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den sykleihin liittyvien rakenteiden konstruoimiseen ja lukumäärän laskemiseen graa-
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1. Introduction

A graph is a mathematical object consisting of a set of vertices and a set

of edges between some pairs of vertices. Despite the simple definition

graphs are very versatile; in addition to being of theoretical interest, they

have a large number of applications in several areas of science and tech-

nology, including physics [37], biology [85], and telecommunications [39].

An introduction to graphs and their many properties can be found in [78].

Figure 1.1 shows an example of a graph with 8 vertices and 14 edges.

A cycle in a graph is a sequence of vertices that starts and ends at the

same vertex, with an edge between each two consecutive vertices, and has

no repeated vertices other than the starting vertex. Cycles are central ob-

jects in graph theory and they appear in a multitude of applications. For

many applications it is essential to determine the number of cycles with

certain properties in a graph. For example, the number of Hamiltonian

cycles in a graph can help understand the structural properties of pro-

teins [37]. In addition to determining the number of cycles with certain

properties, many applications benefit from explicitly constructing the cy-

cles. For example, a chordless cycle in a hypercube graph can be used as

an error-detecting code [39].

1 2

43 5 6

7 8

Figure 1.1. A graph
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Introduction

In this thesis we will discuss enumeration and construction of cycles and

some related structures. The main focus is on chordless cycles and Hamil-

tonian cycles. We will also discuss enumeration and construction of three

closely related structures, namely Hamiltonian paths, perfect matchings

and hypohamiltonian graphs.

Enumeration and construction of cycles and other graph structures fall

under the field of combinatorics [30], and they can be accomplished by us-

ing analytical or computational methods. Examples of analytical results

on graph enumeration include counts of labeled trees on n vertices [9] and

caterpillars on n vertices [62], the numbers being nn−2 and 2n−4+2�n/2−2�

respectively. Analytical results are desirable, but in many cases they are

difficult to obtain. For the difficult cases, computational methods can be

used. Sometimes the results given by computational methods can lead to

discoveries that allow one to find an analytical solution to the enumera-

tion problem or other insights on the graph structure being studied.

Several algorithms exist for constructing and enumerating cycles and

related structures. Some of these algorithms explicitly construct each ob-

ject [75], while others count the number of objects [58] without explicitly

constructing them. For many graphs the number of objects is too large for

explicit construction, in which case only enumeration is feasible.

For chordless cycles [75], chordless paths [75], and perfect matchings in

bipartite graphs [74], methods have been published that are able to con-

struct each object within a given graph in linear time with respect to the

size of the output. For these graph structures the remaining interesting

research questions include counting the objects when the number is too

large for explicit construction, or constructing a small subset of objects

with some interesting properties. Examples of such properties include

extremality and symmetry.

For Hamiltonian cycles and planar hypohamiltonian graphs, determin-

ing the hamiltonicity or hypohamiltonicity of a given graph is NP-complete

[27, pp. 199–200]. No polynomial method is known (nor likely to exist)

for listing all Hamiltonian cycles in a given graph or listing all planar

hypohamiltonian graphs. Thus, for these graph structures even small im-

provements in results concerning enumeration and construction can be

difficult to obtain and may require novel approaches.

2



Introduction

1.1 Contribution

In this thesis we study graph algorithms for enumerating and construct-

ing cycles and some related graph structures. The full list of structures

studied consists of Hamiltonian cycles, chordless cycles, hypohamiltonian

planar graphs, perfect matchings, and chordless paths.

As for enumeration, we study enumeration of perfect matchings in bi-

partite graphs with the main focus being on the case of the n-cube, and

enumeration of Hamiltonian cycles, with the main focus being on grid

graphs and some other graph families with a grid-like structure. Enu-

merating perfect matchings in the n-cube is considered to be one of the

main open problems in enumeration of matchings [58, Problem 14].

As for construction, we study exhaustive construction of certain extremal

(long) chordless cycles and chordless paths in the n-cube, exhaustive con-

struction of certain extremal chordless cycles in the grid graph in an at-

tempt to validate the Toeplitz’ conjecture, and nonexhaustive construction

of small planar hypohamiltonian graphs.

The contribution of this thesis is a collection of new algorithms for enu-

merating and constructing the aforementioned structures. These algo-

rithms are presented in articles [I] to [VI]. The algorithms we present in

[I] to [VI] are based on the principles of dynamic programming [14, Chap.

15], canonical augmentation [48], and backtracking [38, Sect. 4.1.2], and

they make heavy use of symmetry.

We present a dynamic programming method for enumerating perfect

matchings in bipartite graphs, and use it to enumerate labelled and un-

labelled perfect matchings in the n-cube for n ≤ 7 in [II]. Previously the

number of labelled and unlabelled perfect matchings was known for n ≤ 6

and n ≤ 5, respectively. We create a discrete version of the Toeplitz’ conjec-

ture in the n× n grid graph, and verify it computationally for n ≤ 13 with

a backtracking method by means of generating certain extremal chordless

cycles in the grid graph in [VI]. We present a method based on dynamic

programming for enumerating Hamiltonian cycles in arbitrary graphs,

and apply it to n × n grid graphs for n ≤ 26, triangular grids with n

vertices on one side for n ≤ 20, n × n king’s graphs for n ≤ 16, three-

dimensional n×m× k grid graphs for n,m, k ≤ 5 in [V]. We establish that

the maximum length of an n-snake for n = 8 is 98 edges with a method

based on canonical augmentation in [III]. We establish that the maximum

length of an n-coil for n = 8 is 96 edges with a method based on canonical

3



Introduction

augmentation in [IV]. We find planar hypohamiltonian graphs of order 40

by generating a family of planar gaphs with certain properties in [I].

1.2 Structure of this Thesis

The structure of this thesis is as follows. In Chapter 2 we give some pre-

liminaries regarding graphs and symmetries, and in Chapter 3 we give

some background on the algorithms and frameworks that we use. In

Chapters 4 and 5 we discuss earlier work on each of the research problems

studied in this thesis and how it connects to the research done in [I] to

[VI]. Chapter 4 focuses on construction problems [I,III,IV,VI] and Chap-

ter 5 focuses on enumeration problems [II,V]. The thesis is concluded in

Chapter 6.

4



2. Basic Concepts

In this chapter we present some necessary background information on

graphs and graph symmetries. For a more detailed introduction to graphs

and their properties, see [38, 78].

2.1 Graphs

Here we give a formal definition of a graph and some related structures.

Definition 1. A graph G is an ordered pair G = (V,E) where V is a finite

set of vertices and E ⊆ {{a, b} : a, b ∈ V, a �= b} is the set of edges.

Figure 1.1 in Chapter 1 shows an example of a graph. In the following

we denote the set of vertices in G by V (G), and the set of edges by E(G).

Definition 2. A graph G′ is a subgraph of G if V (G′) ⊆ V (G), E(G′) ⊆
E(G), and a, b ∈ V (G′) for any {a, b} ∈ E(G′).

Definition 3. The adjacency matrix M(G) = (mij) of a graph G with n

vertices is an n× n matrix having values

mi,j =

⎧⎨
⎩ 1 if there is an edge between vertices vi, vj ,

0 otherwise,

where the vertices of G are {v1, v2, . . . , vn}.

Definition 4. A path in a graph G = (V,E) is a sequence of vertices

v1v2 · · · vn such that no vertex appears more than once in the sequence,

and {vi, vi+1} ∈ E for all 1 ≤ i < n.

Definition 5. A cycle in a graph G is a sequence of vertices v1v2 · · · vnv1
such that no vertex other than v1 appears more than once, {vi, vi+1} ∈ E

for all 1 ≤ i < n, and {vn, v1} ∈ E.

5



Basic Concepts

1 2

43 5 6

7 8

1 2

43 5 6

7 8

Figure 2.1. A path and a cycle

Figure 2.1 shows a path and a cycle in a graph. In Definitions 4 and

5 we defined paths and cycles as sequences of vertices; it would also be

possible to define them as subgraphs of G.

Definition 6. A Hamiltonian cycle in a graph G is a cycle that visits each

vertex exactly once.

A Hamiltonian path is defined analogously.

Definition 7. A Hamiltonian path in a graph G is a path that visits each

vertex exactly once.

Definition 8. For a graph G, an edge e = {a, b} ∈ E(G), and a vertex

v ∈ V (G), e and v are incident if a = v or b = v.

Definition 9. A perfect matching in a graph is a subset of the edges such

that each vertex is incident to exactly one edge in the subset.

Definition 10. A k-factor of a graph G is a k-regular subgraph of G that

contains every vertex of G.

Note that a perfect matching always corresponds to a 1-factor. Figure 2.2

shows a perfect matching and a Hamiltonian cycle in a graph. Removing

every other edge from a Hamiltonian cycle of even length always results in

a perfect matching. The converse does not hold; a perfect matching cannot

always be extended to a Hamiltonian cycle. However, in some graphs,

such as the the n-cube, a perfect matching can always be extended to a

Hamiltonian cycle [25].

Definition 11. A graph G is planar if it can be drawn in the plane without

crossing edges.

Given a graph G, we denote by G − v the graph obtained by removing

the vertex v and all edges incident to it.

Definition 12. A graph G is hypohamiltonian if it is not Hamiltonian but

each subgraph G− v where v ∈ V (G) is Hamiltonian.

6
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1 2

43 5 6

7 8

1 2

43 5 6

7 8

Figure 2.2. A Hamiltonian cycle and a perfect matching

Publication [I] contains several examples of planar hypohamiltonian

graphs.

Definition 13. The distance between two vertices a and b in a graph G is

the length of a shortest path from a to b in G.

Definition 14. A path in G is chordless if every two distinct vertices in

the path that are not successive have a distance of at least 2 in G.

Definition 15. A cycle in G is chordless if every two distinct vertices in

the cycle that are not successive have a distance of at least 2 in G.

Chordless paths and chordless cycles are also called induced paths and

induced cycles.

Definition 16. In a graph G, two vertices v, w ∈ V (G) are adjacent if

{v, w} ∈ E(G).

Definition 17. A graph G is bipartite if its vertices can be partitioned

into two disjoint sets U and V such that no two vertices within the same

set are adjacent. A bipartite graph can be denoted by G = (U, V,E).

Definition 18. The biadjacency matrix B(G) = (bij) of a bipartite graph

G = (U, V,E) is an r × s matrix having values

bi,j =

⎧⎨
⎩ 1 if there is an edge between vertices ui, vj ,

0 otherwise,

where U = {u1, . . . , ur} and V = {v1, . . . , vs}.

2.2 Symmetry

The concept of symmetry and isomorphism [38, Chap. 3] is an important

part of most algorithms for constructing and enumerating graphs. With

7
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the help of symmetries it is possible to avoid redundant computations,

often resulting in a significant speedup.

Here we give a brief outline of symmetry.

Definition 19. Graphs G and G′ are isomorphic, if there exists a bijection

h : V (G) → V (G′) such that {a, b} ∈ E(G) ⇔ {h(a), h(b)} ∈ E(G′). Such a

bijection is called an isomorphism from G to G′.

Intuitively, two graphs are isomorphic if one can be obtained from the

other simply by renaming vertices. Isomorphic graphs have the same

structural properties; after determining some structural property of G

through a computation, it is no longer necessary to run the same compu-

tation for graphs isomorphic to G, since we know that they have the same

properties.

Definition 20. An automorphism of G is an isomorphism from G to itself.

Definition 21. The automorphism group of G, Aut(G), is the set of all

automorphisms of G and forms a group with composition as the group

operation.

The automorphism group of a graph describes the symmetry in the

graph. It is a useful concept for designing graph algorithms that enumer-

ate or classify subgraphs, such as perfect matchings or chordless cycles.

2.3 Some Graph Families

Here we present the graph families that are most relevant to this thesis

and discuss some of their properties. These are the graph families that

are studied in the construction and enumeration problems discussed in

Chapters 4 and 5.

The choice of these graphs is motivated by applications, and also by the

fact that they can be easily parameterized. Parameterization allows one

to conveniently track progress in algorithms that study the properties of

these graphs; the more efficient an algorithm is, the larger the parame-

ter values for which the graph can be studied with a limited amount of

computational resources.

We begin with the the n-dimensional hypercube graph, also known as

the n-cube. We denote by Fn the n-dimensional vector space over a field

F .

8



Basic Concepts

Definition 22. For vectors x, y ∈ Fn, the Hamming distance between x

and y, dH(x, y), is the number of indices i for which xi �= yi.

The n-cube is denoted by Qn and defined as Qn = (V = Fn
2 , E = {{x, y} ⊂

Fn
2 : dH(x, y) = 1}), where F2 is the finite field of order 2. Figure 2.3 shows

the 3-cube. Chordless paths and chordless cycles in the n-cube are called

n-snakes and n-coils respectively [42].

Figure 2.3. The 3-cube

The n-cube has an automorphism group Γn of size 2nn!. An automor-

phism of the n-cube consists of permutation of coordinates followed by

addition of a constant vector.

We now proceed to define several graph families that have a grid-like

structure. The n × m grid graph is the cartesian product of two paths of

length n and m. The three-dimensional n×m× k grid graph is the carte-

sian product of three paths. The n × n king’s graph is the strong product

of two paths of length n. For precise definitions of the cartesian product

and the strong product, see [60]. The triangular grid of side length n has

the vertex set {(i, j) : 1 ≤ j ≤ i ≤ n} and edges

{{(i, j), (i′, j′)} : (i− i′, j − j′) ∈ {(0, 1), (1, 0), (1, 1)}}.

Figure 2.4 shows the 4×4 grid graph, 4×4 king’s graph, and the triangular

grid with side length 4.

Figure 2.4. A grid graph, a king’s graph, and a triangular grid

These graphs have applications in several fields. For example, the n-

cube is relevant to coding theory in many ways [39], and Hamiltonian

cycles in the grid graph have applications in physics [37].

9



Basic Concepts

10



3. Algorithms

In this section we give some background on three computational meth-

ods that can be used for enumerating or constructing graph structures,

namely backtrack search, dynamic programming, and canonical augmen-

tation. Backtrack search and canonical augmentation can be used for

both enumerating and constructing graph structures. Dynamic program-

ming is better suited for enumeration than construction. Compared to

backtrack search, canonical augmentation is typically more laborous to

implement, but it can be more efficient when the graphs that are studied

have a large automorphism group.

Applying any of these methods to a specific problem requires customiz-

ing the method for the problem, and the performance depends strongly on

how well this customization is done.

3.1 Backtrack Search

Backtrack search [38, Sect. 4.1.2] is a computational method that can

be used for constructing all combinatorial objects that satisfy given con-

straints. In backtrack search we build objects by extending partial ob-

jects recursively in all possible ways. The partial objects are presented

as a tuple (a1, a2, . . . , an). For each partial object we need to compute A,

the set of all possible elements an+1 with which the partial object can be

extended such that the result (a1, a2, . . . , an, an+1) is still a valid partial

object. Pseudocode for the algorithm is shown in Algorithm 1.

Initially, the backtrack search is called with n = 0 and an empty tuple as

its parameter. The efficiency of the method depends on how well we are

able to prune the partial solutions, that is, detect partial solutions that

cannot possibly lead to a valid final solution. This pruning is implemented

in the choice of A.

11
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Algorithm 1 Backtrack search
function BACKTRACK(n,(a1, a2, . . . , an))

if (a1, a2, . . . , an) is a valid solution then

OUTPUT(a1, a2, . . . , an)

else

A ← {α : (a1, a2, . . . , an, α) is a valid partial solution}
for all α ∈ A do

BACKTRACK(n+ 1,(a1, a2, . . . , an, α))

end for

end if

end function

Note that even though the partial solutions are represented as a tuple,

the method can be used for constructing any type of combinatorial object,

including graphs and subgraphs. For example, paths in a graph can be

represented such that the elements ai in the tuple correspond to the ver-

tices of the path.

3.2 Canonical Augmentation

Canonical augmentation is a method by McKay [48] for exhaustive iso-

morph-free generation of combinatorial objects. In canonical augmenta-

tion objects are constructed recursively by repeatedly augmenting smaller

objects. To achieve isomorph free generation, it is required that each ob-

ject is constructed in a canonical way, i.e., that the sequence of smaller

objects in the search tree from which each object is constructed is canoni-

cal.

Canonical augmentation is a very general method and can applied to

a wide class of problems. Examples of classification problems canonical

augmentation has been successfully applied to include the classification

of planar graphs [7], permutation arrays [5], perfect binary one-error-

correcting codes [54] and Hadamard matrices [43].

Canonical augmentation has several variants. In the following we will

present a variant known as weak canonical augmentation, which is suf-

ficient for the classification problems studied in this thesis. For other

variants, see [38, Sect. 4.2.3] or [48].

The weak canonical augmentation algorithm is outlined in Algorithm

2, where C(X) are the children of node X. The algorithm works as fol-

12
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Algorithm 2 Weak canonical augmentation
function WEAK-CA(X : node)

if X is a valid solution then

OUTPUT(X)

end if

Z ← ∅
for all Z ∈ C(X) do

if p(Z) ∼= w(Z) then

Z ← Z ∪ {Z}
end if

end for

Remove isomorphs from Z
for all Z ∈ C(X) do

WEAK-CA(Z)

end for

end function

lows. Objects are built with a recursive search, and we denote the parent

of an object X in the search tree by p(X). Each object has a sequence

of parents p(X), p(p(X)), . . . from which it is constructed. The object X

might be located in several places in the search tree, since there can

be several different sequences that lead to an object isomorphic to X.

To ensure that only one copy of X is actually constructed, we define a

function w that takes objects in the search tree as values and satisfies

X ∼= Y =⇒ w(X) ∼= w(Y ). In the context of canonical augmentation,

w(X) is called the (weak) canonical parent of X. In the recursive search

an object is rejected if it is not generated from an object isomorphic to its

canonical parent, i.e., if p(X) �∼= w(X). Furthermore, an object is rejected

if it is isomorphic to some other object that is generated previously from

the same parent.

It can be shown that this approach guarantees that exactly one object

is generated from each equivalence class of objects, for a proof see for

example [38, Sect. 4.2.3].

Even though we defined canonical augmentation as a recursive search,

we note that in many applications only one level of recursion is performed.

In such cases the parents are often called seeds.

13
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3.3 Dynamic Programming

Dynamic programming [14, Chap. 15] refers to an algorithm design tech-

nique where large computational problems are solved by breaking them

down to several subproblems and then solving the original problem by

combining the solutions to these subproblems. The solution to a subprob-

lem is computed only once and then stored in memory, after which the

solution is typically used several times during the rest of the computa-

tion.

Dynamic programming was introduced by Bellman [4] in the 1950s to

solve optimization problems. Since then it has been applied to several

problems; recent examples of enumeration problems include enumerating

Hamiltonian circuits, walks, and chains [37], enumerating latin squares

[35], and enumerating one-factorizations of the complete graph [17].

We will show a simple example of dynamic programming by using the

technique to compute the nth Fibonacci number Fn. Fibonacci numbers

are defined by F0, F1 = 1 and the recursive formula Fn = Fn−1 + Fn−2.

This recursive formula allows us to split the original problem into sub-

problems, the solutions of which are combined to obtain an answer to the

original problem. As is typical with dynamic programming, we store the

solutions to subproblems in memory. In this case Fi contains the solution

to the subproblem of determining the ith Fibonacci number. We initial-

ize F with F0, F1 = 1, and the values for 1 < i ≤ n are then solved in

increasing order by combining the solutions to smaller cases with the re-

cursive formula Fi = Fi−1 + Fi−2. The answer to the original problem will

be stored in Fn.

A large body of literature exists on the topic of dynamic programming

algorithms for graphs. For a survey of methods see [3]. One possible way

to apply dynamic programming for enumerating cycles or other structures

in a graph G is as follows. The subproblems which are stored in memory

correspond to the number of partial structures in some subgraph G′ of

G. The number of partial structures is computed for increasingly large

subgraphs G′, and finally the total number of structures for G is obtained.

14
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In this chapter we discuss research on construction problems for chordless

paths and cycles, and hypohamiltonian planar graphs. In all of the cases

studied here the problems consist of constructing a small subset of some

larger set of graph structures, such that the subset has some previously

defined interesting features.

The three research problems discussed in Section 4.1 deal with exhaus-

tive construction of a well-defined subset of chordless paths and cycles.

The research problem discussed in Section 4.2 deals with nonexhaustive

heuristic construction of a subset of planar graphs in an attempt to find

at least one object that is small and hypohamiltonian.

4.1 Chordless Cycles and Paths

Many algorithms have been proposed for constructing chordless cycles

and paths. There are linear-time algorithms for listing all chordless cycles

(resp. paths) in a given graph [75]. The running time for these algorithms

is linear in the number of chordless cycles (paths) found in the graph. If

the number of chordless cycles or paths in a graph is immense, say 1030,

these methods are not practical. Determining whether a graph contains

a chordless cycle (path) of length at least k is known to be NP-complete

[11, 27]. Thus, the problem of determining the maximum length is also

computationally difficult.

4.1.1 Snakes and Coils

The study of snakes and coils started in 1958 in a paper by Kautz [39],

where they were studied from the point of view of coding theory; Kautz

considered coils as Gray codes with some error detection capabilities. In

addition to coding theory, applications exist in genetics [85] and flash

15



Construction

memory [82]. For many applications, long snakes perform better than

shorter ones. This has motivated research on determining the maximum

length of n-snakes and n-coils. Figure 4.1 shows a 3-snake and a 3-coil.

Figure 4.1. A 3-snake and a 3-coil

We denote the length of the longest n-snake by s(n), and the length of the

longest n-coil by c(n). The exact values of s(n) and c(n) have previously

been determined for n ≤ 7; The work done is this thesis extends this

to n ≤ 8 [III, IV]. The exact values for s(n) and c(n) are in sequences

A099155 and A000937 in OEIS [63], and are summarized for n ≤ 8 in

Table 4.1. In Table 4.1, each length is followed by the source of the lower

bound and the upper bound respectively.

Table 4.1. Maximum lengths of n-snakes and n-coils

n Snakes Coils

1 1 -

2 2 [15],[15] 4 [39],[39]

3 4 [15],[15] 6 [39],[39]

4 7 [15],[15] 8 [39],[39]

5 13 [15],[15] 14 [39],[39]

6 26 [15],[15] 26 [24],[15]

7 50 [57],[57] 48 [24],[42]

8 98 [8], [III] 96 [56], [IV]

For n ≥ 9, only lower and upper bounds are known. These bounds in-

clude asymptotic bounds and bounds for specific values of n. Finding a

long snake or coil in the n-cube trivially gives a lower bound for s(n) or

c(n) respectively. The best known asymptotic upper bound for the length

(number of edges) of a coil is [84]

2n−1(1− 1/(89
√
n) +O(1/n)).

For other asymptotic bounds, see [1, 18, 16, 23, 64, 65, 80, 84].
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We will now proceed to give an outline of the methods that have been

used to obtain the record length snakes and coils that are summarized in

Table 4.1.

Kautz [39] determined the optimal length for snakes in dimensions 2

to 5. These lengths were determined by trial and error. He also gave an

erroneous maximum length of 24 for dimension 6. The first computational

method [15] was published in 1965 by Davies. In [15] snakes and coils

are constructed using exhaustive backtrack search with symmetry-based

pruning. The pruning reduces the search space by a factor of 2nn!; in the

search, it is required that the snake starts in a fixed vertex, and that the

snake traverses new dimensions in a lexicographic order. This method

is used in [15] to determine optimal lengths for n-snakes and n-coils for

n ≤ 6.

In [57], Potter et al. use a genetic algorithm for creating long snakes

and coils, finding new record-breaking snakes in dimensions 7 and 8. Ge-

netic algorithms are optimization algorithms that mimic biological evolu-

tion. In [57] the genetic algorithm works by creating a collection of candi-

date snakes, and then creating new candidate snakes by making several

(random) changes to the snakes in the collection. Snakes that are of low

quality ("fitness") based on some fitness function are occasionally removed

from the collection. This way the population eventually "evolves" to hope-

fully contain high quality (long) snakes. In [57] the authors also report

verifying the maximum length for a 7-snake with an exhaustive search,

although details of the exhaustive method are not presented in the article.

In 1996, Kochut [42] presented a method for constructing coils using

exhaustive backtrack search and some pruning rules. The method is very

similar to the one in [15]. It is also mentioned in [42] that the method

is very similar to the exhaustive method used in [57], but this is difficult

to verify since [57] does not give any details on how its exhaustive search

method works. In [42] the authors establish the maximum length of a

7-coil and find all maximum length 7-coils.

In [56] Paterson and Tuliani discover a record-breaking coil in dimen-

sion 8. It has later been established in [IV] that this coil is also of opti-

mal length. The method in [56] is a construction based on rearranging

necklaces, which are defined as equivalence classes of words under cyclic

shifting.

In [8] Carlson uses a method based on genetic algorithms to find a

record-breaking snake of length 98 in dimension 8. It has later been es-
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tablished in [III] that this snake is also of optimal length. The genetic

algorithm is different from [57] in the sense that it does not optimize

snakes directly; instead it is used to optimize heuristics that can be used

for building snakes with recursive search.

The work done in this thesis (in [III,IV]) is the first to apply a method

based on canonical augmentation on the problem of finding long snakes

and coils. The method turns out to be fast enough for establishing the

maximum length of snakes and coils in dimension 8, and constructing

some new coils of maximum length.

The maximum length of n-snakes and n-coils is not currently known for

n ≥ 9. For n ≥ 9, only nonexhaustive search methods have been applied.

We will describe two such methods, because they bear some similarities

to the method in [IV]. In 2012, Wynn presented two new constructions for

coils [81]. The first one consists of building a coil by attaching multiple

permuted copies of one relatively short snake, and the other one consists

of combining two long snakes in lower dimensions to form one long coil.

Using these constructions Wynn finds some record-breaking coils in di-

mensions 9, 10, and 11 of length 188, 348, and 640, respectively. Combin-

ing two long snakes can be seen as a small special case of the method in

[III]. Attaching multiple permuted copies of a short snake corresponds to

constructing coils with certain prescribed automorphism groups.

4.1.2 Toeplitz’ Conjecture

The Toeplitz’ conjecture, also known as the square peg problem, is an old

conjecture in topology. It was introduced in 1911 by Otto Toeplitz [72] and

can be formulated as follows.

Conjecture 23 (Toeplitz’ conjecture). Every Jordan curve in R2 contains

four points forming the corners of a square.

A Jordan curve is a continuous closed loop in the plane that does not

intersect itself. Figure 4.2 shows a Jordan curve with an inscribed square.

So far the conjecture remains unproven. Only partial results have been

obtained, which consist of proving the conjecture for Jordan curves that

fulfill certain conditions, usually smoothness-related conditions. These

results are based on advanced topological methods.

Already in [72] where Toeplitz’ introduced his conjecture he claimed to

have a proof that the conjecture holds for convex curves. However, this

proof was never published. The first published results came from Emch in
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Figure 4.2. A Jordan curve with an inscribed square

the next few years. In 1913 and 1915 Emch showed [20, 21] that Toeplitz’

conjecture holds for convex curves with certain smoothness constraints,

and in 1916 he proved the conjecture for piecewise analytical curves with

some additional constraints [22]. This last class of curves contains for

example all polygons.

After the first results by Emch, numerous results have been published

which prove the theorem for different classes of curves, such as locally

monotone curves [68] and curves symmetric across a line [51]. For a more

detailed listing of results see [46].

Toeplitz’ conjecture is known to hold for polygons. However, Jordan

curves can have a very complex structure that cannot be approximated

adequately by polygons. Examples of features that are possible for a Jor-

dan curve but not for a polygon include having positive area and spirals

that coil an infinite number of times [53].

It is known that if one can prove a certain type of lower bound on the

size of the inscribed square on a polygon, it would be possible to prove

that the conjecture holds for all Jordan curves [46]. For example a bound

of the form εr is sufficient, where ε > 0 and r is the radius of the largest

ball that can fit inside the polygon.

The study done in [VI] takes the approach described in the previous

paragraph slightly further. In [VI] a conjecture is presented that gives a

lower bound on the size of an inscribed square for a certain family of poly-

gons, and it is shown that this conjecture implies the Toeplitz’ conjecture.

An interesting feature of the conjecture in [VI] is that it can be validated

computationally.

We denote by J ′ the family of finite Jordan curves that consist of seg-

ments with endpoints (x, y) and (x+1, y) or (x, y) and (x, y+1), such that

x and y are integers. Furthermore, we denote by i(J) the side length of

the largest axis-aligned square inside J . The conjecture presented in [VI]
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Figure 4.3. A Jordan curve with an inscribed square (on a grid)

is as follows.

Conjecture 24. A Jordan curve J ∈ J ′ contains four points of the integer

lattice that form the corners of a square of side length at least i(J)/
√
2.

Conjecture 24 deals with Jordan curves that consist of axis-aligned lines

of length one. Figure 4.3 shows an example of such a curve and an in-

scribed square. The conjecture can be validated by verifying the nonexis-

tence of certain chordless cycles in the n× n grid graph, which is done up

to n ≤ 13 in [VI] using backtrack search with several pruning rules.

Earlier results on the Toeplitz’ conjecture have been based on proving

topological theorems. The approach in [VI] is different in the sense that

it allows one to study the problem with computational and combinatorial

methods.

4.2 Planar Hypohamiltonian Graphs

The study of hypohamiltonian graphs was started in 1963 with a research

problem published by Sousselier [66]. In response to Sousselier, Gaudin

et al. [28] obtained that the Petersen graph, which has 10 vertices, is the

smallest hypohamiltonian graph.

The result by Gaudin et al. was the first step in determining the possible

orders of hypohamiltonian graphs. In 1967, Herz et al. [34] used a system-

atic computer search to show that there are no hypohamiltonian graphs

on 11 or 12 vertices. They also discovered hypohamiltonian graphs of or-

ders 13 and 15. Later it was shown that hypohamiltonian graphs exist on

every order larger than 12 except possibly 14 and 17 [6, 12, 19, 44, 69, 70].
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The nonexistence of hypohamiltonian graphs of order 14 was confirmed in

1978 by Collier at al. using a computer search [13]. The last open case

was solved by Aldred et al. in 1997 [2] by using a computer to show the

nonexistence of hypohamiltonian graphs of order 17. In short, there is ex-

actly one hypohamiltonian graph for order 10, 13 and 15, four such graphs

for order 16, and no graphs for order 17. Furthermore, hypohamiltonian

graphs exist for all orders greater than 17.

The existence of planar hypohamiltonian graphs for specific orders re-

mains open. In 1973 Chvátal [12] asked whether planar hypohamilto-

nian graphs exist, and this was answered in the positive by Thomassen in

1976 [71] with the graph shown in Figure 4.4. Thomassen’s graph has 105

vertices, and its discovery started a search for a planar hypohamiltonian

graph with the smallest possible order.

Figure 4.4. A planar hypohamiltonian graph of order 105

In 1968 Grinberg proved the following necessary condition for a planar

graph to be Hamiltonian [78].

Theorem 25 (Grinberg’s Theorem). Given a loopless plane graph with a

Hamiltonian cycle C and fi (f ′
i) i-gons inside (outside) of C, we have

∑
i

(i− 2)(fi − f ′
i) = 0.

Grinberg’s condition plays an important role in finding small planar hy-

pohamiltonian graphs. Most of the publications on the topic make use of

Grinberg’s theorem in one way or another.
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Even though systematic computer searches were successfully used in

establishing the possible orders of small hypohamiltonian graphs, none

of the earlier publications [33, 71, 79, 83] on small planar hypohamilto-

nian graphs discuss computer searches. The research in [I] is the first

published result to apply systematic computer searches on the problem of

finding small planar hypohamiltonian graphs. The girth of a graph is the

length of a shortest cycle in the graph. In [I], a certain family of planar

graphs with girth 4 and a fixed number of 4-faces is generated by exhaus-

tively generating planar graphs of girth 5 and then adding 4-faces to these

graphs. This resulted in the discovery of record-breaking planar hypo-

hamiltonian graphs on 40 vertices. In addition to finding record-breaking

graphs, it is shown in [I] through exhaustive verification that direct appli-

cation of Grinberg’s condition cannot result in graphs with fewer than 42

vertices. Here direct application of Grinberg’s condition refers to studying

graphs that can be shown to be nonhamiltonian with Grinberg’s condition

based on only their sequence of face sizes.

Table 4.2 shows the timeline of small planar hypohamiltonian graphs.

It is shown in [I] that planar hypohamiltonian graphs exist for order 40

and every order larger than 41, but the case 41 remains open.

Table 4.2. Timeline of small planar hypohamiltonian graphs

Order Year Author

105 1976 Thomassen [71]

57 1979 Hatzel [33]

48 2007 Zamfirescu and Zamfirescu [83]

42 2010 Wiener and Araya [79]

40 2014 Jooyandeh et al. [I]
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In this chapter we discuss research on enumeration problems for Hamilto-

nian cycles and perfect matchings. Most of the methods discussed in this

chapter enumerate objects without explicitly constructing each object.

5.1 Perfect Matchings

Some of the earliest studies on enumerating perfect matchings appeared

in the fields of chemistry and physics in the early 1900s [26, 29]. Perfect

matchings played a role in the study of arrangements of some molecules,

and also in modeling liquids.

There are methods that can list all perfect matchings in a bipartite

graph in linear time with respect to the number of matchings [74]. Thus,

the problem of enumerating perfect matchings requires new computa-

tional methods only for those graphs where the number is too large to

explicitly list each matching. In general, computing the number of perfect

matchings is known to be #P-complete [76].

Figure 5.1. A planar hypohamiltonian graph (from [I])
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Enumeration of perfect matchings in the n-cube is considered to be one

of the main open problems regarding enumerations of matchings, see [58,

Problem 14]. Figure 5.2 shows a perfect matching in the 3-cube.

Figure 5.2. A perfect matching in the 3-cube

Some of the earlier work done on enumerating perfect matchings in the

n-cube is based on permanents of matrices [31, 45]. The permanent of a

matrix M is defined as

per(M) =
∑
π

n∏
i=1

mi,π(i). (5.1)

It can be shown that the number of perfect matchings in a bipartite

graph G is equal to per(B(G)), where B(G) is the biadjacency matrix of

the graph. Computing the permanent is computationally difficult, and is

known to be #P-hard for general graphs [45]. Straightforward applica-

tion of (5.1) would result in an algorithm that requires n · n! arithmetic

operations to compute the result. However, faster methods exist. Ryser

[59] proved the following formula which reduces the number of necessary

operations to the order of n2n:

per(M) = (−1)n
∑
S⊆[n]

(−1)|S|
n∏

i=1

∑
j∈S

mi,j . (5.2)

We denote the number of perfect matchings in the n-cube by f(n). Gra-

ham and Harary obtained in 1988 the values for n ≤ 5 with a method

based on permanents [31]. In 1996, Lundow obtained f(6), again with a

method based on permanents [45].

The work in [II] is not based on permanents. Instead, [II] presents a

method based on dynamic programming. The method turns out to be

faster than the earlier methods shown in [31, 45], and is able to determine

f(7), as well as the numbers of equivalence classes of perfect matchings,

denoted here by F (n), for n ≤ 7. The method in [II] makes heavy use of

the symmetry in the 7-cube. The method can be applied for any bipartite

graph, but the main emphasis is on the 7-cube. Table 5.1 summarizes the

results obtained in [II].
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Table 5.1. Perfect matchings in the n-cube

n f(n) F (n)

1 1 1

2 2 1

3 9 2

4 272 8

5 589 185 336

6 16 332 454 526 976 356 788 059

7 391 689 748 492 473 664 721 077 609 089 607 158 046 495 120 886 820 621

5.2 Hamiltonian Cycles

Figure 5.3. A Hamiltonian cycle in the 4× 4 grid graph

Some of the research done on enumerating Hamiltonian cycles is moti-

vated by applications in physics. Examples of such applications include

the study of protein folding and polymer melting [37].

Determining whether an arbitrary graph contains Hamiltonian cycles is

known to be an NP-complete problem [27, p. 199]. Some examples of algo-

rithms for determining the hamiltonicity of a graph can be found in [77].

Counting Hamiltonian cycles in arbitrary graphs is #P-complete [76]. For

some graph families there are known explicit formulas for the number of

Hamiltonian cycles. Examples include the complete graph Kn, where the

number is (n−1)!/2, and the 3×n grid graph, where the number is 2n/2 for

even n and 0 for odd n [67]. We denote the number of Hamiltonian cycles

in the (m+ 1)× (n+ 1) grid graph by Hm,n. For fixed m, Hm,n is given by

a linear recurrence relation [67]. The first 3 relations are
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H1,n = H1,n−1

H2,n = 2H2,n−2

H3,n = 2H3,n−1 + 2H3,n−2 − 2H3,n−3 +H3,n−4,

where Hm,n = 1 for n = 1 and Hm,n = 0 for n < 1. For relations for larger

m, see [67]. Figure 5.3 shows a Hamiltonian cycle in a 4× 4 grid graph.

Previous algorithmic approaches to enumerating Hamiltonian cycles in-

clude zero-suppressed decision diagrams [41, pp. 254–255], transfer ma-

trix methods [61], dynamic programming [32, 37], and backtrack search

[10, 55]. Dynamic programming and backtrack search were discussed in

Chapter 3. We will now briefly discuss the other two approaches.

Zero-supressed decision diagrams, or ZDDs for short, are a data struc-

ture that can be used for storing boolean functions. Knuth introduced an

algorithm [41, pp. 254–255] for constructing a ZDD that can represent

all cycles (or various other structures) in a graph. The representation can

be used for enumerating cycles in a graph without explicitly constructing

each cycle. Other examples of using ZDDs include enumerating certain

types of paths in a grid graph [36].

In the transfer matrix method, incomplete Hamiltonian cycles are pre-

sented as belonging to several different states, and a matrix is constructed

that presents the possible transitions between the states as incomplete

cycles are extended. The total number of Hamiltonian cycles can then be

obtained with simple matrix multiplication. This type of approach can be

found in [61, 67]. We note that the work in [67] considers Hamiltonian

cycles as a regular language which can be recognized by a finite state au-

tomaton.

The method presented in [II] is based on dynamic programming and

contains many improvements over earlier methods in terms of running

time and memory requirements. Another advantage of the method in [II]

is that it is very general and can be applied to any graph. This makes it

possible to enumerate Hamiltonian cycles in larger cases than previously

published for several important families of graphs, namely grid graphs,

three-dimensional grid graphs, triangular grids, and king’s graphs. For

example, the number of Hamiltonian cycles in the n× n king’s graph was

previously known for n ≤ 8, which was obtained with a method based on

ZDDs [41, pp. 254–255]. In [II] the values are obtained for n ≤ 16.
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Tables 5.2 to 5.5 summarize the results obtained in [II]. New results are

denoted with a star.

Table 5.2. Hamiltonian cycles in n× n grid graphs

n Number of Hamiltonian cycles

2 1

4 6

6 1 072

8 4 638 576

10 467 260 456 608

12 1 076 226 888 605 605 706

14 56 126 499 620 491 437 281 263 608

16 65 882 516 522 625 836 326 159 786 165 530 572

18 1 733 926 377 888 966 183 927 790 794 055 670 829 347 983 946

20 1 020 460 427 390 768 793 543 026 965 678 152 831 571 073 052

662 428 097 106

22 13 404 209 505 893 761 748 339 786 653 564 937 498 745 897

123 531 041 248 680 272 448 954 956

24∗ 3 924 231 694 060 647 894 532 092 926 553 286 517 550 515 989

932 148 978 428 996 623 179 638 255 782 936 503 022

26∗ 25 578 285 385 897 276 060 130 031 526 614 700 187 075 412

685 764 186 583 833 403 069 393 167 252 132 218 312 152 073

569 856 334 502
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Enumeration

Table 5.3. Hamiltonian cycles in n× n king’s graphs

n Number of Hamiltonian cycles

1 1

2 3

3 16

4 2 830

5 2 462 064

6 22 853 860 116

7 1 622 043 117 414 624

8 961 742 089 476 282 321 684

9∗ 4 601 667 243 759 511 495 116 347 104

10∗ 179 517 749 570 891 592 016 479 828 267 003 018

11∗ 56 735 527 086 758 553 613 684 823 040 730 404 215 973 136

12∗ 145 328 824 470 156 271 670 635 015 466 987 199 469 360 063

082 789 418

13∗ 3 013 072 757 042 748 407 212 267 203 778 429 049 866 618 090

427 057 156 382 635 712

14∗ 505 396 541 863 296 313 964 793 910 305 382 425 060 965 154

779 449 831 170 884 147 484 924 489 066

15∗ 685 457 393 589 353 762 730 302 985 699 040 971 223 260 321

251 614 789 007 892 889 891 954 959 485 049 448 085 648

16∗ 7 514 427 561 614 895 453 501 809 269 193 245 238 210 545 618

759 874 171 463 008 264 116 894 117 263 163 499 356 026 497

440 057 866
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Enumeration

Table 5.4. Hamiltonian cycles in triangular grids with n vertices on one side

n Number of Hamiltonian cycles

1 1

2 1

3 1

4 3

5 26

6 474

7 17 214

8 1 371 454

9∗ 231 924 780

10∗ 82 367 152 914

11∗ 61 718 801 166 402

12∗ 97 482 824 713 311 442

13∗ 323 896 536 556 067 453 466

14∗ 2 262 929 852 279 448 821 099 932

15∗ 33 231 590 982 432 936 619 392 054 662

16∗ 1 025 257 090 790 362 187 626 154 669 771 934

17∗ 66 429 726 878 393 651 076 826 663 971 376 589 034

18∗ 9 036 923 456 137 297 343 631 952 691 847 844 984 938 922

19∗ 2 580 487 118 457 573 944 114 883 930 049 209 668 222 079 445 692

20∗ 1 546 380 273 056 984 325 468 288 805 366 239 469 621 495 241 688 789 648
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Enumeration

Table 5.5. Hamiltonian cycles in three-dimensional n×m× k grid graphs

n×m× k Number of Hamiltonian cycles

2× 2× 2 6

2× 2× 3 22

2× 2× 4 82

2× 2× 5 306

2× 3× 3 324

2× 3× 4* 4 580

2× 3× 5* 64 558

2× 4× 4* 232 908

2× 4× 5* 11 636 834

2× 5× 5* 2 040 327 632

3× 3× 3 0

3× 3× 4 3 918 744

3× 3× 5 0

3× 4× 4 3 777 388 236

3× 4× 5∗ 3 180 229 736 508

3× 5× 5 0

4× 4× 4∗ 57 958 048 716 672

4× 4× 5∗ 857 931 886 492 226 164

4× 5× 5∗ 211 005 720 188 979 351 400 104

5× 5× 5 0
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6. Conclusions

In this thesis we studied algorithms for enumerating and constructing cy-

cles and related structures. The problems that we studied were enumer-

ation of perfect matchings in bipartite graphs, particularly in the n-cube,

enumeration of Hamiltonian cycles in general graphs, exhaustive con-

struction of certain extremal (long) chordless cycles and chordless paths

in the n-cube, exhaustive construction of certain extremal chordless cycles

in the grid graph in an attempt to validate the Toeplitz’ conjecture, and

nonexhaustive construction of small planar hypohamiltonian graphs.

We designed new algorithms for each of the aforementioned problems,

and applied these algorithms to obtain results for many previously un-

solved cases. The algorithms are presented in [I] to [VI]. In the following

we present some ideas for future research.

Some of the research problems in this thesis can be studied further in a

relatively straightforward way. The methods in [III] and [IV] can be used

directly to obtain a complete classification of maximum length 8-coils and

8-snakes, given enough computing power. A rough estimate of the amount

of CPU-time required for these two classification tasks is in the order of

100 core-years. As for the computational method used in [VI], it may be

possible to improve the method simply by adding more pruning rules. This

could lead to a proof of Conjecture C in [VI, Sect. 2] for larger grid graphs

and possibly new theoretical insights on the conjecture.

Ordering vertices in the method of [V] in a certain way could allow par-

allelization of the method and greatly reduce memory requirements. The

order should have the property that for some small k, the first k vertices

all have neighbours among the last k vertices.

Prescribing automorphism groups of structures is a general technique

for restricting the search space when searching for combinatorial struc-

tures. This technique might be well suited for finding long chordless cycles
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in the n-cube. For chordless cycles in the n-cube, an automorphism must

be at the same time an automorphism of a cycle and an automorphism

of the n-cube, which reduces the number of possible automorphisms to

consider. Prescribing automorphism groups might also be useful for find-

ing small planar hypohamiltonian graphs. However, prescribing automor-

phism groups for chordless paths is probably not very useful, since a path

can have an automorphism group size of at most 2. Many of the graph

structures found during the research work for [I] and [IV] have nontrivial

automorphism groups. Careful study of these structures may give insight

into what types of automorphisms to consider.

In addition to prescribing automorphism groups, further research can

be done on the topic of [I] by approaching the problem from a slightly

different direction; A lower bound on the size of planar hypohamiltonian

graphs (see [I]) could be obtained by exhaustively constructing all planar

hypohamiltonian graphs with n vertices for small n. Such a search has

been conducted for general graphs [2].

Some of the methods used in this thesis can be modified to solve other,

closely related problems. The method for enumerating perfect matchings

in [II] could be modified to enumerate all matchings. The method for

enumerating Hamiltonian cycles in [V] could be modified to enumerate

Hamiltonian paths or other similar structures.
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