methods are used in this thesis.
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3. Results and discussion

The main results of this thesis are grouped into three different sections
according to the studied phenomena and the used methods. Sections 3.1
and 3.2 summarize the results of non-equilibrium molecular dynamics
(NEMD) modeling of lattice heat transfer in various geometries, focusing on anharmonic scattering and wave interference phenomena, respectively. Section 3.3 highlights the Green’s function (GF) approach to modeling quantum effects in phonon transport and the cavity-enhancement of
electromagnetic energy transfer.

3.1 Anharmonic effects in phononic thermal conduction
Phonon-phonon scattering arises from the anharmonic terms in the interatomic potential as discussed in Sec. 2.2. These terms are crucial in ﬁrstprinciples modeling of thermal conduction at interfaces and bulk, because
they boost heat transfer across interfaces [140] and are responsible for
the thermal resistivity of pristine bulk materials. Combining NEMD and
the spectral decomposition formula (2.60) for the heat current, one can extract detailed information of the effects of these non-linear terms on thermal conduction. Subsection 3.1.1 studies the heat current spectrum at
the interface between two mass-mismatched materials at different temperatures, revealing two different heat transfer mechanisms relying on
anharmonic effects. Subsection 3.1.2 investigates the dependence of the
spectral heat current on the tube length in carbon nanotubes, allowing for
determining phonon mean free paths at each vibrational frequency.
Finally, NEMD is used in Subsection 3.1.3 to investigate the effects of
periodic twinning on the thermal conductivity in silicon nanowires. Twinning stacking faults are common defects occurring in the vapor-liquidsolid growth of semiconductor nanowires [141, 142, 143, 144], and while
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their applicability in the tuning of electronic [145] and optical [146] properties has already been demonstrated [147], their effect on the thermal
properties of nanowires is unknown. The results described in Subsection
3.1.3 suggest that periodic twinning can increase the thermoelectric ﬁgure of merit of silicon nanowires.

3.1.1 Interfacial thermal conduction
The role of anharmonic phonon scattering in interfacial thermal conduction was investigated in Publication I using the computational setup presented earlier in Fig. 2.4. Atoms with masses mAr = 28 amu (atomic mass
of argon) and 4mAr were placed to ﬁll two half-spaces in a face-centered
cubic lattice, with the atoms of the two half-spaces being separated by a
plane with surface normal along the [100] direction as depicted in Fig.
2.4. The mass-mismatch induces an acoustic mismatch between the materials, creating a non-zero contact resistance for phonons. Interatomic
interactions were modeled using the Lennard-Jones potential [105] and
the interaction parameters were chosen to correspond to solid argon [105].
The bath temperature difference ΔT = TL − TR was set to ΔT = T /3 in all
simulations. We carefully checked that the conductance spectra did not
visibly change when ΔT was reduced, ensuring that non-linear contributions to the heat current [proportional to (ΔT )2 and higher powers of ΔT ]
were negligible.
Figure 3.1(a) shows the elastic spectral conductance g el (ω) = q(ω)/ΔTb ,
deﬁned as the ﬁrst-order contribution to the spectral current q(ω) [Eq.
(2.60)] calculated at the interface divided by the temperature jump ΔTb .
Conductance g el (ω) is referred to as elastic, because it is calculated from
the coupling of vibrations at the same frequency ω at different sides of the
interface. The ﬁrst-order conductance accounts, however, also for inelastic
effects through the non-linear phonon dynamics calculated from NEMD
with all orders of interactions.
As seen in Fig. 3.1(a), modes with frequencies above 1 THz cannot carry
energy across the interface at low temperature (T = 1 K), because there
are no propagating modes in the heavier material above 1 THz. This absence of modes is evident in the interfacial density of states depicted in
the inset of Fig. 3.1(a), where only a small tail induced by the evanescent
modes is visible above 1 THz in the heavy material. At higher temperatures (T = 10 K and T = 30 K), the onset of anharmonic effects can
be seen to enable evanescent energy transfer across the interface. Most
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Figure 3.1. Elastic thermal conductance g el (ω) = q(ω)/ΔTb through the acoustically mismatched interface as a function of frequency at various temperatures. At
T = 1 K, the elastic conductance agrees with the Landauer-Büttiker conductance calculated using the GF method. At high temperatures, anharmonic scattering in the bulk enables energy transfer even above the cutoff frequency of the heavier solid, located at 1 THz. Inset: Local density
of vibrational states (LDOS, arbitrary units) at the interface. (b) The sum
g el (ω) + g inel (ω) of elastic and inelastic spectral conductance as a function of
frequency. The inelastic conductance describes energy transfer by phononphonon interactions across the interface and is deﬁned in detail in Publication I. At high temperatures, the anharmonic energy transfer processes
strongly enhance interfacial heat transfer at f ≈ 0.5 THz and above the
cut-off of the heavier material (1 THz). Figure reprinted with publisher’s
permission from Publication I.

notably, anharmonic effects enable energy transfer even above the cutoff frequency of the heavier material. These high-frequency modes are
evanescent in the heavier material, but they can dissipate their heat to
lower-frequency modes in the immediate vicinity of the interface through
anharmonic interactions. Our results are the ﬁrst to explicitly demonstrate energy transfer across interfaces by such evanescent wave dissipation.
To further probe the role of anharmonic scattering in interfacial energy transfer, we determined also the ﬁrst-order anharmonic contribution to the spectral heat current at the interface. The expression for this
ﬁrst-order anharmonic conductance g inel (ω), which is referred to as inelastic due to its natural interpretation as describing three-phonon energy transfer processes, was derived from the second-order contribution
to spectral heat current as detailed in Publication I. The sum of elastic
and inelastic contributions to the conductance is shown in Fig. 3.1(b).
Comparison to Fig. 3.1(a) shows that the three-phonon energy transfer
processes enhance energy transfer across the whole frequency range between zero and 2 THz, both below and above the cut-off frequency of the
heavy argon. As discussed in detail in Publication I, these inelastic energy
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Figure 3.2. Schematic illustration of the NEMD setup used for determining the lengthdependent thermal conductivity and phonon mean free paths in carbon nanotubes. When traversing the tube, phonons undergo both normal and Umklapp processes giving rise to length-dependent spectral heat current q(ω) in
the tube. From the L-dependence of q(ω), one can determine the mean free
paths at each frequency as described in Publication II. Figure reprinted with
publisher’s permission from Publication II.

transfer processes are dominated by frequency-doubling and frequencyhalving anharmonic processes at the interface, thereby supporting the
phenomenological higher harmonic inelastic model suggested earlier by
Hopkins [148]. Because of the high computational burden required for
determining the contributions of higher-order anharmonic processes to
the conductance and the complexity of analyzing such terms, the analysis
of Publication I was limited to ﬁrst-order anharmonic processes.
Our results are the ﬁrst to quantify the contributions of anharmonic
processes to interfacial energy transfer from atomistic simulations and
have facilitated the physical interpretation of experimental results for the
interfacial conductance between metals and diamond [149].

3.1.2

Mean free paths in carbon nanotubes

Carbon nanotubes have a very high thermal conductivity in the range
500-5000 W/mK [42], and their thermal conductivity has been found to
increase as a function of tube length in tubes as long as 5 μm [43] and,
very recently, even in tubes as long as 1 mm [150]. Theoretical understanding of the limits of ballistic heat transfer in carbon nanotubes is of
crucial importance for their applications in, e.g., thermal management
[151, 152]. The goal of Publication II was to shed insight to the ballistic
limits of thermal conductivity in pristine nanotubes by determining the
spectral contributions to the thermal current (2.60) in tubes of different
lengths L from atomistic simulations. From the length-dependent current
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q(ω; L), we ﬁrst determined the generalized phonon transmission function
T (ω) =

q(ω; L)
.
kB ΔT

(3.1)

By comparing to the Landauer formula (2.52) in the classical high-temperature limit, Eq. (3.1) can be interpreted as the phonon transmission probability through a tube of length L summed over all propagating modes at
angular frequency ω. We then determined the mean free paths Λ(ω) by
ﬁtting the length-dependent transmission (3.1) to the equation [102, 153,
154]
T (ω) =

M (ω)
.
1 + L/Λ(ω)

(3.2)

Here M (ω) is the number of propagating modes in the nanotube in the
ballistic limit.
Figure 3.2 shows the schematic illustration of the NEMD setup used for
carbon nanotubes of (10,10) chirality. Regions of length Lbath = 10 nm
were coupled to Langevin thermostats at temperatures T + ΔT /2 and
T − ΔT /2 to drive heat current through the tube, and the frequencydependent phonon mean free paths were determined from the decrease
of the non-equilibrium spectral heat current (2.60) at different frequencies as a function of tube length L. The decrease in spectral current arises
from anharmonic interactions, which are fully accounted for by the nonlinear terms of the optimized Tersoff potential used for modeling carboncarbon interactions [106, 155]. In contrast to equilibrium mean free paths,
which characterize the equilibrium scattering lengths arising from the
combined effect of normal and Umklapp processes [156], the mean free
paths determined from NEMD directly reﬂect the resistance to the heat
ﬂow (expected to be dominated by Umklapp processes).
Figure 3.3(a) shows the generalized phonon transmission function T (ω)
for different tube lengths L. For L = 0.5 nm, the transmission probability
of each mode is unity and the generalized phonon transmission is nearly
equal to the number of propagating phonon modes (black solid line). As
the tube length increases, anharmonic scattering reduces the transmission. This reduction is strongest at high frequencies, suggesting that the
mean free path decreases as a function of frequency, which is reasonable
considering the larger phase-space available for phonon-phonon scattering at high frequencies [20].
Phonon mean free paths are plotted as a function of frequency in Fig.
3.3. The mean free paths are calculated using the ﬁtting procedure depicted in the inset of Fig. 3.3 and described in detail in Publication II.
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Figure 3.3. (a) Generalized phonon transmission function T (ω) = q(ω)/(kB ΔT ) for different tube lengths at T = 300 K. Increasing the tube length reduces the
transmission due to anharmonic scattering. For L = 0.5 nm, phonon transmission is nearly equal to the ballistic value determined by counting the
number of propagating modes in the nanotube. (b) Log-log plot of the mean
free path Λ(ω) at T = 300 K, determined from the slope of the inverse transmission function as a function of tube length L as illustrated by the dashed
lines in the inset. The shaded regions in the main ﬁgure correspond to the
92.5% conﬁdence interval for the slope. Below 0.25 THz, the conﬁdence interval is large due to numerical uncertainties, preventing the determination of
mean free paths at the lowest frequencies. Figure reprinted with publisher’s
permission from Publication II.

The results show that the mean free paths obey a power-law Λ(ω) ∝ ω −α
as a function of frequency in a large frequency interval, with a different
exponent α ≈ 0.97 than the value α = 2 used earlier [153] to phenomenologically describe the ballistic-diffusive transition in carbon nanotubes.
This disagreement is not surprising, because the value α = 2 was derived
[157] for graphene and is therefore expected to break down in quasi-onedimensional nanotubes. The exact value of the exponent α is also sensitive to the detailed geometry of the system, as suggested by recent results
for one-dimensional anharmonic chains, for which the value α ≈ 1.67 has
been found [158]. At low frequencies, the mean free paths shown in Fig.
3.3 exceed 10 μm, in agreement with the strong length-dependence of the
experimentally measured thermal conductivity in nanotubes as long as 5
μm [43].
The numerical results for the phonon mean free paths show that thermal conduction in carbon nanotubes is partially ballistic at least up to
micrometer scale. At very low frequencies (f  0.1 THz), the mean free
paths might extend even up to millimeter scale. This conclusion contradicts earlier simulation results [159] showing the convergence of thermal
conductivity in 1 μm long nanotubes. The disagreement most likely originates from the different interatomic potential used in the simulations: the
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Figure 3.4. (a) Schematic illustration of stacking in the close-packed silicon lattice.
Stacking fault occurs when the stacking sequence ABCABC is locally changed
to ABCBAC. (b) Cross-section of the nanowire. (c) Silicon nanowire with twinning boundaries. The period length is denoted by Lp and the ”shift length”
Ls is related to Lp by Ls = (Lp /2) cot(θ/2), where θ = 109.4◦ . The ﬁgure also
illustrates the perturbation of the ABCABC... stacking sequence at the twinning boundaries. Figure reprinted with publisher’s permission from Publication III.

REBO potential [160] employed in Ref. [159] is known to underestimate
the thermal conductivity of carbon nanomaterials [161].

3.1.3

Thermal conductivity reduction in twinning nanowires

Efﬁcient thermoelectric conversion generally requires materials with low
thermal conductivity and high electronic conductivity [162]. Nanostructuring is known to be an effective way to reduce the thermal conductivity
by increasing phonon scattering [4, 5]. In silicon nanowires, for example,
phonon scattering from the rough nanowire surfaces and the reduction
in the phonon group velocity due to spatial conﬁnement [163] reduce the
thermal conductivity by two orders of magnitude compared to the bulk
value [34, 35], thereby increasing the thermoelectric ﬁgure of merit [13]
close to unity. To investigate possibilities to increase the thermoelectric
efﬁciency of Si nanowires even further, Publication III studied the effect
of periodic twinning stacking faults [144, 164] on the thermal properties
of Si nanowires.
Twinning stacking faults [165] are common defects appearing in the
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vapor-liquid-solid growth of nanowires made of group IV and group IIIV nanowires [141, 142, 143, 144]. At a twinning interface, the crystallographic orientation of the nanowire changes without leaving any dangling
bonds [166]. In the Si nanowire illustrated in Fig. 3.4, the twinning interface essentially joins two nanowires with different stacking orders as
depicted in Figs. 3.4(a) and (c), giving rise to periodically repeating kinks
in the nanowire. Such periodic kinks perturb phonon propagation in the
nanowire and are expected to therefore reduce the thermal conductivity.
Periodically twinned Si nanowires have been recently grown experimentally [167].
The computational NEMD setup of Publication III was similar as for the
carbon nanotubes considered in Publication II, with the exception that
Langevin heat baths were replaced by deterministic Nosé-Hoover thermostats [99, 100] and interatomic potential was replaced by the StillingerWeber potential [107] modeling silicon-silicon interactions. The crosssection of the nanowires was chosen to be hexagonal with diameter D as
shown in Fig. 3.4(b). The twinning period is denoted by Lp , corresponding
to the ”shift length” Ls = (Lp /2) cot(θ/2), where θ = 109.4◦ is the kink
angle as shown in Fig. 3.4(c).
Thermal conductivity of the twinning nanowires as a function of period
Lp are shown in Fig. 3.5 for different diameters D. For each diameter, there is a corresponding period length with a minimum in the thermal conductivity. Lowest conductivity was found for the period length
Lp ≈ 0.95D, corresponding to the shift length Ls = D/3. The detailed
mechanisms behind the minimum thermal conductivity were analyzed in
detail in Publication III, with the conclusion that it essentially arises from
the interplay of geometric and anharmonic scattering. When the period is
very small, the twinning acts as (small) surface roughness and resistance
to heat ﬂow is dominated by anharmonic scattering. When the period gets
longer, phonons are forced to change propagation direction at the kinks,
increasing the geometric scattering and reducing the conductivity. When
the period is very long, however, geometric scattering at kinks becomes
infrequent and the resistance is again determined by anharmonic scattering. Therefore, a minimum in the conductivity as a function of period is
expected.
The results of Publication III show that periodical twinning can reduce
the thermal conductivity of Si nanowires by 65% compared to the straight
wire. Because the reduction of electronic conductivity is expected to be
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Figure 3.5. Thermal conductivity of silicon twinning nanowires at T = 300 K as a function of period length Lp for different diameters D. For each diameter D, there
is a corresponding minimum in the thermal conductivity as a function of period length. The minimum arises from the competition between geometric
and anharmonic effects as shown in Publication III. Figure reprinted with
publisher’s permission from Publication III.

smaller due to the smaller wavelength of electrons, twinning could be
used to enhance the thermoelectric performance of Si nanowires. To reduce thermal conductivity even further, periodically twinned Si nanowires
could be partially amorphized [37] or coated with germanium [38].

3.2 Interference effects in phononic thermal conduction across
point contacts
For applications in thermionic [48][49] and thermophotonic [50] cooling
as well as thermophotovoltaic generation [51], good thermal insulation
between two bulk materials separated by a nanoscale gap is required.
While a pure vacuum gap would be optimal in preventing the propagation of phonons through the gap, practical applications require structural
support in the form of nanoscale point contacts bridging the gap. Such
point contacts conduct heat and can therefore disturb thermal insulation.
Thermal conduction properties of point contacts between bulk materials
have therefore become of both theoretical [168] and experimental [52] interest in recent years.
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Figure 3.6. Schematic illustration of the simulation setup for a point contact in a twodimensional square lattice. Figure reprinted with publisher’s permission
from Publication IV.

Because the feature sizes of nanoscale point contacts can be comparable to thermal phonon wavelengths and coherence lengths, interference
effects can play an important role in thermal conduction across the contact. Identiﬁcation of interference effects in point contacts could possibly
be exploited for thermal conductivity engineering in the same way as, e.g.,
in phononic crystals [123].
To investigate thermal conduction and interference effects in point contacts, we performed NEMD simulations using the simulation setup schematically illustrated in Fig. 3.6. Atoms were placed in a square lattice, with
the particles at the boundaries of the bulk parts at the top or bottom being
either ﬁxed (black circles) or coupled to Langevin baths at temperature T+
(red circles) or T− (cyan circles). In Publication IV, the large bulk parts
were connected by a rectangular point contact that is LC atoms long and
W C atoms wide. Triangular and discoidal shaped point contacts were
considered in Publication V.
Lattice dynamics in the setup of Fig. 3.6 was modeled by coupling all
nearest-neighbor atom pairs by anharmonic springs (not shown), whose
potential energies include both quadratic and quartic terms. This potential was used by Fermi, Pasta and Ulam to investigate thermalization in
one-dimensional systems [108] and is therefore called Fermi-Pasta-Ulam
potential. The simple form of the Fermi-Pasta-Ulam potential allows for
scaling the anharmonicity by a corresponding scaling in temperature, so
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Figure 3.7. Kinetic temperature proﬁle at (a) low temperature (T+ = 0.20, T− = 0.05)
and (b) high temperature (T+ = 2.0, T− = 0.5). The bulk size is W R = 161,
LR = 80 and the contact size W C = 5, LC = 9 (see Fig. 3.6). The labels
on the horizontal and vertical axes mark the atom indices. Figure reprinted
with publisher’s permission from Publication IV.

one can present results for a single value of anharmonicity parameter
without loss of generality. This scaling and other simulation details are
presented in Publication IV.
Figure 3.7 shows the kinetic temperature Tikin = mvi2 /kB at each atomic
site i in a contour plot at (a) low temperature and (b) high temperature for
a rectangular contact of length LC = 9 and width W C = 5. Temperatures
are given in the units of T0 = m2 ω04 /β, where ω0 is the resonance frequency
of the springs connecting the atoms and β is the potential anharmonicity
parameter deﬁned in Publication IV. At low temperature, lattice waves
can propagate without losses and, therefore, temperature is nearly constant in the contact. Most notably, the lossless propagation can be seen
to induce wavelike-features in the kinetic temperature proﬁle in the bulk
parts, with directional features along the 11 crystal directions. Such
features contradict Fourier’s law predicting a highly symmetric temperature proﬁle with no directional features (not shown). When temperature
is increased [Fig. 3.7(b)], the directional features vanish and temperature proﬁle becomes more similar to Fourier’s law’s prediction. Temperature proﬁle also develops a non-zero gradient inside the contact due to the
smaller thermal conductivity.
To investigate the effects of the contact geometry on interference effects at low temperatures, calculations were performed also for hour-glass
shaped and discoidal contacts. Such variations in the geometry are interesting, because the point contact could be formed, e.g., by nanoparticles
deposited in the vacuum gap between the materials [50]. Kinetic temperature proﬁles for the hour-glass shaped and discoidal geometries are shown
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Figure 3.8. Kinetic temperature proﬁle in (a) triangular and (b) discoidal contacts at low
temperature. Figure reprinted with publisher’s permission from Publication
V.

in Fig. 3.8. For small contact areas in the triangular and discoidal contacts, temperature proﬁles in the bulk parts are essentially constant due
to the small thermal contact between the upper and lower parts of the
structure. In the triangular point contact, temperature changes nearly
linearly as the contact becomes narrower. Spatial analysis of the local
heat current presented in Publication V reveals that heat ﬂows mainly
along the edges of the triangles. In the discoidal geometry of Fig. 3.8(b),
which could represent a nanoparticle sandwiched between two materials, temperature proﬁle is again nearly ﬂat inside the center region, with
only small spatial variations in temperature. However, local heat currents
inside the center region, shown in Publication V, are strongly directiondependent, with similar enhancement in 11 direction as in the temperature proﬁle of Fig. 3.7(a).
The results show that in the ballistic low-temperature limit, local temperature and heat current proﬁles can exhibit wavelike-features arising
from mode interference and (partially) ballistic conduction. In future, it
would be useful to analyze the mean free paths and transmission probabilities of individual modes to quantitatively understand the origin of directional patterns in different geometries. Accounting for such directional
patterns could enable more efﬁcient engineering of thermal conductivity
in nanostructures. It is, however, well known that the effect of quantum
statistics neglected by classical MD can be signiﬁcant at low temperatures. To include quantum statistics, we turn to the quantum-mechanical
GF method based on the linearized Langevin equations of motion presented in Sec. 2.1.1
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3.3 Langevin modeling of phononic and photonic energy transfer
As discussed in Sec. 2.1.1, solving the linearized Langevin equations
(2.1a), (2.1b), and (2.1c) in terms of the GF allows for heat transfer modeling that accounts for wave interference, quantum statistics, and even
dissipative losses in terms of a frequency-independent relaxation rate.
In this thesis, GF method is applied to investigate (i) quantum thermal
transport through point contacts in Subsection 3.3.1 and (ii) cavity-enhancement of electromagnetic energy transfer rates between SiC nanoparticles in Subsection 3.3.2.

3.3.1

Quantum effects in point contacts

Application of the linearized Langevin equation (2.1a) for lossy phonon
transport is closely related to the self-consistent heat bath model [92],
discussed in detail in this Subsection. Whereas earlier works have applied
the model to simple one-dimensional systems (see, e.g., Refs. [92, 169, 88,
110, 170, 171]) with a ﬁnite number of atoms, Publication VI extended the
model to more complex geometries with an inﬁnite number of atoms.
The setup of Publication VI is schematically illustrated in Fig. 3.9. The
setup consists of a center region with a ﬁnite number of atoms and left
and right leads with possibly an inﬁnite number of atoms. All atoms are
coupled to local Langevin baths mimicking all interaction events driving the system towards local thermal equilibrium [92]. In the center region of Fig. 3.9(a), a point contact acts as a scattering center for phonons
coming in from the left and right leads. In the vicinity of the contact,
bath temperatures are unknown. Following the self-consistent heat bath
model [92], these temperatures are determined self-consistently from the
requirement that the heat current to each bath vanishes. The requirement of zero heat current to local baths ensures that the heat current
ﬂowing in the system is conserved at each atom site, a natural requirement in the steady-state in the absence of coupling to other carriers such
as electrons.
Away from the scattering region, the baths are set to prescribed temperatures TL and TR . Whereas earlier works [110] have modeled lattice
dynamics in the leads as completely lossless, which induces an acoustic
mismatch between the lossless leads and the lossy center region, the setup
of Fig. 3.9 eliminates this mismatch by including losses for the leads as
well.
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Figure 3.9. A schematic illustration of the self-consistent heat bath model for a constriction in a two-dimensional rectangular lattice. The system consists of the left
lead, the center region, and the right lead. All atoms are coupled to Langevin
heat baths, shown explicitly for one cross section in (b). Whereas the temperatures of the Langevin baths have prescribed values TL and TR in the left
and right lead, the bath temperatures are determined self-consistently in the
center region from the requirement that the thermal current to each bath is
zero [92]. Reprinted from Publication VI with publisher’s permission.

The calculation of heat currents starts from the Langevin equation of
motion (2.1a) for each atom i with interatomic force constants Kij determined by the interatomic potential energy function. The relaxation
rate γ is chosen to correspond to known phonon life-times. It is shown
in Publication VI that solving the equations of motion for the leads and
substituting to the equations for the center region allows for replacing the
leads by single Langevin heat baths at temperatures TL and TR , which reduces the number of degrees of freedom to those in the center region. The
microscopic details of acoustically matched lattice dynamics in the leads
are fully captured by the lead self-energy functions ΣL (ω) and ΣR (ω). Microscopic deﬁnitions of the self-energy function in terms of the lead GF
and the ﬂuctuation-dissipation theorem for the corresponding Langevin
noises are presented in detail in Publication VI.
By following the procedure presented in Sec. 2.4.2, one can calculate the
heat currents ﬂowing to baths in terms of the center region’s GF G(ω). By
setting the heat current equal to zero for the local baths in the center region, one gets a non-linear system of equations for the bath temperatures.
This system of equations can be solved by, e.g., using Newton-Raphson
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Figure 3.10. Self-consistent local bath temperature proﬁles in a rectangular contact connecting two square lattices. Lead temperatures are TL = 0.2 and TR = 0.1.
Figures show temperature proﬁles for (a) quantum and (b) classical statistics. Friction parameter is γ = 0.01, corresponding to nearly ballistic transport. Figure reprinted with publisher’s permission from Publication VI.

method [171] or resorting to linearizing approximations [170]. It is shown
in Publication VI that the requirement of vanishing heat current to the
baths is equivalent to an intuitive thermal balance condition between kinetic and potential energies. Similar thermal balance condition was recently reported for local photon number in ﬂuctuational electrodynamics
[172].
As an application of the formalism, we investigated quantum effects in
thermal transport through a rectangular point contact in a square lattice,
considered in Sec. 3.2 by classical MD. Nearest neighbors were connected
by harmonic springs and weak dissipative losses were included through
the bath dissipation parameter γ = 0.01 in the units of spring resonance
frequency (see Publication VI). Figure 3.10 shows temperature proﬁles for
(a) quantum and (b) classical statistics with lead temperatures TL = 0.2
and TR = 0.1. This temperature range should be compared to the Debye
temperature of TD = 2.0, which exceeds lead temperatures by an order
of magnitude. Therefore, the system considered in Fig. 3.10(a) is deep in
the quantum regime. In this case, the directional features observed in the
classical case of Fig. 3.10(b) and MD results of Fig. 3.7(a) can be seen to
be washed away by quantum statistics. This suggests that the directional
features observed in the classical case arise from high-frequency modes,
whose population is overestimated by classical statistics.
To see if interference effects could be observed in a more realistic system,
we studied quantum thermal transport through a graphene point contact
depicted in Fig. 3.11(a). Determining temperature proﬁles for such a system from classical methods such as MD simulation might be very inaccurate due to the high energies of optical phonons in graphene, requiring
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Figure 3.11. (a) Illustration of a point contact in graphene. The leads (red and blue
atoms) extend inﬁnitely to the left and right, but the temperatures are
determined self-consistently only for the center region (green atoms). (b)
Self-consistent bath temperature proﬁles (K). The semi-inﬁnite leads are at
temperatures TL = 300 K and TR = 280 K. Phonon relaxation time τ = 1/γ
is set to 1 ps. Figure (b) reprinted with publisher’s permission from Publication VI.

quantum-mechanical treatment. The drawback of the GF method is that
anharmonic phonon scattering is captured only in the mode-independent
relaxation time γ −1 = 1 ps, which we take to correspond to the experimentally measured phonon life-time [173]. The interatomic force constants
Kij are taken from the fourth-nearest-neighbor force constant model [174]
with the parameters of Ref. [175].
The calculated temperature proﬁle in the graphene point contact is plotted in Fig. 3.11(b) for lead temperatures TL = 300 K and TR = 280 K. In
the considered geometry, there are no visible interference effects in temperature proﬁles. Quantum effects are observable in the slight asymmetry in temperature proﬁles at different sides of the junction: purely classical statistics would produce a fully symmetric temperature proﬁle due
to the linearity of the self-consistent equations for bath temperatures, as
discussed in Publication VI.
The same principles as outlined here for phonon transport can be directly applied to electron transport as well, when the equations of motion for lattice vibrations (Eq. (2.1a)) are replaced by the electronic ones
(Eq. (2.1c)). In electron transport, the self-consistent baths are often
referred to as voltage-temperature probes [90]. Applications of voltagetemperature probe models for describing dissipation effects in electron
transport have been so far limited only to one-dimensional geometries
[121, 122, 90, 176], although the model can account for wave dynamics,
Joule heating as well as thermoelectric effects [89] in complicated geometries. Recently, Bergﬁeld et al. used the model for investigating quantum
temperature oscillations in electrically biased graphene [177].
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Figure 3.12. (a) Schematic illustration of two nanoparticles located in a mirror cavity of
length L. One of the particles is located at the middle of the cavity and the
position of the second particle is deﬁned by parameters a and b as shown in
the ﬁgure. The refractive index of the cavity walls is denoted by n2 . (b) Electromagnetic density of states as a function of position and energy for a cavity with L = 16 μm and n2 = 2 + 20i. The lowest-frequency standing waves
have cut-off energies 37.6 meV, 76.3 meV, and 115.1 meV. These modes can
couple to the absorption resonance of SiC nanoparticles at ωr = 115.6 meV.
Figure reprinted with publisher’s permission from Publication VII.

3.3.2

Cavity-modiﬁed electromagnetic energy transfer

In 1946, Purcell [178] suggested that the emission of electromagnetic radiation from an oscillating dipole could be enhanced by placing the oscillator in a resonant cavity, which effectively increases the electromagnetic
density of states and, therefore, the probability of spontaneous emission.
The possibility to tune the rate of spontaneous emission was later demonstrated also experimentally [179][180] and is applied, e.g., in resonant
cavity light-emitting diodes [181] to enhance the light emission from the
active region.
Purcell effect raises the natural question of what are the conditions for
similarly tuning the thermal conductance between electromagnetically
coupled dielectric bodies. Unlike near-ﬁeld enhancement of energy transfer, such cavity-tuning is expected to persist at large distances and could
be applied, e.g., to (i) enhancing thermal coupling between dielectric bodies, allowing for efﬁcient cooling of hot spots, or (ii) suppressing thermal
coupling, preventing undesired propagation of heat.
The system studied in Publication VII is schematically depicted in Fig.
3.12(a). Two SiC nanoparticles are located in a microcavity formed by two
half-spaces with refractive index n2 = 2 + 20i and separated by distance
L. Due to cavity conﬁnement, the electromagnetic ﬁeld forms standing
waves in the cavity, which can be seen as ”stairs” in the electromagnetic
density of states shown in Fig. 3.12(b). For L = 16 μm, the lowest-energy
standing waves can be excited at 37.6 meV, 76.3 meV, and 115.1 meV.
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Figure 3.13. Energy transmission function T12 (ωr ) between two SiC nanoparticles at the
nanoparticle resonance frequency ωr as a function of vertical separation b
(see the inset). The mirror cavity enhances the interparticle thermal conductance and gives rise to interference effects seen as conductance oscillations as a function of distance. The cavity also enhances the coupling
between the environment and each dipole, as indicated by the larger dipoleenvironment transmission function T2,rad (ωr ) with mirror cavity (solid red
line) than in free-space (dashed red line). Figure reprinted with publisher’s
permission from Publication VII.

The length of the cavity L = 16 μm is chosen such that only these three
low-energy modes can couple electromagnetically to the SiC nanoparticle
resonances at 115.6 meV (see below).
The radius of the nanoparticles is assumed to be R = 250 nm and the
relative dielectric constant ε(ω) of SiC is modeled by the Lorentz model
[63, 182]. The Clausius-Mossotti polarizabilities of the particles are given
by
αCM (ω) = 4πR3

ε(ω) − 1
I3×3 .
ε(ω) + 2

(3.3)

The particles have strong absorption peaks at the phonon-polariton resonance energy ωr = 115.6 meV corresponding to Re[ε(ω)] = −2, which
forces the interparticle energy transfer to be nearly monochromatic. As
discussed above, only three lowest-energy standing waves can be excited
in the L = 16 μm cavity at this frequency, and the coupling of the particles
to the electromagnetic ﬁeld therefore depends strongly on the positions of
the particles.
Figure 3.13 shows the dipole-dipole transmission T12 (ωr ) and the dipoleenvironment transmission T2,rad (ωr ) at the resonance energy ωr = 115.6
meV as a function of the vertical distance b. The interparticle transmission T12 (ωr ) in the cavity (solid blue line) can be seen to exceed the free-
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space value (dashed blue line) at distances larger than b ≈ 2 μm. In
addition, the transmission oscillates as a function of distance due to the
interference between electromagnetic cavity modes. As shown in Publication VII, interparticle thermal conductance can be similarly enhanced also
by placing the particles close to a SiC surface supporting surface phonon
polaritons.
These results suggest that electromagnetic energy transfer rates between particles can be tuned by modifying the electromagnetic environment, in analogy with the Purcell tuning of radiative emission. Increasing the coupling to the electromagnetic ﬁeld increases, however, also the
thermal coupling to the environment, which may overshadow the interparticle energy transfer. Heat ﬂow from the environment to the particles
could be reduced by, e.g., cooling the cavity walls.
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4. Conclusion and outlook

Rapid advances in material synthesis and processing techniques have enabled controlling the ﬂow of heat in nanometric scale. These advances
are expected to both improve the efﬁciency of existing device applications
such as thermoelectric heat-to-electricity converters and to spawn new
applications such as heat-assisted magnetic recording. Releasing the full
potential of thermal energy and perfecting the engineering capabilities requires, however, greater scientiﬁc understanding of energy transfer and
conversion in nanoscale.
In this thesis, we have developed new computational methods and analysis procedures for investigating energy transfer in nanoscale systems.
This work has lead, e.g., to a method to calculate and analyze the spectral
heat current, providing access to complete spectral information of thermal
transfer in non-equilibrium systems. We have also showed that Langevin
theory combined with Green’s function techniques allows for determining
phononic, photonic as well as electronic energy transfer rates using very
similar calculation methods, unifying the mathematical treatment of different energy carriers.
Using non-equilibrium molecular dynamics, we have showed that anharmonic phonon-phonon scattering at a material interface and its vicinity increases the interfacial conductance by providing a dissipation mechanism for evanescent waves and enabling multi-phonon energy transfer
processes at the interface. As material interfaces typically form the major bottleneck for heat ﬂow in electronic devices, such a detailed understanding of energy transfer might assist in designing better thermally
conducting interfaces in the future. We have also provided numerical
evidence that energy transfer in carbon nanotubes is partially ballistic
even in micrometer-long tubes due to the long phonon mean free paths
at low vibrational frequencies, providing further evidence on the suitabil-
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ity of carbon nanotubes for thermal management applications. In silicon nanowires, periodic twinning with a suitably chosen twinning period
was shown to strongly decrease the thermal conductivity, suggesting that
the thermoelectric conversion efﬁciency of nanowires could be further increased by such nanostructuring.
GF methods were used to investigate thermal conduction through point
contacts in two-dimensional lattices, highlighting the potential importance of quantum statistics in determining the local temperature. For
a point contact in graphene at room temperature, quantum statistical
and classical calculations deliver, however, very similar temperature proﬁles, suggesting that the low-frequency modes (not affected by quantum
statistics) are primarily responsible for energy transfer in such structures.
In future, it would be fruitful to extend the presented phonon transport
model by adding electron transport and electron-phonon coupling in the
model. Coupling could be introduced by allowing for energy transfer between the electron and phonon baths at each atomic site, analogously to
the two-temperature model [83]. Such a coupled model might turn out to
be very useful in investigations of electronic heating in nanostructures,
where the wave effects in electron and phonon transport cannot be neglected. Green’s function solution of Langevin equations of motion was
also applied in the thesis to investigating electromagnetic energy transfer
between polar nanoparticles in a mirror cavity, proposing the possibility
to tune electromagnetic energy transfer rates by the modiﬁcation of electromagnetic density of states.
The spectral heat current formula developed in this thesis provides a
new paradigm for future investigations of energy transfer in nanoscale.
Combined with the versatility of molecular dynamics simulations, the
spectral decomposition can present a detailed picture of energy transfer
processes in complex systems. One potential application is to investigate
the heat transfer mechanisms at the interface between a solid and a liquid, important in applications such as hyperthermic tumor treatment.
Determining phonon mean free paths in different materials using the
non-equilibrium methods developed in this thesis is expected to provide
theoretical supplement to experimental mean free path measurements
and could also provide microscopic insight to the anomalous thermal conduction observed in low-dimensional systems.
Future progress in miniaturization techniques will provide novel tools
for controlling energy ﬂow using nanoscale structures, potentially enabling
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clean production of energy from waste heat, reducing the energy consumption of digital electronics all around us, and revolutionizing the future by
completely new technologies. Feasible realization of such applications is
intimately linked with our scientiﬁc understanding of nanoscale energy
transfer, created by the interplay of theoretical, computational, and experimental research. This thesis contributes to the scientiﬁc knowledge
by providing new paradigms and methods to modeling energy transfer in
atomic-scale structures, potentially playing a role in leading the humanity to a more sustainable way of life.
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