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Magnetic impurity affected by spin-orbit coupling: Behavior near a topological phase transition
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We investigate the effect of spin-orbit coupling on the behavior of a magnetic impurity at the edge of a
zigzag graphene ribbon by means of quantum Monte Carlo simulations. A peculiar interplay of Kane-Mele
type spin-orbit and impurity-host coupling is found to greatly affect properties for the local moment. The local
characters of the impurity are mainly dominated by the local density of states at the edge, such as double
occupancy, magnetic moment, and spin susceptibilities. The special helical nature of the topological insulator on
the boundary is found to affect nonlocal quantities, such as the two-particle and spin-spin correlation functions
linking electrons on the impurity with those in the conduction band; in particular, due to the spin-orbit coupling,
the symmetry of the spin rotation in the Kondo cloud around the impurity is partly broken.

DOI: 10.1103/PhysRevB.88.045106 PACS number(s): 73.22.Pr, 71.55.Jv, 75.30.Hx

I. INTRODUCTION

Spin-orbit coupling (SOC) plays a central role in topolog-
ical insulator (TI) materials;1 it opens a gap inside the bulk
but supports the gapless electron states on the boundary. On
the boundary of a TI, impurity potential scattering is restricted
by time-reversal symmetry:2,3 the backscattering among the
electrons is allowed only if it is accompanied by a spin
flip. This restriction gives rise to novel Kondo physics of
magnetic impurities in a TI.4,5 Accordingly, the behavior of
magnetic impurities in host materials with SOC has recently
attracted interest. In two-dimensional (2D) systems, several
theoretical papers6,7 report that the presence of the SOC can,
in general, protect the impurity’s magnetic moment from being
totally screened. However, for the specific case of the Rashba
coupling8,9 it has been reported that the SOC only makes a
small or a high-order contribution to Kondo scaling.

In general, SOC and energies associated with the Kondo
screening of magnetic impurities can be of the same order of
magnitude. It remains to be explored what effects arise when
crossing over from weak to strong SOC. In particular, the
question of how the impurity behaves when the host undergoes
a topological phase transition from a normal state to a TI is
still an open question.

In this paper, we consider an Anderson impurity at the edge
of a zigzag graphene ribbon10 with a Kane-Mele type SOC
gradually strengthened, so that a topological phase transition
occurs in the system. Using quantum Monte Carlo (QMC)
simulations at finite temperature, we perform a comprehensive
study on the properties of the impurity. Calculating local
physical quantities on the impurity site, such as the average
double occupancy, magnetic moment, and spin susceptibility,
we find that, in general, the SOC can support the local moment
formation. We see that in the case of zero or weak SOC,
the local properties of the impurity are mainly dominated by
its coupling with localized edge states, realizing a situation
similar to the zero bandwidth Anderson (ZBWA) model. In
the case of strong SOC, the edge states are greatly broadened
and thus the local density of states (LDOS) is suppressed, so
that the impurity behaves as a spin in a normal metal. This

difference between strong and weak coupling also manifests
itself in the dependence of the local moment on the chemical
potential, which in graphene can be tuned by a gate voltage.
So the local characters of the impurity are governed by the
LDOS at the edge. We also study the nonlocal linking of the
electrons on the impurity with those in the conduction band. In
nonlocal two-particle correlations, we observe a set of distinct
spin-momentum relations which show the helical locking and
interplay between backscattering and spin flip. This interplay
signals the appearance of a topological phase in the host.
Additionally, we find the spin rotation symmetry in the Kondo
cloud around the impurity to be partially broken by the SOC.
This finding agrees with a previous study of an Anderson
impurity in a 2D helical metal with a variational method that
is valid for a large Coulomb interaction.6 In this work, we
study the effect of the electron-electron interaction over a wide
regime and document that the Coulomb interaction enhances
the anisotropy in the spin-spin correlation function and plays a
complicated role in spin and momenta scattering. So the topo-
logical phase transition is clearly reflected by the correlation
functions of the impurity and conducting-band electrons.

II. MODEL AND METHODS

Our starting point is the Hamiltonian

H = HK-M + H1 + H2, (1)

where HK-M is the Kane-Mele model in a zigzag edge graphene
ribbon.11 It has two pieces: HK-M = Ht + Hso, with Ht being
the usual nearest-neighbor hopping of the tight-binding model
in graphene,

Ht = −t
∑
〈ij〉,σ

(c†i,σ cj,σ + H.c.) − μ
∑
i,σ

c
†
i,σ ci,σ ,

here c
†
i,σ creates an electron with spin σ on the ith site in

graphene, and t and μ are the hopping parameter and chemical
potential in the system. And

Hso = λ
∑
〈〈ij〉〉

(iνij c
†
i σ

zcj + H.c.).
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Hso is the SOC term and σ z is the z Pauli matrix. Hso thus
has opposite signs for opposite electron spins. The parameters
νij = −νji = ±1 depend on the orientation of the two nearest-
neighbor bonds as the electron hops from site i to j : νij = +1 if
the electron makes a left turn to the second bond. It is negative
if it makes a right turn. H1 is the impurity Hamiltonian

H1 =
∑

σ

(εd − μ)d†
σ dσ + Ud

†
↑d↑d

†
↓d↓.

Here d†
σ creates an electron with spin σ in the impurity orbit,

and U is the Coulomb repulsion inhibiting the simultaneous
occupancy of the orbital by two electrons. Finally H2 describes
the hybridization between the impurity and one of the atoms
on the edge (located at the A-sublattice site Ra0),

H2 = V
∑

σ

[c†a0,σ dσ + d†
σ ca0,σ ].

Our principal computational tools are the single-impurity
QMC algorithm12 for computing the local thermodynamic
properties of the impurity. The QMC method naturally
returns the imaginary-time Green’s function Gdσ (τ > 0) =
〈dσ (τ )d†

σ 〉 of the impurity. With this Green’s function, we
can easily compute the magnetic quantities on the impurity
site such as the expected values of the magnet moment
squared 〈(Sz)2〉 = 〈(d†

↑d↑ − d
†
↓d↓)2〉, the double occupancy

〈nd↑nd↓〉 = 〈d†
↑d↑d

†
↓d↓〉, and the static impurity spin suscepti-

bility

χ =
∫ β

0
dτ 〈Sz(τ )Sz(0)〉, (2)

where β = T −1, and Sz(τ ) = eτHSz(0)e−τH . Using an
extended QMC algorithm,13 we can calculate Green’s function
linking electrons on the impurity site and those in the
conduction bands: Gdiσ (τ > 0) = 〈dσ (τ )c†iσ 〉 or Gidσ (τ >

0) = 〈ciσ (τ )d†
σ 〉.

III. IN THE LARGE-U LIMIT: s-d EXCHANGE MODEL

Before we do the QMC simulation, to gain insight into
this problem, we map the original Hamiltonian, Eq. (1), to
the impurity’s single-occupancy subspace in the large-U limit.
Defining projection operators,14

P0 = (1 − nd↑)(1 − nd↓),

P1 = nd↑(1 − nd↓) + nd↓(1 − nd↑), (3)

P2 = nd↑nd↓,

and we can solve the effective Hamiltonian in single-
occupancy subspace as

H̃ = H11 + H12(E − H22)−1H21 + H10(E − H00)−1H01.

(4)

Here Hij = PiHPj and Hij = H
†
ji ; then an effective s-d

exchange model has the formula as

H̃ = 1

N

∑
kk′ll′

[Sz(J⊥
kk′ll′↑c

†
kl↑ck′l′↑ − J⊥

kk′ll′↓c
†
kl↓ck′l′↓)]

+ [J ‖
kk′ll′S

+c
†
kl↓ck′l′↑ + H.c.],

J⊥
kk′ll′σ = V a

klσV a∗
k′l′σ

[
V 2

U + εd − Ek′l′
+ V 2

Ekl − εd

]
,

J
‖
kk′ll′ = V a

kl↓V a∗
k′l′↑

[
V 2

U + εd − Ek′l′
+ V 2

Ekl − εd

]
, (5)

in which S+ = d
†
↑d↓, and V a

klσ is the amplitude of the eigenstate
at Ra0 at the edge; here k and l are indexes of momentum
and band, respectively. Furthermore, V a

klσ relates the Fermi
operators in real space to those in eigenspace,

c†ar,σ = 1√
N

∑
kl

e−ikrV a
klσ c

†
klσ , (6)

where N is the number of atoms at the edge. Therefore we
see that H̃ is different from the normal s-d exchange model
because of the broken symmetry, J⊥

kk′ll′σ �= J
‖
kk′ll′ , which is due

to the helical properties driven by the SOC. Later we will
see this asymmetry more clearly in the spin-flip scattering.
If we consider that the impurity is mainly scattered by the
levels near the Fermi level and −εd = U

2 � |μ|, there are

J⊥
kk′ll′σ ≈ 4V 2

U
V a

klσV a∗
k′l′σ and J

‖
kk′ll′ ≈ 4V 2

U
V a

kl↓V a∗
k′l′↑.

In Hamiltonian (5), the total amplitude of spin exchange
depends on the sum

∑
kk′ll′ ; in particular, the elastic exchange

is determined by the sum
∑

kk′l , which is just the density of
states (the degeneracy) on the level l. Figure 1(a) shows the
LDOS at the edge, and we see that when λ = 0, a sharp peak
exists at the Dirac point (E/t = 0) suggesting the existence of
a strongly localized edge states. When λ �= 0, the central peaks
becomes smooth, and at λ = 0.2t , their values near E/t = 0
approach a constant and thus near the Dirac point become
similar to the LDOS in a normal metal. First, we can expect
that since the SOC decreases the LDOS at the edge, the spin
exchange between impurity and conduction electrons will be
suppressed.

Second, we focus our attention on a special process, elastic
backscattering accompanied by a spin flip between a Kramers
pair (π ± k,σ σ̄ ); in the following we denote this pair as (kσ, −
kσ̄ ). In this process, the transversal exchange J

‖
k−kl is nonzero,

but due to the helical phase at the edge, it has no corresponding
vertical term in H̃ , and J⊥

k−klσ = 0. Thus the symmetry in the
s-d exchange model (5) is broken by the SOC. The weight of
this spin-flip scattering, S+c

†
kl↓c−kl↑, depends on the coupling

strength J
‖
k−kl , which is shown as the function of λ in Fig. 1(b).

Here the momentum k = 0.0025π and l is the first band under
the zero point. We see that J

‖
k−kl is totally equal to zero in the

negative regime of λ but in the positive regime has finite value.

FIG. 1. (Color online) (a) The LDOS as a function of energy E/t

with different values for λ. From top to bottom λ = 0, 0.04t , 0.08t ,
and 0.2t . (b) The spin-flip strength J

‖
k−kl as a function of λ.
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FIG. 2. (Color online) (a) Double occupancy 〈nd↑nd↓〉 versus
chemical potential μ/t . (b) 〈(Sz)2〉 versus μ/t . Here, U = 1.2t ,
V = 0.65t , εd = −U/2, and T −1 = 32t−1.

This is due to helical properties at the edge: with positive SOC,
the spin-up and spin-down electrons have momenta −k and k,
respectively, so both V a

k↓ and V a∗
−k↑ have nonzero values but

vanish when λ changes the sign and the electrons will move
along opposite directions. Moreover, in Fig. 1(b) we see that
the strength of spin flip J

‖
k−kl decreases as the SOC increases

in the large-U limit.

IV. NUMERICAL RESULTS

A. Local properties of the impurity

In this section, we will display our QMC results for
both local and nonlocal properties for the impurity. To see
the behavior of the local magnetic moment, in Fig. 2, we
show double occupancy 〈nd↑nd↓〉 and local moment squared
〈(Sz)2〉 versus the chemical potential μ/t which can be tuned
by an electric field in graphene. With εd = −U/2 fixed
and μ near the zero point, the impurity site is half filled,
and thus the magnetic moment is driven by avoiding the
possibility of double occupancy. In Fig. 2(b) we see that
increasing the SOC results in the average double occupancy
〈nd↑nd↓〉 decreasing because the SOC suppresses the effective
hybridization between impurity and edge states. Near the Dirac
point, the average local magnetic moment 〈(Sz)2〉 is enhanced
by the SOC. We also note that with weak SOC, the maxima
of 〈(Sz)2〉 are not at μ = 0, while for the large λ, they are at
μ = 0. We comment that with small SOC the localized states
on the edge are antiferromagnetically coupled to impurity
states below the Fermi energy, so shifting μ from zero can
decouple these oppositely aligned spin states and lead to the
development of a magnet moment.15 Contrary to the weak
SOC case, the strong SOC greatly broadens the central peak in
LDOS on the edge, making the LDOS near the Fermi energy
similar to that of a normal metal. Thus we see that half filling

FIG. 3. (Color online) The spin susceptibility χ as a function of
T for different values of the SOC. U = 1.2t , V = 0.65t , εd = −U/2,
and μ = 0. The solid line presents the results for the ZBWA model.

(hole-particle symmetry) optimizes the magnetic moment at
μ = 0.

In order to see the formation of local moment and
screening around it, we study the dynamical behavior of spin
susceptibility in Eq. (2); in Fig. 3 we show χ as a function of
temperature for different values of λ. We fix the hole-particle
symmetry by setting μ = 0 and εd = −U/2. Doing so means
the average electron occupancy of the impurity site is 1,
i.e., it is half filled. From the figure, we also see that with
small 0 < λ < 0.06t and the lowering of the temperature, the
spin susceptibility first increases, then decreases, and finally
saturates (totally screened). But when 0.06t < λ < 0.1t , χ

first increases and then directly becomes saturated. We note
that when the SOC is gradually switched on, χ goes cross
over from the behavior in the ZBWA model (solid line in
Fig. 3) to that in a normal metal.14 We propose this transition
occurs because of the LDOS being decreased by the SOC,
consequently, the spin exchange between the impurity and
conduction electrons is suppressed.

From Figs. 2 to 3, we mainly show the local properties
on the impurity site, which are exactly governed by the edge
states modified by the SOC. The central resonant in LDOS is
broadened by the SOC, and the region near the Dirac point
approaches a constant. So as the SOC is increasing in the
system, the impurity coupled to the edge states crosses over
from a spin in a band with zero width to one in a normal metal.
However, these local physical quantities cannot reflect the
natures of quantum spin Hall states, and in the following part,
we will display the nonlocal correlation between the impurity
and conduction electrons, which directly characterizes the
helical edge.

B. Nonlocal properties of impurity

The most interesting property of a TI boundary is the
time-reversal invariance causing backscattering always being
accompanied by spin-flip scattering. In Fig. 4, the spin-flip
processes in the normal states and helical phase are shown. In
the normal states, both forward and back spin-flip scatterings
are allowed at the edge, while in the helical phase, on each
edge, only one process exits for the right or left mover with a
fixed spin orientation.

045106-3
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FIG. 4. (Color online) (a) The spin-flip processes in the normal
states. (b) The spin-flip processes on the helical edges. |±k, ↑↓〉 are
the states of conduction electrons and up and down arrows mean local
spins.

In order to directly see the signatures of spin-
flip scattering, we computed a set Pk of two-
particle correlation functions between the impurity and
Kramers pair with momentum k: Pk = {〈ck,↑d

†
↑d↓c

†
−k,↓〉,

〈c−k,↑d
†
↑d↓c

†
k,↓〉,〈ck,↑d

†
↑d↓c

†
k,↓〉,〈c−k,↑d

†
↑d↓c

†
−k,↓〉}. When λ �=

0, due to the helical properties at the edge, with positive λ

the correlation function 〈c−k,↑d
†
↑d↓c

†
k,↓〉 is nonzero but with

negative λ it is always equal to zero. For 〈ck,↑d
†
↑d↓c

†
−k,↓〉, the

situation is completely opposite. As for forward scattering
with a spin flip, when the system is in the helical liquid
phase, these processes are forbidden, namely, when λ �= 0, the
correlation functions 〈ck,↑d

†
↑d↓c

†
k,↓〉 = 〈c−k,↑d

†
↑d↓c

†
−k,↓〉 = 0.

In our numerical results, we clearly see these characters.
In Fig. 5(a), we focus on one correlation function of Pk ,

〈c−k,↑d
†
↑d↓c

†
k,↓〉 with momentum k = 0.00125π in the first

band below the Dirac point. We do the simulation varying λ

and U , and we see that with the large Coulomb interaction
U = 5.4t , in a wide regime, increasing the SOC slightly
suppresses this correlation; this behavior agrees with that of
transverse strength J ‖ in the s-d exchange Hamiltonian H̃

in Eq. (5) [shown in Fig. 1(b)] in the large-U limit. While
with small and medium U , in the regime 0 < λ < 0.1t ,
increasing the SOC enhances the spin-flip process. We attribute
this point to the double occupancy decreased by the SOC;
consequently, the local moment of impurity is developed.
In Fig. 5(b), we show the results of 〈nd↑nd↓〉 as a function
of λ with different values for U ; in particular, at U = 5.4t ,
〈nd↑nd↓〉 is close to zero. We comment that in the large-U

FIG. 5. (Color online) (a) Correlation function for backscattering
and spin flip, 〈c−k,↑d

†
↑d↓c

†
k,↓〉 versus λ; (b) double occupancy as a

function of λ. In both panels V = 0.65t , εd = −U/2, μ = 0, β =
32t−1, and momentum k = 0.00125π .

FIG. 6. (Color online) Spin-spin correlation functions Sz
i and Sx

i
versus the index i at the edge, U = 1.2t = −2εd , and β = 32t−1. In
(a) μ = 0 and in (b) μ = −0.2t and λ = 0.15t .

limit, because the double occupancy is zero and the local
moment has been well developed, the backscattering with a
spin flip is mainly controlled by the properties for V a0

klσ of
the Kane-Mele Hamiltonian, while with small or medium
Coulomb interaction, the double occupancy dominates.

Using the same algorithm as those used for com-
puting Pk , we computed the spatial distribution of the
Kondo cloud described by spin-spin correlation functions
Sz

i , Sx
i , and S

y
i defined as Sz

i = 〈(d†
↑d↑ − d

†
↓d↓)(c†i↑ci↑ −

c
†
i↓ci↓)〉, Sx

i = 〈(d†
↑d↓ + d

†
↓d↑)(c†i↑ci↓ + c

†
i↓ci↑)〉, and S

y
i =

(−i)2〈(d†
↑d↓ − d

†
↓d↑)(c†i↑ci↓ − c

†
i↓ci↑)〉, and i is the index of

the A-sublattice at the edge. In these correlation functions, we
find that the spin rotational symmetry is partly broken by the
SOC, i.e., Sz

i �= Sx
i but S

y
i = Sx

i , and this asymmetry agrees
with what was found for an impurity in the two-dimensional
helical metal.6 In Fig. 6(a), we show S

z(x)
i in the case of μ = 0,

and it is clear that at λ = 0, Sz
i = Sx

i while when λ �= 0, this
symmetry is broken; furthermore at μ = 0, both Sz

i and Sx
i have

no oscillation behaviors. In Fig. 6(b), in the case of μ �= 0 and
λ �= 0, Sz

i still has no oscillation as

Sz
i ∝ −1

f (Ri)
,

but Sx
i has decaying as well as oscillation

Sx
i ∝ −1

g(Ri)
cos 2φRi.

f (Ri) and g(Ri) are two monotonically decreasing functions
of distance from the impurity.

In order to display the asymmetry in the Kondo cloud more
visibly, we calculate the ratio Sx

i /Sz
i . In Figs. 7(a) and 7(b),

we show this ratio as influenced by λ and μ, respectively. In
both cases, the difference between Sx

i and Sz
i is an oscillating

FIG. 7. (Color online) (a) The ratio Sx
i /Sz

i with μ = −0.1t . (b)
The ratio Sx

i /Sz
i with λ = 0.15t varied. In both panels U = 1.2t =

−2εd , and β = 32t−1.
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FIG. 8. (Color online) Schematics of extracting the Fermi vectors
kF from the band of HK−M. (a) μ is fixed at −0.1t and λ = 0.1t,0.15t ,
and 0.2t . (b) λ is fixed at 0.15t and μ = 0, − 0.1t, − 0.2t , and −0.5t .
Solid lines represent the bands for the Kane-Mele Hamiltonian.

factor, whose maximum and minimum is a constant, so we can
conclude that Sz

i and Sx
i have the same decay part, f (Ri) ∝

g(Ri). For the wave vector φ of the oscillation part, Fig. 7 shows
that φ increases both as λ and μ decreases. We recognize that
these behaviors of φ have the similarity to that of the Fermi
vector kF , so in Fig. 8 we extract the kF of HK−M with the
same values of λ and μ as in Fig. 7. Comparing φ to the Fermi
vector kF in Fig. 9, we see that the difference between φ and
kF is just a π , so φ and kF can be regarded as the same. We
can conclude that

Sz
i ∝ − −1

f (Ri)
,

(7)

Sx
i ∝ − −1

f (Ri)
cos 2kF Ri.

In Fig. (10), we study the effects of U on the ratio Sx
i /Sz

i . It is
shown that the amplitude of oscillation can be enhanced, but
the wave vector does not change as U increases.

From Figs. 6–10, we numerically study Sx
i and Sz

i in
detail. The anisotropy in the Kondo cloud described by these
correlators is originated from the fact that the transverse
correlation function Sx

i has a spin-flip process and involves
the contribution from the Kramers pair (kσ, − kσ̄ ); hence
display 2kF oscillations on the Fermi level. While in the
vertical one Sz

i , there is only forward scattering within the left
or right movers, which have fixed spin orientation, so it has no
oscillations. This is purely due to the helical properties at the
edge, and based on this point, we also find that the charge-
charge correlation Ni = 〈(d†

↑d↑ + d
†
↓d↓)(c†i↑ci↑ + c

†
i↓ci↓)〉 is

similar to Sz
i . Additionally, if we calculate the correlation

functions between the impurity and B-sublattice sites at the

FIG. 9. (Color online) Comparing φ to the Fermi vectors kF . (a)
is for Figs. 7(a) and 8(a) and (b) is for Figs. 7(b) and 8(b).

FIG. 10. (Color online) The ratio Sx
i /Sz

i in the case of μ = −0.2t

and λ = 0.15t with U varied. β = 32t−1 and εd is fixed at −U/2.

edge, they have the same behavior as Eq. (7). Finally, as for
the decay function f (Ri), here we cannot capture its exact
formula in our simulation. While in Ref. 16, about an Anderson
impurity coupled to a one-dimensional wire, the function f (Ri)
has the asymptotic behavior as R2

i .
From the QMC results for a magnetic impurity in the

Kane-Mele model, it is shown that the LDOS is greatly
modified by the SOC; thus the local properties of the local
moment are mainly controlled by the LDOS of edge states,
but these local quantities cannot show the topological phase
in the system. In correlation functions linking electrons of the
impurity and conducting bands, the interplay of the spin flip
and backscattering is clearly seen; at the same time, due the
SOC, the symmetry of spin rotation in the Kondo cloud is partly
broken. So the topological phase transition is significantly
reflected in these nonlocal physical quantities.

V. DISCUSSION AND CONCLUSION

In this paper, we study an Anderson impurity on a zigzag
graphene ribbon undergoing a topological phase transition
driven by a Kane-Mele type SOC. Using QMC simulations,
we investigate both the local and nonlocal properties of the
impurity. We find that with the SOC increasing from zero, the
formation of a local moment is supported and the impurity
behavior crosses over from a spin in a band with zero width
to one in a normal metal. This is because the SOC decreases
the LDOS at the edge and weakens the coupling between the
impurity and conducting electrons. As for nonlocal properties,
we clearly see the helical locking and the collaboration of
backscattering and spin flip in the two-particle correlators and
find a broken spin rotation symmetry in spin-spin correlation
functions.

Although the intrinsic SOC of carbon atoms is weak,17

a strong SOC can be achieved by heavy-atom doping18–23

and tuned by a gate bias.24 The magnetic impurity could be
naturally realized by dangling σ bonds in graphene.25 And
recent developments in the field of spin-polarized scanning
tunneling microscope26 open the possibility to detect the
Kondo cloud around the impurity (spin-spin correlations).
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